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BE
A B 2EFBOMAZERME T2 E, TOMZEN X = A x B O{LEOH
H£E45D X T C*-embedded TH 5 Z & & P-embedded TH 2 Z L IZFAMETH 5
ZEMEH - REC E 5> TRENTWS (12, 2 OhCRoMBEAHRE S - [12,
Question 2],

o HFPHD —FDOHAZEM X 12DWT, TOHELEH X T C*-embedded TH
% Z & ¥ P-embedded TH 3 Z X IXFEMEAH ?

ZFC LT SN [25] TESNEDT, 2 OME Y RRIHEEIZ >\ Tk
N5,



1 &

E[E]ld Tychonoff &4 %, D% 1, cozero oty Rk % FAILIZ R DALAHZER] & F % (cozero
EAHDOERIIER), MAHZEM A normal & 1%, E\WNZHER ZDOBESD, BZHERMH
HAETHMTELI %255, w & w X ENENRUNDRIRIER £ & /O FE] HE 7
HaeRd, wt+llFw OERDIEFE (=wU{w}) 2T,

(X, <) 22lEpEAGL Lz E, X EiIC (v,y) ODIROMKEEZHEGLEST DIE
FEAiFE & XN DA AHE HARIZ AN S Z 2 D3 T E S, EFF(FHIE normal, collectionwise
normal, countably paracompact, shrinking, monotonically normal 7 & 0 125\
MEEZR->TWDZ RSN TWS, T I T, collectionwise normal & normal % #
T, =20 OfH%E LEMEHKD] &, Lzt AL\, £72, &M X »
countably paracompact & %, fLE O X OWRFIKE U (28 U TCRHITAREEE V »*
BT, EEOV eVIZHLTV CU 24727 Uecld Wi(ET 5% 55 (RTA
BRODE & I3 RR ),

—H, ZOOAAEZER] XY 2352 50X, Tyconoff FNIAH (& 2\ M F FuIZ ERIALAT)
CEENSFWMOMNIZERM X xY EIZ5X5Z80TES, 2F0, X OFES U &
Y OBEA V IZRH LT, UXxV DX 70HEEAEE2 X XY OFELGLESE TS X xY
FLOMMTHZ, ZOMMHBA-ZER X x YV % JUIREZEM D 2 W IXHER (M) 256
EED.

T RIEREGTH S0 0, TO5%, BFH L 5 A XNERF A A > 7 AL 24 &
FExD, T2 bORIFEONGIE, ZDDERK o, 1ZD2WT, TOBEMMMEZEM o x B
PE O EMOMMHEMEETH D, Zh 5 OBERIFEFETIE TEFB ORI OB
IR, BUFEEITTHRIELDDH S, LTH /\fw\<OfJ)@JIEF?f_L*EfJ‘HOﬁWP%E I,

ERZIL EEZMFNTUED 2R EI<HONT WS, HIZIE, B w) X (wp +1) I
BWT, ZODHEWIRELHES w x {w} XAk () £E {(a,0) :a <wi} EEW
ICEBBEATHEECE 2\, DF D, normal THRWIZ 2IEHHMARERE LTS
NTW3, HFEHOBZEMEOBMIZE RS A A% ANBYOFEN [19) THE, 72L&
ili‘(kﬁ)méhf\,\

o wy DERHZER A, B IZDWTZDEZEM A x B 2 normal TH b Z & DHEA+4
Gefii%, A £721% B 2% non-stationary %, AN B 7% stationary (stationary set
DERIFER) TH 5,
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Z DFISC T, normal BAAMZ £ collectionwise normal, shrinking, countably paracom-
pact expandable 2 DAIFHPEE A normal & [ UH 25 WIZMIDIZES Z 2 2RI N TV

%, ZOMREZRYDIZEFBOBEMOERMNE SIZHEL TWD, 72& 21E, normal
P X countably paracompact YA [6, 7, 8, 9, 13, 14, 16, 17, 18, 20, 22, 24, 28, 11],
orthocompact ¥ [15, 26, 27], #ERFE [21, 23], It [5], 2 DO TIZENLT 243 2D
BTN U WM [7] 7 EANsE e T W5, THFR OB O T, §EE
D HULME, normal, countably paracompact, collectionwise normal TH o722 E->ThH
BE TRV, BIOGEFETE, JHPBOREZEM O & U T, 58522 [ o ik B D Ak
SRTTREME (FfIZ C*-embedding #: & P-embedding #) OGRS I P AIZR > TV 5,

2 C*-embedding M & P-embedding T4

72l X OWAEM F X, F 25 EBOBMAHAKE T (N v %l B) ~NOTE
DFEAGEEIED, X 05 1 (B) ~OHEGABUZHERTE 2 2 &, X T C*-embedded (P-
embedded) & IFEN 2, F 7% X T P-embedded 7 &£ C*-embedded TH 5. ik &
CHIGNTWS,

o ZfH] X 7' normal TH5Z L DBENDEMEF, MEOHELN X T C*-
embedded &£72% Z & TH5 [4, Theorem 2.1.8],

o ZE[f X 7 collectionwie normal TH 2 Z & DB 5M1E, EEDOHESH X
T P-embedded £725Z & THD [2].

Z 5 ULTHS &, C*-embedding ¥ P-embedding  normal ¥ collectionwise normal
DEREE->THIWESE S, EEIZ, C*-embedding ¥ P-embedding % #igd % &
&, ERZEEMD L0 5, ROHME 2.1 ORERMEOH BTNV, I TEHE X ©
A EA U DS cozero &1, X 75 1= 1[0,1] ~OfGEEE h % HWT, U= h"1[0,1]
LHobLINDILTHD, cozero FHRBFEATHD I LITHEL LD, £/, EM X
DOFIMTE U 2° cozero B L 1%, KER U € U H cozero DIF% Z 5, HIZ, 25 X OF
WEUDPRFFAREIE, e X IZRUT, 2 OBtV BFELT{U el : VU # 0}
PERIZTEZ2 2 Th D,

WE 2.1 (RN ). F 220 X OBHEEET 5, WARILT 5,

o ¥ X T C*-embedded Td 3BT n5ME, F ODEEDER cozero #iE U



WZHUT, X ORATAR cozero B V BFALT, LEDO V € V iU T,
VAFCU %3753 U el BT 5 29,

o F' 7% X T P-embedded TH2MHET7IFMIE, F ODLEDORAER cozero #E
U IZHULT, X ODRFTAR cozero 8B V BEFEL T, FEDO V e V IZXL T,
VAFCU 2373 U el BT 5 (1),

BofE, PH - KBIZ & > TRARENTNS [12],

e At B RIERBOESERELTLLE, TOMEM X =AxB OHEAN X T
C*-embedded TH 5 Z & & P-embedded THD Z L IXFMETH 5, #nE, TDHE
RizB1T2 TBHES] T8I TSRS CESH#MZ oD 6D, DVl [10] T
RENTWVWSD,

ZOHTIROMEDIRE S N7,

fIRE 2.2. [12, Question 2]
R D — DR DERSZEM] X 1220\ T, ZDHEAED X T C*-embedded TH 2 Z
& & P-embedded TH B Z LIXFMETH BD0 7

Z 2T, ZFC PG Z OFEDO A EMDY [25] TR OSNTDT, T DBEE & Rk
MIREIZ DOWTIR RS, RFHZIRD D OMEE IFILIZ ZFC Y EFETH D Z L DRE-DT,
TORMIZFE ST (w+ 1) X wy ORFRRIRD 22 M ORERL & O Z OPEEIZ DWW TR R 72\,

o (w+1) xw; OEHZEM X T, ZDOMES XN({w} xw) #¥ X T C*-embedded
TdH 5N P-embedded 72\ & 5726 OVBFET 5,

o (WH1) xw; DIEEDIHZEM X 122oWT, TOMES XN ({w) xw) X T
C*-embedded 7 & E P-embedded T» 5,

w1 OHAEEIEIEA R DR, club (= closed and unbounded) set & IMFEND, F7z, wy
DI ES S 1%, TRTD club set & & HHFIT stationary L IEIENS, w, OWGRIE
FEDOEE%Z Lim THH5DHL L, Suce = wp \ Lim £ B <, club set #* stationary set T
HBHIEHHIZRE S, X512 Lim 1% club set Td %A%, Succ & stationary set Tld7z
ZEHRfHRIZRE D,

FEAOHT, 2T 2 DIRROEETHIHHE Pressing Down Lemma (PDL) T %,
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#& 2.3. (PDL) X % wy D stationary set £ 35, L, B f: X — w &
regressive (= fFED a € X IZ2WT f(a) < a) 725X stationary set X' € X &
v <wy PFELUT, TED ae X' 1Z2WT f(a) = DRILT 5,

ERD (w+1) x wy OFHZEM X Z2iamd 5720, [22] THZ SN/IRDELHEZ FIH
T4, plvZEFHEEL, XC(p+)x(v+1) 55, ZO, HBAEACCu+1
DCrv+1iTHLT,

Xe=XNnCxw+1),XP=Xn(u+1)xD,XE =XcnxP

YEET B, 27, HFER a <p & B <viZonT, Va(X) i X OEE SO D
[T (vertical slice) {6 < v : (o, 0) € X}, Hg(X) 1 X OKFEJjEDE Y [ (horizontal
slice) {y < p:(y,8) € X} 2K,

ZZTHWHD (w+1) x wy OEDZEMESZ 5,

EE 2.4, WY ORT w DIN BERoNETE, Thi N ={N(a):a<w}
ERZES, ZIT [w]¥ i w OB EEDORARERT,
(wW+1) xwy DR Xy ZIRO KD IZEHET B,

Xy =wxLimU ([ (N(o)U{w}) x {a+1}).
a<wi
ZDRATDZER Xy FEBHIC [16] TEZLNTWVWDS, Enew iZ20WT, V,(X)(D
Lim) & stationary T® % %%, V,,(X)(= Succ) iF stationary (2726722 L IZHEREL &
. ZINHERMDORAS Y N THD, X =Xy &BLE, RO _DF PDL 2FHT5Z &
THiRIZhr 5,

e X ¥ normal T, %5 XHm & X4 EHWZRRFESTHHTER
WHWIRLBHEATH S,

o X (= X N{w} xw; = {w} x Suce) ¥ X T P-embedded TZW, 728725
U={{{w,a)}: a € Succ} HHfi 2.1 O P-embedded DWEZE A7 72\ Xy
DA R cozero #ETH %,

I Xy M X T C*-embedded THENEINIZENINTE I bbb,
T, Xy #1 X T C*-embedded TH 272D DBEFDEMIMTHS 557 RN %
D—=DDEATH D,

BE 25 N =[N0 :a<w) % W OEE w; OFEL, X = Xy % LOEH



24 THASGNY (w+1) xw OWHAZEMET S, 208, REAETHS, 22T
2=1{0,1} Ths.

(1) Xqu) & X T C*-embedded TH 5,

(2) RO h:w =2 T URS] {r,:new} CIPEFEELT, &£i€2iTD
WTC, ARMED o€ h{i}] ZBRWT {r, :n € N(a)} & i (IZKRT S, D% b,
FEED e >0/, mew BFEMELT, FED n € N(a)N (m,w) IZD2WT,
1 — i <& KLY B,

B) (TEOEE h:wy — 2 THUEEH Lk :w - 2 2PFELT, [TED i€ 2 1
U, AEMDO o € h 1[{i}] ZBR\WT, N(a) C* k7 [{i}] 2% $5, 20,
N(a) \ k7[{i}] PERR,

XD Property (A) &2 & 95,

EF 2.6. Property (A) LIZIROME (3) 247235 N = {N(a) : a < w1} C [w]¥
WEET DI L E2EIRT 5,

(3) LMD H C wy KH U TROMWEE AT K Cw BEIET 5,

(a) D o € H #BWT, N(a) C* K #8335,
(b) AIHEMED o € w1 \ H ZBR\WT, N(a) C* w\ K B d 5,

ZOEHIZBWT, H="hr'{1}], K=k1{1}] Zz20E 3) X LOHED (3) &
FETHE I Lixd <Hhd, —JH, Property (A) IZ2WTIX, Dow & Shelah 12 &> T
ZOEREPHERSNTNT, TNZEVEHT ERDZ ERDP>TWWDH, ZIT 2% P
291 X w X w) OWMAELSEEK (= MES) ORETH D, 72, wy 1F wy DROFERT
Hb,

EHE 2.7. [3] Martin’s aziom, 2* = ws & Property (A) & ZFC L \FJETH D,
WoT, MAbrd,

% 2.8. Xy} 28 X T C*-embedded TH 2 P-embedded TE\WE 7 (w+1) xw
DRI X PFAET D VWD Ml ZFC L\FETH 5,

Martin’s axiom & 2% = wy 225 2% = 291 PRERNDE Z L IZERZLTE IS, —A,
Property (A) ODEED ZFC LEFETHD I L1 0h 5,
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EHE 2.9, 2¢ < 291 DAL T UL, Property (A) OEEMHALT 5,
- T:

% 2.10. E# 2.4 TEHINE (wW+ 1) xw O X = Xy DXA TOHEHEMIZO
T, Xy 12 X T C*-embedded TN\ @EBIE ZFC L A ETH 5,

EH 291F, 550U LT LN TET, REBEIHITZILNTE S,

B 2,11, 29 <29 B TIUE, (w4 1) x wy OFEEDOHAEM X 122V T, X
M X T C*-embedded 75 51E, P-embedded 1272 %,

3 H&E

EH 211 12BWT, Xy & X ORBRBHEATH S, TNITBELT, TxldikzH
W72,

B 3.1, Nw+1)xw DILEEOHSEM X 220T, TOLEOMELAN X T
C*-embedded 72 51X, P-embedded (27251 &\ S frld ZFC L HEFfEH ?

72l X OWSER F %, F 26 FH R ANOLEOEGREKD, X 756 R AOifi
BEEUZHEIRTE 5 & &, X T C-embedded &IEENS, F 7 X T P-embedded 7 5 1E
C-embedded T, ¥7- C-embedded % 51X C*-embedded TH %, 2% 0, C-embedded
¥ P-embedded ¥ C*-embedded & O FRIZAIET 28E&ETH 2,

SEH - RBOFRER [11] 256, A & B 2lEFBOHESERMET5 L &, T ORZER
X = Ax B OBHHEAEN X T C*embedded TH5 Z & & P-embedded TH2 I &
WEMTHE06, X = Ax B DXA 7D TIX, C*-embedded, C-embedded &
P-embedded @ 3 DDEWIHTIHRWI 250050, [HEB O RO ZEM D &
AT TIEINS 3 DOMEDENDMIEIIIHE > 72IEh D TH D, WMEDOFEI IS
ns,

S 3k

[1] R. A. Alo and H. L. Shapiro, Normal Topological Space, Cambridge University
Press, London, 1974.



[2] C. H. Dowker, On a theorem of Hanner, Acta. Mat. 2 (1952), 303-313.
[3] A. Dow and S. Shelah, Martin’s axiom and separated mad families, Rend. Circ.
Mat. Palermo, 61 (2012), no. 1, 107-115.
[4] R. Engelking, General Topology-Revised and completed ed.. Heldermann Verlag,
Berlin (1989).
[5] W. G. Fleissner, N. Kemoto and J. Terasawa, Strong zero-dimensionality of Prod-
ucts of Ordinals, Top. Appl., 132 (2003), 109-127.
[6] R. Fri¢ and N. Kemoto, Sequential completeness of products of ordinals, Czec.
Math. 49 (1999) 119-125.
[7] Y. Hirata and N. Kemoto, Separating by Gs-sets in finite powers of w1, Fund.
Math., 177 (2003) 83-94
[8] Y. Hirata and N. Kemoto, The hereditarily collectionwise Hausdorff property in
products of wy, Top. Proc., 29 (2005) 167-173.
[9] Y. Hirata and N. Kemoto, Mild normality of finite products of subspaces of wy,
Top. Appl., 153 (2006) 1203-1213.
[10] Y. Hirata, N. Kemoto and Haruto Ohta, C*-embedded dense subsets of z-
neighborhood-sublinear spaces are P-embedded, Top. Proc., 62 (2023) 99-116.
[11] Y. Hirata and N. Kemoto, Countable metacompactness of products of LOTS’,
Top. Appl., 178 (2014) 1-16.
[12] Y. Hirata and Y. Yajima, C*-embedding implies P-embedding in products of
ordinals, Top. Appl., 231 (2017), 251-265.
[13] L. Kalantan and N. Kemoto, Mild normality in products of ordinals, Houston J.
Math., 29 (2003) 937-947.
[14] N. Kemoto, Normality of products of GO-spaces and cardinals, Top. Proc. 18
(1993) 133-142.
[15] N. Kemoto, Orthocompact subspaces in products of two ordinals, Top. Proc. 22
(1997) 247-264.
[16] N. Kemoto and T. Nogura, Normality and paranormality in product spaces, Top.
Appl., 121 (2002) 319-331.
[17] N. Kemoto, T. Nogura and Y. Yajima, Normality and closed projections of prod-
ucts with a cardinal factor, Fund. Math. 151 (1996) 279-297.
[18] N. Kemoto, T. Nogura, K. D. Smith and Y. Yajima, Normal subspaces in products
of two ordinals, Top. Appl. 69 (1996) 217-226.

39



40

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

N. Kemoto, H. Ohta and K. Tamano, Products of spaces of ordinal numbers, Top.
Appl., 45 (1992) 245-260.

N. Kemoto and K. D. Smith, The product of two ordinals is hereditarily countably
metacompact, Top. Appl. 74 (1996) 91-96.

N. Kemoto and K. D. Smith, Hereditarily countable metacompactness in finite
and infinite product spaces of ordinals, Top. Appl.77 (1997) 57-63.

N. Kemoto, K. D. Smith and P. J. Szeptycki, Countable paracompactness versus
normality in w?, Top. Appl., 104 (2000) 141-154.

N. Kemoto and P. J. Szeptycki, Topological properties of products of ordinals,
Top. Appl., 143 (2004), 257-277.

N. Kemoto, K. Tamano and Y. Yajima, Generalized paracompactness of subspaces
in products of two ordinals, Top. Appl., 104 (2000) 155-168.

N. Kemoto and T.Usuba, C*-embedding and P-embedding in subspaces of prod-
ucts of ordinals, Top. Appl., 284 (2020), Paper No. 107357, 13 pp.

N. Kemoto and Y. Yajima, Orthocompactness in products, Tsukuba J. Math, 16
(1992), 407-422.

N. Kemoto and Y. Yajima, Orthocompactness and normality of products with a
cardinal factor, Top. Appl., 49 (1993), 141-148.

N. Kemoto and Y. Yajima, Rectangular products with ordinal factors, Top. Appl.,
1545 (2007), 758-770.

K. Morita and T. Hoshina, C-embedding and the homotopy extension property,
Gene. Topo. Appl., 5 (1975), 69-81.

() Institute for Educational Management, Oita University,
Oita, 870-1192 Japan

nkemoto@oita-u.ac.jp

() Faculty of Science and Engineering, Waseda University,

3-4-1 Okubo, Shinjuku, Tokyo 169-8555, Japan

usuba@waseda.jp



