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　　　　　　　　　　　　　　　　　　　　　GeneralIntroduction

　　The electronic computer has its source during the World War Ｕ and has been developed

towards higher accuracy and more flexibilityin the operation, to find wider fieldof applicat-

１０ｎin science and technology.　The present prosperity of the analog coir>putercould never

been supposed in earlier days, when discussions were mainly on comparison of the analog

computer with the digitalone as to the accuracy of computation, ease of programming. com‘

putation timｅand so forth. Those discussions originated in the concept that the analog

computer is a calculating machine same ａ８ａ digital computer though the concept was soon

found inadequate. With increase of familiarity ■withcomputers, the essential difference

between these types of computers became obvious. A 8 to the analyst the calculating ma-

chine is in open loop condition ･whereas the analog computer is in closed loop.　In other

■vvordsthe calculating machine is used merely to getａ result of computation in ａ way

assigned by the analyst. The result of computation by the analog computer, on the other

hand, affects the analyst in determining parameters of computation for next runs. There-

fore it is preferable to consider the analog computer as ａ simulator rather than ａ calcu-

lating machine. The simulator is ａ hardware possessing analytical structure identical

■withphysical system considered. With the simulator one can perform expeかents.

■whichare sometimes unexscutable in actual systems and through which one finds hidden

properties of the sysccm which were not revealed before the experiment。

　　Kowadays analog computers are widely used as simulators. Important problems ■with

ａ simulator a'-enot precision of the individual components but dynamic property of the

computing elements and stabilityof the computing circuit.　Also important is the way of

representing physical system ･withthe simulator. The research in these problems is

necessary both for designing analog computers and aiis.lyzingthe problems with analog

computers。

　　From 1956 ｔ0 I960 the author worked for designing and buildingａlarge scale dc analog

computer the TOSAC ｌ and II in Tsurunni Research Laboratory of Tokyo - Shibaura

Electric Co., Ｌｔｄｙ２）Ｈｅalso ■workedfor applying those to solving various problems of

electrical engineering in the Company?During the course he investigated dynamic

property of coinputing servom e chanism ， developed new computing elements. established

a general theory of the nectwork simulation with analog computers, and developed new

techniques of analysis with analog computers.

－１－



　　　】Much accuracy vas desired in the analog computer calculations with expansion of the ４Ｐ－

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－

lication field of simulation technique.　The flight simulation and the iiuclear.‘ reactor simu-

lation now require hundreds of computing elements. Even the highest precision and sta-

!aility of the computing elements by analog technique are still insufficient for these large

scale simulations.　So the use of digital technique is almost unavoidable.　In this respect

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　。　　　　　　　　　　　／attempts to simulate the analog computer on ａ large scale general purpose digital computer

by the program became popular. 4) 5) The autho!７ revealed, however, ａ new ･way of making

the digital computer approach the analog computer.　This is the Digitalized Analog Com-

puter, ０１７the DAC in abbreviation.　Since I960 he has been involved in the study of the

system of the DAC and ■worked for designing and building ａ model computer the DAC －Ｉ．

During the course of research he established logical structure of computing elements and

founded the theory of truncation error as well as round － off error produced ･with the DAC

in solving differential equations. Also done was the study of incremental calculus. ･which

makes the basic operation o£ the DAC.

　　　The present thesis describes results of the author's research in the analog computer

techniques.　The thesis is divided into five chapters.

　　　Chapter ｌ deals ■with the programming of the analog computer for solving the respons.^

of electrical networks. The block diagram approach for programming analog computer to

solve electrical networks, which was developed by the author and kas been extensively

used in solving actual problerr･IS, is not ａ straightfoward method. To complement the

block diagram approach the theory of netowork simulation is investigated. According to

this theory, one can readily discrimmate ･whether the given network is representable on the

analog computer or not.　Ａ method of directly obtaining analog computer circuit of given

network is also described.

　　　In Chapter Ｚ　analog computer elements developed by the author are described. Those

are the patch － boards. the computer for loading effect correction of potentiometer. the

variable time delay element by Stroger relay and the automatic test equipment for the

analog computer. These elements! ■were developed from the need in actual analysis of the

problems by the analog computer and have proved their extensive usefulness. The time

delay element of the analog computer is still vins ati s fa c to r y at the present time despite

the fact that many types of time delay element have been developed by many people.

What is necessary in this circumstance is to discern which type of the time delay ｅｌｅ‘

ments is more preferable for the particular problem to be treated. In this chapte ｒ ａ quantity
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for evalvating the time delay element is proposed and is.shown for different types of the time

delay element･

　　Chapter 3　1ｓdevoted to the study, from three different aspects, 0f the.dynamic property

of computing ser^omechanisms. The first18 the frequency response of the servomechanisms.

Usually the desired specification for ａ computing servomechanism is the maximum frequea-

cy of the sinusoidal input signal ０ｆcertain amplitude to ･which the servomechanism can follow.

The author related the phase plane locus of the mechanical system under simusoidal motion to

the speed － torque curve of the two ‘ phase servomotor and showed the optimum gear ratio ｌ

necessary to obtain the specification. The second is the study of the way of representing

transfer function of ac servomechanisms based on the transient response.　Ａ new way of

describing the transfer function of ac servomechanisms is obtained and is applied to the

design of ac compensating networks and proved its particular usefulness. The third is the

study of the transfer function of the chopper ’ modulated circuits ■which plays significant part

in dynamic property of the servoamplifier. Because the chopper － modulated circuit is ａ

periodically interrupted electrical network. the calculation o£ the transfer function needs

new mathematical procedure. A simultaneous difference equation describing the change of

the voltages across the capacitors and the currents in the inductances at ａ certain time

during each interruption period is derived to obtain the transient responses of the periodically

interrupted electrical net^work. In deriving this difference equation, an approximation to

replace continuous waveform of the input signal by the staircase function is introduced.

The transfer function of the chopper －modulated circuit is obtained by applying the Ｚ

transform to this difference equation. The transfer functions of general nonresonant and

resonant chopper － modulated circuits are calculated for two typical chopper circuits after

they are obtained.　An analog computer analysis performed during the course of study has

shown ａ fine example of analog computer techniques using special computer ｅ】ements。

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ぴ．
　　　Chapter ４ is about the new techniques for analog computation developed by the ａχthor.

Those include a n4thod for obtaining the frequenay response from the transient response.

calculation of the fault currents of the circuits including mercury rectifiers, automatic

programming of analog computer applied to two － point boundary value ｐｒ・blems, and ａ

method of calculating transfer functions of noisy processes by using the delay line filter.

　　　Chapter ５　describes the studies of the Digitallzed Analog Computer (DAC), i.e.

system design. logical design, ａ model computer DAC ’Ｉ． accuracy problems of the

－３－



･computation ■withthe DAC, and the incremental calculus.　The DAC is ａ parallell type digital｡

　　　　　　　　　　　　　　　　　　　　　　　　　　●differential analyzer ･with the accuracy of one millionth and the computation 8peed of ０．Ｚ

milli － seconds for each step of integration. Although the mqthematical operation of the DAC

ｉ８completely digital. the computer elements of the DAC quite resemble those of the analog

computer. The computer elements are the integrator. coefficient multiplier, adder, multiplie ｒ

etc. They are connected each other on the patch －board ＼ith■wire8 just like the analog

computer. According to the consideration that the DAC is an analog computer. the solution

of the problem is made to be obtained on the pen 一recorder.　What is required for solving

differential eguations is ｎｏｔ･ａseries of numbers of many digits but the shape or the ■waveform

of the solution.　In the DAC the operation in individual computer element is ■withvery high

accuracy while the accuracy of the solution displayed is ■withthat of the analog computer.

Although the error of the computation ■withthe DAC is small, it has ａ clo8e relation with the

computation speed, which is sometimes important. Generally the error increases as the

computation speed is made larger.　The computational error of the DAC is divided into the

ｔでuncation error and the round －off error. In this chapter the mathematical formulation

is given both of them by means of the Ｚ transform。

　　　The content of this thesis which is briefly described above ｉ８based on the articles of the

author, which were published in the Journal ０ｆtheinstitute of Electrical Engineers of Japan,

Proceedings of the Joint Conference of Electrical Engineering Societies of Japan, To shiba

Review, AutomaticﾚControl, and the Proceedings of the Inte rnational Analogue C omputation

Meetings and were supported by many readers.
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　　　　　　　　　　　　　　　　　　　　　　　　　Chapter　ｌ

Theory of the Simulation of Network on the Analog Computer

Introduction

　　　The basic operation of the differential analyzers such as electronic analog

computers, eletromechanical differential analyzers. digital differential analyzers.

and differential equation analyzing routines of the general purpose digital computer

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｙ‾is the integration. As any　ordinary differential equation of single ￥:a.riable is

■solved by integration it is solvable by thec!ifferential analyzer. But there ｉ８ａ set

of problems Awhere integration is not always applicable.

　　　The problem of the electrical network is an example ■where the circuit equation

is ａ simultaneous differential equation. Should the differential equation of ａ single

variable be, derived from this simultane ou s differential equation the coefficients

of the obtained differential equation are compleχ functions of the circuit parameters

and initial conditions.. If, as is usual. ■we■want to find solutions for many combinations

０ｆthese parameters by the differential analyzer this kind of equations is extremely

inconvenient. For solving the network. therefore, the method of the network　　　　’

simulation by ■which the network is transformed into ａ block diagram ５）（ｏｒａ signal

flow graph) to be represented by analog computer elements is preferable to the

differential equation method.

　　　The simulation of networks on the iwttlog computer ■wasfirstintroduced by the

author in 1957 when the theory ■wasnot completedﾀ)Ａｔ that time ■wehad to rely upon

　the trial' and“ error method for finding the block diagram which is realizable by

　the analog computer, thatｉ８，containing no differentialoperation. It is not always

　possible to construct ａ unique block diagram containing no differentialoperation in

　itor to obtain.ｏｎｅ。

　　　Ａsolution of this problem was once given by Hirayama.' According to Hirayama

　the differentialoperator is eliminatod by introducing an amplifier with an infinite

　gain representing an infinite resistance.　From the view point of analog computer

　circuit this solution is not at all different from that using differentiator.

　Therefore this cannot be the solution of the present problem。

　　　　As the differential analyzer is not equiped with the differentiator differential

　operation should not appear in the block diagram.　Although the analog computer

　isnot unable to make differentiators, they cause noise amplification and instablility

－５－



1.2

in the analog ｃつmputer circuit and their use should be avoided by any means.　As the

result finding the block diagram of the given electrical notwork containing no differ-　　　･，

ential operation is required

　　　The author has developed ａ general theory of the network simulation to find under

what condition is or is not the simulation of the network by the analog computer possible。:･

He has also shown. ａ straightforward method of building the analog computer circuit

simulating the network once its existence is proved. The foUowings are the details］

of the　theory and the examples。

Signal Flow Graph of the Network

　　　Although the network we are going to discuss is limited to the electrical network

the following theory also applies to mechanical. thermal and any other networks.

In those non － electrical networks the words inductance, capacitance and resistance

may be replaced by proper terms。

　　　Asthe first step towariis the theory of the network simulation the method of

transforming the network into the block diagram is ･studied.　The network ｏｆ･Fig.

1. 1 (a) is one for which the simulation is

possible. Denoting the currents and the

voltage s of the network as shown in the

circuitdiagram theblock diagram of the

network is constructod as shown in Fig.
7.・,石1，みーふ乳ふ綸ふ。石ｅ‘

１．１(ａ)。

　　　The network ofＦｉｇ･　。1.2(a) is an

example for which the simulation is not

possible. By any means the block

diagram of this network becomes one

similar to Fig. １．２(b) which Una-

voidably contains differential op-

eration. Thus the poｓsibility of the

network simulation depends on the

configuration of the network and it is

often laborious to make out the

possibility by trying to build many

－６－

(ｂ)

Fig. 1. 1 Block diagram

　　　　　　　Approach of net-

　　　　　　　work (b) block

　　　　　　　diagram (c) analog

　　　　　　　computer circuit.
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block diagrams for the given network.

　　　　　　　　　　　　　　　　　ci
There are more than one block-diagrams

fcr one network.‘　Even'when an obtained

block diagram cannot be simulated there might

be other block diagrぶwhich are simulatable.

　　　　It is therefore quite important to have the

　　　　criterion of the possibility of the network

　　　　simulation 。8)-9) 10)

１．３　　Network Simulation.

　　　　　　　　　　　　　(b)

Fig. 1.2　Example of ａ network for

　　　　　　　･which the simulation is

　　　　　　　impossible; (a) network

　　　　　　　(b) block diagram.

　　　Consider an electrical network having no isolated part and consisting of the folio･ｗ－

ing elements. ( In Ｃａ､semutual inductances exist in the original network they should

be removed by equivalent transformation of the network. The negative self-inductance Ｓ

are permitted in the followaing discussion.)

Ｃ

Ｌ

capacitances

inductances

R( = Rl十R2) resistances

Ｅ

Ｓ

voltage sources

current sources

Ｃ １，Ｃ２″¨‥‥゛Ｃｃ

^1.

^1.

｀lで

^1.

Si.

Ｌ２，¨’゜゜゜゛ＬＣ

Ｒ２，’‘’゛゜゜'＼l

ＲＺ¨゜゜゜･･Vz

ＥＺ，゜゜゜’¨゛

s ..‘゜゜゜″

Ee

Sg

　　　Denoting the voltage － drops and branch currents in these elements ｅ and ｉ re-

spectively, the relations between them will be represented in the signal flow graphs

of FJg. 1.3.　Notice that the differential relat-

ion is excluded.　For the resistance the direct-

ion of the signal flow is unrestricted. The

direction of voltages and the currents in the

voltage source and the current source are defined

as shown in Fig ｌ．４。

　　　Nowif thj simulation of this net-

･work is possible the overall signal

flow graph of the simulation circuit

will be shown as Fig. 1.5.

The ｌ －and Ｓ matrix circuits

　represent the first and the

７－

　ＳＪＳＬｊ　いとこ　にき二

　　　　　　　　　　　　　　によＪ

Fig. 1.3　Signal flow graph representation

　　　　　ofthe circuit elements.
　　　　　The differ entiations are
　　　　　excluded.



second Kirchloff's laws respectively: that is, these

matrix circuits are defined by the configuration

of the original network. Although the voltage

drops of the current sources and the branch

curr ents of the voltage sources are meaningless

they are included in the signal flow graph for the

convenience of the discussion。

　　　Itshould also be noted that the resistances

are divided into two groups Ｒ and R' in

building signal flow graph.

The principle of classifying

the resistances will be

explained in the follow-

ing sections. As shown

in. Fig. 1.3 resistances of

Ｒ group are considered

elements converting

currents into voltages as

1･ 1・

Fig.1’４≒:1jｔごl:1?

　　　こ言言ご::。。。

Fig. １．５　　Signal flow graph of ａ general

　　　　　　　　electrical network.

　　　　　capacitanc es do and those of　Ｒ　group are considered elements converting ・oltages

　　　　　intocurrents as induetances ｄ０，From the above discussion. it is concluded that.

　　　　　"The network simulation is the construction ofｌ －and Ｅ －matrix circuits for ａ given

　　　　　network.”

1.４　　Connection Matrix and Mesh λ(latrix　　　　フ

　　　　　　　　Theｌ －matrix circuit defines Kirchhoff's first law. The input signals of the

１ － matrix circuit are the currents in resistances of R' group ‘｀１１，１１

Ｒ１４
Ｚ，ｔｈｅ

currents in the inductances　Ｌｉ”
１．　Ｌｉ’２１　゛゚゚ ‘゚ ゛゛

Ｌ１ＩＬＩ

of the current sources Ｓ
　　　　　　　　　　　　　　　　　　　　　ｌ， ＳＺ．‥゜‥゛ Ss.

Ｒこ　I

　12，゜゛゜゜゜゜゛

and the currents

Those are written in this order as

il’，i2’l¨゜’・
’″
iM'゜ Output signals of the ｌ一 matrix circuit are the currents in

the voltage sources ^il.　Ei2,　’
゛’‘ ゜″

^iE. the currents in the capacitances

■
ｃｉ１;¨ｃｉｃ√゛ｉｌｄ

the ｃ゛rrents in the resistances of Ｒ group
Ｒｉ１，Ｒｉ２，゛’゛’゜゛ＲｉＲ１．’

Those are written in this order as ii i?゜’゜゜゜″ｉＮ．

　　　As the number of the
Xvodal

equations due to the Kirchhoff's first law is that of

８－

-j

？

・
　
ａ

？
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the independent nodes of the network N, there are Ｎ output signals for theｌ 一matrix

circuit. (There are Ｎ ＋１　nodes for an unisolated network　in total.)　For the

network which has no isolated part the next relationship concerning the number of

branches B, the number of independent meshes ｌ４and the number of independent nodes

Ｎ always holds. １１）

Ｍ十Ｎ＝Ｂ (1. 1)

The number of input signals to theｌ －matrix circuit is. therefore, M.　The equation

describing the relation between input and output of theｌ －matrix circuitｉ８then

Ｉ
　
　
Ｚ

一
１
　
　
・
Ｉ

・
‘
‰

一

一 (Iij)

'ふ'-4

Ｉ
　
　
Ｉ

・
Ｕ
　
1
2

ゆ
　
　
・
―

Ｍ

(1.2)

dig) is ａ matrix ofＮ rows and ｌ４columns and the elements are eithor　０，１

or　-1. As is obvious from the definition of　i1. i2
゜..iN

ａふill，i2lj
’｀¨‘l

ｉ】Ｓ４’the following relations exist among the numbers of the elements of the network.

　　　　　　　　　　　　　　　Ｅ十C + Ri °’Ｎ　　　　　　　　　　(1.3)

　　　　　　　　　　　　　　　Ｒ２十　Ｌ　十　S　°14　　

｝

　　The Ｅ －matrix circuit defines the relation among the voltage ’drop8 ０ｆthe branches

of the network determined by the Kirclihoff's second law. The input signals to this matrix

　　　　ａえSし

circuit ｉｓ､then

’
１
　
Ｐ
Ｊ
　
　
　
　
　
　
　
　
　
Ｍ

ｅ
　
　
ｅ
　
　
・
　
　
・
　
　
・
　
　
●
　
　
ｅ

(Eij) Ｉ
　
　
Ｚ

ｅ
　
　
ｅ

eＮ

(1.4)

０

( Eij) is ａitiatrix of Mrows and Ｎ columns and the element are again either

　１　０ｒ　　－１．

－９－



Now the nodal equations ０ｆthe network are ■writtenin ａ single equation as

(Dii) ･
M

*
ｒ
4

･

･

･

･

.
H

＝　０　，
(1.5)

■where H.　i2.’‥゜‘s　ig are the branch currents ａｎｄ！Dij ) is the connection matrix

of ■which elements take value of either 0, 1 or －１

( Dii)　＝

12）

Dll　Dl2 ・‥‥・‥‥ＤＩＢ

D2 Ｉ　Ｄ２２ ・・ ．･･‥‥‥Ｄ２Ｂ

°N1　°N2　°¨¨゛゜゜゜°NB

(1.6)

The element of the connection matrix ，Dii, is ｌ ＼when.jth branch current flows into the

ith node ，　－１■when it flows out of that node and is 多ero ■when the jth branch.is not

connected to the ith node.。

　　　To explain the connection matrix by an example the electrical

network of Fig. １．６is shown. Ass igning numbers to all branches

and all independent nodes as shown in the figure the foUowipg

connection matrix is obtainable.

(Dij) ―
　
　
○
　
　
○
　
　
○

ｊ　
一
一

ｌ　－ｌ　　ｏ　　ｏ　　ｏ　　ｏ●　ｏ　　ｏ　　●ｏ

ｌ
○ ○ ｌ　－１　-'ｌ　　ｏ　　ｏ

ｏ　－Ｉ　　Ｏ　　Ｏ　　０　　1 -1　０･

Ｏ　　Ｏ　･-１　　０　　０　　０　　１　－１

(1.7)

１

　　　The relation airiong the branch voltage ｓ of the network

determined by the Kirchhoff's second law is represented by

the following matrix equation.

( Rij)
ｊ　

１
　
　
２
　
　
　
　
　
Ｂ

　
ｅ
　
　
ｅ
　
１
　
　
・
　
ｅ

ｊ ＝　０

－10－

Fig. 1.6　Electrical net-

　　　　　　　work for ･which

　　　　　　　number nodes is

　　　　　　　denoted (1), (2),..

　　　　　　　number of branches

　　　　　　　by If 2, ... and

　　　　　　　niomber of meshes

　　　　　　　by 1. 2

　　　　　　　(1.8)
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where　ｅｌ.　e2. ‥‥‥゛ｅＢ　are the voltage drops of the branche ｓ and (Rij) is the

mesh matrix ■wlichis ｡

( Rij ) =
ｊ
Ｒ１１

Ｒ２１

Ｒ１２¨‥‥‥‥゛ＲＩＢ

Ｒ２Ｚ‥‥‥ﾐ‥‥Ｒ２Ｂ

●●●●●●●●●●●●●●●●●
●●●●●●

^Ml　^M2 ｡‘”‘’゜¨゜^MB

ｊ

(1.9)

Rij is ｌ　whenｊth branch ｉ８connected clockwise in theｉ th mesh, -1 rwhen itis

connected counterclockwise in this mesh, and is zeso ■whenit is not connected in the

ｉth mesh. As an example the mesh matrix of the network of Fig. １．６is given.below.

( Rij ) = －１　　１　　０　　０　　１　　ｏ　　ｏ　　ｏ　　ｏ

○

○

○

○

○

○

○

○

○

　１

－１

　○

Ｏ　-１　　１　　０　　０　　０

０　　０　－１　　１　　０　　０

１　　０　　０　　０　　１　　０

１
○ ○ ○ ○

１

(1. 10)

The branch currents il.　ｉ２，”゜゛ｉＢ　arerelated to the mesh currents cttry^nts-１１，１Ｚ

‥‥，ｌｌｖｉby the mesh matrix as

１
　
　
２

・
１
　
　
・
１

・
　
゛
弛

一

一

Ｉ
　
Ｚ
　
　
　
　
　
　
Ｍ

Ｉ
　
　
Ｉ
　
　
・
　
　
一
　
　
＠
　
　
Ｉ

(1. 11)

because ａbranch current　ii’is the algebraic sum of the mesh currents; thatis

．　　　Ｍ

ｌｉ　゛　Ｊ aij Ij

ｊ＝１

aij is ｌ when Ijｎ０４ along theｉ th branch ，－ｌwhen it flowlijagainst this branch,

and zero when　I. does not flow through this branch. Therefore
　　　　　　　　Ｊ　　　　　　　　。，

l

ij = Dji
(1. 12)

　　　　　　　　　From eq. (1. １１) and eq. ( 1.5 ) we obtain

　　　　　　　　　　　　　　　　　(Dij) . ( Rii)*　＝ｏ

This relation connecting the mesh matrix and the connection matrix is useful in deriv-

ing the relation between theｌ －matrix circuit and the Ｅ －matrix circuit as will be

shown later.

－11－



１．５　　Condition for the Network Simulation

　　　　　　　As was pointed out already by the example of the network of Fig. 1.2 the simulation

　　　　　ofthe network is not always possible. The　condition that the netw.ork simulation. is

　　　　　possible is now investigatりd. As stated in Section １．３the network simulation is to

　　　　　defineｌ －and Ｅ －matrix circuits. As ■willbe shown in later section the Ｅ －matrix

　　　　　circuitis tmiquely determined by theｌ - matrix circuit.笥　Therefore the condition

　　　　　forthe possibility of the network simulation is the existence of theｌ － matrix circuit.

　　　　　The problem is Awhether eq. (1.2) can be derived from the nodal equation eq.(1.5) o「

　　　　　ｎｏｔ。

　　　　　　　The nodal equation eq.(l. 5) is rewritten in the next form recollecting eq.(l. １）

　　　　　and the ･way of dividing branch currents into groups ofｉ and those of i'

／
Ｄ１１　ＤＩＺ‥‘゜¨゜”゜°1N　Ｄ１１１　°'l2 ・‥‥Ｄ１１１,１

Ｄ２１　ＤＺＺ‥‥‥‥‥Ｄ２Ｎ　Ｄ’２　^22　‥‥゜2m

ＤＮ１‘ＤＮＺ‥‥‥¨‥ＤＮＮ °'ni　Ｄ’Ｎ２ ’̈ ‘． °'nm

The matrix (Dii) is here divided into two minor matrices Dl and Dz

Ｄ１　°

Ｄ２　°

―

―

Ｄ１１ Ｄ
1Z °゜’‘゜゛“゛゛ °1N

DZI　Ｄ２２‥‥‥‥｀゛ＤＺＮ

Dni　ＤＮ２‥‥‥‥‥ＤＮＮ

ｊ

Dii'　Ｄ１２１　‥‥‥‥’Ｄ’114

D゛２１　Ｄ’２２　‥¨‥‥’Ｄｉ２１４

●●●●●●●● ●●●●●●●●●●●●●●●●

Ｄ’ＮＩ Ｄ゛ＮＺ　’‥‥‥‥Ｄ゛Ｎ１４

Eq.(l. 13) is then ■written

－12－

i1

i2

‰

i11

1'2

＠
　
　
●

which

(1. 13)

ｊ

are

(1. 14)

(1. 15)

●

？

ｌ
　
ｊ

　　今

寸　’

１･



●

φ

１
　
４

４

Ｓ

il

i2

D2 i11

1Z゛

iＭ

一

一 ○

(1. 16)

The necessary and the sufficient condition that this equation is solvable for　^1.　i2，
’¨

iN is that　Ｄ･1is regular　l or

　　　　　　　　　　　　　　　　Det　D1　≒　ｏ

when this condition is satisfied･ multiplying　D l

eq. (1.2). (Iij)is then written

( Iij ) =　－Ｄ1

１

D2

ｌ

　　　　　　　　　　　(1●17)

fｒりｍthe left and rearranging give

(1. 18)

　　　Now we attained ａ new statement concerning the condition of the network simulation;

the necessary and the sufficient condition that the network simulation is possible ｉ８that ａ

regular matrix Ｄｌ is obtainable from the connection matrix of the network (Dij).

The next problem to be studied is the connection of this condition to the configuration.

０ｆthe network。

　　　The matrix Ｄｌ　isａ square matrix whose columns are those of the connection matrix

representing the branches of voltage sources. capacitances and resistances of Rgroup･

It is therefore necessary that there are　Rl　resistances satifying ｅｑ･(1.3).

In other ･words it is necessary that the number of independent nodes is not less than the

sum of the numbers of voltage sources and capacitances o£the network and not larger

than the sum of the numbers of voltage sources, capacitances and resistances.

The voltage　sources, the capacitances and the resistances are named eligible branches.

This is ･written in the followirg theorem.

( Theorem 1.1)　　To be possible to simulate ａ network on the analog computer it

is necessary that tbe following inequality is satisfied by the elements and the con-

figuration of the network.

o <N -　Ｃ－　Ｅ≦Ｒ

　－

(1. 19)

　As this is ａ necepsary condition the simulation ｉ８obviously not alwayo possible

even when ineq. (1, 19) may be satisfied. This theorem is. ｈｏｗｅｖｅｒ，ｕｓｅｊねfor

identifying networks for ･which the simulation is impossible. The network of Fig.１．１

for example , satisfiesineq.( 1. 19) because

－13－



　　　　　　　　　　　　　　Ｎ　＝　４，Ｅ　＝　ｌ，　Ｃ　＝　３，　Ｒ　ｚ　ｏ

　　　　　　　　　　　　　　N - C - E　＝　ｏ

■while that of Fig. １．２　does not, because

　　　　　　　　　　　　　　Ｎ　＝　３，　　Ｅ　＝　１，　Ｃ　＝　ｏ，　　Ｒ　＝　１

　　　　　　　　　　　　　　N - C - E　＝　２＞Ｒ

Thus ■weｃａ・Ｉprove that the latter network is unable to simulate as was inferred in

Section･１．２。

　　　When ineq.( 1. 19) is satisfied by ａ network at least the matrix Dl exists for this

network although the regularity is yet to be tested.　Once ａ regular matrix Dl　ｉ８

found by taking suitable　ＲＩ　columns out o£　Ｒ　colvunns of the connection matrix

related to the resistances of the network, the simulation of this network is possible.

After investigating the condition that Di　ｉ８regular the following lemmas were

obtained.

( Lemma　1.1)　　　　If any branches ■which are members of　Ｎ　branches composing

colvixnns of the matrix　Dl　make ａ mesh. then　Dl　is not regular.

( Proof ) Assiune that the first ｎ’of Ｎ

branches make ａ mesh as Fig. 1.7.　Dl　is then written as

Ｄ１　＝ －ｌ　ｏ　．．．．．　ｏ　ｌ　χ‥‥χ

　１・－１　 o　ｏ　X . . . . X

●●●●●●●●●●●●●●●●●●●●●●●●●●

○　○　‥‥．１　－１　χ．‥．χ

○　○　 o　Ｏ　χ・. . . X

●●●●●●●●●●●●●●●●●●●●●●●●●●

　○　○　●●●●．０　０　χ●●・．χ

(1.20)
｝

Fig.　１．７ Ａ 】Mesh for ■which

　　　　　　　det.　Ｄｌ　is always

　　　　　　　zera

As the sum of the first ｎ　colvunns results ａ zero vector det Dl is zero

( Lemma １.2 ） If N　branches composing coltmnns of the matrix　Dl　make ａ

tree　l4)，tｈｅｎ　Ｄｌ　is regular.

( Proof ) Asstime that these　Ｎ　branches make ａ tree such as shown

in. Fig.　ｌ．８．　The branches ･which are the ends of the tree are numbered ｌ．2 .. ., n

The matrix　Ｄ
１
is then written

－14－

４

●

ヤ

ｌ
　
ｊ
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１

１
　
４

軋。

　　　　　　　　ｎ　　　　　　　N- n
Ｅ･１＝　二てここ･７‾こてこｌ

○

○

i o　　o .... o

Ｏ‥‥．１　　o . . , . o

χ　　Ｘ・● Ｘ　「’－’一’‘１

●●●●●●●●●●●●

１
－
－
‐

　　　　　　　　　　　　　　　　１　　　　　１

χ　　χ●●●●●χ　Ｌ－＿。－。」

(1.

１

Ｑ）

　　　　　　　　　　　　　　　　　　　　　≪ｍ

Fig. 1.8 Tree for ■which Ｄ

　　　　　　　　　ｉ８ always regular.

The ｎ th principal matrix being iinitary whereas remaining nonprincipal minor

matrices are zero matrices.

Therefore

det　Dl ｡゜　det　D,'
(1.22)

°l'　is the connection matrix of the trfee which is ol?tained by removing ｎ end ･･

branches of the original tree.　By continuing the process of removing end branches

from the tree ａにstaris finally obtained. The star is ａ set ofｂｚ‘anchesconnected at

ａ node. If this node is the unindependent node of the original network the connection

matrix of this star takes the next form

D,' =
｜

‥二］
and if an. end of this star is the un independent node of the original network the

connection matrix takes the next form

十

一 １　０　・●●・●●●・●●○

ｏ:!:１　…………

十

一

In either case det　Dl'　is ！　１

　　　　　　　　　　　　　　　　det　Ｄ１’

Thus Lemma １.2　is proved.

ｌ

一

一

○

！１………！

Consequently

＋1　≒　ｏ
－

う

(1.2 3 ）

　　　The inverse of this lemma is also true as is proved by Lemma ｌ．１．

　　　Obviously the niimber o£nodes of the tree made from Ｎ branches is　Ｎ　十　ｌ

■which is same to the number of nodes of the origianl network.　Therefore that the

Ｎ　branches make ａ tree ｉ８equivalent to that all nodes of the network are connected

－15



together by these　Ｎ　branches, which are the voltage sources, the capacitances and

the resistances. This is written in the following theorem.

( Theorem 1.2) The necessary and the sufficient condition. that the simulation

of ａ network by the analog computer is possible is that all nodes of the network are

ＣＯ゛万゛万ectedtogether by all of the branches composing Ｎ columns〕of the matrix Ｄ１．

　　　In the network of Fig. １．１１，for example, four nodes (1), (2). (3). (4) and (5)

are not connected by the branches of ｌ，Ｚ，３ and ４． This network is therefore

unable to simulate.　In the network of Fig. １．１０nodes (1). (2). (3) and (4) are

connected either by the branches of １，Ｚ and ３，by those of １，２ and ４ ０ｒby those of １，

３　and ４．　Dl is regular for this network.　In special networks ･where an inductance

is connected in series to ａ current source this junction is isolated from other nodes by

eligible branches (voltage source. capacitance or resistance) so that　Ｄｌ　is not

regular irrespective of the remainir

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－

contains ａ capacitance connected parallel with ａ voltage source　Ｄ ｌ is not regular as

this makes ａ mesh in. eligible branches ( Lemma 1.1)

　　　Summarizing theorem １．１ and theorem １．２the condition that the simulation. of ａ ’

network by the analog computer is possible is stated as follows.

　　　”The necessary and the sufficient condition that the simvilation of a network by the

analog computer is possible is that the sum of the numbers of the voltage sources

and the capacitances of the network never exceeds the niimber of independent nodes

and all nodes of the network are connected together by all of the voltage sources, ａ１１

０ｆthe capacitances and the ( N - E - C ) resistances. "

EX. 1. 1 For the network of Fig. 1.９following

relation exists.

　　　　　　　　　　　　N- C - E =　4-2-1 －Ｒ

り

The eligible branches are 1, Z, 3 and ４ ･which connects five Fig. 1.9　Electrical

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　network. The

nodes together. so that the simulation is possible° Actually Dl　is　　　simu!ation
is

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　possible

regular ａ８

det　Ｄ ―一
一―

○
　
　
○

○
　
　
○

―
　
　
―

　
一
―
　
　
○

　
｀

○

○

○

○

１

○

－16－

○

１

一

一

１

≒　　Ｏ

ｊ

●

ｔ

４
　
湊

｝
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Ｅχ. 1.2　　　　　　For the netwoik of Fig. 1. 10 １

following relation exists.

　　　　　　　　　　N-C-E= 2<R

　　This satisfies ineq. (1. !9) of Theorem ｌ．ｌ･

Any two of three resistances ２，３ and ４ connect

り

four nodes together with branch ｌ.　As the matter :『ig.I’10 ご昌:公言？‘

of fact three regular　Dl matrices are obtainable

from the connection matrix of this network ■which.is

They are

(Dij)　＝

１

○　○

１

Ｏ
　
　
Ｏ

0

1

０

－ｌ　ｏ　ｏ

　ｏ　－１　０

　ｏ　ｌ　ｌ

　○

－１

　１

ｏ　　－１　　０　　０

○

１

１

○

－１　　０

Ｏ
１

In this case the simulation circuit is not uniquely determined.

EX. 1.3　　　　　　Forthe network o£Fig. 1. 11

following relation exisiul｡

　　　　　し　　　　　N - C - E =　１　＝＝　Ｒ

This satisfies ineq,(l. 19).　The five nodes are not

connected tegether by eligible branches １，２，３and

4. The simulation of this network is not possible.

In fact　Ｄｌ　is not regular.

det　Ｄ１　° 　
○
　
　
○

　
○
　
　
―

　
　
　
　
　
｀

○
　
　
―

　
　
　
　
　
｀

１
　
　
０

○

○

１

○

○

１

１

１

ｊ
一

一

○

１

possible but not
uniquely determined.

３

→

Fig. 1.11　Electrical network

　　　　　　　　　The simulation.

　　　　　　　　　isimpossible as

　　　　　　　　　branches Ｚ，３ and

　　　　　　　　　４compose ａ mesh.

1. 6　　Finding ( Iij ) by Sweep － Out Method　’

　　　　　　　Once the condition for the simulation ofａ network is satisfied theｌ －and Ｅ －

　　　　　matrix circuits exist for this network. The method of obtaining these two matrix

　　　　　circuitsis now considered. The problem　is how ( Iij ) and ( Eij ) are to be derived

　　　　　from ( Dij ).
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　　　(Iij ) is already obtained in eq.(l. 18).　It is preferable ，however, to use the

sweep:二白outmethod ｆｏｒﾆoblaining( Iij ). As was done in Section １．５the connection.

matrix is separated into two minor matrices Ｄｌ　and ＤＺ゛　As every column of the

connection matrix does not contain more than one ｌ and ’１respectively besides　ｏ ， ｆｌこ

adding ａ･row having
’
１in the first column to one having ｌ in the same column results

only one
‘
１１ｎthe first column. The row having this －１in the first column is now　　＼

transferred to the first万17万〇｀″万．　Incase the first col＼imn does not contain　１　゛!id’１

together but either one of them, we merely bring the row　having it to the first row

after changing the sign of this row if itｉ８１。

　　　１￥ｅproceed next to the second column and add ａ row having ｌ in this column at

the rows other than the first to those having ’１in the same coliamn. By repeating

the similar procedure to the Ｎ th colvimn ａ matrix of ･which first Ｎ columns make ａ

diagonal matrix of“１is obtained.　It is like

－１　　０　０．‥‥Ｏ　Ｘ１１　×１２　・‥‥　^lM

○

○

ｌ　ｏ．‥‥ｏ　X21　ｘ２２　¨’Ｉ°． ｘ２１り１

Ｏ　－１・‥・．０　;Ｘ３１　×３２　¨‘’゜''SM

●●●●●●●●●●●●●●●●●●●●　●●●●●●●●●●●●●●●●

ｏ　　ｏ　ｏ‥‥”ｌ　''Nl ｘＮＺ　¨・¨　'^NM

The remaining Ｍ　columns make ( Iij ).

( Iij ) = ― Ｘ１１

^21

=^12
゛‘゜゜”‘”’ ''lM

XZZ ‘゛゜゛゛゜¨゜゜^2M

●●●●●●●●●●●●●●●●●●●●●●●

ＸＮｌ ｘＮＺ ・゜”’“゜¨’ＸＮＭ

ｊ

(1.24)

(1.25)

　As the currents in the voltage sources, which･appear in the output of theｌ“ matrix

ｌ　circuitjareunnecessary in the actual simulation this first　Ｅ　rowsof this{ Iij)

should be ignored in building simulation こircuit.

Ｅχ. 1.4　　　　　　The network of Fig. 1. 12

satisfies the condition for the network

simulation. as

　　　　　　　　N-C-E= 6-2-l=3<R

(6)

1･I

and ａ１１･nodesare connected by the eligible　　　Fig. 1.12 Electrical network. The
　　　　　　　　　　　　　　　　　ニ　　　　　　　　　　　　　　　　　simulation is possible.

branches 1. 2. 3, 4, 5 and ６．
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１
　
４

１
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１．７

The connection matrix of this network is given by

（Dij）＝ －１　　０

○
１

○　　○

ｏ　－１

○　○

○　○

After sweeping ゛out from

○ －１

　○　　　○

－１　　　０

　Ｏ　　　Ｉ

１

○

Ｃ
　
　
Ｏ

　○　　　○

－ｌ　　－１

１

○

○

○

○

○

○

１

○

１

０

　○

　○

－１

the fir st to the sij

－１　０

Ｏ　－ｌ

○　○

Ｏ　Ｑ

Ｏ　Ｏ

○　○

( Iij ) is therefore

　　　　　　　　( Iij ) =

○ ○

　○　　○

－１　　０

ｏ　　－ｌ

○

○

○
　
　
○
　
　
○
　
　
○
　
　
○
　
　
―

○

○

○
　
　
○

　Ｏ

　Ｏ

－１

　０

○

○

○

Ｏ
　
　
Ｉ

○

○

１

０

○

○

１

○

○

○

　○

　○

－ｌ

○

○

ｌ

○

○

○

The input and output relation o£ｌ - mrヽtrix circuit is

・
１
１
　
・
り
‘
　
・
1
3
　
・
1
4
．
゜
1
5
　
・
し
。

／
Ｆ
ｌ
ｙ

○

○

○
　
　
○
　
　
○
　
　
―

○

○

　○

　○

－１

　０

○

ｌ

ｏ

○

○

１

○

○

１

○

○

○

○

Ｏ

Ｏ

0

０

1

１

１

－１

－１

－１

　○

１

１

－１

－ｌ

，１

　○

　○

－１

　１

　０

○
　
　
○

next

○
　
　
○
　
　
○

　○

－ｌ

　ｏ

・
１
　
　
・
１
　
　
一
１
　
　
・
―
　
　
・
１

／
・
Ｉ
”
ｙ

○
　
　
○
　
　
○
　
　
―

Ｏ

ｌ

○

○

１

　○

－１

　０

matrix results.

り

ｌ

○
　
　
○

○

１

○
１

ｏ　－ｌ

１

　
　
　
　
　
　
　
　
　
　
　
　
ｏ
　
　
１

　
７
　
　
８
　
　
９
　
　
１
　
　
１

・
１
　
　
・
１
　
　
一
１
　
　
・
―
　
　
・
１

○
　
　
○

○

－１

－１

－ｌ

　○

(1.26)

Deriving ( Eij ) from ( Iij )

　　To complete the simulation circuit ofａnetv･ork the matrix ( Eij ) should be

obtained,'　This matrix is obtainable by sweeping out the mesh matrix（Rij）.　But

the mesh matrix is less convienient to handle than the connection matrix.
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As pointed out already in Section 1. 4 ( Eij ) is derivable from ( Iij ).Now we study

how this is done. The mesh equation eq.(1.8) is rewritten as

―
Ｒ１

R2

１　Ｒ１２¨¨゜゜゜^lN　Ｒｌｌ’Ｒ１２１¨¨¨¨　^im'

１ ^22 ’‥

¨¨¨¨　^lM･　　el

”゜”･･･ ^2m'‘　　゛

……こ‥…

ｊ

ダ゛゜’゜
I

¨　Ｒ１４λ/1’　ｅＮ

　　　　　ｅ11

　　　　　ｅ２1

　　　　　ｅlVI

^2N　Ｒ２ １１　ＲＺ２ ’゙̈ ’¨¨Ｒ２ｌｖｌ’

R141 RNZ ¨’¨゛RlvlN RIMEll R
'
゛ ’゚̈ ゜^MM

Ｚ　Ｏ

(1.27)

Denoting the minor matrix composed of the first Ｎ　columns of ( Rij ) by　Ri　and

the remaining minor matrix of　M　ｘ　M　elements by R2 eq.(1.27 ) is ･written

ｊ・
１
　
１
２
　
　
　
　
　
　
’
Ｍ

ｅ
　
　
ｅ
　
　
・
　
　
・
　
　
ｅ

ｊ≒ｊ０
１
　
Ｑ
　
・
　
・
　
恥

　
丿
町 Ｚ　Ｏ

from ■which the next equation. is obtained if the regularity of

‐
　
　
‐

　
１
　
　
２

　
ｅ
　
　
ｅ

ｅＭ

一
一　

　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
Ｉ

- 暇1 Ｒ１ １
　
　
２

ｅ
　
　
ｅ

Ｒ２is assumed.

(1.28)

(1.29)

As this equation is identieal to eq.{1.4) , ( Eij ) is obtained as

　　　　　　　　　　　(Eij )　゜　-Ha'　．　Ｒ１ (1.30)

Now the previovsly ｏ!atained eq. (1. 12) connecting { Dij ) to ( Rij ) is rewritten in terms

of partial matrices Ｄ１ D゙2. R, and Ｒ２as

　　　　　　　　　　　Ｄ１●Ｒχ十DZ● 4　°ｏ　　　　　　　　　　　　　　　　　　　　　　(1.31)

Multiplying D;
1
from the left and （ R? ) from the right gives　　　　－

RI.（Ｒ;1）t十Di^ . D2　°ｏ (1.32)
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１

・

１
　
４

寸

肴

４

The first term of the left hand side of the equality ia - ( Eij ) and the second term is

（lij）t according to eq.(l. 18). Therefore

　　　　　　　　　　　( Eij ) = - ( Iij )'　　　　　　　　　　　　　　　　　　　　　　　　(1.33)十

By simply transpo sing ( Iii ) and changing the sign ( Eij ) is obtained･

　　The assumption used in deriving this　result is the regularity of　Ｒ２　■which ■will

now be proved.　　　　　　　　　　　　　　　　　　　　　　　●●

　　Referring the mesh equation eq. {1. 8) the last Ｍ columns ０ｆ ( Rij ) , which

make the minor matrix　Ｒ２ are related to the branches of the resistances of　R'

group, the inductances and the current sources, or, in other word, the branches

that are not those related to the columns of the matrix D
j
, When °1　is regular

the branches represented by the columns of　Dl　make ａ tree.　In this case the

remaking　M branches mak ａ cotree. According to ａ theorem in topology the

mesh matrix of the cotree is regular. Therefore

　　　　　　　　　　　　　　　det　Ｒ２￥ｏ　　　　　　　　　　　　　(1.34)

Ａ８ the consequence eq. (1.33) is true in case the simulation is possible.

　　Eq. (1. 33) is writen for the network of Fig.　１．１２ by using eq.(1.26).　The

input-output relation of the Ｅ －matrix circuit of this network is then

ｏ
　
　
ｏ
　
　
ｏ
　
　
ｏ
　
　
ｌ

ｊ 　○

　○

－ｌ

　ｏ

１

○

0

０

1

1

○
　
　
○

○
　
　
○
　
　
―

ｊｄ
　
　
。
　
Ｊ
。
　
　
○
　
　
○

ｏ
　
　
ｌ
　
　
Ｏ
　
　
Ｏ
　
　
Ｉ

１
　
　
２
　
　
３
　
　
４
　
　
５
　
６

ｅ
　
　
ｅ
　
　
ｅ
　
　
ｅ
　
　
ｅ
　
　
ｅ

(1.35)

ｌ．８　　Automatic Programming of Analog Computer by Digital Computer 。

　　　　　　The previous sections have dealt with the general theory of the network simulation

　　　　by the analog computer. As the result useful criteria for the possibilityof the

　　　　network simulation were obtained. The problem of the network simulation is

　　　　however, not yet completely solved even when the possibilityis identified.　Although

　　　　the sweep-out method for obtaining ( Iij ) and ( Eij ) is quite effectivethe manual

　　　　computationｉ８often painstaking especially ･when the network is large｡

　　　　　　The author tried to obtain { Iij ) and ( Eij ) from the connection matrix of the

　　　　network autom atically by means of the digital computer and completed ａ FORTRAN

　　　　program for IBM 7090． This network simulation program is applicable to any
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electrical network having up ｔ０７５independent nodes and １５０branches.　The structure

of this program will now be described.

　　　０１ｅdata cards used for this program should be prepared so that the first card ｉ８

punched ■withthe following niombers in the fromat of ( 515･）．

　　　　　number of independent nodes. number o£branches.

niomber of voltage sovKrces, number of capacitanos. and number of resistances.

The data cards from the second are punched with the elements of the connection matrix

coltimnwise, that ｉｓ’ＤIj. Ｄ２ｊ，‥‥″ＤＮｊ，ｉｎ the format of { 7511 ) so that one card

contains all elements of the connection matriχ of ａ．branch.　In punching　Di, the

letter　Ｚ　is used instead of －Ｉ

　　　The flow chart of the

program １８ shown ｍ

Fig. 1. 13.　After reading

out the input data, letters

of ２ in Dij is changed into

－１and the connection

matrix { Dij ) is printed

out.　Then the necessary

condition for the network

simulation is tested

according to ineq. (1. 19).

Fig. 1. 13　Flow chart of FORTRAN program for
　　　　　　calculating ( Iij‘)and ( Eij ) from the
　　　　　　connection matrix of given electrical network.

If this condition is not satisfied the computer prints following words and the computation

ends.

　　　THE SIMULATION OF Ｔ HIS NETWORK IS IMPOSSIBLE　　　　　(1.36)

When the condition is satisfied the sweeping-out of the connection matrix is ｅχecuted.

This is done from the first column to the　Ｎ th colxomn.　At the　ｊ th coliimn the

computer looks for nonzero element in　Dij in ■whichｉｉ８μｏｔless than　ｊ．　When　this

is found in　ｉth row the element of this row is exchanged with those of the　ｊ th row

and ａ１１other non-zero elements of the　ｊth column are erased. In case any non-zero

elements are found in Dij in which ｉ is not less than ｊ， computer askes if any other

branches are eligible for the columns of D, ｒｎａｔｒｉｌIf the answer is　”ＮＯ”

computer prints words of (1.36). If the answer is ｌ’ｌｅｓ”， that column is exchanged

with the ｊ th column and sweeping-out is performed. After the sweeping -out is
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４

十　４
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　　　　　　　　　　　　　　　Tableｌ．Ｉ　　FORTRAN PROGRAM

?0001 AN4LCG cuNPim-K CIRCUIl FOR THl りtrwURK SIMUIATIII>J　２０００１ANALCG cofPuirR cmcuii Ff)Rｎ･Ｅ＼er≪[iRKSINULAtlUN

９

niKtNSllJN IDI75, KjO) ,H).＼(1501 iLI 150I.FMT<U)

REil) INPUt TAPC 5,IO1,IXJX,J><人≪.N6.MCiNR
pcin Iり■UI TUPC 0il02.I(iniI.JI>I-li75l,J-l.JMAXI

　　　　ro １２ I-ltlKAX

　　　　Ｃ０ １２ J'l.JHAX

　　　　lF(I01I,J)-2)10,UiU

　10 (,o Ta １２

　１１　ICII.JI―1

　１２　COMINし［

　　　　Jl"l

　１８　1F(J1・W-J"AXI21,?0.20

　２０　J2≪Jド４Ｘ

　　　　00 H

２１　Ｊ２ｓＪ１キ１９

　２２　Il'l

　１９　hHITE CurPUT TAPE 6il01>IJiJ>J1,J?l

　　　　IFII1*?')-IM4X12'.,23,23

　２３　IS'lfiX

　　　　CO ｎ１ ２５

　２４　12'IH29

　２５　Ｄ０ 26 i = n,i2

　２６　ll"il rE IHJIPUT TAPE ６，1(1<･<I I I I!)l I I J) ,J<Jl,J2l

　　　　Ｉト(I2-Ir^AX)J7,?S,2ii

　２７　I1>I1・３０

　　　　ca re 1)

　２８　IFIJ2-JX1XI2),30,30

　２９　Jl≪Jl・２ｎ

　　　　CO ro １９

　３０　ＸＦい巳・NC-I>"AX)3l,31・３Ｚ

　３１　１Ｆ｛へＥ・NCtNR-I.'iXjSJ.lS.n

　３２　K5ITC tilllPUI Ｔ人I'C h, IPS

　　　　GO Ｔ０ ９９

　３３　cc ３４ J = 1. J K A X

　３４　LIJ)-J

　　　　【沁４９ J'liIKAX

　５５　I≪ = 0

　　　　CC 36 I≫JiICIX

　　　　IFIIC□■J]135,36,3り　　　　　　。

　３５　U=I

　３６　CCt,ri＼LE

　　　　1FIISI37,37,32

　３７　r.c Ilj ５１

　３８　IKIC(μ，Ｊ□41i51i )■)

　３９　i;c ４０ K=ltJ"八Ｘ

　４０　li:(liiK)=-IDI IJ,K)

　４１　ｒ;Ｃ ４２ K = i,jmx

　　　　ir;A区1 -1 n IμiKI

　　　　I C I 1 S , K卜ID( J,KI

　４２　!i;( j.M = insi<)

　　　　IF(J一口乙1,60 ,'.3

　４１３　J3.J-1

　　　　Ｄ０ ４３ l = liJ3

　　　　：Ｆ□じ□，Ｊ□４４，４９，４ｈ

　４４　DC ４５ ＫｓＪ。IMAX

　４５　：じ111KI" I:;111 <) -; n□，Ｋ）

　　　　r.c re. A:i

　４６　１;Ｃ ４７ K=J,JMAX

　４７　I C I I , K 1r 1に(I <Kμｌ【)IJl<>

　４８　r-CNTIM.「

　６０　１Ｆロード人Ｘ」M, M.71

　６１　，ｊ４りキ１

　　　　f;o ４９ l'J<.・I "AX

　　　　IFdOl 1 , Jl lt.?.49,6'i

　６２　cc ５３ K-J,JMAX

　６３　１Ｄ□■ Ki = n;(i ,i',)-in( j.K)

　　　　r.G ii; ４り

j
-

i
n

ｃ

６
６
･
ｒ

！
９
／
』
３

t
/
＼

u
-
t

i
r
t

DC ６５ K=J,JMSX

11! 11, KI > I n (I. >'I・１¶)(J,KI

CCMIMIi:

or lu ７１

IF(NE・ＮＣり.H-L( J□32.52.53

CO Ｔ０ ３２

LL-L(Jl・１

nn ５４ I'l.imx

ID&( II'IDd.LLI

ICI liLい・ＩＤ□tJI

５４　lUCi J)>：ｎ別卜
　　　ＬＩい．μＵＪ｝

　　　U(J)-LIJμ１
　　　r.c TO Ｓ５
７１

７ａ

80

81

82

79

83

4
5
６

8
ｅ
５

87

88
69

　90

178

180

181

1a2

□･;

183

184

195

Jl-l^SX・１

If IJl・l'<-JWA'(181i8O,aO

J2'JVAXr.n Ｔ０８２

J2≫J1≫1<>
１μ１
ｋ･≪ITC IIUtPUT T4PF 6,tll,{LIJI,J>Jl,J2)

If III・2≪-IMAX)B<i,!j Iia3
IJMK4X
r,c 10 ８５
I2≪!l・２９
DO ８６ I-Il.I?

WRITじcurpリＴ Ｔ,へPCfi>112.L(niIID(I<JliJ'.Jl,J/l
IF(lJ-I"lX]e7,B3,33
1 l-Il・３０
GO 10 ７９
IFIJZ-jyix) 3り･10,ヽ10
Jl-Jl・cO
Gn rci ７ｎ

Jl-1
IF^IJl・11-!KAX|I31,130, no
J2≪IVAX

GO I'J 132
J2≫J1・19
I l'lfiX・１

hRirt DUTPUl TAPE 6>113,(L(JltJ'JI>J2I
１ＦＨい2<)-J≪AX)m,131il'i)
12'J''八Ｘ
Ｇｒ】Til195
12-11・２９
ｍ; le(.I"Ilil?

　　　DC １９９ K=J1,J2

１９９　IUAIK1≫-Inlk.□

１９６　wnrii Ｉ：I)n't/I I.IPr h. U <i.L ( I I ■( I ilA I K ) , K ･ J1 , J J )

　　　　ＩＦ□i?-.riAX )Ifl7≫ l'JB , lf!H

１８７　Il'Il・３Ｑ

　　　　Gfl Ki １７９

１０８　ir( j2-icAxiin'),<)'), -,9

１９り　Jl'JI卜？り

　　　　GC TO 1.7rt

１０１　FOR!り4 r I; I ･;1

１０２　FnKM,>r( T'il□

１Ｃ３　ＦＯＲヽ<ailu･l>!'''f>Mlり仙ＣＨ□. I9ir. 1

１０４　Ｆｔ以ctH！H0,'.'X4"へ心ＣＳ I JtiVC･r.)

１０５　Ｆりp ^ A T (1 h I, ?り/<i<irllHE sr"iLArii.,＼「:f Iril^ -I-：１心?l<≪I', ＤＩ･」l.SSlnLCI

Ill　FURWAr(IHl,1J×７･･ＩＣりりS＼T ! 3 ･ 1 i 1 S I

H2　rcfyaf(ii-;),7iicuartrMT I3i･■ix^OI卜1

113　f-CRI'八□１ﾄ･１ｄ３×7HV[;i.rAije 1 3 , 1 -,I 5 )

１１４　FOI'."八Ｔ【lH0i7''vf;l.r二･託liiiKi-OIりｌ

　９９　r.c n：９

　　　１Ｍ】I 1 10 > 0 10 >II。l.l.C.O.l,･)tn,o,o,OI
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completed for　Ｎ　columns the matrice Ｓ ( Iij ) and ( Eij ) are printed. An. out-

standing function of this program is that the condition for the nework simulation is

alBo　tested in the course of the computation ｏｆ’( Iij ) and ( Eij ｊ。

　　　Table １.１ gives the coniplete program and Fig. 1.14 shows an example of the

result for the network of Fig. 1. 12.

CONNECTICN　^≪ATR1X OF　THE　NETWORK　IS

か

・

４
ｙ
　
｛

ｔ

ｉ

鼻

NODE
２ -－１

一一－
　１

一一

　０ ０

NODE　３

-一一NOCE　４

－一一一一NODE　５

０

㎜●

０

･〃ﾐ

０

－

０

　１

-　０

一
一１

-　０ ０

１

－
０

０

－
１

●

．●

　NODE　６　　　　　　　　　０　　　０　　　０　　　０

一一一一　　　一一
1　MATRIX　OF　ANALOG　COMPUTER CIRCUIT　IS

一一一一一一　　一一一一　　　　　CURRENT　７　　　８　　　９　　１０
１

０

CURRENT　２

Ｉ－四●-←-y心-ｗ･=゛｀--〃･←
CURRENT　’３

０　　　１

一

一Ｏ　　－１

･一一一一一一･一一
－Ｏ　　・－１

CURRENT　５

･--| ･ｒ--･〃■■-ｒ--･ｒ㎜-４一一ａ４-Ｆ㎜

CURRENT　６
１ －０

１ －０ －０

　　　　　　　-一一
Ｅ　Ｍ､ATRIX　OF　ANALOG　CGNPUTER CIRCUIT　IS

VOLTAGE　１
２

一一一一一一一
一０　　　０ ０ ０ ０ －1

VOLTAGE　７

一一一一一一－VOLTAGE　８ －ｏ　　－０　　　１

"・Ｏ　　－１　　－０

に。

VOLTAGE　９

一一一一一一一一VOLTAGE　１０

-一一VOLTAGE　１１

Fig. 1. 14　Result of Computation by IBM 7090
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　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Chapter　２

　　　　　　　　　　　　　　　　Studyof Analog Computer Elements

２．１　　Introduction

　　　　　　　　In1956 ■when the author began to work for the development of the dc analog computer

　　　　　atthe Tsurumi Research Laboratory of the Tokyo - Shibaura Electric Co･
Ｉ Ltd only

　　　　　little･was known of the detail of the design of the computer elements. As the author

　　　　　undertook the design of the largest scale analog computer in this country TOSAC-n

　　　　　hestudied the design problem of analog computer and developed many analog computer

　　　　　elements. Those new elements were developed from the viewpoint of exploiting new way

　　　　　ofapplying the analog computer to the problems of electrical engineering in Toshiba

　　　　　Electric Co, Ltd.　The developed computer elements, therefore, withstood the

　　　　　practical use and are now extensively used in the standard Toshiba analog computers ．

　　　　　　　　Thedetails of the design of some of these W-V/ computer elements are described in

　　　　　　thischapter. Discussions on the static and dynamic accuracies ０ｆthese elements

　　　　　　arealso described.

２．２　　Patch Board Design

　　　　　　　　Theprepatch system of the analog computer programming in recognized useful and

　　　　　　isalmost indispensable ｔ０large scale machines.　By preparing several patch boaids

　　　　　　thecomputer can solve different problems without interruption and ａ great deal ０ｆthe

　　　　　　machinetime ｉ８saved.

　　　　　　　　Theserious problem in designing patch board is the layout of the connection holes

　　　　　　to･which all input －　and output －terminals of the whole elements of the computer

　　　　■　areconnected.　As the space allowed for ａ patch board is limited the number of the

　　　　　　connectionholes is also limited.　In designing the layout ■we have to satisfy two

　　　　　　contradictingrequirements, that is, any connection of the elements mudt be

　　　　　　possibleon the patchboard　and also as many unnecessary connection holes as

　　　　　　possiblemust be removed.　The question ｉｓ;･what is the optimum layout of the

　　　　　　connectionholes of the patchboard, which makes possible any connection df the elements

　　　　　　byusing the limited number of the connection holes ？

　　　　　　　　Onesolution adopted in many commercially available analog computers is the

　　　　　　arrangement of special holes called multiple connector. This is ａ set of holes connected

　　　　　　together.　When one needs to connect a hole to more than one other holes he connects
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these holes to the multiple connector 。 This

wav of connection is illustrated in Fig. Ｚ．１

The use of the multiple connector solves the

problem only partly. because it cannot be

specified how many holes ａ multiple connector

should have and how many multiple connectors

Ｆｉｇ°Ｚ１゙　Connection of computing

　　　　　　　　　　elementsby multiple

　　　　　　　　　　connecter

are necessary to connect the computer elements on the patch board for any possible

　　　　　　　　　　　　　●computer circuts.　　　　・
　　　　　　　　　　　　　／χ

　　　Anotherattempt for the solution of this question is assigning more than one con-

necting holes to the output of each computer element. As the input terminal of the com-

puter elements is never connected to more than one output terminal of the elements the

connection hole for the input terminal need not be more than one, ■whileseveral holes

should be assigned to the output terminal. Fig. 2,2

shows an example of this type of patch board design ・

(The most commercial analog computers use the

combined method of these two types) . The layout of

the REAC patch board is shown in Fig. ２．３．
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　　　　The patch board of the Toshiba Analog Computer designed by the author is different

from those of the commercial machines. Before describing the design the problem of

connecting　ｎ　distinct points by wires is considered.

　　　The minim um number of the wires connecting　ｎ　points､is　ｎ－　１　ａ８ explained in

Fig. 2.4.　Let these wires be patch －cords.

Then they have two pins at each end ．

Therefore there needs at least 2( n-1)

holes for　ｎ　pointsto connect these

point 3 by patch －cords. Fig. 2. 4 Connecting　ｎ　points by ( n-1 ) lines.

When individual point has ａ pair of holes　ｎ　points make　２ ｎ　holes ^which are two

more than are required.　This is the principle of the patch board of the Toshiba

Analog Computer. Namely two holes are assigned for all of the terminals ０ｆthe

computing elements. By this method any connection of the computer elements is

possible. This method eliminates indefiniteness in determining the number of the

multiple connectors and the number of holes of each of them.　This十method also

provides ａ merit for the mechanical construction of the contact spring of the patch －

bay as ａ double － sized spring may be used to connect ａ terminal ０ｆthe compute r

element to the pins of the two holes of the patch －board.　Fig. ２．５ shows the patch －

boards of TOSAC －ｌ and - n. Fig. 2.6 is an example of the connection of the com-

puter circuit of TOSAC －II.

Computer for the Loading Effe^ct Correction of the Potentiometer
１６）

　　The multiplication of ａ constant coefficient on the analog computer is done by the

potentiometer. In the analog computer circuit the potentiometer is unavoidably

loaded by the input impedances of the computer elements and produces an error in. the

multiplication factor. This is the loading effect of the potentiom ete r. The re-

－28－

１

～
　
４

-い

φ



４

､､φ

￥
　
４

寸

sistance of the potentiometer to avoid the loading effect is not ａ favorable

method because more output current of the opera

ationaX amplifier is required. Increasing the

input impedance of the computer elements can-

not be the solution, too, as the precision of the ’

large impedances is usually hard to maintain.

The loading effect of the potentiometer should,

therefore, be removed by the correction.

Fig. ２．６　Connection of computing

　　　　　　　elements ■which have ａ

　　　　　　　pair of coiuiection holes

　　　　　　　both at input and output

　　　　　　　terminals.

　　The correction factor of ａ pcsltfentiometerloaded

with ａ resistance of Ｒ ｏｈ：msis given by the following formula.

Ｆ　＝
Ｒ

　　　　　　　　　　　　　　　　　　　　　　Ｒ　十（　1-a) ar

Fig.２.7　３hows the relation of ( 1 - F ) a to a

and Ｒ 。 One can use this chart to estimate the

error of the multiplic ation factor due to the

loading effect。

　　　The correction of the loading effect is often

ciombersome even ■when it is correctable.

The use of the chart of Fig. ２．７ or similar

one is useful in few occasions。

　　　To obtain the settings of the potentiometer

･with any load required for producing ａ

multiplication factor the author has built

(2.1)

Fig. 2.7　Load effect characteristic

　　　　　　　ofthe polentiometer having

　　　　　　　totalresistance of 50 ｋ

an analog computer by servomechanisms. This is ａ very simple servom e chani sm

yet is most useful in practieal use. Fig. 2. 8 is the schematic diagram of this load

effect correction computer。

　　In Fig. ２．８　Ｐｌ　ｉ８potentiometer which ｉ８set to the desired multiplication factor

and　Ｐ２　is another potentiomeler of ･which resistance is identical to those of the analog

computer and is loaded by an adjustable resistance Ｒ．　The potentiometer ＰＺ is

driven by a servomotor .M.　Same voltage is applied to　Ｐｌ　and　Ｐ２° The

difference ｏｆ‘theoutput voltages of　Pi　and　Ｐ２　１８amplified and is fed to the servo-

amplifier driving the servomotor.　As the result the setting of the potentiometer

－29－
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delay time to evaluate the time delay element. In this section he derives this

quantity for different types of the time delay elements.

　　　The way o£ simulating the time delay ｉ８ generally divided into two types.　They

are

　　　　　　　　　　　　　(i) Analytical Approach 19) 20) 21)

　　　　　　　　　　　　　(ii)Synthetic Approach

The first approach uses the approximation of the transfer function of the time delaア

　　　　　　　　　　　　　　　　　　　ミｒｓ　　　　　　　　　　　　　G(S) = e　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（Ｚ● ３）

　　　　　　bypassive elemants and operational amplifiers.　Ｔ he second approach uses physical ・

　　　　　　meansexhibiting the property ofｔｈｅ･timedelay.

2.4. 1　Analytical Approach

　　　　　　　　Inthe analytical approach to the simulation of the time delay passive elements

　　　　　　andoperational amplifiers are combined to approximate the transfer function ｅｓ’ｓ．

　　　　　　L,etF(s)be an approximate function ｏｆｅ‘T S The frequency response ｉ８expressed as

　　　　　　　　　　　　F( jo,) =　K( (Bf　）ｅ’ｊｌ（“り

Then following inequalitie ｓ

　　　　　　　　　　　　　11 - K (ω，）|く・

　　　　　　　　　　　　　１　ωΓ一の（ωΓ）1く∂

(2.4)

(2.5)

(2.6)

are true only for ａ limitad range of ・,ｆ■wher　Ｅ　ａｎｄ∂　arepermissible errors.

From in eq. (2. 5) and in eq. (2. 6) next inequality is obtained･

　　　　　　　　　　　　　　　ωΓ£ＡＩ●　　　　　　　　　　　　　　(2.7)
　　　　　　　　　　　　　　　　　－

Ｏ「

■where Ａ

f. r　ぶ　Ａ
　　　－

＝　　２πＡ

Ineq. (2.7) implies that to delay ａ signal 0f high frequency for ａlong time is difficult

while slowly varying signal may be delayed for ａ considerable time. The quantity

f.ris therefore usable to evaluate the performance of the time delay element of the

analytical approach.　　The quantity of evaluation is calculated for several approximate

formula of ｅ’ｉ
ｓ
in the remainder of this sectioh.

　　　　　（1）　Linear Approxination

　　　　　　An approximation of ｅ’ｌｓis as follows.
21）

F(s) =

　　rs　　ｎ
　　一行）

－31－
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Fo ｒ this approximation Ｋ(4)iｓ unity and $ (ω≫-■)is ■written

φ（ａＪｒ）＝　２ｎtan 召．ｙ
　　　　　　　　　　2n

(2.9)

　　　　　　　　－

The phase error
々い）－（にis

plotted against ・jr in　ｌ

Fig. 2. 10. The phase error increases monotonically ａ８　Ｊ

ωΓ　increases.　Expanding §(ωr) into power series of ω．１

　　　results

　　　　　　　　　　　→Ujでni.

Fig. 2. 10 Phase error of

(Z)(<uv) =(yr紆F則:緋皆仔…………‘2’ lo）j;;ご宍ぢi°≒

･rror d　is then given approximataly as　　　　　　　　　Ｆ（ｓ）yxTﾐFyy　j

　　　　　　　1　r r,)r "Ia　　　　　　　　　　　　。万有に

The phase error ∂　is then given approximataly as

　　　　　　δ＝ａ･ｒ －１（Ｑパ-'- 3 (2nぷ-

The quamtity of evaluation　ｆ ，ｒ　isderived from

this equation as

　　　　　　　１

Ａ＝ｆ・ｒ＝-
　　　　　　　π

抑‾

Ａ is plotted against ｎ for for ∂= 0. 1　radian in

　　The transfer ｆｕｎｃｔ沁ｎof eq. ( 2.8) for nコ１

　　　　　　　　　　１一一

　　　　　　一一

２

C2.H )　　/.４

　　　　　　　　12

(2.12)

●ｌ

Fig. 2.11 Figure of merit of

　　　　ここ□な乙

　　　　of time delay:is obtained by an analog computer circuit using two

operational amplifiers.　For　ｎ キ１　ｎ　stages of this

compater circuit is cascaded. When ｎ＝５ ten operational

amplifiers are needed. The fiqure of merit for　ｎ＝５　is only　０．５

　　　　　(ii) Quadratic Approximation･･

F(s) =

ｙ

　　　Quadratic form instead of the linear form gives better approximation. The quad-

　　　●　　　　　　●　　●　　●ratic approximation IS

　　　１一冊十, rs ,"
Xで百二辺T) } (2.13)

where cC　isａ correction facter to the linear approxi】mation formula and will be de

termined to give best approximation.

　　The phase of this approximation is

り5 {a> ｒ）＝　2n tａｎ’1

八Ｊ
－

ヨ
○｝て＋（α一　

上

　　　　　　　３

(Z. 14)

いとこに＋（αｚ－ａ＋二Ｌ）!ヱこと　＋一一一一

　（211）Z　　　　　　　5　(2n)4　　（2. 14)'
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The best approximation is attained when　ぱ　ｉ６selected

　　　　　　　　　　　　　　　　１　　　　　　　　　　　α　ｚ　一一
　　　　　　　　　　　　　　　　３

The transfer function is then

Ｆ（ｓ）

and the phase error is

１－ ＋｛ぐ丑｝’

１＋齢＋

ｎ

(冊)

∂＝ωΓ－の（ωΓ）g j; -F;ご･｝ｙ

The figure of merit IS ｔｈｅ‘ｎobtained as

　　　　　　　　　　ｎ

Ａ＝ｆ・ｒ － －

　　　　　　　　　　π 胆

(2. 15)

(2. 16)

(Z. 17)

(2. 18)

This quantity of evaluation. is plotted against　ｎ　for　∂＝　０．１　radianin Fig. 2.12.

　　　　　Eq.(2. 16) is known as ＰａｄぶぷａＰＰｒｏｘｉｍａtｉｏｎ.19）

2.4.2　Sampled - Delay System.

　　　　　　　　The synthetic approach to the time delay element

　　　　　hitherto studied are

　　　　　　　　(I) Capacitor storage Method
22) 23)

　　　　　　　　　(il) Capacitor Shift Method
24) 25) 26)

　　　　　　　　　( III) Shift Register Method
２７）

　　　　　　　　　(W) Magnetic Recording.
28）

V
-

　　　　　　　　　　　　　　　―-n

Fig.2.12 Figure of merit of al!

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　approximate
transfer

In the first three approaches the input signal is　　　　　　　　　　　　functionof time delay

sampled by certain time, interval and the sampled　　　　　　F(s)゜ト皆訂

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｌや冊紬(丑)２

pulse signal is transported through memory cells. This sy8tem is named

sampled － delay system in. general.　　Ｔ he principle ：)ｆthe sampled － delay system is

explained by the schematie diagram of Fig. 2. 13.

The sampling switch Ｓ　interrupts input signal

with the period of Ａ second and the memory

cells　ＤＩＤ゙２″‥‥‥゛Ｄｎ″‥‥　transfer

their contents to the adjacent cells while　Ｓ　is

open.　The input signal is converted into ａ pulse

train as shown in.Fig. 2. 14 in the memory cell3｡

　　　　Letthe number of the memory cells be　n,

the time delay of the system is

１’ｚ ｎ∠３　　seconds.

七一口一回¬

Fig. 2.１３　Sampled －delay system
　　こ;

ａﾂﾞｸnulating
tim e

(2. 19)

∂ ａ
2△　怒　　屯

Ｚ

Fig. 2. 14 Signals in sampled-

　　　　　　　　delaysystem.
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When the input signal is sinusoidal wave of the frequency　£(c/s), that is

　　　　　　　　　　　　e.(t)゜Ｅ　sin 2 t ft　　　　　　　　　　　　　　　　(2.20)

and its one cycle is sampled IX)　times. then

　　　　　　　　　　　　　÷゜゜゜　seconds　　　　　　(2.21)

The sampling error increases as in decreases.　Therefore　ｍ　should be larger

than some value to assure the accuracy.　That ｉ８　，there is ａlower limit for ｌｎ。

　　　　　　　　　　　　　　゜５Ｍ　　　　　　　　　　　　　　　　　(2.22)

M depends on the accuracy of the ■waveform reproducibility required.　According

to the sampling theorem　M = 2　is sufficientto reproduce the original■waveform from

the sampled －data provided ideal filteris used. In the present discussion,however.

ideal filteris not considered and　１／ｉ＝２　ismuch less than is required.

　　The number of the memory cells　ｎ　isalso limited from the economical reason

and from the noise problem.　Therefore

　　　　　　　　　　　　μ≦Ｎ

Eliminating△from eq.(2. 29) and (2. 2 1) gives

　　　　　　　ｆ● ｔ万＝Ｊ万　≦ふ
　　　　　　　　　　　　　　　　　　　m　　　　　JVl
　　　　　　　　叫

N/M　is the り)Ｐｅｒlimit of f.T , -which is the figure of merit.

(2.23)

(2.24)

　　　　　　　　　　　　　　　　　Ａ°ｔ　　　　　　　　　　　　　　　　　　(2.25)

The adequacy of using　ｆ．ｒ to evaluate the time delay element is also proved in this case.

　　To increase Ａ　Ｎ　should be large and ｌ４ should be small.　Ｎ corresponds

to the number of cascaded stages of the analytical approach.　As each stage of

analytical approach usually contains rather expensive operational amplifiers Ｎ ｉ８

seldom taken more than five, ･while the memory cell of the sampled －delay system ｉ８

usually simple and taking　Ｎ　as large as ａ hundred is not difficult.

　　The magnitude of　M　affects the accuracy

of the reproduction of the waveform of the

signal and has similar effect to the

permissible phase error ♂of the analytical

approach.　By sampling the sinusoidal

signal ａ staircase ･waveform of Fig. ２．15

1S obtained.　As this staircase signal

Fig. 2. 15　Staircase approximation
　　　　　　　　ofsinusoidal wave.

　　　μ，
loses higher - frequency components by passing thron-gh lOAW －ＰａＥ!ｓcircuit it is
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reasonable to define the distortion of the signal by the attenuation of the amplitude

of the fundamental component of the 日taircase signal.

　　　Dividingａ cycle of the sinusoidal signal into ｌ４ equal intervals at the points

ｘｌ Ｘ゙Ｚ゛‥‥゛ｘｌ４ which are

xi°

By using the relations

　　　　　Ｍ－1

　　　　　　S COSと１．０

　　　　　i=0　　　　Ｍ

and

l≪o

( i = 1. 2,･ M)

誓

　　　ＪπI

　　　M

Eく

(2.26)

ca27)

l（1－ＣＯＳ.!こ!

「
＾
＝
ｎ

( 2.2 8 )

sin守－（1－ＣＯＳ
Ｉ;）（1－ＣＯＳぞ

　　　　　　ー　　　　　(2.29)

２π
-
Ｍ
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(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

2ti

　Ｍ

the staircase function ｉ８defined by the next equation.

　　　　　　　　　　　　　　　　　　ｆ（ｘ）＝　sinｘｉ（ｘｉ≦ｘくｘi十ｌ）

The sine component As and the cosine component Ac are obtained as follow.

　　　　　　　　　　　　　　　　　　　sx　　　　　　　　　　　　　　As=-f　ｆ（ｘ）ｓｉｎｘｄｘ

　　　　　　　　　　　　　　　　　　　Ｍ･１　　　　之
　　　　　　　　　　　　　　　　　゛！Ｊ sin Ξ!Ｉ　Ｍ　　　　　　　Ｉ
　　　　　　　　　　　　　　　　　　πｉ＝ｏ　　　Ｍ

ｿ.sinχｄχ

=濤j　　　　　i!7r:= o^　　　　m

　　　　　　　IZπ

Ad°｛tfﾌﾞ｝ｃr7:t

　・　　　　　ｌ(I＋1)・
　　　一

司を

､

仙石Jニー

り
Ｊ
Ｊ

Ｍ
　
　
　
Ｉ

　
１
一
″

　
．
＝

As　and　Ac　are simplified resulting

　　゛　　　　　　　　　　　　　　　　　Ｍ　　　　　　　　　　　　　　　As = 　sin
　　　　　　　　　　　　　　　　　　　２π

　　　　　　　Ｍ　　　　　　　　２χＡｃｚ一　-　（４ －．COS M ），

　　　　　　Ｚ７「

The amplitude of the fundamental component of this staircase wave is therefore

ゝ

/て7‾て‾二戸｀

＝　匹　sin　π－
　　　　　　　　　　　ｇ　　　　Ｍ

and the amplitude error from the original sinusoidal ■waveis obtained ａ８

ｓ　＝　ｌ　一

匹

＝１　－　孚　ｓin÷　(2.35)



In fig- 2. 16 1　isplotted versus　Ｍ.　As

will be seen in this figure the amplitude error

is only 1.5% ■when　ｌ４= 10.　　Substituting

and

Ｍ＝　１０

Ｎ　＝　　１００

(2.36)

(2.37)

into eq. (2.25) the quantity of eval･aation of the

sampled delay system is calculated as

　　　　　　　　　　　　Ａ　＝　－ii－＝　10

　　　　　　　　　　　し2.4.3　MagnetiべTape Time Delay Elements

(2.38)

4 4 j

　　　Thesecond method of the synthetic approach isり

the magnetic tape recording.　The principle

of the magnetic tape time delay element

is considered that of the sampled －

２ Ｊ /〃

15　　　却　　25・　　j∂

　→/｀7

Fig. 2. 16 Amplitnde error　vs.
　　　　　　　samplingrate Ｍ．

delay system.　　The figure of merit of this type of time delay element is　calculated

in ａ similar ｗａｙ･

　　　The■way of the modulation of the signal ０ｆthe ｌｎ∂･gneticrecording is either　AM,

FM, PWM ０ｒ　PCM.　As　Ａ１４　lacks accuracy only　ＦＩりi,PWM　and　PCM　are

considered。

　　　　　　　い)　　Magnetic Recording by FM

　　　The freq゛ency modulation syste° converts the signal into the pulse train. the

repetition rate of ･which is proportional to the magnitude of the signal. The intervals

between the adjoining pulses are the sampling interval. As the modulation factor

in usual FM system is less than 50% the sampling rate ｉ８taken as fo　, the ce:iter

frequency of the modulation.　Then, sampling interval is

△Ｚ 1/f。 (2.39)

and considering eq.(2. 21) and eq.{2.22) leads to

　　　　　　　　　＿Ｌ＞と
　　　　　　　　　ｆ　　‾　ｆ・　　　　　　　　　　　　　　　　　　　　(2.40)

Let　ｋ　bethe maximuin modulation rate the maxim vim frequency of the pulses is

£max　＝　（１　十ｋ）．　ｆ。
(2.41)

which is restricted by the packing density of the magnetic tape.　When the frequency

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
of the pulses are high the adjoining pulses are unable to discriminate. The maximum

niimber of pulses in one centimeter of the magnetic tape. ■which are recorded and

reproduced ｃｏｌ‘rectly
ｌ
is called the Ｐ゛とking density Ｐ･ Ｔ he minimum pulse interval

－36－

～
　
軋

令



１
　
１

１８１／Ｐｃ゛ ゛ｎｄthe corresponding time interval ｉ８１／ＰＶ seconds where Ｖ is the tape

speed in centimeters per second. The Tnaximum frequency １８then

ｆ　ｍ冷＝　P V
(2.42)

Substituting eq. (2. 42) into eq. (2.40) and into eq.(2.41), we obtain the following

inequality･

ｆ　≦　こ
　　　　　１十ｋ

　　　　　　　　　　　　　　　　　　ｒ　≦　　．二

　　　　　　　　　　　　　　　　　　　　　　　　Ｖ

Eliminating Ｖ from eq. (2.43) and eq.{

　　　　　　　　　　　　　　　　　　　　　　　　　１
ｆ

r≦

2f。

( 2.4 3 )

(2.4 4)

(2.4 5 )

(2.4 6)

ｊ

(2.4 7 ）

(2.4 8 )

PV

Ｍ

　　　Onthe other hand the delay time of the magnetic tap" time delay element using

endless tape has ａ practical limit.　Let the length of the endless tape be　Ｌ(cm),

then

2. 44) results

　　　　　PL,
-

　　　　　　　　　　　　　　　　　　　　　　　　１＋ｋ

■which gives the quantity of evaluation Ａ．

　　　　１

Ａ＝-ニー--

ｙ

Institute of Technology are as follow:

　　　　　　　　　　　　　　　　　　　　　　Ｌ　＝　100

　　　　　　　　　　　　　　　　　　　　　　k　＝　0.5

　　　　　　　　　　　　　　　　　　　　　　14＝　10

PL.

　Ｍ

The specifications of the ｅｎｄ卵ｓ８tape time delay element built at Tokyo

29）

(cm)

　　　　　　　　　　　　　　　　　ｐ　＝　５０　(pulses ／ｃｍ）

The quantity of evaluation is then calculated as

　　　　　　　　　　　　　　　　　A = 333

From this calculation it is known that the magnetic tape ｔｉχχｌｅdelay element is

extremely superior to the analytical approach and the sampled - delay system.

　　　　　　(ii)　Magnetic Recording by　ＰＷλ４．

　　In magnetic tape recording the pulse ■width modulation ｉ８ preferable because this

ｉ８free from the waw and the flutter of the magnetic tape.　　Ａ８the frequency of the

Bawtooth wave foｉ８the sampling frequency of this system eq. (2. 40) holds for this

systenii too.　Using　k, the maximvmrj modulation rate, minimum pulse interval ｉ９

■writtenas

　　　　　　　　　　　　　　　　　　　1- k

-37－
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By considering the packing dens

ｆ　ｌ

A　＝

ｆ４

A＝

Let Ｎ＝

ity

ｋ

we obtain

　　　　PV　　-

　　　　Ｍ

PL
-

Ｍ

－38－

(2.49)

(Z. 50)

(2.51)

(Z. 5Z)

{2. 53}

(2. 54)

(2.55)

(2.56)

ｌ
　
ｌ

１．

-

　Ｚ

For the endless tape of L (cm) long the quantity of evaluation is obtained as

１，ｋ

　Ｚ

Using the specifications of (2. 47) this is calculated as

　　　　　　　　　　　　　A = 125

　　　　　　(iii)　Magnetic Recording by PCM.

　　　Thepulse code modulation in magnetic tape recording may give the best accuracy･

Assume one word consists of Ｎ　bits and the frequency of the pulseｉ８fo(c/s).

The sampling freq^iency is then fo / N. Then an inequality similar to ineq.(2.40) is

obtained.

　　　　　　　　　　１　　＞　MN　　　　　　　　　一一
　　　　　　　　　　ｆ　　　　　ｆ。

Eq.(2.42) is ■writtenin this case as

　　　　　　　　　ｆ。＝　PV

From the above two equations results

PV

MN

Substituting this inequality into ineq. (2. 42) the quantity of evaluation is obtained as

PL.

　　　　　　　　　　　　MN

７　and using the specifications of (2.47) it is obtained that

　　　　　　　Ａ　＝　７２

2.4.4　Concluding Remark

　　　　　　　　Inthe preceding discussions the adequacy of using max　ｘ　ｔｒｎａｘ　asａ quantity to

　　　　　evaluate the performance of the time delay elements has been testified. Whatever the

　　　　　type and the number of components of the time delay element are, it has ａ limited ability

　　　　　todelay quickly changing signal for ａ long time。

　　　　　　　　Itshould also be noted that we cannot extend the conclusion for any frequency of

　　　　　the signal and any length of the delay time. In magnetic tape recording time delay

　　　　　element, for instance, the frequency of the signal is limited by the tape speed as

　　　　　described by meq.(2. 42) ,　The delay time is also limited.　The pimilar circumstances

　　　　　exist for all types of the time delay elements. Therefore this figure of merit is not

　　　　　effective in extreme cases.　The shadowed portion of Fig. 2. 17 is the working domain



１
　
４

　　　　　ofthe time delay element.

　　　　　　　　　　　－

２．５　　Variable Time Delay Element using Stroger Relay.
３０）

　　　　　　　　Ａvariable time delay element using Stroger relay ･was

　　　　　developed by the author for the purpose of using in the

　　　　　dynamic analysis of the nuclear power station. ｌｌ!ａ type

　　　　　ofnuclear power reactors coolant flow rate is changed to

　　　　　control the reactor output.　This effects the transport

　　　　　delay of the coolant system ･which plays an important part

ｊ

ａ て

Fig. 2. 17 Operational

　　　　　　　region of actual

　　　　　　　time delay

　　　　　　　element.

in the dynamic behaviour of the power reactor.　To simulate

the coolant system under this condition the delay time of the time delay element
　　　　　　　　　　　　　　　　　　ヽ

should be varied by ａ signal.　The developed variable time delay element is ofａ

very simple construction yet is of considerable accuracy.

　　　　Fig.2. 18 is the schematic diagram of the

variable time delay element.　The contacts of

two banks of ａ Stroger relay are so connected

that the contact of one bank is connected to that

of another bank one step in advance.　The

capacitors are connected to these contacts.

Ａ ８

Fig. 2. 18　Variable time delay

　　　　　　　　　ｌelement using Stroger

　　　　　　　　　　relay

The driving magnet of the Stroger relay is supplied with the frequency controlled

current pulses by ^which the relay advances the contact at determined time interval。

　　The input signal is sampled by the moving contact of the bank Ａ　ofthe Stroger

relay and stored on the capacitors.　The stored signalｉ８picked up by the moving

contact of bank Ｂ at one step before the moving contact of bank Ａ　erases this

stored signal in.the next period, and is fed to the cathode follower. Let the time

required to advance the moving contact one step be △(sec) and the number of contacts

of each bank of the Stroger relay be Ｎ ，the time･delay obtained is {N - 1)△(sec)｡

　　The driving current pulses are

produced by the circuit shown in Fig. 2. 19.

The repetition rate of the pulses is

portional to the input voltage.　Therefore

the delay time of the variable time delay

element is inversely proportional to this　dc

りC Sifnjil　　　　　　　　　　t・９,ｙ ･ダ
　　　　　　４，　1　　　　　　　St呵･・－Zヅ

　　　　Ｉ　Ｑ　　　　μ戸

Fig. ２．１９　Driving circuit of

　　　　　　　　　Stroger relay･

voltage.　　The specifications of the built variable time delay element are given below：

－39－



Number of Capacitor

Number of Contacts ofａBank

Number of Channel

Delay Time

Frequency Range

Linearity of Signal

Error of Delay Time Setting

Figure of Merit

25

25

　２

　　　　1.25

．-１

seconds

hour

ｏ～2 (c/s)

0.5%　F.S

Ｉ　Ｓ

２．５

２．６　　Automatic Test Equipment of the Analog Computer 31) 32) 33)

2.6. 1　Introduction

　　　　　　　　Theincreased utilization of the electronic analog computers necessarily

　　　　　demands larger and larger computer facilities.　An analog computer consisting ｏ£ａ

　　　　　couple of hundreds of operational amplifiers is not unusual now.　In these large

　　　　　scale analog computers the testing of the elements becomes ａ serious problem.

　　　　　As the analog computer is constructed by relatively sensitive elements such as high

　　　　　gain dc　amplifiers, high precision resistances and potentiometers and precision

　　　　　servomechanisms. it is not always free from faults.　The testing of the computer

　　　　　elements before using ａ large scale analog computer is.almost unavoidable.　But,

　　　　　asthe testing of all elements ａとevery operation of the computer is impossible, in

　　　　　most cases the improper function of the elements are found only after the obtained

　　　　　results are studied. Any person ■who has ever used analog computer may have

　　　　　experienced finding faulty elements in the computation circuit and replacing them by

　　　　　good ones ofter he has finished running the computer. He has to ，then, repeat

　　　　　thewhole computation.　Should this happen. the efficient utilization of the computer

　　　　　would be greatly suffered.　Ideally before wiring the patch board connection the

　　　　　operator should be familiar with the condition of individual elements.

　　　　　　　　Theautomatic test equipment of the analog computer developed by the author

　　　　　serves for this purpose.　This equipment facilitates the te sting of all computer

　　　　　elements of ａ large scale analog cotnputer in a couple of ten seconds.　The

　　　　　principle of operation of the automatic test equipment is described below.

2.6,2　Automatic Testing of Analog Computers.

　　　　　　　　Thereare two different wayjof testing the analog computer elements. The first
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３４）３５）３６）

１１ｅａｕｔｏｍａｔｉｃｔｅｓｔｉｎｇｓｙｓｔｅｍｏｆ

ＲＥＡＣ－４００ｓｅｒｉｅｓｃｈｅｃｋｓｂｏｔｈｔｈｅｆａｕｌｔｓｏｆｔｈｅｃｏｍｐｕｔｅｒｅｌｅｍｅｎｔｓａｎｄｔｈｅｐｒｏｇｒａｍ

ｅｒｒｏｒｓｂｙｕｓｉｎｇａｓｅｔｏｆｒｅｌａｙｓｔｏｃｈａｎｇｅａｌｌｉｎｔｅｇｒａｔｅｒｓｉｎｔｏｃｏｅｆｆｉｃｉｅｎｔｍｕｌｔｉｐｌｉｅｒｓ

ｔｏｃｏｍｐａｒｅｎｏｄａｌｖｏｌｔａｇｅｓｗｉｔｈｔｈｅｃａｌｃｕｌａｔｅｄｖａｌｕｅｓ．Ｔｈｅｓｅｃｏｎｄｗａｙｏｆｔｅｓｔｉｎｇ

ｉｓｔｏｃｈｅｃｋａｌｌｅｌｅｍｅｎｔｓｉｎｄｉｖｉｄｕａｌｌｙ
３７）

ｒｅｑｕｉｒｅｓａｇｒｅａｔｄｅａｌｏｆｔｉｍｅａｎｄｅｆｆｏｒｔ．

ｏｆｔｈｅｃｏｍｐｕｔｅｒｉｓｔｅｓｔｅｄａｔａｔｉｍｅ．

Ｔｈｉｓｍｅｔｈｏｄｏｆｔｅｓｔｉｎｇｉｓｒｅｌｉａｂｌｅｂｕｔ

Ｐｒａｃｔｉｃａｌｌｙｆｏｒｌａｒｇｅｃｏｍｐｕｔｅｒｓａｐｏｒｔｉｏｎ

Ｔｈｅａｕｔｏｍａｔｉｃｔｅｓｔｅｑｕｉｐｍｅｎｔｏｆｔｈｅａｕｔｈｏｒｉｓｏｆｔｈｅｓｅｃｏｎｄｍｅｔｈｏｄ．Ｂｙｔｈｉｓ

ｅｑｕｉｐｍｅｎｔｐｒｅｃｉｓｉｏｎａｎｄｔｈｅｚｅｒｏｄｒｉｆｔｏｆａｌｌｉｎｔｅｇｒａｔｅｒｓ，ａｄｄｅｒｓ，ｃｏｅｆｆｉｃｉｅｎｔ

ｍｕｌｆｉｐｌｉｅｒｓａｎｄｏｐｅｒａｔｉｏｎａｌａｍｐｌｉｆｉｅｒｓ．ｔｈｅｄｉｓｃｏｎｎｅｃｔｉｏｎｏｆｔｈｅｐｏｔｅｎｔｉｏｍｅｔｅｒｓａｎｄｔｈｅ

ｉｎｓｔａｂｉｌｉｔｙｏｆｔｈｅｏｐｅｒａｔｉｏｎａｌａｍｐｌｉｆｉｅｒｓａｒｅｃｈｅｃｋｅｄｉｎａｂｏｕｔｔｗｅｎｔｙｓｅｃｏｎｄｓａｎｄ

ｔｈｅｄｅｔｅｃｔｅｄｉｍｐｒｏｐｅｒｏｐｅｒａｔｉｏｎｓｏｆｔｈｅｅｌｅｍｅｎｔｓａｒｅｄｉｓｐｌａｙｅｄｏｎａｎｎｅｏｎｔｕｂｅｐａｎｅｌ。

Ｔｈｅｏｐｅｒａｔｏｒｏｆｔｈｅａｎａｌｏｇｃｏｍｐｕｔｅｒｃａｎｗｉｒｅｐａｔｃｈ－ｂｏａｒｄｃｏｎｎｅｃｔｉｏｎｒｅｆｅｒｒｉｎｇ

ｔｈｉｓｄｉｓｐｌａｙ．Ｈｅｃａｎａｌｓｏｃｈｅｃｋｔｈｅｏｐｅｒａｔｉｏｎｏｆｔｈｅｃｏｍｐｕｔｅｒｅｌｅｍｅｎｔｓ・ｗｈｉｃｈｈｅ

ｈａｓｕｓｅｄａｆｔｅｒｈｅｈａｓｆｉｎｉｓｈｅｄｃｏｍｐｕｔｅｒ＾ｏｐｅｒａｔｉｏｎ．

Ｔｈｅ■ｗｈｏｌｅｖｉｅｗｏｆｔｈｅａｕｔｏｍａｔｉｃｔｅｓｔｅｑｕｉｐｍｅｎｔｏｆｔｈｅ

ａｎａｌｏｇｃｏｍｐｕｔｅｒｉｓｓｈｏｗｎｉｎＦｉｇ．２．２０，ａｎｄｔｈｅｓｃｈｅｍａｔｉｃ

ｄｉａｇｒａｍｏｆｔｈｅｅｑｕｉｐｍｅｎｔｉｓｓｈｏｗｎｉｎＦｉｇ．２．２ユ．Ｔｈｉｓｉｓ

ｃｏｎｓｔｒｕｃｔｅｄｂｙＳｔｒｏｇｅｒｒｅｌａｙｓ，ｃｏｍｐａｒａｔｅｒ，ｄｉｓｃｒｉｍｉｎａｔｅｒ，

ｄｒｉｖｉｎｇｃｉｒｃｕｉｔｏｆｔｈｅＳｔｒｏｇｅｒｒｅｌａｙｓ，ｐｕｌｓｅｇｅｎｅｒａｔｅｒ，

ＡＮＤｃｉｒｃｕｉｔ，ｎｅｏｎｔｕｂｅｉｎｄｉｃａｔｅｒａｎｄｃｏｎｔｒｏｌｃｉｒｃｕｉｔ．

Ｔｈｅｏｐｅｒａｔｉｏｎｓｏｆｔｈｅｓｅｃｏｍｐｏｎｅｎｔｓａｒｅｄｅｓｃｒｉｂｅｄｂｅｌｏｗ．

２．６．３ＰｒｉｎｃｉｐｌｅｏｆＯｐｅｒａｔｉｏｎ
３８）

Ｔｈｅｏｕｔｐｕｔｔｅｒｍｉｎａｌｓｏｆｔｈｅｃｏｍｐｕｔｅｒｅｌｅｍｅｎｔｓａｒｅ
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　Multipliers and ｐつtentiometers are

are connected as in Fig. 2,23.

　　　The driving circuit of the Stroger°

relays generates ａ spuare ■wave

which excites electromagnets of the

relays and advances its moving

contact one step for each period of

the square ■wave.　The Stroger

relays having twenty five contacts

４
’
、
’
４
‘
ニ
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V
'
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心
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Fig. 2.2Ｉ　Schematic diagram of the

　　　　　　　automatic test equipment of the

　　　　　　　analog coHiputer

in ａ bank are used.　Their moving contacts

rotate sucessively and twice and then stop.　At the

end of the first rotation the switch Ｓ　closes and the

moving contacts rotates for the second time.　In

this period of the second rotation the switches S'

close.　When the second rotation ends the test is

finished。

　　　Duringthe firstrotation of the moving contact

Bwitch Ｓ　and　Ｓa゙re open. and no signals are applied

to the computer elements.　If the operation of the

element is normal its output win be zero.　If

there is any zero driftor oscillation of the computer

element it is detected when the moving contact closes at

,･
Ｊ‘ｒ‘““

Fig. 2.22　Connection of integraters･

　　　　　　　　　　adders,coefficient

　　　　　　　　　　multipliersand

　　　　　　　　　　operationalamplifiers

　　　　　　　　　　atthe test.

this output and AND　gate is opened to send ａ pulse to the

neon tube indicater.

　　　Inthe second period of rotation　dc

signals are applied to the input terminals

of the computer elements so as to yield an

identical output voltage.　　The output

voltages of the computer elements are sue-

cessively compared ■withａ reference voltage

言①

!.２３　Connection of multipliero

　and potentiometers at the test

Fig. 2.２３　Connection of multipliero

　　　　　　　and potentiometers at the test.

by the comparater.　If there is any difference the
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neon tube indicate r is actuated.　Faults such as the failure in power supply and the

incorrect multiplication factor are detected at this second scanning period although

they are xindetectablein the firstscanning period.　Zero driftand oscillation of the

operational amplifiers are vmdetectable in the second scanning period but are detected

in the firstscanning period.　Potentiometers are tested only for the disconnection。

　　　Thecomparater is ａ high gain chopper ’

stabilized　dc　amplifier followed by the

disc rim inater.　The input　－　output relation

of the discriminator ｉ８shown in Fig. 2.24。

　　　As the moving contact of the bank Ｂ　of

the Stroger relay interrupts the circuits

carrying voltages during the second scanning

false pulses are produced at the moment･of

interruption ■which might cause misoperation

of the neon indicater.　The pulse generater

Fig. 2.24　Output －input relation of

　　　　　　　　　discriminator

and the　AND circuit are prepared to prevent this misope ration.　Ａ８ the Stroger relay

advances its moving contact at the moment ■when the current of the coil of the magnet

discontinues, the false pulse is generated at the moment when the multi vibrate r output

falls. Therefore the pulse obtained by differentiating the rising part of the multivibrater

output is applied to the suppressor grid of　6AS 6　to strobe the output of the discriminator

■which is applied to the control grid of this tube. The waveforms of various part of

the circuit･are shown in Fig. 2.25。

　　　The circuit of the neon lamp

indicate r 3 ought to be considerably

simple because they are needed as

many as the computer elements.

The circuit is composed of two

resistors, a neon tube and ａ ger-

manixun diode >which are connected

in ａ■way shown in Fig. 2.26.

When the element under test is

■wrong ａ negative pulse is generated

ｓμ￥Ｊ臨4心

→心

ｔ心切細・z吻!　　　１　　　　　２　　　　

１　　　４．

　　　．㎝＆?Ｚ　　　　ｎ　　　　ｎ　　　’ｎ

μ紬ﾉぶ

≒←徊泰心べ匹一見回＼　ニ

Fig. 2.25　Time chart of various
　　　　　　　　signals.
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　　　　　　　　　　　　　　　　　　　　　　　　Chapter　３

　　　　　　　　Dynamicsof Computing Servomechanisms. ・

Introduction

　　　Theaccuracy obtainable by the computing servomechanisms is far better than that

by electronic nonlinear computer elements.　The multipliers, the function generaters

and the resolvers are, in fact, the standard computer elements of the　dc analog

computer. However, because of the relatively slow response of the servomechanisms

those computer elements should be carefully introduced into the analog computer

circuits. The dynamics of the computing servomechanisms ought to be thoroughly

understood before using then!in actual computation. The dynamics of the computing

servomechanisms introduce superfluous characteristic roots into the differential

equation to be solved resulting an error in the ＼waveform of the solution.　The study

of the dynamics of the computing servom e chanism s is therefore important both for

designing analog computer and for the analog computation.

　　　Generallythe computing servomechanisms are constructed by chopper circuit,

ac　servoamplifier and two ’phase servomotor, the dynamics of■whichstudied by the

author are described in this chapter.　In the firstpart･of this chapter the frequency

response of the overall system is studied with respect to the gear ratio. the speed －

torque curve of the servomotor ，the friction etc. This study, although not completely

rigorous, gives a clear under standing of the dynamics and ａ design criterion of the

computing servomechanisms.

　　　Inthe second part the transfer function of the　ac　servoamplifier is studied.　The

transfer function based on the transient responee of the carrier modulated system is

derived and its feasibilityfor designing ac compensating network is shown｡

　　　Thelast part of the chapter is devoted to the study of the transfer function of

chopper ’modulated circuit.　The chopper －modulated circuitis a periodically

interrupted electrical network the mathematical treatment of ･which harjbeen known

－45－
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to be difficult.　The author obtained the transient response of the chopper －

modulated cirruit using ａ small approximation and, by means of the ｚ transform.

derived the transfer function of this circuit.

Frequency Response

　　　Thebandwidth of the computing servomechanisms using two ’phase servomotor

is related to the gear ratio. the motor characteristics etc.　An attempt of describing
　　-　　　　　　　　　　　　　　　--

the bandwidth of the computing servomechanisms by the mechanical and electrical

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　39)specifications ■wasundertaken by　Ｔ．Numakura.　His formula tends to give ａlarger

bandwidth than which is actually obtained and ^was not recommended for the design.

purpose.　Another formula for the bandwidth of the servomechanisms ■wa8given by

Ｊ．　Ｆ．Truxal '. His theory takes into account only the upper bound of the motor

　　　　　　　　　　　　　　　　　　　　　　　　　　　●speed andｉ８too simplified to describe the actual bandwidth.

　　　Theauthor has obtained the band －･width from considering the phase plane of the

feedback system based on the rigorous differentialequation and the speed “ torque

curve of the servomotor.

The block diagram of the computing servo-

mechanism is shown is Fig. 3.1.　The

dc　input signal is compared ･with the

voltage from the follow －UP potentiometer

and the difference is modiolated by the

chopper producing an　ac　error signal.

This　ac　error signal is amplified by the　ac

昌

PoT£IITIin≪TEII

Fig. 3. 1　Block diagram of

　　　　　　　　computing

　　　　　　　　s e r vom e chani sm s.

servoamplifier the output of which excites control ■windingof the servomotor.

The servomotor drives the follow －up potentiometer via gear train.

－46－
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　　As ａ firstorder approximation the frequency‘】responsesof the chopper －modulated

circuit and of the servoamplifier are neglected.　When ａ sinusoidal signal is applied

at the input terminal of the servoamplifier the output voltage of the follow - up

potentiom eter must change sinusoidally.　As the frequency of this sinusoidal signal

increases'the torque generated and the speed of the motor become vinableto follow

the change and the attenuation and the phase lag of the output voltage o£the follow - up

potentiometer result.　The frequency range in ■whichthe ser vom e chanism follows the

input signal is thebandwidth of the system.

　　　The computing servomechar!ism of Fig･

3. 1 is considered ａ８ａ simple system of Fig.

3.2 which is ａ load driven by ａ servomotor

via ･ａgear set.　　The differential equation of

of this system is written in terms of the angle

of rotation　e, the torque　Ｔ　and the moment

of inertia　Ｊ　all at the load shaft.

GrB^K

Fig. 3.2　Mechanical equivalence
　　　　　　ofcomputing servo-
　　　　　　mechanisms.

　　　Assvime the load shaft is rotating sinusoidally at ａ frequency　ｆ

amplitude ｘ (%), that is

　　　　　　　　　　　　　　　　　　　　∂　＝　ｊりし　　･sin　　2nf　ｔ，

　　　　　　　　　　　　　　　　　　　　　　　　　　１００

By diff e r entiation we obtain

and

d∂

-

dt

　d2∂

マ
Ｚ　∽

　　２

２π　χ

100

4jχ
-
10０

(radian)

ｆ　　CO8 2>rft

f2　sin 2rr£t

Denoting the speed of rotation of the motor by Nm gives

　　　　　　ｄ∂　－　１　　　２π
　　　　　　一一一一　　　　　　dt　　　　ｎ　　　６０

where　ｎ　is the gear ratio.
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Now the equation of the motion of this system 18 written as

･where　　Tm　：

　　　　　ＴＦ：

　　　　　Ｊ　　：

Torque generated by motor

Torque due to friction at load shaft

Moment of inertia at load shaft

･which is

Ｊ　゛　Jl　十　JG　＋　ｎ2

Ｊ

Ｌ　

：

Jg　：

Ｊ

Ｉり／１　：

　　ｇ　：

Jm

Moment of inertia of load

　　　　　　　　　　　　　　　　　　　ヽMoment of inertia of gear at load shaft

・(3.5)

(gr.cm)

(gr.cm)

(gr. cm2)

　(3.6)

（gｒ.ｃｍ２）

（　11　）

Moment of inertia of the rotor of the motor ( II　；

acceleration of gravity　　°　９８０

Eq. (3.2) and eq. (3.4) result the relation

- 　!n　Ｎ‥　＝　　Zk
ix.　　ｃ０８

2Tft.
７;‾l｀iｕ‾　　100　　　　　　■

From eq.(3. 3) and eq. (e. 5) we obtain

■where

n Tm －Ｔ，sen (11)| =-

N。＝　JMhF　nxf

ｆ２ sin2icf t

(cxn/sec )

(3.7)

(3.9)　９ｔ･Crn

Rf≪

　　　　　　　　　→SPEED

Fig. 3.３　Control char-

　　　　　　　　　acteristicof

－48－
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１
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Ｉ

ｉ

４πＳＸ
-
lOOg

The above two equations are written in the next forms.

Nm　＝　　N≪　COS 2≪£t

Tm　°÷Tf sgn (Nj^) - T. sin2Tft　C3.8)

　　　　　　　　　　　　　　Ｔ。　コ　　こ　Jf　　　　　　　　　　ｔＪ,」

　　　　　　　　　　　　　　　　　　　　　lOOgn

The velocity of rotation and the torque are limited by the

speed
’ torque

characteristic of the two － phase servomotor,

･which ｉ８ shown in Fig. 3.3.

　　Eliminating COS Z n ft and sin 2 g ft formeq. (3.7) and eq.(3. 8) leads‘　Zご:ごとに;ｊ

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　motor.
to the equation
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Nm
-
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　？

２

　十
リ

Ｔ。Ｚ

｛

ＴＭ ’今　ｓgil（ＮＭ）12　°1　（3で

which gives ａ locus in the phase plane.　Ｔ his locus is

ａ discontinuous ellipse as shown by curve　Ｂ　of Fig. ２!．４．

Curve　Ａ　in the same figure ｉ８the speed torque curve

of the two - phase servomotor at the maximum ｅχcitat-

ion .　Should curve　Ｂ　lie inside curve　Ａ　the ｅχ－

istence of this locus is permitted, or eq. (7) and eq.(8)

are satisfied by this system and the motion of the

potentiometer is purely sinusoidal｡

　　　The principal axes of this

ellipse are　Ｎ。and　Ｔ。.　When

gear ratio　n　is small Ｎ。　is

small and　Ｔ。is large. Under

this condition ， the ellipse.Ｂ

penetrates curve　Ａ　as　X, the

amplitude of oscillation. in-

creases.　This is shown in

Fig. 3. 5 (a).　In contrary, when

Nm

）

Ｎ

Fig. ３．４　Speed－ torque

　　　　　　curve at the maxi･

　　　　　　mum excitation

　　　　　　(A) and phase

　　　　　　plane locus of servo-

　　　　　　mechanism in

　　　　　　sinusoidal motion

　　　　　　(B)

(b)

lY. >

(Ｃ)

川り

Fig. 3.5 Relative position of speed －torque

　　　　　　　curve(A) and phases plane locus （Ｂ）･

　　　　　　　(a)torque saturation ■which ocurrs

　　　　　　　･whengear ratio is small, (b) speed

　　　　　　　saturation･which ocurrs when gear

ｎ　is large the ellipse expands laterally

penetrating curve　Ａ　inａ way shown in

ratio ｉ８large. (c) case of optimiom

gear ratio.

Fig. ３．５(b). The former case may be considered the torque saturation ■whilethe latter

may be considered the speed saturation.

　　　To be more quantitative the relation between the gear ratio and the maxim ＼im

folloAwable frequency at an amplitude ｘ is investigated. The ｍａχimum frequency is

obtained ■when the ellipse Ｂ　contacts curve Ａ as shown in Fig. 3.5(c).

　　For ease of computation the speed －torque curve of the

two ’phase servomotor at the maximum ekcitation is substi-

tuted by a straight line ｃｏ゛万nectingstatic torque　Ｔｌ　and no

load speed ＮＩ゛ This ｉ８shown in Fig. 3.6.　The torque and 心噂

the speed on this straight line are described by the next equat-
Fig. 3. 6 Approximate

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　speedtorque

ion

ＴＭ　Ｉ　Ｉ？１

Tl

-
Ｎ１
ＮＭ

-4 9-

（ＮＭ ＞ｏ） ( 3.1 2 )

curve at the
maximimum
excitation.



Substituting eq.{3. 12) into eq.(3. 11) results

(1・ )n2 + 2―(:!i;F・T.) N・ぺぞ－Tj －Ｔ．s= 0 (3.1 3)

In order that the ellipse is in8ide the speed torque ･curve of eq. (3. 12), eq.(3. 13)

onght to have no real root.　The discriminant should not. there fore, be positive

I)＝(1)’(そ-Ｔ.か(ぷ｡･ﾐ:){(そ－Ｔ･)’-Ｔ．・ト0

This i8 rewritten as

(ジバジ＼右(1居宅y (3.14)

The equality holds ■when ellipse and speed －torque curve are in. contact.　Replacing

Ｎ。‘and　Ｔ。of ineq.(3. 14) by those of eq. (3. 9) and eq.(3. 10) and rearranging, ■we

finally obtain

1‰，・(ま≒詐)回喋

　
　
４

　
　
　
ｎ

４
ｊ 10*. 4;c 。１

ぺ贈畑ド
The frequency　f　satisfying the equality in the above ineq.(3. 15)

in Fig. 3.7, where the following data are assumed.

Ｔ１　° ４００

Jl ＋JG　＝

Jlvl ゛

N1 °

Ｔ
Ｆ°

1200

　　50

1500

　Ｚ００

gr. cm

　　　　　２
gr.cm

　　　　　２

gr. cm

RPM

gr. cm

2f

Z∂

４

だ

Ｑ

ｔ

１　１

　４

The frequency satisfying the ineq.(3. 15) is in the left

side of the curve of Fig. 3.7.　The gear ratio is

divided into three domains by this curve.　In the

domain above the curve the speed saturation takes

place.　In the domain under the curse the torque

saturation takes place.　The third domain which

lies between the above two gives the gear ratio ｖ,･hich

)(･毒回

　(3.15 )・

:s plotted versus　ｎ

％

　　　　　　　　→ｊ

Fig. 3.7　Optimum gear ratio

　　　　　　　asａ function of follow-

　　　　　　　able frequency and

　　　　　　　amplitude in case

　　　　　　　ＴＩ＝４００gr. cm･

＝1200

J】M °

　gr, cm

Ｚ　?、Ｉ、２
gr. cm乙.N1°

Ｚ

1500 rpm and ＴＦ °Ｚ００

gr. cm.

makes the servomechanism being able to £ollo＼wthe sinusoidal signal of which frequency

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｌ
is given on the abscissa.　轟iｓ quite reasonable that the region of foUowable frequent:'ｙ

increases as amplitude　ｘ　decreases.

　　　Themciximum obtainable frequency max　for ａ given amplitude　X (%) is represented

by the peak of the curve of Fig. 3.7.　This frequency is calculated in ａ following ｗａｙ･
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The equation describing the curves of Fig. ３．７is obtained by introducing eq.(3.9)

and eq.(3. 10) into ineq.(3. 14) as sum㎞ｇ equality, ･which is

)≒‘＋(脊)≒ｓf’一首(1く今)・＝o　C3.16)

Differentiating the above equation with respect to ｎ and putting　そｔ-＝４ ■we obtain
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　∂ｎ

2(居yいJ・＋と詐
バJ・一峰勺f‘＋2(貧)≒1･

一倍0*,
1 TFvTrl

Eliminating ｘ from the above two equations ■wefinallyobtain the maximum frequency

ｆmax. The result is

fmax =

15gTx

-
π■"N,

n(七ｎ-2)

(nJ・＋と:詐!)tl(J・＋J・)－(ｌｎ－2)nJ・|

(3.17)

This is shown by the broken line in Fig. 3. 7. As f max increases the curve asymp-

totes ａhorizontal line.　This asymptotic line is represented by

　　　　Ｔ。

ｎこｰ｀-

　　　　JmTi

Ｊｕ十 J。２＋服）2J・（J・＋J・） C3.18)

■whidh gives ａ rough value of the optimum gear ratio in many cases. When　ＴＦ is

small eq.(3. 18)is

ｎ　こ　
呼

C3.19)

This result offers ａ short-cut of estimating optimum gear ratio of the servomechamism 3.

３．３　　TransferFunction of AC Servomechanism and Compensation Networks.

3.3. 1　Introduction

41) 42) 43)

　　The computing servomechanisms are usually ac　servomechanisms which are

composed of chopper-modulated amplifiers and two -phase servomotors. That the　ac

servomechanisms are preferred to　dc　servomechanisms is chiefly from the economical

　　　　　　　　ｔ
reason.　Aci&ially the frequency response of the ac　servomechanisms is limited by

carrier frequency.　It has been shown the maximum frequency of the signal thatis

transmitted by carrier ’modulated channel ｉ８one fifthof the carrier frequency.
４７）

Another demerit of the　ac　servomechanisms is that the compensation circuit is

less easy to design.

　　　Ａ method of compensating ac

　　　　　　　　　　　　　　　　　　　　　　　　AC tr？｀４Ｚ　叩WDul-
6C　DC c゛きfFｒｇ’pc吻匈£ａＴ･-|HC^Jf^

servomechanisms is shown in ijlot^　　　illtN

Fig. 3. 8 (a), where　ac signal

is once demodulated and the obtained

（ａ）

こ匠乏ト。
０）

Fig, 3.8　Compensation of ac servomechanism s

　　　　　　(a)dc compensation, (b) ac compensation
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　　　　　dc　signalis fed into conventional dc　compensating circuit and then modulated

　　　　　again.　The ino8t usual way of the compensation is, however, the ac compensation

　　　　　shown in Fig. ３．8(b) as this is more economical.
４４)
When an ac compensation

　　　　　network is Included in　ac　servoamplifier its transfer function ｉ８no longer simple.

　　　　　Should the transfer function of the carrier ' modulated systexn. be explicitly formulated

　　　　　the　ac　compenRation will be more feasible and the　ac　sevomechanistns wiU ｂｅ･

　　　　　ableto find more applications.　In this chapter the transfer function of　ac　servo-

　　　　　iziechanisms is formulated in ａ similar form of conventional transfer function.

　　　　　　　　Thetransfer function of the carrier －modulated system has not been given in.

　　　　　definiteform. That is. instead of transfer function ａ simple frequency response

　　　　　considering the envelope of carrier modulated signal has been used to discuss

　　　　　thedynamics of the ac　servo systems.　The measurement of the transfer fvinction of

　　　　　thecarrier －modulated system is therefore done by using sinusoidal signal to

　　　　　modulate carrier wave and observing the amplitude and the phase of the slightly

　　　　　distorted modulated wave.

　　　　　　　　Theauthor had been suspicious of this method of discussing the envelope of the

　　　　　carrier －modulated signal and derived the transfer function of the system from the

　　　　　transient response･ ．As the result he concluded the p&rvious method based on the

　　　　　envelope of the signal is not adequate and the relation of the demodulated signal to

　　　　　themodulating signal should be considered. The method of calculating the frequency

　　　　　response of the carrier modulated system by　Ｄ Morris
４５)ｃｏｎｓｉｄｅｒｓ

this relation.

　　　　　andis valid from the authors view point.

３．３．Ｚ　TransferFunction Calculation

　　　　　　　　Theforward elements of the ac

servomechanisms is shown in Fig. 3.9.　　C't) ，ｇ。ａ‘゛'ｇ７ご7｀‘わ　　a･･t)じむ;;ｓlj

In this diagr万am e(t) and m(t) are dc

紆こ禰Ｔ‾≒二言‾之

signals and Gi(t) and　9o(t)　are
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Fig.3,9　Foward elements of

modulated signals. The present interest　　　　　　　　ac　servomechanisms

is in the transfer function of converting

e(t) into ni(t)･

　　e(t)・ｉ８considered an arbitrary function of time and the corresponding output

m(t) is to be obtained. Let ｉ。the angular frequency of the carrier signal.･then the

output of the modulator is written
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Ｗ

・

∂ｉ（ｔ）＝ｅ（ｔ）ｃｏｓω。ｔ
C3.20)

Denoting the Laplace transform of ei(t) and e(t) by @i(s) and E(s) respectively.

■we obtain

くｇ）ｉ（ｓ）＝ （t）ｅ‾ｓtｄt゙ 1［Ｅ･（ｓ十jωｏ）十ECs-jωｏ）1　　C3.21)

If　H(8) is the transfer function o£ ac　network concerning　dc　signal the Laplace

transform of the output of this network ⑧。(s) is given by

　　　　　　　　　⑥・(s) = HCs)･＠i（ｓ）＝士Ｈ（ｓ）［Ｅ（ｓ＋ｊω・）＋Ｅ（ｓ－ｊω・）ＴＩ　(3.22)

The inverse Laplace transform of⑧。(s) is

　　　　　　　1∂ｏ（t）＝＝i7i H(s)[Ｅ(ｓ･十jωｏ十E (s- jftio)]･ｅｓtds (3.23)

　　　　　　　　　　　　　　　　　　　-joo
To perform thisintegration. H(s) is separated into the even and the odd functions；

thatｉ８，

　　　　　　　　　　　H(s)=　M(s)十N(s)

　　　　　　　　　　　M{s)=　M(-s)

　　　　　　　　　　　N(3)=　－Ｎ(・ｓ)

M(s) and N(s) are expanded in the following alternative forms,

　　　　　　　　　　　M(s)=　M(-jω。十ｓ十jω。)

--

--

M{jω。－(ｓ十jｓ・)}

C3.2 3 )

( 3.2 4 )

( 3.2 5 )

M(JQ,。) - (s十jg・) M'Uq)･。）十止- (S + j<Bo)

　　　　　　　　　　　　　　　　－●
M"(jω。)＋

　　　‥・‥‥‥十字(ｓ十jg。)゛Ｍ(゛)(j

:!

)

::

…………

　　　　　　　　　　‘　　　　　　　　　　　　　　　　　　　　　(
3.2 6 )

N(s) =　N(-jω。十ｓ十ｊｇ。)

　　　= -N { jω。－(ｓ十j'ω。)}

　　　゜- N (jro。)十(ｓ十ｊω｡)N'(Jω。)一丿7(ｓ十ｉｏｌ。)2N”(jω｡)＋
　　　　　　　　　　　　　　　　　　Z.

　　　　　　　　　　ｎ-1

　　　‥‥‥‥‥＋1一二μ一一(ｓ十jωl。)11 N(n) (jω。)十‥‥‥‥‥‥
　　　　　　　　　ｎ！　　　　　　　　　　　　　　　　　　　

( 3.2 7 )

M(s) = M {jω。十(ｓ-jω。)|

　ｓ　Ｍ(ｊ＆．)十(s-j(≪JM'Uo' )十　 ( s - ＼o)＼ M”(j<≫.)

十．．．．．．．．．十一-i-(s-jら)i｀Ｍ倒(

;2

．)＋‥‥‥‥‥

　　　　　　　ｎ！　　　　　　　　　　　　　　　　　　( 3.2 8 )

N(s) =　NDω。十(s-jω。）｝

　　＝Ｎ（jω。）十(s-jω。)N'(iω。）十分（ｓ－ｊω。）２Ｎ”（ｊω。）
　　　　　　　　　　　　　　Ｚ．

゜　iN Ｕ∂j。j　■t(3 - JOI。) JN・Ｕｏｊ。j　†7FI

　十．．．．．．．．．十　　
１　
(s - jﾅω．）゛μ|゛りｊω．）

　　　　　　　　　　　　n !
( 3. 2 9 )

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｓ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　４

using these formulae H(s) is expanded 4nto the following fottw･winff'aJternative forms

H(s) = {M(jω。)-N(j≪o)}- Cs十joj・)}M'･(ja･・)-N'CJ≪・)}

　　　　　＋六(ｓ十jω・)2{Ｍ″(jω。)-N'CJω。)}十‥‥‥‥‥

－53－



＋

ギi
ｓ＋j・･o){M‘1jω・}－j’1j・・)}＋

B〔ｓ〕= {MCJωｏ)＋Ｈ(j!J>o)} + (s-joio){M'(jo<o) + N'(J'≫>o) }

　　　　　十去(ｓ－jωo)≪{M'(jωｏ)十Ｎ″(抑ｏ)}＋……………………

＋占(ｓ－jgjo)?{Ｍ(・C jo>o)十ぷ1り゛ｏ)}十………

　　　　　　Ｎ（２・゛１）（ｊωｏ）,…………

are real mumbers and

＋

＋
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１

C3.30)

(3.31)

(3.3 2)

(3.3 3)

( 3.34 )

( 3.3 5 )

(3.3 8)

奮

As M(s) is ａｚΞ!even£＼anctionand N(s) is an add function it is shown that

M(jωo). M'CJwo).………，12!)(jgjo)…………, N' (jwo)･N*"Cja.o).･･-……ヽ，

M'(jω.), M!３）（jω.）.……，Ｍ（2°゛1）（jω･），……. N(iω･），Ｎ″（jω･），……，

　　　　Ｎ!２°）（ｊω．）．………

are imaginary numbers, hence following relations exist.

　　　　　　Ｍ（2°'Cjo,・) -N'^-'Cjo.・)=M<^≫> (jo.・）十Ｎ｛２’｝（ｊω・）

　　　　　　Ｍ（２“１）（ｊω・）－Ｎ（２°゛１）（ｊω・）＝－Ｍ（２゛１）（ｊω･）＋Ｎ（２°゛１）（ｊω･）

Introducing real numbers Cn and　φ１１　１ these are ･written as

M｛2°1（jg・）－Ｎ｛2’｝（jω・）Ｆ Csoe'φ1・･

Ｍ（2゛1）（jω・）－Ni2゛1）（jω゛･) = JCznHﾄ1ejφ2゛I

M（2°）（jω・）＋Ｎ（2°）（畑・) = C2.e-iφ2＾

Ｍ（211゛1）りω。）キＮ（2n゛1）（J嗚）゜j'Czn+iｅ‘jφ2ZI゛Z

Substituting these formulae into eq. (3. 30) amd eq.(3. 3J), we obtain the integrand

of eq.(3.23) in the following form.

　　i-H(s){ECs十jｗ･）十ECs-jω・）｝＝１Ｃ・｛ｅｊφ゜Ｅ（ｓ十jωｏ）＋゛jφ’Ｅり－jω。）｝

　　十分｛（ｓ十jω。）ejφＥ（ｓ十jω。)-Cs-jω。）ｅ‾jφ゛IE（ｓ-jω。）｝

　　＋涯｛（ｓ十畑゜）２ｅｊφ≫ECs十j°゜）十Cs-j°゜）2e’jφ"Efs-j°゜）｝十………………

1（ｓ十jω。）１’ejφｌ・Ｅ（ｓ十jω。）十(s-j<u。）りle‾jφｌ・ !£(s-i<u。））

{(ｓ十j4)2’゛lelφＩ’゛'ECs°tj“゜)-(s-j°J．)21｀゛1e“jφ2゛JE(S゛J鴎)1゛"""‘

　　　　　　　　　　　　　　　　　/　　　　　　　(3.3 6 1

:（ｓ十jω。）十ｅ‾J゛E(S-j<B。）｝　　　－
　　　　　　　　　　　　　　I (3.3 7)

E（ｓ十jωｏ）－ｅ‾jφEts-jω。）l

C:. ｅ｛２・Vt)cosCa･．ｔ十φｌ●）

．Ｃ２ａ
-
２･C2n)I

　　C2．十ｉ

"ｊ２・C2n+1)

Using the relations

　　　　　丿こ
Ct)cosCωｏt十φ)ｅ'りdt=-|-{eiφＥ(ｓ十jωｏ)十ｅ‾jφE(s-jω。)}

J°゜e
Ct)sinC(B。t十φ)ｅ‾i｀dt＝六{ejφ

the integration of eq.(3.23) is performed resulting　e。(t)as

　　　　e.ct) = c。eCt)cosCω。t十φ。）十C,^Ct)sinCω。ｔ．十φｘ）

十会ＣsｅなCt)cosC゜゜ｔ十φｌ)十¨¨'““4T
C2n)l

　　　　　　　十｡_
1_､-Can

+･１ｅ（２”1）（t）ｓin（゜ｏt十φsn-t-l)十…………“”
　　　　　　　　（21トト1）!

The output of the demodulator　ed(t) is

　∂d（t）＝∂。(t) COS(ω。t十φd）

　　　　　　　　＝1C。eCt) (cosCφ。－φd）十Ｃ（２ω。ｔ十φｏ十φd）｝

　　　　　　　　十音ｃｌ e'ct)しin（φ1－φd）十sin (2ωot +φ１十φa）y･

十1 r e'Ct) }･:os Cφｓ－φd）十COS (2。,。ｔ十φ・十φd）｝十…………



Ｉ
　
Ｉ

●

＋

＋

１

Can ｅ（２・'(t)
(cosCφｌ。－φi

) + cos(2(i)･。ｔ十φ,。十φd）｝

１

Can ｅ
(２゛)(ｔ)ｃｏｓ(φｓｎ－φｄ)

C2.^i e'"^"(.t)sin(φJn+l"φｄ）十…………

Cjn ｃｏｓφ2a　＝　Ｍ｛2°l（jωｏ）

Ｃ２ｎ＋1ｓir!φ2n+l―　Ｎ（ｚ”＋1）（jωｏ）

Ctn ｓ全゜ｃｏｓφ２・

十でE

ふ
汀ｓ2° Ｎ(211)(jω。)十iijTyi
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　　　　　　　　　　C 3.40 )

The Laplace transform

(3.41)

(3.44)

(3.42)

(3.43 )

(3.45)

s2・゛IM（2“1）r.jω。）十…………｝

C3.46)

C3.47}

In this case the transfer

2･(2n)l

iでｉふr元C2・りｅ(2°゛''(t) (sineφ2n+l~φd)十s in(2°．t十φ2・。1＋φd)l

χ７　＋･･･.i………＼'＼J　　十‘－…‘'¨'　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　( 3.39 )

｀‘゛."henthe frequency included in e(t), e'(り, is less than ｆｏ the output signal

o£ the low -pass filter i８

mCt) =-C。e(t)cosCφ。－φd）＋1Cl e’(t)sinCφ1－φd）

　　　十光Ｃ２ ｅ″(t)cos(φ１－φd）十……………

＋

＋

2･C2n)I

　　　　1

2･（2n＋1）1

This is the response of the carrier-modulated systems.

of this equation takes the next form

　　　　　　　　　　　　　　M(s)=　G(s) E(s)

from ･which the transfer function of this system is obtained.　The transfer function.

of the carrier ，modulated system is then

　　　　GCs)=-i-C。cosCφ。－φd）十手c. ｓsin (.φ１－φ４）十光Ｃ２ｓ２COS Cφｓ－φｄ）

　　　　　　　　　十j^ Cj s ≫si n Cφs‾φd）十………十i7ねn)! C2・ s'" cosCφ，Ｉ－φd）

　　　　　　　　　十i7でΞ175TC211＋1 s sinCφ2n+l~φd）十………

Let　φｄ＝Ｏ as ａ particular case the transfer function redu･こes to

G, Cs) =^{C。ｃｏｓφ。十Cis ｓinφ１十六Ｃ．ｓ２ｃ。ｓφ。

　　　　　　　十iijTii' C2叶l ｓ2°十lｓinφ2a。1十…………　}

Using the following relations ■which are derived form eq.(3.35)

the transfer function of eq.(3.43) is siimplified as

　　　　Gi(s) =÷(m(jω．）十sN'CJω．）十六s2M″（jω．）十余s≫N<'>(jω・）

　　　　　　　　　十…………十去ｓ゛Ｍ（2゛）（j°ｏ）十面j75si 2... (2n゛1）（jω．）

7ｔ　　　　　゛…………｝

　･whenφd = %as ａ next example the transfer function is

　　　　　G. Cs) =i- (n(jω。）十古ｓＭ’（ｊω。）十六s2N″（jω。）十…………

The general transfer function of ac　servomechanisms of eq.(3.42) is ■writtenin

terms of these two transfer functions　G,(s) and　G (s) as

　　　　　　　　　GCs) = GiCs) cosφｄ十G, (s) sinφd

Usuallyφd　is taken equal to ４，to maximize static gain.

fmiction is



　　　　　　　　　　　　　　GCs) = Gi C8)cosφ。十G. (s)sinφ。

3.3.3　Example of Calculation.
( 3.48 )

　　　The transfer functions of carrier - modulated systems consisting of typical　ac

networks are calculated by the method described so far.

　　　　　　EX.3. 1

　　　　　　　　　　　　　　　　　　　H(s)=÷　　　　　　(3.49)

and

and

In this case

M(8) =　ｏ

jＮ(2°)(jω・)＝(－1)゜

　(2a+l)
Ｎ

　　　　　　　　　　　　　　　HCs) =

By differentiation we obtain.

and

where

C2n)! Ｉ
Ｊ

C 3.50 )

( 3.52 ">

(3.53)

C3.54)

C 3.56 )

　　　　　　　　　＠Ｏ
ＧＩ（ｓ）＝－７

　　　　　　　＠●G.(s)=-

１

( 3.57 )

(3.58)

―
　
―

(jω。)＝－(－1)

(＠ｏで)ｌ・＋1

　(2n＋1)1

(ω。)２峠ｓ

By eq. (3. 45) and eq.(3.46)　　　　　ｓ　l　　l　　s'　　　ｓ４

　　　　　　　　　　　　　　　　　６・(8)=こ７は‾こけＪ…………｝

･・（・）居｛士るこぎi…………l

Gi Cs) = { ―cosφd十ｓi・φd｝ＧＩ（ｓ）I（3.51）

A８｀″illbe easily noticed G_(s) is written in the following analytic form.

　　　　　　　1　　　　　1

Gｓ（ｓ）＝て　iｺ
r&

The phase of demodulation signal φｄconsiderably affects the property of the transfer

function. Whenφｄ is zero　G(s) has the property of the phase -lead network, while

whenφｄ is　ｇ／２　ithas the property of the phase －lag network.

　　　　　EX. 3.2

　　　　　Asａ next example ａ vinitlag is considered.

｝

-
.'＋応

Ｈ‘”)(・-1
" 1

　　　・・(ａ＋£)

h''''cj<".)=m*゜'CjcBo)十Ｎ(゜'CJ<≫.)

　　　　　゜－゜'゜{(壬)’゛1 c°sCn+1)″゛j(士)で1゛(叶1)ﾘ(3°55)

１

。＝　、√
1+ -I"

　　　　　　　　　　　　　　　　　　-１１　　　　　　　　　　　　　μ= JC―tan ‾７

From these equa!tions we obtain

{ﾐ・・り＋・P
s・12j･＋ぶ'£>■・・１９＋…………

＋ま(£)１・・(ｎ＋1)z･＋･

２
ｓｉｎμ＋ｓ

　
£
削

ら
十 ｔこ

　ωＯ

－56－

(―)sin2/< + ― (―)≒in3jl＋………-･･

) sinCn+l)μ十…………



～
　
ら

　　　　　　EX.3.3　　Bridged　Ｔ　circuit

　　　Thebridged Ｔ and the twin　Ｔ　circuitsare commonly used as phase compensation.

network in　ac　servomechanisms.　The transfer fimctions of these circuits are derived

by the method described in this chapter.

　　　The　dc　transfer function of the bridged ・Ｔ

circuit of Fig. 3. 10 is as follows.

HCs) =

1十(え)十(ま)２

匹　　　　C3.59) Q

･which is expanded into partial fractions as

　　HCs) = 1十

･where

２λ１
１

２λｌ

Vz

１

λｌ‾λ1必十λ1　λｓ‾λ1迫十λｌ（3.60）Fig゛ 3°10　Bridged “ Ｔ
　　　　　　　　　　　　　　　　　　　　　　　compensating

ω。＝‰ｃ

λ1＝｝（3十、/5-)

λ.=|C3-√ｒ）

Denoting
－１

jμ1
－１

jμｌ

λ１ρ1 λ雲ｐｌ

ＣＯＳμＺ）

circuit.

C3.61)

0｡0112 (―ﾀﾞ＋…………

sin 2μｓ)ｓ

(j Ｃ

∂。(t)

C 3.62 )

C3.63)

Fig. 3. 11　Twin －Ｔ compensating

　　　　　　　　circuit.

ＣＯＳμ－

　　　　　λ1十ｊ　　　’　　　　　　λ２十ｊ　　’｀‾and referring the result　of　theprevious section lead to the transfer functions of

this system as follow.

　　　　　Ｇ八ｓ）＝1－（

　　　　　　　　　　＿玉

H(s) =

λ2－λ1

ρ１２

-

-λ１

　１＋(ま･)’

1＋4(ﾐ)＋(ま)ｌ

λ驚－λ１
　　λ.p.*

COS 2μ一i7二でi･; COS 2μ2）Ｓ十…………

= 0.17十〇.224(ユ)-0.16

Ｓｌｎμ１＾

　＋……………

= - 0.138 (
ﾀ＋……………

２２ρ重２

-

λｚ－λ１

　　　　　　　　　　　　　　　　　　　ωＯ
By inspecting the coefficients of　ｓ/ω。inboth transfer functions the phase leading

property of the bridged Ｔ circuit is ｏｂｖioぬ．

　　　　　EX.3.4

　　　Thetwin　Ｔ　circuitof Fig.　３．１１is also

ａ common compensation circuitin ac　servo

systems.　The　dc　transfer function of this

circuitis given by

－57－

(3.64)



■where. ω。゜1/RC

H(s) is expanded into following partial fractions.

■where

　　　　　　　４λH(s) = 1 + 7う?77’

　　　　λ1＝2十ＶＴ

　　　　λs＝､2－、/Ｔ

-
　４λ２　、　_１‥．_＿

λｌ－λ１　２十λｓ
　　　　　ωＯ

(3.68)

　　　　　　Bycarrying out the ｓiごnilarcalculations to those of Ｅχ。3.3 the transfer fioactioiis

　　　　　　areobtained as

　　　　　　　　　　G,(s) = 0.2 2 3(;:^)-0.111( ―)* －0.063 （ま）sナ…………　　　　　　( 3.6 9 )

　　　　　　　　　　　　　　　　　　　　　　　　　Ｓ　２　　　　　　　　　　G,(s) = _o.O7 4 3(―)十………　　　　　　　　　　　　　　　　　　　　　　　　　(3.70)

　　　　　　　　　　　　　　　　　　　　　　　　　ωO　　　　　　　　Itis not at all difficult to calculate coefficients to highe r orders of ｓ，but, since

　　　　　　angularfrequency of interest is always less than ω。the first few terms are

　　　　　　sufficientto ＼xnderstand the dynamic properties of the carrier modulated systems.

3.3.4　Concluding Remark

　　　　　　　　Thetransfer function of the carrier - modulated system ha.8 been imder stood

　　　　　　fromａ vague analogy to the relation of transfer function to frequency response･　.

　　　　　　From the result obtained in this chapter the frequency response approach to the

　　　　　　carriermodulated system ｂｙ’Ｄ. Morris is justified. while the theory considering the

　　　　　　envelopeof the iiiodulated signal is not supported.

　　　　　　　　Forinstance considering the transfer function of ac　servoamp!ifier of Fig. 3.９

　　　　　　concerningthe input signal 0f the chopper circuit to the output of the ａ°plifier
46）

is not adequate.　If this is the case, ei(t)･and　ｅ。(t) subject to ａ sinusoidal signal

of e(t) are

　　　　∂i･Ct) = E。sin ωt･ｃｏｓω。t

and

If

then

2。t
sin（ω。十ω11 - s in Cω。－ω）t｝

∂。（t）＝1 E。［Hi s in ｛（‰十ω）ｔ十φ,}-H,sin{Cω。－ω）ｔ十φｌ｝］

H1°H2°　Ｈ

φ1－φ2
∂。Ct) = HE。 s in （ωｔ十 )cos (ωｏｔ十

）

１
　
４

４

(3.71)

( 3.72 )

(3.73)

C3.74)

￥ j

　　　　　　　－”　　　　　　　｀　　　　２

and the envelope　ＨＥ．ｓｉｎ（ωｌｔ十φ11宍φ1２

　　　　　　　　　　　　　　　　　　　　　　　2

＝-｝Ｒ。1 HCJω。十ｓ）ｊ

= tI≪<-十jω。）十HCs-iωoS｝

－58－

φ1－φ2
-

relation of eq. (3, 73) does not hold and the envelope is even undefined.

　　In fact eq. (3,45) and eq.(3. 46) are written in the next forms referring (3. 32)

and (3. 33)　　　　１　　　　　　　　　　　　　　　　１

　　　　　　ＧＩ（ｓ）＝７Ｒ。1 H(jω。）十sH'CJω。）十ΞΥｓ2H″（jω。）十…………

　　　　　　　　　　　十孤と元ｓ2°Ｈ（2°）（j゛ｏ）十でii
ふ

巧Ｔ ｓ２°゛1H（2°ﾂﾞjω。）十…………｝



１

ｅ
　
ｌ

４

3.４

G. CS)=: -■- I・( HCjω。）十sH'(j<y。）十五s'H'CJO)。）十…………L

１

s２°Ｈ(2°)(j°゜)十FijTi7 ｓ2“IH(２°゛l)(jω。)十………}

－59－

(3.75)

　　C2n)l '”^　KS""! J

゛－’
｝I・{

HCJω。j十ｓ）｝

＝÷I HCs十jω。）－Ｈ（ｓ－jω。）｝

in ･which　ｓ　is considered real number.　By putting　ｓ = jfl>　eq.(3.74) and eq.(3.75)

reduce to the frequency response obtained by Ｄ． Morris.　　　　　　　　　　　　，

Transfer Function of Chopper
‘ λ／ｉｏｄｕｌａｔｅｄＣｉｒｃｕｉｔｓ４

8) 49) 50)

3.4. 1　Introduction.

　　　　　　　　Small ac　servomechanisms including computing servomechanisms. automatic

　　　　　ｌ?alancinginstruments, χ Υ　Γecorders and fire control equipments unexc eptionelly

　　　　　use choppers in the input circuit of the servoamplifier. To understand the dynamic

　　　　　behavior of these　ac　servomechanisms it is necessary to know the transfer

　　　　　functions of the elements constructing them. Among them the dynamic property of

　　　　　thechopper - modulated circuit has not been ■wholly understood.

　　　　　　　　Asthe chopper －modulated circuit is ａ periodically interrupted electrical

　　　　　　networkand is not describable by ａ simple ordinary differential equation of constant

　　　　　　coefficientsthe transfer function of this circuit is not obtainable by ａ conventional

　　　　　　method.

　　　　　　　　Thereason. that the dynamics of the chopper －modulated circuits have begun to

　　　　　　attractthe interests of electronic engineers may be attributed to the recent develop-

　　　　　　mentof the analog computer. The author has been trying to improve the dynamic

　　　　　　performance of the servo multiplier and began studying the transfer function of the

　　　　　chopper modulated circuits.　The study of the transfer function of the chopper －

　　　　　　modulatedcircuits is extremely important as this circuit is the only part of the

　　　　　　servomechanisms to be investigated for improving the response of the ■whole system.

　　　　　　　　Severalstudies on. this problem are recently published
５1) 52) 53) 54) 57) 58) 59)

　　　　　　by■which the author was very much encouraged. In those papers the dynamic s of

　　　　　　thechopper circuit are discussed in terms of the frequency response.　As this is

　　　　　　lessstraight forward the author has attacked the problem from the time function;

　　　　　　thatis, by calculating the transient re sponse of the chopper －modulated circuit

subject to arbitrary input signal and taking its Laplace trans^^rm after some

approximation. Although it is not readily determined as to ･which ■way of approach

is superior. the frequency response approach is preferable for complex circuit



　　　　　　whilethe time function approach is more suitable to study the　dc　gain and the

　　　　　　effectof the circuit constants to the transfer function of the less complex chopper
’

　　　　　　modulated circuit.

3.4.2　Transient Response of ａ Simple Chopper － Modu-

lated circuit。

　　　The input circuit of ａ simple chopper amplifier is

shown in Fig. ３．１２．　The mechanical contact　Ｓ

interrupts the signal applied through ｒ　at the mod-

ulation frequency fo.　　The input signal　f(t) is

converted into　ac　voltage, the waveform of ■which is

calculated in the following ｗａｙ･

Fig. 3. 12 Input circuit of ａ

simple chopper －

amplifier.

・一－

－～～

　Let the duration while　Ｓ　isopen be Aiseconds and that while　S　isclose be ＆２

seconds, then the period of the interraption of the chopper is

二

三ゴ］］

7

三ｺﾞT

lc1°se　　

(3.76)

respectively.　The circuit equations for each　　　　　　r c　　　　　　　　ｒ　　　ｃ

　言l are as follows. For the circuit when　ｓ

二千言］T

　　　　　　　　:

べ

ﾐﾌﾞl十J）i°f（t）|

（3.77

/

’3 13

臨　　t

　　　　　　　　Ri　ｚ　ｅ

For the circuit when　Ｓ　isclose

(3.78)

where　V,　ｅ　and　ｉ　are the voltages across Ｃ and Rand the current in Ｒ when

Ｓ　is open and　ｖ’，e' and　i' are those when　Ｓ　is close。

　　　The waveform of the input signal　f{t) is approximated by ａ staircase function as

shown in Fig. 3. 14, which takes constant value for the time interval of A and

does ａ sudden change at the moment of interruption of the chopper.　Under this

approxima tion the solutions of the above circuit equations are obtained as

－60－

～
　
Ｉ



ニ

＝＝－ｅ‾

ヤ（1‾ｅ‾僣）1’
(3.87)

ｅ．　－　λｅ

Fig. 3. 14 Approximating

　　　　　　　　inputs ignal by

　　　　　　　　staircase function

Fig. 3.‘15Output ■waveform of
　　　　　　the chopper －modulated
　　　　　　ｃircuit.

( 3.84 )

( 3.88 )

e(t) = en　，　ｎ△くｔ£(ｎ＋１)△

e'(t)゜^n'　１ Ｈ

f(t)゜ｆｎ　' 日　　　　　　・

( 3.89 )

－61－

; = e÷(管十島)

～
　
・

ｅ＝＝

■where

　　　　　ｔ－ｎ△
　　　　--ぞ（ｆ・－Ｖｏ）ｅ　kr　.

for ｎ△くtζｎ△＋△1

　　　t－ｎ△－△1

「
一

一

-

(3.79)

for ｎ△十△１＜t£（ｎ＋1）△

　　　　　　　　　　　C 3.80 )

(3.82)

(3.83)

(3.81)

　ｅｌ･－－ Vo' ｅ　　　ｒ

where

　　　　　　ｋ　＝　１十r/R

RC

The ■waveform of this chopper circuit is alike one

shown in Fig. 3, 15.　Denoting the voltage across

Ｒ at the moment immediately before the contact Ｓ

closes at the　ｎth　interruption period by　en　and

ｔｈ辱ｔat the moment immediately before Ｓ　opena

by　en' ’the initial values Vo　and　-o"　in the

above solutions are written ａ８

ＶＯ　° ’ｅｎ’－１

ｖｏｌ° ｆｎ - ken

according to the fact that the electric charge of

the capacitance is unchanged at the moment of

the interruption of the circuit unle s 3 infinite

current is allowed.

Ｓ゛bstituting eq.(3.82□nto eq.(3.79) and｡let　t = n A + Ai , we obtain

ｅ，＝÷（ｆ．十e ,_, ) ekT

Similarly, substituting eq,(3.83) into eq. (3. 80) and let t = (n+ 1)△, we obtain

　　　　　　　　　　　　　　　　　　　＿企

　　　　　　　　　　　ｅ。’＝（ｋｅｎ－ fn ) e　　で　　　　　　　　　　　　　（3‘85）

These two equations make ａ non - homogeneous simultaneous difference equation

which may be reduced ｔ６ the following equations.

　　　　　　　　　　　　　　　　　　　　　　　　　血１　　　　　△１　　　　　　　　　　　　　　　　　　　　　　１　-　　　　　　一一-
　　　　　　　　　　　　　　ｅｎ－λen-1 = ― e　ｋｒ（ｆｎ－ｅ　ｒ ｆｓ｡１）　　(3.86 )
　　　　　　　　　　　　　　　　　　　　　　ｋ　　。、

　　　　　　　　　　　　　　　　　　　　　　　　　。　　　　　　△１

　　　The solution of the nonhomogeneous difference equation is obtainable by the

following method. ^n, ｅｎ’ａｎｄｆｎａｒｅconsidered staircase fiinction of　ｔ　･which

take constant value s for the time interval of △as shown in Fig. 3. 16; that is



55）

By definitionthey have the following property

e(t -△）＝　en-l

e'(t-△）゜^'n-1

£(t-△) = fn-1

( 3.90 )

and we can take the Laplace transform of these

staircase functions.　Let

ｙ〔e(t)〕= ECs)。;ど〔e'ct)〕= e'cs)。£〔f(t)〕＝Ｆ（ｓ）

then

■where

Ｚ〔ect-△）〕＝Ｊｓ４Ｅ（ｓ）＝Ｚ’１ ECs)

ｙ〔e (t-△）〕= Z-' e'cs)

Ｊ〔ｅ（ｔ-△）〕＝Ｚ？Ｆ（ｓ）

　　　　●　　　　　　　　　Ｚ　＝　e

is the shift operater.

Ｓ△

Fig. 3,16　Considering

　　　　　　　solution of differ －

　　　　　　　ence equation as

(3.91)

(3.92)

staircase function
of time.

Now the difference equations of eq. (3. 86) and eq. (3. 87) are Laplace - transformed

into the following equations.

　　　　　　　　　　　ECs)-λＺ ゛１’ECs) =
Ｉ
－ｅ
ｋ

ECs) -λＺ゛１Ｅ’（ｓ）＝－ｅ

.心　　　　　　　　△s

　ｋｒ{Ｆ(ｓ)－ｅ'Ｊ Ｚ“1‘FCs)}

々･(1－ｅ‾

悟

)･FCs)

( 3.93 )

C3.94)

Solving these equations for　E{ s) and　E'{s) the transfer functions for these variables

are derived as

G, Cs) =

G,Cs) =

ECs)
-
FCs)

E(s)

　.｡包　　　＿包

ｅ　kr　１－ｅ　ｒ　Ｚ｀‘１

ｋ

△2

1－λ　Ｚ‘1

　　　△1
　　一一　　　一一
－ｅ≒１－ｅ ｋ７）

( 3.95 )

(3.96)

　　　　　　　　　　　　　　　　　　FCs)　　　　　１－　２Ｚ’^
In this result ■we see the output voltage of the chopper -･modulated circuit .has different

transfer functions as to ■when　Ｓ　isopen or close.　This fact had been unrevealed

until Ｔ． Numakura expe rim entally verified.
54) 56)

He used an assumption to explain

the phenomenon which was not supported by the theory.　　The result obtained above

clearly explained the experiment by Ｔ．Numakura.

　　　The transient response of the chopper －modulated circuit is obtainable by expanding

Gi(s) and G2(s) into infinite series of　Ｚ’1 like　　　　　　　　　　　　　　　　l
　　　　　　　　　　　　　　　　　　　　　－　　　　　　　－
　　　　-
G,Cs) =÷k「

　　　　_全

１－ｅ‾７(１－ｅ‾ｉフバＺ｀‘1＋･'Ｚ‾２＋j2 g'３＋………)}

　　△1
　　　　　　　　　一一　　一一
　　　Ｇ２（ｓ）＝－ｅ　で(1-e　ｋｒ）（１十λＺ‾1-ﾄλ２Ｚ’２十…………）

Using the relation　　　　Ｚ‾゜
　　　　　　　　　　Ｊ［て］= ≫(t-n△）

■where　H(t) denotes unit function the step responses are obtained as

　　　　　１

en = ―
　　　　　｀ｋ

　　△1　　　　　△ｌ　　　　　△1　。_1

e‾iiい－ｅ‾７（1-ｅ‾Ｆ）ぞE川

△Z　　　　　△1

　て’／・　．、ｋｒゝ　－ｅ。／＝　－ｅ　ｒ　（１－ｅ )・Σ

　1＝ｎ

λ1

C 3.97 )

(3.98)

C 3.99 )

(3.100)

(3.101)

which are shown in Fig.　３．１７．　This result agrees to the result obtained by Okazaki.

Tｈｅ･frequencyresponse of the chopper －modulated circuit is also derived from the

－62－
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ず

transfer function by putting　ｓ °jai in Gi(s) and　G2{8).　　They are

|g. (jω）|＝

＿包

ｅ　kr

-
ｋ

くG≫Cjω) = taiT'

ｅ

１
－

１

ｊ

－
「

　△ｓ

一一

　１－ｅ

△ｌ，

一
一

- 2λＣＯＳω△十λｌ

ｓｉｎω△

　△ｌ

一一

|G, (･jω）|＝

ＳＯＳω△

―tan

　　λＳｉｎω△

-
１－λＣＯＳω△

　＿竺　　＿包

　ｅ　て　　1－ｅ　ｋｒ）
(3.104)

匹

くG2CJ&) =^･tan

GiCs)

Gt Cs)

"
こ

.Ｊ

こＺ

kCl-λ）

＿血

ｅ

-

　１

て’

-

．λ

-

λ

C3.105-)

C3.102)

Ｓ

C3.103 )

=ＫI

-K,

１十Ｔ。Ｓ

－63－

Fig. 3. 17 Step response of the

　　　　　　　chopper －modulated

　　　　　　　cirauit of Fig. 3. 13.

(b)

ざ

　　　Ｆig. 3. 18　Frequency response of

　　　　　　　　　　　　thechopper “ modulated

　　　　　　　　　　　　circuitof Fig. 3. 13.

　　　　　　　　　　　　Solidlines are calculated

　　　　　　　　　　　　response and crosses

　　　　　　　　　　　　anddots are experimental

　　　　　　　　　　　　results.

１十ocToS

１＋Ｔ。Ｓ

C3.106)

(3.107)

λｓinω△

-

1－λＣＯＳω△

The frequeny responses calculated from the above

equations are plotted in Fig. 3. 18.　The experimtal

results are also shown in this figure. which con-

siderably agree to the theoretical curves.

The Lissajous,' figures observed when measuring

the frequency response of the chopper －modulated

circuit are shown in Fig. 3. 19.　In these figures

thin ellipses declining to the right correspond to

e(t) and the thick ellipses declining to the left to

e'(t).゜The different character of the frequency

responses 6f　e(t) and　e'(t) is clearly obser-

vable from･these figures.

　　　　Fromthe frequency response plots of

Fig. 3.18 the phase -leading property of　Gi(s)

may be observed. As the matter of fact for

lower frequencies　Gi(s) and　G2(s) are

approximately ■written

＿企

　　　　　　　△ｅ　で

　△、　　１十¬

ｅ’ｒi　λ　　　　1＿ｅ一一i

１＋
　λ△
Ｔこｉ’ｓ

　１

-

　λ△１十Fこ７°ｓ
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by using the following approximation

　　　　　　　　　　　　Z'lg　1－ｓ△ C3.108) .

Ｔ

０， the time constant appearing in these approximate transfer funcμons may be con.

sidered the response time of the chopper -modulated circuit, ･which is

Ｔ。＝

Ｔ。　ｇ

(Z－

一

一

△ｅ

－(令十△,)

で

1－ｅ‾(

公゛゜l)

－65－

(3.110)

(3.109)

　　Fig. 3.20 Time constant of th.e

　　　　　　　　　chopper － modulated

　　　　　　　　　circuit of Fig. 3.13

　　　　　　　　　as a function of the

　　　　　　　　　time constant　　of the

　　　　　　　　　circuit.

( 3.1 1 1 )

(3. 112)

(３．113)

(３． 114)

λ△
-

１－λ

The dependence of To on the time constant of the

circuit　RC = r　　is described in Fig. 3.20 in

･which it is taken that △１＝△ｓ＝△／２．　Usually

　ｉis larger than△so that the approximate

formula

２ｋ

　　　　　　　　　ｋ＋１

satisfies many cases.　This is ａ useful formula

as it gives general idea on the response time of

the chopper － modulated circuit a. , the index of

the phase -lead in ｅｑ･.{3.106) is given by

１１－ｅ-(乱゛ｊy‘)

√岩-。-(まぷ壁)

The dependence of ｇon ７ is shown in Fig. 3.21

･when.^,=△２゛％　The following approxi°ation again h°Ida ･when 7 is larger than△

に」唾Ｌ
　　　　The balanced －type chopper －modulated circuit of Fig. 3.22 is often used.

The transfer function of this circuit is Gi(s) G2(8) as the output of this circuit is

ｅ 一e'.

　　　　Finallythe transfer functions of the chopper　modulated circuit of Fig. 3.23 １８

derived by ａ similar method. They are

Gμ)＝6今･統ぺt手二

　　　　　　ａ２　　　　。血　　　　　６゛　　1一巳７ﾆ
G2（s）＝一匹‘Ｆ７７「

which resemble the transfer function of the chopper ’modulated circuit of Fig. 3. 12



( 3.11 3 )

( 3.11 4 )

3.4.3　Non －resonant Chopper ’Modulated Circuits

　　　　　　　　Generallythe chopper －modulated circuits

　　　　　are classified into two types. namely resonant

　　　　　and non - resonant chopper -modulated circuits.

　　　　　The chopper －modulated circuit consisting of the

　　　　　capacitors and resistors described in the previous

　　　　　section are of non －resonant type, ■whilethe circuit

　　”　　　　　　　　‘Tli

Fig. 3.2 1　Index of phase －

　　　　　　　　　leadof the chopper －

　　　　　　　　　modulated circuit

　　　　　　　　　ofFig.･3.13 as a

　　　　　　　　　functionof circuit

　　　　　　　　　timeconstant

using an input transformer tuned by ａ capacitor at the

frequency of the interruption of chopper belongs to the

resonant type.　　The waveform of the output of the

circuit of both types are shown in Fig. 3.24.　The

difference between the ･waveforms of the resonant

and non －resonant chopper －modulated circuitｉ８

that the former changes oscillatory while the latter

changes monotonically during the interruption

period.　From this reason different methods

of calculating the response of the chopper

circuits have to be used depending the type

of the circuit.　In this section the transfer

function of general non 一resonant chopper ’

modulated circuitis studied.

Fig. 3.22　Double ended

　　　　　　　　　chopper － modulated

　　　　　　　　　circuit.

　　　　　　　(ａｌ

Fig. 3.23

　　　　　　　　　（b）

Ａ simplこｊ chopper “

modulated circuit.

　　　Consider ａ contact　Ｓ　interrupting ａ branch of an electrical network consisting ｍ

capacitors and inductances and a certain niomber of resistances.　Ａ signal　£(t) is

applied to this network as an input.　Let A<re：■>resent the period during ■which Ｓ

is close and u 2,　ｕ２１　。；‥．　ｕｍ　denotethe voltage drops of むｈｅcanacitances and

the currents of the inductances while　Ｓ　is close.　The period during which Ｓ　is

－66－
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～
　
―

ｋ

open is ■written as △２ and the voltage drops of

the capacitances and the currents of the in-

ductances >when Ｓ　is open are denoted　ｕ１゛

　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　ｌ

U2',....゜. um' as well.

ドレ斜
　　As the terminal voltages of the capaci-

13
マ

乙

▽

八

ヅ

conserved at the instant of the interuption of

the switch unle s s infinite current or infinite

voltage is allowed (which is unusual case)

the initial values of these voltages and currents

　　　　(λ)

Fig. 3.24

犬
　　　　　　　　　　　（ｂ）

Output ･waveforms of

chopper “ modulated

circuits ，

(a) non －ｒ esonant circuit.

(b) resonant circuit.

used for solving the circuit equation at each interrution

period are those value s at the moment immediately before the transition of the switch.

　　　Thesolution of the circuit equation ･when　Ｓ　isopen is given in the followin g

equation.　In solving the circuit equation　f{t) is replaced by a staircase function as

that of Fig. 3. 14 ｡

Ｉ
　
　
Ｚ

Ｕ
　
　
Ｕ

Ｕｍ

U,o

一
一
。
１
１
１
　
”
　
‘

＋ｆｍ （gl（t）

（ZI（t）

　1

　I

　I

　｜

１
Ｉ

Q;n,(t)
( 3.1 1 5 )

･where < î(t)　is the indie ial response of　ｕ　tothe input signal when initial values of

ui,　ｕ2，‥‥，ｕｍ　are zero″a ij(t) is the solution of u.　when input signal and intial

values of all　ｕ゛ｓ　ｅχceptthat of　ｕj are zero and the initial value of "j　is unity,

and　ｕ 10. ^20. ･･゜”゛ｕｍｏ are the initial values o£ ｕl，ｕ2， ｕｍ　■which are

the values of　ui'.　ｕＺ'･・・・・１　臨　immediately before the contact Ｓ　opens. The

origin of time in the above equation is taken at the moment of transition of the switch.

when ･we denote

tfi j (△１）＝＝（ｚｉｊ

αｉ　（△, )= rf i
｝

(3.116)

the value s of Ul.　ｕ２１・‥‥ｌ　"m　at t = ^1　・　ｕｌｎ，ｕｌｎ゛ｕＺｎｌ'‥‥″ｕｍｎ are

obtained from eq.{3. 115) as
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(3. 117)

e
　
　
≪

一
‐
４

Ｇ＋･
　
　
　
　
　
．
*
"

－
ｓ

Ｕ
　
Ｕ
　
　
　
　
　
　
　
　
　
　
　
Ｕ
‘

S
　
４
　
　
　
　
　
　
　
　
　
Ｅ

Ｕ
　
Ｕ
　
　
●
　
　
●
　
　
一
　
　
Ｕ

interruption period.at the end of ｎ thi８ the value of ^i'
in

where　’ｕ゛

as follov/.

(3. 118)
are represented in terms of　''inUin-Like-wise

　
Ｉ
　
　
Ｚ

β
　
β

m

t
l
.
　
　
　
　
　
<
&
　
　
　
　
　
　
　
・
　
　
　
　
　
　
　
．
　
　
　
　
　
　
　
.
　
　
　
　
　
■
≫
.

－
・　

ｎ
　
　
ｎ
　
　
　
　
　
　
　
　
　
　
ｎ

１
　
２
　
’
１
　
’
ｍ

β11　β１２　‥‥‥‥‥‥　βlm

Ｐｚi　β'ＺＺ　‥‥‥‥‥‥　β２ｍ

βml ｊ∂ｍＺ‥‥‥‥‥‥　”ｍｍ

　
ｎ
　
　
ｎ
　
　
　
　
　
　
　
　
　
　
ｎ

゛
―
　
‐
Ｚ
　
　
　
　
　
　
　
　
　
　
’
ｍ

ｕ
　
　
ｕ
　
　
・
　
　
一
　
　
ｌ
　
　
ｕ

( 3.1 1 8 )

｀″here /'ij“ｌｄ p . have similar meaning t°（ｇり･and “ij　．

　　Now　u u ゜”ｕ°　ｅｔｃ°are represented by vectors ゛and CU ) etc°

are represented by matrices as follow.

　
　
ｎ

↓
"
:
３

’
ｆ
ｌ
　
　
　
f
S

ｉ

３

３

.

.

.
３

→

　Ｕｎ
一

一

　
ｎ
　
　
ｎ

Ｉ
　
　
Ｚ

Ｕ
　
　
Ｕ

ｕ
　
　
Ｕ
　
　
Ｉ
　
　
・
　
　
ｓ
『
　
　
ｔ

↓
β

　
＝
　
ｊ

　
几
　
恥
ｒ
ｊ
・
－
Ｌ
一
一

　
ｊ

→

α一

一ｊα1

心
“
　
’
ら

―

（βり）　＝　ＢＳ＝　Ａ(oCij)

Using these expressions eq.(3. 117) and eq.( 3. 118)are rewritten as

(3, 119)

(3. 120)

Ａ‘;な｡ｌヵ　ｆｎ’７

Ｂ’芯。　千ｉ　り７

-

Ｓな

死

醜
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from which the following difference equations are obtained.

気　一Ａ ・Ｂ
―≫
。１＝　ｆ。．ｄ＋Ａ･７ (3.1 2 1 ）

　気－Ｂ・Ａ．で. -, = f。(B 'H+a )　　　(3.1 ２２）
気ａｒｅ

now assumed staircase functions taking･constant values for an.
→　　　　七
"n　and　ｕ･

　　　　　　　　　　　　　　　　　　　　　　　　　　９　　－interval of△（　＝△１十△t ) and their Laplace transforms are written U(s) and U'(£i).

Then, by taking the Laplace transform of the difference equations of eq.(3. 12 1) and

eq.(3. 122) the transfer functions of the non - r esonant chopper －modulated circuit are

obtained.　They are　→
　　　　こ

1（ｓ）＝y｛11＝［Ｅ－Ｚ“1･Ａ･li］‾1

　　　　瓦（ｓ）。器。［Ｅ－Ｚ－≒ｎべ］-1

■where Ｅ denotes unit matrix.

　　　-1　→０十ｚ Ａ･β）

０・。＋7）

( 3.1 23 >

(3.124)

　　For the single ended chopper －modulated circuit the amplitude of the output signal

is ( u十u' ) 12.　The transfer function is then

G（ｓ）＝1（ＧＩ（ｓ）＋Ｇ２（ｓ）） (3.125 )

In general the output voltage of the chopper －modulated circuit is represented ｂ７ａ

linear combination ｏｆｕｉ'Ｓ　and　ｕｉ;'．ｔｈａｔis

Ｅ　＝ΣＣ ｉｕｌ ＝　C' . u

Ｅ’＝ΣC'iu'l = C". ^″

｝

(3. 126)

　　　　　The transfer functions of this circuit are then

　　　　　　　　　　　　　　　　　　　　→ｔ　　→　　　　　　　　　　　　H,(s)三　Ｃ　　ＧＩ（ｓ）

　　　　　　　　　　　　Ｈｚ（ｓ）＝ミ1●罵２（ｓ）　　　｝　　　　　　　　　　　　　　　　　（３● 127)

　　　　　　　　Thuswe have derived ａ general form ofｉﾆhetransfer functions of the non - resonant

　　　　　chopper －modulated circuit.　The calcu!ation of Ａ， B, ≪　and　Ｂ　is not easy in

　　　　　practical cases.　Although they are readily obtainable in the forms o£ｐ　function

　　　　　･whatwe need are　ｔ　functions.　The use of the analog computer is highly recommended.

3.4.4　Resonant Chopper -｀ｌりIodulatedCrcuits.

　　　　　　　　Theresonant chopper ‘ modulated circuit using input transformer and tuning capacitor

　　　　　such as is shown. in Fig. 3.25 has ａ certain amount of gain and al8o produces ａ sinusoidal

　　　　　waveform.　The output siganl ０ｆthe resonant chopper - modulated circuit is as shown

　　　　　１ｎFig. 3.23 (b) and the amplitude of the waveform

IB no longer 】represented by the magnitude at the

transition of the switch as ･was done for the non －

resonant circuit.　It ■was decided, therefore, to

represent the amplitude of the modulated wave by

the magnitude o£the signal at the middle of the

interruption period. When Ｑ　value

硝ぷ

Fig. 3.25 Ａ resonant chopper －

　　　　　　　modulated circuit.
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of the circuit is sufficiently large the output ■waveform is nearly sinusoidal and this

approximation holds good.

　　　As shown in Fig. 3.26 the magnitudes

of the voltages of the capacitances and the

currents of inductances of the resonant

chopper “ modulated circuit ■when the contact

is close and ■when itｉ８open are denoted by

u
*
and
ｌ゛＊ｎ

respectively. Then

following equations are obtained by ａ similar　　　Fig. 3.26

procedure to that described ir

section.

･where

｀
’％
　
｀
’

が
ｎ
　
　
＊

Ａ

Ａ＊

　＊
Ｂ　　。

→　　　　　→＊

^n- 1，十　in　°（Z

→　　　　　　、　→＊

％　　十fn‘β

（（zij＊）＝ト゛ij（誓）｜

　
Ｉ

＊
ｉ
　
α
　
１ i{(zl(等)|

?　＝（£ij＊）＝μij（午）｝

（β'･) -[βi（毎））

Output ■waveform of the

resonant chopper “

modulated circuit.

（3. 128):

(3.129 )

( 3.1 3 0 )

　　　　　　　　　　　　　　　　　　　　　　　　　　　→＊　　　　→＊

The transfer functions of　u

，

and　ｕ゛ are then written in terms of Gj(s) and

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　→

G

2

(s) of ｅｑ°（３’ 123) and eq.(3° 124) which are the transfer functions of　ｕ　and

→
u'.　as

寸

(s) =　　Ｂ＊　’石l（ｓ）＋7＊

( 3.1 3 1 )

(3.132)

These are the general forms of the transfer functions of the resonant chopper ’

ｎ】odulated circuit。

　　　As an example the transfer function of

the imbalanced resonant chopper - modulated

circuit of Fig. 3.25 is calculated.　The

equivalent circuit is shown in Fig. ３．２７．

The circuit equations are

Fig. 3.27　Equivalent circuit of the

　　　　　　　　　chopper ’ modulated

　　　　　　　　　circuitof Fig. 3.25.

c l!t ＝･1（fn－ ｙ）一黄‘゛
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１
　
１
　
　
　
１

●

　単，・L IT

　du'　＿２!ｊ － v'
Ｃ　ｉｉ｀　‾ Ｒ

　dv'　　　　　”Ｌ石゛゛　｀l

(3.134 )

(3.135 )

C 3.1 3 6 )

where　ｕ　and　u' are the voltage - drops of the capacitance and　ｖ　and　v' are the

currents in the inductance.　Eq.{3. 133) and eq.(3. 134) are now Laplace transformed

considering initial value s of u, V, u' and　v', resulting

U(s) =

LCs≫ °ｕｏ゛今ｓｆｎ－ｔ゛ｏ

　　　　　-LCs≪十Ｌ（！＋！）ｓ＋1

ＬＣｓ２十Ｌ 十

一

十

十）ｓ｝Ｖ，十Ｃｓｕ。＋1fｎ

)s-≫-l

( 3.1 3 7 )

( 3.1 3 8)

By taking the inverse Laplace transforms of U(3) and V(s) following members of

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●the matrices of eq. (3. 130) are obtained.

　　　一一
o^iiCt)= e　２Ｑ（do濯TTIFu7ω。t　一√ｸﾞkドiイ二二ぷ:・。り（3.

139)

　　　　　　　　　　1‾7i戸

　　　　　　　　　　一抑・t
rt,,(t) = -ﾌﾗｸ万二lt万万ｅ　　２Ｑ　ｓi”√7?tyﾌﾟ．t

　　　　　　　4Ｑ2

α2.(t) =

　　-｡1　　　　　　kω。

了でﾘL 2Q sin ｿﾌて‾⊇ｽﾞ:・。t

　　　　　－ｌｋt

（z２２（t’）＝　ｅ　　２Ｑ　（ヽ

(3. 140)

(3. 141)

φ二二?uﾌﾟt゛√ﾁyで7 i √7二‾?uyωり（3142)

　　　　　　　　　j％Ｌ　　　　　＿k°"o

(zl(t)ｔ
V77ごﾔ2iy　ｅ　　２Ｑ　t　s

in　y7TT?Uyω。t
(3. 143)

　　　　　　　　　　　kω　　　　　　　　　　　　　　　　　　k

(zｚ(t)＝÷{1－ｅ‾'
ﾆにiy t{ｃｏ千‾?Uyω。t＋君にｼｙ叫節‾蒜こ。り}

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　4Q≫　　　　　　　　　　(3● 1441
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Likewise eq.(3. 135) and eq.(3. 136) are solved to obtain follow ing results.

　　　　　ω。t
　　　　一一
β11Ct) = e　　２Ｑ（ｃｏ球こ‾7Jy　ω。t

β12(t) = -
＿　ω。Ｌ

戸聶

　－

‾77ご9j?ごｓl“　y7丁ﾐ9yT‘゛゜り（3.
145)

　　ωt

ｅ‾74こ， ｓin
N/7二‾71§7ω。t

　　　　　　1　　　　　　ωt

βＩｔ(t)＝＝　77で

ACt*　　

２Ｑ　ｉ匹ωt

　　　　　　　4Q≪

(3. 146)

(3. 147)

　　　　　　＿゜'．t-　　　　_　　　　　　ヱ

β≪(t) = e　　２Ｑ(ＣＯＳ
Ｊｌ二二Jyω。t＋/7こ皐tぶr

ｓiｻﾞ/7こ‾ぷ9y゛゜り　(3' 148)

β1ぐt）＝β.Ct) = 0

In the above equations following notations are used.

　　　　　　　　　　　　　　　　　　　　　　　　　　Ｒ
ｋ　　＝　　ｌ　十　‾Ｆ

　　　●　　　　　　　　　　　
ωｏ　ｚ

　　　　　　　　　　　　　　　　　　　Ｑ　　＝

If　△1･　＝△ｌ　＝　△!.Ｚ

　＊
Ｂ

→

"ａ‾＊

→＊
芦

一

一

一

一

ユ
Vlc

　Ｒ

　　・ ２χ

＝-

１

｜

声 缶
込
古
志

　
じ
に

√二‾否‾

－72－

(3. 149)

４

１

(3. 150)

言）

首

6゛’］

(3. 151)

(3. 152)

(3. 153)

(3. 154)

(3. 155)

(3. 156)

(3. 157)

(3. 158)

ωoL

　then

　　　　　　　　　　　　ωｏ△1=　　ω０△Ｓ　Ｚ　π

Assuming　Ｑ）１　，　and Ｑ／ｋ〉ｌ　，　and putting　ｔ　＝△ｌin　eq.(3. 139) -

　　　　　　　　　　　　　　　　　　　　　_。　　　　＿．
eq.(3. 149) the matrices　Ａ， B, ££　ａｎｄβ　areobtained in simpler forms as

Ａ　　＝　ｅ　‾

妊　

－1　　　0’
　　　　　バｏ

-１）

Ｂ　＝　ｅ‾ｉｉ　-１　　０

　　　　（ｏ　－１）

ｌ　°÷（ｏｅ‾賛）（ｏ

→
β　コ　○

　　　　　　　　　　　　　　　＊　　＊　→＊　　　→＊Under the saine assumption Ａ ，Ｂ　，α　and　β　are obtained as

A＊　＝　
1_?IT

’

　　　　　　　　4Q２

コ・　○
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４

４

●

Substituting these into eq.(3. 123) and eq.(3. 124) and then into eq.(3,13りand eq.(3. 132)

leads to following results.

　　　　　　　　　　　　　　　　kπ

→
G,(s)

→

Ｇ．（ｓ）

-

-

→＊

G, (s) =

１＋ｅ
-

ｅ

-

―

一一

　ωoL
-

(,･ｿ:ｔ･e

こ

2Ｑ

ｅ

Ｌ１
一
ｒ

　G,(s)

　ｋπ一一

→
Ｇ2

４Ｑ

-
2Ｑ

＊’　　　　　　ａ･oL　　ｅ

ぐｓ）＝　--・-
　　　　　　「

-
2Qr

Ｇ

-

　－

ｅ

k十i
-
2Ｑ

ｋ

り

　　　　　一一
　い,？．ｅ　２Ｑ

ぺ
　　　．　　ｋ＋1

ｅ

こ

4Ｑ

　　　　-１　　●一一１χＺ・ｅ　２Ｑ ″

　ｋχ　　　　　　　--^
一孤･よ土止にとし

　　　　　　　　　　　ｋ＋1

　　　　1－？･e-2Q-"

　　　　　2k + l-

１－

　π
-
４Ｑ

＋ｅ

Z'1 ｅ

-

-

　　　　-ｊ　　＿１－Ｚ・ｅ

１１

＊(Ｓ)ｊ゛ｄ　G

. (s), -which are

■where

G1

Gz

＊　　　　　　１＋(£μＺ－１
１（ｓ）Ｋ°‾Ｆ二７Ξ｀二’Ｔ‾

r（ｓ）＝　K'

　　　　　ωoL
Ｋ　＝-ｅ

　　　　　　「

K’＝

μ
一

一

ωoL

-

ｅ

α　こｅ

ｅ

＿Ｊ三
　４Ｑ

　ｋπ
一一　４Ｑ

　　ｋ＋1
一一π
　　２Ｑ

一一

; ･ 「

π

う　
　
　
　
　
　
「
－
－
Ｊ

ぐ3.1 5 9 )

( 3.1 6 0 )

( 3.1 6 1 )

(3.162)

( 3.1 6 3 )

･(3.164)

{3. 165)

(3. 166)

(3. 167)

４Ｑ　　π

-
ｋ＋１
マ″

　　2k+l
　　一一
十ｅ　　４Ｑ

－

　　　-
４Ｑ

The transfer functions of the terminal voltage of the capacitor of this chopper -circuit are

　　　　ｋπ
　　　一一
(１十ｅ　　２Ｑ

The indie ial response of the output voltage of this circuit is

　　　　　　　　　　　u(t) =　Ｋ（1十“）･１μ' -kct

　　　　　　　　　　　　　　　　　　　ｎ　　　ｉ戸ｏ

　　　　　　　　　　　u'(t) = K' i:　　μ｀
　　　　　　　　　　　　　　　　　　　ｉ＝ｏ

　　　　　　　　　　　for　　　ｎ△くｔ≦(n+1)△



These results were calculated forａ particular case whrre

　　　　　　　　　　　　　　　Ｑ　　＝　８０　　　，　　　ｋ　　＝　　32.4

and are plotted in Fig. 3.28 together with the analog computer results.

　　　　Thestatic gains of this resonant chopper‘

modulated circuit are also obtainable from the

transfer functions of eq.(3. 161) and eq.(3. 162)

by putting ８　ｚ　ｏ．　Theyare

G
I’1
（ｏ）＝

Ｇこ(o) =-

　　　　　　　　　　　　　　　　　＊

The ratio of　Ｇ１１

ωoL

-

ωoL

-

ｅ

ｅ

-

-

ｋπ
-
４Ｑ １

－

１

＋　ｅ

＿，π

　２Ｑ

　　　　　　　ｋ＋1

　　　　　㎜㎜π
十　ｅ　　２Ｑ

　　　　　　　　　　(3.1 ６ ８ ）

こ

４Ｑ　Ｉ　十　ｅ

１　－　ｅ

(o) to　Ｇ２

;{ol　is

　　　　　　　　　　ｋπ

一

一

　ｋπ
一一　２Ｑ

ﾕ:二

　２Ｑ

　( 3.1 6 9 )

-

ｅ
　　π　　　　　四四－i百(1＋ｅ　　２Ｑ)

　　　　　　　　　(3● 170)

･which approaches unity as　Ｑ　increases.

　　　Theequivalent time constant of this re sonant

chopper circuit is calculated by the simlar･method

used for the non －resonant circuit as follows.
　　　　　　μ△　　　　　　△To =　-　こ=　　　‾　－１－μ　　　ｋ・１

　　　　　　　　　　Q-iO.li-32.t

Fig.　３．Ｚ８　step response of the

　　　　　　　　　chopper’modulated

　　　　　　　　　circuitof Fig. 3.26.

　　　　　　　　　Solidlines are calcu-

　　　　　　　　　latedresponse and

　　　　　　　　　crosses and dots are

　　　　　　　　　analogcomputer re suits.

　　　　　　　　　　　　　　　　　　　’１‾μ　　　ｆｉｌ?’χ
－　Ｉ
Ｉ C3.17 1 )

　　　　　　　　　　　　　　　　　　　　　　　　　　ｅ
In Fig. 3.29 the dependence of　Ｔ。／△　on　Ｑ　isshown for different value s of ｋ．

As Ｑ becomes larger the response of the circuit becomes more sluggish.　When Ｑ

is large the following approximation holds.

ＴＯ~
-＝

’△

-
(k+1 ) ic (3.1 7 2 ）

This result ･was previously obtained by H. Tohma　■who derived the transfer function

from the frequency response of the circuit.
53)

　　　Finallythe frequency response of this resonant chopper circuit is calculated from

eq.(3. 163) and eq.(3. 164) by putting　ｓ　＝　jωI.
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ｊ

ｅ
　
９

＊
―
　
　
―

　
Ｇ

･ｊ

Ｇ

(jw) =K

１＋2αμＣＯＳω△十αｌμ１

１－２μ　ＣＯＳω△十μ１

　　　　　　　　－１　μｓｉｎω△

(jw) = - tan Y二７百石こ

　＊　　　　　　　　　　Ｋ´

２１（ｊ゛）゜匹

　　＊

Ｇ２１

－l

　　　　　　　　　　－1　μＳｉｎω△(jw)゜　― tan　Ｔコアs inti)^

(3.17 3)

(ｚμｓｉｎω△

１＋αμＣＯＳω△

　　( 3.1 7 5 )

　　( 3.1 7 6 )

(3.1 7 4 ）

The trequency response calculated from these

equations are plotted in Fig. 3.30 ■withthe results

obtaindd by the analog computer。

　　　Asａ next example the balanced type resonant

chopper - modulated circuit of Fig. ３．３１ is considered.

In the balanced circuit it is equivalent to consider the

input signal changes its sign at every　ム／２　seconds,

that is, the input signal shown in Fig. 3.32 is applied to

the circuit of Fig, 3. 27 (a).　The results of the

calculation are as follow.

　　　　　　　　一冊

　　　A = B = e　　　／

→

α
　　　→

゛β
一
一

A = B =

→＊　→＊
　a　＝－β　＝

１

－
「

（１十ｅ

-戸百

ωoL

-

　
　
１
Ｔ

ぐ

　１

　０

－

０

　１　′
勾7）

ｋπ
一一

ｅ　４Ｑ

(3.177 )

(3.17 8)

　　　　　　　　　　　　Q

Fig. 3.29　Time constant of

　　　　　　　　　thechopper ‘

　　　　　　　　　modulated circuit

　　　　　　　　　ofFig. 3.26　as a

　　　　　　　　　functionof Ｑ　value

　　　　　　　　　ofthe circuit.
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Fig. 3.30 Frequency response

　　　　　　　　ofthe chopper modu-

　　　　　　　　latedcircuit of Fig.

　　　　　　　　3.27. Solid lines
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The transfer functions are obtained as.
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Ｇ ぐ
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results.
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The time constant of this balanced circuit is

　　　　To ゛大二　べsit　　( 3.18 3

　　　　　　　　e　Q　－１

　　　　■whichagrees with the result obtained by　Ｔ。Numakura.

3.4.5　Analyzing the Response of the Chopper －Modulated

Circuits by the Analog Computer。

　　　Inthe preceding sections the approxi-、

mate formulae of the transfer function of

the chopper －modulated circuits were

described.　In testifying the theory

transient response calculated by analog

computer is used rather than than the

experimental results obtained by actual

chopper circuit.　As the analyis of the

transient response of the periodically

interrupted electrical network by means

０ｆanalog computer is of particular ｉｎこerests

and has ａ wide range of applications、 the

outline of the way of analysis is described.

マ
ー
ノ

　
　
　
□

3｡182 )

Fig. 3.3 １　Balanced type reso。

　　　　　　　　　nantchopper “ modu･

　　　　　　　　　　latedcircuit.

Fig. 3.32 Waveform of the equiva
　　　　　　　lentinput signal.

　　The theory of the network simulation is applied in this case, ＼"J

too.　The block diagram of the non －resonant chopper circuit

of Fig. 3. 13 is shown in Fig. 3.33.　As switch　Ｓ　interrupcs

the circuit periodically the circuit configuration alternates

between Fig. 3. 13 (a) and (b).　This is also represented on the

block diagram.　The initialconditions are alsu satisfied･as the

outputs of the integraters　e. ｅくｖ and v' remain unchanged at

Fig. 3.33 Block diagram

　　　　　　　　　representat-

　　　　　　　　　ionof the

　　　　　　　　　choppe.'’

　　　　　　　　　modulated

　　　　　　　　　circuito£

　　　　　　　　　Fig.3. 13.

the moment of interruption.　The branch of　ｒ　isthe only one part of the circuit
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ｊ

４
　
１

not simulated during S　is open ，but this does not affect the voltage of the capacitor

which is wanted.　The analog computer circuit

corresponding to the block diagram is shown in Fig.

3.34.　The relay amplifier is used to operate the

switch.　The circuitis shown in lower part of Fig. 3.34。

　　　Theresonant chopper －modulted circuit is also

analyzed on analog computer circuit.

The block diagram and the analog computer circuit

of the resonant chopper circuit of Fig.　3.27 are shown in

Fig. 3.35 and in Fig. 3.36 respectively.

佃

　　　　　　　　　　　　　　　　　　ｉ　　

･<i≪r

　　　　　１　　　４．１　　　　１

　　　　　　　　　　　　Ｉ　　　ＤＲ

･ｌ●ｆ

Fig. 3.34 Analog computer

　　　　　　　　circuit simn-

　　　　　　　　lating the chopper-

　　　　　　　　modulated circuit

　　　　　　　　Fig. 3. 13.

　　　　　　　　Someof the analog computer results are shown in Fig. ３．３７and in Fig. 3. 38, the

　　　　　　former showing the response of ａ non - resonant chopper circuit and the latter

　　　　　　showingthe response of a resonant chopper circuit

　　　　　　bothsubject to the sinusoidal input signal.

3,4.6　Concluding Remark

　　　Inthis part of the chapter the approximate method　佃

of calculating the transfer function of chopper －

modulated circuitsｉｓ･presented.　The basic

idea of this approximate method is the use of the

staircase function having the interval equal to the

interruption period o£the chopper.　By replacing the

input function　f(t) by the staircase function non －

homogeneons difference equations are obtained, and

ulむ

Fig. 3.35　Block diagram

　　　　　　　　　representation of

　　　　　　　　　theresonant

　　　　　　　　　chopper －modulated

　　　　　　　　　circuitof Fig. 3. 2T.

also by considering the variables other staircase /'(-'

functions of time the Laplace transforms of these

difference equations are made possible. As the

matter o£fact this app r oxim ation.admits error

■whenthe frequency of the input signal becomes

comparable ■withthe chopper frequency.　Since

the chopper amplifier is not supposed to transmit

the signal of ■whichfrequency ｉ８comparable with

that of the chopper this error is insignilicantin

practical cases･.

－77－

Fig. 3.36　Analog computer

　　　　　　　　circuit simulating

　　　　　　　　resonant chopper “

　　　　　　　　modulated circuit

　　　　　　　　of Fig. 3.27.
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Fig. 3.38　Analog Computer Solution of Resonant Chopper Circuit.
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　　　　　　　　　　　　　　　　　　　　　　　　　　　Chapter　４

　　　　　　NewComputation Techniques by Analog Computer.

４．１　　Calculationof Frequency Response by Analog Computer
60) 61)

　　　　　Frequency response is often more conveniently used than transient

response when discussing the dynamic property ofａ physical system.　As

the primary purport of the analog computer is to obtain the transient res-

ponse of the physical system by solving the differential equation of the

system. it has been believed that the calculation of frequency　response is

not suitable for analog computers. The calculation of the frequertcy response

is, however, by no means iSpossible. There were ａ few methods for this

purpose･

　　　　　The first of them is to build a simulation circuit on the analog com-

　puter to which ａ sinusoidal signal is applied as input and to measure the

　amplitude and the phase of the sinusoidal output signal. The demerit of

　thismethod is that it often requires ａ larger bandwidth than is obtainable

　by the analog computer circuitk

　　　The second method of calculating frequency response on the analog

　computer is the changing of the time scale factor of the analog computer

　circuit with the sinusoidal input signal of ａ constant frequency. thus changing

　apparent frequency of the input signal. The latter is superior to the former

　because of the fact that the variable frequency oscillator i8 unnecessary･

　　　Ｔｈｅ･thirdmethod developed by the autor is baaed on the transient

　response of the system obtainable by the analog computer･

　　　The transfer function Ｇ (s) of ａlinear system is reposented in the form

　ofthe frequency response　Ｇ (jw) as

　　　　　　　　　　　　Ｇ（jω) = f W it) e ' dt　　　　　　（4. 1）

■where w (t) is the weighting function of the system. that is, the impulse

response of the ｓｙｓtｅｍ．62）The reciprocal relation of this equation is

　　　　　　　　　　　　W(t)ﾀﾞG(j(s)) e“j&ﾉtｄり　　　　　(4.2)

”∞
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As the response of the system to the unit 8tep input is expressed as

　　　　　　　　　　　　H(t)゜
ｊＴＧ（ｊ＼“）升Tlj些ｄ°万’　　　　(4.3)

　　　　　　　　　　　　　　　　　-CD　　　　jω

W (t) is derived from Ｈ (t) as

　　　　　　　　　　　W (t) =

Eq. (4. 1) is then

　　　　　　　　　　　G {r<o) =

Where

(t)

(4.4)

dt

dt

(4.5)

(4.6)

(4.7)

(4.8)

Fig. ４．１　Analog computer circuit

　　　　　　　calculating step and

　　　　　　　impulse responses.

４

か
　
加

ｒ
大

dH
-
dt

H' (t)　ｅ“ｊ°ｔ

and the real and imaginary parts of Ｇ（ｊω)are

p ((a) = JH' (t) cos ･ωｔ　dt

　　　　　　　　　　　Ｏ　　　　　　　　　　　ａ３Ｑ（ω）＝呪HI（t）ｓinωt

Ｇ（ｊω）＝　　Ｐ（ω）十ｊＱ（ω）

　　　　　　Theauthor's method of frequency response calculation performs

Fourier transform on the step response obtained by the analog computer

　ノaccording to eq, (4. 6) and eq. (4.7)

　　　　Thereason that eq. (4.5) instead of eq. (4.１）

is used is thatａ unitimpulse is an ideal function

not obtainable by analog computer circuit while

step response is most commonly obtained. In'

addition the differenciation is not necessary

in most cases because when Ｈ (t)is the

二二二二

レ千言し言言

Fig. ４．１。

　　　The computations of eq. (4. 6) and

(4. 7) are performed by the analog computer

circuit of Fig. ４．２．　Ｈ'(t) and　H' (t) are

applied at two terminals of the sine - cosine

potentiometer which rotates at the angular

frequency of‘ωΓad ／sec.
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一

The time origin is taken at the

instant when angle of rotation of the
£

sine －cosine potentiometer is zero. AC

The output signals from the sine －

cosine potentiometer are then Ｈ’（ｔ）
･Ｑ

　　　　　　　　　　　　　　　　　　　　　　　　　　　Fig.4.2　Circuit for calculating frequenc

COS °ｔand H'(t) sin <at. By in- response from impulse ｒｅｓＰｏｎｓ;･

tegrating these two signals Ｐ (ω) and

Q (o)) are obtained.　Applying the obtained ｖ(ヽltages to both terminals of

ａ scope or of ａ χ-Y recorder points on Nyquist's diagram are obtained for

different‘ω. The speed of rotation of the sine － cosine potentiometer ｉ８

changed by ａ suitable gear train for different ω's. Instead of changing ω

changing the time scale of the computer circuit for generating Ｈ (t) may be

feasible. The latter method is used to show an example of calculation。

　　　Let ｔ be the machine time as

ｔ

＝叱ｔ

Where d is the time scale factor. Then

　　　　　　　　　　OO
脊

ｒ
ｊ
ｏ

(4.9)

e ’j“‘t dt ＝j41g- ｅ ’j“゜？ ｄ？ (4. 10)

When we consider

　　　　　　　　　　　　　　　　　　　ω　　Ｚ

ωis changed by changing ぼ．

ω。

-

The transfer function measured is

ｌ

(4.11)

(4. 12)

　　　The obtained result is shown in Fig. 4.3,　The temporal changes of the

output signals from the integraters are as shown in Fig. 4.4.　Ｐ（ω')and

Ｑ（ω)are the stationary values of these signals. It should be noted that the

principle of this calculation of the frequency response on the analog com-

puter is applicable to the servo- analyzer.　There is ａ remarkable difference

between this method and the conventional method of measuring the frequency

-81-



response of ａ control system ■which

measures frequency dependence of the

amplitude and phase of the ８ｉｎμsoidal

output ■waveform. Ａ８ the latter method

measures the quantities after the transient

response vanishes while the author'8

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｓ

method finishes measurement when
100

the transient phenomenon ends. the

time needed for measurement by

author's method is much shorter

than that by the latter. It is also

noted that the conventional method

needs ａｃｅ!rtainrecording device

of the ･waveform ■whilethe author's

method does not. Fig. 4.5 sho＼w8

the schematic diagra° of the

circuit for measuring the

frequency response of ａ control

system by the new method.

80

　
仙

○
・
．
゛

40

20

O

Fig. 4.3　Real part and imaginary part of

　　　the frequency･response of 8imple
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transfer function ：　Ｇ (ｓ)
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Solid lines 8how theretical and crosses

and dots expe rimental

　　　Toconclude some problems concering the servo-analyzer based on the

new method are discussed. The most serious problems are the need of the

differentiator and the use of the integrators.　In the actual physical system
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Fig. ４．５　Circuit for measuring transfer function.
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considerable noise is present in the 8ignal which. ０ｎdifferentiation, is

amplified and deteriorates accuracy of the measurment. When the

response of the system under measurement is slow integration time is long･

and well balanced, drift-free integrators are needed。

　　　Obviously the application of the new method ｉ８limited ｔ０linear systems･

For systems contining nonlinear elements the transfer function obtained by

the new method does not have any meaning, while the frequency response

obtained by the conventinal method has, at Iea8t, ａ meaning by the concept

of the describing function。

　　　In practice controlling the initial phase of the sine-cosine potentiometer

ｉ６fairly unimportant. Ｌｅｔφbe the initial phase of the potentiomete- the

integrations of eq, (4. 6) and eq. (4.7〉change into

Ｘ　= / H> (t) cos (ωｔ十φ）ｄt

一

一 P（ω) COS　φ　－Ｑ（･ω) sinφ

Ｙ　= / H' (t) sin (ωｔ十φ）ｄt

一

一 P (o>) sin　φ　･ｌ･ Q lot) cos ４

P (<a) and Ｑ（司are　obtained by following equations

　　　　　　　　　　　　　Ｐ（ω）＝　χ COS　φ　十　Ｙ　８ｉｎφ

　　　　　　　　　　　　　Ｑ（ω）＝－χ sin　φ　十　Ｙ　Ｃｏｓφ

which are also obtained by means ０ｆ

analog computer circuit of Fig. .4.6.

Wh ly 唸 ｍ ｇ itude n/p^ + Q^

is necessary it is directly obtainable

as

百元Ｔｙ＝石こマ
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４。２　　Fault Current Estimation of Mercury Rectifier Circuit

　　　　　　　　　Inelectric railways and chemical plants mercury rectifiers are widely

　　　　　used as dc power supplies.　The arc-back of the mercury rectifier is one

　　　　　ofthe serious faults as it causes large fault current flow in the circuit

　　　　　which might destroy the electric apparatus.　To prevent the fault current

　　　　　due to arc-back the circuit should be interrupted by ａ（ヽircuitbreaker before

　　　　　thefault current grows to the current unbreakable by it. Therefore the

　　　　‘　calculationof the transient change of the fault current is important for

　　　　　determining the specification of the circuit breaker such as the current

　　　　　capacity and the speed of interruption.

　　　The mercury rectifier circuit is

ａ kind of the interrupted circuit of which

circuit equation changes depending on

the time intervals. As ａ■way of solving

this discontinuous differential equation

the final value of the solution in the

previous time interval may be used as

an initial value in the next time interval.

Ｘ

Ｙ

・Ｙ

P(.)

・Q(.|

Fig. 4.6　Analog computer circuit

　　　　for obtaining Ｐ (･ω)and Ｑ (･ω)

　　　　when initial ang]ｅｏ･ｆrota‘tion

　　　　of sine-cosine potentiomete r

　　　　ｉｓφ・

This kind of calculation is cumbersome! both for hand calculation and for

the analog computer calculation. To avoid this difficultythe technique of

the netv/ork simulation described in Chapter ｌ is applied to the mercury

rectifier circuit。

　　　Ａthree phase mercury rectifier

connected to an electrolytic tank is

shown in Fig. 4.7.

The equivalent circuit is shown in

Fig. ４．８ where ｅ1, e2, and ｅ３

are three phase voltages as

-85-

Primary
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rUclrolytlc Tank

　　　　　　　　　MurcuryKcclKUr

Fig. ４．７　Mercury rectifier connected

　　　　　　　　　　toan electrolytic tank.



ｅ１

e

Z

ｅ3

゜万Ｅ・ sin ｛ω。ｔ十會忿｝

゜7ｒＥ。sin　　ω。t

°TTEo sin （ω。t一會元）

１

(4. 18)

In the equivalent circuit three diodes Ml。lりＩＺ、andｌ､４３are used to represent

the function of rectification. This is not true as the mercury rectifier is

normally grid controlled. But when arc-back ocurrs the grids are intert

and the simulation by diodes is.valid for the calculation of the fault current。

　　　　Theblock diagram of the equivalent

circuit is obtained as in Fig. 4.9.

The diodes are represented by nonlinear

relation of the voltage to the current.

in which the voltage drop is small for

positive current and is very large for

negative current. When arc-back takes

LI）

Rd

place at an anode, the function of rec- Fig. 4.8　Equivalent circuit of the

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　mercuryrectifier circuit

tification is lost in this particular.　　　　　　　　　　　of Eig. 4.7｡
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｆ

anode.　This phenomenon corresponds to the short circuit of diode M in the

equivalent circuit, or to closing the switch Ｓ in the block diagram･

　　　The diode characteristic is simulated by an operational amplifier ■withａ feed-

back resistance and ａ germanium diode as input impedaVce.　As the grid of the

amplifier is always kept at zero potential the diode does not conduct for positive

input voltage so that eo is almost zero.　For negative input voltage the diode con-

ducts and large output voltage appears.　The three phase ac voltages are Ob-

tained by the weighted sum of two sinusoidal voltages, ｘ and Ｙ. That is

Ｘ　　＝　彦　Ｅ。　sin　　ωｔ

Ｙ≒洽。。
el

ｅZ

ｅ3

一一

一一

一一

　　　COS　ωｔ

　χ　十　Ｙ

2X

－χ　－　Ｙ
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争

　　　The calculation of the fault current starts when the switch Ｓis closed.

Observing the current of the third phase １３after Id reaches at the steady

state Ｓis disclosed while ｌ３is zero. The arc-back begins when ｌ３begins

to flow to the baclcward direction after Ｓis disclosed. Examples of the

calculated result are given in Fig. 4. 10 showing １３and Id.

eD

eD

Fig. ４．９　Block diagram of the mercu､ry rectifier circuit

　　　　　　of Fig. ４．７
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Fig. ４．１０（ａ）　Solution of fault current of the mercury rectifier circuit

　　　　　　　　　　　withresistive load by analog computer.
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4.3. 1

Automatic Programming Applied to Two-Points Boundary Value Problems 64) 65) 66)

Introduction.

　　As the analog compute pくla^cenaturally made to solve initial value

problems of differential equation it is powerless to the boundary value

problems. One attempt of solving the latter problem by the analog

computer is the substitution method of Ｍ. Sugano ｡ 67）　In this

method the solution ofａ second order differential equation, for example,

is written as

　　　　　　　Y(t) =　A(t)・Yo　十　B (t)・Ｙ（ｊ　　　　　　　　　(4.21)

　　The solution of any linear homogeneous differential equation is re-

presented by ａlinear combination of the initial values. The substitu-

tion method finds initial value s satisfying the boundary ｃｏ･iditionby

definite number of repeated trials. This method is useful for linear

differential equation but is not applicable to nonlinear equations and also

to the eigen value problems。

　　The next method of solving the boundary value problem Ｓon analog

computer is the trial method in which initial value 3 are changed step-

wise for each run of the computer until the boundary condition is　satis-

fied. The trial method is ａ time consuming method although it is appli-

cable both for linear and nonlinear equations. When there are more

than two boundary conditions the trial method is almost impossible as

there are too many combinations of initial values to be tried。

　　The automatic programming of the analog computer developed by the

author for two-points boiindary value problems performs the trial me-

thod by the decision made by the computer itself and eliminates the

demerit of the trial method。

　　The method of automatic programming is explained by the following

example which is ａ second order differential equation with boundary

conditions at ｔ　＝　ｏ　　and ｔ　＝　ｔ。
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y'I　十　２Ｓ　ω。ｙ'＋　ωご　ｙ　＝　f(t)

　　　　　　　　　　　　　　　ｔ　＝　０　　。

　　　　　　　　　　　　　　　ｔ　°　ｔ。　，

The automatic solution of this problem

is performed by the analog computer

circuit of Fig. 4. 11,

Ａ part of the analog computer circuit

surrounded by the dotted rectangle

solves differential equation of (4. 22)

under the initial condition

ｔ　＝　○

ｙ　°ｏ

ｙ　°　ｙ。

μ(tl

Ｉ

｜

1

9

1

1

1

1

1

1

1

1

L～＝．

(4. 22)

(4.23)

(4. 24)

Fig. 4. 11　Analog computer circuit

　　　forautomatic computation of the
　　　boundary value problem of

　　　ｅｑ･,(4. 22)-(4.24)

ｙ　゛　o ,　ｙ゛゜　ｙｏ (4.25)

and is controlled by the differentialrelay so thatit performs computation

for ａ certain time ｔ。seconds ａｎｄｒｅｓｅｙｏｒthe following tl seconds as

shown in the time chart of Fig. ４．１２。

　　　　　　Switch Ｓ in Fig.4. １１is also

controlled by this signal. During

the operational period, Ｓｉ８ thrown

to the left storing y-yo. the devi-

ation of the solution from the

boundary condition at　ｔ　°　to

During the next reset period the

switch is th^o^vn to the right

transferring the stored signal

０ｎ Cl to the feed back capacitor

Ｃ２ of the accumulator. ６８）

　　　　　　　　　　　　　　　　　op≪ratioii≪l

　　　　　　　　　　　　　　　　　　　p≪Tiod

Opa ration

　　　　　　　　t.，　f。i.h―t.　　t.　　６-

Ｒ●･et　　　　　　　　　　　　　　　　　　　　　　re≪etp≪rlo<l
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　t

Fig. 4. 12　　Ｔｉｎ･１ｅchart showing the

　　　operational and reset periods of

　　　automatic computing circuit.

In the sue ceding operational period the output of the accumulator serves as

an initial value ｙｏ｀．‘Whenboundary condition of ｅｑ‘(4.24) is not satisfied

in an operational period the initial value for the next operational period

changes and the different boundary value ofｙ at　　　ｔ　°　to　will result.

－90－
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Should the boundary value be satisfied at an operational period no additional

signal is added to the accumulator and the output of which remains unchanged.

If this･were the case the solutions of the following operational periods are

identical and are the required solution. Fig. 4. 13　gives an example of the

solution and the output of the accummulator.

yo

　０

　　　　　　　　　Fig.４．１３　Automatic solvtion of Eg. (4. 22)-(4. 24)

　　　　　　　　　　　　　　　　　　bythe circuit of Fig. ４．１１

　　　　　Usually the output signal of the accummulator is multiplied by

ａ constant factor αｔｏbe used as an input to the analog computer circuit

of the differential equation. When a is large the deviation of the solution

from the boundary condition is oscillatory and when a is small the conver-

gence of the solution is slow and mono tonic. It might be probable that the

solution is divergent when a is very large.　As will be discovered later the

magnitude of ≪ has a significant effect on the convergence of the automatic

programming method.

　　　　　The principle of this method is not different for the S'-urm-Liouvil-

le's problem; that is, for differential equation of eq, (4. 22) the boundary con-

ditions

at

at

ｔ

ｔ

o,　　ｙ　＋，ａｌ ｙ’ ゜ b,

ｔ・゛　ｙ　十　a.y'　°ｂ２

(4. 26)

(4.27)

are assigned. This problem is solved automatically by the circuit of

Fig. 4. 14, in which the accummulator

accumulates the value of

（ｙ十ajy' - b,). at ｔ ＝ｔｏ

and feeds its output to y and

に七二二ご｀ド　・　，　1ト］士千L〉ソ

L……...…_._...」　「’　ぷｃ･

　　　　　　　　　　　　　　　　　”O　　　　　　　　　　　　　　　　　　　　　≫≫

ｙプsatisfying the relation ｅｑ･（4.26）.Fig° 4°14　A゛1°ｇ computer circuit for

－91－
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４。3.2,

　　　　As another example the following boundary condition is imposed on

the differentialequation of eq. (4.22)

ｔ

ｔ

゜　11

°　11

ｙ　°　ｙ１，

ｙ　°　ｙｌ↓

The automatic programming circuit is shown in Fig. ４．１５

The stabilityproblerりis more

serious in these multiple boundary

condition problems･

　　　　　　EigenValue Problem.

(4

(４

Fig. 4. IS Antlog computer circuit for automatic compuUU of tha

　　　　　bounds「ｙ v≫lu* problem of ゛ｑ･ (4.I2),(4.ZS>.≫<I(4.2?}

28）

29）

　　　　　The featuring merit of the automatic programming method ｉｓ､that

it is applicable to the eigen value problems. As an example following

eigen value problem is solved by the automatic programming method.

yl’十λｙ　二　〇

ｔ

ｔ

Ｚ　o,

-

- to

ｙ

ｙ

一一

一一

The computing circuit is shown in own

Fig. 416. The blocked part of the le Ｆ'‘'｀'“゛

　　　　　　　　　　　　　　　　　　　　　　　　　　:　　Ｎ　｢

circuit solves eq. (4, 30) with given　　　i

λand initial condition of eq. (4.31)

At the end of the operational period

the deviation of ｙ from the boundary

Fig. 4. 16

○

○

(4. 30)

(4.31)

(4. 32)

Analog computer circuit for

automatic computation of the

eigen value problem of
eq.(4. 30)-(4.32)

condition eq. (4. 32) is accummulated in the ac cummulato r which is con-

nected to the multiplier via potentiomete r and adder to changeλ．　In this

computer circuit the output signal ０ｆthe accummulator is added toａ constant

valueλｏ to initiate the computation. After ａ few iteration of the operational

periods the solution and the eigen value are automatically obtained. This

is shown in Fig. ４．１７．

　　　　　Asａ final example the

equation of motion of ａ simple

ｊ

Fig. ４．１７ Automatic solution of ｅｑ･(4. 30)-(4. 32)

　　　　　　by the circuit of Fig. 4.16

－92－
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beam simply supported at both ends is solved by the autometic programming.

The differential equation are

似　
十λ別ｔ）　Ｙ　＝　ｏ

紐＋Ｆ（ｔ）Ｍｚ　ｏ

and the boundary conditions are

　　　　　　　　　　　　　　　　　　ｔ　＝　０，

ｔ

Ｙ･　＝　o, M　ｚ　ｏ

一

一 *o.　Ｙ　゛　ｏ゛　Ｍ　°　ｏ

(4. 33)

(4. 34)

(4.35)

(4.36)

As the boundary conditions at the right end are two. two accummulators

are need. The computer circuit is shown in Fig. ４．１８．The ｓｔ゛bilityproblem

of iteration is more complex in this

circuit. By suitable choice of α口αｌ

and　λｏ　the iteration converges

and solution. is obtained.

令

Fig. 4. 18

　　　　　　　　　　　　　　　　　　　　　　　　　　　Analogcomputer circuit for automatic computation

　　　　　　　　　　　　　　　　　　　　　　　　　　　ofthe boundary value problem of eq. (4.33) -(4.36)

4,3.3　　stability Problem of Automatic Programming･

　　　　　　　　　　　　Inthe preceding examples it was pointed out that the iteration of

　　　　　　　trialsdoes not alv/ays converge, or does not converge to an identical

　　　　　　　solution..Sometimes the iterations diverge, and sometimes the iterations

　　　　　　　fallinto different solutions depending on the initial condition and the magni-

　　　　　　　tudeand sign ｏｆα･s. As the matter of fact the eigen value problem has

　　　　　　　multiplesolutions. The problem of convergence of the automatic program-

　　　　　　　mineis novsr discussed for general two-points boundary value problems.

　　　　　　　　　　　　Consideran ordinary differential equation of order Ｎ

F (y.y'.y" ・ｙ(Ｎ)･λ.t) =　ｏ

With Ｎ － P　initial conditions at
ｔ

０１

(４. 37)

V: (y. ｙ'Ｉ　‥‥”y(N-l)j　＝ｏ　U=l,2,.... N-p)

　　　　　　　　　　　　　　　　　　　　　　　　　　　　(4. 38)
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and Ｐ　　boundary conditions at　ｔ　＝　to

　　　　　　　　　　　　φｊ（ｙ’ｙ”．゜゜゜¨ｙ（Ｎ｀ｌ））　＝　0(j = 1.2 p) (4.39)

The number of the ac cummulato r s required is Ｐ．

The (N-P) equations for initial conditions of ｅｑ･(4.38) are solved for arbi-

trary (N- P) initial value s ｙ（ｋｌ），ｙ（ｋ２）‥‥・，ｙ（‰-P)- The remaining P

initial value s ｙ（ｋＮ’Ｐ＋1），‥‥‥　ｙ（ｋＮ）ａｒｅsupplied from the accummulators.

　　　　The automatic computation

circuit of this problem is shown in

Fig. 4.19.

　　　"In.　　８Ｚｎ，゛’゛゜゛ｓＰｎ

　Let

denote

the outputs of the accummulators

at the　ｎ　th　resetperiod, then

s.
一

一

Fig. 4. 19　Circuit for automatic computation
　　　　　　　of the boundary value problem of
　　　　　　　ｅｑ･(4.37)-(4.39〉

瓦悩　（ｊ＝　1.2, ...P) (4.40)

φjk, the deviation of boundary condition at the end of　ｋ th　operational period

is represented as ａ function of the output of the accumulators at the previous

reset period. That ｉ８

　　　　　　　　　　　　　　　　　　　φjk　°
ｙｊ（８１，

ｋ － １，
^2,.k

－ ｌ,ぺ゜゛゛゜’ｓＰ，ｋ－１）（４’４１）

The functionｙj is determined by the form of the differential equation,

　the initial condition and the boundary condition. From eq. (4.40) and

eq. (4°４１）　"jn　is written　　　　　　　　　　　　　　　　　　　　　　　　　ｌ

　　　　　　　　　　　　　　　　^jn ° V-1　十ｙｊ（Ｓｌｎ－１，ｓ２ｎ－１，゜゛゜’ｊＰｎ－１）（４’４Ｚ）

　The stability of the solution of this simultaneous difference equation determines

　the convergence of the automatic solution of the boundary value problem.　　Let

where

then

　　　　　　　　　　　＊

"jn　°　ｓj　十　″jｎ

″jn・ ″jn-1

　　　　　ｙ.

　　　　　　J

1. (4.42)

　　　　＊　　∂ｙ･

十　’゛J　（y

　　　＊　　　＊　　　　　　　＊
（ｓ１ ，ｓ２ ，゜¨’″ｓＰ）　゜０

{y

2n-l 十．●・・．　十

eq. (4.42)　is　approximately

　　　　水　　　　　　　　　　　＊

where ∂W;　　＿

一一
∂ｓi

(4.43)

'4. 44)

　
＊
－

　
　
６
１

ｊ

{yPn

45}

46)

１

●

（ｊ　＝　1.2.・・・・ＩＰ）

　＊

ＳＰ

司

-
∂"p

(４･

(4.∂"fi

匹
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eq. (4. 45) is ａ linear simultaneous difference equation which is in vectorial

form

ぐ

Substituting

"in

　
ｎ
″
ｔ
　
1
1
1
1

″戸ｎ

ぐ一
｛
う ^n-.

　
り
　
ｎ

σ
　
‐
Ｉ
・
‐

''f>n-i

ク

　　　　　　戸ｊｎ ゛μ" jn-1 (i = 1,2,....・, p.) (4. 48)

into eq. (4. 47) the following secular equation is obtained.

川　＝　・ (4.49)

Only ＼″hen　1μ1　く１　゛ jn　　con.゛erges to zero and the automatic

computation is stable.

Ｅχ. 4. 1　The convergence of the boundary vail

　　　　　　　　　　　　　　　　ｙ”＋２　So)・ｙ　十心ｙ＝ｆ（ｔ） (4. 50)

　　　　　　　　　　　　　　　　ｔ　＝　ｏ，　　　ｙ　°○

　　　　　　　　　　　　　　　　ｔ　゛　to.　　　　ｙ　°　ｙｌ

which was solved by the automatic computing circuit of Fig. ４．１１is ex-

amined.　In this case

　　　　　　　　　　　　　　　　Ｎ　＝　２，　　ｐ　＝　１　　　　　　　　　　　　(4. ５１）

and initial condition is

　　　　　　　　　　　　　　'P (y.yり　＝　ｙ　ｚ　ｏ

and the boundary condition at the right end is

　　　　　　　　　　　　　　φ(y. y')　＝　ｙ　－　ｙ１　こ　○

(4.52)

(4.53)

φｎ ・ the valve ofφ(y. y') at the end of ｎ th operational period is

φｎ　°　ｙｎ　’　ｙ１
(4. 54)

and　ｙｎｉ８ ａ linear function °f Vo.　the initial value of y'　at　ｔ　＝　o, as

　　　　　　　　　　　　　　　　　　　　　　　　　　ｙｎ　°　Ａ　ｙ;）十　Ｂ
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y'o　　is supplied by the output of the a c cum m ul ato r like

　　　　　　　　　　　　　　y'　°　“ｓｎ　　　　　　　　　　　　　　　　　(4. 55)

According to eq. (4.40)　　　　ｎ

　　　　　　　　　　　　ｓｌ１　°　２　φｋ　　　　　　　　　　　　　　(4. 56)

　　　　　　　　　　　　　　　　　ｋ＝　１

　　　　　　　　　　　　φｋ゛　ｙｎ’ｙ１　゛Ａ≪　≪ｎ　＋　B - yi　　　　　　（４１５７）

Ｉ

Therefore the following difference equation corresponding eq. (4. 42) results･

　　　　　　　　　　　　ｓｎ　°（１　十“Ａ）ｓｎ－１　十　Ｂ’ｙ１　　　　　(4. 58)

The characteristic root of this difference equation is

　　　　　　　　　　　　　　　　　　　　　　　　μ　＝（1　十αＡ） (4. 59)

When　ｌμ１くl　　　the automatic computation converages.　This condition

corresponds to the following condition for α

if A＞ｏ　‾17ぐくｏ

if　Ａ＜ｏ　　ｏぐαく三
　　　　　　　　　　Ａ

才

(4. 60)

　　　　　The stability of the iteration is best explained by the graphical method.

111 Fig. ４°20　　≪n　　is plotted against　ｓ･ｎ-1　　　by eq. (4.58)゜，

Straight line Ａ representing･eq. (4. 58)　　sn　　　　　　　　　　㎜

gives the output of the accummulator

at the　ｎ th reset period when that

of the previous rest period is　^n- 1I

By using another straight line Ｂ

・epresentingニ臨１･in－1
ツドガ

obtained from　ｓ　　　　　　　　　　　ｎ．

When in the　ｎ　th reset period

ｓｎ＋1　isrepresented by the

ordinate of point Ｑ１，０ｒby

point Ｐ２ on the straight line

Ｂ°ｓｎ＋1　isthen represented

by the ordinate of point Q 2 0f

･which abscissa is the ordinate

of　Ｐ　　　２●

－96－

Sn-1

　　　Fig. 4.20

Relationship" between ｓｎand ８ｎ－１．the

output signals of the accummulator for

successive two iteration periods･

Ａ represents relation of eq. (4. 58), whereas

Ｂ represents the relation

　　　　Sn　　°　　Sn-l

Ｊ

ゆ
　
Ｉ
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Thus　ｓｎ converges to the point Po where Ａ and Ｂ cross. Depending on

the magnitude and sign of a the relative position ofＡ and Ｂ changes as

shown in Fig. 4.21.

In (a), 0 <1　十“Ａ心１

and the iteration converges

monotonically. in (b),

　　－１く１十αＡくＯ

and the iteration converges

oscillatory. in (c)。

　ｌ　十a A ^ 1　　　　and

the iteration diverges

monotnically, and in (ｄ)

１

十　αＡく－ｌ　and

the iteration diverges

oscillatory･

EX. 4. 2

０

Ａ

(ａ)

(£

Sn-i

０
Sn-1

in

Fig. 4.21　Relative position ofＡ and Ｂ．
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１く１吋へ

　　１以へく-1

●

●

Ｓ
・
ｅ
ゆ

stable
unstable
unstable

Let us then examine the stability problem of two point boundary

value problem of the second order differential equation

　　　　　　　　　　　　　　　　　　　　ｙ”　十　２Ｓω。y'　十　　ωj'ｙ　＝　f (t)

for which

ｔ　＝　to

ｔ　＝　to

ｙ　°　ｙｌ

ｙ’　゜ｙ’１

(4.61)

(4.62)

(4.63)

　　　　　　　　　　　　　φ１　°　y (to) -　ｙｌ　　　　　　　　　　　　（‘4.64)

　　　　　　　　　　　　　’φ２　゛　y' (to)　- y'l　　　　　　　　　　　　　(4.65)

For the convenience of discussion it is decided to supply initial value of

ｙ　from the first accummulator and that of　y' from ｔｈｅ･second accummu

lator.　　The value s of　ｙ　and　ｙ゛ at　ｔ ＝　to　are ■written

y(to) =　Ａｙｏ＋Ｂ ｙｏ’ 十Ｃ

ｙ’（ｔｏ）　゜　Ａ ’ｙｏ　十　B'y ･十Ｃ’

－97－

(4.66)

(4.67)



In the　　ｎ　th operationa! period

　　　　　　　　　　　　　　Vo　°“l　^in　　　　　　　　　　　　　(4. 68)

　　　　　　　　　　　　　　V '　゛　“2　82n　　　　　　　　　　　　　　　(4. 69)

From these relations defference equation for Ｓtｎand Ｓ
２ｎ　ｉ８

derived as

follows

Sja二‘rjれ-jf≪iβμz

　　°局ｸz-z十八ぼμｚ,ｚ４ｔＢぱi^2n-l･t･C -Yx

　　＝(1や八ぱi)Sin-l ^BcC2Sm-l *G -Yi

＆?t °5a≪-/+9^271

　　= Sun-tキベ(£tＳｉｎ-１キBir2･Sm-i+C'-yt'

　　=av.ぶ。z｡パ(l + Brf2)Sj≪-/+c仁χ´

(4. TO)

(4.71)

The characteristic equation of the above simultaneous difference equation is

(１十A a,)-μ

　　　Ａ'α１

Ｂα２

（ｌ -１･B'≪2) -μ．

Ｚ　Ｏ (4.72)

Suitable valueｓ ofαｌｓand α２　whichmake the iteration convergent are

selected to satisfyｅｑ･(4.72) for　ｌ　μ　１　く　１．

EX. 4.3. As ａ finalexample the stabilityof eigen value problem solved by

the circuit of Fig. 4. 16 is examined. In this example

where

then

φ、＝‰＝jｔｓin､/χ;Ｄ t。

λｎ＝λ。十≪ Sn-1

Sn　･＝ｓｎ-1＋7=χ=５汚＝罵]7 ｓin√A.+≪ Sn-i‘,t．

or denoting

　　　　　　(ｙｎ°λ。+ ≪ 6n

eq. (4. 75) is rewritten as

゛ｎ° "n-i 十際Ｓｉｎ√" n-i t・

－98－

(4.73)

(4. 74)

(4.75)

(4.76)

(4.77)
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Eq. (4.77) is plotted in Fig. ４．２Ｚ．　Thiscurve crosses straight line of

　　　入ｎ　°(＼n －１　at multiple points A, B, C

　　　　　The stability is locally invest!

gated for these point<4 Point Ａ corre。

sponds to Fig. ４．２１ (b) and point Ｂ to

Fig. ４．２１(c) and both points are

unstable and point Ｃ to (a) which

is stable.

f ’ n

゛1.r｡｡1

Eg. (4. 771

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　for a A' 1/t,.”●●dら-I"' eｑ●(4.771

　　　　　　　　The stationary value s of くｱ｀　are calculated from Eq. (4.77) by put-

ting (T゛％．１゛６｀　９　as

り＝(劈)2

Put

　　　　　　　６｀ｎ‾ｒＮ ゛Ｅｎ

eq. (4.77)　is then written

（Ｎ＝　1.2,....　　）

Sn　° En-けぶづyﾀt7ご了 ｓin仄下‾G二万･t1

絹1バニ冨h筝α/x}‰｡1

The stability condition is then obtained as follows

For　　Ａ

　　　　　１１

For Ａ

ｎ

and

and

and

and

　　　　　　　　　　　２《トあJ
even　Ｎ　一万で７

even　Ｎ　　　∂

even　Ｎ　　（ﾌ

even Ｎ

煙

く

く

＜

く

(Z

μ

(χ

ａ

(4.78)

(4.79)

(4. 80)

く　θ

く迎

く一勁

くり

万

(4.81〉

　　　　　Calculation of the Transfer Function of Noisy Processes by the Delay

Line Filter. ６９)

　　　　　The delay line filter has been found useful for detecting the periodic

signal from ａ noisy channel when its frequency is exactly known. 70)83)84)

-9 9-



The block diagram of the

delay line filter is shown in Fig. 4123゛，（t）庁　　　　　　　　　　　V-e (t)

The delay time of the delay line is ex-　　　　　ｔ

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ＫﾄﾞｰjDeUylj’ヽ:●

actly the same to the period of the

periodic signal to be detected.

The gain of the delay line filter for

the periodic signal is calculated as

　　　　　　　　　　　　　　　　　　　　　　　　　　　　1

H　　＝

Fig. ４．２３　　Ｄｅ１耳ｙline filter

(4. 82)

　　　　　　　　　　　　　　　　　　　　　１　－　Ｋ

and the gain for the signal to noise ratio is calculated as

G = 10　1°6
10

一一100-

１

十　Ｋ
dB (4.83)

￥

１
　
４

･l　－Ｋ，

　　　　　　　　　　　　　　　　　　　　Table４.1

Signal amplification and S/N improvement of the delay line filter.

Ｋ
gain of signal

amplification

rate of S/N
improvement

gain of S/N
improvement

0.90 １０ 4. 35 12. 8 dB

0.95 20 6.25 15.9

0.98 50 9.95 ２０

0.99 １００ 14. 1 Z3

0.9999 10,000 141.4 43

　　　　　　Thegain in signal to noise ratio for various gain　Ｋ　isshown in

Table ４．１^viththe amplification factor for the periodic signal。

　　　　Thedelay line filter can be used to the measurement of the transfer

function ofａ process ０ｒcontrol elements. The delay lines of sampling

principle use gate signal to sample the input signal and store in the

storage elements.　This gate signalｉ!３used to generate ａ periodic signal

of■whichperiod is identical to the delay time of the delay line.　By suitable

filterthis periodic signal is tranformed into ａ proper ■waveform and then

introduced into the process ＼mder measurement.　When this is ａ pulse train
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the reponse of the process is the ･weighting function, and ■whenthis is ａ

sinusoidal ■wavethe response is the frequency response.　Generally the

transfer function of the process is obtained from the Fourier transform of

the input signal f (t) and that of the output signal　ｅｏ(t).

G(2n]f)= Ec(2n:ぬ.
　　　　　Ｆ (2Tｔjf)

where F {2n.jiり むid　Ｅ。(2KJf)

　　　　　　　　　　(4.84)

denote Fourier trans-

ｆｏｌ‘o゙f　ｆ (t) and　　e^{t) respectively･　　　　　　　　　　　へｓ

　　　　　　　　　　　　　　　　　　　　　　　　　吋叫ｕ以・叱

　　　As VUXXBt･≒-tｈｅoutput signal from the process is noisy.
＆８
is fed

into the delay line filter and the obtained noiseless signal ｉ８used for the

analysis. A program for obtaining the transfer function of the process from

the wavef°゛゛ of　ｆ(t) and　ｅｏ(ｔ)ｉｓprepai‘ed.　In this program the Fourier

transform of the sampled function　ｅｏ(t) is calculated by the following semi-

analytic formula

E。･(j;耐　＝

　　　　　　Ξ

ズ

λ

e。(t) e
jωt
dt

e。(11△)J

(i11如Ａ

ｅ'j°t　dt

　　　　(11‘百)△

= ■§sin警 £ｅ。(n A) e
-j　０>£ｉ,

(4.85)

The input signal to the process is either square pulse like one in Fig. 4.24

or arbitrary time function. The prepared program is capable of handling

either type of the input signals. The data card for this program should be

punched in the format of (5F 10.4)。

　　　　　　　　　　　　f(t)

Ｅ

０

Fig. 4.24　Square Pulse.

Ｔ
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　　　　”The first card should carry index of input signal waveform, which

is ｌ　when it is square pulse and is ｏ when it is arbitrary time function,

sampling interval A (sec)。, pulse height Ｅ and the pulse width Ｔ (sec.)･

The following four cards should carry twenty frequencies in cps for which

the transfer function is wanted. The next ten cards should carry sampled

input waveform ｆ(ｏ)，ｆ(４)，ｆ(２ｊ)，‥‥‥，ｆ(４９ｊ)･

The last ten cards should carry sampled output waveform to(o). eo (∠Ｘ)，

　ｅｏ(Ｚ∠５)，‥‥‥‥ｅ。(49A)".

　　　　The result of computation is printed in ａ way as the first line is the

the data. of the first input card in the format of (5 F 20.4). the ｎ?゜ittwenty

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・lines show the frequency, gain of the transfer function in dB. phase in degree,

　　|F{27r// )l dB.・11d l E，(八万川dB in the format of ( 3 Ｆ 15.2,

Ｆ 20.2, F 10.2)．

　　　　　Examples of the output signal of the delay line filter are shown in

Fig. 4.25

　　　RESPONSE OF THE DELAY
LINE FILTER SUBJECT TO THE

SINUSOIDAL INPUT

　　　Delaytime ＝　1.89seconds

　　　　　　　Ｋ　=0.95

　　　(ａμ=0.57 =　士c/s

(ｂμ＝.0.53＝　士ｃﾉｌ

－102－
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Xn>ヽFig.4.25 outputs of the delay line filter subject to the sinusoidal input

signal 0f different frequencies are shown.　In case the period of the input

signal is identical to the delay time of the delay line thia signal is amplified,

while for the signals of different period the amplification does not take place.

From the ■waveform of Fig. 4.26 a large time constant of the delay line filter

is observable. As the transfer function of the delay line filter is given by

刄政･－_リ　＿　／
･ア。。、－７‾７７-で７７＝¬-　　　-　　Ｚバｊ,）　/一尺ぐ７゛

the time constant is obtained as

7≒
μ？

-
／一八

Iこ
卜Ｋ　Ｉ一舟糾 (4. 86)

(4.87)

As Ｋ approaches unity the time constant grows to infinity｡

　　　　　InFig. 4.26 an example of measuring step reponse ofａ unit lag

element is shown. Ａ train of square pulses ･with the duration of fifty per

cent and the period identical to the delay time of the delay line is applied

　　　　　吋to an analog computer representing a ＼mitlag.　The output fiom the analog

computer circuit is mixed with ａ random noise from ａ noise generater and

is fed into the delay line filter. As is clearly observed in Fig, 4.26. the

noise is almost removed from the output of the delay line filter. Also

shown in Fig. 4.27. is the output of the delay line filter ■withgreater

amount of noise in input signal. In the original signal the periodic signal

is hardly recognizable, ■while the output signal 0f the delay line filterｉ８

considerably purely periodical｡

　　　Thelimit of this measurement of the transfer fionction by the delay

line filter should be mentioned. To maintain the accuracy of the result of

calculation of the transfer fiinction by eq. (4. 97) the pulse width　Ｔ　should

satisfy the follov;ing inequality

l･く　ふ

－103－

(4.88)



where fo is the highest frequency for which the transfer function is wanted,

because　I F ( 2.7rは）ｌ　is zero at １／Ｔcps and causes large error in

calculation ofＧ (27i;f)｡

　　　　　Althoughthe above example is on the determination of known transfer

function on analog computer the use of the delay line filterｉ８considerably

effective to ttxeidentification of the transfer function of the actual physical

8y8tem.　０ｆparticulai･4nter&at is the frequency response measurement

using the delay line filter. Input signal to the noisy process is sinusoidal

signal ０ｆ＼vhichperiod is identical to the delay time of the delay line. As

the delay time of the delay line is changed the period of the sinusoidal signal

also changes and the response of the process to the sinusoidal input signal

for different frequencies is obtained.　For instance the accuracy of the pile

oscillator ■willbe greatly improved. Another promising application of the

delay line filterin the measurement of locally linearized transfer function

of nonlinear processes as very small input signal is sufficientfor_this

method.

－104－
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Fig. 4.26

　　　EXAMPLE OF MEASURING STEP RESPONSE OF A PROCESS

WITH NOISE

Transfer function of the process　：

Delay time of delay line

　　　　　　Ｋ

－１０５－

・
｝

・
・

　　Ｉ_

１ｔ･0. 5s

３ seconds

0.96



Fig. 4.27

　　　EXAMPLE OF Ｍ：EASURING STEP RESPONSE OF A PROCESS

WITH LARGE NOISE

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　１
Transfer f＼inctionof the process

Delay time of delay line

　　　　　　Ｋ

●

●

●

●

１十〇.5Ｓ

３ seconds

0.9-6
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　　　　　　　　　　　　　　　　　　　　　　　　　　　Chapter　　５

　　　　　　　　　　　　　　studyof the Digitalized Analog Computer

５．１　　Introduction

71) 72) 73) 74) 75)

　　　　　Inthe earlier age of the electronic computers discussions were

mainly on the advantage and disadvantage of the analog computer and the

digitalcomputer. Those･discussions ･were never concluded ａ８long as ■we

stick toａ conventional type of operation of either type of the computers.

The advantages of theａｎａ･１０ｇcomputer are as follow.

（１）　　The programming is relatively easy. For solvingａ differential

　　　equationof the order more than twenty the programmer only draws ａ

　　　blockdiagram and sets up the wiring on the patch board.

（２）　　The accuracy of the obtained result by the analog computer is from

　　　oneto two percent which is suffici､entfor usual purposes.

（３）　　One can simulate ａ dynamic system on the analog computer without

　　　derivingthe differential equation of the system･

（４）　　Analog computer circuit is useful for investigating the effect o£the

　　　ｅ££ｅctof the change of the parameters to the response of the system.

（５）　　The speed of computation of the analog computer is much larger

　　　thanthat of the digitalcomputer.

（６）　　The solution of the analog computer is obtained in the form of graphs

（７）　　Costis less.

　　　The analog computer has many disadvantages, ｔｏ０、as the merits some-

times ｔぬｎout to be demerit幸Ｓdepending on the application. They are as

follow.

(1) 　　The analog computer is almost powerless to the mathematical pro-

blems other than the ordinary differentialequation. Although it is some-

times useful to algebraic equations and partial differentialequations the

method of application is neither extensive nor flexible.

－107－



(2) 　　More than ０．１Ｓ of accuracy is hardly obtainable by the analog com-

ter.　As is shown in Fig. ５．１　digital computer is favorable for more

elaborate calculation.

　　　　Compu;:er Cost

１ Computer

Accuracy

　　　　　　　　　　　　　　　　　　　　　　0.1 %

　　　　　　　　　　　Fig. 5.1　Computer cost vs accuracy

（３）　　The origin of the error in analog computer is complex and the pre-

　　　diction and the correction of the error are often unfeasible.

（４）　　The manual setting of the parameters and zero一balancing of opera-

　　　tional amplifiers often induce mj soperation.

（５）　　Operation of decision ｉ８difficult. Changing the program of the calcu-

　　　lation in the course of computation subject to intermediate results by

　　　the computer itself is difficult. The automatic programming method

　　　described in ４．３is an attempt to overcome this difficulty,　but this is

　　　not ａ general solution of the problem･

（６）　　Multip!ier, divider and function generator of the analog computer

　　　are not satisfactory relative to high precision linear elements.

（７）　　The fact that time is the only independent variable in analog　coniputer

　　　restrictsthe programming technique･･

　　　　　Tocompare ･with the analog computer the advantages and disadvantages

of the digital computer are briefly reviewed･

　　　　一Theadvantages of the digital computer are as follow.

（１）　　Digitalとomputers are used in almost any mathematical problems.

－108－
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(２)　　Any accuracy as desired is obtainable. The error of the calculated

　　　resultis determined and is estimated mathematically･

(３)　　Decision is capable in the digital computer and enables flexiblepro-

　　　gramming･

(４)　　Parameter of the equation is automatically calculated from the in-

　　　putdata.

(５)　　Input and output equipments are more capable than those of the an-

　　　　　alogcomputer keeping off the problem analyst from time consuming

　　　dataprocessing and parameter setting･

(６)　　The solutionis obtained in the form of the table.

　　　　　Thedisadvantages of the digital computer are as follow.

(１)　　Debugging of the program takes considerable time.

(２)　　Programming is less easy than analog computer.･

(３)　　When solving the differentialequation the computation speed is much

　　　slo^verthan the analog computer.

(４)　　When investigatingｔｈｅ‘dynamicproperty ofａ physical system the

　　　simulation technique of analog computer is inapplicable.　　・

　　　　　Regardingthe recent development of the analog computer one of the

major currents such as the large scale machines and the transistorization is

automatic computation technique.　By this technique parameters of the equations

as initial value s and coefficients are changed automatically until the solution

satisfying certain bovindary condition is obtained, ０ｒcomputed result is

transformed into digitalform by analog-to-digital converter and printed by

typewriter. These attempts are to approach analog computer to digital com-

puter.　However, as.the analog computer uses the physical property of the

circuit element for the computation ａ certain amount of error is intrinsic

and the analog computer can never be ａ digitaL computer.

　　　　　Ａgeneral purpose digital computer has many superiority to the
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analog computer, but from the point of view of a differential analyzer, 18

infereior. An attempt has been tried to provide ａ digital coniputer with the

ability of the differential analyzer. It is the digital differential analyzer

which is manufa c tur ed by Bendix and Liitton Companies.　76)77)78)

The principle of the digital differential analyzer is more alike that of the

general purpose digital computer.　In the digital differential analyzer re-

gisters corresponding to integraters are stored in magnetic drum and the

stored information is read out at every revolution of the drum and the step

of integration proce(^e≪-.　Theresult of the integration of each step is again

stored in the drum. The time required to execute ａ step of integration (it-

e ration time) is the time of one revolution of the magnetic drum. When the

speed of the drum is １，５００rpm the iteration time is ４０ms ･which means

ｎ‘lorethan an hour is required for 100,０００steps of integration.

　　　　　　Theprogram of the digital differentialanalyzer is punched on tape

and is fed into the magnetic drum. This makes the change of the program

difficult. In many cases the initialvalue s are erased after each run, so

that it requires to feed initialvalue s at every run of the computation. The

digital differentialanalyzer is therefore more alike the general purpose

digitalcomputer and has less merit of the analog computer. The computa-

tion times of a certain problem by different　type of computers were･reported

as shown in.Table ５．1. 79)

　　　　　　　　　　　　　　　　　　　　　　　　Table５．１

　　　　　　Computationtimes and costs of different types of computers

　Type of
Computers

Time spent for
　Programming

Computer
　Time

Cost

REAC Analog

　Computer

Litton DDA

IBM ７０４

Hand Calculation

２hr.

８hr.

２wrs

ｌ day

５０mm

２０hr.

５０min

　３ wks

＄　53

$ 280

$1377

$1295
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　　　　　Beingunsatisfied with the digital differentialanalyzer the author has

designed ａ new digital computer provided ■withthe high computation speed

of the analog computer and the high precision of the digital computer. The

author named thisｎｅ？computer the Digitalized Analog Computer, ０ｒin

abbreviation, DAC. In the finalfeature of DAC, it will receive analog input

and produce analog output so that it will be connected ■withthe analog computer

At the present moment, however, the input signal is given by octal switch

and only analog output is obtainable.

System Design

５。２．１　General･Description of DAC

　　　　　　　　　　DACis constructed from ａ set of computing elements shown in

　　　　　Table ５．２･which are connecteded on the connecting board according to the

　　　　　problem as is done in analog computers.

　　　　　　　　Table５．Ｚ

DAC Computer elements

N0. Elarη●nt Symbol Operation

１ latagrAt*「 [こ祠
dZ-t2≪･Ｙ･ix

Y-idy

Ｚ

Co≪mcl≪nt

Mum-

　pUar
dZ <J)―-dY

dY-k<li
lkl<l

３
5≪rvo

　EUm≪nt 糾)一
di./2:lﾆ,X(ir,+iii≫iﾖ

４
Ａｄｄ･「 １ｺ＞－

､dz-j(<iy,十dys）

Ｓ MulUpU・「 dZ4JdV十VillH<lUclV
dU -･

dV .
Ｍ →dZ

６
Switch

　EI≪m≪nt

u>v　　　Ｉ・ｚ

Ｕ＜Ｖ　　　Ｉ●３

dU ･

ｄＶ-･
「
－ｔ

-●£

-４１

-４ｉ

　　　　　　Theinitial values of integrater, adder and multiplier and the multi-

　　　ｌ
plication factor of coefficient multiplier are given by octal･ switches of each

element. These elements perform the operation eventually in synchroniza-

tion with the clock pulse of １００kcps distributed from the control circuit.

Output signal from the element is pulses produced every iteration time and

eventually serves as an input signal to other elements. The result of compu-

tation is either converted into analog voltage by D-A converter and recorded

by pen oscillograph or printed in digital form。

　　　　　　Insidethe computing element mathematical operations such as inte-
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gration. addition, coefficient multijilication. variable multiplication and

decision are approximated by differ(snce equation and are executed digitally

step by step.　Generally the computj.ng element ha 8 two registers which

store variable of the present step ar.d that of the preceding step respectively

and repeats the operation of adding ｌ：hecontent of one register to that of the

second register in every iteration time。

　　　　　　From the nature of the difference equation approximation of the dif-

ferential equation smaller the magnitude of the step more accurate is the

result. However, as the magnitude of the step decreases. the number of

step necessary to perform the integration for ａ certain interval increases

resulting ａ derease in the computation speed. The relationship between

the accuracy and the computation speed is discussed in the later section.

5.2.2　Number System

　　　　　　　　　　　Thenumber system in the computing elements is as follows

one ■word
一

一

negative number　＝

clock frequency　°

iteration time　　＝

serial pure binary number

１８ bits　十　sign bit　十　space　° ２０bits

two's complement

１００kc

0. 2 ms (　＝　5000 steps per second)

The number is ａ serial binary number as sho>vn in Fig. ５．２

Fig. 5.2　Timing Pulse
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The space bit precedes iwrriber bits ･which appear　･with the least signifi-
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～
　
１

cant bit firstand the most significant bitlast. The last bit ofａ word is the

sign bit. The number is represented by fixed point. The number never

surpass‘unityin absok The firstnumber bit always designates ２‘１８

　　　　　and the last number bit 2-J. Each bit of the ■word is called the timing Ｐｕl令ｅ

　　　　　and is named Ｐ１，P2 P20. When the sign bit is one the number ｉ８

　　　　　negative and when it is zero the number is positive.

5.2.3　Integrater

　　　　　　　　　　　The principle of operation of DAC is best explained by the integrater.

　　　　　Other computing elements such as multiplier, coefficient multiplier and

　　　　　adder are the modifications of the integrater.

　　　　　　　　　　　Among the many ways of approximating the differential equation

　　　　　　　　　　　　　　　　　　　　　　dZ

　　　　　　　　　　　　　　　　　　　　　-　＝　Ｙ　　　　　　　　　　　　　　　　　　　（５● １）

　　　　　　　　　　　　　　　　　　　　　　ｄχ

　　　　　by the difference equation Euler's formula and trapexoidal formula are

　　　　　feasible ones.　Although DAC　uses the trapezoidal formula. the principle

　　　　　of operation of DAC is provisionally explained by Euler's formula first.

　　　　　(i) Integrater by Euler's formula

　　　　　　　　　　　The difference equation approxirr･lation of the differential equation of

　　　　　　　　　゛６‘q.( 5. l)by Euler's method is as follows.

　　　　　　　　　　　　　　　　　　　　　　Ｚｎ十ｌ　＝　Ｚｎ十　Yn　∠χχｎ　　　　　　　　　　(5.2)

　　　　　　　　　Consider two registers which store Zn and Yn respectively and the

　　　　　stored numbers are in fixed point binary number. Let

　　　　　　　　　　　　　　　　　　　　　∠χχｎ　　＝　２’ｋ　　　　　　　　　　　　　　　　　　　(5.3)

　　　　　then the operation of eq. (5. 2) simply means that the content of Yn register

　　　　　is shifted ｋ places to the right and added to the content of Zn register. The

　　　　　magnitude of ｋ determines the accuracy of the computation. For the conve ―

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

　　　　　nience of the circuitry ｋ is selected to be Ｎ ･which is the half of the number

　　　　　of bits of the registers.　Therefore

　　　　　　　　　　　　　　　　　　　　　△χｎ＝２’Ｎ　　　　　　　　　　　　　　(5.4)
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Then the operation of eq. (5. 2) means that left half of the content of Yn regis-

ter is added to the right half of the Zn register. Hence Zn and Yn registers

are conceptually separable into upper and lower parts the length of which is

N. To the upper register the carry from the lower register is sent and the

content of the upper register is added to another lower register. Denoting

the upper register Ｙ register and the lower register Ｒ register an integrater

is composed of them in ａ way shown in Fig.　5.3.

At.

∠iY

Fig.　５．３ Euler integrater

　　　　　As ｘ increases ∠ＳＸ（＝　２’Ｎ）ｃｏｎｔｅｎｔof Ｙ　register is added into

Ｒ register and when the content of Ｒ register surpasses unity positive carry

is emitted and when it becomes less than zero negative carry is emitted。

This signal from the Ｒ register is ∠ＸＺ signal and serves as an input to the

Ｙ register of other integrater.　As ａ result Ｒ register stores remainder of

Ｚ and the Ｙ register stores significant bits of Ｚ． ｄχ gate of the integrater

as shown in Fig.　５．３ works such that

(1)Y is added toＲ

(2)Y is subtracted from Ｒ

(3) No operation is performed

when

■when

Ａχ＝２'Ｎ

βχ= -2-N

when　ムＸ＝　０

The function of the integrater is dhown in Table ５．３ below.

　　　　　　　　　　　　　　　Table５．３

Ｒｎ十Ｙｎ∠χXn Ｒｎ十１ ∠１Ｚｎ十１

○婬，ａｎｄく１ Ｒｎ十Ｙｎ∠＼Xn ０

ﾆﾀｌ Rn + tm∠χＸＩよi Ｚ“Ｎ

●く， Ｒｎ十YT≫^Xn +
i -2-N
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(ii) Integrater by Trapezoidal Formula

　　　　　Instead of using Euler's formula for approximating the integration

DAC uses the trapezoidal integration formula for attaining higher accuracy･

The trapezoidal formula is

　　　　　　　　　　Ｚｎ＋1　＝　Ｚｎ十Ｙｎ∠IXn+1/2 (Yn-Yn-1)∠1 Xn　　(5.5)

or by incremental expression 　１

へ
　２.

where

ﾑＺｎ十ｌ　＝Ｙｎ∠Ｘ Xn　＋1？2ぷＹｎ∠Ｘ Xn

　　　　　乙Ｚｎ＝、Zn － Zn- ｌ

　　　　　乙Ｙｎ＝Ｙｎ － Yn- １

(5.6)

(5.7)

(5.8)

The block diagram of the trapezoidal integrater is shown in Fig.　5.4.

Fig. ５．４　Trapezoidal integrater

The　Ｙ register in the block diagram is ａ two-bit accummulator producing

ａ positive output signal and reseting the contents when the contents become

two and producing ａ negative output signal and resetting the contents when

the contents become minus two.　The operation of the　Ｙ　registeris ｄｅ。

scribed by Table ５．４。

　　　　　　　　　　　　　　　　　　　Table　５．４

〔∠3Y]n-l十∠lYn ＤＹト ｌ／２∠lYn

０，２’ＩＱ or -２’Ｎ 〔∠3y) n-1　十∠iYn ０

２｀Ｎ十ｌ ０ ２’Ｎ

-２'Ｎ十１ ０ -２’Ｎ
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　　According to the block diagram of the trapezoidal integrater of Fig. 5.4,

when∠χΥ is sent into an integrater while βｘ is not given, the output of ムＹ

register is not used and the trape zoidal correction is not performed. Tc

avoid this contradiction the trape zoidal integrate r shown in the block d叫陥;ｔ

　ofFig.　５．５　may be used. In the latter integrater an auxilliary register

stores ｌ／２Σ二∠χΥ,and is reset by ∠ＩχIn usual computer circuit, however,

the absence of∠５χ instead of 乙Y is seldom and the former type of the trape-

zoidal integrate r is employed in DAC.

Ｙ

Fig.　５．５　Alternative form of the

　　　　　　　trapezoidalintegrater.

Reset by AX

(iii)　Length of Variables

　　　　　　　Thelength of the register of DAC is fixed at eighteen bits. In the

actual operation the ｅμective length of the registei･，０ｒthe length of the

variable is changed depending on the required speed and the accuracy of the

computation. When the content of Ｙ register is small∠ＸＺ is not generated

for ａ long time until it is added to Ｒ register ａ considerable number of times

which causes slow computation speed.　When £Ｙ is added to the upper bits

of the Ｙ register the computation speec!increases, but the length Oi

the Ｙ register decreases causing poorer accuracy.　This complementary

relation of the accuracy and the speed of computation is unavoidable and is

essential in the incremental computers including DAC. The only vay to get

around this is to increase the clock frequency･　　　　　　　　　　　　　　　　　　，
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　　　When乙Ｙ is added to the （ｋ　十1) th bit from the bottom of the Ｙ regis

ter the operational equation of the integrater is

　　　　　　　　　　　　　　　　　Ｚ　＝　2k（　Ｙ　十　１／２ぷΥ　μχ　　　　　　　(5.9)

5.2.4　Coefficient Multiplier

　　　　　　　　　Thefunction of the coefficient multiplier is described by the following

　　　　　　equation

　　　　　　　　　　　　　　　Ｙ　＝ｋＺ

This equation is written in difference form

　　　　　　　　　　　乙Ｙｎ十　ｌ　＝　ｋ∠χＺｎ

(5. 10)

(5. 11)

The difference ｆｏχ･mof the coefficient multiplication is not an approximation

in the sense of the difference approximation of the integration, but introduces

round-off error and the dynamic error. The latter error arises ａ８the in-

cremental output ∠lY　appears one iteration time later than the input∠５Ｚ．

The transfer function of the coefficient multiplier is written as

　　　　　　　　　　　　　　G(s) =!ｊｊ!　　＝ｋｅ‘１７ｓ　　　　　　　　　　｛５● １２｝

　　　　　　　　　　　　　　　　　　　　Z(s)

where　ｒ　denotes iteration time. This approximation is inevitable because

all computing elements of DAC operate in parallel and the outputs of the

elements are used as inputs in the next operational period. The block dia-

gram of the coefficient multiplier is shown in Fig. ５．６

ぶＹ

△Ｚ

－117－

Fig. 5.6　Coefficient multiplier



5.2.5　Servo Elpment

　　　　　　　　Therole of high gain operational amplifier ｉ８filled by the servo element

　　　　　inDAC.　The servo element accummulates the inputs ∠χΥ１，∠χΥ2 AYi

　　　　　and generates ａ positive 8ignal when the content is positive and generates ａ

　　　　　negative signal ■when the content ｉ８negative. The operation of the servo

　　　　　element is represented by the following equation

∠ＸＺｎ＋1　°Ｚ'Ｎ sgn ({Yl十YZ十‥‥十Yi)iiXn} (5. 13)

Table ５．５shows the operation.

　　　　　　　　　　　　　　　　　　Table　５．５

5.2.6　Adder

（Ｙ１十ＹＺ・‥，十Ｙ　）ｎ∠χχｎ ∠ＸＺｎ十ｌ’

ニ０ ０

７０ ２｀Ｎ

,こ０ －２‘Ｎ

　　　　　The computation performed by DAC is the incremental calculus.

that is both input and output of ａ computing element are increments from the

previous states. The operation of addition is also performed on increments

according to the following equation for two inputs

　　　　　　　　　　　　　　乙Ｚｎ＋1＝１／２（∠ＸＹＩ十ぷY2)n　　　　　（５． １４）

The adder is composed of an addition circuit and ａＲ register as shown in

the block diagram of Fig.　5.7.

AZ

Fig. 5.7　Adder

The sum of the inputs are accummulated in Ｒ register and when the content

of Ｒ register surpasses ２ａ positive output is generated and the register is

subtracted by Ｚ and ■when the content becon･les ｌｅ､Ｓ８than －２ａ negative output

ｉ８generated and the register is added by ２．　The operation of the adder for

Ｋ inputs is described in Table ５．６

－１１８－
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Table　５．６

Rn゛(λ゛y)n Ｒｎ。１ △2nり

きＫ 脳゛(ぶ゛YiレＫ
2‾“

>-K,･andくＫ 　　　　　KRll゛(j1△YI)n ０

く-Ｋ
　　　　　K
R11゛(j;z｀Y1)111K －2‾”

　　　　Actually adder of many inputs is not favorable because.when only

one of the inputs carries signal the output of the adder appears Ｋ iteration

times later.

　　　　An altermate way of composing an adder is the use of the servo-

element described in the previous section. Consider one input of the three

input servo element is supplied by the output of the servo element itself with

the multiplication factor of two ａ８shown in the block diagram of Fig.　５．8(a).

　　　　　　．（１４Referring一翫（5. 13) the equation of operation of this circuit is written

　　　　　　已i゛ムＺｊ十l　°2Agn {(Yi十Ye -2Z)n△Ｘｌｎ｝　　　　(5.15)

In the steady state

　　　　　　　　　　　　　Ｚ　＝　ｌ／Ｚ（ＹＩ　十Ｙ２）　　　　　　　　　　　　(5.16)

This type of adder resembles the analog adder shown in Fig. ５．８（ｂ）

ｄＹ】

dY 2

(ａ)

dZ

Ｙ

Ｙ

１

２

Ｒ

(ｂ)

　　　　　　　　　　　Fig.5.8　　Adder using servo element (a), and

　　　　　　　　　　　　　　　　　　　analogadder (ｂ)●

5.2.7　Multiplier and Divider

　　　　　The operation of the multiplication

　　　　　　　　　　　　　　　　　　　　　　　Ｚ　＝　uv

－119－

1/2 (Yi十Y2)

(5. 17)



is transformed into the difference relation

　　　　　　　　　　AZti+I°Ｕ･rl∠XV･ｎヤ＼/ｆＡﾘ7t十ぷＵ･n A V､ｎ、

べL/n+士ム臨)必‰ヤ(VJ-ﾁﾞ４vｎ)･β卵　　　(5. 18)

　　　　　　which is representable by two integraters.

　　　　　　　　　　　　　Thedivisicn is also representable by integraters.　Therefore the

　　　　　　multiplier and the divider are not built.

5.2.8　Scaling

　　　　　　　　　　　　　Thevariables in DAC ought to be always between ‘１ and ＋1．　In

　　　　　　solving the problem on DAC, therefore, the variable should be transformed

　　　　　　intothe machine variables introducing suitable scale factors. The differential

　　　　　　equation

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　dz

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　~～べ　ｙ　　　　　　　　　　　　　　　（５●１９）

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｄχ

is written in machine variables X. y and Ｚ． They are related to χ，ｙ‘and

T. by the scale factors α，βand　ｒ as

χ　＝ａｘ

Ｙ　＝　βｙ

Ｚ　＝γｚ

(5.20)

(5.21)

(5.22)

when ｘ is the independent variable of the origiani differentialequation　α

is determined from the required computation speed and β and　r are deter-

mined from the following inequality･

β川～.ｘ引，ｒにしｇ引

The °achine ｅｑ゛゛ti。゛f。・ぢ(5ｿ言二:

　　　　　　り

It is favorable to determine the scale factors as

　　　　　　　　　　　　　　●　-ﾉ＼　＝:　2k
　　　　　　　　　　　　　　　　り

where　ｋ　is an integer.　Then (5.24) reduces to

　　　　　　　　　　　　　　dZ　＝　2kＹ●ｄχ

-12Cト
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(5.25)

(5.26)
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　　　　　which is executable by the integrater changing the effective length of the Ｙ

　　　　　register.

５．３　　Logical Design

5.3. 1　Number System

　　　　　　　　　　　Inthis section the logical construction of the computing element of

　　　　　　DACis described.

　　　　　　　　　　　Ashas been described in the previous section the operation of the

　　　　　　elementsof DAC is based on incremental calculus and the signals emitted or

　　　　　　introducedare always incremental signal of which magnitude is either ０，

　　　　　　＋2’Ｎ　or-2-N　　These signals are transmitted by ａ pair of wires one of

　　　　　　whichis named positive line and the other negative line. When ａ signal is

　　　　　　carriedon the positive line the output is 2-N, when ａ signal is on the nega‘

　　　　　　tiveline the output is -2-N and when neither of the lines carry signal the

　　　　　　outputis zero.　The signal never appears on both wires simultaneously･

　　　　　　　　　　　Thesignal ０ｎthese wires is represented by the non-return-to-zero

　　　　　　system which holds the state for an iteration time begining from PI and

　　　　　　endingat P20. The maximum frequency of this incremental signal is ５ kc

　　　　　　whilesignals inside the computing elements are １００kc. The time chart is

　　　　　　shownin Fig. 5.9.

TIMINCt

PULSE

十dZ

dZ

P20 PI。一一一一一一Ｊ）

dZ

　　　　　　　　　　Fig. 5.9

5.3.2　Gate Circuits

lime chart showing timing pulse and output signals of
computer elements.

The gate circuits used in DAC are shown in Table ５．７
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　　　　　　　　　　　Table５．７

Symbols of gate circuits of DAC.

N0. Gate Circuit Symbol
Logical
　Equation

１ AND GATE
X = A. B.C.

２ OR GATE

Ａ
。）こレ。

ｃ
Ｘ＝Ａ十Ｂ十Ｃ

３ NOT GATE
。＿べ)_＿ 　　－Ｘ＝Ａ

４ INHIBIT GATE １プふ一 　　-Ｘ＝Ａ．Ｂ

５ HALF ADDER

　－　　-Ｘ=Ａ．Ｂ．十A. B

Ｙ＝Ａ．Ｂ

Ａ→

Ｂ→

　　Ｓ
Ｈ　Ｃ

→　χ

→　Ｙ

６

HALF ADDER-

SUBTRACTER

X=A. (B十Ｃ)十A. (B十Ｃ)

Ｙ=Ａ．Ｂ

Ｚ=瓦Ｃ

Ａ　→
Ｂ→
Ｃ　→

Ｙ　　Ｓ

゛陥ぺ

→　Ｘ
→　Ｙ

→　７

７ COMPLEMEN-

TER

X = A'Ａ→ COMPLE →Ｘ

８

EXCLUSIVELY-

OR 　－　　-Ｘ=Ａ．Ｂ十A. B
Ａ　→

Ｒ→
EX. OR →　Ｘ

９ DELAY ｘｎ十Ｎ °An ｘＡ→ ND →Ｘ

10 FLIP-FLOP

　　　　一一χｎ十１=Ａｎ．ｘｎ十^n* ^n

　　－Ｙｎ十１=Ａｎ．Ｙｎ十Ｂｎ．恥

　　-χｎ＝Ｙｎ

Ａ　→

Ｂ　→

Ｓ　　　Ｉ

Ｒ　　　Ｏ

→　　χ

→　　Ｙ

－１２２－

１

●

１

ｆ
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　　　　　The operation of the flip-flop in the sixth column is so defined that

the output maintains its previous state when the input signal ｉ８absent, out-

put of ”ｌ”becomes ｌ and output of ”Ｏ”becomes Ｏwhen an input signal is

applied at ”Ｓ”input and ”１”output becomes ０ and ”ｏ･’output becomes ，１when

ａ signal is applied at ”Ｒ”input. When signals are applied at both input termi

nals the output of the flip-flop reverses its previous state. The logical equa-

tion of this flip-flop is then written as folloW8 。

χ･ｎ、l・飛･‰･Ａ､､･瓦・兄､7Y、･Ａ。･B。ｔχ、､rＲ･ｽﾌ､･瓦十χja･Ａ。･瓦

　－　　　　－＝Bn･χｎ十八11 ･ χｎ

＝又。｡･‰･刄･BJχ、

　－　　　一刀な‰.ｔBf‰

(5.27)

　　　　　　　　　　　一一　　　一
Yutl=X'n.-ヽ4･刄･B.､､ヤなＷ刄･BJ⇒QY､､･AJ‰ヤ冷臨･AｚB、

(5.28)

　　　　　Other gate-circuits of Table ５．７need no particular explanPtijn.

5.3.3　Ｒ Register　　　　　　　　　　　　　　　　　　　　　　　　　　ヽ

　　　　　　　　Ｒregister used in integrater and coefficient multiplier is ａ twenty

　　　　　bitsaccummulater accummulating the output of Ｙ register or corresponding

　　　　　quantity.　When its content becomes larger than one or becomes negative ａ

　　　　　positive or　negative signal is generated. The operation of Ｒ register is as

　　　　　described by Table 5. 3. The second case of the table is an overflow and the

　　　　　third case is ａ underflow. The detection of the overflow and the underflow

　　　　　isdone by inspection of tlie sign of Yn and Rn　十　Yn because Rn is non-

　　　　　negative.　When Rn　十Yn is negative while Yn is positive overflow took

　　　　　place and when Rn　十　Yn ｉ８negative and Yn is negative underflow took place.
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This is shown in Table ５．８

　　　　　　　　　　　　　　　　　　　　　　Table５．８

　　　　　　　　　　　Truth table of output circuit of Ｒ Register.

case sen Yn sen (Rn十Ｙｎ卜 £Ｚｎ十１

１

２

３

４

十

十

＝

－

十

∽

十

ミ

０

十

〇

－

　　　　　Denoting the sign bit of Yn by Ａ and that of Rn 十Yn by Ｂ the following

logical relations hold.

　　　　　　　-Overflow　＝　Ａ･Ｂ

Underflow　＝　Ａ･Ｂ

(5.29)

(5. 30)

After overflow or underflow are detected the sign bit of Rn 十Yn　is erased

to perform the operation specified by Table ５．3. As∠IZ.the output of Ｒ regis-

ter should maintain the signal for an iteration time the overflow and underflow

signals are used to set flip-flops of which ’ｌｌ”outputs are connected ｔ０the

positive line and the negative line respectively.　These flip-flops are reset

by P20.　　Fig.　5.10 shows the logical circuit of the Ｒ register.

Yn

P20

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｐ２０

　　　　　　　　　　　　　　　　　　　Fig.　５．１０　　Logical circuit of Ｒ register

5.3.4　Ｙ Register

　　　　　　　　　　　Ｙregister of the integrater is also ａ twenty bits accummulater but

－１２４－
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differs from Ｒ register in its operation.　The input signal to Ｙ register is

either one of ２’１８十k ,-18十'^ or 0. k is ｆｉχedduring the operation but

may be changed from ０ｔ０１７ depending on the scale factor.　To change ｋ

the input signal is strobed by either one of the timing pulses of Ｐ２，P3

P9. As the magnitude of Yn is limited as

　　　　　　　　　　　　－ｌ　く　Ｙｎ≦１　　　　　　　　　　　　　　(5.31)

the overflow or underflow from Ｙ register is detected for alarm. The

logical equation of this alarm circuit is given by

　　　　　　　　　　　　　　　　　一　　一　　一一　　　　　　　　　　　　　Ｘ＝Ａ・Ｂ･Ｃ･Ｄ十Ａ‘Ｂ･Ｃ･Ｄ　　　　　　　(5. 32)

where Ａ

一
一
　
　
一
一
　
　
一
一

Ｂ
　
　
Ｃ
　
　
Ｄ

Ｘ

sign bit of Yn

sign bit of Yn 十八Yn

十　dY

－　dY

Overflow

　　　　　Another component of Ｙ register is ｔｈｅ△Ｙregister the operation of

which is described in Table 5.4.

　　Ｙregister is ａ two-bits reversible counter as shown in Fi ｇ．　5.11

１ｎFig.　5. 12 logical circuit of the Ｙ register is shown.

　　　　　Ｐ２０●　　　　　　　　　　　　　　　　　　　　　　　　　　Pi.

ずｄＹ

-dY

十
　
一

ｔ辰

Fig. 5. 11 △Ｙ register

Pi

Fig.　5. 12　　Logical circuit of Ｙ register

－125－

TO DX GATE



５．３．５　Integrater

　　　　　　Theintegrater　is composed of Ｒ register. Ｙ register and　ｄχ gate.　ｄχ gate

　　　　　　controlsthe signal sent from Y register in ａ way that input signal to Ｒ regis-

　　　　　　terchanges its sign when dX is negative. The logical circuit of dX gate is

　　　　　　shownin Fig.　５．１３

　　　　　　　　　　　Beforebegining the computation the initial value s are loaded in Ｙ

　　　　　　registerof allintegraters. Initial value ｏｆＺ°１　isalso introduced in the

　　　　　　Ｒregister to eliminate the offset error。

　　　　　　　　　　　Thecontent of Ｙ register is cleared before the operation by ｔ}ヽ．ｅ

　　　　　　presetpulse which is generated for an iteration time by the press of

　　　　　　ａpush-button on control panel. At the same time initial value set on the

　　　　　　octalswitch is introduced by this preset pulse into the Ｙ register. The

　　　　　　computationbegins after the preset pulse disappears.　Time chart of

　　　　　　Fig.　5.14 shows the sequence of this operation.　Into Ｒ register Ｐ１９is

　　　　　　introducedby the preset pulse. The octal switch for setting the initial

　　　　　　valueis identical to that used in coefficient multiplier which will be described

　　　　　　later.The logical circuit of the complete integrater is shown in Fig.　５．１４

Yn +1/2△Yn

十
　
一

１

Fig.　5. 13　　Logical circuit of dX gate
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卜

●

dX

dY

十

一

＋

－

Fig. 5. 14　Logical circuit of the integrater
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５。３．６　CoefficientMultiplier

　　　　　　　　　The coefficient Multiplier generates output　ムＹ subject to the input

　　　　　Az by the following relation.

　　　　　　　　　　　　　△Ｙｎ＋1＝　　k AZn　（ｌｋｌく1）　　(5.33)

　　　　　The circuit of the coefficient multiplier is similar to the integrater except

　　　　　Ｙregister of integrater is replaced by the coefficient switch. The Coeffi-

cie二言i:ゴヅTご1ごﾂﾞ惣ここに

　l

yｽﾞﾀﾞﾔで

61

Jﾂﾞyﾔﾐ

61

ﾐｽﾀﾞ才で

l

yj↓;才

6l

yjﾔﾔl

士
●

●

　　３　　４

２．　　゜　５
　　　：　Ｐ之

　言

The logical circuit of the coefficient multiplier is shown in Fig. 5.16.

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｐ２０　　PRESET PULSE

P19

dY

Fig.　5. 16　Logical circuit of coefficient multiplier
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５。３．７　ServoElement

　　　　　　　　　　　TheＹ register of the Bervo element ｉ８different from that of the

　　　　　integrater as the input to the register is more than one. The addition of more

　　　　　thanthree numbers may be executed by cascading adder-subtracters.

　　　゛　　　　　　Theoutput circuit is ａ pair of flip-flops which are set depending on

　　　　　thesign of the content of Ｙ register. The logical equations of the output

　　　　　circuit of the servo element is as follow.

where

　　　－　　一　　　一　　　－χ　＝Ａ･Ｂ・Ｃ　十人･Ｂ･Ｃ　＝Ａ･Ｂ　十Ａ･Ｃ

　　　一一　　　　　　－　　　　　－Ｙ　＝Ａ･Ｂ･Ｃ　十･Ａ･Ｂ･Ｃ　＝Ａ･Ｂ　十Ａ‘Ｃ

Ａ　：　sign bit of　２;　Yi

Ｂ　：　十△Xn

Ｃ　：　－△Xn

ｘ　：　十八Ｚｎ十Ｉ

Ｙ　：　－ムＺｎ十ｌ

(5. 34)

(5.35)

The complete logical circuit of the servo element is shown in Fig. ５．１７
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dYi

dY2

dY,

＋

－

＋

－

＋

Fig.　5. 17・　　Logical circuit of servo element
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5.3.8　Adder

△Yi

△Ｙ２

十
一
十
一

　　　　The logical circuit of the adder is similar to the Ｒ register of the

integrater except the input is more than one. The output circuit similar to

Ｒ register needs sign bit of（△YI十△Y,). This is represented by the foil-

owing logical equation.

　　　　　　　　　　　　－一一　　　　＿　　　　　　－　－　　　　　　　　　χ　＝　Ａ・Ｂ・Ｃ・Ｄ　十Ａ・Ｂ・Ｃ･Ｄ　十Ａ･Ｂ･Ｃ･Ｄ

　　　　　　　　　　　　一　　　　，－　　　　　　　　　　　＝Ａ●Ｄ　十Ｂ゛Ｃ　　　　　　　　　　　　　　　　　　　　　(5.36)

whei°ｅ　　Ａ ° 十△Ｙ３１　Ｂ°’△Y,.　Ｃ ° 十ぶYj. and　Ｄこ一八Ｙ２・

The complete logical circuit of the adder for two inputs is shown in Fig. 5.18.

Fig.　5. 18 Logical circuit of adder

P20

The register 20 D in this logical circuit need not be ａ twenty-bits shift

register but is sufficient to be two-bits shift register storing sign bit and

ａ number bit.
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　　　Asthe function of the computing elements were described in the previous

sections the operation of the control circuit of DAC －１will be described in

this section.

　　　Theblock diagram of the shiftpulse generater is shown in Fig.　5.20

START

STOP

FT PULSE

FF2 Fig. 5.20　　Shift pulse generater.

When power switch is thrown in the multivib rater begins to oscillate and

the flip-flop FFl is reset. When start pulse is sent from the computation

start switch it sets FFl and then FF2 and opens gate G. The pulses from

ｔｈｅ･multivib rater ｉＳ･then sent to the amplifier and the shift pulse is obtained.

　　　　　The timing pulses ＰＩ，Ｐ２‥‥‥‥．，Ｐ２０are generated by 20-bits

shift register. Afteｒ the shift puls ｅ wM generated the timing pulses are

generated by the timing pulse start switch. The timing pulses appear from

PI. The logical circuit of the timing pulse generater is shown in Fig. ５．２１．

TIMING PULSE

　START　　-一一

　STOP　　-

SHIFT PULSE

Pi Ｐ２ P3

Fig°5°21　　Timing pulse generater.
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By the timing-pulBe-start-signal the flip-flop FFl i8 set and gates are open

completing the loop of the ring counter.　At this moment the first flip-flop

of the ring counter is set by ａ pulsa sent from FFl through differentiating

capacitor. Thereafter this one bit circulates in the ring counter generating

timing pul8es PI. P2, , P20 as it passes each flip-plop｡

　　　　　The indicate r is built to monitor the contents of the registers. This

is again a 20-bits shift register with-neon tube indicate r attached to each

stage of the register. By sending an ”indicate” pulse by the ”indicate" switch

during the operation of DAC the content of ａ register to which the indicater

is connected through selector switch is sent into the shift register of the

indicater. When the ”indicate” pulse is sent again the previous result

is replaced by the new content. Fig. 5.22 gives the logical circuit of the

indicater.

SHIF？

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　p.

　　　　　　　　　　　　　　Fig.　５．２２・　Logical circuit of the indicate r　　　　　　ｙ

　　　　　　For loading initial values in Ｙ registers of the integraters and the

servo elements and 2-1 in Ｒ registers preset pulse Ｐ is used.　The preset

pulse is generated at the begining of computation and lasts only for an itera-

tation time. The logical circuit of the preset pulse generater is g-./en in ・

Fig. 5.23.

TIMING PULSE

START

　　　　　-
SHIFT PULSE

　　　　　　　　　　　　　　　　　Pi

Fig. 5.23　Preset pulse generater
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Fig･; 5.25　DAC solution of the second order differentialequation:
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　　　　The result of computation of DAC －ｌ is converted ｈ

digital －　to　－analog converter and is recorded by the pen oscillograph.　dZ

pulses from the computing elements are covinted by reversible binary coxinter to

■whichａ■weight circuit ｉ８connected。

　　　Example ｓ of calculation by DAC －１are shown.　The first example ｉ８the

following equation.

十　Ｚ
一

一

０

Ｚ　＝　Zo

''o

d７一
一
dX

X (seconds)

辿芦

(5.37)

(5.38)

(5.39)

＝　０ (5.40)

(5.41)

(5.42)

ｉ

(5.43)

A８

(5.44)

dZ

dX

Ｘ　＝　０

The re suits of computation for different initial values are shown in Fig.　5.24.

The error of this computation is discussed in later section.

As ａ next example the next differential equation. is solved by DAC －１．

十一　２

２ｋＺ＝　０

Ｚ　コ･　0.400000 (8)

ｔ　＝　２１８

に芦 ）・Ｚ＝０

-４

Zｋ’18

２×１０

d^Z

ｄｘ､２

Ｘ　＝　０

The results of computations for different val＼aesof　ｋ　are ahown in Fig. 5.25.

　　Let one iteration time b?　ｒｏｔｈｅrelation between ｘ　and ;the real time

t(sec.) is　　　　　　　　　　　　　　　　　　　　　　　　　　　、

and eq. (5.39) is rewritten as

The frequency o£the solution of eq. (5.37) is

　　　　　　　　１

f(k)　ｚ　　=
　　　　　　　２７『

　'^o　　Ｚ

f(k) =

i。・

　seconds　£ (k) is

0.003　Sく　Ｚ
ｋ　　　

c/s

Table ５.10 giveｓ　f(k) for different values of　ｋ･･

　　　Ａ８･will be readily understood for　ｋ　larger than １４is unpractical because the

solutions represented by less than four biをs-ar･i･≪■bits are too inaccurate.　In Fig.

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　l(

5.25 solutions for　k = 6, 8, 9, 10, H=I3:;a37-14 and ４５ ｈ ｗ
■

　　　　　　　　　　　　　　　　　7，

-137-
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Fig. 5. 26　DAC solution of the second order differential equation：

on the phase plane.
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Fig. 5. 27　DAC solution of the first order differential equation：
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Fig.　５．２７　DAC solution of the first order differential equation：
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Table ５．１０　　Frequency of sine wave vs

　　　　　　　　　　multiplicationfacter ｋ．

ｋ f (k)

０ 0.003　c/s

１ 0.006

２　． 0.012

３ 0. 07.4

４ 0.048

５
0.096

６ 0. 192

７ 0. 384

８ 0,768

９ 1.534

ｋ £(k)

10 3.068

１１ 6. 136

12 12,272

１３ 24. 544

14 49.088

１５ 98.176

16　｀ ・196.352

１７ 392･.704

As　ｋ increases the solution tends to diverge.　This problem is discussed in later

sections.　Shov/n in Fig. 5.26 is ａ phase plane locus of the solution for ｋ = 6, which

is ａ complete circle.

　　　The final example is the equation o£ａ parabola

dZ
－ Ｘ　＝　０

per iteration time.

－140－

(5.45)

・

１

４
　
Ｉ

ｔ

ｋ

　　　　　　　　　　　　　　　ｄχ

The result obtained by DAC －ｌ is shown in Fig.　５．２７

Accuracy and C omputation speed of DAC

　　　Asthe opterationof DAC is based on the difference？quation approximation of the

　　　　　　　　　　　　　●
differential equation, large step of integration ■whichincreases computation speed

results less accuracy.　When the step is made small to incr？ase the accuracy the

computation speed reduces. This relation between. the accuracy and the computation

speed ■willbe examined in this eection.

5.5. 1　　１!vlaximiamRate of Change of Variables

．　　　　　　　Asthe macnitudc of increment of DAC is fixed at Ｚ“１８　themaximum rate of

　　　　　　　　　changeof variable 13 ２’１８　periteration time, ０ｒone in 52.43 seconds. When

　　　　　　　　　theeffective length of the variable is shortened ｋ bits the maximtim rate of changa

of variableincreases to
,k-18



●

４

あ
Ｓ

ｔ

φ

４

5.5.2　　Truncation Error
72）

　　　The truncation error due to the difference approximation is ａ serious probleχｎ

in DAC as this is strongly related to the computation speed.

　　　The method of circle test used in analog computer technology is applied to this

problem.

　　　The second order differential equation ■which follows is solved by the computer

circuit of Fig.　５．Ｚ８．

dZ _ Y
dX

ｄヱ＝－Ｚ
dK

Fig. 5.28　DAC circuit for calculating

　　　　　　　eq. (5.46)

１

　　　　　　　　　　　χ= 0, Y^ I, Z = 0

This is written in Euler's approximation ａ８

　　　　　　　　　　Ｚ‘M-l　　°Ｚｔ十Ｙ戮‘'ｈ

　　　　　　　　　　Ｙれ＋1　　°Ｙ戮“Ｚ７ｔ‘ｈ

　　　　　　　　　　Yo　゛１　　ＺＯ＝０

where
ｈ　２　2k-18

The solutions of this difference equation are written

＼　°Ｃ

Ｚ
　ｎ
＝　Ｃ

ｙ

／

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

Substituting these into eq. (5. 47) the following characterstic equation is

obtained

l一入

-ｈ

　　h

1一入

＝　０

-141-

(5.51)



The characteristic root obtained from this equation is

　　　　　　　　　　　入＝ｌ！jh

The solution of eq.(5. 47) is then

Zu °ttI"十jh)11 －(!-jh)1

゛μｎ　sin n e

■where

。い/丁7耳

Θ＝　　ｔａｎ’ｌｈ

(5.52)

(5.53)

(5.54)

(5. 55)

The 8olution of the difference equation of eq.{5、47) has errors both in

amplitude and phase to tｈｅ･solutionof the original differential equation

ｅｑ°(5.46りsin X.　As μis l゛㎎er than unity the amplitude of Zn increases

as ｎincreases.

ET

　　■　Thephase error is represented by the relative phase error　ＥＴ　and

the amplitude error is represented by relative increase in amplitude per

one cycle e,.　They are obtained in the persent case ａ８follow°゛

ＥＴムｎ今�！!Ｌ’ -^Un"h-i
｀Ｉ　　　nn　　　　ｎ ”‾””’　　　　　　　　　(5.56)

　　　　　（ｍ万ｔま）π|　　£竺こぞ|）

り

つ子と
声等

■when　ｈ is small they are approximated by

anduor

　　　～　　　　１Ｓ　Ｚ　㎜四　Ｔ　　　　　３

６ぺさ　πｈ

ｈ２
(5.58)

(5.59)

generating sinusoidal function ofｆ(c/s) by Euler's approximation

formula are shown in Table 5.11.

　　　　　　　　　　　　　　　　　　　　　Table5. 11

　　Phase error and amplitude error of Euler integration of eq. (5.46)

fc/E

number
of steps

in one
cycle

ｈ
ｅＴ ６Ａ Ｎ ？

0.01 500，000 4πX 10'6 -0.53×１０ｓ１０ 3.95×10'5 2, 320 64.5 hr.

０．１ ５０,０００４πＸ‘１０'５ -0.53×10'8 3.95×１０'４ 232 38.2 mm

ｌ ５,０００４πＸ １０‘４ -0.53xlO'6 3.95×10‘3 23.2 23.2 sec

５ 1，000 ２πＸ 10-3 -0.132×10'4 1.98×10'2 4.64 9.28 '1

10 ５００４πｘｌＯ“３ -0.53×１０’４ 3.95×10-2 2.32 0.232"

-142-

●

１

Ｉ
Ｉ

・

・



●

４

４
’
Ｓ

・

●

The number of cycles Ｎ and the time elapsed T before the amplitude diverges

by １０Ｓ are also shown.

　　　　　Ａ８actually DAC uses the trapezoidal integration formula, the machine

　　　　　　　　　　　　　　　　　　　μへ

equation for the differential equation. ぷSp"{5.46) is

　　　　Znti°Ｚｎ．キＴｎ'ｈ十今(Ｔｎ － Yn-l)>≫

　　　　刄ｔｌ゛Ｔｈ｀ｚｎ｀ｈ｀を(ｚｎ＾Ｚｈ－１)ｈ

The characteristic equation of this difference equation is

１－　入　（1十令分･）ｈ

－（Ｌｔ弓芒）ｈ 1一入

二　〇

The characterstic roots of the above equation are

　X 1　＝　1/2 i　1 + 3/2 jh 十丙てぷyこ‾‘9/4h2 1

　/2 ( 1+ 3/2 j
匹 ｝

　λ3＝　1/2 ( 1 －3/2 jh ＋ぷて元丁9/4 h2 )

　λ4 = 1/2 ０ -ｚlｚjh －ｙＴヌ丁9/4 h2 }

Neglecting smaller guantities than ｈ２they are obtained as

　λ1　　＝　1－1/2 h2 十jh

　４　° 1/2 h2 ＋1/2 jh

　j3　　＝　1 - 1/2 h2　－jh

　４　＝　1/z h2 － 1/2 jh

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

ＡＳλ･２and　A A are much smaller than λ･ and　２３ｔｈｅsolutions belonging

to these two roots vanish in ａ few steps of integration. The remaining two

rootsλ１　and　λ３　affect the accuracy of the solution. The solution of

eq. (5. 60) is therefore written in ａ similar form to eq. (5.53). It is

Ｚｎ＝ノμ″ｎsm n9'

ダ＝　　t3､ｎ゛1立
　　　　　1-士h2

-143-

(5.70)

(5.71)

(5.72)



The phase error and the amplitude error are obtained ａ８

EＴ･- itぽ17tTiii-t＝士h゛

^A' °ノμ｀Ｆべ三今h5

(5.73)

(5.74)

These errors are calculated for various frequencies of the sinusoidal func-

tion to be generated by DAC and are shown in Table ５．１２

　　　　　　　　　　　　　　　　　　　　　Table5. 12

　　Phase error and amplitude error of trapezoidal integration of eq. (5.46)

'els

number

of steps
in one
cycle

ｈ ＳＴ A Ｎ

・

ｌ 5,000 ４πｘ ｌＯ“４ 0.27xlO'6 1.57×10'9 6,370,000 1.769 hr.

１０ ５００ ４πＸ 10-3 0.27xlO'4 1.57 6,370 10. 6 mm

５０ １００ ２πｘ 10-2 0.66×10'3 1.96 ５１０ 10,2 sec

１００ 50 ４πＸ １０'２ ０．２７ｘｌＯ’
Ｚ

1.57 6.37 0.0637 seC

In this table we see that the sinusoidal wave of５９c/s is generated almost

stably by DAC.　This fact states that DAC is superior to dc analog computers

al8o in computation speed.

　　　　　Theabove discussions are summarized as follows. When an ordi-

nary differentialequation ofｎ th order

ａｏ

where

d"　ｙ

dx dX

(5.75)

(5.76)

Ｓ　● (5.77)

●

１

あ
ヽ
泌

・

●

令

dx

is solved by Euler's integration formula the characteristic equation of the

difference equation is

‘a･。SI゛ａ･c.n-1゛’“｀”゛“゛｀゛■ｎ-13 ゛ a-n ゛∂

入二ｊ

ｈ

Let the characteristic roots of the original differential equation ｂｅへ

＼vhereｋ = 1.2,・・・・.n　　thenthe characteristic roots of the difference

equation are obtained as
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●

Ｓ

４

・

・

　　　　　　　入Ｋ　’１十ＳＫ’h

If we use the expressions

　　　　　　　SK　= OCr ゛j§Ｋ

　　　　　　　入Ｋ’ノμK e J'≪k

we obtain

μＫ°

ｅ

１　＋2 “Ｋｈ　十（“j十βK2）ｈZ

１　　βKh
　＝　tan　‾　　　‘｀-
Ｋ　　　　　　Ｉヤα

Ｋｈ

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

If we define the relative amplitude error ％ａｎｄthe relative phase error

ぞＴ for the transient term of the difference equation concemMng ａ particular

characteristic root　ｋin ａ similar way done for the circle test, they are

calculated as

凪＝ぷｷ篤竺゜晋(βj-ay)･h2

町＝門ぴご旦琵ｘh・(ぐ心･β;)h2

(5.83)

(5. 84)

Similar calculation is performed for the amplitude error and the phase error

of trapezoidal integration of eq. (5.75). For trapezoidal formula following

equation is used instead of eq. (5.77)

S　ｚ　　　-..入－ｊ　___＿

　　　　　い弓(･べ)}ｈ (5.85)

The characteristic roots of the difference equation corresponding to those

of the original differentialequatioふｋ are calculated by neglecting smaller

qualitiesthan ｈ２as follow.

入K1Ξ1十ｓKh十万6k h*

入K2 ° -1 s^h － 1 ｓ;h2

(5.86)

(5.87)

As the second root is very small and the transient term due to this root

vanishes rapidly only the firstroot is considered in the following discussion.

Using the expression eq. (5. 79) and‘ｅｑ．･(5.80)results

μＫ＝

OＫ＝ta.j

ｙ？ヤぐ

(1十び

1゛(ZKh゛ (４？ｘ2)h2
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Finally the amplitude error Ｅχ and the phase error £-f are obtained in

the following approximated formula

臥利を４(μ寺だ)h'４(な-Ｍかみβｘ4)h4}n

E仁縁(びχ2-を/ぐ)h2　　　　　　ご

(5. 89)

(5.90)

　　　　　　Beforeconcluding the discussion let us consider additional characteri-

8tic root introduced by the coefficient multiplier. The operation ofａ coefficient

multiplier ｉ８represented by the next difference equation.

　　　　　　　　　　YII十l‘゛ Y11十ｋ（Ｚｎ “ Ｚｎ-1）　　　　　　　　　　（5°91）

　　　Consider the computer circuit of DAC ｓｈｏヽ。nin Fig. 5.29 which

solves following differential equation.

　　　　　　　　　　ｊ!21 U 十k U　＝　0　　　　　　　　　　　　　　　　(5.92)

　　　　　　　　　　ｄ　χ2・

dU　Fig. 5.29　DAC circuit for calculating

　　　　　　　　　　　　eq,(5.92)

dV

The difference equations of the computer circuit which uses Euler's in-

tegraters are

　　　　　　　　　　　　　　　Un+ 1 = Un十Vnh　　　　　　　　　　　　　　　　(5.93)

　　　　　　　　　　　　　　　Vn+ 1 = Vn - Wn h　　　　　　　　　　　　　(5. 94)

　　　　　　　　　　　　　　　Ｗｎ＋1＝Ｗｎ十k(Un －Un-1)　　　　　　　　(5.95)

The characteristic equation of this set of difference equations is as follows.

１一入

　○

K(l- 女）

　ｈ

１一入

　０

　０

－ｈ

１－７＼、

＝０

(5.96)

Four characteristic roots are obtained from this equation. Since kh

small they are approximately given as follow.
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Ｓ

Ｓ
　
Ｉ

入1三　１ヤ･をKh2十j√Ｋ･h

入2gいをKh2-jヽ/Ｋ･h

入3 = -Kh'

入4＝1

(5.97)

(5.98)

(5.99)

(5. 100)

The third characteristic root is small enough to be neglected and the fourth

one gives ａ constant term. Therefore the firsttwo characteristic roots

are the significant ones. The solution of the difference equation is written

as before in the following form

■where

U＝／μ11ｓｉｎ ｎθ

丿＝百石節節F

e　＝ta･n-'T豊雲?UF‾

The amplitude error and the phase error are

(5. 101)

(5. 102)

(5. 103)

(5. 104)

(5. 105)

　　　　　　Thetime lag caused by the coefficient multiplier increases the errors by

　　　　　　ａfactor of two.

5.5.3　Round-Off Error

　Another significant error of the compution of DAC is the lound-off

　　　　　　　　　　　　　　　　　　　　　　ひ心外t山４

error due to ａ finite length of the registers and the fixed
ぶ:2よ22;

ｏがthe in-

cremental output signals of the computing elements. The round-off error

becomes ａ serious problem especially when the effectivelength of the Ｙ

register is shorter than eighteen bits。

　　　　　　Typicaleffect of the round-off error appears when the solution by

DAC asymptotes ａ finite value. For example when the following differential

equation

dZ

-

dX

十　Ｚ　＝０

χ　＝　０．　Ｚ　＝　Zo
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is solved on DAC the halving time of the solution considerably decreases a8

it approaches zero while that the rigorous solution is a constant. Consider

the integrate r solving eq.(5. 106) shown in Fig. ５．３０･

　　　　　　　　　（ＲＺ　）

dZ

Fig. 5.30　Block diagram of an

　　　　　　　　integrater solving･

　　　　　　　　eq.(5, 106)

As ｄχsignal is applied at each iteration time content ofＹ register is

added into theＲ register and the output from theＲ register subtracts

the content ofＹ register. Let the iteration time be To the time necessary

to subtract the last bit of the Y registerてｉ is obtained as

？j　＝　2“’？。 (5. 107)

because 2J18 time ｓ of addition of 2" 18 stored in Ｙ register to register make

an output from Ｒ register.　Likewise the halving time of the second least

significant bit of Ｙ register てｉ　is calculated

～　　　１～
乙２°ＴＧ

17
because when ２ is stored in Ｙ register ２

.17

　　　　　　　　　　(5● 108)

times of addition of this

quantity to Ｒ register make an output from Ｒ　register which changes the

content of Ｙ register 2‘18.　The halving time of the third least significant

bit of Ｙ register is calculated in a following way.　Initially 2’16 exists in
｡･

Ｙ register.　2 16 times of addition of this quantity into Ｒ register result

an output from Ｒ register and the content of Y register becomes （2’17.＋2’１８）

Another T I /3 seconds are necessary to change/^thﾀi.halvingtime of this

・一一lhﾑﾚ　　　　当込ふ侃よ赳ｙT?こご言６砲帽

？3°(4'゛O ？j
(5. 109)

恥ａ similar way the halving times for the more significant bits are obtained

as follow.
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１

●

い
　
１

ａ

7４＝（寺十告十万十告）i･z

石＝（子十右ｔガヤJ2
J3‘ヤ

心乙ｎ二
ﾀﾞ゜-

　乙Z

か

These values are shown in Fig.　5.31

Xr,

０．７

0.6

０．５

秀 十か f゛-
り

(5.110)

(5.111)

(5.112)

　　　　　　　　　　　　　　　　　　→ｎ

　　Fig. 5.31　Halving times for different

　　　　　　　　　　　numbersof bits in Ｙ register.

As　ｎ　increases these values approach ?;ｌｏｇｅ２　whichis the halving time of

the rigorous solution.

　　　　　　　Theeffect of the round-off error in the computation of DAC is now

discussed in more general case. The dilferential equation
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dZ
-
dX

＝　Ｙ (5.113)

i８ approximated by the following difference equation by Euler's formula.

　　　　　　　　　　　　　　　Ｚｎ＋1　　“吊ｎ　＝　Ｙ㎡ｈ　　　　　　　　　　　　　　（５● 114)

the error of which is only ａ truncation error. Now consider that an inte-

grater is connected to another integrater as shown in Fig. 5.32

　-0.5 h

Fig. 5. 32

Probability

Probability density of the

round-off error.

As Ｒ register of the first integrater stores the remainder of the quantity

stored in Ｙ register of the second integrater the opera!tion of the second

integrater has an error caused by not adding this remainder to its own Ｒ

register. This is the ro＼xnd-of£error.　By considering this round-off error

the variables are written in the following ｗ４ｙ･

Yn　°Ｙｎ豪　十’ＲＴｎ

Ｚｎ･ ゜ Ｚｎ'米 十　　Rjｚｎ

(5.115)

(5. 116)

where　Yn and　Zn　are numbers stored in Y registers, and ^Yn and ^■zn

are those in Ｒ registers.

Obviously Ｒｎ°○(ｈ) (5. U7)

Using these relations the operation of the integrater is described by the

following equation.

Ｚｎ＋1　’Zn
一
一

一
一

ｙｎ膏ｈ

Yn　ｈ’Ｒｔｎｈ
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　　　As ａ particular example let us consider the effect of the round-off error

when

　　　　　　　　　　　　　　　　　Ｙ　＝　－Ｚ

eq. (5. 118)　then becomes

　　　　　　　　　　　　　　　　Ｚｎ十ｌ°（１’ｈ）Ｚｎ　’Ｒｎｈ

(5.119)

(5. 120)

Considering　Zn and　Rn　staitcase functions of time the Laplace transform

of this difference equation is written

[i-(i-h) z"'}Z(s; =-z"'R(S)h

which is solved as

where

substituting

Z（ｓ）＝

－ｚ'１R(s) h

¬

１十(1 - h)z

　－１　　　　-S~o
Ｚ　　Ｚ　ｅ

(5. 121)

(5. 122)

(5.123)

　　　　　　　　　　　　　R(s)゜2"2-"　Rn (5.124)

and　　　　　　　　　　　　　ｄ

　　　　　　　　　　　　　Ｚ（叫　゜Ｊz-n Zn (5. 125)

into eq. (5. 122), we obtain

　　　2″゛恍に

h)Rn-2+R

こjﾔ♂’‰1 +(1-♂’３ R3+ (5. 126)

As Rn is ａ random number with the standard deviation へ　the standard

deviation of Zn is calculated as

入（ｎ）＝ｈ 1 + (l-h)2十(l-h)4.ﾔｰ･･･一十(1-ｈ)211'2

゜ｈ

ｿｺ]ﾋﾞｻﾐぐ二

八〇

When　ｎ is infinite　のヽ(n)becomes'^?V.･、

βｚ °x/EIご八。

(5. 127)

(5十呻

In the foregoing discussion the round-off error is considered 士り■
llJi
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random.　Actually round off error is by no means random but has ａ･definite

form of time function. Generally the round-off error is the difference of

the continuous function and the quantized staircase function.　Although con-

sideration of round-off error ａ８ａ roundom number is allowable in the macro-

scopic discussion of the error, condide ration of the detailed waveform will

be required for explicit calculation of the error。

　　　　　Ineq. （５．１２８）収。denotesthe standard deviation of Rn. This is

calculated ａｓ{ollows.

The distribution of round-off-error 18 as shown in Fig. 5.32,

Therefore

へ
｀。゜ = o,2dh

An example of calculation is shown in Fig. 5. 33, where

　0.Z

　0.Z

　　O

-o.z

・0.４

0.12

0.10

0.08

0.り6

0.04

0.02

　　Ｏ

(5. 129)

－

○＠

ｇ ｅ　ｏ

　　○

　　○

○

　　　○

　●

○

○

　　φ

　　　　　　　　　　　　　　　　　５　　　　　１０

Fig. ５．３３　　Round-off error and

15

the
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Zo　＝１００　and ｈ　＝　０．１

　　　　　Now the round-off error of ａ general linear differential equation ｉ８

investigated. The general liner differential equation is written as

ｄ

-
dX

Y,

T2
・
・・

一

一

　　　　　　　χΥ。 ／

or in vectorial form

(町)

dﾏ
-
dX

Yip

礼

Ft
r2

礼

＝Ａ･マ　。　ｙ

(5.130)

(5.131)

The difference equation by Euler's formula considering round-off error is

ﾏn+1
°
叉1十ｈ（Ａべ’Ａ°貫ｎ’亨ｎ）

(5. 132)

Neglecting F^ to consider only error term and taking Laplace transform this

equation reduces to the following form.

where

[Ｅ － Ｚ“1(Ｅ十ｈＡ)]
マ(6)

= -Z~' ｈ Ａ･r"(s)

→　　　　　　　　→　　　→　　　　　　　　　　→

Y (S)゜２; Ｚ’ｉｌYn ｇ　Ｒ（Ｓ）゜ΣＺ“ｌｌ　Ｒｎ

Solving tnis equation for　　マ(s), we obtain

　　　マ(S) =-z~'-h[E一万１(Ｅ・ｈＡ)]･A-R(s)･，

　　　　　= -z"-li[E^-z‘１(ＥｔｈＡ)ヤZ'2(E十hA)≒,-

(5. 133)

(5. 134)

　　　　　　　　　　　ｔ Ｚ“l｀(E4･hA)゛ｔ-]･Ａ･百(ｓ)

　　　　　　＝-hΣｚ‾゛[E-A-K｡1’(E・hA)/X天｡j‘…-(EthA)""^A-R。]

　　　　　　　　　　　　　　　　　　　　　　　　，　　(5● 135)

Therefore we obtain

Denoting

→‰ ＝-h[八瓦.1・(E・hA)A-Rn､汐･･･-･･ｔ(E・hA)"-)へ･瓦3　(5.
136)

(6゛゛^)7A’(§1y

･

111万万ﾐﾐl)

An element of気ｏｆ eq. (5. 136) is written as
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Yin一一h(011012-…o1Hｽﾐjyh(111112･-liN)･(Hin-2 ＼

‾“‾“""-ri((n-i)ii-べｎ'1)iN)　Rio　　　　　　(5. 138)　　　　　　　言

　　　　　　　Hmq

ＷｈｅｎＲ１６″Ｒ２０″”゛・‘’‘゜･'^N'n-1are considered random numbers of the

standard deviation of　ｌｘ･ｏ the standard deviation of Yin is calculated as

　　収1　in the follov″ing eりlation

(5.139)

As　KI? ｔKi:十－－－一十KiN　i“he i l;ｈdiagonal element of the matrix

　　　　　　　(Ｅ十hA)％･A呼Ｅ・hA)ツ　　　　　　　(5. 140)

八i i8 fi皿11ｙobtained ゛ｓ

　　　　　　　入i＝h入。√写　　　　　　　　　　　　　　　(5● 141)

Where Si　is the　ｉ　thdiagonal element of the matrix

　　A･Aり(Ｅ咄A)･Ａヽが(石＋hA)ぢこ－ｔ(石'哨煩‰゛佃t力がてバ(5. 142)

　　　　Ａ８ an example of application of eq. (5. 141) the effect of the round-off

error of the second order differential equation is estimated.

For this equation

Therefore

dY
-
dX

dZ
-dX

＝　Ｚ

＝，Ｙ

Ａ°（
　０

－１

Ｅ十h A

Ａ･A* ＝　Ｅ

(5. 143)

ｊ１
０

ｈ
ｌ

ｌ
ｈ
じ一
一

（Ｅ十hA) (E十ｈＡ）t＝（1十ｈＺ）・Ｅ

(5. 144)

(5. 145)

(5. 146)

(5.147)

and the diagonal element of eq. (５．140)is readily obtainable as(l十hZ)ｋ・

－154－

ｌ

・

４
゛
―
｀

・

ｊ

●

彝



・

・

Ｉ
ｊ

「

蟻

ｌ

Therefore　　　　　　　　　　　　　　　●

　　　　Ｊz＝ぶ2＝/べ/功り十(μhりｙ一一-一十(i+h')"-'

　　　　　　　　_ji.ﾆ!jぢぶ二！　　　　　　　　　　　　　　　　　　　　　　　　　　(5. 148)
　　　　　　　　　　　　　j!

Finally the standard deviations of　Ｙ and Z are obtained from eq. (5. 141) as

(＼i(n)=i＼z(.n)八正石戸戸７ (5. 149)

In contrast to the previous example of the firstorder differentialequation

the standard deviation diverges as steps ofintegration proceed. In Fig.　5.34

の･,(n)is plotled against ｎ．
1.4

1.2

1.0

　
８
　
　
　
　
６

０
　
　
　
０

　
°
-
ｏ
ｎ
-
＼
.
↑

０．４

０．２

　　　　Fig.　５．３４　Standard deviation of the accummulated error caused by

　　　　　　　　　　　　　rounding-offerror of the Euler integration゜ｆ eq. tb. 143).

　　　　　The round-off error of the trapezoidal integrater is more complex

and will not be discussed in this thesis. Only the effect of the round-off

error written in　Ｚ　transform is shown below.

ﾏcs)=hZ号鐘Zう[E-Z{Ｅ好一徊}A}匹F (5. 150)

５．６　　Incremental Calculus　７３）

　　　　　　　　　The DAC is an incremental computer which executes any computation

　　　　　byincremental calculus. As will be seen in the following examples ａｌ･．､４３ｔ

　　　　　any differentiable function can be generated by incremental calculus.

5.6. 1　Polynomial

f(x)=B>.。十λiX+3l2X% 。十χｎχ11

－155－
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By successive differentiation■weobtain following equations.

f(o)＝１-・，

ﾀﾞ(oドー1

af = f'dx

df'=f"dK

- 一 一 一 一 一 一

t;i7Sy=ぶTjlj aヽiヽ-1，d岬'1)吋(ll)(ｘ)dｘ

１

(5. 152)

By using these relations the computer circuit for generating eq. （５．15) is

obtained as showm in Fig.　５．３５．

df(ｘ)

df

‐
‐
‐
‐

df″

df(n-2)

dx

Fig.　5. 35

DAC circuit for calculating eq. (5. 151)

5.6.2 Rational Function

　　　　　　　＿ａ､。ｔλχt－－－一一一一一一-+-2k.TnX'"　Ｍ(幻
　　　　　4:(ｘ)－b。゛b

iX ｔ
－－一一一一一一やbnX"　う丁石

　　　By differentiating. we obtain

df＝

ｄ（

１
－
Ｎ

！dM
-

Ｎ

）＝

　　　１
Md(-)

ｌ

-　　dN
Ｎ２

(l(？)゜‾Ｗ(1(盲)

１

(5. 153)

(5. 154)

As M(X) and Ｎ (X) are obtainable by the circuit of Fig. ５．３５ｆ(X)is

calculated by the circuit of Fig. ５．３６。
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5.6.3　Coordinate Transformation

df(ｘ)

　　　　　　　Fig. 5●３６

DAC circuit for calculating eq. (5. 153)

　　　　　Thecoordinate transformation which is frequently necessitated in the

fire control system and the tracking devices is one of the favorite tasks

performed by the incremental calculus.

（ｉ）　　Transformation from Two -Dimen sional Polar coordinate to Rectangu-

　　　larCoordinate.

　　　　　　　　　　　　　　X =r c:05 e

　　　　　　　　　　　　　　7 = r Sin e　　　l

By differentiation V/e obtain

　　　　　　　　　　　d叉こdr COS B-y de

　　　　　　　　　　　dy ゛dr sin ｅ･t-xae
　　　　　　　　　　　dCCOS ｅ) =-sine･de　Ｉ
　　　　　　　　　　　dcsine)こcose・de

These relations are representable by the circuit of Fig. 5. 37

dx

dy

(5.155)

(5. 156)

Fig.　5.37　　DAC circuit for coordinati:;
　　　　　transformationfrom two-dimensional

　polar coordinate to rectangular coordinate.
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(ii) 　　Transformation from Two-Dimensional Rectangular ＣＯ､ordlnateto

Polar Coordinate

　　　　　　　ｒタ　√？７戸

　　　　　　　ｅ＝ｔａｊ普

By successive differentiationwe obtain

　　　　dr・dx cos e十dy^ine

　　　　ｄＯ･Ｊ雫旦ｄｙ一旦乎旦叔

　　　　ｄ(苧りニー叫斗鮒川竹cose

d(ｊ響)＝do(円μ)td吽)6uie

d(十)こー(十)2d｢

d牡牛乱(十)

(5. 157)

(5. 158)

　These relations are representable by ten integraters and four adders.

(iii)　　Transformation from Three-Dimensional Polar Coordinate to

　　　　RectangularCoordinate.

χ　＝

ｙ　＝

Ｚ　＝

「

「

「

sin ｅ COS　φ

sin ｏ sin φ

COS ｅ

Successive differentiation leads to the following set of equations.

dx　°d I" sin 0 cosﾀS十d e ｚ ｃｏｓφ－ｄφ　ｙ

ｄｙ＝　ｄ Ｆ sin ｏ sin β十d e z ｓinﾀ5十ｄφ　ｘ

dz　＝　d Y cos 9　－　ｄ ｅ・ 1"sin e

d(sin ｏ COS ﾀﾞi)=de cose‘ＣＯＳφ－ｄφSine･Ｓはφ

ｄ(ｓine ｓinφ) =:d6 cose ゛Smφi‘dφSine°C05φ

d(cos ｅ　ｃｏｓφ)=-de3in9-co芯φ－dβcose･Siti^

d(cos o sin φ) =-d0SirLe-Si叩十dμOSe･COSφ

d(４　　　ｃｏ印)＝dｚ co5φ-d02: Sinφ・

ｄ(Ｚ　　　ｓin¢) = dz SinφｔdφzCOSsβ

ｄ(　COSφ　) =-di6sin0

－１５８－

(5. 159)

(5. 160)
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d（　sin　φ）＝　dφ（:OSφ

d(f- sin ∂）＝dトＳｍｅ十dO･乙

d( cos d　) =-desine

d（　sin e ) =　de cose

ｊ

By twenty-six integraters and ten adders above relationp are representable.

(iv) 　　Tracking Problem in Two-Dimensional Space

　　Rectangular coordinate (x, y) is to be calculated from r. and ｒＺ

in Fig. 5. 38,

ｙ

し石二回耳ア

し八７百丁戸

＼
　＼

　　＼

　　χ

(5.161)

Ｆｉｇ･・5.38　Tracking problem in
　　　　　　　twodimensional space.

Ｉ
ｉ
’

Rewriting these equationsleads to

　　　　　　ｘ＝☆（ビード白

　ｙ‰士（占に）－ｘ! Lj

By successive differentiationthe following equations result

－159－

(5. 162)
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"These relations are representable by the computer circuit of Fig. 5.39

ｙ

Fig.　５．４０　Tracking problem in three

　　　　　　　　　dimensionalspace.

Fig. 5.39　DAC circuit for calculating ｘ and ｙ

　　　　　　　　from rl and ｒ２　by eq. (5. 162)

（ｖ）　　Tracking in Three-Dimensional Space･

　　　Referring Fig. ５．４０following relation holds

ﾄj ==こχ2十ｙ2十ｚ２

ｒ
２
２＝（ｘ－Ｌ）２ｔ ｙ２゛乙2

r32＝ｘ2々（ｙ－Ｌ）‰乙２

Rewriting the above equations leads to the following relation.
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By successive differentiationwe ｃａｎ･derivedx, dy　and　dz　from

dr., drz,　and dr3　in the following equations.

ｄｘ＝と(rldr1－りｄり)

ｄｙ二子･(りr1－らｄり,)

d(ｚ２)＝2脱眼-xdx.-ydy)

(ｌｚ＝五ｄ(ｚ２)

ｄ(告)＝－(郵^dz

d冊）2卜号ｄ（士）

(5. 166)

　　　　　These relations are represented by ａ computer circuit composed of eight

　　　　　integraters and three adders.

５．７　　Concluding Remark

　　　　　　　　　　　Anoutstanding advantage of DAC is the simplicity of the control

　　　　　circuits. The individual computer elements operate by nothing other than

　　　　　thepo'wer supply, the clock pulse generater and the timing pulse generater.

　　　　　Inthis respect DAC is particularly suitable as ａ control computer for which

　　　　　theproblems solved may be relatively limited. In the general purpose digital

　　　　　computer the machine capacity is of considerable scale whereas DAC can

　　　　　bebuilt in any size depending on the calculation wanted to perform･

　　　　　　　　　　　DAChas also ａ promising field of application where large scale ana-

　　　　　１０ｇcomputers are currently employed. The higher precision and higher

　　　　　computation speed of DAC will replace analog computers in those fields

　　　　　where financial problem is less important.
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　　　　　　　　　　　　　　Conclusionand Acknowledgement

　　　　　　　Thevarious ways of applying the analog computer to the problems of

　science and engineering which had been developed by the author were de-

　scribed in the foregoing chapters. Also described are the dynamic properties

　of analog computer elements. Specifying the dynamic property of ａ computer

　element is especially important in ａ certain problem where the system ana-
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　author in order to use them for ａｎ∂lyzingspecial problems which have been

　unable to be solved with usual computer elements.

．　Inshort this thesis treats various aspects of the analog computer technique

　which purposes solution of various problems by means ofａｎこlogcomputer

　and the problems concerning the analog computer elements. Instead of ra-

・　pid evolution of the analog computer as ａ hardware ａ deliberate preparation

　of the softwares has been left behind. The author's study on analog com-

　puters has always been carried out on the side of the software. that is, con-

　sidering and analyzing physical system in terms of analog computer.

　This is what we call analog computer technique.　The results described in

　this thesis not only have been proved useful in actual analysis of the problems

　in the past several years in Tokyo-Shibaura Electric Co., Ltd. to which
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　in the future.
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