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General Introduction

The electronic computer has its source during the World War II and has been developed
towards higher accuracy and more flexibility in the operation, to find wider field of applicat-
ion in science and technology. The present prosperity of the analog comp;xter could never
been supposed in earlier days, when discussions were mainly on comparison of the analog
computer with the digital one as to the accuracy of computation, ease of programming, com-
putation time and so forth. Those discussions originated in the concept that the analog
computer is a calculating machine same as a digital computer though the concept was soon
found inadequate. With increase of familiarity with computers, the essential difference
between these types of computers became obvious. As to the analyst the calculating ma-
chine is in open loop condition whereas the analog compute_z; is in closed loop. In other
words the calculating machine is used merely to get a result of computation in a way
agsigned by the analyst. The result of computation by the analog computer, on the other
hand, affects the analyst in determining parameters of computation for next runs, There-
fore it is preferable to consider the analog computer as a simulator rather than a calcu-
lating machine. The simulator is a hardware possessing analytical structure identical
with physical system consideréd. With the simulator one can perform expe,rknents,
which are sometimes unexzcutable in actual systems and t.hrough which one finds hidden
properties of the syscem which were not revealed before the experiment,

Nowadays analog computers are widely used as simulators. Important problems with
a simulator a~e not precision of the individual components but dynami;: pro.perty of the
computing elements and stability of the computing circuit. Also important is the way of
representing physical system with the simulator., The research in these problems is
necessary both for designing analog computers and anzlyzing the problems with analog
computers.

From 1956 to 1960 the author worked for designing and building a large scale dc analog
computer the TOSAC I and II in Tsurumi Research Laboratory of Tokyo - Shibaura
Electric Co., Ltd.l;z) He also worked for applying those to solving various problems of
electrical engineering in the Company?) During the course he investigated dynamic
property of computing servomechanism, developed new computing elements, established
a gereral theory of the nectwork simulation with analog computers, and developed new

techniques of analysis with analog computers.



Much accuracy was desired in the analog computer calculations with expansion of the ap-
lication field of simulation technique. The flight srimulation and the nuclear reactor simu-
lation now require hundreds of computing elements. Even the highest precision and sta-
bility of the computing elements by analog technique are still insufficient for these large
scale simulations. So the use of digital technique is almost unavoidable. In this respect
attempts to simulate the analog computer on a large scale'general purpose dligital computer
by the program became popular. 4) 5) The author revealed, however, a new wa.y of making
fhe digital computer approach the analog computer. This is the Digitalized Analog ‘Com-
puter, or the DAC in abbreviation. Since 1960 he has been involved in the study of the:
ssrster;l of the DAC and worked for designing and building a model computer the DAC - I.
D\;.ring the course of research he established logical structure of computing elements and
founded the theory of truncation error as well as round - off error produced with the DAC
in solving differential equations. Also done was the study of incremental calculus, which
makes the basic operation of the DAC,

The present thesis describes results of the author's research in the analog computer
techniques, The thesis is divided into five chapters.

Chapter 1 deals with the programming of the analog computer for solving the responé.d
of electrical networks. The block diagram approach for programming analog computer to
solve electrical networks, which was developed by the author and has been extensilWely
used in solving actual problems, is not a straightfoward method. To complement the
block diagram approach the theory of netowork simulation is investiga;ted. "According to
this theory, one can readily discrimmate whether the given network is representable on the
analog computer or not. A method of directly obtaining analog computer circuit of given
network is also described.

In Chapter 2 analog computer elements developed by the author are described.. Those
are the patch - boards, the computer for loading effect correction of potentiometer, the
variable time delay element by Strdger relay and the automatic test equipment for the
analog computer. These elements were developed from the need in actual analysis of the
problems by the analog computer and have proved their extensive usefulness. The time
delay element of the analog computer is still unsatisfactory at the present time despite
the fact that many types of time delay element have been developéd by many people.

What is necessary in this circumstance is to discern which type of the time delay ele-

ments is more preferable for the particular problem to be treated. In this chapter a quantity
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for evalvating the time delay element is proposed and is. shown for different types of the time
delay element.

Chapter 3 is devoted to the study, from three different aspects, of the dynamic property
of computing servomechanisms. The first is the frequency response of the servomechanisms,
Usually the desired specification for a computing servomechanism is the maximum frequen-
cy of the sinusoidal input signgl of certain amplitude to which the servomechanism can follow.
The author related the phase plane locus of the mechanical system under simusoidal motion to
the speed - torque curve of the two - phase servomotor and showed the optimum gea:r ratio -
necessary to obtain the specification. The second is the study of the way of representing
transfer function of ac servomechanisms based on the transient response. A new way of
describing the transfer function of ac servomechanisms is obtained and is applied to the
design of ac compensating networks and proved its particular usefulness. The third is the
study of the transfer function of the chopper - modulated circuits which plays significant part
in dynamic property of the servoamplifier. Because the chopper - modulated circuit is a
périodically interrupted electrical network, the calculation of the transfer function needs
new mathematical procedure. A simultaneous difference equation describing the change of
the voltages across the capacitors and the currents in the inductances at a certain time
during each interruption period is derived to obtain the transient responses of the periodically
interrupted electrical network., Inderiving this difference equation, an approximation to
replace continuous waveform of the input signal by the staircase function is introduced.

The transfer function of the chopper - modulated circuit is obtained by applying the Z
transform to this difference equation. The traﬁsfer functions of general nonresonant and
resonant chopper - modulated circuits are calculated for two typical chopper circuits after
they are obtained. An analog computer analysis performed during the course of study has
shown a fine example of analog computer techniques usihg special computer elements.

Chapter 4 is about the new techniques for analog computation developed by the agithor.
Those include a.T{Lthod for obtaining the frequenay response from the transient response,
caiculatioﬂ of the fault currents of the circuits including mercury rectifiers, automatic
programming of analog computer applied to two - point boundai-y value problems, and a
method of calculating transfer functiox;xs of noisy processes by using the delay line filter.

Chapter 5 describes the studies of the Digitalized Analog Computer (_DAC). i. e.

system design, logical design, a model computer DAC - I, accuracy problems of the



‘computation with the DAC, and the incremental calculus. The DAC is a parallell type digital
differential analyzer with the 'ac.:curacy of one millionth and the computation speed of 0,2

milli - seconds for each step of integration, Although the mathematical operation of the DAC
is completely digital, the computer elements of the DAC quite resemble those c;f the analog
computer. The computer elements are the integrator, coefficient multiplier, adder, multipiier
etc. They are connected each other on the patch - boardi :th wires just like the analog
‘computer. According to the consideration that the DAC is an analog computer, the solution
of the problem is made to be obtained on the pen - recorder. What is required for solving
differential eguations is not.a series of numbers of many digits but the shape or the waveform
of the solution. In the DAC the operation in individual computer element is with very higi'x
accuracy while the accuracy of the solution displayed is with that of the analog computer.
Although the error of the computation with the DAC is small, it has a close relation with the
?:omputation speed, which‘is sometimes important. Generally the error increases as the

computation speed is made larger. The computational error of the DAC is divided into the

e

truncation error and the round - off error. In this chapter the mathematical formulation .

is given both of them by means of the Z transform. ' s
The content of this thesis which is briefly described above is based on the articles of the

author, which were published in the Journal of the:ir_lstitute of Electrical Engineers of Japan,

Proceedings of the Joint Conference of Electrical Engineering Societies of Japan, Toshiba

Review, Automatic Control, and the Proceedings of the Internatioﬁal Analogue Computation

Meetings and were supported by many readers.



1.1

Chapter 1

Theory of the Simulation of Network on the Analog Computer
Introduction

The basic operation of the differential analyzers such as electronic analog
computers, eletromechanical differential analyzers, digital differential analyzers,
and differential equation atna.lyzingv routines of the general purpose digital computer
is the integration. As any ordinary differential equation of single ’%,(-a.riable is
solved by integration it is solvable by the differential analyzer. But there is a set
of problems where integration is not always applicable.

The problem of the electrical network is an example where the circuit equation

is a simultaneous differential equation. Should the differential equation of a single

- variable be, derived from this simultaneous differential equation the coefficients

of the obtained differential equation are complex functions of the circuit parameters

and initial conditions.. If, as is usual, we want to find solutions for many combinations

of these parameters by the differential analyzer this kind of equations is extremely
inconvenient. For solving the network, therefore, the method of the network
simulation by which the network is transformed into a block diagram 5) (or a signal
flow graph) to be represented by analog computer elements is preferable to the
differential equation method.,

The simulation of networks on theofﬁélog computer was first introduced by the

" author in 1957 when the theory was not completed.b) At that time we had to rely upon

the trial - and - error method for finding the block diagram which is realizable by
the analog computer, that is, containing no differential operation. It is not always
possible to construct a unique block diagram containing no differential operation in
it or to obtain one.

A solution of this problem was once given by Hi;;-a.yama.:l) According to Hirayama
the differential operator is elimina‘tod by introducing an amplifier with an infinite
gain representing an infinite resistance. From the view point of analog computer
circuit this solution is not at all different from that using differentiator.

Therefor.be this cannot be t'he solution of the present problem.
As the differential analyzer is not equiped with the differentiator differential
operation should not appear in the block diagram. Although the analog computer

is not unable to make differentiators, they cause noise amplification and instablility



in the analog computer circuit and their use should be avoided by any m=ans. As-the
result finding the block diagfam of the given electrical notwork containing‘ no differ-
ential operation is required

The author has developed a general theofy of the network simulation to find under.
what conditien is or is not the simulation of the network by the analog computer possible,
He has also shown a straightforward method of building the analog computer circuit |
simulating the network once its existence is proved. The followings are the details:
of the theory and the examples.
Signal Flow Graph of the Network

Although the network we are going to discuss is limited to.the electrical network
the following theo_ry also applies to mechanical, thermal and any other networks.
In those non - electrical networks the words inductance, capacitance and resistance
may be replaced by proper terms.

As the first step towards the theory of the network simulation the method of
transforming the network into the block diagram is studied. The network of Fig.
1.1 (a) is one for which the simulation is

possible, Denoting the currents and the

voltages of the network as shown in the

circuit diagram the block diagram of the

network is constructod as shown in Fig.

1.1 (a).
The network of Fig. 1.2 (a) is an

example for which the simulation is not

possible. By any means the block -(_,L<}J '

(c)

diagram of this network becomes one
Fig. 1.1 Block diagram

similar to Fig. 1.2 (b) which una- Approach of net-
work (b) block
voidably contains differential op- diagram (c) analog

computer circuit.
eration, Thus the possibility of the

network simulation depends on the
configuration of the network and it is
often laborious to make out the

bossibility by trying to build many
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block diagrams for the given network.

¢
There are more than one block-cliagrams

fcr one network., Even when an obtained

block diagram cannot be simulated there might ‘l

) !

- e,
be other block diagrm; which are simulatable. - L7 [i,O7] LeP *_ A -7 R
el

|

It is therefore quite important to have the

criterion of the possibility of the network Fig. 1.2 Example of a network for

8)'9) 10) which the simulation is
impossible; (a) network
(b) block diagram.

simulation.

Network Simulation
.Consider an electrical network ha.vir'xg no isoiated part e;nd consistir;g of the follow-

ing elements. ( In case mutual inductances exist in the criginal network they should

be removed by equiv.a.lent transformation of the network. The negative self-inductances

are permitted in tke followaing discussion.,)

C capacitances C 1 CZ' I o)

c

L inductances Ll, LZ, """’Lc
R (=R 1+R2) resistances Rl, RZ, ......,RR1
Ky Ry «oooo,Bpla

E voltage sources El, EZ. """’Ee

) current sources Sl, SZ, ceeees;Sg

Denoting the voltage - drops and branch currents in these elements ¢ and i re-

spectively, the relations between them will be represented in the signal flow graphs

of Fig. 1.3, Notice that the differential relat-

ion is excluded. For the resistance the direct-
ion of the signal flow is unrestricted. The
direction of voltages and the currents in the
voltage source and the current source are defined

as shown in Fig 1. 4,

Now if the simulation of this net-

work is possible the overall signal & R_§

ilow graph of the simulation circuit .
Fig. 1.3 Signal flow graph representation

will be shown aSFig. 1, 5. of the circuit elements.
The differentiations are
The I - and © matrix circuits excluded.

represent the first and the
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second Kirchloff's laws respectively: that is, these
matrix circuits are defined by the configuration
of the original network. Although the voltage

drops of the current sources and the branch

curr ents of the voltage sources are meaningless _1

they are included in the signal flow graph for the
Fig. 1.4 Signal flow graph

convenience of the discussion. representation of
the voltage source M
It should also be noted that the resistances and the current source

are divided into two groups R and R! in

building signal flow graph.

R, ’ R,
————— O] -—-OE{, E, o—] ¢/, 1R, i
s ces : = !
The principle of classifying - H i 2 o -
B - Eo—d § |26 1B tm
the resistances will be o § i e e | 3 |l lep 4
: : x :
: : . 2 ' Ly
explained in the follow- _:ff ‘e, 1Cep e | 5 |l LI
o R, Ry R Zd Ser
ing sections. As shown ,Z al '
— R Ry Rent w S ¢
2,
in Fig. 1.3 resistances of
R group are considered gt
elements converting Fig. 1.5 Signal flow graph of a general
electrical network. :
currents into voltages as
capacitances do and those of R group are censidered elements converting voltages
into currents as inductances do, From the above discussion it is concluded that.
"The network simulation is the construction of I - and E - matrix circuits for a given
network, "
Connection Matrix and Mesh Matrix
The I - matrix circuit defines Kirchhoff's first law. The input signals of the
co s : : - ' R. \ R; ,
I - matrix circuit are the currents in resistances of R' group iy iy "eeeeees
’ ?
. X : L L; '
Ri' the currents in the inductances Li' i'y eeeeeey TH! and the currents
RZ, l" 2: I—‘l
of the current sources 5; S, ....., Sg Those are written in this order as
’ ’ .
iyt 1t e, iMN Output signals of the I- matrix circuit are the currents in
’ .

the voltage sources Eil, Eiz, cereny EiE’ the currents in the capacitances

cil;"cic,' and the currents in the resistances of R group Ril, Riz’ ceases RiRl.'

Those are written in this order as il,' i2 creeey lN
. tH] L]

As the number of the ?t]iodal equations due to the Kirchhoff's first law is that of



the independent nodes of the network N, there are N output signais for the I - matrix
circuit. (There are N + 1 nodes for an unisolated network in total.) For the
network which has no isolated part the next relationship concerning the number of
branches B, the number of independent meshes M and the number of independent nodes’
N always holds. 11)

M+N=B8B (L.1)

The number of input signals to the I - matrix circuit is, therefore, M. The equation

describing the relation between input and output of the I - matrix circuit is then

i) = (L) iy
o (1.2)
iZ ip!
4 | lN . iMl
LI (Iig) is a matrix of N rows and M columns and the elements are eithor 0, 1

« A
or -1, As is obvious from the definition of 1i],iz2, . ...,inN am_ék 11' 12' csieny
’ ’

iM! the following relations exist among the numbers of the elements of the network.
The E - matrix circuit defines the relation among the voltage - drops of the branches
of the network determined by the Kirchhoff's second law, The input signals to this matrix

188

circuit is~then

eq! = ( Eij) ey
1 (1.4)
ez e2
.
- . .
eM' eN

( Eij) is a matrix of Mrows and N columns and the element are again either

0, 1 or - 1.



Now the nodal equations of the network are written in a single equation as

( Dij) i1 =0, (1. 5)
i
iB
where i, i2 «e..., ip are the branch currents and ( Dij) is the connection matrix
’
of which elements take value of either 0, 1 or -1, 12)
(DIJ) = Dll D].Z"""""DIB (1.6)

D21 D22 «ceeeeve.. Dop

| D1 DNZ .........DNB
The element of the connection matrisc , Dij, is 1 when jth branch current flows into the
ith node , -1 when it flows out of that node and is zero when the jth branch.is not
connected to the ith node.-
To explain the connection matrix by an example the electrical
network of Fig, 1.6 is shown. Assigning numbers to all branches
and all independent nodes as shown in the figure the following ,

connection matrix is obtainable,

{Dij) = [-1 -1 o o o o o o o

L 13 (i)q,’_

o o o=-1 o o o 1 -1 Fig.lé Electricailnet-
work for which

The relation among the branch voltages of the network number nodes is
o denoted (1), (2), ..
determined by the Kirchhoff's second law is represented by number of branches
bY 1a2,--.,and
the following matrix equation. number of meshes
by 1, 2,....
(Rij) [ e |\ =0
ey (1.8)
°B

-10-



where e],

e2,

¢eess., €p are the voltage drops of the branches and (Rij) is the

mesh matrix wlich is .

Rij is 1 when j th branch is connected clockwise in the i th mesh, -1 when it is

connected counterclockwise in this mesh, and is zeso when it is not connected in the

(Rij) = Rll RlZ"""""'RlB

R.Zl ) RZZ s e esoe s RZB

Ryl Bypgp cooeveer Ryp

(1.9)

i th mesh. As an example the mesh matrix of the network of Fig. 1.6 is given below,

The branch currents il, iZ, ey iB are related to the mesh currents ctg'_r’entS'Il
)

(Rij) = -1 1 o o 1 o o

o o o o -1 1 o

o o o -1 o o o

ey IM by the mesh matrix as

because a branch current ij is the algebraic sum of the mesh currents; that is

A Ad"
aij is 1 when Ij flow} along the i th branch, -1 when it flowd against this branch,

i1 = (RijIt| 1
i | I,
ip L

i, = ¥ aij Ij

i=1

(o]

(o]

(o]

and zero when Ij does not flow through this branch. Therefore

Bij = Dji

From eq. (l.11) and eq. { 1.5) we obtain

(Dij) . (Rij)® = o

(1. 10)

(1.11)

(1. 12)

I, -

This relation connecting the mesh matrix and the connection matrix is useful in deriv-

ing the relation between the I - matrix circuit and the E - matrix circuit as will be

shown later,

—-11-



Condition for the Network Simulation

As was. pointed out already by the example of the network of Fig. 1.2 the simulation
of the network is not always possible. The condition that the network simulation is‘
possible is now investigatrd. As stated in Section l.3 the network simulation is to
define I - and E - matrix circuits. As will be shown in later section the E - matrix
circuit is uniquely determined by the I - matrix circuit.B) Therefore the condition
for the possibility of the network simulation is the existence of the I - matrix circuit,
The problem is whether eq. (1.2) can be derived from the nodal equation eq.(1,5) or
not.

The nodal equation eq. (1. 5) is rewritten in the next form recollecting eq. (1. 1)

and the way of dividing branch currents into groups of i and those of i’
/D“ Dyg eeveseeeee Dy DYy D'y LDy /11 =o
i 1,13
D2) Dy eeeevvvnaas Dy D'y Doy eevwe D'y i (1.13)

. . . . . . 1N

Dy DNZ""""“DNND'NI D'NZ""'D_'NM :i.'1
i
2
i'M

The matrix (Dij) is here divided into two minor matrices D] and D, which are

D, = Dy, Djpeeeveveses Dy
1. 14
Dy) Dpp eevenennss Doy (1.14)

DNl DNzo..-----.. DNN

DZ = Dll' D].ZI""'°"'D'1M
' (1. 15)

D‘Zl Dlzz 8 00 80 0 00 Dle

R R I R A A A A S Y SO I

D'N]_ D'NZ ses 0 e D'NM

Eq. (1. 13) is then written

—12-



(1. 16)

in iy
The necessary and the sufficient condition that this equation is solvable for 'il, iz. coes
iN is that D, is regular , or
Det D} % o (1.17)
when this condition is satisfied, multiplying Dl_l from the left and rearranging give
eq.(1.2). (Iij) is then written
(1) = -DI'I.D2 (1. 18)

Now we attained a new statement concex.'ning the condition of the network simulation;
the necessary and the sufficient condition that the network simulation is possible is that a
regular matrix Dj is obtainable from the connection matrix of the network (Dij).

The next problem to be studied is the connection of this condition to the configuration
of the network.

The matrix Dj is a square matrix whose columns are those of the connection matrix
representing the branches of voltage sources, capacitances and resistances of Rgroup.
It is therefore necessary that there are R] resistances satifying eq. (1. 3).

In other words it is necessary that the number of independent nodes is not less than the
sum of the numbers of voltage sources and capacitances of the network and not larger
than the sum of. the numbers of voltage sources, capacitances and resistances.
The voltage sources, the capacitances and the resistances are named eligible branches.
This is written in the followirg theorem.
( Theorem 1,1) To be possible to simulate a network on the analog computer it
is necessary that the following inequality is satisfied by the elements and the con-
figuration of the network.

o<N - C - E<R (1. 19)

As this is a necessary condition the simulation is obviously not alwayé'possibm
even when ineq.(l.19) may be satisfied. This theorem is, however, usef%i for

identifying networks for which the simulation is impossible. The nctwork of Fig. 1.1

for example , satisfies ineq.(l.19) because

-13-



while that of Fig. 1.2 does not, because
N =3 E =11, C€=9 R =1
N-C-E = 2>R
Thus we can prove that the latter network is unable to simulate as was inferred in '
Section- 1, 2,

When ineq. (1. 19) is satisfied by a network at least the matrix D, exists for this
network although the regulari{:y is yet to be tested. Once a regular matrix D is
found by taking suitable Rl columns out of R columns of the connection matrix
related to the resistances of the network, the simulation of this network is possible,
After investigating the condition that D; is regular the following lemmas were
obtained.

({ Lemma 1,1) 1f any branches which are members of N branches composing
columns of the matrix D) make a mesh, then D, is not regular.
( Proof) Assume that the first. n- of N

branches make a mesh as Fig. 1.7. D; is then written as

. L~ |
D) = [-1 0o «ev0e 0 1 x...0x (1.20) m ~
. : n= 2

1 -1 .,.00.0 O X.,.o.X '

J2
0 0 ..... 1 -1 x...0x ' — @

3
O O ..0.0 0 O X.sea X Fig. 1.7 A Mesh for which
' det. D; is always

es e e ssesese s s s s ecesss e zera
O O 4ev4s0 0O O Xoewse X
As the sum of the first n columns results a zero vector det D) is zero.
( Lemma 1,2) If N b.ra.nches composing columns of the matrix D) make a

tree 14)

, then D; is regular,
( Proof)) 'Aséume that these N branches make a tree such as shown

in Fig. 1.8. The branches which are the ends of the tree are numbered 1.2 ..., n.

The matrix Dl is then written
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n N-n
D; =1 o0..00.0 9.... 90"
0 1l.40000 ©0....0
(1.21)

L R R N R N O Y

X X eeeee X Fe—=—==q
: l

ssesssanenae : D'l:

X Xaeeees X {_ _____ 3 Fig. 1.8 Tree for which D,

is always regular.

The n th principal matrix being unitary whereas remaining nonprincipal minor
mat.:rices are zero matrices. |
Therefore
det D; = det D'’ (1.22)
Dl' is the connection matrix of the tree which is obtained by'remo_ving n end"
branches of the original tree. By continuing the process of removing end branches
from the tree a star is finally obtained. The star is a set of branches connected at
a node, If this no.de is the unindependent node of the original network the connection
matrix 6f this star takes the next form

Dy =4+ 1o .civeevnnn oo

+

. o

I
L . 4 |
and if an end of this star is the unindependent node of the original network the
connection matrix takes the next form

D' = Y1 0 iiiiiiiii o0

o X1 ........il0

Ll WA TP, 3 |
In either case det Dl' ist 1, Consequently
det D = r1 % o (123)

Thus Lemma 1,2 is proved,

The inverse of this lemma is also true as is proved by Lemma 1, 1,

Obviously the number of nodes of the tree made from N branchesis N + 1
which is same to the number of nodes of the origianl net'work. Therefore that the

N branches mé.ke a. tree is equivalent to that all nodes of the network are connected



together by these N branches, which are the voltage sources, the capacitances and
the resistances. This is written in the following theorem.

( Theorem 1.2) The necessary and the sufficient condition that the simulation
of a network by the analog computer is possible is that all nodes of the network are
connected together by all of the branches composing N columns of the matrix D,;.

In the network of Fig. 1l.1l, for example, four.nodes (1), (2), (3), (4) and (5) .
are not connected by the branches of 1, 2, 3 and 4. This network is therefore
»unable to simulate. In the network of Fig. 1. 10 nodes (1), (2), (3) and (4) are
connected either by the branches of 1, 2 and 3, ‘by thbse of 1, 2 and 4 or by those of 1,
3 and 4. Dj is regular for this network, In special networks where an inductance
is connected in series to a current source this junction is isolated from other nodes by
eligible branches (voltage source, capacitance or resistance) so that D] is not
regular irrespective of the rgmaining'pa.rt of the network. Similarly when the network
contains a capacitance convnectedAparallel jwith a voltage gourée D) is not regular as
this makes a mesh in eligible branches ( Lemma 1. 1) N

Summarizing theorem 1, 1 and theorem 1.2 the coﬁdition that the simulation of a -
network by the analog computer is possible is stated as follows.

"The necessary aﬁxd the sufficient condition that the simulation of a network by the
analog cémputer is possible is that the sum of the numbers of the voltage sources
and the capacitances of the network never exceeds the number of independent nodes
and all nodes of the network are connected tquether by all of the voltage sources, | all

of the capacitances and the (N - E - C ) resistances. "

EX.1.1 For the network of Fig. 1.9 following T T T e )
i unu
relation exists. g
o | ? UE
N-C-E=4-2-1-R T
The eligible branches are 1, 2, 3 and 4 which connects five Fig. 1.9 Electrical ’
network, The
~ nodes together, so that the simulation is possible. Actually D, is simulation is
possible N
regular as
det D; =y-1-1l0 o = -1 * o
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1.6

Any two of three resistances 2, 3 and 4 connect

EX. 1.2 For the netwoirk of Fig, 1.10°
following relation exists.
N-C-E= 2<R

6
This satisfies ineq. (1. 19) of Theorem 1.1, g | te “ lo

Fig, 1,10 Electrical network,
The simulation is
possible but not
uniquely determined.

four nodes together with branch 1, As the matter
of fact three regular Dl matrices are obtainable

from the connection matrix of this network which is

(Dij) = [-1 o o o -1 o o
o 1 -1 o 1 -1 o
o o 1 1 o o 1
Theya:z.'e
D; =/-1 o o}{[-1 o0 o and -1 o o
o 1 -1 o -1 o o 1 o
o o 1 o 1 1 o o 1

In this case the siraulation circuit is not uniquely determined.
EX. 1.3 For the network of Fig, 1.11

following relation existd.

N-C-E= 1 = R

This satisfies ineq.{1.19). The five nodes are not oy 2

connected tegether by eligible branches 1, 2, 3 and 'l %

4. The simulation of this network is not possible,

In fact D} is not regular. Fig. 1.11 Electrical network

The simulation

is impossible as
branches 2, 3 and
4 compose a mesh.

det D1 = -1 ) o o

1]
(o]

o -1 -1 o

Finding ( Iij ) by Sweep - Out Method

~ Once the condition for the simulation of a network is satisfied the I - and E -
matrix circuits exist for this network., The method of obtaining these two matrix
circuits is now considered. The problem is how ( Iij ) and ( Eij ) are to be derived |

from ( Dij ).

-17—~



( 1ij ) is already obtained in eq.(1l. 18). It is preferable, however, to use the
sweep-out method for oblaining ( Iij ). As was dbne in Section 1.5 the connection
matrix is separated into two minor matrices D; and D,. As every column of the
connection matrix does not contain more than one 1 and -1 respectively besides o,
adding a row having -1 in the first column to one having 1 in the same column results
. only one -1 in the first column. The row having this -1 in the first column is now
transferred to the first row. In case the first column does not contain 1 and -1
together but either one of them, we merely bring the row having it to the first row
after changing the sign of this row if it is 1.

We proceed next to the second column and add a row having 1 in this column at
the rows other than the first to those having -1 in the same column. By repeating
the similar procedure to the N th column a matrix of which first N columns make a
diagonal matrix of -1 is obtained. It is like

-1 O Ooeaees O X]] X]2 eeees XIM

(1.24)

0o =1 0...0.0 X21 Xpp eeses Epps

0 o0 =l.... 0 X3y Xz, eeees Xzpy

0 0 O0.....-1 xN1 Xgz et xN‘M

The remaining M columns make ( Lij ).
(1ij) = Xpp Kppeeccercces XM
(1.25)
X

21 XZZ....-..... xZM

}(Nl XNZ.......o-.XNM
As the currents in the voltage sources, K which appear in the output of the I - matrix
circuit; are unnecessary in the actual simulation this first E rows of this { Iij )

should be ignored in building simulation circuit. ©

EX. 1.4 The nétwork of Fig. 1. 12 al
satisfies the condition for the network LI 4
T
simulation as o b
| N-C-E=6-2-1=3<R
‘and all'nodes are connected by the eligible Fig. 1.12 Electrical network. The

simulation is possible.
branches 1, 2, 3, 4, 5and 6.
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The connection matrix of this network is given by

(Dij) = -1 o o -1 o o o o o o o]
o 1 o o -1 -1 1 -1 o o o
o o -1 o 1 o o 1 o 1 o
o -1 o 1 o o o} o 1 o o
o o 1 c o o o o o -1 1
o o o o o 1 -1 o -1 o o

After sweeping - out from the first to the sixth column the next matrix results.

-1 o o o o o o o n o 1
o -1 o o, o) o o o 1 o -1
o o -1 o o o o o o 1 -1
o o o -1 o o o o o] o -1
o o o o -1 o o) -1 o o -1
o o o o o -1 1 o 1 o o]
( Iij ) is therefore
(Lj) = ) o o o 1
o o 1 o) -1
o o o 1 -1
o o o o -1
o -1 o o -1
1 o 1 o o

il = o o o o 1 iqg
(1.26)
i, o o 1 o -1 ig
ig o o o 1 -1 19
i, o o) o o -1 ilO
ig o -1 o o -1 1ll
1 o 1 o o

\ s
1.7 Deriving ( Eij ) from ( Iij)
To complete the simulation circuit of a netvrork the matrix ( Eij ) should be

obtained. This matrix is obtainable by sweeping out the mesh matrix ( Rij ). But

the mesh matrix is less convienient to handle than the connection matrix.
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As pointed:out already in Section 1.4 ( Eij ) is derivable from ( 1ij ). Now we study

how this is done. The mesh equation eq.(l.8) is rewritten as

' .
R1n RIZ"""' RIN Rll R.lz'-....... RIM'

'
Ry RZZ"""‘ R‘ZN R21 Rosleencenes RZM' .

(1.27)

1 ' 1
RMl R'NZ EEERE RMNRMI RMZ cecene RMM eN

eM-
Denoting the minor matrix composed of the first N columns of { Rij ) by R; and

the remaining minor matrix of M x M elements by R2 eq.(l.27 ) is written

Ri.e1y + Ry. ey = o
(1.28)
ey e,
°N M
from which the next equation is obtained if the regularity of R2 is assumed.
) -1
ey = -R .+ Ry . ey
(1.29)
ez’ €2
ep' eN
As this equation is identieal to eq.(1.4) , ( Eij) is obtained as
-1
(Eij) = -Rz . R} (1.30)

Now the previovély qbt;ained. eq. (1. 12) connecting ( Dij } to ( Rij ) is rewritten in terms
of partial matrices D), D,, R, and R, as |

D;. R, + D . Ry = o (1.31)
Multiplying D;l from the left and ( R£1 ) ¢ from the right gives -

Tt -1t -1
Rl' ( RZ ) + Dl . Dz = 0 (1.32)



1.8

The first term of the left hand side of the equality is - ( Eij ) and the second term is
( 1ij )t according to eq.(1. 18). Therefore '

(Eij) = -(5j)t : (1.33)

By simply transposing ( Iij ) and changing the sign ( Eij ) is obtained.

The assumption used in deriving this result is the regularity of R, which will
now be proved.

Referring the mesh equation eq. (1. 8) the last M columns of ( Rij), which‘
make the minor matrix Ry are related to the branches of the resistances of R'
group, the inductances and the cgrrent sources, or, in other word, the branches
that are not those related to the columns of the matrix D;. When D, is regular
tﬁe branches represented by the columns of D] make a tree, In this case the
rema/._lx;'ling M branches mak a cotree, According to a theorem in topology the
mesh matrix of the cotree is regular., Therefore

det R ¥ o (1.34)
As the consequence eq.(1.33) is true in case the simulation is possible.
Eq. (1.33) is writen for the network of Fig. 1.12 by using eq.(1.26), The

input-output relation of the E - matrix circuit of this network is then’

eq = o o o o o -1 e] (1.35)
eg o o o o 1 o ep
eqg o -1 o o o -1 . €3
=50 o o -1 o o o ey
e}l -1 1 1 1 1 o eg
€6

Automatic Programming of Analog Computer by Digital Computer.

The previous sections have dealt with the general theory of the network simulation
by the analog computer. As the result useful criteria for the possibility of the
network simulation were obtained, The problem of the network simulation is
however, not yet completely solved even when the possibllity is identified. Although
the sweep-out method for obtaining ( Iij ) and ( Eij ) is quite effective the manual
computation is often painstaking especially when the network is large,

The author tried to obtain { Iij ) and ( Eij ) from the connection matrix of the
network automatically by means of the digital computer and completed a FORTRAN

program for IBM 7090. This network simulation program is applicable to any
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electrical network having up to 75 independent nodes and 150 branches. The structure
of this program will now be described.
i he data cards used for this program should be prepared so that the first card is

punched with the following numbers in the fromat of ( 515').

number of independent nodes, number of branches,

number of voltage so&rces, number of capacitanos, and number of resistances.
The data cards from the second are punched with the elements of the connection matrix
columnwise, that is, Dlj, D2j, ceany DNj. in the format of { 7511 ) so that one card
contains all elements of the connection matrix of & branch. In punching Dj;, the

letter 2 is used instead of -1,

READ N, D,E.CR Ligt§
[reao o T7F Lj e Lol
The flow chart of the it iy X !
FLY s Din.kbin  k *-I,'
0ij -2 7 , De A 2n4, $+18
Dij--1 —1 j-t ?
it IR

‘,t_-J..

program is shown in

|l A e |

. . i-s ? r_vu 76
Fig. 1,13, After reading i [M-m—ql.u,a
PN ? Ok ocke ik, £148
A e D Laiet
out the input data, letters cren 7 PTRTINE] S
E4CR-N 7 é-N 7 "T
. s s . Lei. jo1® e IETLY
of 2 in Dij is changed into i e 71
la=t =1 AL L I Y Y :I
-1 and the connection ;fl’ . “‘,‘“‘("‘7'*""
: 7 i -to
el = I ?
matrix { Dij ) is printed fig Kol dvie)
SN 7 w1 i-n 7
e 7— W0 Lol [
out, Then the necessary ErcoR-ly 11 Ey -0y [on e
FRNT PRINT Rk, C
’smqunumg] il N ):!?v
P Lim el END
condition for the network LTI
simulation is tested Fig. 1.13 Flow chart of FORTRAN program for
calculating ( Iij') and ( Eij ) from the
according to ineq. (1. 19). connection matrix of given electrical network.

If this condition is not satisfied the computer prints following words and the computation
ends.

THE SIMULATION OF THIS NETWORK IS IMPOSSIBLE (1.36)
When the condition is satisfied the sweeping-out of the connection matrix is executed,
This is done from the first column to the N th column. At the ‘j th column the
computer looks for nonzero element in Dij in which i is not less than j. When this
is found in i th row the element of this row is exchanged with those of the j th row
and all other x;on-zero elements of the j th column are erased, In case any non-zero
elements are found in Dij in which i is not less than j, computer askes if any other
branches are eligible for the columns of D, matrizf. If the answer is ''No"
computer prints words of (1.36), If the answer is "Yes", that column is exchanged

with the j th column and sweeping-out is performed. After the sweeping -out is
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20001 ANALUG CUMPUTER CIRCUIT FOR THE NETWORK SIMULATIuUN 20001
64

9

42

43

44
45

46
“7
43

61

Table 1.1 FORTRAN PROGRAM

DIMENSTUN ID{754 1500, IDALILS0),LI150),FMT(12)
READ INPUT TAPE 541014 IMAX,JMAX G NENCyNR
PEAD INPUT TAPLD S¢1020 ((IDUTIJ}oI=1,75)4dml,IMAX)
CC 12 I=1,1MAX

CO 12 J=1,JMAX
IFLIOLT401-2)010,11,11

0 1O 12

1ICILyJ)==1

CONTINLE

Jl=1
TIF(J1¢19-JMAX)21,20,20
J2=JKAX

GC 10 22
Jz=Jl+19

1=}

WRITE CUTPUT TAPE 64103,00,J201,02)
TF{I1429-1MAX12%4423,23
1221max

Gu TQ 25

12=11+29

00 25 t=[1,12

WRITE QUTPUT TAPE 6410441, 1ID014J)0Jad1yJd2}
TF(I2-IMAX)27428,28
Il=[1+30

GO r1c 19
TFLJ2-9MaX127,30,30
Jl=jl+20

GG 10 18

TFINESNC-IMAX 31,431,432
TFINENCHNR-INAX) 32,333,433
WRITC CUTPUT TAPL 4, 105
&Q 10 99

CC 34 J=1,JMAX

Ltd=J

DC 49 J=1,1MAX

1a=0

C{ 36 I=J,IMAX
TFLICUL,J1135,36,39

1a=1

CCRTINLE

LF{IA}3T7,437,32

6o T 51
TE{ICIIA,J))G2,51439

0 4D k=1, JMAX
ICEIA,K)==ID(TA,K)

GC 42 K=1,JMAX
IDA)I =10 LAV K)
10tiA,K)=1D0J,K)
IC0Jyx}=1DAIK])
TF{J-11569,60,43

J3=J-1

00 43 1=1,J3
IFLICTI,0))44,4%,40

0C &5 k=), Max

ICHLe X =IDHTaK)= 10 1,KY

GE TS 4n

CC 47 K=),JMAK
RIS LRI SRS TN 3
CONTINLE

TF(I-1MSXDAL, 11,71
JazJvl

0 49 I=J4,17AX
TFEIDUL,J))862,49,04

L0 67 K= JoJMAX

ID{1 x)I=10{T, KI=ID(JeK)
GG TU 44

65
49

51
S52
53

54

71
80
8l
79
83

84
85
86

a7

88
89

90
178
180

181
122
173

183

184
185

199
186

187

108
199

101
102
103
104
105
m
112
113
1la

99

ANALCG COMPUTFR CIRCUIT FOR THE NETWURK SIMULATIUN
CC 65 KzJ,J Max
UL ISR ARS D IR 8]
CUATINUE

GC e N
TFINENC4MR=-L(J)1152452+53
GO TQ 32

LL=L(J)e]

DO 54 Irl,IMax
IDA{IY=ID(L,LL)
eilyd=goel, 0
TCtia 2= 1DALT)

Litn)=ttd)

LED=Lto) 4}

Ge T 55

J1sIMaAX+]
IF{JLe19-UMAX)B1,80,80
J2EJMAX

GG TO 82

J2=J1¢19

1=l

WRITC OUSPUT TAPE 6y2110(LIJ)yJ%J1,02)
TF{11¢29-TMAX)B4,84,83
12=1Max

GC 10 8BS

12211429

DJ 86 1=11,12

WRITU CUTPIT TAPL 62112 LE1) s ICIT,0),J=01,02)
IF(12-1MAX)87,88,38
1t=11+30

GO 70 19

TF(J2-JM3X) 39,9040
Jl=Jl+20

GO TO 78

Ji=t
TF(J1+19-1MAX)181,180,130
J2=IMAX

GO TC 192

J2=J1+19

IlsIMaxe]

WRITE CUTPUT TAPE 6,113,(L0J),0=)01,J2)
1F{11429-UMAY}1494,1583,193
12=2Jvax

GnN Tu INS

12=11429

LU le6l=11,12

DC 199 ¥=31,42

IDA(K)=~1D(K, 1}

WRITE LUTPUT TAPE 491145L 010 (TOAIK) 4 231,42)
TFU12-04a%X}187,128,1%4

I1=11+32

Gn Ty 179

IF(J2-TPAX)18,97439

J1=J1420

GC 10 178

FURMAT(S15)

FORMAT{TSTL)

FORMATUIHL 1avaHBRANCH 13,1919}
FORMAT(IHO, Ax4RNGDE [3,84201%)

FORMAT(IRL,297460THE STWILATIUN F THlS N¥Ta0RK IS [sw0SSIDLL

FURMAT (LMY, 13X THCUIRENT 13,1915)
FCEMAT{IROy THOCURRENT 13,43X2015)
FORMAT(IRT 13X THVULTAGLE 13,1515)
FORMAT(IHO  7HVGLIASE 12,9X2019)
GC T 9
EMDIL9Co000s010100e0s142¢N40,0,0)
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completed for N columns the matrices ( Iij) and ( Eij )} are printed. An out-

standing function of.this program is that the condition for the nework simulation is

also tested in the course of the computation of ( 1ij ) and ( Eijj.
Table 1.1 gives the complete program and Fig. 1,14 shows an example of the

result for the network of Fig. 1.12.
CONNECTICN MATRIX OF THE NETWORK IS

BRANCH 1 ) 3 A 5 6 7 8 g 10 11
“NGOE 1 -1 0 0 -1 0 0 0 0 0 0 0
NODE 2 o 1 -1 © 0o -1 1 -1 0 0o 0
NGDE 3 | 0 0 1 o0 -1 0 0 1 0 1- 0
NOCE 4 0 -1 0 1 0 0 0 0 1 0 0
NOCE 5 0 0 0 0 1 0 0 o 0 -1 1
'NODE 6 0 0 0 0 0 1 -1 0o -1 0 0

1 NMATRIX OF ANALGG COMPUTER CIRCUIT IS

CURRENT 7 8 9 10 11

CURRENT 1 c o o 0o 1
CURRENT 2 oo 1 -0 -1
CURRENT 73 T ST o =0 -
CURRENT 4 -0 -0 -0 -0 -l
CURRENT 5 T -0 -0 1 -1
T CURRENT 6 -0 1 -0 -0

E MATRIX OF ANALOG CCMPUTER CIRCUIT IS

VOLTAGE 1 2 3 4 S 6

VOLTAGE 7 TS0 0 =0 0o o -1
VOLTAGE @ T <0 -0 U R
VOLTAGE S 0 -1 -0 o 0 -1
VOLTAGE 10 . o 6 o o0 -1 ¢
. VGLTAGE 11 -1 1 1 1 1 )

Fig. 1.14 Result of Computation by IBM 7090
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Chapter 2
Study of Analog Computer Elements
Introduction
In 1956 when the author began to work for the development of the dc analog computer
at the Tsurumi Research Laboratory of the Tokyo - Shibaura Electric Co. » Ltd only
little was known of the detail of the design of the computer elements. As the author
undertook the design of the largest scale analog computer in this country TOSAC-II
he studied the design problem of analog computer and developed many analog computer

elements. Those new elements were developed from the viewpoint of exploiting new way

of applying the analog computer to the prcblems of electrical engineering in Toshiba

Electric Co, Ltd, The developed computer elements, therefore, withstood the
practical use and are now extensively used in the standard Toshiba analog computers.

The details of the design of some of these new computer elements are described in
this chapter. Discussions on the static and dynamic accuracies of these elements
are also described,
Patch Board Design

The prepatch system of the analog computer programming is recognized useful and
is almost indispensable to large scale machines, By preparing several patch boards
the computer can solve different problems without interruption and a great deal of the
machine time is saved. |

The serious problem in designing patch board is the layout of the connection holes
to which all input - and output - terminals of the whole elements of the‘ computer
are connected. As the space allowed for a patch board is limited the number oi the
connection holes is also limited, In designing the layout we have to satisfy two
contradicting requirements, that is, any connection of the elements must be
possible on the patchboard and also as many unnecessary connection holes as
possible must be removed. The question is; what is the oétimum layout of the
connection holes of the patchboard, which makes possible any connection df the elements
by using the limited number of the connection holes?

One solution adopted in many commercially available analog computers is the
arrangement of special holes called multiple connector. This is a set of holes connected

together, When one needs to connect a hole to more than one other holes he connects
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these holes to the multiple connector . This
way of connection is illustrated in Fig. 2.1

The use of the multiple connector solves the
problem only partly, because it cannot be

ified h hol 1tipl t
specified how many holes a multiple connector Fig. 2.1 Connection of computing

elements by multiple

should have and how many multiple connectors
connecter

are necessary to connect the computer elements on the patch board for any possible
.
computer circuts.
N\

Another attempt for the solution of this question is assigning more than one con-
necting holes to the output of each computer element. As the input terminal of the com-
puter elements is never connected to more than one output terminal of the elements the
connection hole for the input terminal need not be more than one, while several holes
should be assigned to the output terminal. Fig. 2.2
shows an example of this type of patch board design .

(The most commercial analog computers use the

combined method of these two types). The layout of

Fig. 2.2 Multpl tput termi-
the REAC patch board 5) is shown in Fig. 2.3. 18 na‘is ﬂff;rgided at
computing element
[®] i - [®] &
TUCRATORS RN TS WA PLES

R
21921 ;i 2 ¥ A 18 e
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007007004005 00%00%00x00%00%00 |88 0855155050, 00n 05y 50,8880 8818888
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Fig, 2.3 Patch board layout of REAC



(2)

»

©

(b)

Fig. 2.5 Patch board layout of Toshiba analog computers.
(a) TOSAC-1 (b) TOSAC-II
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2.3

The patch board of the Toshiba Analog Computer designed by the author is different .
from those of the commercial machines, Before describing the design the problem of
connecting n distinct points by wires is considered.

The minimum number of the wires connecting n points is n - 1 as explained in

Fig. 2.4. Let these wires be patch - cords. 2
i /

Then they have two pins at each end .
Therefore there needs at least 2( n-1)

holes for n points to connect these

R - ds.
points by patch - cords Fig. 2.4 Connecting n points by ( n-1) lines,

When individual point has a pair of holes n points make 2 n holes which are two ‘

more than are required. This is the principle of the patch board of the Toshiba

Analog Computer. Namely two holes are assigned for all of the terminals of the

computing elements. By this method any connection of the computer elements is

possible. This method eliminates indefiniteness in determining the number of the

multiple connectors and the number of holes of each of them. This method also

provides a merit for the mechanical construction of the contact spring of the patch -

bay as a double - sized spring ma.y'.be used to connect a terminal of the computer

element to the pins of the two holes of the patch - board. Fig. 2.5 shows the patch -

boards of TOSAC -1and - II. Fig. 2.6 is an example of the connection of the com-~

puter circuit of TOSAC - 11,

Computer for the Loading Effe“wt Correction of the Potentiometer 16) '
‘The multiplication of a constant coefficient on the analog computer is done by thej

potentiometer, In the analog computer circuit the potentiometer is unavoidably

loaded by the input impedances of the computer elements and produces an error in the .

multiplication factor. This is the loading effect of the potentiometer, The re-
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sistance of the potentiometer to a;void the loading effect is not a favorable-
method because more output current of the opera
ational amplifier is required., Increasing the
‘input impedance of the computer elements can-
not be the solution, too, as the precision of the
large impedances is usually hard to maintain,

Fig. 2.6 Connection of computing

The loading effect of the potentiometer should, elejments WhiCh, have a
pair of connection holes

both at input and output

therefore, be removed by the correction. .
terminals.

The correction factor of a pd‘l’entiometer loaded

with a resistance of R ohms is given by the following formula.

R (2.1)

F =
R -
+ ( 1-a)ar T ,I
o0k
Fig, 2.7 shows the relationof ( 1 -F)atoa J
and R . One can use this chart to estimate the z / \
<00k,
error of the multiplication factor due to the / \\
B - E/ AV
loading effect, . / |
X / / ﬂlbr \ \ \\
The correction of the loading effect is often u 7 g N \\ \
. 800k
s FAVA - \
cumbersome even when it is correctable, A AN
/7 L N Q\i
The use of the chart of Fig, 2.7 or similar pe A AR aar N T
L~ —
: . X g ] N
one is useful in few occasions, ] e — ~
. . ] = L
To obtain the settings of the potentiometer (D)
with any load required for producing a Fig., 2.7 Load effect characteristic
: _ of the polentiometer having
multiplication factor the author has built total resistance of 50 k

an analog computer by servomechanisms, This is a very simple servomechanism
yet is most useful in practieal use. Fig. 2.8 is the schematic diagram of this load
effect correction computer,

.In Fig, 2.8 P, is potentiometer which is set to the desired multiplication factor
and P, is another potentioméler of which resistance is identical to those of the analog
computer and is loaded by an adjustable resistance R. The potentiometer P, is
driven by a servomotor .M. Same voltage is applied to Pl and Pz. The
difference of the output voltages of P; and P, is amplified and is fed to the servo-

amplifier driving the servomotor. As the result the setting of the potentiometer
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P, is adjusted automatically so that the actual

multiplication factor of P, is equal to the

multiplication factor of P1 which is set at a

desired value. The dial of P, shows the

setting of the potentiometer to obtain the

desired multiplication factor with the load R.

v b

Fig. 2.9 shows the load effect correction L8

Fig. 2.8 Schematic diagram of the
comuter for the loading effect
correction of the poten-
tiometer. P, is set at

17) 18) the desired multiplipicat-

ion factgp and R is set at

the load resistance. Pp

then shows the reguired

setting of the potentiometer.

computer installed in a large scale analog
computer.
Evaluation of the Time Delay Elements .
When solving the problems of nuclear reactors,
chemical reactors or transmission lines on
the analog computer the time delay element which reproaduces the input signal
after a definit time is needed.
In general the phenomena of
which input signal e, (t) and
output signal e_(t) i are
described by the next equation
eo(t) = ei(t -7 ) (2.2)
are the time delay and the
element simulating this
phenomenon is the time
delay element,
The time delay %ement

is one of the important

element of the analog

computer and various Fig. 2.9 Load effect computer built in a

large analog computer.
attempts have been done

to build accurate and versatile time delay elements. However, there is a lack of
the criterion to evaluate these time delay elements with regard to theirsuitability
to particular problems and the dynamic error. The author proposed to use a

quantity which is the product of the maximum frequency of the signal and the maximum
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2,4.1

delay time to evaluate the time delay element. In this section he derives this
quantity for different types of the time delay elements.
The way of simulating the time delay is generally divided into two types. They
are
(i) Analytical Approach 19) 20) 21)
(ii) Synthetic Approach
The first approach uses the approximation of the transfer function of the time delay
G(s)=e " | (2.3)
by passive elemants and operational amplifiers. The second approach uses physical
means exhibiting the property of the time delay.
Analytical Approach
In the analytical approach to the simulation of the time delay passive elements
and operational amplifiers are combined to approximate the transfer function e-fs.
Let F(s) be an approximate function of e~ TS5 The frequency response is expressed as
F( jo) = K( or ) e30(%7) (2.4)
Then following inequalities
1 -K(er )|<e (2.5)
| or -0 (wt)|<? (2.6)

are true only for a limitsd range of wr wher ¢ and 8 are permissible errors.

From in eq.(2.5) and in eq.(2.6) next inequality is obtained.

ot < A (2.7)
or f.r =< A
where Al = 2 TA

Ineq.(2.7) implies that to delay a signal of high frequeney for a long time is difficult
while slowly varying signal may be delayed for a considerable time., The quantity

f.r is therefore usable to evaluate the performance of the time delay element of the

analytical approach. The quantity of evaluation is calculated for several approximate

formula of e~ " ° in the remainder of this sectioh.

() Linear Approxination

, - 21
An approximation of e *8 is as follows. )
T8 n
F(s8) = _1- 2n (28)
1 2
2n
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For this approximation K( mg) is unity and @ (@ 1;) is written

1 7T
n

g(wr)= 2ntan” (2.9)

u\'44.
us [ 1/ /
" | Wi /
NN // /4 A

The phase error Nwr) - w r is plotted against @t in

Fig. 2,10, ‘The phase error increases monotonically as

A

VE
3 . 3 3 /
o r increases. Expanding & (@) into power series of @7 = % 4

—— w7 nd
results Fig.2, 10 Phase error of
the approximate
transfer function

of time delay, ’n

—a Phace Erver
L
[~

—pr L Ler)® 1 (er)f 2,10
d(wt) =0T 3 (2n)? 5 (2n)° ( )

The phase error § is then given a i te'l as F(s) =/\ )
p g pproximataly K ‘_:_lj:_,,.
1 ¢ ys ( ~A<S
— _ ~21 (eTt)” 4 2N
d = @t (D(wr)_.a (2n)' (2.11) 14 /
2 ]
The quamtity of evaluation f-r is derived from /
Lo A
this equation as ' /
< O
133 I /
A=f-t=— 5"28 (2.12) 2 7
o/
A is plotted against n for for § = 0.1 radian in /
az
Fig, 2,11,
e 5 /0 5 20
The transfer function of eq. { 2.8) for n=1 =
g 1-= Fig. 2. 11 Fiure of merit of
=2 = ———,zs— an approximate
E; 14 = t .
2 ransfer function
is obtained by an analog computer circuit using two of time delay:
' T$ n
y o 22
operational amplifiers. For n % 1 n stages of this F(s) =(___%';——)

2n
compater circuit is cascaded. When n=5 ten operational

amplifiers are needed. The fiqure of merit for n=5 is only 0.5.
(ii) Quadratic Approximation..
Quadratic form instead of the linear form gives better approximation. The quad -

ratic approximation is

(213)

e
F(S)={ z}
1+ 22 4 «(52)

where ¢ is a correction facter to the linear approximation formula and will be de-

termined to give best approximation.

The phase of this approximation is
wr

(2. 14)
¢ (wr)= 2n tan-l {__Z_n__
1-af ;’r 2
§ 3 5
=z wtt (a - -1—) (wr)z + (az-a+ —1—-) (—wf-)— + —m--
3 (2n) 5 (2n)4 (2. 14)"
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The best approximation is attained when « ig selected
@« = L ' (2.15)

The transfer function is then

Ts .1 Ts?
E o (1 —5> +3 (G2 ) 16
s) =
O TR e ooy (2. 16

‘and the phase error is

8= wr - @ ( r)z-—l- (or)°
= CTITE (zn e (2.17)

The figure of merit is then obtained as

456 (2. 18}

This quantity of evaluation is plotted against n for 8 = 0.1 radian in Fig. 2.12,

19) 5

) v

Sampled - Delay System. /

The synthetic approach to the time delay element 3 Ve

Eq.(2. 16) is known as Padés approximation.

hitherto studied are N /

B A

2
_ (i)  Capacitor Storage Method 2) 23) /
. 2 ! /
(1) Capacitor Shift Method 4) 25) 26)
i) Shift Register Meth d27)
( egister Metho 0 G 70 is 2
. . . 28 . .o
(iv) Magnetic Recording, Fig. 2,12 Figure of merit of an
approximate transfer
In the first three approaches the input signal is ' function of time delay

] -F83 1,7Sy24n
e - an*36em) 1
sampled by certain time interval and the sampled F(s)=

IS, 1cts 2]
1+ ant 3( gn)
pulse signal is transported through memory cells. This system is named

sampled - delay system in general. T he principle >f the sampled - delay system is
explained by the schematie diagram of Fig. 2. 13,
The sampling switch S inferrupts input signal

with the period of A second and the memor S
i R e 1 T 0 e oy

cells D, DZ’ ceseaey Dn’ .sss transfer

Fig. 2.13 Sampled - delay system
for simulating time
delay.

their contents to the adjacent cells while S is

open, The input signal is converted into a pulse

train as shown in Fig. 2. 14 in the memory cells.
Let the number of the memory cells be n,

the time delay of the system is

(2.19) Fig. 2. 14 Signals in sampled-

T = nAd seconds,
’ delay system.
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When the input signal is sinusoidal wave of the frequency £ (c/s), that is

e;(th= E sin 27 ft

(2.20)
and its one cycle is sampled m times, then
LI m & d ‘
-T secondas (2. 21)

The sampling error increases as m decreases. Therefore m should be larger

than some value to assure the accuracy. That is , there is a lower limit for m.

=
m = M (2.22)
M depends on the accuracy of the waveform reproducibility required., According *

to the sampling theorem M = 2 is sufficient to reproduce the original waveform from
the sampled - data provided ideal filter is used. in the present discussion,however,
ideal filter is nét considered and M = 2 is much less than is required.

The number of the memory cells n is also limited from the economical reason
and from the noise problem. Therefpre

n=N

(2.23)
Eliminating A from eq.(2.29) and (2.21) gives !
L]
N
for = 2 < 2
. i< = (2.24) .
w .
N/M is the Q(pper limit of f.7, which is the figure of merit.
N .
A= — (2.25)
M

The adequacy of using f. r to evaluate the time delay element is also proved in this case,
To increase A N should be large and M should be small. N corresponds
to the number of cascaded stages of the analytical approach, As each stage of
analytical approac.h usually contains rather expensive operational amplifiers N is
seldom taken more than five, while the memory cell of the sampled - delay system is
usually simple and taking N as large as a hundred is not difficult.
The ma.gnitudé of M affects the accuracy

of the reproduction of the waveform of the

) $inx
signal and has similar effect to the
=== X X(#] —--Xm12n X
permissible phase error d" of the analytical of xs x2 % "
b
approach. By sampling the sinusoidal
signal a staircase waveform of Fig. 2. 15 Fig. 2.15 Staircase approximation

of sinusoidal wave.
is obtained. As this staircase signal

4

loses higher - frequency components by passing throngh low - pass circuit it is
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reasonable to define the distortion of the signal by the attenuation of the amplitude
of the fundamental component of the staircase signal,
Dividing a cycle of the sinusoidal signal into M equal intervals at the points

X1y Xpp eeens Xpg which are

: 2ri .
X; = (i=1,2, 0000y, M) (2.26)
+ . M

the staircase function is defined by the next equation.

+ ‘ f(x) = sin x; (x5 x< x; + 1 ) (227)

The sine component As and the cosine component Ac are obtained as follow,
2 .

1
As =-;jo f(x) sinxdx
1 M~1 2"i”(Ml+l )
== X sin Z -
Tz M} 8inxdx
2xj
M
M-1
4 i
=%i_=°E1—cosﬂ) sin + sin — (1-c08 —-)
LT (2.28)
Ac = -'?[ f (x) cosxdx
° 2 (1+1) -
1 4
. 1M-l 1 §
=7r'_ sin — ) cosxdx
i=o 2 rj
! M-1 M
o1 2 4rj 2n 4ri
=EZ sinﬁ sin T—(I—COSTA-)(I COST)
i=0
(2.29)
By using the relations
M-1 .
Y cos —L - (2.30)
[N M
1=0
M=-1 '
and . 47i
i -1 =0 (2.31)
1%0 sin v ‘
As and Ac are simplified resulting
M s
Ags = —— sin 2 (2.32)
] 27 M
2r )
Ac = - M (-1 — cos 3, (2.33)
2m

The amplitude of the fundamental component of this staircase wave is therefore

\/.As2 + Ac2 =

and the amplitude error from the original sinusoidal wave is obtained as

T

in 2~ 2.34
8in M ( )

T
e =1 - A52+Ac2=1--—24—sin

(2. 35)
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In fig, 2.16 ¢ is plotted versus M. As o
00’
T

will be seen in this figure the amplitude error

is only 1,5% when M = 10. Substituting
20

M= 10 (2.36)

14

l///

and N

100 (2.37) 5

@
into eq.(2.25) the quantity of evalaation of the ‘ \
2

sampled delay system is calculated as

! ~
A = ___N = 10 0.5 \
M (2.38) \\
C
Magnetig Tape Time Delay Elements I~

0.2

The second method of the synthetic approach is ,,

—t

5 10 /5 20 25 30

—pM

the magnetic tape recording. The principle
Fig, 2. 16 Amplitnde error vs.

of the magnetic tape time delay element sampling rate M.

ié considered that of the sampled -

delay system. The figure of merit of this type of time delay element is calculated

in a similar way.

The way of the modulation of the signal of the magnetic recording is either AM,
FM, PWMor PCM. As AM lacks accuracy only FM, PWM and PCM are
considered,

(1) Magnetic Recording by FM

The frequency modulation system converts the signal into the pulse train the
repetition rate of which is proportional to the magnitude of the signal, The intervals
between the adjoining pulses are the sampling interval. As the modulation factor
in usual FM system is less than 50% the sampling rate is taken as fo , the center

frequency of the modulation. Then, sampling interval is

A= 1/fe (2.39)

and considering eq.(2.21) and eq.{(2.22) leads to

M
LS

£ < fo : (2. 40)

Let k be the maximum modulation rate the maximum frequency of the pulses is

f = 1 k) . fo
max ( + ) (2. 41)

which is restricted by the packing density of the magnetic tape. When the frequency

of the pulses are high the adjoining pulses are unable to discriminate. The maximum
number of pulses in one centimeter of the magnetic tape, which are recorded and

reproduced correctly , is called the packing density P. The minimum pulse interval
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is 1/p cm and the corresponding time interval is 1/p V seconds where V is the tape
speed in centimeters per second. The maximum frequency is then
7%
f =
may PV (2. 42)
Substituting eq. (2. 42) into eq.(2.40) and into eq.(2.41), we obtain the following

inequality,
1 PV
f — — .43
= 1+k M (2 )

On the other hand the delay time of the magnetic tapa time delay element using

endless tape has a practical limit. Let the length of the endless tape be L (cm),

then
: L
T < -
v (2.44)
Eliminating V from eq.(2.43) and eq. (2. 44) results
1 PL
f. < ’ (2.45)
1+k M
which gives the quantity of evaluation A.
1 PL
A= (2.46)
14k M

The specifications of the endiess tape time delay element built at Tokyo

Institute of Technology are as follow: 29)
L = 100 (cm)
.k = 0,5
M = 10 (247)
P = 50 (pulses / cm)

The quantity of evaluation is then calculated as
A = 333 : (2.48)
From this calculation it is known that the magnetic tape time delay element is
extremely superior to the analytical approach and the sampled - delay system.
(i) Magnetic Recording by PWM.

In magnetic tape recording the pulse width modulation is preferable because this
is free from the waw and the flutter of the magnetic tape.. As the frequency of the
sawtooth wave fo is the sampling frequency of this system eq.(2.40) holds for this
system, too. Using k, the maximum modulation rate, minimum pulse interval is

written as
1-k
21,

sec
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By considering the packing density, we obtain
1-k
£ < PV
2 M

(2.49)

For the endless tape of L (cm) long the quantity of evaluation is obtained as
1-k PL
2 M _ (2. 50)

Using the specifications of (2,47) this is calculated as

A =

A =125 (2.51)
(iii) Magnetic Recording by PCM.
The pulse code modulation in magnetic tape recording may give the best accuracy.
Assume one word consists of N bits and the frequency of the pulse is fo(c/s).

(L
The sampling freqg€tency is then fo / N. Then an inequality similar to ineq.(2.40) is

obtained,
1 ~ MN
(2. 52)
f fo
Eq.(2.42) is written in this case as
fo = PV : {2. 53) :
. [
From the above two equations results
PV
f< (2. 54) ’

MN

Substituting this inequality into ineq.(2.42) the quantity of evaluation is obtained as
PL
MN (2. 55)

A =

Let N =7 and using the specifications of (2.47) it is obtained that
A = T2 | (2. 56)

Concluding Remark

In the preceding discussions the adequacy of using £, X tax 289 quantity to
evaluate the performance of the time delay elements has been testified. Whatever the
type and the number of components of the time delay element are, it has a limited ability .
to delay quickly changing signal for a long time.

It should also be noted that we cannot extend the conclusion for any frequency of ' .
the signal and any length of the delay time. In magnetic tape recording time delay
element, for instance, the frequency of the signal is limited by the tape speed as

described by ineq.(2.42). The delay time is also limited. The similar circumstances

exist for all types of the time delay elements, Therefore this figure of merit is not

effective in extreme cases. The shadowed portion of Fig. 2.17 is the working domain
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of the time delay element.
Variable Time Delay Element using Stroger Relay, 20) $

A variable time delay element using Stroger relay was

developed by the author for the purpose of using in the

dynamic analysis of the nuclear power station, In a type

of nuclear power reactors coolant flow rate is changed to Fig. 2. 17 Operational

control the reactor output. This effects the transport r'egm'n of actual
time delay

delay of the coolant system which plays an important part element,

in the dynamic behaviour of the power reactor. To simulate
the coolant system under this condition the delay time of the time delay element

should be varied by a signal. The developed variable time delay element is of a

very simple construction yet is of considerable accuracy.

Fig. 2.18 is the schematic diagram of the _LA 8
variable time delay element, The contacts of 3\
s IV BN o P
two banks of a Stroger relay are so connected Fellowrr §

Fallnoer
&i

that the contact of one bank is connected to that

of another bank one step in advance. The Fig. 2. 18 Variable time delay
-element using Stroger
capacitors are connected to these contacts. ~relay

The driving magnet of the Stroger relay is supplied with the frequency controlled
current pulses by which the relay advances the contact at determined time interval,
The input signal is sampled by the moving contact of the bank A of the Stroger
relay and stored on the capacitors. The sfored signal is picked up by the moving
contact of bank B at one step before the moving contact of bank A erases this
stored signal in the next period, and is fed to the cathode follower. Let the time
required to advance the moving contact one step be A(sec) and the number of contacts
of each bank of the Stroger relay be N , the time'delay obtained is (N - 1) A (sec).
The driving current pulses are
pfoduced by the circuit shown in Fig, 2. 19,

The repetition rate of the pulses is

portional to the input voltage, Therefore

Fig. 2.19 Driving circuit of
Stroger relay.

the delay time of the variable time delay
element is inversely proportional to this dc

voltage, The specifications of the built variable time delay element are given below:
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Number of Capacitor 25

Number of Contacts of a Bank 25

Number of Channel 2

Delay Time ' 1.25 seconds
—1 | hour

Fréquency Range ©0.~2 (c/s)

Linearity of Signal 0.5% F.S

Error of Delay Time Setting 1 %

Figure of Merit 2,5

2.6 Automatic Test Equipment of the Analog Computer 31) 32) 33)

2.6.1 Introduction

The increased utilization of the electronic analog computers necessarily
demands larger and larger computer facilities. An analog computer consisting of a
couple of hundreds of operational amplifiers is not unusual now. In these large
scale analog computers the testing of tﬁe elements becomes a serious problem.

As the analog computer is constructed by relatively sensitive elements such as high
gain dc amplifiers, high precision resistances and potentiometers and precision
servomechanisms, it is not always free from faults, The testing of the computer
elements before using a large scale analog computer is almost unavoidable, But,
as the testing of all elements at every operation of the computer is impossible, in
most cases the improper function of the elements are found only after the obtaihed
results are studied. Any person who has ever used analbg computer may have
experienced:finding‘faulty elements in the computation circuit and replacing them 5y
good ones ofter he has finished running the computer. He has to , then, repeat
the whole computation. Should this happen the efficient utilization of the computer
would be greatly suffered. Ideally before wiring the patch board connection the
operator should be familiar with the condition of individual_ elements,

The automatic test equipment of the analog computer developed by the author
serves for this purpose. This equipment facilitates the testing of all computer
elements of a large scale analog computer in a couple of ten seconds. The
principle of operation of the automatic test equipment is described below.

2.6.2 Automatic Testing of Analog Computers.

There are two different way/of testing the analog computer elements. The first
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. : . 34) 35) 36) ; :
one is used ir REAC - 400 series. T e automatic testing system of

REAC - 400 series checks both the faults of the computer elements and the program
errors by using a set of relays to change all integraters into coefficient multipliers
to compare nodal voltages with the calculated values. The second way of testing

is to check all elements individually. i This method of testing is reliable but
requires a great deal of time and effort. Practically for large computers a portion
of the computer is tested at a time,

The automatic test equipment of the author is of the second method. By this
equipment precision and the zero drift of all integraters, adders, coefficient
mulfipliers and operational amplifiers, the disconnection of the potentiometers and the
instability of the operational amplifiers are checked in about twenty seconds and
the detected improper operations of the elements are displayed on an neon tube panel,

The operator of the analog computer can wire patch - board connection referring
this display. He can also check the operation of the computer elements which he
has used after he has finished computer operation.

The whole view of the automatic test equipment of the
analog computer is shown in Fig. 2.20, and the schematic
diagram of the equipment is shown in Fig. 2.21. This is
constructed by Stroger relays, comparater, discriminater,
driving circuit of the Stroger relays, pulse generater,
AND circuit, neon tube indicater and ‘control circuit.

The operations of these components are described below.
Principle of Operation 38}

The output terminals of the computer elements are

connected to the contact of a bank (bank A) of the stroger

relay through patch - board. The contacts of another
bank (bank B) of the Stroger relay are connected to Fig. 2.20 Automatic test

equipment of the

the corresponding neon tube indicators of the display Snalopicarmpiins

panel. The last bank (bank C) serves to generate control

signals by which the Stroger relays are commutated and input signals are applied

to the computer elements during the test.
Adders, integraters, coefficient multipliers and operational amplifiers are

connected on the patch - board of the test equipment in a way shown in Fig. 2,22,
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Multipliers and potentiometers are

are connected as in Fig, 2,23,. = °

DISCRINH | anp

bank B
[‘ ‘””"R;+ naToR [ cct. ! ! )
\ /
5-294 q P L
5 TE——=

The driving circuit of the Stroger®

relays generates a spuare wave

which excites electromagnets of the

relays and advances its moving

from onlputs of Gmf\aﬂ}a. <buranls
BE

contact one step for each period of

the square wave. The Stroger Fig. 2.21 Schematic diagram of the

automatic test equipment of the

i ' fi ta
relays having twenty five con ‘cts analog computer

in a bank are used. Their moving contacts =

rotate sucessively and twice and then stop. At the
" end of the first rotation the switch S closes and the

moving contacts rotates for the second time. In

this period of the second rotation the switches S'
close, When the second rotation ends the test is

finished,

During the first rotation of the moving contant

switch S and S'are open and no signals are applied

to the computer elements. If the operation of the

Fig. 2.22 Connection of integraters,
adders, coefficient
multipliers and
operational amplifiers
at the test.

element is normal its output will be zero. If
there is any zero drift or oscillation of the computer
element it is detected when the moving contact closes at
this output and AND gate is opened to send a pulse to the
neon tube indicater.

In the second 'Vperio;i of rotation dc
signals are applied to the input terminals

of the computer elements so as to yield an

identical output voltage. The output

voltages of the computer elements are suc-
Fig. 2.23 Connection of multipliera
cessively compared with a reference voltage and potentiometers at the test,

by the comparater. If there is any difference the
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neon tube indicater is actuated. Faults such as the failure in power supply and the

incorrect multiplication factor are detected at this second scanning period although

they are undetectable in the first scanning period., Zero drift and oscillation of the

operational afnpliﬁers are undetectable in the second scanning period but are detected

in the first scanning period, Potentiometers are tested o‘nly for the disconnection.
The comparater is a high gain chopper -

. stabilized dc amplifier followed by the

discriminater, The input - output relation s

of the discriminator is shown in Fig. 2,24. ] Al

| As the moving contact of the bank B of E, - 48—

the Stroger relay interrupts the circuits # et
carrying voltages during the second scanning Ez

false pulses are produced at the moment of l

interruption which might cause misoperation

Fig, 2,24 Output - input relation of
of the neon indicater. The pulse generater discriminator
and the AND circuit are prepared to prevent this misoperation.. As the Stroger relay
advances its moving contact at the moment when the current of the coil of the magqet
discontinues, the false pulse is generated at the moment when the muiltivibrater output
falls, Therefore the pulse obtained by differentiating the rising part of the multivibrater
output is applied to the suppressor grid of 6AS6 to strobe the output of the discriminator
which is applied to the control grid of this tube, The waveforms of various part of
the circuit-are shown in Fig. 2.25.

The circuit of the neon lamp

indicaters ought to be considerably

MW.,;MWM

simple because they are needed as

many as the computer elements. , 3 4
. 70lion m,,mﬂ" 2 '%l—'_—'__’_-‘
The circuit is composed of two ? conlact " ﬂ . "
resistors, a neon tube and a ger- oy ﬁ 5 b w m N
manium diode which are connected %; %% \ k. N
4 o neon
in a way shown in Fig, 2,26, Lide indicalon N
: ig. 2.2 . .
When the element under test is Fig. 2.25 'BI‘iJ.;:!:l:ha.rt of various

wrong a negative pulse is generated
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6.4

from AND circuit, which
forces to increase the
voltage difference of the
neon tube momentarily and
fires it. Once this is
fired the discharge potential
decreases and the neon
tube continues to fire after
the negative pulse has extinguished.
Fig. 2. 27 shows the panel of the
neon tube indicator.

Finally the control circuit
is composed of a group of relays
which serve to interchange three
Stroger relays, introduction
of the reference voltage to the
comparater and changing con-
nection of the computer elements
during the test.

Concluding Remark.

6AS6
+150
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Fig. 2.26 AND circuit and Neon tube
indicater

B

v

1600000600600 888800604s L
o-’tocgt&noooc*ﬂ.oooqo‘
8008 ses0s00000s00s800
80000 0008000000000 s
,quoqevﬂ‘-'agxﬁoogcqogig
899090000000 LRLe0sPeR
O A

& 'i aw -~
¢ © "

L=

Fig. 2.27 Neon tube indicater panel

The automatic test equipment of the analog computer developed by the author has

no similar device in the world. By the use of this equipment the operation of the

analog computer becomes more accessible as the precision of the computer elements

are checked in a short while and the reliability of the solution of the computer great-

ly increases.
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Chapter 3
Dynamics of Computing Servomechanisms., -

Introduction

The accuracy obtainable by the computing servomechanisms is far better than that

by electronic nonlinear computer elements, The multipliers, the function generaters

and the resolvers are, in fact, the standard computér elements of the dc ana.log”'
computer. However, because of the relatively slow response of the servomechanisms

those computer elements should be carefully introduced into the analog computer

circuits, The dynamics of the computing servomechanisms ought to be thoroughly

understood before using the‘;x_“in actual computation., The dynamics of the computing
servomechanisms introduce superfluous characteristic roots into the differential
equation to be solved resulting an error in the waveform of the solution. The study
of the dynamics of the cémputing servomechanisms is therefore important both for
designing analog computer and for the analog computation,

Generally the computing servomechanisms are constructed by chopper circuit,
ac servoamplifier and two - phase servomotor, the dynamics of which studied by the
author are described in this chapter. In the first part of this chapter the frequency
response of the overall system is studied with respect to the gear ratio, the speed -
torque curve of the servomotor, the friction etc. his stﬁdy. although not completely
rigorous, gives a clear understanding of the dynamics and a design criterion of the
computing servomechanisms.

In the second part the transfer function of the ac servoamplifier is studied, The
transfer function based on the transient responce of the carrier modulated system is
derived and its feasibility for designing ac compensating network is shown.

The last part of the chapter is devoted to the study of the transfer function of
chopper - modulated circuit, The chopper - modulated circuit is a periodically

interrupted electrical network the mathematical treatment of which has been known
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to be difficult. The author obtained the transient response of the chopper -
modulated cirruit using a small approximation and, by means of the z transform,
derived the transfer function of this circuit.
Frequency Response

The bandwidth of the computing servomechanisms using two - phase servomotor
is related to the gear ratio, the motor characteristics etc. An attempt of describing
the bandwidth of the computing servomechanisms by the mechanical and electrical
specifications was undertaken by T. Numakuraa.g) His formula tends to give a larger
bandwidth than which is actually obtained and was not recommended for the design
purpose., Another formula for the bandwidth of the servomechanisms was given by
J. F. Truxal 40). His theory takes into account only the upper bound of the motor
speed and is too simplified to desc'ribe the actual bandwidth,

The author has obtained the band -~ width from considering the phase plane of the
feedback system based on the rigorous differential equation and the speed - torque
curve of the servomotor.

The block diagram of the computing servo-

mechanism is shown is Fig. 3.1, The oput ' CHoppeR e TM .3 PoTENTIOMETER
ey O
dc input signal is compared with the 3 r"l
. -E
voltage from the follow - up potentiometer

and the difference is modulated by the © Fig., 3.1 Block diagram of
: computing
chopper producing an ac error signal. : servomechanisms.

This ac error signal is amplified by the ac
servoamplifier the output of which excites control winding of the servomotor.

The servomotor drives the follow - up potentiometer via gear train.
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As a first order approximation the frequency'neséonses of the chopper - modulated
circuit and of the servoamplifier are neglected. When a sinuéoidal signal is applied
at the input terminal of the servoamplifier the output voltage of the follow - up
potentiometer must change sinusoidally. As thve frequency of this sinusoidal signal
increases the torque generated and the speed of the motor become unable to follow
the change and the attenuation and the phase lag of the output voltage of the follow - up
potentiometer result, The frequency range in which the servomechanism follows the

inpuf signal is thebandwidth of the system.

The computing servomechanism of Fig. GEAR
3.1 is considered as a simple system of Fig, T
MoToR —1 6 .
3.2 which is a load driven by a servomotor : LOAD
n I ‘
via a gear set., The differential equation of
of this system is written in terms of the angle Fig. 3,2 Mechanical equivalence
: of computing servo-
of rotation O, the torque T and the moment mechanisms,

of inertia J all at the load shaft,
Assume the load shaft is rotating sinusoidally at a frequency f (c/s) with an

amplitude x (%), that is

9 = ZX. 8in 2=xf t, (radian) (3.1)
100
By differentiation we obtain
2
a9 = 2T X ¢ cosznit (3.2)
dt 100
and | a®n 4« 2 ain 27 gt
dtz Too sin (3.3)

Denoting the speed of rotation of the motor by Njpg gives

dé6 1 2n
= N
dt n 60 M : (3.4)

where n is the gear ratio,
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Now the equation of the motion of this system is written as

H
/
/

J a*¢ - Tn < do)
— =nTy - —
2 a1 u r sgn (dt (35)
where  Tys @ Torque generated by motor {gr.cm)
TF : Torque due to friction at load shaft {gr.cm)
J Moment of inertia at load shaft (gr.cm?)
which is
3= 3+ 3.4 0%J
L G M (3.6)
JL : Moment of inertia of load (gr. cmz)
Jg ¢ Moment of inertia of gear at load shaft { ")
IMm ¢ Moment of inertia of the rotor of the motor ( " ]
g acceleration of gravity = 980 (cm/secz)
Eq.(3.2) and eq.(3.4) result the relation
. 2
L 2E oy, = Lrfx s 2nst,
n 60 100 '
From eq.(3.3) and eq. (e. 5) we obtain
do } _ 4% e s
{nTu—Trsgn(dt) = 1002 f2sin2xft
The above two equations are written in the next forms.
{ Npgy = Neo cos27ft (3.7)
1 .
TM = - TF sgn (NM) - T, sin 27ft (3.8)
where
60 n
= ; 3.9
Ne o0 ™t : (39) grem
3 ™N
4 2
T, = —=X_ Jf (3.10), N
100gn g \\ \{'
NS INNAN
] ~]

The velocity of rotation and the torque are limited by the
speed - torque characteristic of the two - phase servomotor,

which is shown in Fig. 3.3.

Eliminating cos 2 #ft and sin 27 {t formegq.(3.7) and eq. (3. 8) leads-

to the equation
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M
-
+

Ny \2 1 T
( ) + 5 {TM--—-F- sgn(NM)} = 1 (311)
No To n T
\\~
which gives a locus in the phase plane. This locus is L =2
a discontinuous ellipse as shown by curve B of Fig. 3.4, > n : \ N

Curve A in the same figure is the speed torque curve

of the two - phase servomotor at the maximum excitat-

ion . Should curve B lie inside curve A the ex- Fig. 3.4 Speed - torque

istence of this locus is permitted, or eq.(7) and eq.(8) ;:::;e eatct:::tzzaxl-
x n

are satisfied by this system and the motion of the (A) and phase
plane locus of servo-

potentiometer is purely sinusoidal, n3echax:nsm m .
sinusoidal motion
The principal axes of this (B)
ellipse are No. and T,. When
gear ratio n is small N, is
small and T, is large. Under

2 4
. P . A 8 ]
this condition, the ellipse. B A \
Ny o

¢ Ny r—” .
penetrates curve A as x, the l/m_)

amplitude of oscillation, in-

Fig. 3.5 Relative position of speed - torque
curve (A) and phases plane locus (B).
(a) torque saturation which ocurrs
when gear ratio is small, (b) speed
saturation which ocurrs when gear
ratio is large. (c) case of optimum
gear ratio.

creases. This is shown in
Fig. 3.5 (a). In contrary, when
n is large the ellipse expands laterally
penetrating curve A in a way shown in
Fig. 3.5(b). The former case may be considered the torque saturation while the latter
may be considered the speed saturation.

To be more quantitative the relation between the gear ratio and the maximum
followable frequency at an amplitude x is investigated., The maximum frequency is
obtdined when the ellipse B contacts curve A as shown in Fig. 3.5 (c).

T
For ease of computation the speed - torque curve of the "

. T
two - phase servomotor at the maximum excitation is substi-

tuted by a straight line connecting static torque T, and no

load speed N,. ~ This is shown in Fig. 3.6. The torque and N N

Fig. 3.6 Approximate
speed torque
curve at the

the speed on this straight line are described by the next equat-

ion T, maximimum
TM = -‘I‘l - —Nl— NM ’ (NM >o ) (3.12) excitation,
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Substituting eq. (3. 12) into eq.(3,11) results

T2 T
?ﬁ;-; N5+2——(—-——T,)Nu+(——T)-—To =0 (3.13)

In order that the ellipse is inside the speed torque curve of eq. (3. 12), eq.(3.13)

onght to have no real root. The discriminant should not, there fore, be positive.

T ‘2T 2 To? T, T 2 .
> =) o) G {(m) e

This is rewritten as

No y* Ty ®
<T1) (—_:) ( —-;-.T—x o (3.14) \

The equality holds when ellipse and speed -~ torque curve are in contact, Replacing:
N, and T, of ineq.(3. 14) by those of eq.(3.9) and eq.(3. 10) and rearranging, we

finally obtain

g T, 1 60‘ 10* 4x ¢ , Je+Je
fs4”,(nj + L+Jﬂ)[{:(;:) n +x_'(—) (nJu+ )(1___)}

2 3
_l(%’)nz] (3.15) -
2

The fréquency f satisfying the equality in the above ineq. (3. 15) is plotted versus n

2t
in Fig. 3.7, where the following data are assumed. ' '
5%

52
T1 = 400 gr.cm n \ V’% N
J. o+ 7 2 ‘6 \ ::ETS:A"D"‘
L G 1200 gr.cm \\ \ \ %/

. 2 o2 -
JM 50 gr.cm } \ \ \ \ \%
[ <&
= 1500 RPM \\ i/‘ ]

) N ' S

N ) :
Tp= 200 gr.cm . j;é«/«m <P

2
"

TORQUE  |SATURATIqN

The frequency satisfying the ineq. (3. 15) is in the left ° f e Ay
side of the curve of Fig. 3.7. The gear ratio is Fig. 3.7 Optimum gear ratio
as a function of follow-
divided into three domains by this curve. In the able frequency and
amplitude in case
domain above the curve the speed saturation takes T = 400 gr.cm,
. 2
T = .
place. In the domain under the curge the torque. JL g 1200 gr cm
d v , Iy = 50 8T cm?, Nj= .
saturation takes place. The third domain which . 1500 rpm and TF = 200
. . . X gr.cm.
lies between the above two gives the gear ratio which .

makes the servomechanism being able to follow the sinusoidal signal of which frequency
is given on the abscissa. I;tiis quite reasonable that the region of followable frequency
increases as amplitude x decreases.,

The maximum obtainable frequency £ . for a given amplitude x (%) is represented

by the peak of the curve of Fig, 3.7. This frequency is calculated in 2 following way.
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The equation describing the curves of Fig., 3.7 is obtained by introducing eq.(3.9)

and eq.(3.10) into ineq. (3. 14) assuming equality, which is

4x% (2 JutJoy?2 60r 2 10¢
T;g) (nJu+_"_.n_.°.) f‘+(—l\§ n’f’—-;'—(l—;l;%).=0 (3.16)

Differentiating the above equation with respect to n and putting %f— =0, we obtain
‘ n

a 2 . 6 2 .10" T
(o) (rree 252 (= BE) 1er 2 () ne 25502 BT =

Eliminating x from the above two equations we finally obtain the maximum frequency

f max. The result is

n(% n-2)

(3.17)

T*N JutJey( T T
! (nJu+-L—n—'){-i.l:(JL+Jc)-—(-T—:n—2) nju}
This is shown by the broken line in Fig, 3.7. As f max increases the curve asymp-

totes a horizontal line. This asymptotic line is represented by

Tr. T2 (3.18)
Ju 24 () Ju (S Jo }
JuT1[ s + ) In ( )

whidh gives a rough value of the optimum gear ratio in many cases. When TF is

n ==

small eq, (3. 18) is

n = \/J‘J;J“- (3.19)

This result offers a short-cut of estimating optimum gear ratio of the servomechamisms.

Transfer Function of AC Servomechanism and Compensation Networks, 41) 42) 43)

Introduction

The computing servomechanisms are usually ac servomechanisms which are
composed of chopper-modulated amplifiers and two - phase servomotors., That the ac
servomechanisms are preferred to dc servomechanisms is chiefly from the economical
reason, Acﬁ:ally the frequency response of the ac servomechanisms is limited by
carrier frequency. It has been shown the maximum frequency of the signal that is
transmitted by carrier - modulated channel is one fifth of tbe car-rier frequency. 40
Another demerit of the ac servomechanisms is that the compensation circuit is

less easy to design.

A method of compensating ac

AC output

b »C ComrEM

. . . Ac inpat | oeropui-|o] °¢ oM 25t g aron|—— —4

servomechanisms is shown in ATIoN ATION AC ingut | ATION 4c sulpat
(=) . (b)

Fig. 3.8 (a), where ac signal
Fig, 3.8 Compensation of ac servomechanisms

is once demodulated and the obtained (a) dc compensation, (b) ac compensation
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3.3.2

dc signal is fed into conventional dc compensating circuit and then modulated

again, The most usual way of the compensation is, however, the ac compensation

44)

shown in Fig. 3.8(b) as this is more economical, When an ac_ compensation
network is included in ac servoamplifier its transfer function is no longer simple,
Should the transfer function of the carrier - modulated system. be explicitly formulated
the ac ;:ompensation will be more feasible and the ac sevomechanisms will be.

able to find more applications. In this chapter the transfer function of ac servo-.
mechan.isms is formulated in a similar form of conventional transfer function.

The transfer function of the carrier -modulated system has not been given in
definite form. That is, instgad of transfer function a simple frequency response
considering the envelope of carrier modulated signal has been used to discuss
the dynamics of the ac servo systems. The measurement of the transfer function of
the carrier - modulated system is thereferé done by using sinusoidal signal to
modulate carrier wave and observing the amplitude and the phase of the slightly
distorted modulated wave.

The author had been suspicious of this method of discussing the envelope of the
carrier - modulated signal and derived the transfer function of the system from the
transient response. . As the result hé concluded the pi;gvious method based on the
envelope of the signal is not adeéuate and the relation of the demodulated signal to
t;he modulating signal should be considered. The method of calculating the frequency

45)

response of the carrier modulated system by D Morris considers this relation

and is valid from the authors view point.

Transfer Function Calculation
The forward elements of the ac
. . s . est 03] Wo Bof () | Low-,
servomechanisms is shown in Fig. 3.9. ;h,’uj__.{.au«:’ru:‘ % Satt l—_ll.n”,;;, ety
In this diagram e(t) and mit) are dc : @ JEaa £
8 Cotust Cot Cwe +4d)
signals and ©i(t) and Oo(t) are
Fig. 3.9 Foward elements of

modulated signals, The present interest ac servomechanisms
is in the transfer function of convérting
e(t) into m(t).
e(t) -is considered an arbitrary function of time and the corresponding output
m(tj is to be obtained. Let o, the angular frequency of the carrier signal, then the

output of the modulator is written
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0i(t) =-e(t) coso,t (3.20)

Denoting the Laplace transform of 0i(t) and e(t) by @1(5) and E(s) respectively,

00

—st 1
®; (s) = jﬂi(t)e s dt =E'[F.(s+jwo)+E(s-ja)o )] (3.21)

o

we obtain

If H(s) is the transfer function of ac network concerning dc signal the Laplace

transform of the output of this network @o (s) is given by
o (s) =H(s)-@; (s) =%H(s) [E (s+jwo)+E(s~ jwo)] (3.22)

The inverse Laplace transform of @,(s) is
joo
1 1 . . . st
fo (t) = — ——H(S)[E(s +JwO)+E\s-on)]-e ds (3.23)
27j 2
—joo

To perform this integration H(s) is separated into the even and the odd functions;

that is,

' H(s) = Mis) + N(s) (3.23)
M(s) = M(-s) ‘ (3.24)
N(s) = -N(-s) (3.25)

M(s) and N(s) are expanded in the following alternative forms,
M(s) = M (-jwo. + 8 + jo,)
= M{jo, - (s+ jwo))

= M(jwe) - (8 + joo) M'(joo) + —— (s+jwe)® M"(jo,)+

- n
ceereneet %f}-@+ijnkém(ng_”..”..“..“..
' (3.26)
N(s) = N (-jo, +s +ja,)
= =N { jo, - (s+]ja,)}
= N Ue) e SN G s 4jaN" (o) +
n-1 n
ceeneneeedt i'—l}—— (84 §0,)" NM) (GOI+ eevrnsennne
n i
(3.27)
M(s) = M [jo,+(s-jo,)}
= M (jo,)H(s - jo,) M'(jo,) + —— (s - jo,)° M"(jo,)
Foarrrriniit (5= jo ) M (o) ennnnn. Vs
n! (3.28)
N(s) = N {jo, +(s- jw,)}
= N(jog) #(s-jo) N'Go) + —— (- ju,)" N"(jor)
Foerrrannt (s - jo)* N ()
n! (3.2 9)

-

{
1jsing these formulae H(s) 1is expanded 4nto the following felHewinpg-alternative forms
H(s) = {M(jwo) —N(j®o)} - (s+jwo) JM" (jwe) =N’ (jwo) }

+.;T(s.*.jwo)!{M’(jma)—N’(j-mo)}+ ......
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1T e e o |
+ = (s+jwo){M (jwe)~N (jmo)}+ ..................... (3.30)
H(s) = {M(j®o)+ H(jwo) } + (s— jwo) {M’'(jwo) + N’ (jwo) }
+% (5= j@0)® {M"(j@0)+ N “(j®0) } + wrrerssssssmrrsrserrsns
1 n (n}
+ 57 (s=jwo) {M(")(ja;o)+N (J@0) } + wrrmenserinnnsrenninns (3.31)
As M(s) is ar%! even function and N(s) is an add function it is shown that
M(j@o), M*(jwo), s L2 (o) meemenens , N’ (jwo), N")(j(uo), ......... .
N2+ (jmo), o— (3.32)
are real »Z‘sumbers and
M (GGwe), MP Giwe o os MPY (G0 ), ooy N(@e)y N7 Cjwa), vy
Nz (o) weoeeen ) (3.33)
are imaginary numbers, hence following relations exist. _
M (Goo) = N2 (o) =M (o) + N (jo.) o
M0G0y o N2 (40 = M @) (jou)+ N (o0 (3.34)

" Introducing real numbers Cn and ¢n , these are written as
M (jo.) = N® (jo.) = Cyael®e

MEMD (o) - NE™ (jou) = jCpuyel ™  (335)
M (jw.) + N (joo) = Cy it

M0 3 e NGy )= ¢ o €792

Substituting these formulae into eq.(3.30) amd eq.(3.31), we obtain the integrand

of eq.(3.23) in the following form.
-;—H(s){E(s+jw.)+E(s—jw.)} =.;_c. {e % E(st+ijwe )+ 1 E (s-jwo) }

+-§-;—{ (s+iwe) € VOE (s4+jwe) - (s—jwe) € I E (s-jwe) }

+——2(.;;. {(s+iwe)? € /%2 E (s+jwe) + (s—jwo)? PRELCY YT PO ) R—
Czn . 2n ,Jdzn . 2n_ —fPen i .
+——2.(2n)l {(s+]wo) e'P2r E(s+jw, )+ (s~jwe)” € E(S—on))

CZn+i o
+,.2_(2n+1) { (s+jwe)

2041 jB3nty
e
Using the relations
fe(t)cos(wotw)e'"dt =1 (e E(stive) +e T IPE(s—jwo)) } : _
° (3.37)
oo _ 1 . _ .
j e (t)sin(wot+9¢)e *at =‘2—j'{ej¢E(S+on)"e ME(s-—on)}

the int;gration of eq.(3.23) is performed resulting 8,(t) as
6, (t)=C, €(t) cos(wot+ ¢ )+ Ca e,(t,) sin (wot+ 61

1 " 1

+37 Cee“(t)cos(wot + $g) foreemmee + @ml Czn € *P(t)cos (@ot+61n)

+ Can +1 e (1) sin(@ot +6zn41 ) 4 owmeveeem - (3.38)
@nt1)! ’

The output of the demodulator 8d(t) is

Oa(t) = 8, (t) cos.(w°t+¢d).

=%C.e(t) {cos (=842 +C (2a0t+Petda)}
+-%C1 €' (t) {sin(#1—%a) +sin (Zwot+é1+6a)}

bt Ca e (1) {cos (=94 ) +cos (2, t+ ba + 8a) v



1 (2zn)
+_——2-(2n)l Cen €7 (1t) {cos((bg., —94)+cos(2wo t +8en+ $a) }

1 (2n+1)
‘ +2(2n+1)102n+!e

\VE A renerrraeens

<when the frequency included in e(t),

(6) {8inC8y,1=0a) +5in(200t + 8,,,,+40))

(3.39)

e't), ..... is less than f, the output signal

of the low - pass filter is

m(t) = Ca €(t) cos(bo =) +5Ca€ (Dsin (¢x —a)

1
+WI-C, e’(t)cos(¢z-—¢d)+ ...............

1 n
+.2_-(_?n_)_lcz" e )(t)cos(eﬁg,ﬂ ~d4)

(2nt1)

+mcz,ﬂ.l e (t)sin(xﬂz“l.—-aﬁd).{. ............

(3.40)

This is the response of the carrier-modulated systems. The Laplace transform

of this equation takes the next form

M(s) = G(s) E(s) (3.41)
from which the transfer function of this system is obtained. The transfer function
of the carrier - modulated system is then

) .
G(s)=—Co cos(¥o —da)+— C:S s:n(¢,-¢4)+§—-2-; Czs2cos(ds—93)

1 , 1
+-2-.-3-!-Css”sln(¢,—¢d)+ ......... +'2_—_(2nTl'Czn ™ cos(dgn—bd)

- 1 2ne1
+2-(2n+1)] Conpa S sin(d,,  —08d4) e (3.42)

Let ¢3=¢0 as a pa.rticular case the transfer function reduces to

Gy (s) == {C., cos $o+ Cissinds+ —C; s2 cos 9y

. 1
x +aCssasln¢3+ --------- (2n)!ans COS $gq
1

2n4+1
+-(2—n+-I)—'C2n+ls Sln¢2n+l+ ............ } (3.43)

Using the following relations which are derived form eq. (3. 35)

Ca2n cOS @y = (2")(](0 ) }

) (3.44)
Conyr Sindy = NE™ (o)

the transfer function of eq.(3.43) is sirnpliﬁed as

1
Gi (8D = {M(joo) +5N (joo) + 5= M “Goed+ 57 # N (o)
............ s M ____1__ znel . (2041), ,
* Gy M Uedt Grasy SN e
e P )
.when $3="71 /538 a next example the transfer function is

1
G (s) =5 {N(on)+-—sM (G@o)+ 57 SN (j@o) o oo

1 2n+1
2n 3 —
temr S (""°)+(2n+1);

The general transfer function of ac servomechanisms of eq.(3.42) is written in

M(zlﬂ'l)(‘jwo)_k ............ }

terms of these two transfer functions Gl(s) and G,(s) as

G(s) =Gy(s)cos ¢a + Gz (s)sin ¢4 (3.472

Usually ¢a is taken equal to ¢ to maximize static gain., In this case the transfer

function is
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G(8) =Gi1(s)cosd,+ Gy (s)sing,
3.3.3 Example of Calculation

(3.48).
The transfer functions of carrier - modulated systems consisting of typical ac
networks are calculated by the method described so far.

EX. 3.1

H(s)

P o (3.49)

In this case

1
(o]

M(s)

L gzm) 2(20)!
iNTT (jwo) = (~1) ‘mﬂ

(za41) (2n+1)1! ) (3.50)
N (jwe)=—-(~-1)

and

(wo)zn‘hz
By eq.(3.45) and eq. (3. 46)
G ) s 1 1 st st }
1(2) = @Wo. 2 @o @, ® fl)o‘
1 1 st s*
G =—{ — - g esemeseneene
and » () 2 { o @? wo® }

Gy (s) = {;s—cosn+sin¢a} G (s)  (351)

As will be easily noticed Gz(s) is written in the following analytic form.
1 1

Gz (8) = (352)

. 20, 1+
The phase of demodulation signal ¢4 considerably affects the property of the transfer
function. When ¢4 is zero G(s) has the property of the phase -lead network, while
when ¢4 is ®/2 it has the property of the phase - lag network.

EX. 3.2 |

As a next example a unit lag is considered.

H(s) = (3.53)
. 1+a§.
By differentiation we obtain °1 u 1
B () =(—) ——= T (3.54)
@o (l + @ ) ’
and . o
H® Gwod)=M™ (jwo) + N™ (jwo)
p il A D n{—l'
=""(Do{( ) cos(n+1)/1+)(—-—-)sm(n+1)ﬂ} (3.55)
@ @o .
where ° )
1
= T—
Y14 a2 :
8 = u-tan“%- ( 3.56)
From these equations we obtain )
Wo ¢ P 2% s 03
Gy (s) = —— {— cosp+ s(—Ycos2u+— (—) o8 Bt rmecensen
2 W, W, 21w,
s p o .
= (=) cos(ntl)a wmmmen } (3.57)
n @o
o P pt st p 3
Gy (8) =— { — sins#t+s(—)sin24+— (— in3a e
e (2 2 {wo (wo) 2| (m) sindat
’ st p o
+— (=) sin(nl)pt e ) (3.58)
n! - : ‘
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EX, 3.3 Bridged T circuit

The bridged T and the twin T circuits are commonly used as phase compensation

network in ac servomechanisms, The transfer functions of these circuits are derived

by the method described in this chapter,

The dc transfer function of the bridged T C/z
o ° L o
circuit of Fig, 3. 10 is as follows.
] s 2
1+(— —
H(s) G D) R R
s) =
(359) .
° ¢ 2C
which is expanded into partial fractions as
H(s) - 22, 1 21, 1 o ¢ o
s) = -
e =2y w_so_‘_ P z)s;+ de (3,60 )Fig° 3.10 Bridged"g‘
compensating
where . s
w0, = I/RC circuit,
=23 +VF)
a=2(3-vF)
Denoting
-1 -1
= jsa — jug (3.61)
= Py e = .
Lty R

and referring the result of the previous section lead to the transfer functions of

this system as follow.

G 1 ( A10, 20,
= —- - oS - cos u
1(s) = - i AT T :)
1 210, 2 04®
._._( cos 24— COSZIlz)S+ ............
@o 12 - 11 F 'll
s s 2 s 3
=0.17 + 0.224(;—)-—0.16(—) = 0.0112 (—) + weererereses (3.62)
o @o Do
2104 Az P2 .
Ge(s) = ( sinyy ~ smu.)
Ag =4y . 2= 11 .
1 l‘ Py 2Pg
+ — sinpgy, = sin2u3) s
@Da ( Ay = 4,4 ! 21— A1 )
+ ...............
s 2
=—0.138 (-—) 4 cemesreecnneens (3.63)
@o . .
By inspecting the coefficients of s/w, in both transfer functions the phase leading
» L ‘
property of the bridged T circuit is obvions.
EX, 3.4
The twin T circuit of Fig, 3.11 is also
C c
a common compensation circuit in ac servo o | | | —o
systems. The dc transfer function of this A AAA .
i s s R R
circuit is given by
. e Ou(t) R Oo(t)
1+ (o) 2c /5
H(s) = (3.64)
s s 2
1+ 4(-)+ (=) o— i o

Fig, 3.11 Twin-T compensating
circuit,
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where, w, = 1/RC

o

H(s) is expanded into following partial fractions.

44, 1 _ A 1
H(s) = 1+ g — Ay _S_+ s Ao =2, _i+ ' .(3.68)
@Wo Weo .
where
A= 2+V3
e =2 ~+/3

By carrying out the similar calculations to those of EX. 3,3 the transfer functions

are obtained as

s s (2 s B .
G‘(5)=°'223(6:)"°'111(Z,) —0.063(;—) - eseeennens (3.69)

2
G.(s)=-0.0743(;s—) R A (3.70)

It is not at all difﬁcultoto calculate coefficients to higher orders of s, b\_zt, since
angular frequency of interest is always less than w, the first few terms are
sufficient to understand the dynamic properties of the carrier modulated systems,

3.3.4 Concluding Remark

The transfer function of the carrier - modulated system has been understood
from a vague analogy to the relation of transfer function to frequency response.
From the result obtained in this chapter the frequency response approach to the
carrier modulated system by D. Morris is justified, while the theory considering the
envelope of the modulated signal is not supported.

For instance considering the transfer function of ac servoamplifier of Fig, 3.9

concerning the input signal of the chopper circuit to the output of the amplifier 46)

is not adequate, If this is the case, 8j(t) -and 6,(t) subject to a sinusoidal signal

of e(t) are

() = Eo sin ote coswot

=%E, {sin (wot@) t— sin(m.,—a))t}

d 8
= 6o0t) = 3 E, [ Hsin {(@otw)t+ds}~Hrsin{(@-0)t+6:}] (371)
= = (3.72)
If Hl H2 H
then $1— D2 ‘ b1— b2

6,(t) = HE,sin (wt+ ) (3.73)

)cos (wot+

and the envelope HE, Sin(wt + $1— ¢’)is clearly defined. But in many cases the
relation of eq.(3.73) does not hold and the envelope is even undefined.
In fact eq.(3.45) and eq.(3.46) are written in the next forms referring (3. 32)

and (3. 33) 1 . L 1 .
Gi(s) = ‘é‘Re {H(]mn)“{'SH (]wo)+§T S2H (jwe ) tereeereeees

1
1 zn _(2n) , . 2041 _ (2n+1)
Toni3T H .

tomyr s B Ueod+ Gagyr s (j@o ) 4 wrvereverses }

|
NI»—-

Re [ Hjoo+s) }

{1+ jead+ H(s~jwo)) (3.74)

.p.‘v-
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3.4
3.4.1

1 o 1 ,
Gi(s) = -3 Iu { H(jws)+sH (@0 )+ 5= 8T H (Jwg ) erver

1 2n _ (2

o) . 1 2ntL (20
tamns B (l‘”o)+ms THE™M (500 ) 4 eeveeree }

= -2 1n { H(jowts))

1
=5 { H(s+jwo) — H(s-jwa) | (3.75)

in which s is considered real number. By putting s = jo eq.(3.74) and eq.(3.75)
reduce to the frequency response obtained by D. Morris,
Transfer Function of Chopper - Modulated Ci.rcui.ts4 8) 49) 50)
Introduction

Small ac servomechanisfns including computing servomechanisms, automatic
balancing instruments, X Y recorders and fire control equipments unexceptionelly
use choppers iﬁ the input circuit of the servoamplifier. To understand the dynamic
behavior of these ac servomechanisms it is necessary to know the transfer
functions of the elements constructing them. Among them the dynamic property of
the chopper - modulated circuit has not been wholly understood.

As the chopper - modulated circuit is a periodically interrupted electrical
network and is not describable by a simple ordinary differential equatién of constant
coefficients the transfer function of this circuit is n.ot obtainable by a conventional
method.

The reason that the dynamics of the chopper - modulated circuits have begun to
attract the interests of electronic engineers may be attributed to the recent develop~
ment of the analog computer. The author has been trying to improve the dynamic
performance of the servo multiplier and began studying the transfer function of the
chopper modulated circuits. The study of the transfer function of the chopper -
modulated circuits is extremely important as this circuit is the only part of the
servomechanisms to be investigated for improving the response of the whole system.
Several studies on this problem are recently publishedsn 52) 53) 54) 57) 58) 59)
by which the author was very much encouraged. In those‘ papers the dynamics of-
the chopper circuit are discussed in terms of the frequency response. As this is
less straight 'forward the author has attacked the problem from the time function;
that is, by calculating the transient response of the chopper - modulated circuit
subject to arbitrary input signal and taking its Laplace transgrm after some

approximation, Although it is not readily determined as to which way of approach

is superior, the frequency response approach is preferable for complex circuit
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“ulation frequency fo. The input signal f(t) is

while the time function approach is more suitable to study the dc gain and the
effect of the c:_ircui.t constants to the transfer function of the less complex chopper -
modulated circuit.

Transient Response of a Simple Chopper - Modu-

lated circuit.

The input circuit of a simple chopper amplifier is

ey s RS
shown in Fig. 3.12 The mechanical contact S 1 . ( 2

interrupts the signal apphed through r at the mod- Fig. 3.12 Input circuit of a

simple chopper -
amplifier,

converted into ac voltage, the waveform of which is
calculated in the following way.
Let the duration while S is open be A\,seconds and that while S is close be A

seconds, then the period of the interraption of the chopper is
D = llfor = A1 + Ag seconds : (3.76)

The circuits when S is open and when S is close

are shown in Fig. 3. 13 (a) and Fig. 3.13 (b)

respectively, The circuit equations for each . r ¢ o r
W i
|4 V-
circuit are as follows. For the circuit when S I l—— $ s
Sty s RE € f&
is open l . L i .
' v + (R+r)i=(1(t) @ 13)
dv
¢ dt t » Fig. 3.13 simple chopper-
(3 77)' wmodulated circuit
Ri = e '
For the circuit when S is close
d L]
c —L = i
dt
(3.78)
Ri' = e!

where v, e and i are the voltages across Cand Rand the current in R when
5 isopenand v', e' and i' are those when S is close,

The waveform of the input signal f(t) is approximated by a staircase function as
shown in Fig. 3. 14, which takes constant value for the time interval of A and

does a sudden change at the moment of interruption of the chepper. Under this

approximation the sclutions of the above circuit equations are obtained as
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t-nA

1 -
e= —(fa=Vo)e ke | for nA<t<na+A,  (3.79)
- t—nA"‘Al
e'= ~-vo'e T R for nA+A1<t< (n+1) A |f®
where (3.80) ‘
k = 1+r/R Z
. 4 fn
r = RC (3.81)
The waveform of this chopper circuit is alike one 0 t
4 na
~shown in Fig. 3.15. Denoting the voltage across Fig, 3.14 Approximating
inputs ignal by
R at the moment immediately before the contact S staircase function

closes at the n th interruption period by e, and
that at the moment immediately before S opens

by ep' the initial values v, and v,' in the

above solutions are written as _I—
A==t 4, en Enet
VO = -enl-l (3. 82) 0 I . . .
s [, I
'= f - ke T &’
Vo ¥ In n (3. 83) /J_L /_J'_ .
according to the fact that the electric charge of -

Fig. 3.'15 Output waveform of
‘the chopper - modulated
¢ ircuit.

the capacitance is unchanged at the moment of

the interruption of the circuit unless infinite

current is allowed.

Substituting eq. (3. 82) into eq.(3.79) andlet t=nA+4; , we obtain
A

1 ’ ifend Y
e,,=-;(f,,+en_l) €kT (3.84)
Similarly, substituting eq.(3.83) into eq.(3.80) and let t =(n+1) & , we obtain
Dy

o = (kew—fn) € (3.85)

These two equatibns make a non - homogeneous simultaneous difference equation
which may be reduced to the following equations.

~Ae
T

1 ~-£a
en"len-l = — e kt (fn—e fn-!) (3.86)

/ , -2 (l—e— ) fa (3.87)

where

1A
e T T+ De) (3.88)

The solution of the nonhgmogeneous difference equation is obtainable by the
‘following method. en, e,' and f, are considered staircase function of t which
take constant values for the time interval of Aas shown in Fig. 3. 16; that is

e(t) = en , na<t<(n+tla
e'(t) = e’ 1" (3.89)

£(t)

I
L

-
-
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By definition they have the following property

e(t-a) = e )

e,(t)
el(t-a) = e' (3.90) —D: |
f(t ~A) = fn-l ‘ €n em—L‘
and we can take the Laplace transfofm of these ’ t
0 nd ()4

staircase functions. Let

2 (e(t))=E(s) .x[e'(t)]= E(s), £ (1()) = F(s)Flg' 3.16 Considering

solution of differ-

then -sA -1 ,
-f[e(t—A)]:e E(s) =Z E(s) ence equation as .
£ (e (t-a)) = 27 E(s) } (3.91) staircase function
X (e (t-A) )= Z7'F(s) of time,

where

Z___esA

is the shift operater.

(3.92)

Now the difference equations of eq.(3.86) and eq.(3.87) are Laplace - transformed

into the following equa,tmns.

AYY JaX)
1 L2
E(S)"‘ XZ E(S)— _l;e kT {F(s) e Te —l.F(S)} (3.93)
E(s) - 127 E(s) = —e " 2-(1-e 1‘_%) F(s) (3.94)
Solving these equations for E(s) and E'(s) the transfer functions for these variables .
ed Y '
are derived as E(s) e ¥t 1-¢ T z™ (3.95)
Gl (S) = = ) N
F(s) k 1-2 Z :
Qe a3
_ T - kTt
Geloy= o) _ze ~U-e 77) (3.96)
F(s) 1 -212Z

In this result we see the output voltage of the chopper - modula.ted circuit has different

transfer functions as to when S is open or close. This fact had been unrevealed

54) 56)

until T. Numakura experimentally verified. He used an assumption to explain

the phenomenon which was not supported by the theory. The result obtained above

clearly explained the experiment by T. Numakura.
The transient response of the chopper - modulated circuit is obtainable by expanding

G(s) and Gy(s) zxto infinite series of Z~ -1 like

e T _De _As
Ga (8) = — T[ 1-e T (1-e %) (24 22% P 2% . )} (3.97)
Qe L ‘
Ga(s)=-e * (1-e ¥7) (14227% 2227 e ) (3.98) !
Using the relation x[ - ] - H(t-nA) . (399)
where H(t) denotes unit function the step responses are obtained as
, A D1 acr
& = —e T{1—e ’(1 ek’)E z} (3.100)
L 41
e’=~e © (1-e E )- 2 4 (3.101)

j==0
which are shown in Fig., 3.17., This result agrees to the result obtained by Okazaki, 3

The frequency response of the chopper - modulated circuit is also derived from the

—62—



transfer function by putting s = jw in Gj(s) and G,(8). They are
IR _Qs Ax
kT T T
1-2¢ [ 3.
,G, oy | = 0S WA+ e (3.102)
1 - 22coswA + A8
AL
T o3 ’
a e sinwA -1 lsinewA (3.103 )
G j = tan ~tan )
<G1 (jo) D 1-2coswA
1~e T sos oA
Ag N
" (e R -t
e ( 1-e¢ )
‘/1—21cosmA+ as el
o 1 AsineA 7/
jw) = tan- .
<Gz (j&) 1—- 2 cos A (3.105) §-05 4 Lio
The frequeny responses calculated from the above \& ' o
o} 100

equations are plotted in Fig, 3.18. The experimtal
results are also shown in this figure, which con-
siderably agree to the theoretical curves.
The Lis sajbus\' figures observed when measuring
the frequency response of the chopper - modulated
circuit are shown in Fig. 3.19, In these figures
thin ellipses déclining to the right correspond to
e(t) and the thick ellipses declining to the left to
e'(t). The different character of the frequency
responses of e(t) and e'(t) is clearly obser-
vable from-these figures‘.

From the frequency response plots of
Fig. 3.18 the phase - leading property of Gj(s)

may be observed. As the matter of fact for

lower frequencies Gj(s) and G,(s) are

5 10
n

Fig, 3.17 Step response of the
chopper - modulated
cirauit of Fig, 3. 13.

5 20

150k 1G,{Jw)} =
j " g '/r(:— V
L 100kA 0k
»
*100’ /
sl
LGt hw) e
RuiM - 100kA 1060
< 10
. > s
001 0 10 100

1
(¢5)

(%s)
)

Fig. 3.18 Frequency response of

approximately written

AT
ae T
Y 1+ A
e kt 2 1-e~ 7 1+aTes
G],(s); - . 2 =Kl. —
k(1-2) 14+ 7—5"8 1+To s
1—
~Da
T 1 ~K,
. = e -4 . =
Gz (s) 1=12 B .y 14 Tes
1+1—_)
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the chopper - modulated
circuit of Fig, 3,13,
Solid lines are calculated
response and crosses

and dots are experimental
results,

(3.106)

(3.107)



(a) £=0.08 c/s (b) £f=0.4c/s

R L N d’ d

Sa,
‘e
v !

(c) £=0.8c/s (d) £f=15c¢/s

Fig. 3.19 Lissajoﬁis figures of a Chopper - modulated circuit.
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by using the following approximation

-1

7 = 1- sA (3.108) ..
T,, the time constant appearing in these approximate transfer functions may be con-:

sidered the response time of the chopper -modulated circuit, which is

JA%Y

-{ kT +Aa)
P JaN Ae
To = = (3.109)
—(A '
1-2 I—e (Fetas)

The dependence of To on the time constant of the /]

- : U : | 7
circuit RC =7 is described in Fig. 3,20 in S0f- Ryt /)

o _ef

, a- 1-et 5 /

which it is taken that Ax = A =472,  Usually
/0 /

t is larger than A so that the approximate 5 /’

formula ~ : 7, N =2
=1
. 2k / /]
To = ——— o1 (3.110) ///
k+1 o5 4
74
satisfies many cases. This is a useful formula /'/
0i -

as it gives general idea on the response time of ol o5 1 /4 " %0 e

Fig, 3,20 Time constant of the
chopper - modulated
circuit of Fig., 3,13
.as a function of the
time constant of the

the chopper - modulated circuit « , the index of

the phase -lead in eq. (3. 106) is given by

A A circuit.
1 1-e e+ (3111)
a 21 a a
_& . - o
e kt-—e ke f)

The dependence of ¢ on ¢ is shown in Fig, 3,21
whenA,=A,=A/2 The following approximation again holds when 7 is larger than &
o = K+1
= K (3.112)

The balanced - type chopper - modulated circuit of Fig, 3.22 is often used,
The transfer function of this circuit is G|{s) Gz(s) as the output of this circuit is
e -el,

Finally the transfer functions of the chopper modulated circuit of Fig. 3.23 is

derived by a similar method. They are

-D1 B2y
Cisr=6 7% - 1—eﬁ-zl (3.113)
1 1-~NZ-
_B2 _AL
. eFt y-e = (3. 114)
Gels) = = =g Tonz '

which resemble the transfer function of the chopper - modulated circuit of Fig. 3. 12,
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/0
1NN

N
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oy o5 7 570 356 700
3.4.3 Non -resonant Chopper - Modulated Circuits T/a

Fig, 3.21 Index of phase -
lead of the chopper -
modulated circuit
of Fig.- 3.13 as a
function of circuit
time constant

Generally the chopper - modulated circuits
are classified into two types, namely resonant
ahd non - resonant chopper - modulated circuits,
The. chopper - modulated circuit consisting of the
capacitors and resistors described in the previous
section are of non - resonant type, while ‘the circuit

using an input transformer tuned by a capacitor at the

frequency of the interruption of chopper belongs to the

-|[I—o—-tf ?“*T

resonant type.  The waveform of the output of the

circuit of both types are shown in Fig. 3.24. The WY

difference between the waveforms of the resonant Fig. 3.22 Double ended

and non - resonant chopper - modulated circuit is chopper - modulated

circuit.
that the former changes oscillatory while the latter
changes monotonically during the interruption
S fu o I
period. From this reason different methods v S
: £ r RE € fn r RS e
of calculating the response of the chopper
circuits have to be used depending the type @ )
of the circuit, In this section the transfer Fig, 3.23 A simplz chopper -

modulated circuit.
function of general non - resonant chopper -

modulated circuit.is. studied.

Consider a contact S interrupting a branch of an electrical network consisting m
capacitors and inductances and a certain number of resistances., A signal f(t) is
applied to this network as an input. Lét N renresent the period during which S
is close and uj, up, ...., Y, denote the voltage drops of the capacitances and

the currents of the inductances while S is close. The period during which S is



open is written as /A, and the voltage drops of

the capacitances and the currents of the in- , | l\l r ﬂ ﬂ
ductances when S is open are denoted u;' J l/, ,/, \J U

u' eeiies um' as well,

As the terminal voltages of the capaci-

tances and the currents in the inductances are \/ \/ \7 J U

conserved at the instant of the interuption of

QL (b)
the switch unless infinite current or infinite Fig. 3.24 Output waveforms of
chopper - modulated
voltage is allowed (which is unusual case) circuits,

(a) non - r esonant circuit.
the initial values of these voltages and currents : (b) resonant circuit.

used for solving the circuit equation at each interrution
period are those values at the moment immediately before the transition of the switch,
The solution of the circuit equation when S is open is given in the following

equation. In solving the circuit equation f(t) is replaced by a staircase function as

that of Fig. 3.14 .

uy o=@y (f) &gz () dim (t) Ugo \ +fa [y (t)

u, Gy (£) dag (t)reemeeee @2 m(t) ug o » dp (1)
|
* —_—_—— e m e —— | |
. ' '
! |
N B D | |
‘ |

um d m1 ® Cmy (t)e-eee e lmm (t) U mo Cm (t)

(3.115)

where 2i(t) is the indicial response of u to the input signal when initial values of

uy, uy, ,.,,, Um are zero,aij(t) is the solution of u, when input signal and intial

values of all u's except that of u; are zero and the initial value of u; is unity,

and w9, Y20, ****c’ UYmo 3Te the initial values of Uy, Uz, eeecers Uy which are
the values of uj', uy', «..o, ‘{m immediately before the contact S opens. The
origin of time in the above equation is taken at the momert of transition of the switch,

when we denote
Cij(og)=dij }
di (o0 )=cai (3116)

the values of uj, Upy eeeeey, u - at t= » Yyn, Wyge Upps eeesesr Umnp are

obtained from eq.(3.115) as
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uln ™ (- 277 yg sesennens oy m uy +f n al
-1,
uzn sy gy soevoseesces [ u;’ -1 ds
l I
A N : | (3. 117)
) |
L3 ‘.
SR | .
. |
! I
| I
umn Amy Emyg wseeeevems & mm u:nn—'l Cm
where 'u'in is the value of u;' atthe end of n th interruption period.
Likéwise Uj,' are represented in terms of u; as follow.
8 in
(3.118)
t = .
u'y, /911 ﬂlZ cesessnconn ﬂlm « 4uipy t+ in £y
' . .
~ uzn ’921 ﬂzz secsssscsne ﬂzm uzn ﬂz
. sesssssesssecsrsssserenessce ] .
o " ® 0 8 8 0 0 7 8 000 L S ROT SRS N OB ' .
]
u''n Bonl Fpnz wtrereeeee 'Emm Umn ﬂm
(3118)

where fj; and p; have similar meaning to @ij and aij ,
Now U, U, «e.se..s u_ etc, are represented by vectors, and ( €ij ) etc.

1, 2, m

are represented by matrices as follow.

UYn = Yn ’ ul;l = u“n
1
Y2n Y20
Ymn u"mn
ay = o ’ B = A
a3 Bs
| r
| 3
| [}
tnl A
(2ij) = A R (fij) = B

Using these expressions eq.(3.117) and eq.(3.118)are rewritten as

EY) = . ’ "\' '_’ 3' 119)
u, Acul | % f.a (

-, -— -2

un = B Un -{‘ 9 fn- p (3. 120)
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from which the following difference equations are obtained,

— — —
Uy - A'Bug., = faud+A:p (3121)
— - —_ -
ul" - B'A'u'n-1= fn(B'd+ﬂ) (3.122)

—p
u, 2and u', are now assumed staircase functions taking constant values for an

- —
intervalof A ( =41 + As ) and their Laplace transforms are written U(s) and U'(s).
Then, by taking the Laplace transform of the difference equations of eq.(3. 121) and
eq.(3.122) the transfer functions of the non - r esonant chopper - modulated circuit are

obtained. They are

—

6 () = e = [E-z7 a7 (a4 z7a8) (3123
G (s) =%= [e-z7".B-A]"" (B-a +7) (3124)

where E denotes unit matrix,

For the single ended chopper - modulated circuit the amplitude of the output signal

is (u+u') /2. The transfer function is then
G(s) = 3 (Ga(s)+Ge (s)) (3.125)
In general the output voltage of the chopper - modulated circuit is represented by a

linear combination of ui's and uis" that is
’
E :Z Ciu; = _é' . I}l’
2t = } (3. 126)

E' =Zc'iu'l = C « u

The transfer functions of this circuit are then

t

_61 (s)

H, (5) =
. Gz (s) }

—ét
He (s) c’

(3. 127)

Thus we have derived a general form of the transfer functions of the non - resonant

chopper - modulated circuit, The calculation of A, B, ¢ and B is not easy in

- practical cases. Although they are readily obtainable in the forms of P function

what we need are t functions. The use of the analog computer is highly recommended.
Resonant Chopper - Modulated Crcuits.

The resonant chopper - modulated circuit using input transformer and tuning capacitor
such as is shown in Fig. 3.25 has a certain amount of gain and also produces a sinusoidal
vraveform. The output siganl of the resonant chopper - modulated circuit is' as shown
in Fig. 3,23 (b) and the amplitude of the waveform

is no longer represented by the magnitude at the

AN

é‘!g -
transition of the switch as was done for the non - 3{‘1
: A w.t ai 2= Q“ZW
resonant circuit. It was decided, therefore, to b it g
represent the amplitude of the modulated wave by g g
o - —

the magnitude of the signal at the middle of the Fig. 3.25 A resonant chopper -

dulated circuit,
interruption period. When Q value modulate !
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of the circuit is sufficiently large the output waveform is nearly sinusoidal and this
approximation holds good.

As shown in Fig, 3.26 the magnitudes

of the voltages of the capacitances and the
currents of inductances of the resonant n /-\\
n+1)4 t

chopper - modulated circuit when the contact

is close and when it is open are denoted by

% % R
U, and u n respectively. Then
following equations are obtained by a similar Fig. 3.26 Output waveform of the
resonant chopper -
procedure to that described in the previous modulated circuit.
section.
ok #* g - %
= o .
un = A . n_]_ + fn . (3. 128)‘
u'n = B .o, + f, . B ‘ (3129)
where ® % Ay
A = e = e
* o
(¢i) = {a i( _2‘ )}
¥ . o2
B = Gy = {Ly(5h) (3130)
-* -— . Az
#i) = {Pu5))

% Bt
The transfer functions of u and u' are then written in terms of Gl(s) and

GZ(S) of eq.(3.123) and eq.(3.124) which are the transfer functions of W and

—
u!, as

/>* -1 % % — - % 3
G,*(s) Z . A . Gyls) + a (3131)

-2 — —_—
dz*(s) B . G (s) + P (3132)

1l

These are the general forms of the transfer functions of the resonant chopper -

modulated circuit.

r.o_. ] L
5 S
As an example the transfer function of l , ] .
‘ £ V(’-)l L R C=m uit) f, vft)l L 2R C== uft)
the unbalanced resonant chopper - modulated l l [ '
@ (b

circuit of Fig. 3,25 is calculated. The
Fig. 3.27 Equivalent circuit of the
equivalent circuit is shown in Fig. 3.27. _ chopper - modulated

circuit of Fig. 3.25,
The circuit equations are

du _ 1 - [ N
Cge = 7 tin u ) R v (3.133)



dv

L =
du’ u’
C dc -
dv!' _ w’
L3 =

(3.134)

(3135)

(3.136)

where u and u' are the voltage - drops of the capacitance and v and v' are the

currents in the inductance.

considering initial values of u, v, u' and v',

Eq. (3.

133) and eq.(3. 134) are now Laplace transformed

resulting

LCs? 'Uo*% sfh—Lv,
Uls) = TG v L(l+1)s21 (3137)
R r
{LCs® +L(—-}l{-+—}_—)s}v,+Csu°+-—i—fn
Vi{s) = Lce2 (3.138)

+L(% +%)s+l

By taking the inverse Laplace transforms of U(s) and V(s) foilowing members of

the matrices of eq. (3. 120) are obtained.

ko,t
2Q / k2
dll(t) = € (COS 1—4_Q’ wot
L _ ko,
@Dy
Ayp (t) = -~ [ 2Q
Kk
1 -
4Q2
L ke,
OL 2
@2y (t) = = ol Q sin
1—'-4Qz
ko

- ==

. 2
a2 (t) = € Q (

O
[+]
»

k2
1- QT “o t +

~

k
2Q [T ke

\/_—k- siny/1-— ZQ—z wot) (3. 139)
4Q

1

Y

. k*
sin 1-4er o,t (3.140)
kl
1 - 108 o, t

(3. 141)

k
2Q . , k*®

\/l—___kz— sin [1- g mot) (3. 142)
4Q2

o, L ke,

_ r 2Q t k2

a;(t) = m e sin 1- m @t (3. 143)
4Q®
_ ko, t k

_ 1 _ 2Q k2 2Q . / k2

2y (t) = r{l e (cos I'W“’ot+ . o sin I_W wot)}
4Qr (3. 144)



Likewise eq. (3. 135) and eq.(3.136) are solved to obtain following results,

Pia(t) = e Cos \/ - ‘/———— -l FYeE wot) (3. 145)
4Q*
- Dot
w,L 2Q , 1 .
Bz (t) = - —-bl_ T € sin f1- YTy w,t (3. 146)
4Q2 -
1 _ @,
@ol, 2Q . 1
t) = T i -
Fur(t) — 1 e sin [1= = g5 @t (3. 147) ‘
4Q¢
_wet 1
20 1 2Q 1
B(t) = € (cos 1- Tqr Yot * —ﬂl— sin /y. __1_2_ w,t) (3.148)
1— 4Q
B 4Q!
Ba(t) = Bo(t) = 0 (3. 149)
In the above equations following notations are used.
R
k = + '

1 3
1 2 (3. 150) ’
“o SVIC T A .
R

wq L
If ©: =23 = & [2 , then
w, Dy = @, D2 =7

Assuming Q » 1, and Q/k » 1 , and putting t = &1 in eq.(3.139) -

eq.(3. 149) the matrices A, B, 1 and ? are obtained in simpler forms as

kx :
A = e "% (—1 o) (3.151)
| e V0 -1
B = e 2% (710 . (3. 152)
__ 0 -1
- 1 _kz
¢ = T (l+e 2Q)(0) A (3. 153)
1

4 = o (3. 154) .

£ % — % —a . ’
a and g are obtained as

_ki .k
*« 1 . ~aq ~5q —w, L 1
A* = =t ( ¢ _&_> (3. 155)
4Q? _L @,L 2Q
2
- PR —
5% - 1 e 4 ( 20 &’;’—) (3. 156)
1= 3¢ » aL 7a '
= - @W.L € 4ad
7 _( -« x > (3. 157)
1 - 24 ad ]

-

T
L —29
LI - |

= o aQ (3. 158)

—72—



Substituting these into eq.(3.123) and eq. (3. 124) and then into eq.(3.131) and eq.(3.132)

leads to following results,

krx
2Q
= 1
Gi(s) = X2 ( 0 ki )
-~ —x
1
1-72.¢ 2Q (3159)
g r
— "m -
Ge(s) = - ¢ G, (s) (3.160)
o kr N _.k_
-G—:#(es)= ool ¢ 49 1+4z-e 2Q
r o "k".lz (3161)
1xZ-e 2Q
kx . _.2_”_
1 1- K e 49 1%z :-e Q
r 2Q —-k+11r
1-Z%e 2Q
__F_ __2k+l
—% woL e 4Q + e 4Q r
Ge(s) = - P (3162)
-1 - 4
. 1-Z-e 2Q
L] T 2k+1
- - 1 g
1 e 4 + e 4Q
‘ 2Qr k+1

-1 -
1-Z-e 1Q

The transfer functions of the terminal voltage of the capacitor of this chopper circuitare

* L *
G (s) and G21 (s), which are

* 1+apnz-?
G K. —————5—
11 (s) 1—nz—" . (3.163)
%* - K ' (3164
G21 (s) = 1—pz™ (3. )
where :
L - kz,
o 4
K = — Q
ke kx
K! =moL.e 4‘;2(1_’_e 2Q)
T
¢ = _k+1 3. 165
A Te"2qQ " { )
krx

)
o

a =€

The indicial response of the output voltage of this circuit is

att) = K(1+e) ¥t e (3. 166)

u'(t) = K'.% #? (3.167)
izo

for nadt<(n+l)a
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These results were calculated for a particular case where
Q = 80 , k = 32,4
and are plotted in Fig. 3,28 together with the analog computer results,
The static gains of this resonant chopper -
modulated circuit are also obtainable from the
transfer functions of eq.(3. 161) and eq.(3.162)

by putting s = o. They are

- k= T 2q
G,‘;(o) - wolL e 4Q 1 + e
_k+1u
1 + e 2Q
(3168)
kn"

T ——
L - — 2Q 10
Gh(o)=~2" e 73Q 1 + e =
. //;/’V’(P
1 -e 29 7
(3169) /“

. % *
The ratio of Gn(o) to GZl(o) is

;
/

Ghc) e 1@(1+e %) w
fer - kn
'(lz:(o)l = -
e 4Q (1+e 22 % i
(3. 170) Q=80, k=324

Fig, 3.28 Step response of the
chopper - modulated
circuit of Fig. 3,26,
Solid lines are calcu-
lated response and
crosses and dots are
analog computer results.

~which approaches unity as Q increases.
The equivalent time constant of this resonant
chopper circuit is calculated by the simlar method

used for the non - resonant circuit as follows.

o o BB ___ 2
1-n  k+l, (3171)
o2Q “ -1

In Fig. 3.29 the dependence of T./4 on Q is shown for different values of k.
As Q becomes larger the response of the circuit becomes more sluggish. When Q

is large the following approximation holds.

To ~ 2Q
A (k+1)=x (3172)

This result was previously obtained by H, Tohma who derived the transfer function
53
from the frequency response of the circuit. )

Finally the frequency response of this resonant chopper circuit is calculated from

eq.(3.163) and eq.(3. 164) by putting s = jo.
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* 1+2cucoswn+ at u?
e | (3.173)
Gll.(Jw) K 1

~-28 coswnt A
N -1
%* -1 asinwa cusinowa 3174
Gy liw) =~ tan 1—zcoswa 20 1+duc05w/_~.( ) )
%* K
GZI(JW) = V1-2ucoswan+ #? (3175)
L] -1 asinea ;
oy = _#sines 3176
GZl(Jw) tan l—ssines ( )

The trequency response calculatéd from these
equations are plotted in Fig., 3.30 with the results
obtaindd by the analog computer.

As a next example the balanced type resonant
chopper - modulated circuit of Fig. 3.31 is considered.

In the balanced circuit it is equivalent to consider the

/A

05—

aia
orf / 0 0000
Fig. 3.29 Time constant of
the chopper -
modulated circuit
of Fig, 3.26 as a
function of Q wvalue
of the circuit,

input signal changes its sign at every &/2 seconds, \
N ° Qude
that is,the input signal shown in Fig. 3. 32 is applied to ='m \ k xQate
. C N ;'. \ H '\
the cirguit of Fig, 3.27 (a). The results of the = : ™
Q=20 \n
calculation are as follow. * \
_ k= » - \
2 1 0 0
A:Bze Q( ) (3177) es 2 _&;j o 30 0cg
0 . 1 1 Qabo
T * 3 °\ oi-a0
— — 1 2Q 0 ‘\ -\ [ 13 1
¢ = g = =(1+¢e ) (3.178) 3 | N3
1 . NS
ki i No |
% * 1 - k ; \'
A =B = k2 e 4Q - -Z—Q- - wolL, \
1 -T& k (3179) =
woL 2
os 4 2 s e 2e G
kr —t
L - 710 Fig. 3.30 Frequency response
— % * 22 v € of the chopper modu-
a ==p = Y O lated circuit of Fig.
4Q* 3.27. Solid lines
k kx (3.180) show calculated results
1 |- —2Q REVYs) and crosses and dots
r / k2 show - analogcomputer
- —— g P
41Q* results,
The transfer functions are obtained as.,
K _ kx o
- 2Q 21 3.181
> % ~ wolL e 4Q 1+ (1 +e ) Z. ( )
GI(S) ) r \/; L kx
- k=
k - %(_’;— k—ﬂ 2
—_— 8 2Q ~1
1+ ¢
1[; 2Q {1 + ( ) Z }]
r Kk? _ k=
7@ 1-Z'% Q
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G, (8} = r K2 kx
2 ,/ R o 5 -1 - —_—
1= ¢ 1-7 ¢ Q
K —% -k - ks
—_— . e 2Q -1 2Q
- 1|, - 29 {1+(1+e Y(1+Z e )]]

The time constant of this balanced circuit is

A
To=—m— = i‘—g (3183)
e Q -1 Sy == output
which agrees with the result obtained by T. Numakura, imwl M :
3.4.5 Analyzing the Response of the Chopper - Modulated l .
774
Circuits by the Analog Computer. Fig. 3.31 Balanced type reso-

nant chopper - modu-

In the preceding sections the approxi-. lated circuit

mate formulae of the transfer function of
the chopper - modulated circuits were

described. In testifying the theory fetr
transient response calculated by analog ’ »——'/

d

chopper circuit, As the analyis of the \

computer is used rather than than the

experimental results obtained by actual

S~

transient response of the periodically

interrupted electrical network by means

Fig. 3.32 Waveform of the equiva-

of analog computer is of particular inierests X .
g P P - lent input signal.

and has a wide range of applications, the

outline of the way of analysis is described.

’
e,c 0 v

The theory of the network simulation is applied in this case, -\‘U_T'."‘—/s’_"- T

-t. .
too. The block diagram of the non - resonant chopper circuit bt
1
[r}

Fig. 3.33 Block diagram

of Fig, 3.13 is skown in Fig. 3.33, As switch S interrupcs

the circuit periodically the circuit configuration alternates representat-
ion of the
between Fig, 3.13 (a) and (b). This is also represented on the choppex -
» modulated
block diagram. The initial conditions are alsu satisfied as the circuit of
4 Fig. 3.13.

outputs of the integraters e, ¢, v and v' remain unchanged at

the moment of interruption. The branch of r is the only one part of the circuit



not simulated during S is open, but this does not affect the voltage of the capacitor
which is wanted. The analog computer circuit {w
corresponding to the block diagram is shown in Fig.

3.34. The relay amplifier is used to operate the

switch. The circuit is shown in lower part of Fig. 3.34.

The resonant chopper - modulted circuit is also | |

analyzed on analog computer circuit, Fig. 3.34 Analog computer

circuit simu-
lating the chopper-
modulated circuit
Fig. 3.13,

The block diagram and the analog computer circuit
of the resonant choéper circuit of Fig, 3,27 are shown in
Fig. 3.35 and in Fig. 3. 36 respectively.,

Some of the analog computer results are shown in Fig, 3.37 and in Fig. 3. 38, the

former showing the response of a non - resonant chopper circuit and the latter

showing the response of a resonant chopper circuit

~ both subject to the sinusoidal input signal,

Concluding Remark
In this part of the chapter the approximate method '@

of calculating the transfer function of chopper -

modulated circuits is - presented. The basic

Fig. 3.35 Block diagram
representation of
the resonant
chopper - modulated
circuit of Fig, 3,27,

idea of this approximate method is the use of the
staircase function having the interval equal to the
interruption period of the chopper. By replacing the
input function £(t) by the staircase function non -
homogeneons difference equations are obtained, and
also by considering the variables other staircase b

functions of time the Laplace transforms of these

difference equations are made possible. As the

matter of fact this approximation admits error

Fig. 3.36 Analog computer
circuit simulating
resonant chopper -
modulated circuit
of Fig. 3.27.

when the frequency of the input signal becomes
comparable with the chopper frequency. Since
the chopper amplifier is not supposed to transmit
the signal of which frequency is comparable with
that of the chopper this error is insignificant in

practical cases,
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Fig. 3.37 Analog Computer Solution of Nonresonant Chopper - Circuit.

Fig, 3.38 Analog Computer Solution of Resonant Chopper Circuit,
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Chapter 4
New Computation Techniques by Analog Computer.
Calculation of Frequency Response by Analog Computer6o) 61)

Frequency response is often more convenliently used than transient
response when discussing the dynamic property of a physical system. As
the primary purport of the analog computer is to obtain the transient res-
ponse of the physical system by solving the differential equation of the
system, it has been believed that the calculation of frequency response is
not suitable for analog computers, The calculation of the frequericy response
is, however, by no meéns i‘m’)ossible. There were a few methods for this
purpose,

The first of them is to build a simulation circuit on the analog com-
puter to which a sinusoidal signal is applied as input and to measure the
amplitude and the phase of the sinusoidal output signal. The demerit of
this method is that it often requires a larger bandwidth than is obtainable
by the analog computer circuit.

The second method of calculating frequency response on the analog
computer is the changing of the time scale factor of the analog computer
circuit with the sinusoid;l input signal of a constant frequency, thus changing
apparent frequency of the input signal, The latter is superior to the former
because of the faét that the variable frequency oscillator is unnecessary.

The 'third method developed by the autor is based on the transient
response of the system obtainable by the analog computer.

The transfer function G (s) of a linear system is reposented in the form

of the frequency response G (jw) as
. ¥ -jwt
G (jw) =f W (t) e dat (4. 1)
°

where W (t) is the weighting function of the system, that is, the impulse

'responée of the system .62) The reciprocal relation of this equation is

<« .
wiy = [ clie) e aw (4.2)

-0
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As the response of the system to the unit step input is expressed as

H = [GGo) ed%ao, (4. 3)
Zeo jo

W (t) is derived from H (t) as

dH (t)

W) = (4. 4)
dt

Eq. (4.1) is then

G (jo) = [ H' (1) et a (4. 5)
and the real and imaginary parts of G (jw) are

(2]

P (o) = fH‘ (t) cos @t dt (4. 6)

Q(e) =-fH' (1) sin ot dt (4.7)
Where G(jo) = P(o) + jQ (o) (4. 8)

The author's method of frequency response calculation performs
Fourier transform on the step response obtained by the analog computer
z;ccording tq eq. (4.6) and eq. (4.7)

The reason that eq. (4.5) instead of eq. (4.1)
is used is that a unit impulse is an ideal function
not obtainable by analog computer circuit while
step response is most commonly obtained. In’
addition the differenciation is not necessary

in most cases because when H (t) is the -

output of an integrater H (t) is present

at the input of the integrater shown in

Fig. 4. 1. Fig. 4.1 Analog computer circuit

calculating step and

The computations of eg. (4.6) and ;
impulse responses.

(4. 7) are performed by the analog computer
circuit of Fig. 4.2. H' (t) and H' (t) are
applied at two terminals of the sine - cosine
potentiometer which rotates at the angular

frequency of @ rad / sec.
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The time origin is taken at the

instant when angle of rotati f th S S
w ngle o ion o e Ir : _ED,{D:JN

: e . . FH (0
sine - cosine potentiometer is zero. ac !

The output signals from the sine -

~H'(t) coa &t

H()
cosine potentiometer are then H' (t) Ac 100 v H) atn v

Fig,

-q

i

4.2 Circuit for calculatin fre

cos wt and H'(t) sin wt, By in- R g dquency
response from impulse response.

tegrating these two signals P (@) and v
Q (@) are obtained.  Applying the obtained veltages to both terminals of
a scope or of a X-Y recorder points on Nyquist's diagram are obtained for .
different @. The speed of rotation of the sine - cosine potentiometer is
changed by a suitable gear train for different w's. Instead of changing o
changing the time scale of the computer circuit for generating H (t) may be

feasible. The latter method is used to show an example of calculation.

Let t be the machine time as

t =t (4.9)
Where ¢ is the time scale factor. Then
) -
{r_:ith_ e It - y %H’f e 39T 4z (4.10)
When we consider
© = %—. (4.11)

@ is changed by changing (¢, -
The transfer function measured is _

G (s)=—l-1—" (4.12)

+ s

The obtained result is shown in Fig, 4.3: The temporal changeé of the
output signals from the integraters are as shown in Fig; 4.4, P(v)and

Q (w) afe the stationary values of these signals., It should be noted that the
principle of this calculation of the frequency response on the analog com-

puter is applicable to the servo- analyzer, There is a remarkable difference

between this method and the conventional method of measuring the frequency
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response of a control system which
measures frequency dependence of the
amplitude and phase of the sinusoidal
output waveform. As the latter method
measures the quantities after the transient

response vanishes while the author's

method finishes measurement when \ ——Theoretical

® % Moasured
80

the transient phenomenon ends, the

-Q
o
o
<

time needed for measurement by

author's method is much shorter

\.o

than that by the latter. It is also = \\

noted that the conventional method L e

-
0. 1 2 H 10 rad/eec,
—

needs a certain recording device

Fig, 4.3 Real part and imaginary part of

of the waveform while the author's ,
' the frequency response of simple

method does not, Fig. 4.5 shows
transfer function : G (s)

1 + s

the schematic diagram of the e, -
i Solid lines show theretical and crosses

circuit for measurilng the and dots experimental
frequency response of a control
system by the new method.

To conclude some problems concering the servo-analyzer based on the

new method are discussed. The most serious problems are the need of the

differentiator and the use of the integrators. In the actual physical system
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Fig.

Fig. 44 Temporal changes of the outputs of the integraters of Fig. 4,2.

) "
E l/ G(s) |—l Dxiferen-"__‘ Trans-

) tiator ducer
|
! l
(; pi
nteg-
' rater P (o)
ACLOOV Q ( ~=~d—cedecoea o __ -~ -

Sign
1— l Changer Integ- |, Q(a)

rater
AC 100V

4.5 Circuit for measuring transfer function.
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considerable noise is present in the signal which, on differentiation, is
amplified and deteriorates accuracy of the measurment., When the
response of the system under measurement is slow integration time is long,
and well balanced, drift-free integrators are needed.

Obviously the application of the new method is limited to linear systems.
For systems contining nonlinear elements the transfer function obtained by v
the new method does not have any meaning, while the frequency response
obtained by the conventinal method has, at least, a meaning by the concept
of the describing function.

In practice controlling the initial phase of the sine-cosine pctentiometer
is fairly unimportant. Let ¢ be the initial phase of the potentiomete=~ the
integrations of eq. (4.6) and eq. (4.7) change into

X

1t

f H' {t) cos (et + ¢) dt

n

P(®w) cos ¢ =Q (@) sin ¢ (4. 13)

fH' (t) sin (et + ¢) dt

wd
11

P(o) sin ¢ + Q (@) cos ¢ (4. 14)
P (0) and Q (w) are obtained by following equations
P(wo) = Xcos ¢ + Y sin¢ (4. 15)
Q(v) ==X sin ¢ + Y cosg (4. 16)
which are also obtained by means of

analog computer circuit of Fig. 4. 6.

" When only the magnitude \/ P2 + Q2

is necessary it is directly obtainable

as

P2 4+ Q2 = V x2+ Yy2 (4.17)
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Fault Current Estimation of Mercury Rectifier Circuit
In electric railways and chemical plants mercury rectifiers are widely
used as dc power supplies., The arc-back of the mercury rectifier is one

of the serious faults as it causes large fault current flow in the circuit
which might destroy the electric apparatus. To prevent the fault current

due to arc-back the circuit should be interrupted by a circuit breaker before

the fault current grows to the current unbreakable by it, Therefore the

«calculation of the transient change of the fault current is important for

determining the specification of the circuit breaker such as the current
capacity and the speed of interruption.
The mercury rectifier circuit is

a kind of the interrupted circuit of which

circuit equation changes depending on

the time intervals. As a way of solving .Y
Fig. 4.6 Analog computer circuit
for obtaining P (@) and Q (o)
when initial angle of rotation

this discontinuous differential equation

the final value of the solution in the .
of sine-cosine potentiometer

previous time interval may be used as is ¢.

an initial value in the next time interval.

This kind of calculation is cumbersome: both for hand calcnlation and for

the analog computer calculation. To avoid this diffizulty the technique of

the network simulation described in Chapter 1 is applied to the mercury

rectifier circuit.

vpﬂm..,
A three phase mercury rectifier Secondary

connected to an electrolytic tank is
Electrolytic Tank

shown in Fig. 4.7,

The equivalent circuit is shown in

Mercury Rect'fler

Fig. 4.8 where el, e2, and e3 .
Fig. 4.7 Mercury rectifier connected

are three phase voltages as to an electrolytic tank.



e, = JZE, sin (ot + —3—77:)
e, = JZE, sin  w,t (4. 18)
e, = JZE, sin (w.t - —i—?«:)

In the equivalent circuit three diodes M1, M2, and M3 are used to represent
the function of rectification. This is not true as the mercury rectifier is
normally grid controlle&. But when arc-back ocurrs the grids are intert
and the simulation by diodes is .valid for the calculation of fhe fault current.

The block diagram of the equivalent

circuit is obtained as in Fig. 4.9.

i, l i; 1D 'J.
The diodes are represented by nonlinear 3 —%—eE
relation of the voltage to the current, e
°D
in which the voltage drop is small for R Lo
c

positive current and is very large for ‘——ls Rp

: M, ¥
negative current. When arc-back takes ‘};‘;z;
place at an anode, the function of rec-  Fig. 4.8 Equivalent circuit of the

mercury rectifier circuit

tification is lost in this particular. of Big. 4.7.

-

anode. This phenomenon corresponds to the short circuit of diode M in the
equivalent circuit, or to closing the switch S in the block diagram.

The diode characteristic is simulated by an operational amplifier with a feed-
back resistance and a germanium diode as input impe_da.’bce‘. As the grid of the
amplifier is always kept at zero potential the diode does not conduct for positive
input voltage so that eo is almost zero. For negative input voltage the diode con-
ducts and large output voltage appeérs. The three phase ac voltages are ob-

tained by the weighted sum of two sinusoidal voltages, X and Y. That is

- L. i
X = Tz E, sin ot -} (4. 19)
Y = \/—%2: E. cos ot
e, = - X + Y
(4. 20)
e2 = 2 X
ez = -X - Y



The calculation of the fault current starts when the switch S is closed.
Observing the current of the third phase 13 after Id reaches at the steady
state S is disclosed while 13 is zero. The arc-back begins when 13 begins
to flow to the backward direction after S is disclosed, Examples of the

calculated result are given in Fig. 4. 10 showing 13 and Id.

ex1 |
+ Tt Rec+Lcp

€E

' i + +t
2 +
Rc+ch ) Rp-+Lpp
A ij : €p

€x3 |

€p

Fig. 4.9 Block diagram of the mercury rectifier circuit

of Fig., 4.7
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Automatic Programming Applied to Two-Points Boundary Value Problems 64) 65) 66)

Introduction.

As the; analog computenoa}z&: naturally made to solve initial value
problems of differential equation it is powerlesé to the boundary value
problems. One attempt of solving the latter problem by the analog
computer is the substitution method of M. Sugano . 67) In this
method the solution of a second order differential equation, for example,.
is written as

Y(t) = A()+Yo + B (t)-Yo (4.21)

The solution of any linear homogeneous differential equation is re~
presented by a linear combination of the initial values, The substitu-
tion method finds initial values satisfying the boundary coadition by
definite number of repeated trials, This method is useful for linear
differential equation but is not applicable to nonlinear equations and also
to the eigen value problems.

The next method of solving the boundary value problems on analog
computer is the trial method in which initial values are changed step-
wise for each run of the computer until the boundary condition is satis-
fied. The trial method is a time consuming method although it is appli-
cable both for linear and nonlinear equations, When there are more
than two boundary conditions the' trial method is almost impossible as
there are too many combinations of initial values to be tried.

The automatic programming of the analog computer developed by the
author for two-points boundary value problems performs the trial me-
thod by the decision made by the computer itself and eliminates the
demerit of the trial method.

The method of automatic programming is explained by the following
example which is a second order differential equation \yith boundary

conditions at t = o and t = ¢t

o*
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Y' o+ 28 e,y + w2 Y = K1) (4. 22)

t = 0o y = o (4. 23)
to= ot Yy = v, (4. 24)
The automatic solution of this problem K O— =
is performed by the analog computer : SVMJ__O“]J.

circuit of Fig. 4.11.

“ro ”I;TC:

A part of the analog computer circuit

surrounded by the dotted rectangle Fig. 4.11  Analog computer circuit

for automatic computation of the
solves differential equation of (4. 22) boundary value problem of

eq. (4.22)-(4. 24)
under the initial condition

t = o, y = o, y' = y' (4. 25)
and is controlled by the differential relay so that it performs computation
for a certain time t, seconds and rese%for the following tl seconds as

shown in the time chart of Fig, 4.12. oot
operational
period

Switch S in Fig.4.11 is also Oparation ]

Reset

1. —te— s 1 t—
reest psriod

controlled by this signal. During

Fig. 4.12 Time chart showing the

operational and reset periods of
automatic computing circuit.

the operational period, S is thrown
to the left storing ¥-Yo, the devi-
ation of the solution from the
boundary conditionat t = ¢t/
During the next reset period the

switch is thrown to the right

transferring the stored signal

on C1 to the feed back capacitor

C2 of the accumuiator. 68)

In the succeding operational period the output of the accumulator serves as
an initial value yo'. When boundary condition of eq. (4,24) is not satisfied
in an operational period the initial value for the next operational period

changes and the different boundary value of y at t = t, will result.

(o]
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Should the boundary value be satisfied at an operational period no additional

signal is added to the accumulator and the output of which remains unchanged

If this were the case the solutions of the following operational periods are
identical and are the required solution. Fig, 4. 13 gives an example of the

solution and the output of the accummulator,

Yo F——H—-

N

!
s
]
I
]

(]
]
[ '

t
Fig. 4.13 Automatic solvtion of Eg. (4.22)-(4.24)
by the circuit of Fig. 4,11

Usually the output signal of the accummulator is multiplied by
a constant factor a to be used as an input to the analog computer circuit
of the differential equation. When a is large the deviation of the solution
.from the boundary condition is oscillatory and when @ is small the conver-
gence of the solution is slow and monotonic, It might be probable that the
solution is divergent when a is very large. As will be discovered later the
magnitude of a has a significant effect on the convergence of the al;tomatic
programming method.

The principle of this method is not different for the Sturm-Liouvil-
le's problem; that is, for differential equation of eq. (4. 22) the boundary con-
ditions

at t

o, y + a,;y" = b, (4. 26)

H
o

at t

tyy Yy + a,y 1 (4. 27)

are assigned. This problem is solved automatically by the circuit of

Fig. 4. 14, in which the accummulator

éccumulates the value of

Computer Clrcult for the —1

{y + azy' - by).at t = to

1
:
1Differential Equation
[}
b
]
]

I

i isfvi s Fig. 4.14 Analog computer circuit for
' 3 lation €d. (4,26), *18
Yo satislying the relation ( ) automatic computation of the boundary

value problem of eq. (4,26)-(4.27)

‘and feeds its output to ' and

bs
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As another example the following boundary condition is imposed on
the differential equation of eq. (4.22)
t.= t,, Y = Y (4. 28)
t = tg, y = vy 4. (4.29)

The automatic programmihg circuit is shown in Fig. 4. 15.

The stability problem is more

serious in these multiple boundary

et |

C1 Cs
condition problems. ,W@]T
N 2
- 2 Cy .
Eigen Value Problem. T
Fig. 4.15 Anmalog circuit for of the
boundary value problem of eq. (4, 22),(4, 28) and {4.29}

The featuring merit of the automatic programming method is that
it is applicable to the eigen value problems. As an example following

eigen value problem is solved by the automatic programming method.

y' +4dy = o (4. 30)
t = o, y = o . (4. 31)
t = to, Yy = o (4. 32)

The computing circuit is shown in own

Fig. 416. The blocked part of theie

circuit solves eq. (4.30) with given

A and initial condition of eq. (4.31).
Fig. 4.16 Analog computer circuit for

At the end of the operational period automatic computation of the
eigen value problem of
the deviation of y from the boundary eq. (4. 30)-(4. 32)

condition eq. (4. 32) is accummulated in the accummulator which is con-
nected to the multiplier via potentiometer and adder to change 2 . In this
computer circuit the output signal of the accummulator is added to a constant
value 2 0 to initiate the computation., After a few iteration of the operational
periods the solution and the eigen value are automatically obtained. This

Anninn

is shown in Fig. 4.17.

As a final example the °, N !

i
equation of motion of a simple — to —i— to—sti—to — | . — !
. A L A i N i d A“

Fig. 4.17 Automatic solution of eq. (4. 30)-(4.32)
by the circuit of Fig. 4.16
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beam simply supported at both ends is solved by the autometic programming.

The differential equation are

2
dM
PTE +2°) Y = o (4.33)
2
d'vy
a-t—z-' + F{t) M = o (4. 34)
‘and the boundary conditions are
t = o, Y = o, M = o (4. 35)
t = ¢t Y = oo M = o (4. 36)

0O,

As the boundary conditions at the right end are two, two accummulators

areneed. The computer circuit is shown in Fig. 4,18, The stability problem

of iteration is more complex in this @
circuit. By suitable choice of d‘ '@y

and 4 o the iteration converges

and solution is obtained, Fig. 4.18

Analog computer circuit for automatic computation
of the boundary value problem of eq. {4.33) - (4. 36).

Stability Problem of Automatic Programming.

In the preceding examples it was pointed out that the iteration of
trials does not always converge, or does not converge to an identical
solution, Sometimes the iterations diverge, and sometimes the iterations
fall into different solutions depending on the initial condition and the magni-
tude and sign of a's. As the matter of fact the eigen value problem has
multiple solutions, The problem of convergence of the automatic program-
ming is now discussed for general two-points boundary value problems.

Consider an ordinary differential equation of order N

F(y.y',y"....-y(N)»l.t) = o (4. 37)
-With N - p initial conditions at t = o,
e vy ooy o (i21,2,..., Nop)

(4. 38)
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and P boundary conditions at t = ¢,

A SRR yiN-1y = 0 (5=1,2,...,p) (4.39)
The number of the accummulators required is P,
The (N-P) equations for initial conditions of €q. (4.38) are solved for arbi-
trary (N-P) initial values y(kl), Y (kz) ceeees y(kN = P): The remaining P

initial values y (kN'P +1), ..., y( kN‘) are supplied from the accummulators. i

The automatic computation

l'<. « |

circuit of this problem is shown in

-

e | e o e |
ANAE P8,y y N1, )0 b
A

Fig. 4.19. Let

sln, Szn, e spn denote

_ Fig. 4.19 Circuit for automatic computation
the outputs of the accummulators of the boundary value problem of
eq.. (4. 37)-(4. 39)
at the n th reset period, then

n
S = k§=l¢jk G = 1,2,...P) (4.40) '

¢jk. the deviation of boundary condition atthe end of k th operational period

is represented as a function of the output of the accumulators at the previous

reset period. That is

P =¥, k-1, %2,k - 1,770 ®p, k - 1){#4D)

The function y/j is determined by the form of the differential equation,
the initial condition and the boundary condition. From eq. (4.40) and
eq. (4.41) Sin is written
Sjin = Sjn-1 + yfj (Sln-l, Spn-1,°°"" ,Spn_l)(4.42)

The stability of the solution of this simultaneous difference equation determines

the convergence of the automatic solution of the boundary value problem. Let
%

sjn = 85 + ”jn (4.43) .
where * * % - 14, 44)
?I/j(sl, sz’....,sp) 0
then eq. (4.42) is approximately .
% % *
9% o¥; o¥;
in= 9 t==" ¢ + o *ieens
a.Jn—UJn..l T In-1 3 s, 2n-1 + asp 7 on-1
G = .2, ..., P) (4. 45)
* .
where Y5 oV (4.46)
= : ) * %
9 8 d sy 8] =8y, +eeer 8, 8p



eq. (4. 45) is a linear simultaneous difference equation which is,in vectorial

form
” _ e oV W, W,
m m-1 \ + 3s: 95z Isp tn~1
' o_ 8?’; ¥ ¥, ' V'
, 2n ' 2n-1 3. sz afp IUI-I (4.47)
| L\ :
]
% on % on-1 QWE a¥r I¥p T
P P Isi Iz asp fa-t
Substituting
qln = gl (=12,..0..,0)  (4.48)
into eq. (4.47) the following secular equation is obtained.
: . U
[(1-ey)E + (2Ey | = o (4. 49)
a8
Only when I 73 l L1 @ in converges to zero and the automatic

computation is stable,

EX. 4. 1 The convergence of the boundary value problem

y' +2Swey’ + m: y = f£(t) (4. 50)
t = o, y = o
t = to, y = Yl

which was solved by the automatic computing circuit of Fig. 4.11 is ex-
amined, In this case
N = 2, P = 1 (4. 51)
and initial condition is
?y,y') = y = o (4.52)
and the boundary condition at the right end is
$lyny) =y - yp = o (4.53)
G the valﬂ% of ¢ (y, y') at the end of n th operational period is
.= Yo - W (4. 54)
and Y, is a linear function of Yd', the initial value of vyl att = o, as

Y, © A Y, + B
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y'o is supplied by the output of the accummulator like
y' = as (4. 55)
According to eq. (4.40)
n
8= = ¢
$ = Y-V = Aas, +B -y (4.57)

Therefore the following difference equation corresponding eq. (4.42) results.

(4. 56)

8 = (1 +al) s

n n-1 * B-7 (4. 58)

The characteristic root of this difference equation is
g = (1 +al) (4.59)
When | u | < the automatic computation conver#ges. This condition

corresponds to the following condition for «

2
if AD>o ~plaxe
(4. 60)
if A < o Q<a<£ ' ’
A

The stability of the iteration is best explained by the graphical method.
In Fig. 4.20 5, is plotted against s;_j by eq. (4.58).

Straight line A representing.eq. (4. 58) sn

gives the output of the accummulator
at the n th reset period when that

of the previous rest periodis 8

By using another straight line B
: | Gy )
representing 8, = sn-l, is

obtained from .Sn.

When in the n th reset period

8.7 i resented by the :
ntl I8 TEP Y Fig. 4.20

ordinate of poirit Q 1, or by
Relationship between s, and s;,_1, the

point P 2 on the straight line output signals of the accummulator for
successive two iteration periods.
B. sn 1 is then represented A represents relation of eq. (4.58), whereas

B represents the relation
by the ordinate of point Q 2 of
8n = Bn-1
which abscissa is the ordinate

of Pz_
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Thus 8, converges to the point Po where A and B cross, Depending on

the magnitude and sign of a the relative position of A and B changes as

shown in Fig, 4, 21. sn B sn B

In (a), 0 <<l + a A<l A

and the iteration converges ' é A

monotonically, in (b), ?7( o : s
o (a) oo ) i

1 L1+ aA<o

sn A
&~ B

Sp-1 i Sn-1

(d)

C

Fig. 4.21 Relative position of A and B,

.and the iteration converges
oscillatory, in (c),

1 +a A>1 and

the iteration diverges

monotnically, and in (d)

1 + aA < -1 and () 0 ¢ 1+dALLl @ stable
(b) -1 < 1+dAKO : stable
the iteration diverges (c) 1L {1vaA : unstable
(d) LraA (-1 : unstable
oscillatory.
EX. 4. 2 Let us then examine the stability problem of two point boundary
value problem of the second order differential equation
vt o+ 28e.y + oly = f(f) (4.61)
t = to Yy = v, : (4. 62)
t = to Syt o= y'l (4. 63)
for which
¢' 1 . 4 (to) = Yl (4' 64)
P = oyt -y (4.65)

2

For the convenience of discussion it is decided to supply initial value of

y from the first accummulator and that of y' from the.second accummu-

lator. The values of y and y' at t = t; are written
y(t,) = Ay, + B Yol +C (4. 66)
Y (t) = A 'y, t By, +¢ (4. 67)



In the n th operational period
Yo = @, &, (4. 68)
Yo s @, 52 n (4. 69)

From these relations defference equation for 5,,and 8 ,, is derived as

follows .
Sin = Sin-1+Pin
= Spn-t * AR -1t Ba2S2n-1+C - Y,
= (1 +A&)Sin-1 +BAaSan-1 +C = Vi (4. 70)
San = S2n-1 +P2n , , ,
= San-1 + AliSin-1 +BAaSan-1 +C =V,
! /
:Adngxn-,‘i'(l*BdZ)SQn-l"“CI—x (4.71)
The characteristic equation of the above simultaneous difference equation is *
L]
= o (4.72) ,
Ala, (1+Blay)-p

Suitable values of @, and @2 which make the iteration convergent are

selected to satisfy eq. (4. 72) for | 2l L1

EX. 4.3. As a final example the stability of eigen value problem solved by

the circuit of Fig. 4. 16 is examined, In this example

A

O =¥Yn = 7===sin/An-t, (4.73)
where A .

An = Ao+ @ 8n-1 (4. 74)
then )

A
= = SN e 4.75
Su Sn-1+ VAetaSp SHVN.+a Sa-1 t. ( )

or denoting

6n=No+ a&Sn ‘ , (4.76)

eq. (4.75) is rewritten as

6, =90, +V—%-Sinlan- ‘t, ' (4.77) »
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Eq. (4.77) is plotted in Fig, 4. 22.

An =An -1 at multiple points A, B, C, ...

~n

The stability is locally investi-

Lo
stable

gated for these pointA Point A corre-
sponds to Fig, 4.21 (b) and point B to
Fig, 4.21 {c) and both points are iy £

unstable and point C to (a) which y

netabl,

0.5

is stable.

This curve crosses straight line of

0 ey

Eg.(4.77)

Ls ¥}

Fig. 4.22 Relationship between 5 and 0~ jof eq. (4,77)
e

for @A = 1/

The stationary values of & are calculated from Eq. (4.77) by put-

ting 0y = 6h-r = 6 1+ as
_(NTT,2 -
Cn = t1) (N= 1,2,.... )
Put

eq. (4.77) is then written

aA i —————
En—1+\/ﬁ‘ sin Tt En-y ‘y

€n

n

(3 DL W
1+ S 4A) €n-y

The stability condition is then obtained as follows

For A and  even N -2B{ < g ¢ o
" and  even N 0 ¢aq ¢ 2
For A and  even N 0 <& ¢-3%
" and  even N ZR*CA < 0

(4.78)

(4.79)

(4. 80)

(4.81)

Calculation of the Transfer Function of Noisy Processes by the Delay

Line Filter,

69)

The delay line filter has been found useful for detecting the periodic

signal from a noisy channel when its frequency is exactly known, 70)83)84)
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The block diagram of the

delay line filter is shown in Fig. 4.23,
The delay time of the delay line is ex-

actly the same to the period of the

periodic signal to be detected.

z (t)

Fi

The gain of the delay line filter for

the periodic signal is calculated as

1

H =
1 -

K

g. 4.23

and the gain for the signal to noise ratio is calculated as

G=10 logl

1 + K
()
1 = K

Table 4.1

dB

(4. 82)

(4.83)

Signal amplification and S/N improvement of the delayline filter.

gain of signallrate of S/N |gain of S/N
K amplification|improvement {improvement
0.90 10 4, 35 12,8 dB
0.95 20 6.25 15.9
0.98 50 9.95 20
0.99 100 14.1 23
0. 9999 10,000 141. 4 43

The gain in signal to noise ratio for various gain K is shown in

Table 4. 1 with the amplification factor for the periodic signal.

e (t)

Delay line filter.

The delay line filter can be used to the measurement of the transfer

function of a process or control elements. The delay lines of sampling

principle use gate signal to sample the input signal and store in the

storage elements. This gate signal is used to generate a periodic signal

of which period is identical to the delay time of the delay line. By suitable

filter this periodic signal is tranformed into a proper waveform and then

introduced into the process under measurement. When this is a pulse train
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the reponse of the process is the weighting function, and when this is a
sinusoidal wave the response is the frequency response. Generally the
transfer function of the process is obtained from the Fourier transform of

the input signal £ (t) and that of the output signal e o (B

G(2njf)=LEeL2Tif)

~ (4.84
F (2wjf) )
where F 2ijf) and E, (27Z'jf) denote Fourier trans-
form of f (t) and e, (t) respectively. .

MU\C\'\’(’U‘

As gysuelly-the output signal from the process is,\noisy, this is fed
into the delay line filter and the obtained noiseless signal is used for the
analysis. A program for obté.ining the transfer function of the process from
‘the waveform of f (t) and e, (t) is prepared. In this program the Fourier

transform of the sampled function e (t) is calculated by the following semi-

analytic formula

. i -jot

E, (jo) f e(t) e at

y (n+f)a ~jot
e

m

N
2 e (nh) |
n=0 (n-75)A

2 _. wA_N
® %in— n%; e,(na)

dt

-iw
eJ A

(4. 85)

The input signal to the process is either square pulse like one in Fig. 4,24
.or arbitrary time function. The prepared program is capable of handling
either type of the input signals, The data card for this program shauld be

punched in the format of (5F 10. 4).

f(t)

E Fig. 4.24 Square Pulse,

~101-



""The first card should carry index of input signal waveform, which
is 1 when it is square pulse and is o when it is arbitrary time function,
sampling interval 4 (sec)., pulse height E and the pulse width T (sec.).
The following four cards should carry twenty frequencies in cps for which
the transfer function is wanted. The next ten cards should carry sampled
input waveform f (o), f (4), £(24), ......,f(494).

The last ten cards should carry sampled output waveform &, ( 0), €, (4),
(2 A Nevevnnn (494 ),

The result of computation is printed in a way as the first line is the
the data of the first input card in the format of (5 F 20.4), the next twenty
lines show the frequency, gain of the transfer function in 4B, pha;se in degree,

[F(2nif )| dB, and |E,( 2Ti§) | dB in the format of ( 3 F 15.2,
F 20.2, F 10.2),

Examples of the output signal of the delay line filter are shown in

e o T T 1 I I D
HEE }H«rfmﬁg N
Fig. 4.25 R R A R A
N 2 3 e
RESPONSE OF THE DELAY £ 3 ZEE: i3 = =
LINE FILTER SUBJECT TO THE & : =
SINUSOIDAL INPUT = ’]_Ni)u‘r STGNAL Te DELAY LINE FILTER =t e
fsiigsesneatains '—}—§~J—~~§ i3 H—~y~- SEcsscsfocadgtosatoensessong ===t =
Delay time = 1,89 seconds Exgeniaasasascys t % 2 e
- o
K = 0.95 EESss: ’ﬁi Eeeefoen! §SE=2a8sEas! =3 ==
(a) £= 0,57 = c/s = T =
1,75 e e e
1 =y
=.0.53 =
(b) £=.0.5 189 c/s =
S OUTPUT SIGNAL oF DLF & SRR =
HER e b e R R R e e e e P
I MR J- Il ST LI T ‘xr ‘1 ’[ ‘l il ' 1 I Il_l‘jlillrll INEASSESSEENI g
I M«fLmH:lt{}'« &'{'f‘;:ffaﬂrh%ﬁff iF £ e T 2 e fEERSETEE:
3§ fease Teags .,mpur SIeNAL of or_r_ 3
> ST s oz

E §2EES i
SEHEE

o s v e RCARRARE R,
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“In-Fig. 4.25 outputs of the delay line filter subject to the sinusoidal input

signal of different frequencies are shown. In case the period of the input

_ signal is identical to the delay time of the delay lihe this signal is amplified,

while for the signals of different period the amplification does not take place,

From the waveform of Fig., 4.26 a large time constant of the delay line filter

is observable. As the transfer function of the delay line filter is given by

E.(s) _ ! - 1 /
Z.¢(3) (- T T T z 4.
(3 " 1-Ke 1=K 1-£Z (4.86)

the time constant is obtained as

Kz
T"[._K (4. 87)

As K approaches unity the time constant grows to infinity.

In Fig. 4.26 an example of measuring step reponse of a unit lag
element is shown., A train of square pulses with the duration of fifty per
cent and/\tthe period identical to the delay time of the delay line is applied
to an ang]i)g computer representing a unit lag, The output fiom the analog
computer circuit is mixed with a random noise from a noise generater and
is fed into the delay line filter. As is clearly observed in Fig. 4.26. the
noise is almost removed from the output of the delay lim_: filter. Also
shown in Fig. 4.27, is the output of the delay line filter with greater
amount of noise in input signal. In the original signal the periodic signal
is hardly recognizable, while the oulput signal of the delay line filter is
considerably purely periodical.

The limit of this measurement of the transfer function by the delay
line filter should be mentioned. To maintain the accuracy of the result of
calculation of the transfer function by eq. {4.97) the pulse width T should

satisfy the following inequality

T < = (4. 88)
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where {4 is the highest frequency for which the transfer function is wanted,
because ' F(2%if) I is zero at 1/T cps and causes large error in
calculation of G ( 2T i f ).

Although the above example is on the determination of known transfer
function on analog computer the use of the delay line filter is considerably
effective to the identification of the transfer function of the actual physical
system. Of particular -interggt is the frequency response measurement
using the delay line filter. Input signal to the noisy process is sinusoidal
signal of which period is identical to the delay time of the delay line. As
the delay time of the delay line is changed the period of the sinusoidal signal
also changes and the response of the process to the sinusoidal input signal
for different frequencies is obtained. For instance the accuracy of the pile
oscillator will be greatly improved. Another promising application of the
delay line filter in the measurement of locally linearized transfer function
of nonlinear processes as very small input signal is vsufficievnt for this

method.
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Phrriteed] Lere

Fig. 4.26

EXAMPLE OF MEASURING STEP RESPONSE OF A PROCESS
WITH NOISE

: 1
Transfer function of the process

Delay time of delay line ! 3 seconds
K : 0.96
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Chapter 5
Study of the Digitalized Analog Computer ' 1 72) 73) 74) 75)
Introduction
In the earlier age of the electronic computers discussions were
mainly on the advantage and disadvantage of the analog computer and the
digital computer. Those discussions were never concluded as long as we
stick to a conventional type of operation of either type of the computers.

The advantages of the analog computer are as follow.

(1) The programming is relatively easy. For solving a differential
equation of the order more than twenty the programmer only draws a
block diagram and sets up the wiring on the patch board.

(2) The accuracy of the obtained result by the analog computer is from .
one to two percent which is sufficient for usual purposes,

(3) One can simulate a dynamic system on the analog computer without
deriving the differential equation of the system.

(4) Analog computer circuit is useful for investigating the effect of the
effect of the change of the parameters to the response of the system.

(5) The speed of computation of the analog computer is much larger
than that of the digital computer.

(6) The solution of the analog computer is obtained in the form of graphs.

(7) Cost is less.

The analog computer has many disadvantages, too, as the merits some-
times tgi'n out to be demerit¥s depending on the application. They are as
follow.

(1) The analog computer is almost powerless to the mathematical pro-
blems other than the ordinary differential equation. Although it is some-
times useful to algebraic equations and partial differential equations the

method of application isneither extensive nor flexible.
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(2) More than 0.1 % of accuracy is hardly obtainable by the analog com-

ter, As is shown in Fig, 5.1 digital computer is favorable for more
elaborate calculation.

Computer Cost

Analog Computer

Digital Compu ter

Accuracy

Fig. 5.1 Computer cost V8 accuracy

(3) The origin of the error in analog computer is c;;>mp1ex and the pre-
diction and the correction of the error are often unfgasible.
(4) The manual setting of the parameters and zero-balancing of opera-
tional amplifiers often induce misoperation.
(5) Operation of decision is difficult. Changing the program of the calcu-
lation in the course of computation subject to intermediate results by
the computer itself is difficult. The automatic programming method
described in 4. 3 is an attemp® to overcome this difficulty, but this is
not a general solution of the problem.
(6) Multiplier, divider and function generator of the analog computer
are not satisfactory relative to high precision linear elements.
(7) The fact that time is the only independent variable in analog computer
restricts the programming technique.. |
To compare with the analog computer the advantages and disadvantages
of the digital computer are briefly reviewed,
. The advantages of the digital computer are as follow.

(1) Digital computers are used in almost any mathematical problems.

—108—



(2) Any accuracy as desired is obtainable. The error of the calculated

result is determined and is estimated mathematically,

(3) Decision is capable in the digital computer and enables flexible pro-
gramming,

(4) Parameter of the equation is automatically calculated from the in-
put data,

(5) Input and output equipments are more capable than those of the an-

alog computer keeping off the problem analyst from time consuming
data processing and parameter setting.
(6) The solution is obtained in the form of the table,

The disadvantages of the digital computer are as follow.,

(1) Debugging of the program takes considerable time.
(2) Programming is less easy than analog computer.
(3) When solving the differential equation the computation speed is much

slower than the analog computer.
(4) When investigating the dynamic property of a physical system‘ the
simulation technique of analog computer is inapplicable,

Regarding the recent development of the analog computer one of the
major currents such as the large scale machines and the transistorization is
automatic computation technique. By this technique parameters of the equations
as initial values and coefficients are changed automatically until the solution
satisfying certain boundary condition is obtained, or computed result is
transformed into digital form by analog-to-digital converter and printed by
typewritef. These attempts are to approach analog computer to digital com-
puter. However, as the analog computer uses the physical property of the
circuit element for the computation a certain amount of error is intrinsic
and the analog éomputer can never be a digital computer.

A general purpose digital computer has many superiority to the
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analog computer, but’from the point of view of a differential analyzer, is
infereior. An attempt has been tried to provide a digital computer with the
ability of the differential analyzer, It is the digital differential analyzer

which is manufactured by Bendix and Litton Companies. 76)77)78)

The principle of the digital differential analyzer is more alike that of the
general purpose digital computer. In the digital differential analyzer re-
gisters corresponding to integraters are stored in magnetic drum and the
stored information is read out at every revolution of the drum and the step
of integration proce% The result of the integration of each step is again
stored in the drum. The time required to execute a step of integration (it-
eration time) is the time of one revolution of the magnetic drum. When the
speed of the drum is 1, 500 rpm the iteration time is 40 ms which means
more than an houris required for 100, 000 steps of integration.

The program of the digital differential analyzer is punched on tape
.and is fed into the magnetic drum. This makes the‘change of the program
difficult. In many cases the initial values.are erased after each run, so
that it requires to feed initial values at every run qf the computation, The
digital differential analyzer is therefore more alike the general purpose
digital computer and has less merit of the analog computer. The computa-
tion times of a certain problem by different type of computers were-repofted

as shown in Table 5.1, 79)

Table 5.1

Compuiation times and costs of different types of computers

Type of Time spent for Com.puter Cost
Computers Programming Time
REAC Analog
Computer 2 hr. 50 mm $ 53
Litton DDA 8 hr. 20 hr. $ 280
IBM 704 2 wrs 50 min| $1377
Hand Calculation. 1 day 3 wks $1295
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5.2.1

Being unsatisfied with the digital differential analyzer the author has
designed a new digital computer provided with the high computation speed
of the analog computer and the high precision of the digital computer. The
author named this new computer the Digitalized Analog Computer, or in
abbreviation, DAC. In the final feature of DAC, it will receive analog input
and produce analog output so that it will be connected with the analog computer,
At the present moment, however, the input signal is given by octal switch
and only analog output is obtainable,
System Design
General Description of DAC

DAC is constructed from a set of computing elements shown in
Table 5.2 which are connecteded on the connecting board according to the

problem as is done in analog computers,

No. | Element Symbol Operation
?{)25 dZ=22%X.Y.dx
1 |Integrater
dY Y=Zdy
Table 5. 2
Coefficient dY =k ds

Multi- ®_.
2 plier 2 a¥ ki<l

-8 Idy,>0
dgef2” ,2dY,+I0Y,
Serve qYy 4z *, ) : . =()
3 Element |dY, z—Il <0
»

DAC Computer elements

dY, 1
4 |Adder dZ | 4z =7 (dy,;+dyy)
dYs ! 2
qau
s |Muadplier | qv dZ | az=)dv4+VdiHdUudv
Switch dy z UsVv 12
6 | Etement dav 3 U<V La3

The initial values of integrater, adder and multiplier and the multi-

plication factor of coefficient multiplier are given by octal switches of each
element. These elements perform the operation eventually in synchroniza-
tion with the clock pulse of 100 keps distributed from the control circuit.
Output signal from the element is pulses produced every iteration time and
eventually serves as an input signal to other elements. The result of compu-
tation is either converted into analog voltage by D-A converter and recorded
by pen oscillograph or printed in digital form.

Inside the computing element mathematical operations such as inte~
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gration, addition, coefficient multiplication, variable multiplication and
decision are approximated by difference equation and are executed digitally
step by step. Generally the computing element has two registers which
store variable of the present step and that of the preceding step respectively
and repeats the operation of adding the content of one register to that of the
second register in every iteration time.

From the nature of the difference equation approximation of the dif-
ferential equation smaller the magnitude of the step more accurate is the
result. However, as the magnitude of the step decreases, the number of
step necessary to perform the integration for a certain interval increases
resulting 2 derease in the computation speed. The relationship between

the accuracy and the computation speed is discussed in the later section,

5,2.2 Number System
The number system in the computing elements is as follows

serial pure binary number

one word

18 bits + sign bit + space = 20 bits

negative number two's complement

1

clock frequency 100 kc

iteration time 0.2 ms ( = 5000 steps per second) '

The number is a serial binary number as shown in Fig. 5.2.

sign

Fig.5.2 Timing Pulse

The space bit precedes number bits which appear with the least signifi-
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5.2.3

cant bit first and the most significant bit last. The last bit of a word is the
sign bit. The number is represented by fixed point, The number never
surpass unity in absolute value. The first number bit always designates 2-18
and the last number bit 2;1. Each bit of the word is called the timing pulse
and is named P1, P2,,...P20. When the sign bit is one the number is
negative and when it is zero the number is positive.
Integrater
The principle of operation of DAC is best explained by the integrater.
Other computing elements such as multiplier, coefficient multiplier and
adder are the modifications of the integrater.
Among the many ways of approximating the differential equation
dz
—_— = Y (5.1)
dX
By the difference equation Euler's formula and trapezoidal formula are
feasible ones. Although DAC uses the trapezoidal formula, the principle
of operation of DAC is provisionally explained by Euler's formula first.
(i} Integrater by Euler's formula
The difference equation approximation of the differential equation of
eq. { 5.1) by Euler's method is as follows.
Zn+l = Zn + Yn AXn (5.2)
Consider.two registers which store Zn and Yn respectively and the
stored numbers are in fixed point binary number. Let
Axn = 27K (5.3)
then the operation of éq. (5. 2) simply means that the content of Yn register
is shifted k places to the right and added to the content of Zn register. The
magnitude of k determines the accuracy of the computati‘on. For the conve —
nience of the circuitry k is selected to be N which is the half of the number

of bits of the registers. Therefore

AXn = 27N (5. 4)
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Then the operation of eq, (5.2) means that left half of the content of Yn regis-
ter is added to the right half of the Zn register. Hence Zn and Yn registers
are conceptually separable into upper and lower parts the length of which is
N. To the upper register the carry from the lower register is sent and the
content of the upper register is added to another lower register, Denoting
the upper register Y register and the lower register R register an integrater

is composed of them in a way shown in Fig., 5.3.

Fig. 5,3 Euler integrater

As X increases AX ( = Z-N) content of Y register is added into
R register and when the content of R register surpasses unity positive carry
is emitted and when it becomes less than zero negative carry is emitted.
This signal from thé R register is A Z signal and serves as an input to the
Y register of other integrater, As a result R register stores remainder of
Z and the Y register stores significant bits of Z. dX gate of the integrater

as shown in Fig. 5.3 works such that

(1) Y is-added to R when AX = 2N
(2) Y is subtracted from R when AX = -Z-N
(3) No operation is performed when AX = 0

The function of the integrater is shown in Table 5. 3 below.

Table 5. 3
Rn + Yn A Xn Ry 41 Azn+l
0 <, and < | Rn + Yn A Xn 0
.. —N
Z 1 Rn + Y;;:?‘AXn-i 2 |
< Rn + YmdXn+ ) 2N
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(ii) Integrater by Trapezoidal Formula
Instead of using Euler's formula for approximating the integration
DAC uses the trapezoidal integration formula for attaining higher accuracy.

The trapezoidal formula is

Zn+l = Zn + YndXn +1/2 (¥n-Yn-1)A Xn {5. 5)

or by incremental expression o
A Zntl = ¥n A Xn +1;‘72—2AYnAxn (5. 6)
where AZn = .Zn - Zn- 1 (5.7)
AYn = ¥Yn - Yn-1 (5. 8)

. The block diagram of the trapezoidal integrater is shown in Fig. 5.4,

Fig. 5.4 Trapezoidal integrater

The Y register in the block diagram is a two-bit accummulator producing
a positive output signal and reseting the contents when the contents become
two and producing a negative output signal and resetting the contents when
the contents become minus two. The operation of the Y register is de-

scribed by Table 5,4,

Table 5.4
(AYp-1 +A¥Yn (AY]n 1/2 A¥n
0, 2Nor 2 | (4¥)n-1 +4¥n 0
o N+1 o ,-N
_2-N+ 1 0 -Z-N

-115—



According to the block diagram of the trapezoidal integratex; of Fig. 5.4,
when AY is sent into an integrater while A X is not given, the output of AY
register is not used and the trapezoidal correction is not performed. Tc
avoid this contradiction the trapezoidal integrater shown in the block d!;/'\f&/"%w”
of Fig. 5.5 may be used. In the latter integrater an auxilliary register

stores 1/2 2 A Y, andis resetby A X. Inusual computer circuit, however,
the absence of AX instead of AY is seldom and the former type of the trape-

zoidal integrater is employed in DAC.

dX
Gate

VAYA

Fig. 5.5 Alternative form of the
trapezoidal integrater.

ADD Y Registe)

1/2X AY
Reset by AX

(iii) Length of Variables

The length of the register of DAC is fixed at eighteen bits. In the

actual operation the effective length of the register, or the length of the
variable is changed depending on the required speed and the accuracy of the
computation. When the content of Y register is smallAZ is not generated
for a long time until it is added to R register a considerable number of times
which causes slow computation speed. When AY is added to the upper bits
of the Y register the computation speed increases, but the length oi

the Y register decreases causing poorer accuracy. This complementary
relation of the accuracy a.nd.the speed of computation is unavoidable and is
essential in the incremental computerrs including DAC. The only way to get

around this is to increase the clock frequency,
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5.2.4

When AY is added to the (k + 1) th bit from the bottom of the Y regis-
ter the operational equation of the integrater is
zZ =2k (Y + 1/2 AY )AX (5.9)
Coefficient Multiplier
The function of the coefficient multiplier is described by the following
equation
Y = kZ (5. 10)
This equation is written in difference form
AY¥Yn + 1 = k AZn tS.ll)
The difference form of the coefficient multiplication is not an approximation
in the sense of the difference approximation of the integration, but introduces
round-off error and the dynamic error. The latter error arises as the in-
cremental output AY appears one iteration time later than the input AZ,

The transfer function of the coefficient multiplier is written as
Y(s)
Z(s)

G (s) = = ke T 8 (5.12)

where Tt denotes iteration time. This approximation is inevitable because
all computing elements of DAC operate in parallel and the outputs of the
elements are used as inputs in the next operational period. The block dia-

gram of the coefficient multiplier is shown in Fig. 5.6

AY

R Register

Gate Lz

Fig. 5.6 Coefficient muttiplier,

Octal Switch
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5.2.5 Servo Elgment

5.2.6

The role of high gain operational amplifier is filled by the servo element

in DAC., The servo element accummulates the inputs AY1l, AY2,....,AY}

and generates a positive signal when the content is positive and generates a
negative signal when the content is negative, The operation of the servo
element is represented by the following equation

_ _-N .
Az, , =27 sgn {(Y1+Y2 +....+Y1)I€Xn} (5. 13)

Table 5.5 shows the operation,

Table 5.5
(Y1+¥2...,+Y Jn AXn AZy 4+ 1
=0 0
>0 2N
<0 -2-N
Adder

The computation performed by DAC is the incremental calculus,
that is both input and output of a computing element are increments from the
previous states. The operation of addition is also performed on increments
according to the following equation for two inputs
AZn+1l = 1/2 (AY]l +AYZ2 )n (5. 14)
The adder is composed of an addition circuit and a R register as shown in

the block diagram of Fig. 5.7.

Az - .
R Register
app == 27!
2 Y
—— Avx Fig. 5.7 Adder

The sum of the inputs are accummulated in R régister and when the content
of R register surpasses 2 a positive output is generated and the register is

subtracted by 2 and when the content becomes less than -2 a negative output
is generated and the register is added by 2. The operation of the adder fo;'

K inputs is described in Table 5,6
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Table 5.6

K
R"*(lﬁ AYi n Rn+i AZnyy
K -N

> K Ra*(Z AY,),-K 2

K

=K, and (K | Rut(Z AY)), 0
K -N

-k [BaEavper | -2

Actually adder of many inputs is not favorable because.when only
one of the inputs carries signal the output of the adder appears K iteration
times later,

An altermate way of composing an adder is the use of the servo-
element described in the previous section. Consider one input of the three
input servo element is supplied by the output of the servo element itself with
the multiplication factor of two as shown in the block diagram of Fig. 5. 8(a).
Referringéﬁ (5. 13) the equation of operation of this circuit is written

G.%. DZyy = 2™sgn {(Y, +Y, -2Z)n OXy ] (5. 15)
In the steady state k
Z = 1/2 (Y, + Y,) (5. 16)

This type of adder resembles the analog adder shown in Fig. 5.8 (b)

ay ; —— Y,

dZ

R
\
R
dY » / Y 2 Fl/z(Yl + Y2)

Ry,

(a) (b)

Fig, 5.8 Adder using servo element (2), and
analog adder (b). '

5,2.7 Multiplier and Divider
The operation of the multiplication

Z = UV (5. 17)
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5.2.8

is transformed into the difference relation
AZqnty = UnANnt V- AUn + AUn AVn
=(Unt £ AUn )-AVpt+(Vut 5 AVi)-A Un (5.18)

which is representable by two integraters,

The divisicn is also representable by integraters. Therefore the
multiplier and the divider are not built,
Scaling

The variables in DAC ought to be always between -1 and +1. In
solving the problem on DAC, therefore, the variable should be transformed
into the machine variables introducing suitable scale factors. The differential

equation
—— = Y (5. 19)

is written in machine variables X, ¥ and 2. They are related to X, ¥ and

2 by the scale factors a , # and 7 as

X = ax {5.20)
Z =7z (5.22)

when X is the independent variable of the origianl differential equation «
is determined from the required computation speed and f and 7 are deter-~

mined from the following inequality.

/glylfmax<’, 7| Z) anax <1 (5.23)
The machine equation for Eg. (5.19) is then
€
dzZ = ——Ye+dX (5.24)
I
it is favorable to determine the scale factors as
T = 5k (5. 25)
ap v

where k is an integer. Then (5.24) reduces to

dz = 2K Ye.dXx (5. 26)
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which is executable by the integrater changing the effective length of the Y

register.

5.3 Logical Design

. 5.3.1 Number System

DAC is

In this section the logical construction of the computing element of

described.

As has been described in the previous section the operation of the

elements of DAC is based on incremental calculus andthe signals emitted or

introduced are always incremental signal of which magnitude is either O,

+2-N

which is named positive line and the other negative line.

or -2-N These signals are transmitted by a pair of wires one of

When a signal is

carried on the positive line the output is 2-N, when a signal is on the nega-

R tive line the output is -2-N, and when neither of the lines carry signal the

output is zero.

The signal never appears on both wires simultaneously.

The signal on these wires is represented by the non-return-to-zero

system which holds the state for an iteration time begining from Pl and

ending at P20,

while signals inside the computing elements are 100 kc.

shown in Fig. 5.9.

The maximum frequency of this incremental signal is 5 ke

The time chart is

P2o Proow oo —PZinPl- —=----P2 P1-----~---Py P, ——-
TIMING s
PULSE
0. 2ms
+dZ
-dZ
dz 2—18 _2—18 -2—18 0 -
Fig. 5.9 1ime chart showing timing pulse and output signals of

computer elements.

5.3.2 Gate Circuits

The gate circuitsused in DAC are shown in Table 5. 7.
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Table 5.7

Symbols of gate circuits of DAC,

Logical
No. Gate Circuit Symbol Equation
A
| B d) x| x = A.B. C.
1 | AND GATE c
A ~ o~
2 OR GATE B >X| X = A+B+C
C W
A X —
3 NOT GATE fvt\ X=A
A
4 | INHIBIT GATE | _ i( Y— X| x=EB
A — S X X=K.B.+A.-B—
' H
5 HALF ADDER B — c v| v=a.B
HALF ADDER- | A —»fY s> X | X=A.(B+C)+A., (B+C)
6 SUBTRACTER B —3+H —> Y| Y=A.B
c — Ths BI— z| z=A.C
7 COMPLEMEN- |[A ] COMPLE [—X]| x = A
TER
EXCLUSIVELY-| A _ .
8 OR EX.ORIH—> X | X=A.B+A.B
B E—
9 DELAY A—s ND LsX | X, +N=A, X
10 FLIP-FLOP Yn+1=An.Yn+Bn. ¥n

Xn = ¥Yn
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5.3.3

The operation of the flip-flop in the sixth column is so defined that
the output maintains its previous state when the input signal is absent, out-
put of "1" becomes 1 and output of 0" becomes 0 when an input signal is
applied at '"'S" input and "' 1'"' output becomes 0 and "0"' output becomes 1 when
a signal is applied at "R" input. When signals are applied at both input termi-
nals the output of the flip-flop reverses its previous state, The logical equa-
tion of this flip-flop is then written as follows. |

X+t = Yn'Y'n'An'gn*S(—n'.Yn'An' Bat X'n.'-\?'n'xn' _é_n * Xn'_Y—wit'An'-B_'n
=BnXn*An- Xa | (5.27)
Ynfl =-5<—n'Yn'-/§\n' Bt Xu Y’n'K-m' Bat Xu Yoo A BW+XQ\.Y1\'A'&'BT\
= A Yot B Yo _ (5. 28)
Other gate-circuits of Table 5,7 need no particular explanation.
R Register )
R register used in integrater and coefficient multiplier is a twenty
bits accummulater accummulating the output of Y rezister or corresponding
quantity. When its content becomes larger than one or becomes negative a
positive or negative signal is generated. The operation of R register is as
described by Table 5.3. The second case of the table is an overflow and the
third case is a underflow. The detection of the overflow and the underflow
is done by inspection of the sign of Yn and Rn + Yn because Rn is non-
negative. When Rn + Yn is negative while Yn is positive overflow took

place and when Rn + Yn is negative and Yn is negative undercflow took place.
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This is shown in Table 5.8

Table 5.8
Truth table of output circuit of R Register.

case sgn Yn sgn (Rn + Yn} . AZn+l
1 + + 0
2 + - +
3 - + 0
4 - - -

Denoting the sign bit of Yn by A and that of Rn + Yn by B the following .

logical relations hold.

Overflow

Underflow

(5.29)

(5. 30)

After overflow or underflow are detected the sign bit of Rn + Yn is erased
to perform the operation specified by Table 5.3. As AZ,the output of R regis-
ter should maintain the signal for an iteration time the overflow and underflow
signals are used to set flip-flops of which '"'1'" outputs are connected to the

positive line and the negative line respectively. These flip-flops are reset

by P20. Fig. 5.10 shows the logical circuit of the R register.
20D Py
ADD
Yn
B
{ +
A dz
.Fig. 5,10 Logical circuit of R register

5.3.4 Y Register

Y register of the integrater is also a twenty bits accummulater but
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differs from R register in its operation. The input signal to Y register is
either one of 2'18 + k, -2"18 tkop 0. kis fixed during the operation but
may be changed from 0 to 17 depending on the scale factor. To change k

the input signal is strobed by either one of the timing pulses of P2, P3

P9. As the magnitude of Yn is limited as
—1 < In< 1 (5. 31)
the overflow or underflow from Y register is detected for alarm. The

logical equation of this alarm circuit is given by

X = A*B*C*'D + AB'C‘D (5. 32)
where A sign bit of Yn

B : sign bit of Yn + A¥Yn

C : + dY

D : - dY

X : Overflow

Another component of Y register is the AY register the operation of
which is described in Table 5. 4.
Y register is a two-bits reversible counter as shown in Fig, 5,11

In Fig. 5.12 logical circuit of the Y register is shown,

Pyy. Py
s 1 ]
+dY ‘—& ' '_{ S .1
|
1
Pao ‘ Py
Fig. 5.11 A Y register
Y
ay [+ -(O)— +A/s
— {()— -
N\
[ L
| 20 D | am—
Pi > Y
AY Reg. . l——- + A/S TO DX GATE

Fig. 5.12 Logical circuit of Y register
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5.3.5 Integrater

The integrater is coinposed of R register, Y register and dX gate. dX gate
controls the signal sent from Y register in a way that input signal to R regis-
ter changes its sign when dX is negative. The logicalcircuit of dX gate is
shown in Fig. 5.13

Before begining the computation the initial values are loaded in Y
register of allintegraters. Initial value of 2! is also introduced in the
R register to eliminate the offset error.

The content of Y register is cleared before the operation by the
preset pulse which is generated for an iteration time by the press of

a push-button on control panel. At the same time initial value set on the

octal switch is introduced by this preset pulse into thg Y register. The
computation begins after the preset pulse disappears. Time chart of

Fig. 5.14 shows the sequence of this operation. Into R register P19 is
introduced by the preset pulse. The octal switch for setting the iritial

value is identical to that used in coefficient multiplier which will be described.

later. The logical circuit of the complete integrater is shoyvn in Fig. 5.14

Yn +1/2AYn Q O TO R REGISTER

COMPLE .

Fig., 5.13 Logical circuit of dX gate
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dXx

dYy

P 1 P20 PRESET PULSE

— P19

]
v I e v
win

dZ

20

20 D
ADD — O
l P 20
OO—F T+
0
O O—F T—-
0
)
ﬁj
COMPLE P 20
PRESET PULSE OCTAL|
Y SWITCHf :
-© + A/S
Yo
{ 20 D b
L 1 A/S
Pi

Fig. 5.14 Logical circuit of the integrater
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5.3.6 Coefficient Multiplier

The coefficient Multiplier generates output A Y subject to the input

D Z by the following relation.
AYntl =  k AZn  (]k|<] ) (5. 33)

The circuit of the coefficient multiplier is similar to the integrater except
Y register of integrater is replaced by the coefficient switch, The coeffi-

cient switch is a six digits octal switch shown in Fig. 5.15.
3 4

'U.
—_
v

XS
3
N
0%

__;_'i._;_f_l .
"

A

Fig. 5,15 Octal switch EW

The logical circuit of the coefficient multiplier is shown in Fig. 5.16. i

P2  PRESET PULSE

__.l 20 D — P

ADD >(Of
Pao
f I+
0 ay
) I,
0
N\
L ]
bl COMPLE
J
e ——— P2
OCTAL | P,
]
]
SWITCH ! P19

Fig. 5.16 Logical circuit of coefficient multiplier
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5.3.7 Servo Element
The Y register of the servo element is different from that of the
integrater as the input to the register is more than one. The addition of more
than three numbers may be executed by cascading adder-subtracters.
The output circuit is a pair of flip-flops which are set depending on

the sign of the content of Y register. The logical equations of the output

circuit of the servo element is as follow.

X = A*B*C +A°*B*C =A*B +A-C (5. 34)

Y = A*B*C +A'B*C =A*B +A'C (5. 35)
where

A : signbitof N Y,

B : +AXn

C : -_AXn

X : +AZ, )

Y : -8Z, 41

The complete logical circuit of the servo element is shown in Fig. 5.17.
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o

) S  lime—y
T R o
+ az
B
ax 20
R 0
*
ft—— P 2
Py OCTAL = T2
SWITCHL,
Py
— 20 D
oD . G D
dY, {+ . * Als )
- ) - Y H—r
+ O * AlS PRESET PULSE
ay, { TN
O M e R
+ (o) + A/S
ars | o
~ 1D
EX, OR ALARM
Pao
Fig. 5,17 Logical circuit of servo element
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5,3.8 Adder

AYz[j

avy |+

The logical circuit of the adder is similar to the R register of the

integrater except the input is more than one. The output circuit similar to

R register needs sign bit of (AY, + AY,), This is represented by the foll-

owing logical equation.

X = A'B+C*D +A*B:C'D + AB-C'D

A‘D +B°C

1}

(5. 36)

where A = +AY,, B= -AY,, C-= +AY2, and D= -AY,.

The complete logical circuit of the adder for two inputs is shown in Fig. 5. 18,

Py Py
——;—| 20D — PRESET
' PULSE
S
;V’-‘ -\ _A/S l
o (A
- 1N\
7.[’
(O — +
P
0 az
I —
0
Fig. 5.18 Logical circuit of adder

The register 20 D in this logical circuit need not be a twenty-~bits shift

register but is sufficient to be two-bits shift register storing sign bit and

a number bit.
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5.4

Model Computer DAC -1

DAC a small-sized model computer DAC -1 is built.

and Table 5.9 shows the components of DAC-1 and their specifications.

leSidh
For the purpose of testing the logical &:{i:a.éad-and the feasibility of

74)

Fig. 5.19 Model computer DAC - 1

Table 5.9

Components Q'ty Specifications
1 integrater 5 trapezoidal formula
2 coefficient multiplier 2
3 servo element 3 three inputs
4 D-A converter 2 10 bits -10-10V
5  octal switch 10 6 octal digits
6 clock pulse generater 1 100 kc, 1 c¢/s, manual
7 timing pulse generater i Pl; P2Mve e s yB20
8 indicater 1 20 bits
9 connecting board 1 432 points
10  step counter 1 maximum 108 steps
11 control panel 1 timing pulse start-stop sw.

computation start-stop sw.
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As the function of the computing elements were described in the previous
sections the operation of the control circuit of DAC - 1 will be described in
this section.

The block diagram of the shift pulse generater is shown in Fig. 5.20

MULTI-
VIBRATER G AMP

s SHIFT PULSE

START S 1

L5

STOP ___ R 0

FFZ Fig. 5.20 Shift pulse generater,
When power switch is thrown in the multivibrater begins to oscillate and
the flip-flop FF1 is reset. When start pulse is sent from the computation
start switch it sets FF1 and then FF2 and opens gate G. The pulses from

the multivibrater is then sent to the amplifier and the shift pulse is obtained.

The timing pulses P1, P2........., P20 are generated by 20-bits
shift register. After the shift pulse we% generated the timing pulses are
generated by the tirning pulse start switch, The timing pulses appear from

Pl. The logical circuit of the timing pulse generater is shown in Fig. 5.21.

TIMING PULSE -SF A1
START —————> 1’

T &

T &5l
B —

STOP —— IR 0

S5 S S J ] PR — s 1 S 1}
R O R O R O T 0] ol |
SHIFT PULSE T T 7 . i\ »
P P
Pl. P2 p3 19 20

Fig. 5.21 Timing pulse generater.
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By the timing-pulse-start-signal the flip-flop FF1 is set and gates are open
;:ompleting the loop of the ring counter. At this moment the first flip-flop
of the ring counter is set by a pulse sent from FF1 through differentiating
capacitor. Thereafter this one bit circulates in the ring counter generating
timing pulses P1, P2,......, P20 as it passes each flip-plop.

The indicater is built to monitor the contents of the registers, This
is again a 20-bits shift register with.neon tube indicater attached to each

‘ stage of the register. By sending an "indicate' pulse by the "indicate'' switch

during the operation of DAC the content of a register to which the indicater
is connected through selector switch is sent into the shift register of the
indicater. When the "indicate' pulse is sent again the previous result
is replaced by the new content, Fig, 5,22 gives the logical circuit of the

indicater.

L NEON TUBES |

“INDICATE" PULSE

Fig. 5.22 . Logical circuit of the indicater

For loading initial values in Y registers of the integraters and the
‘servo elements and 2-1 in R registers preset pulse P is used. The preset
pulse is generated at the begining of computation and lasts only for an itera-

tation time. The logical circuit of the preset pulse generater is given in

Fig. 5,23,

TIMING PULSE 5 : 5

START PRESET PULSE
R 1 R i

SHIFT PULSE

Py

Fig. 5.23 Preset pulse generater
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Fig. 5,24 DAC solution of the first order differential equation:
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The result of computation of DAC - 1 is converted into analog voltage by the
dZ

digital - to - analog converter and is recorded by the pen oscillograph.
pulses from the computing elements are counted by reversible binary counter to

which a weight circuit is connected,

Examples of calculation by DAC - 1 are shown. - The first example is the

following equation.
dz
0 (5.37)

X = 0, Z = Zo (5.38)

The results of computation for different initial values are shown in Fig. 5.24.

The error of this computation is discussed in later section.

As a next example the next differential equation is solved by DAC-1L.

da?z 2k
> + 2 Z= 0 (5.39)
dX
' dz
X = 0, Z = 0,400000 (8), ‘d')—c = 0 (5. 40)

The results of computations for different values of k are shown in Fig. 5.25.

Let one iteration time be o the relation between Xv .and ;the real time

t (sec.) is
18 '
2 L X (seconds) (5.41)

and eq. (5.39) is rewritten as
- " (5.42)

2 K -18
LZ 4 (2—)+Z=0

dat? T
2,
eq. (5.37) is 't

The frequency of the solution of

3 1 Zk- 18
f(k) = . - (5. 43)
2 To
-4 .
As To = 2 x 10 seconds f (k) is
f(k) = 0.003 x Zk cls (5. 44)

Table 5. 10 gives f (k) for different values of k.

As will be readily understood for k larger than 14 is unpractical because the

solutions represented by less than four bits-are bits are too inaccurate. In Fig.
I '

5.25 solutions for k= 6/,\8, 9, 10, F5 21314 and 15 are shown.

7,
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Fig. 5. 26 DAC solution of the second order differential equation:
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Fig. 5. 27 DAC solution of the first order differential equation;




5.5

5.5.1

Table 5.10 Frequency of sine wave vs
multiplication facter k,

k . f (k) k f (k)
] 0.003 c/s 10 3.068
+
1 0. 006 11 . 6.136
2 0.012 12 12,272 ;
3 0.024 13 | 24, 544
4 0,048 14 49.088
5 0.096 15 98.176
0.192 16 1196, 352
0, 384 17 392,704
8 0.768
9 1,534
As k increases the solution tends to diverge. This problem is discussed in later ‘
sections, Shown in Fig., 5.26 is a phase plane locus of the solution for k = 6, which .
is a complete circle. !
The final example is the equation of a parabola
—-d—Z-— -X =0 (5.45)
dX
The result obtained by DAC - 1 is shown in Fig. 5.27
Accuracy and Computation speed of DAC
As the operation of DAC is based on the diffefence 2quation approximation of the
differential equation, 'large step of integration which increases computation speed
results less accuracy. When the step is made small to incr=ase the accuracy the
computatic;m speed reduces. This relation between the accuracy and the computation
speed will be examined in this section. : v

Maximum Rate of Change of Variables

As the magnitude of increment of DAC is fixed at 2-18 the maximum rate of
change of variable is 2-18 per iteration time, or one in 52,43 seconds. When
the effective length of the variable is shértencd k bits the maximum rate of changa

. k-18 . . .
of variable increases to 2. per iteration time,
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5.5.2 Truncation Errox 72)

The truncation error due to the difference approximation is a serious problem
in DAC as this is strongly related to the computation speed,

The method of circle test used in analog computer technology is applied to this
problem.,

The second order differential equation which follows is solved by the computex

circuit of Fig. 5.28,

\Y-————dx
1

/ > dZ Fig. 5.28 DAC circuit for calculating
/& eq. (5.46)

| : dy

Y

N

ol ol
?4"'< ><l

(5. 46)
X=0 ’ \{ = ] ’ :Z =0
This is written in Euler's approximation as
Zpyy =2y +Yh
oo (5. 47)
Yney =Y, -2Z,h
Yo =1 Z, 5 =0 (5. 48)
where h = gk-18 (5. 49)
The solutions of this difference equation are written
Y =C, N\
" ' (5. 50)
z = C,A\"
n

Substituting these into eq. (5. 47) the following characterstic equation is

obtained
1-AN\ h
= 0 (5. 51)
-h 1-
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The characteristic root obtained from this equation is

A = 1%jh . (5.52)
The solution of eq.(5.47) is then

1 . .
Zy = 5yl +m™ - o)

= yn sin n g _ (5.53)
where .
g = \[1+n? | ' (5. 54)
9 = tan'h (5. 55)
"The solution of the difference equation of eq.(5.47) has errors both in
amplitude and phase to the solution of the original differential equation
eq. (5. 46)/ sin X, As # is larger than unity the amplitude of Zn increases
as n increases.
The phase error is represented by the relative phase error £ T and .
the amplitude error is represented by relative increase in amplitude per "

one cycle EA' They are obtained in the persent case as follow.

-nh . | L
€T=n—6—rT--T]-tanhl

: (m+d)m (m-4) .
EA = /M« ° -ﬂ ’ :/a _é——l

when h is small they are approximated by

~ 1

£ — -— h2 , (5. 58)
3

T
A €eaS 7h (5.59)
(C"__;andi(or generating sinusoidal function of f (c/s) by Euler's approximation
[

formula are shown in Table 5. 11.
Table 5.11

Phase error and amplitude error of Euler integration of eq. (5.46)

number
of steps ~
f in one h € €, N L
c/Scycle T .
0.01 | 500,000|47%10-¢ |-0.53x10-1983,95x10-3| 2,320 64. 5 hr.
0.1 50,0004 #x 1075 |-0.53x10-8 [3.95x1074] 232 38, 2 mm
1 5,000|4 7x 10-4 |-0.53x10-6 [3.95x10-3|"  23.2 23.2 sec
5 1,000|27x 10-3 |-0.132x10"%[1. 98x10-2 4,64 9.28 "
10 5004 7% 10-3 |-0.53x10™* [3. 95x10-2 2.32 0.232"
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The number of cycles N and the time elapsed T before the amplitude diverges

by 10 % are also shown.
As actually DAC uses the trapezoidal integration formula, the machine
eh,
equation for the differential equation egV (5.46) is

zn-f-l:zn*Yn'h*'%‘ (Yp-Yn )b

1 (5. 60)
Yo4q = ¥n " Zph- T (Zy = Zpy)h
The characteristic equation of this difference equation is
Al
1 - A (+5)h

-1+ 5hn IEYN

The characterstic roots of the above equation are

a1 = 1/2 | 1+3/2jh+V1+jh - 9/ 0 } (5. 62)
22 = 1/2 { 1+3/2jh-m} (5. 63)
23 = 1/2 ( 1-3/2jh+ V1 -jh-9/4n2 ) (5. 64)
24 = 1/2 {1 -3/2jh-VI _jh - 9/4 12 } (5. 65)

Neglecting smaller guantities than h2 they are obtained as

24 = 1-1/2h% +jh (5. 66)
2 = 1/2n2 +1/2jh (5. 67)
44 = 1-1/2n% -jh (5. 68)
A4 = 1/2h%- 1/2}h (5. 69)

As 2, and 1, are much smaller than A2 and 2 3 the solutions belonging

to these two roots vanish in a few steps of integration. The remaining two
roots 1) and 2 3 affect the accuracy of the solution. The solution of

eq. (5.60) is therefore written in a similar form to eq. (5.53). Itis

Zh= uMm sm ne’ (5.70)

M= 1+ £t (5.71)
’ -1 h

g = tan 1___%_—}]-2 (5.72)
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The phase error and the amplitude error are obtained as

ET’ =

€

=M

t_h

_1:
LR

= 3p

=2 h

= Ly
Gh-

(5.73)

(5.74)

These errors are calculated for various frequencies of the sinusoidal func-

tion to be generated by DAC and are shown in Table 5,12
Table 5,12

Phase error and amplitude error of trapezoidal integration of eq. (5. 46)

number
_of steps
fc./s :x;':lr:-:e h 8T & A N T
1 5,000/ 47x 107% | 0.27x1070} 1. 57x107°| 6, 370, 000{ 1,769 nr.
10 500| 47 x 10-3 | 0.27x107%| 1.57 6,370 10.6 mm
50 1002 7x 1072 | 0. 66x1073| 1. 96 510| 10.2 sec
100 50047 x107% | 0.27x107%| 1. 57 6.37 |0.0637 sec|

In this table we see that the sinusoidal wave of 53 c/s is generated almost
stably by DAC. This fact states that DAC is superior to dc analog computers
also in computation speed.

When an ordi-

The above discussions are summarized as follows,

nary differential eéuation of n th order

an y an-1 dy
a, +a, ieeeenseeetan-] — tany=0 (5.75)
dxn dxn-l dx

is solved by Euler's integration formula the characteristic equation of the
difference equation is
--------- tAp St & =0 {5.76)

where

(5.77)

Let the characteristic roots of the original differential equation be>\k,

wherek =1.2,....,n then the characteristic roots of the difference

equation are obtained as
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Ag = 1 +8Sg-h (5.78)

If we use the expressions

Sk = Ax *jBxk (5.79)

H

Ng = My e % | (5. 80)

we obtain

- 2 2, L 2
#K—\/1+2aKh +(aK+ﬂK)h (5. 81)

-1 f xh

6 = tan
K 1+ agh

(5. 82)

If we define the relative amplitude error SA and the relative phase error
ST for the transient term of the difference equation concemqa}ng a particular

characteristic root k ina similar way done for the circle test, they are

calculated as

/ﬂn— eaxnh 2 2
En= Sgmm— = (B - (5.3

Similar calculation is performed for the amplitude error and the phase error

of trapezoidal integration of eq. (5.75). For trapezoidal formula following

equation is used instead of eq. (5.77)
= A-1
) 1 ! (5.85)
(1+3¢1-50}h |

The characteristic roots of the difference equation corresponding to those

of the original differential equation>\k are calculated by neglecting smaller
quanties than h2as follow.
Agi = 1+Sgh +—12-s§{h’ (5. 86)
NAxz = % sgh - —é— Sf{hz ‘ (5. 87)
As the second root is ve.'ry small and the transient term due to this root
vanishes rapidly only the first root is considered in the following discussion.

Using the expression eq. (5.79) and eq. (5. 80) results

/u}{ = \/1 +2 (th'\" 2dxzhz+d}g( d}{z"'lel{z)h,*'i'_'(dé’ﬁ;g’ h‘ (5. 88)
-t BrxdU+agh)h
Bk =tan £ kL (5. 89)
K 1+ dxh" 'f?_'(dx ‘ﬂxz)hz
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Finally the amplitude error € )’ and the phase error 8.'.' are obtained in

the following approximated formula

EX = {F x-S aON"+ f @~ 6apd+p N In (5. 89"
: )
2 .2 ' . :
£i=-La-bpOn S e
Before concluding the discussion let us consider additional characteri- /

stic root introduced by the coefficient multiplier. The operation of a coefficient

multiplier is represented by the next difference equation.

Yn41=Yntk(Z -2 ) (5.91)

Consider the computer circuit of DAC shown in Fig. 5.29 which
solves following differential equation.

42U 4,y =o0 (5.92)

a x2. :
TN ax

du Fig. 5.29 DAC circuit for calculating

S eq. (5.92) ¢

0 S av
B SSO)

dw
The difference equations of the computer circuit which uses Euler's in-

tegraters are

Upn+1=Un+Vnh (5.93)
Va+1=Vn-Wnh (5.94)
Wn+1=Wn+k(Un - Un-1) (5.95)
The characteristic equation of this set of difference equations is as follows, ’
1-N h 0
0o 1-N -h =0 .
5.96
Kai-+) o 1-N, (5. 96)

. . 2 .
Four characteristic roots are obtained from this equation, Since kh™ 18

small they are approximately given as follow.
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A = 1+LKh+ VK h (5. 97)

N = 1+LRN~jvK-h (5. 98)
N = -Kh' (5. 99)
N= 1 (5. 100)

The third characteristic root is small enough to be neglected and the fourth
one gives a constant term, Therefore the first two characteristic roots
are the significant ones. The solution of the difference equation is written
as before in the following form

U = u"sin ng . (5. 101)

where

"

A =\ 1+ 2RN+ K0 (5. 102)
e - t&n—l _ﬂr'h___

1+-5Kh? (5.103)

The amplitude error and the phase error are

21
Ea= M- = 2VKh (5. 104)
Er=08-LKh =_Bgp? (5. 105)

The time lag caused by the coefficient multiplier increases the errors by
a factor of two.
5.5.3 Round-Off Error
Another significant error of the compution of DAC is the round-off
( dw&ﬂ‘tﬂ
error due to a finite length of the registers and the fixed u&nity.of'the in-
cremental output signals of the computing elements, The round-off error
be‘comes a serious problem especially when the effective length of the Y
register is shorter than eighteen bits,
Typical effect of the round-off error appears when the solution by

DAC asymptotes a finite value. For example when the following aifferential

equation

+ Z =0 (5. 106)
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is solved on DAC the halving time of the solution considerably decreases as
it approaches zero while that the rigorous solution is a constant, Consider

the integrater solving eq. (5. 106) shown in Fig. 5. 30.

(Rz ) )
R Register
. i
Fig. 5.30 Block diagram of an
ax o integrater solving.
eq. {5.1006)
Y Register
(2% 4z
As dX signal is applied at each iteration time content of Y register is
added into the R register and the output from the R register subtracts
" the content of Y register. Let the iteration time beTo the time necessary -
to subtract the last bit of the Y register T" is obtained as ' ¢
~ 1 ~~
o= 2" 7, (5.107)

because 2¥18 times of addition of 2-18 gtored in Y register to register make
an output from R register. Likewise the halving time of the second least
significant bit of Y register T, is calculated |
T, = '%‘ 17 (5. 108)
because when 2-17 is stored in Y register 2 R times of addition of this
quantity to R register make an output fromR register which changes the
content of Y register 2-18, The halving time of the third least signifi;ant
bit of Y register is calculated in a following way. Initially 2-16 exists in
Y register. 2 16 times of addition of this quantit}; into R register result

an output from R register and the content of Y register becomes (2 -17 A+2'1_8).

Another {j/3 seconds are necessary to changeétl_'xe,halving time of this

e comlemt e ‘>:q"-(\f, TheT otemi
. ’b'\/nfk:&, t-’\.
Ts =(':-1>'*741,‘)'Z, (5. 109)

case; that is

In a similar way the halving times for the more significant bits are obtained

as follow,
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~ bl o4
L= (g+rg+rg+t5)7, (5.110)
T=(d A A L L Lt -
G S A TS A by il 1 by DS (5. 111)
L e ST TTT (5.112)
= QZ - -
Ln Ll i=1 21’1 2+1
These values are shown in Fig, 5, 31
X7y
0.7
""""""" _//———
4] /
-
-
0.5
2 3 4 5 6 7

——> 1N

Fig. 5.31 Halving times for different
‘ numbers of bits in Y register.

As n increases these values approach ?;logez which is the halving time of

the rigorous solution.

The effect of the round-off error in the computation of DAC is now

discussed in more general case, The ditferential equation
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dZ

—_—= Y .
ax (5.113)

is approximated by the following difference equation by Euler's formula.
Zn+t -Zn = Yuh (5.114)
the error of which is only a truncation error. Now consider that an inte-

grater is connected to another intégrater as shown in Fig. 5,32

Probability
%

20.5h __ |o 0.5h

Fig, 5.32 Probability density of the
round-off error.

As R register of the first integrater stores the remainder of the qua.n.tity
stored in Y register of thé second integrater the operation of the second
integrater has an error caused by not adding this remainder to its own R
register. This is the round-off error, By considering this round-off error
the variables are written in the following way.

¥n

Yn* +. Ryp ' (5. 115)

Z'=Z'*+ R,

a = Zn an (5. 116)

where Yn and Zn arenumbers stored in Y registers, and RYl’l and R'Zn
are those in R registers.
Obviously Ry = O (h) (5.117)

Using these relations the operation of the integrater is described by the

following equation.

=Y h-R_ h (5.118)
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As a particular example let us consider the effect of the round-off error

when

eq. (5.118) then becomes

Z,,=0-n2 - R.h

n n

(5.119)

(5. 120)

Considering Zn and Rn staitcase functions of time the Laplace transform

of this difference equation is written
-1 -1
{1-(1-m)z" }Z(s)=-z R(®h

which is solved as

-1
-2 R(S) h
Z(S) =——————_'—1‘
1+(1-h)z
where
z-l - e-—STo
substituting
R(s) =% 2z~" R
n
and

Z() =3 znz,

into eq. (5. 122), we obtain
Z, =0 {(1-m™""
+(1-h) Rya+Rny }

-2 -
R, + (l-h)n R; + (1-11)'n PRy mmmmmm

(5.121)

(5. 122)

(5.123)

(5.124)

(5. 12%)

(5. 126)

As Rn is a random number with the standard deviation &, the standard

deviation of Zn is calculated as

A(n)

hV 1+ (1-0)2 + (1-h) 4 g (1o0) 2R3

2n
. /[ 1-(1-n) ‘~
2h - K% °

When n is infinite @\ (n) becomes "I\-,,

_|h
’\z"?.Ao

{5.127)

(5. 2

In the foregoing discussion the round-off error is considered ks Jé.
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randem. A'ct,ually round off error is by no means random but has a definite
form of time function. Generally the round-off error is the difference of
the continuous function al.'zd the quantized staircase function, Although con-
sideration of round-off error as a roundom number is allowable in the macro-
scopic discussion of the error, condideration of the detailed waveform will
be required for explicit calculation of the error.

In eq. (5. 128)0\°den6tes the standard deviation of Rn. This is

calculated as follows.

The distribution of round-off-error is as shown in Fig. 5. 32.

B
R B O -
A=+ Ju x’dx = 0,29h (5. 129)
\/ b _

An example of calculation is shown in Fig. 5.33, where

Therefore

o
nN
T
o
L d
L]

=]

~N
o
o
o
n,

]
o
~N

T
L]
o
o

o
°
°

— o Round-Off Error
o
-]
o

1]
e
-
°
°
o

e

12

o

.10 |

(=]

.08

6 T d e e °

(=]

o
.

04

o

02 | ° o °

Accumulated Error
-]
-]
-]
a

[ I WS (PN PEVE R ppapupeynen SIS S P LR R EEE LA DDl P SNSRI
e <0 <O = o o e o o m m n m e e ]

I-O.OZ - o . K

-0,04

" Fig. 5.33 Round-off errorand the accummulated error-in solving eq. (5. 120)
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Zo =100 and h = 0,1
Now the round-off error of a general linear differential equation is

investigated. The general liner differential equation is written as

[
4 /Y, = (au)‘ Y\ - F, (5. 130)
ax | Y, Y F,
i { !
’ | ; i
YN ' YN FN‘
or in vectorial form
dy¥ -
— =AY - F : 5. 131
X ( )
The difference equation by Euler's formula considering round-off error is
Yoo = Yy + AT, AT, -F,) (5.132)
Neglecting 'I_T"n to consider only error term and taking Laplace transform this
[} .
J equation reduces to the following form.
-1 g -1 g
[E-2zYE+na)]¥ (8) = -2 n AR (5) (5. 133)
where — - — —
Y (8)=352" Y , R(S) =3 2™ R {5. 134)
. —_ .
Solving tnis equation for Y (s), we obtain
— -1 -1 _1 —
Y ==z *h[E-Z27(E+hA)] - ARes)
-1 -1 -2 ?
==z [E+Z(E+hA) +Z (E +hA) s --mmr

+Z7E +hAP+ - - A RS
=-h3 2 "[EAR*(E+hAAR - (E+hAM AR, ]

(5. 135)
Therefore we obtain
4 —— —5 - n-1 - ]
Yn =-h [A'Rn—l*(E"“hA)A'Rn-z"’ """ +(E~hA"AR, (5. 136)
] .
Denoting (E+hAYA= Ky Kiz----Kin
. ('fzu_*i?f::::l%s ) (5.1 )
Koy Kz~ ==~ Knn :

- .
An element of Y, of eq. (5.136) is written as
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Yin =-0(0y 02---05) Ry \~hjt 1pp 11y )+ 7 Rin-2

Rant f}m-a
{ H
RNI\-I RNH‘Z
""""" ~N(m-Dy=--W-1y) /Ry (5. 138)
‘ Rao
Rya
When Rlo , Rao yesceenssny RN "n-1 are considered random numbers of the

standard deviation of O\ o the standard deviation of Yin is calculated as

AT in the following equation

Ai=hr\°\/o§1+ofz+---+o§,.+ ----- KA+ KE 4=+ K i+ == 15 (5. 139)

As Kuz "'Ki: +--——- +Kif§ is the i th diagonal element of the matrix
t
(E+hAAALLE+hAX] (5. 140)
/\i is finally obtained as
A = haoys; (5. 141)

Where Si is the i th diagonal element of the matrix

AR (E+hAVARE +hA) -t (B-hA AR LEHAY™] T (5,142

As an example of application of eq. (5.141) the effect of the round-off

error of the second order differential equation is estimated,

dy _
dax = 2 '
- (5. 143)
dz
ax = ¥
For this equation
A =/, 0 1 5,144
(L1 o) (5. 144)
E + hA = 1 h 5 145
(o 1) (5. 145)
Therefore AAY - E (5. 146)
(E + hA) (E +hA)t = (1 +h2)-E (5. 147)

and the diagonal element of eq. (5.140) is readily obtainable as (1 +h? )k ’
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5.6

Therefore :

S: =Sa=1+(1*/12)1'(1+h’)2+ ------ +(1+h?)n!

=.(1;F1;);;L (5. 148)

Finally the standard deviations of Y and Z are obtained from eq. (5.141) as
A M=Aa(n)=n, V(1+h?)P-] (5. 149)

In contrast to the previous example of the first order differential equation

the standard deviation diverges as steps of integration proceed. In Fig. 5.34

N\ (n) is plotled against n.
1.4 :

h=o0.1

——»0‘1.3/”'6

L

0 T 20 30 0 50 0 70 80 90 100
—_—"n

Fig. 5.34 Standard deviation of the accummulated error caused by

rounding-off error of the Euler integration of eq. (5. 143).

The round-off error of the trapezoidal integrater is more complex

and will not be discussed in this thesis. Only the effect of the round-off

error written in Z transform is shown below,

— _ -1 —
Y(S)=hZ—1(—g--%Z J)[E-Z{E+h(%--21—Z)A}] AR (5. 150)

Incremental Calculus 73)
The DAC is an incremental computer which executes any computation
by incremental calculus. As will be scen in the following examples al- st

any differentiable function can be generated by incremental calculus.

5.6.1 Polynomial

-f(x) =%t 1X+3.2X2+ ------ +'bknxn (5. 151"
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By successive differentiation we obtain following equations.

fo) =20, df = fdx

F0) = o af'=fax ‘
e e e (5, 152)

f(n-l)(0)=(n_l)! ah"l, df(n‘l):f(n)(x)dx

fMxy=nlay ¢

By using these relations the computer circuit for generating eq. (5.15) is

obtained as shown in Fig. 5. 35.

Fig. 5.35
L df(x)
ay DAC circuit for calculating eq. (5.151)
\ df -
2a2
&
' ¢
| - | df "
| ]
| - \
!
. \ df(n-2)
(n'l)én-l
| : o dx
n!an. df(n-l)
5.6.2 Rational Function
_ Bt AiXt--ommm o +3amX™ _ M&X) (5. 153)
fo0= — =
bobeX"’ '''''''' "‘an N
By differentiating, we obtain
1
= _— dM - Md —
df ( N
1 5
— )= _ dN ,
S N? (5. 154)
1 2 1 »
d(—) = - —d(—)
(NZ) N N

As M (x) and N (X) are obtainable by the circuit of Fig. 5.35 f (X) is

calculated by the circuit of Fig. 5.36.
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dfx)

Fig. 5,36

DAC circuit for calculating eq, (5, 153)

5.6.3 Coordinate Transformation

The coordinate transformation which is frequently necessitated in the
fire control system and the tracking devices is one of the favorite tasks

performed by the incremental calculus.

(i) Transformation from Two-Dimensional Polar coordinate to Rectangu-

lar Coordinate.
X =T C05 8

By differentiation we obtain

dx =dr co0se-y de
dy =dr sine+x4ae -
d(Cos0) =-8ine-ae (5. 156)
d (sineé)= cos6-de
These relations are representable by the circuit of Fig, 5, 37

D o s L NG dx

| costo. y4 rcosé,
—ydé
‘.___“‘
Yo /Z
dr siné

—\Y_ l\ dy

—— x de

— Fig. 5.37 DAC circuit for coordinato,. ,
formation from two-dimensiona
N trans

‘ i dinate to rectangular coordinate,
sinfo 4—i polar coordi g

\ —o do
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(ii) Transformation from Two-Dimensional Rectangular Coordinate to

Polar Coordinate

r = \/_X?}’2
| . (5.157)
8 = tan %
By successive differentiation we obtain
dr=dx cos e +dysine
d6-~ corse dy - Si:}B dx
d(89) = ~dg(£2 )+ d(4-)cose (5. 158)

d(8il0) = d6(<%28 )+ d(4)5ine

d(+)=-(+)dr
df(+7)=%d(+)

These relations are representable by ten integraters and four adders.

(iii) Transformation from Three-Dimensional Polar Coordinate to

Rectangular Coordinate.

X = I sin § cos ¢
(5.159)
Y = F sin @ sin ¢
Z = r cos B
Successive differentiation leads to the following set of equations.
dx = drsinfcosg¢g + dO =z cos¢g - d ¢ vy 3\
dy = dFsinQsin ¢ + 40 Z sin ¢ +dg x
dz = dlrcos® — d 8 - tsing
d(sin § cos p) =d® C050-C0S¢—-dpsing-sing
d(sin @ sin ¢) =d6 €056 +3ing+dpsine o3¢
d(cos 8 cos ¢) =-d65in9‘C0»3¢"d¢('.056‘5i[1¢
(5. 160)

d(cos B sin ¢) =~dOsined-sing +d¢#cose-Cose
d(z cosg) =dz cosg~dpzsSing
d(z sin ¢) =dz Sing +d$z COSP

d( cos ¢ )_=-d¢5in¢
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d( sin ¢) = d¢ cos5 ¢
‘d(Frsin 6 ) = dr 3ine+deo-z
d( cos 6 ') =-desine
d( sinf ) = d6 code

By twenty-six integraters and ten adders above relationr are representable,

(iv)

Tracking Problem in Two-Dimensional Space

Rectangular coordinate (x, y) is to be calculated from Yy and ¥,

in Fig. 5. 38,

Fo= Vix-L)?*+Y? ' ]
Fo= v x+ L) +Y? (5.161)
LTI ~o Fig.  5.38 Tracking problem in
i N . two dimensional space,
\\ .
R
ra \
/ N
ra
x
-L 0 L
Rewriting these equations leads to
2 2
X =0 (F-r)
(5.162)

2
Ve 4 (Fr)-xtC

By successive differentiation the following equations result.
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dX = -2—-1L>(}’zdl”2— hdrl)
dy?=r dr + kL dr,-2xdx

dy = 517 d(y? (5. 163)

1y__ LNz
di$)=- () dY .
d [ L 2} -2 4L
¢
‘These relations are representable by the computer circuit of Fxg 5. 39.
_——\Y—-—o drl
ﬁt—o drz
z
r
&/4_ P(x: Ys z)
r. T 3 t
2 1 y (
0 L
L k]
dy X
Fig. 5.40 Tracking problem in three
dimensional space.
\ a(=)
1 y
Fig. 5.39 DAC circuit for calculating x and y
from r] and r2 by eq. (5.162)
(v) Tracking in Three-Dimensional Space,
Referring Fig. 5.40 follbwing relation holds.
(5. 164) Y

PP o= x5y z?
V‘22 (X—L)2+)’2+Z.2
R o= X4 (y—-L)*ez?

Rewriting the above equations leads to the following relation.

I

}

%=50 (K-57)

S 22
y’zL(r‘ L) (5. 165)
22: rl.2_x2_ y'Z
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5.7

By successive differentiation we can derive dx, dy and dz {rom

dry, drz, and drj in the following equations.
dXx = %(rld fi-hdn)
dy = {-(hdr - dh)
d(z?)=2(rdr -xdx-ydy)
_ 1 5. (5. 166)
dz-= 55 d(z?)
d(F)=-(L)dz
1y2) .2 4,1
A’ =z d ()
These relations are represented by a cc;mputer circuit composed of eight

integraters and three adders,

Concluding Remark

An outstanding advantage of DAC is the simplicity of the control
circuits. The individual computer elements operate by nothing other than
the power supply, the clock pulse generater and the timing pulse generater,
In this respect DAC is particularly suitable as a control computer for which
the problems solved may be relatively limited. In the general purpose digital
computer the machine capacity is of considerable scale whereas DAC can
be built in any size depending on the calculation wanted to perform,

DAC has also a promising field of application where large scale ana-
log computers are currently employed. The higher precision and higher
computation speed of DAC will replace analog computers in those fields

where financial problem is less important,
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Conclusion and Acknowledgement

The various ways of applying the analog computer to the problems of
science and engineering which had been developed by the author were de-
scribed in the foregoing chapters. Also described are the dynamic properties
of analog computer elements, Specifying the dynamic property of a computer
element is especially important in a certain problem where the system ana-
lyzed is less stable.
The new computer elements described in this thesis were developed by the
author in order to use them for analyzing special problems which have been
unable to be solved with usual computer elements.
In short this thesis treats various aspects of the analog computer technique
which purposes solution of various problems by means of anclog computer
and the problems concerning the analog computer elements, Instead of ra-
pid evolution of the analog computer as a hardware a deliberate preparation
of the softwares has been left behind. The author's .study on analog com-
puters has always been carried out on the side of the software, that is, con-
sidering and analyzing physical system in terms of analog computer.
This is what we call analog computer technique. The results described in
this thesis not onlybhave been proved useful in actual analysis of the problems
in the past several years in Tokyo-Shibaura Electric Co., Ltd, to which
the author belongs, but also will be a valuable tool for sgfx\zdng many problems
in the future.
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