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1 Introduction 

A spatial surface is a compact surface embedded in the 3-sphere 5 3 = JR.3 LJ { oo }. In this 
note, we assume that (1) spatial surfaces are oriented and that (2) connected components 
of spatial surfaces are neither 2-disks nor closed surfaces. The aim of this note is to 
introduce the concept of a groupoid rack, an algebraic system for constructing invariants 
of spatial surfaces. 

2 Handlebody-knots and spatial surfaces 

A spatial trivalent graph is a finite trivalent graph embedded in 5 3 . In this note, we allow 
trivalent graphs to have loops, multiple edges, and 5 1-components, i.e., edges without 
vertices. We regard knots as spatial trivalent graphs without vertices. Diagrams of 
spatial trivalent graphs are defined as usual in knot theory. An edge of a diagram D of a 
spatial trivalent graph G is a sub-diagram of D that presents an edge of G. In particular, 
an edge of D of G that presents an 5 1-component of G is called an 5 1-component of 
D. A handlebody-knot [3] is a handlebody embedded in 5 3 . Two handlebody-knots H1 

and H2 are said to be equivalent (H1 ~ H2) if they are ambiently isotopic in 5 3 . Every 
handlebody-knot is obtained as a regular neighborhood of a spatial trivalent graph. A 
diagram of a handlebody-knot H is a diagram of a spatial trivalent graph G such that 
the regular neighborhood of G is equivalent to H. We denote by H(D) the handlebody­
knot whose diagram is D. In [3], a Reidemeister-type theorem for handlebody-knots was 
introduced. 

Theorem 2.1 ([3]). Two handlebody-knots are equivalent if and only if their diagrams 
are related by a finite sequence of Rl -R6 moves, depicted in Fig. 1, and isoopies in 5 2 . 

A spatial surface is a compact surface embedded in 5 3 . Two spatial surfaces F1 and F2 

are said to be equivalent ( F1 ~ F2) if they are ambiently isotopic in 5 3 . Thoroughout this 
note, we assume that (1) a spatial surface is oriented and that (2) each component of a 
spatial surface is neither a closed disk nor a closed surface. Under the assumptions, spatial 
surfaces are Seifert surfaces for their boundaries. As a remark, if two spatial surfaces with 
the same boundary are not equivalent, then they are not equivalent as Seifert surfaces for 
the boundary. Let D be a diagram of a spatial trivalent graph. The spatial surface F(D) 
is obtained from D as illustrated in Fig. 2. 
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Figure 1: Local moves on diagrams of spatial trivalent graphs 

Figure 2: A construction of F(D) 

For any spatial surface F, there exists a diagram D such that F ~ F(D), [6, 9]. A 
diagram of a spatial surface F is a diagram D such that F(D) is equivalent to F. As in 
the case of handlebody-knots, a Reidemeister-type theorem holds for spatial surfaces, [9]. 

Theorem 2.2 ([9]). Two spatial surfaces are equivalent if and only if their diagrams are 
related by a finite sequence ofR2, R3, R5, andR6 moves, depicted in Fig. 1, and isotopies 
in S2 . 

3 Groupoid racks 

Definition 3.1 ([7, 10]). A rack is a pair X = (X,<1) of a set X and a binary operation 
<J : X x X -+ X satisfying the following two conditions: 

• For any y EX, the map Sy: X-+ X, defined by Sy(x) = x <J y, is bijective. 
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• Foranyx,y,zEX, (x<1y)<1z=(x<1z)<1(y<1z). 

A rack X = (X, <1) is called a quandle if it satisfies the following condition: 

• For any x E X, x <1 x = x. 

We give some examples of racks and quandles. Let n E Z>o be a positive integer. The 
cyclic group Zn with the binary operation <1, defined by x <1 y = 2y - x, is a quandle, 
called the dihedral quandle. The cyclic group Zn with the binary operation <1, defined by 
x <1 y = x + 1, is a rack, called cyclic rack. Let R1 and R2 be racks. Then R1 x R2 is a 
rack with the binary operation <1 defined by ( x1, x2) <1 (y1, Y2) = ( x1 <11 Y1, x2 <12 Y2), where 
for each i E {1, 2}, <1; : R; x R; -+ R; is a rack operation on R;. 

Definition 3.2 ([5, 6]). Let {G,\LEA be a family of groups and e,\ the identity element 
of the group G,\ for each>. E A. A multiple group rack (MGR) X = (X, <1) is a pair of the 
disjoint union X = LJEA G ,\ of groups and a binary operation <1 : X x X -+ X satisfying 
the following three conditions: 

• For any x E X, for any >. E A, and for any a, b E G,\, x <1 (ab) = (x <1 a) <1 b and 
X <1 e,\ = X. 

• Foranyx,y,zEX, (x<1y)<1z=(x<1z)<1(y<1z). 

• For any x E X and for any >. E A, there exists µ E >. such that for any a, b E G,\, 
a<1x,b<1x E Gµ and (ab) <1x = (a<1x)(b<1x). 

An MGR X = LJ,\EA G,\ is called a multiple conjugation quandle (MCQ) if it satisfies the 
following condition: 

• For any >. E A and for any a, b E G,\, a <1 b = b-1ab. 

An example of an MGR is given in the proof of Theorem 4.3. 

Definition 3.3 ([11]). Let R be a rack with a rack operation * : Rx R -+ R. Then 
Rx R is a rack with the binary operation <1 : (Rx R) x (Rx R) -+ Rx R defined by 
(x, y) <1 (z, w) = ((x *-1 z) * w, (y *-1 z) * w). The heap rack Rx R is the rack Rx R with 
the partial operation (x,y)(y,z) = (x,z). 

A groupoid is a category in which all morphisms are invertible. In this note, we denote 
the composition of morphisms f and g with cod(!)= dom(g) in a category by f g. 

Definition 3.4 ([1]). Let C be a groupoid. A groupoid rack X = (X,<1) associated with 
C is a pair of the set X of all morphisms of C and a binary operation <1 : X x X -+ X 
satisfying the following three conditions: 

• For any x, f, g E X with cod(!) = dom(g), x <1 (Jg) = (x <1 J) <1 g and x <1 id,\ = x, 
where id,\ is the identity of the object >.. 

• For any x, y, z E X, ( x <1 y) <1 z = ( x <1 z) <1 (y <1 z). 

• For any x,f,g EX with cod(!)= dom(g), 

An MGR X = UxEA G;.. can be regarded as the groupoid rack associated with the 
following groupoid C: 
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• Ob(C) = A. 

{
G>. 

• Mor(C) = 0 
if>.=µ, 

otherwise. 

• Composition: G>. x G>.--+ G>., (a, b) c-+ ab. 

• The identity morphism of .X EA is the identity element of the group G>,. 

• The inverse morphism of a morphism x E G>. is x-1 E G>,. 

Proposition 3.5. Let X be a groupoid rack associated with a groupoid C. If C satisfies 
that for any>.,µ E A with>.#µ, Mor(>.,µ) = 0, then X is an MGR. 

Proposition 3.6. Let X = (X, <1) be a groupoid rack associated with a groupoid C. If C 
satisfies the following, then X is an MCQ. 

1. For any>.,µ E Ob(C) with>.-=/-µ, Mor(>.,µ)= 0. 

2. For any>. E Ob(C) and for any a, b E Mor(>.,>.), a <J b = b-1ab. 

Remark 3.7. Heap racks can be also regarded as groupoid racks. 
A Y-orientation of a diagram of a spatial trivalent graph is an assignment of orien­

tations to all edges of D such that no vertices are sinks or sources, as shown in Fig. 
3. 

yyyy 
Y-orientation Y-orientation sink source 

Figure 3: Orientations around vertices 

We remark that every diagram admits a Y-orientation, [5, 8]. A Y-oriented diagram 
of a spatial trivalent graph is a diagram with a Y-orientation. 

Let D be a Y-oriented diagram. We denote the set of all arcs of D by A(D). Let X be 
a set, <J : X x X --+ X a binary operation, P c X x X a subset, and µ : P --+ X a partial 
operation on X. An X-coloring of Dor a coloring of D by Xis a map C : A(D) --+ X 
satifying the conditions depicted in Fig. 4. 

We denote the set of all X-colorings by Colx(D). 

Theorem 3.8 ([1]). Let D be a Y-oriented diagram, X a set, <J : Xx X--+ X a binary 
operation, P c X x X a subset, and µ : P --+ X a partial operation on X. 

1. Ifµ is a composition of a groupoid C and (X, <1) is a groupoid rack associated with 
C, then IColx(D)I is an invariant of the spatial surface F(D). 

2. If IColx(D)I is an invariant of the spatial surface F(D), then U(x,y)EP {x, y} is a 
groupoid rack. 
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Figure 4: Coloring conditions at crossings or vertices 

Remark 3.9. In Theorem 3.8, if D has a vertex, for any X-coloring C of D, we have 
C(A(D)) C Ucx,y)EP{x,y}. 

In what follows, when we consider X-colorings of a diagram by a set X, we assume 
the assumption of 1 in Theorem 3.8. 

Theorem 3.10 ([5]). Let D be a Y-oriented diagram and X groupoid rack. 

1. If Xis an MCQ, then IColx(D)I is an invariant of the handlebody-knot H(D). 

2. If IColx(D)I is an invariant of the handlebody-knot H(D), then Xis an MCQ. 

4 An infinite family of pairs of Seifert surfaces 

A square matrix P is called a unimodular matrix if all its entries are integers and det P = 
±1. Two square matrix Vi and Vi with integer entries are said to be unimodular-congruent 
if there exists a unimodular matrix P such that Vi = pTViP, where pT is the transpose 
of P. Although a Seifert matrix of a spatial surface depends on the choice of a basis 
for the first homology group of the spatial surface, the following result holds for Seifert 
matrices for spatial surfaces. 

Proposition 4.1. If two spatial surfaces Fi and F2 are equivalent, then their Seifert 
matrices are unimodular-congruent. 

According to Proposition 4.1, a Seifert matrix of a spatial surface is an invariant of the 
spatial surface up to unimodular-congruent. 

Corollary 4.2. Let Vi and Vi be Seifert matrices of spatial surfaces Fi and F2, respec­
tively. If F1 ~ F2 , then gcd { k x k-minors of Vi} = gcd { k x k-minors of Vi} for any 
k E z>o• 

Theorem 4.3. For any oriented link L, there exists a family {(Fn, F:,)}nEZ>o of pairs of 
Seifert surfaces for L satisfying the following: -

1. For any n E Z20 , the regular neighborhoods of Fn and F:, are equivalent as handlebody­
knots. 

2. For any n E Z20 , Seifert matrices of Fn and F:, are unimodular congruent. 

3. For any n E Z20 , Fn and F:, are not equivalent as spatial surfaces. 
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D 

Figure 5: A diagram D of F 

Sketch of proof. We construct a desired family. We take a Seifert surface F for L such 
that Fis not equivalent to the closed 2-disk. Let D be a diagram of F, as shown in Fig. 5. 

For each n E Z;,0 , let Dn and D~ denote the diagrams obtained from by replacing the 
outer edge of D in Fig. 5 with the edges shown in Fig. 6. 

D' n 

0 : positive n kinks. 

Figure 6: Diagrams Dn and D~ (n E Z;,o) 

Then it holds oF(Dn) ~ oF(D~) ~ oF(D) ~ L. For each n E Z;,0 , we set Fn = F(Dn) 
and F~ = F(D~). Then the family {(Fn, F~)} nEZ>o is the desired family. 

Next, we show that the family { (Fn, F~)} nEZ>o consists of infinitely many distinct pairs. 

F, L: v~:e s:,::e:.::: of th[IT r1e FT) lo, :e ~:' ::h :& E ::: 
-1 0 0 4 + 2k 0 
0 0 0 0 V 

max{i E Z>o I non-zero (ix i)-minors of V}. If such number does not exist, we define 
s = 0. For each k E Z;,0 , we define Ek,3+s := gcd {(3 + s) x (3 + s)-minors of Vi}. Then, 
for any m, n E Z;,o with mi- n, Em,3+s i- En,3+s• Using Corollary 4.2, it follows Fm'-/- Fn, 

Finally, we prove that the claims 1-3. 
1. For any n E Z>o, the regular neighborhood N(Fn) of Fn is equivalent to H(Dn) and 
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the regular neighborhood N(F~) of F~ is equivalent to H(D~)- The diagrams Dn and D~ 
are related by a finite sequence of Rl-R6 moves and isotopies in S2 . Using Theorem 2.1, 
H(Dn) ~ H(D~)- Therefore, N(Fn) ~ N(F~)-

2. For any n E Z;::,:o, Fn and F~ has the same Seifert matrix Vn = (11 ~ [ ~ V~ol · 
-1 0 0 4 + 2n 
0 0 0 0 

3. We take the MGR X = LJ(x,i)ER3xc2 ( { (x, i)} x Z2) defined by 

((x,i),a)<i((y,j),b) = {((((x,i),a). ) ) ~f b = O,, ((x,i),a)((x,i),b) = ((x,i),a+b). 
2y - x, i + 1 , a 1f b = 1 

Give Y-orientations to the diagrams Dn and D~. Any X-coloring of Dn is given in the 
Fig. 7. 

((x, i),b) 

\ 

( 
((x,i),a+b) 

((x,i),d) 

((x,i),a+b-d) 

((x, i), a) 

((x,i),b-c) 

((x, i), a+ b) 

((x,i),a+b-d- e)---+ 

-•--~ 

((x,i),c) 

((x,i),a+c) 

((x,i+e),a+b) 

D 

~) 
((x,i),d) 

\ 
((x,i), e) 

((x,i),d+e) 

Figure 7: X-colored diagram Dn 

The relations from coloring conditions at the vertices v1 and v2 is the following: 

{ 
i - a = i ( mod 2), 

i + c = i (mod 2). 
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Thus we have a = 0 and e = 0. 

WesetColx(D;((x,i),d)):=Colx( ~- )· 
((x, i), d) ((x, i), d) 

Then, 

LJ IColx(D; ( (x, i), d)) I 
((x,i),(b,c,d))E(R3XC2)xZ~ 

= 4 ( LJ IColx(D; ((x, i), d))I) . 
((x,i),d)EX 

We remark that IColx(Dn)I > 0 because IColx(D; ((x, i), 0))1 > 0 for any (x, i) E R3 x C2 . 

On the other hand, Any X-coloring of D~ is given in the Fig. 8. 

((x,i), b) 

\ 
((x,i- a),b- c) 

((x,i), b) 

((x, i), b - c) 

((x,i),a) ~~ _((x_,i_·),_a) __ -,--_ 

((x,i),a+b-d) 

((x, i), a+ b - d - e)~ 

~ 

((x,i),c) 

((x,i),a+c) 

( 
((x,i),a+b) 

((x,i+e),a+b) 

((x,i), d) 

D 

((,,i),d)) 

((x,i), e) 

((x,i),d+e) 

Figure 8: X-colored diagram D~ 

The relations from coloring conditions at the vertices v1 and v2 is the following: 

Thus we have a = 0 and e = 0. 

{
i - a= i (mod 2), 

i + c = i (mod 2). 
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Then we have 

IColx(D~)I = LJ (IColx(D, ((x,i),d))I • IColx(~, ((x,i),b))I) 
((x,i),(b,c,d))E(R3 xC2 )xZ~ 

= 8 ( LJ IColx(D, ((x,i),d))I) > IColx(Dn)I. 
((x,i),d)EX 

Therefore, Fn ~ F~. □ 
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