ooooobpooooo
3990 19800 143-160

143

STRONGLY REDUCTIVE OPERATORS IZ7DOWWT

Hilbert space H X o operator T4 yeductive v » <
8. o closed subspace MCH , TMCM = T*McM <D
(1-P)TP =0 Aor ¥p: P=P=P* = PT=TP.

Hermitian operator 13 veductive s, )  mon- Hermibian
opevaror tv Yeduclive 74 £ 13 % < §a 5 gLt W 4. MoN-
normol opevator T reductive rg operoLor IFH0 5 dL T v 75 o,

So s HFRIEVEF N CRe FRAKL 5 b,

| Reductive operator conjecture [

Every veductive operafor is normal.

30 E 120 h 1z > T, operator theovy o W v B B\ 15
MRRT % 5.

'Inu&mawt subspace cong‘ect»uvej

Every operator on a Hilbert space has oo mon-trivial

woriant subspace .
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Sn 2> MBNEIB ¢ H L L NFERRT iz [DPPT.
Yormal operator Lo @ v 4.  Which normal operators are
veductive 2" ¢ v ) [MERIL . Wermer (1952) 345 % < o %F E o
.

lmj W]  Tormal operator T 123t v 1. To spectrum,,

0O, B E2®Es S5 95w (06) o complement 2" connected)
. RELIFELG W D T3 reductive v 3 2,

@ [S: 1] normal opeYatoy T 1:74vTL . Ta\ reduclive
s < THe the closure | with vespect fo the weak operstor’

topology, of the set of Poﬂznom—icds T,
Y“eoLW(/JrLV'L’CH o spedkyal oriterion |25 v TR,

I [ HEOREM |[5’~2] normal operafor T 1z¥fL T . M L o

{-vace positive meoasure n the plane which ts mu\:\"v\,a.ﬂg obsolule-
Lg continmous w, it spedral measure of T ¢ 32 ¢ 3 . T
p reductive ThA C:> the set of polanom‘\,als s weak-

Star dense wn LT¢).

Yeductive operator IR L T, Harrison (3 Sstrong

Y‘edwc,tbu‘d"g o,j:ﬁi/fi. Z ﬁ_;,)\ L ’*[HO.Y“],

lDEFINIT\ON‘ OpeY"od,'OY’Tn\“ s-\:r‘ovle.&é reductive v B A

Y forYer0, 3550 UPTP-TPI <& = ITP-PTI<E

2
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for-all p « P2=P=P* < &) = sup {n@-P)T*PN :
NO-P)TPN< & § =0 for §NO L PI3 P=p=pPFeiBHr v
Bh<Vaed s, (BBIzvziz " amost twariant " Lnder
T O “almost reduces" T eunn - &.)

So¥E 3 ko Z R ARILH L EDS.

[THEOREM| CAFV:27]  [uery strongly reductve

operator s mormal .

IStrongl_g reductive operators o 447H

[ Har )

1. Hermifian operators 13 strongly reductive 5% .

2. Strongly veductive opevotfors 13 veductive T"h%,

3. Stronghy veductive opevratoy o adjoint |3 Stvonglj,
;(”educ,tbue Tdb.
() YT, VPTOJ, PrafLtl, @=1-P £ & T 13 1 pT1*Pl=
laT-Tal, IG-TP 1 =10-Tal vHs 2t 5.

4. T*m the wnitorm Limit of sequence of polynomials in T
:>7 T1% S‘tv‘ovxglj veductiwve g A .
(") VYeso, G any polyromial 3§70 S IG-PYMmPI<E
i P o orthogonal proj. T 1C-P)TPI<S T 3,ma. -t
Pol‘anow»\,a,', o degree 122 1 T o) ndWLONTIEDR F 5 .

g constant polynomial 155 @R ((=-PIYMP=0&Y ). R

3
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1= dEZTee of Po(‘anomca.L = ﬁ ascjf KYI>eET A, C&,m\

degree =+t 35, r(2)=(%@- j,(o))z‘_fl R Y

O degree =Rk. %> T | CG-P)4@PN = 1C-P)(3)- §@1)PI

= IC(1-PTCU=P+PI)F )P S 1 (1=P)T (I=PIFMPI + HQ=PX>TPTPI

S ITHNO-PXOPI+ LQ=P)TPINYTN  T4,7 Gi=2t L T e & O,

k7 Yeso, G Polynomial st ATF- G 1<%, Fro st

I G=-PrYgmpP < %  whenevey nCu—P)TPn<3—_ td A s 63

HO=PYT*P I < I C-P)YDPY + % <€ %)”(7'( T*, BP5 T »v

Strovx%l:{ reduchive - & 3 |
5. Tt mormak t g3 5. COOINFDEAynoe, A

2LiH- twhow, DTz S‘tronglg reductive & 4.

() B alXl gwaEy S,

Sk )y RMEadEa it kLT e ¢ B ITEN T <,

T S‘tron?l; veductive operateyion H, X : operator on
K ( Some Hilbert space ) s.t. | x-'();»TT{j—'n—eo (J—-H”)
11T Uy (=l ) i3 unitary ops H— K k3.

3 X S‘trongl\a reductrive .

Proof. 4or §>0. Pt Kk a orthogonal pvoj. s.t. 10-P)xPI<d
Té=U§TUA~_' ERVT, JETARIC ESLIX-TjIL I
NC-PXPI & T 5. for Py= Uo'_IPVa' (HLE o orthogonal pvoj.
LTis ) WEPDTPNCE kA, >t (=POTP =

4
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Ua-*(\—PhaPUa = ‘LI;{(I—P)(T)- XOP + (FPIXPYU; ;2 2%,
T NERXPL S X-T 0 0 Q-POTFP = i x-Ti
ll(\—Pj)T*Pj I € IX=-Tjn+ &(8) &5 joe0 T L T,

=

|\(\-P>x*P & (8). &-T X av S‘l‘rongl\a veduchHive T 5 5 =
CN A5
m T Strongl; reAuckive operator” on H Cseparable ).
D THT-TT* Compmi .
Proot.  OL: the C* a,lgebm with wm+a , ﬁenemreok "J the
Umage T of T e the Callin “J?f'bm BCH L),
Pia faathful X representation of 01 on a separable
Hilbert space Hf e T2. [V:Theorem 131 £ [Tk 2
X T, X=T@® PEIBFEF) t #<. i3 S‘l’ron?/;
Y:eiuui"vve ey, €57 reductive tris. Pt o\%ogoml
Py HOH®Hp 25 {o0h® pih: heHp ) £33 b,
(-pxP=0 #%%,.T IG-P)XX*Pi=o . &1 PEFPE) R =
OEICE R for TheHy BPE P (THT-TT*)=0. faithful

~¥n N
TT

, —————
Chh»s TRT-TT* =TT - =0,

lStrovx%l_*& reduchve obevatov o sPed'ru—m o /Pir’r{ﬁl [(Hov

B(H): the cdgfebv‘ot of all opevators onH. L(H)= B(H/K(H) ' the
Colkin M%@bﬂk ( K(H) : the ide&L of Comback operatovs on H ).
B(H) »¢ £(H) ok Aa Canonical map |55 T o Lmage L ﬁf

5



148

BP5 , T=T+KMH) £7 3. Toskdrum t 0. Left
Spectrum o approximate point spechrum ¢ G(MT'. T
essential shedvium § Ce(r) (= 0F) ). [left essevitial spectrum
¢ Qe (=GE )T &D F. =k 513 non-empty combact sub-
set of the plane 7" Za \Favpx ¥ LT 5. O =6£‘(T)uo{;@‘
Ga ()= c%‘;ﬁ)u%ﬁ*)f 2: ¢ — i3 Complex conjugate & D7,

Left specrea 12 5 v T ix. SR A 7 ( bounded below &
W FRR T T S s ), |

(1) U613 Hatit 1 Neopt <2 F{Puy: 52§ of unit vectors

SEM(T=-NP, 1l — 0 (M—r 00 ),

(2) TFSW1 A€ G (m) < Ly ovthogoral seg. of unik

vedors s.t. IICT;—)\>¢,\ | — 0 (m—09),

[I[Il T Strongly reductive | (Pnj: Seq. of Unit vectors st
(T2 Pu l =0 (n—>09) 4or Some X ) | (T%- X)P. 11— 0 (n—>09).

Proof. Py orthogonal proj. orte span @n &3 2. B4 = (4. %P
for Vg, KA S JO-POTRal = NCO-RaT Pl = Il (HPD(T- Nl = 0
(n=>00) "B Y. Ta 3‘\?0\’\%“3 vedudtiue T 3 5 574 |[(I-RIT*RI
=0 (N109) 2782 Bp5 1%, - PTAGm |l — 0 (n—>x) b =
37 RT®. = (T"R )P = (R, TP, (R TR A
(n=202) THE A 5 N16F-X)Pall— 0 (n—0) & 153,

T+ strongly reductive > om=gm (Ye(T)=(£e(T),

6
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Proot. G () o tharacterigation Row & v ger) = q, (™)™,
Qe = QT &= 3 T O(T) = GMU QM7= g T, )
= C{e('r)u {e(T*)— @C‘-) UB A b»D,

Tt strongly yreductive > O(T): the union of Ge(T)

and Lsolated normal eigenvalues of finite multiplicity.
Proot: &y GM=G0), Ttr)= Gelr), X 1T Q> CG)
ChHMN S NEGEINOLM) ET B, A§ GlT) &9 ker(-N)
[T finite dimensional L2v 3t (T=X) 1%, bounded below— onv
kex (T=-X)" . Ae Oi(T) £V ker (T-X) 1T non-trivial B 4.
-1 N3 Ton funite muldiplicity 7 eigenvalue T 3 S
Wb AL T o S‘tron%l} ductwe T 3 3% & @ AN
normal Ligenvalue, %5 TP =AP D T*=XF UV +h 25,
SRIZw N # Lsolated poimllof- G £ R % 9. ker (T-X)
3 Lnvariant undev T ) . T »v¢ Strong(:} reductive & Y
kv (T-2) 13 Yeduces T &y, X T'=T | ker (T=x)* &
Iy . AN&Q (T ), Oi('r') compact set T B 2 » 4 IAg>o
ST WEQED for Ir-AI<E b D 3 G0 = AUGE)
Wi H G A B Usolafed on G (T) A EG S %,
[AFV 1) opevatsr T »it %uo.savm/can@wtav" T8 A
D ANEGM S dim ker (T-2) < dlim ker (TH-%) [=¢
( T Cbmsutriangw(aw -l (Pt projls of finite rank which

\'—}
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Conv. To 1L in the S’\"(OV\% topolo%\j st. {IRTP.-TP.I ¥ 0 (n>09)

&0 T shrongly reductive OT: q)umswmangv{law 2" 5
rrenhay (@) MTDen A& Ofiec'“) I23F L T Aim ker (T=X\)
= dim ker (TRX) T 52 » 5 ).

T caFy T serongly reductive , OUCT) (= the uniformly
Closed , tnverse closed algebra generated by §T.1) )+ contains
an operator S st ASHx1SI 3 proper tnvariant sub-
space tor all operators e 0U(T). |

£, Wtz WEWFHET 2.
vr] T quasitriangular | OL(T) 2 S st ISH=F S|

2 TIPS finite rank pojls S.T.

(1) 1U-RYLP =0 (n—eo) for Y e LT

@) Pn—> A weakly (n—3oe).

B) AX A (1ot ascalav multiple of L Evn =),

Proof E ' spedral measure of (S*S )% , fixsome P >0 st
1Sh<p<usy 1Lt Sp=SE(pusl) tw <. Lo,
ISt € O;((S*S)"‘j point spechrum. | So ¢ finite rank 7 L 2 b

4

S'Se = 5;5 Uh . Fx x>o st o< (Isi-g) s, YeeH

unit veder 1227 L T T o Oouas'\,tﬁ,angvxlm & ( See cf. [q::
7, &9

ppint-22 1) 3 two sequen ceo §P,.’):, AR e st finite
rank proj's  P2PY, TankRu=4 (oL Ra=P/-P £72)

3
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(Ree )« x ¢ (Rlee) | VC-R)TPI N =50 %~
NCEROTRIN —0 . 48,7 1 C=RPOLPI N =20 (n—0) 32
NC=POLR —0 (n=e0) v Ve 02(T) . A €n: unix
vethoy e image of Ry v 33, &S 15 Ep/53) ¢ EA TS e
s deny e, , 4P, APTY ¢ conv. v e weak cpoutsr
Gpology € LT &0 Td v UF RS or AR TS
Seq U BHb I LERTG., KBS T v ERE LT,
PP-Spt s PrD X1 2wt wedor (ge)=o,

B cxs Y vF 2. Lim(RZ2)= Lim ((2ede.,2) =

Lim [(2,em) = [(zie)|T =0 Rz Lim (R.2,2) = Lm(R22)
— K (Pi22) = Y- 1&-2 x=(3= ¥, A-:7 w:
wn it vedor of (S*S ye belon}v*}t“ the egenvalua ISI €G3
NSeult = ST, Limm [RXI=VRIZE B2 Lim ISR - aSx]
=0 f VxeH, %hw s (P/sSP w, Spn) =(SRW,Spw)
+ (CRSRI-SPOU, Sp) —> o (Su, S5uU) = o (U, 55 )
= A ISpWIT = A NSHT Fr. (RSP, Suw) =
(SgPaw, PiSgw ) — k™ usi® 44,7 (R/(s-S¢ORw, Spu)

— (K- ISIT =% (R (S-S¢IPuU, Spn) =

L ((S=SeIRW, BSgw) | € nS-Sel P RSpwll €9 IpwinpSpul
— PV MUhVE JSpull = P IST W1z (X-x™) [S1™ = IS
or ANSK 2ISI-F “hmwiydaty 51 F/BET 5,

q
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Proof of[Wl] T Strongly reductive T & » A 5 W 1,00 &
V. T 13 ODmsu'viavxgwlM“ tt A, VO oA = & 9D Sinite

rank. o Procj.'s {Pn) . P = A, A1l ron-scalar Hermitian

opevator LT ¥ 5. £ 2 37 WRTPh-TPall =0 (nooe)
T Shrongly reductive Sy . ITPa- BTl — 0 (& 5T TAsAT
pzi= LA=AL for Vi e ). A Hermukian o34 2
5 ¥ on-tivial spedral subspace of A reduces all the
operatst vn 6L(T) |

“R_EWl [St:1] AT TN — Mp=1¢ xeH: (T*T)%x=
T § = $xe H: ITx=1THNX) ¥ G & non-trivial , finite
dimensional space . & 2 7 T ae &:ﬁonowmwﬁ 5 13 Me 1%
bnvariavt wnder T kT 4,

T Strong\} veductive , dim H > 1 :> 3 Non-trivial
wwoariant subspace 4ov T ( Y‘educbmg subspace fov Tergd),
Proof AmH< 00 « T 13 mormal opevotor e ri,T L3 D .

dm H > &, + T3 reduce Jihs subspace e v 2 Sepavable
qubspre AMEINL . AmH=8 158 Kz h1F § .
O i1z 2 vy 7 m. ¢ @ Fy T3 %ua;otn'ang'nlaw opemhrw
Ers sehnsr BATAY T
(1) for Some polynonaiak by UpE N * 1 b

= @ &, 3 non-trivial mdwmg subspace of T.

| O
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(2) .{_w oma pol\tv\ovm‘af( b(x) : ugpm = F(\T/)H= WP e F,
@ry. T3 rormal on Calkon algbra | pm = pn
(6¢P)

(-——- mok 4 |[pool: Ae T ) ) k> 3¢ O@FE)CO™) UsYy,
Tk H\ S’hron%l") reductive ¥y (% 2% 9 sy T % Ui

P AT V\’(c,omplemevd' N connedted bunnz &) L. D
MEDIETE G0, Laveetievs thesrem [G:p4s ] (LetK
be a compadt plané set. Then P(K)= C(K) iLf and on(g o K

L5 nowhere deunse anol +he complement” of K Us wnnec.:f‘eo(.)
Fro themap o Pl = PO L Clo@) — B(H)
N map 1= toomelric, a,lgzbvou‘«., 1= &xtend L X 2.

(1) O(F) = ANy sumgle pomt T=2A & T=nTk,
Kt compack opevator b 5 » 5 2@ L D

@ oE% S'wx%le poird™ o ¢ F f-,j \ Ccontinuon g
Sunitions on G(F) nef vanishing idestically s, f9=0
D 4@%o. OF0 , FOID=0 THE 5 Tz £,

40 o von-trivial null spaces § tnvariant iz J 3

Procf of THEOREM. H 3 sepavable & L T & vv (see []

o Proof. )3&'["\ CcH : Tlm : nermal 75 3 ,U,Ygest \matuu/{w%
ubspace M & PR W U 2 1T F v [me A &S T
fov ¥ subspace MCH 5 vedweing T 123 L T T ¢ mot

Novmal tRZ LT ok v, dmM=X, 134

11



154

(—f—Lane dimension tp5 moermal ¢ T5>7 LED ). @3: .
Bhin vz oo T3 dor ¥ maximal totally ovdeved
OCMMLB % of tnvariant subspaces K ﬁ-(*T ond Cov VK,
€ DR the conj-;WJra proputies e, V {k: KgKo.\(eO})
=Ko=NA{K: k2K, KeF J wix)r > {oy. HeF ¢
has., 1 S‘hrowz(\} redukive Iy K €% 13 yeduee T 2 &
Lo C=T*T- TTY ¢ redwce §2. 1AZ »° % T, et normal
7.1 Cxo0. — (@& C ,;yoompad?opemhﬂ’ CE AL &L
finite dimensionak non-3evo 2igen-subspac E st 7 3 .
ic 4 % O'YWLoarO'YLWQ pey. Pe 13 veducd by Yk eF .7
G ={ KnE: KeF Y 13 same (,omJC\'nwi'f’z Proponties ao
LD T3 En fimite oumens:om,ura TG .

Wermer's theorem & ¥ 123xuAn L - 5w e o ko 212

o Special case 1273 T v 5. (BEBA W5 0vE) |

t ¢ on edement of a C*-alpbra £ g3, %z
Bk~

(1) T & normel 7°, O(T) »v E'Z@')Q Sy Tiu i BEL

o 2 wtyun.

(@) X BV the Lwit in movm of & sefuence of polyromials -

w~ t.

12
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@ N: mormal , T: Sf‘ronzlj vee ductive , O(N)YC G (T)
> N veductuve .

Procf. T,N ¥ 1T Same Hilbert space H L a operator-y
L7 4. P% ordwgonal projedion on H st. C-P)NP=0
td%. PN-NP=0 &% %%5. H?: the orthogonal dived
Sum of Cobies of H, imdexed 53 the fnmfma;aXTLVQ unfegers,
H®E o opevators ¢ F o) §5 1= define . S= TONOND--
B =0®PaP®---, P,=090®POPO---, R=000®00PDPD-,
and So on . Left Spechrum g) chévude/uga‘ﬁbn Ru"

W, @ey, T S-troncal% movmal om Op€r)" Ln the sense
of Stampft [Se:27 e Lov¥ae 0.0 |3 orHromormal
Seuence of vectors {9,y st. | (- PN —© and
(T R)Fall — 0 (M50 THI. -1 StampflialE
?33 (St:27 &y 3 Lsometric Lsomovbhism W @ H — H™
3 compawopmhw K on H® st. WTW '=S+K
’T;: §+von3l\a veduchve S, S+ A %‘mw&l} veduchive i
9. LGP+ KIPa) €1 RSP+ ICG-POKPA Il =
LO=PINPL+ N C-POKPN € IKPL 223 T B —> 0 Strong-
L} a5 m—oo, K:Compact 2§ 225 KPn“ —>0 (n—209)
-1 1 (=PI(STE)Pall 0 (n202) , Strong yeduchvity
Fy o NP (StK)- (STK)Pn >0 (m—>6e t: 3 7"

13
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UP(StTK) = (STKIPnll 2 1 PaS=5Pall = NRKN —IKPIl =
NPN-NP D= IRKN=- KPR . £ F L E &S5 12 IRKI—0
LW NKRL =0 (m—ee) w212 PN-NP=0 |

B X : compack set wn vhe plane whnch eivher divides
the plane or has w‘ne{n‘ovf D 2 vormal operator N which
L0 not veduchive and g(N) € X .

Prost. X i the union 0§ X and all boundeck componends
o]L the complement of X )’(\ ¥ compatt T, Unterior ¢34 5.

G : Ovc,ompor)e‘vu(' of Hhe imterior of X , heGe3 A,
M He Aarmonic measuve on X evakwated at A\ [C:por].
L3 5. Mmool [m,kmb;m—?f MRASUYE T KA Support , Supm,
17 & o bowndary , 264, 7. the unigue wzpvzsevd’wal
Measuve o the complex bomomovphiom "evaluation at X’
on vhe Diwchlef dg,ebm RX) [&: ChapT) (x> 20 R(R)
1T the dosure im C(X) of the set of all yational funchions
Wt poles off X ). Bps  for any fandim £ € R(R) ,
f0n) = [H@dm@. 1 20 N & the novmak cperator
of— 'mukﬁ"?k\" cation LJ 2 on Ha Hilbert Space L(m) ¢ 3 5.
O(N)= Suppm = 2§ C X Cax cX. A H(m %

the dosure . LZ(m) 0{- the sef of P°|‘3“°WM> L34 &.
HYXm) 13 nvariant unmder N T0,  constant funchion 1e Him),

14
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Ru ((NEX)1)(2)= Z-X v'&3. T1m 1z-~A1% =
f\z-,\\"o(mca 2 dist (A,26)° >0 #£,T H¥w) 13N
L veduce Lty V. Wz 1= N 13 not veduchkive I"H A .

@ T %WOV\B"A Yeductive :> Q) : neither dlivides
the plane mow has imtevior.

Proot. Wl v O.6) veither divides the plane mov has
nteviow & vz go. tun X, & £y 1S,

V] T: vormal opevadvy EF L EF | CRIINGB HA.
) T %t»rovx%I} redudtive |

(2) O™ neither divides the plane nor has wnterior
(3) T* : the widtm Limi t o} a Sequence of polz}nom{als

w1

Precf. EWM &y (1) DE) , S‘l‘Y‘ovxa reductive obevatsy o
AMBE B Ly @20) , XKk, 20©3).

i/i 12 Ok/‘%&b’(\‘a, o Strong weatwub\'v\‘ﬂ} O W TEF AT M
(=R S N
DeriviTion] [AFV 3] 0geby OL of opexotors on H »\
Strongly reductive 54 <D OF =3 T*: Teol )
C Avpr Alg [ApprLax ()] 212 for & sef 5L CR(H),
Appr Lax (L) @ the {-aw‘t& of all sequences (P of

15
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OY‘H\O%OM/Q Pvojrctions on H st N(FRITPal —>0 (w309
fov Y1 ¢ 6L . Ao 5 for a arbirrany §au~v€l} “h
of cefnences SPY of- ohlvb\,ogoan prejections on H
Appr- A|3 (F) ¢ the set of all TeB(H) s.t. 10-POTRI
—0 (n>00) for all {RY_€F KR Mu e
T oa\ S‘crovx%l} reduwehnve VZ"E) 3 <) Ol = {P(‘r) p=
PoI?nowa( } Al Stvongl} reduwohve a/(a;:,b\"ﬁ 2"HA. L
BHZ RS LEELE &AL St?nngl} Yeduch've
opradsy 13 movmal TR A w5 MW 5y, davEy I,
@ T: Stv-ongixa reductive ) the norm - closure 52—-,- of
Olt tin B(H) s admzad} the C7_ odg;z bra 3en—eY\M-e0L
bg T and 1.

St ko &£ BRI E S, GEOAG L AT TR ).
[TheoreM | TAFVi3] (L C B(H) ¢ O norm Separable
S'tmn%lné reduckive commurative culg,abm c,on:!'aq,n‘w»}i

(=1nw ) D  the rorm- losure OL of OL = the C’f—alg,ebru
%eneY‘Cd‘eoL 55 i .

-\ . >
% & L BR
[Al C. Apostol, Sur la partie normale d'un ensemble d'operateurs

de l'espace de Hilbert, Acta Math. Hungar., 17(1966),
1-4.
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