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Abstract

Assuming the existence of the L-operators, we study the Hopf algebroid structure of
qup(BJ(\})). As an application, we derive the type I and II vertex operators, which intertwine the
UqJ,(BJ(\}))—modules of generic level, by assuming some analytic properties of the L-operators.
For the level-1 case, we construct their free field realizations and show that the results satisfy
the desired commutation relations with coefficients given by the elliptic dynamical R-matrices
of the B](\}) type.

§1. Introduction

The algebra U, ,(g)[20, 13, 6] is an elliptic analogue of the quantum affine algebra
U,(9) in the Drinfeld realization[4] associated with the affine Lie algebra g. The U, ,(g)
is expected to give a realization of the face type elliptic quantum group [7, 12] equipped
with the Hopf algebroid structure. In the previous works[13, 18, 23], we have constructed
the L-operator of Uq,p(Ag\})) in terms of the elliptic currents, the generating functions
of the Drinfeld generators of Uq7p(A§\1,)). The L-operator satisfies the RLL-relation with
the elliptic dynamical R-matrix of the AS\%) type[10] and allows us to define the Hopf
algebroid structure to Uq7p(A§\})).

The elliptic quantum group qup(Ag\P) equipped with the Hopf algebroid structure

has proved to be quite useful in construction of both the finite and infinite dimensional

Received June 28, 2014. Revised October 31, 2015.
2010 Mathematics Subject Classification(s): 17B37, 17B69, 81R50
*Department of Mathematics, Tokyo University of Marine Science and Technology, Etchujima, Koto,
Tokyo 135-8533, Japan
e-mail: hkonnoO@kaiyodai.ac.jp
**Center for General Education, Aichi Institute of Technology, Yakusa-cho, Toyota 470-0392, Japan
e-mail: oshima®@aitech.ac.jp

(© 2017 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



88 HitosHI KONNO AND KAZUYUKI OSHIMA

representations as well as their intertwining operators, i.e. the vertex operators, in terms
of the free fields. Such construction becomes a central tool in the algebraic analysis of
the face type solvable lattice models associated with the vector representation of g[10]
in the spirit of Jimbo and Miwa[l1]. See for example [28, 27, 19].

The purpose of this paper is to continue the above study to the case qu(B](\})).
The Uq,p(BJ(\})) itself has an interesting connection[6] to the deformation of Fateev-
Lukyanov’s WB algebra[26]. Assuming the existence of the L-operators in the elliptic
algebra Uq,p(B](\})), we give an Hopf algebroid structure of U(M,(B](\})). We then define the
type I and II vertex operators as the intertwining operators of the Uq7p(B](\}))—modu1es
of generic level. By assuming some analytic properties of the L-operators and the half
currents, which are expected to be defined recursively through the Gauss decomposition
of the L-operators, we show that the components of the both types of vertex operators
are constructed by applying certain half currents to the top component. For the level-1
case, we construct their free field realizations and show that the results satisfy the desired
commutation relations with coefficients given by the elliptic dynamical R-matrices of
the BJ(\}) type. These results give elliptic and dynamical analogues of those obtained for
Uy(BY) in [14, 1.

This paper is organized as follows. In Sec.2, we define the elliptic algebra Uq,p(B](\}))
as a certain topological algebra. In particular, we introduce the orthonormal basis
type elliptic bosons and define the elliptic currents k4 ;(z). The Sec.3 is devoted to
a conjecture of the construction of the L-operators in terms of the half currents of
Uq’p(B](\})). In Sec.4, assuming the existence of the L-operators we introduce the H-
Hopf algebroid structure to qup(B](\})). In Sec.5, we give the vector representation
and the level-1 highest weight representation of qup(B](\})). In Sec.6, after giving a
construction of the type I and II vertex operators at generic level, we present a free
field realization of the level 1 vertex operators and show that they satisfy the desired
commutation relations with the coefficients given by the elliptic dynamical R-matrices.
In Appendix A, we summarize a connection of qup(B](\})) to the quasi-Hopf formulation
B, ,\(B](\})) of the elliptic quantum group. In Appendix B, we give a list of conjectural
expressions for the half currents of Uq7p(B](\})).

§2. Elliptic Algebra U, ,(B\)

In this section, we give a definition of the elliptic algebra qup(B](\})) associated with
the affine Lie algebra B](\}).
§2.1. Definition

Let A = (as5) 4,5 € {0} U, I ={1,---,N} be the B](\}) type generalized Cartan
matrix[15]. We denote by B = (b;5), bi; = d;a;; the symmetrization of A withdy = --- =
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dy_1 = 1,dy = 1/2. Let ¢ = e" € C[[h]] and set ¢; = ¢%. Let p be an indeterminate.
We use the following notations.

a4 o o
[n]q - q— q_1 ) [ ]Z ¢ — q;1 ’ [ )’L q — q{l I
Vel Al | ™ = m!
[n]Z' - [ ]Z[ 1]1 [1]17 [nlz [n]z'[m . n]z|
(@ Q)oo= [[(1=24"), (@:¢,8)0c= [ (1=24"t™), ©,(2) = (D)oo (/2 D)oo (15 P)oo-

Let b = E@(Cd, H = h®Cec, h = DicrCh; be the Cartan subalgebra of B](\}). Define
0, Ao, o (Z S I) € h* by

(21) < oy, hj >=aj;, < 0,d >=1=< Ag,c >,
the other pairings are 0. We also define A; (i € I) € h* by
(22) < Ai, hj >= 51'7]'

We set h* = @,;c1CA;, E* =h*®CAg, Q = Bic1Za; and P = @1 ZA;. Let {6, (1< <
N)} be an orthonormal basis in R with the inner product (€;, ;) = &; 5. We realize the
simple roots by o = €; —€j41 (1 <j < N —1), ay = ey and the fundamental weights
by Aj=e+-+e (1<j<N-1), Ay = (e1+-+en)/2. We define he, € b (j € I)
by < €;,he; >= (€i,¢5) and hy € h for a = Zj cjej, ¢; € Cby hy = Zj cihe;. We
regard h & h* as the Heisenberg algebra by

(2.3) [he, , k] = (€5, €x), [he; s he,] = 0 = [e5, €x).

In particular, we have [h;, ax] = a;i. We also set h/ = h3,-
Let {P.,Qs} (o, 3 € h*) be the Heisenberg algebra defined by the commutation

relations

(24) [P€j7Q€k] = (€j7€k>7 [P5j7 Ek] = 0 = [QGJ‘?QEk]v

where P, = Zj c;Pe, for a = Zj ciej. We set Py = @;ciCP,Qp = @jerCQy,
P = Pay, PP = Py and Q; = Qu,, @ = Q.

For the abelian group Rq = Zjvzl ZQ.,, we denote by C[Rq] the group algebra
over C of Rg. We denote by e the element of C[Rg] corresponding to & € Rg. These
e satisfy e®e” = et and (e*)~! = e~“. In particular, €® = 1 is the identity element.

Now let us consider to double the Cartan subalgebra : H = § & Py =3%C(P; +
he;) + 3, CPe, + Ce. We denote its dual space by H* = b @ Q5. We define the
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paring by (2.2), < Qq4,Ps >= (o, f) and < Qq,hg >=< Qq,¢ >=< Qq,d >= 0 =
<o, Pg >=<6,P3 >=< Ay, P3 >. We define F = Mg+ to be the field of meromorphic
functions on H*.

Definition 2.1.  [6] The elliptic algebra qup(B](\})) is a topological algebra over
F[[p]] generated by Mg+, € m, fj.m., ;/n, Ki (j €I, m e Z,n € Zyp), dand the central
element c. We assume K;—L are invertible and set

z) = Z ejmz ", fi(z) = Z fimz™™,

meZ MmeEZ
. _ ay_ B pral, _
vila b =Kfexp | (g — ;") Y 2 e (g —q ) D 22"
nso - P nso - P
Vv
Vi (q52) = K exp | —(¢; — ¢ ) P 1) exp (g — ;)Y ).
J J J 1— J 1 —pn
n>0 p n>0 p

We call e;(z), fi(2), wi( ) the elliptic currents. The defining relations are as follows.
For g(P),g(P + h) €

(2:5) g(P+h)ej(z) = e;(2)g(P +h), g(Pej(z) = e;(2)9(P— < Qa;, P >),
(2.6) g(P+h)f;(2) = [;(2)g(P + h= < j, P+ h>), g(P)fj(z) = fi(2)9(P),

2.7) [9(P), i) = [9(P + h),a;,] =0,

28) g(P)K; =K g(P— < Qa,,P>),

2.9) g(P+h)KF =K g(P+h—<Qa, P>),
2.10) [d, g(P + h)] = [d, g(P)] =0,

)

211) ] = e, Hhes(al = i) [ = 2 i(2),

219) Kfe,(2) = a7 ey ()KE, KE () = 65 (2K,
)

[aU ][Cm) 1_p —cm

2.13) [}y @Y 0] = Omtno
m 1 —p*m

i,m’ 'j,n

Y
m

lagyml; 1—p™ . .
(214) (o e5(2)) = 0T LI e ),

(2.15) o . £5(2)] = — 22 g ),
(¢ 22/21:7") o
(p*q= Y 22/21;p" )0

( ”22/217 ) () = — (q—bijzl/ZQ;p)oo (s (s

(p 132;2/21’ )oo f (zl)fj( 2) - 2 (quijzl/zQ;p)oo fj( 2)fz( 1),

5. ] [}
( 2

(2.18) [ei(21), fi(22)] = 7 (5(61_021/22)?/};(61522) — 5(QCZ1/Z2)¢;L(Q_522)),

% i

(¢"9 21/ 22; P" ) o
eilz1)ei(z9) = —2 ei(z2)ei(21),
( 1) J( 2) 2 _bij21/22§p*)oo ]( 2) ( 1)

(2.16) 2 =

(2.17) 21
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(p*q2z0 k /za m ;p*)oo
219 > ] = 22(>/Z< )i -
0€S, 1<m<k<a r-q a(k)/Za(m); P )oo
- s |@ (P* " W/ 2o (m); D)oo (D% Q% 2 () /W3 P ) oo
et T ) .
s=0

bij w/za(m)ap*)oo s+1<m<a (p*q_bij Za(m)/wap*)oo

*
i 1<m<s P4

Xei(za(l)) T ei(za(s))ej (w)ei(za(erl)) T ei(za(a)) = 07

2200 Y I (P4™*20 (k) / 2o (m); P)oc

0€S, 1<m<k<a (P4*20 (k) [ Zo(m)s D)oo

X 2&:(—1)8 Tl (Pg~" 5w/ 25 (m); D)oo 1T (Pg™" 2 (m) /W3 D) oo
s=0 5 i 1<m<s (quijw/za(m);p)oo s+1<m<a (quij z”(m)/w;p)oo
X [ilzo()) -+ [i(Zo()) [5(0) i(20(s41)) -+ fi(Z0(a)) =0 (0 # ja = 1 = ayj),
where p* = pg~2¢ and 6(z) = >,z 2" We also denote by U} ,(g) the subalgebra
obtained by removing d.

We treat the relations (2.11), (2.14)-(2.20) as formal Laurent series in z, w and z;’s.
All the coefficients in z;’s are well-defined in the p-adic topology.

§2.2. The orthonormal basis type elliptic bosons

It is convenient to introduce the simple root type generators a; ,, and o . defined

by ajm = [dj]qaf,, and o, = %qcmaj,m, (j € I,n #0). From (2.13), (2.14),
(2.15), we have

(2.21) (i ] = DI LI

(2.22) [0,y s ] = [bzgmlz[cm]q 11—_1;‘: TSm0,

(2~23) [O%JnaaéﬂJ Z:LQQZE%%&Zﬁigénv+np;

.24 (i (2)] = P LB memame o)

(2.25) 0 £5(2)] = L LD o)

m 1—pm

Let n = —(2N — 1)/2. Let us further introduce the orthonormal basis type elliptic
bosons X7 (5 € {0} UT,m € Zo) [6] by

j—1 N
(2.26) EXT = ¢gime,, | ¢ Z[km]qahm + Z[(n +k)ym]iagm |,
k=1 k=3
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154

2.27 £0 = 129 (gtN 4 g-N)y,
(2.27) [m]q( )
Here we set
[nm]q qr+q ™
Copp= — 9 ml, =+ 1%
gl T

Proposition 2.2. For1 < j,k < N, the following commutation relations hold.

. o+ ml,  L-pm _
grﬂrtlj,grﬂlty = G [em]y[nm], ] q g™,
| = e ) B 2y [y + Dy 1=

[5$j7 57T] = :F5m+n,0

+5m _om
e emlglimly L= P e (i (- 1m
X q q m :i:q nm ,
m[m]3(q —q~1)?[2nm]y 1 — p*™ ( mlq [ ]+)
‘ ‘ ' 1—p™ _
EEXT EFF) = Tsgn(k—)0man,o qT SeRF—)ntk=g)m [em]q[nm]q o
[ ] en( )0m+n.,0 m(q — q—l)[m]gpnm]q 1 pm
: ‘ L—pm
5%%8;"7 = Fmin qi(n+3+k)m [em]q[nm], o,
| ST m(q— g D) [m22gm], T— p
Here
. + (I > 7),
sgn(l — j) = .
{— (I <j).

Then one can realize the simple root type a; ,, in terms of the orthonormal basis
type X7 as follows.

Proposition 2.3. For1 <j < N —1, we have

(2.28) ajm = Hmlj (g — g )ES — TESTTY),
(2.29) anm = [mlg(q™? — g ™?) (g PERN — g PELN).

The following formulae are also useful.

Proposition 2.4. For1<1i,j5 < N, the following commutation relations hold.

. 1 —pm
2.30 i  EFI = 46,0 [emlq —em (TS 5, 1),
( ) [Oé ;M & ] + :Om(qm _ q—m) 1 _p*mq (q »J »J 1)
(2.31)  [€ei(2)] = im(qm T R €j(2)(qg7"0; 5 — bi-1,5),
Zm

(2.32) (&5 ()] =F Fi )@ 6,5 — Si—15)-
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§2.3. The elliptic currents k4 ;(z)

Let us set
(2.33) ¥j(z) = exp {(q —q ) %pmzm} .
m#0
Then the elliptic currents @D]i(z) in Definition 2.1 can be written as
(2.34) V(a7 2) = Kfi(2), vy (a72) = Kj(pa"2).
Let us introduce the new elliptic currents k;(2) (j € {0} UT) associated with £ by
2

(2.35) kij(z)=:exp { Z Imlgta = ql)meSniljzm} :

m=#£0 1- P

(2.36) ko(2) =: k-n(a™?2)on(a7%2) == kyn(g"22)0n (¢"/22) 7
Then from Proposition 2.3 we have the following decompositions.

Proposition 2.5. For1 <j < N —1, we have

(2.37) bj(2) = k(i (a2) ™ = ko (2) e (a7 12) 5
(2.38) Yn(2) = kpn(2)ko(qg7122) 7 = k_n(2) ko(gt/?2) : .

In addition, from Proposition 2.2 we obtain the following commutation relations.

Theorem 2.6.  The following commutation relations hold.

- |
”ﬁ+—((z))kij<z2>kﬂ<zl>, 1<i<n),

kg (@ 20)kik(q"20) = 21*(5)) gi E )0 )(z)pz(i; kir(d®z2)kej(d21) (1<) <k <N),

(
(b = PY ) O (172218, )
e k) = G S e

kij(z1)kej(z2) =

bratal ksl ) = T B DO B Rkl £ b
() 6
(

pr u) O g%~ 25 12) (q2j§_lz) @p*(q_2z)@p(z)
2

ki@’ 21)k—j(q77€z2) = pH(u) Op-(q26712)0,(¢27726712) Op-(2)Op (g~
§

k_j(q~ J Z2)k+3(q321)7
_ 6 (u ) Op(q~ 22)@19( 2 2)O,+ (g2 @p(q
ko(z1)ko(z2) = (1) ©,-(422)0,(q—22)0,- (¢—12)0,(qz )ko(z2)k0(z1)
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P (u )@p* (4%2)0,(2
( p(2)Op(q 2

by (€q 20 ko (g V2 2) =2 <“) v (QONT2) N1z (e m) (1<),

g (7 20)ko (¢ ™12 2) = = ko(q" 2 20)ky (g7 21)  (1<5<N),

\/

where z = 21/22, and pT(z) is a function which appears associated with the elliptic

dynamical R-matrices[21]. (See §3.1 )

(2.39) ﬁ+(z): {52}2{£2q_23}{q22} {pr/Z}{p/Z}{pf(f/z}{pfq_Q/z}
{2z He? 2 Hea 22 {06/ 212 {pe%q2 /2 H{pa?/ 2}

where & = q7%1, {2} = (2;0,€%)0o- We also set p7(2) = pT(2)|posp-

Proposition 2.7.  The following commutation relations hold.
O, (g~ °2) ,
kxj(21)ej(22) = mej(@)kij(zl) (1<j<N),
Op- (q~T'2)

kij(z1)ej—1(22) = mea‘—l(@)k‘ij(%) (2<j<N),

kij(z1)ex(22) = ex(22)k+j(21)  (K#4,7—1),

bes(en)fy(en) = 2L D iy a) (1252,
+1
kij(21)fi-1(22) = %JZ 1(z2)k+j(z1)  (2<j<N),

kij(21)fr(z2) = fe(22)kx;(21)  (K#4,5—1),

B [e) *(q—c+N )@ *(qfc+N—1z)
N—1/2 P P
ko(q z1)en(z2) = O,- —ctN-—2 )@p(q_C+N+1z)

(q
ko(gN ™ 221)e(22) = ¢j(z2)ko(¢V T 221) (1< j< N 1),
qN

2 N+1
ko(qN~1%21) fv (22) = @(Si qNz )Z)@z)(l({f 1z§)fN(22)k°(qN_1/221)7

(
ko(qV221) fi(22) = fi(z2)ko(qV H%2)  (1<j<N-1).

en(z2)ko(q™ ~?21),

§2.4. The H-algebra U, ,(B\’)

Let A be a complex associative algebra, H be a finite dimensional commutative
subalgebra of A, and My« be the field of meromorphic functions on ‘H* the dual space
of H.

Definition 2.8 (H-algebra[5]).  An H-algebra is an associative algebra A with 1,

which is bigraded over H*, A = @ A3, and equipped with two algebra embeddings
a,BEH*
s por = Moy — Ago (the left and right moment maps), such that

-~

w(Pa=au(Tof), w(Ha=auw(Tsf), a€Aag €My,
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~ ~

where T,, denotes the automorphism (7, f)(A) = f(A+ «) of My-.

Proposition 2.9. U = qu(B](\})) is a H-algebra by
U= @D Uas
a,BEH*

Ua,,B — {.T c U‘ qP+h$q_(P+h) — q<a’P+h>ZB, quq—P — q<5’P>I‘ Vp—f— h,P c H}

and pp, pr : F— Up o defined by

-~ ~ ~ ~

p(f) = f(P+h,p) €Fllpll,  p(f) = f(P,p") € Fl[p]].

We regard T, = e® € C[R(] as the shift operator Mg+« — Mg~

~ -~ ~

(Tof) =€e*f(P,p*)e " = f(P+ < a,P >,p").

Hereafter we abbreviate f(P + h,p) and f(P,p*) as f(P + h) and f*(P), respectively.
We also consider the H-algebra of the shift operators|5]

D={Y falul|fa €Mu,a€RG}, Daa={fT-a}, Dap=0/(ap),

uP(F)=uP(f)=FfIo  fe Mpy-.

Then we have the H-algebra isomorphism

(2.40) U = URQD = DRU.

8§3. The L-operators and The Dynamical RLL-relations

We introduce the elliptic dynamical R-matrix of the B](\}) type as a certain gauge
transformation of Jimbo-Miwa-Okado’s face type Boltzmann weight given in [10]. Then
we propose a construction of the L-operator satisfying the RLL-relation by means of
the elliptic currents of Uq,p(B](\})).

Hereafter we regard ¢, p as a generic complex number satisfying |q|, |[p| < 1 and set
p = ¢*". We also use the following theta functions.

w2

(3.1) ] = ¢ 0,(2),  [u]* = ¢ U0, (2).

Here we set z = ¢°%, p* = ¢*" = pqg—2°¢. Hence r* =r — c.
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§3.1. The elliptic dynamical R-matrix of the BJ(\}) type

Let Z = {0,+1,+£2,--- ,£N}. We fix theorder 1 <2 < -+ <N <0< —-N <

- < —2 < —1. Let us consider the elliptic dynamical R-matrix of the B](\}) type given
by

Ey i®Ei i+ Y (b(usj,5) By ® Ejy s + bW Ej, 5, © Ejy )
1=j1<jg=—-1
J#O JjoF#—i1
u 8]132)E]'17j2 ® EjQ:jl + C(“? Sjle)EjZajl ® Ejl,jz)
1-<]1—<J2-< 1
J2F#—J1

+ Z (d<u> Sj19 Sjg)E—jz,ﬁ & Ej27_j1 + CZ(’LL, Sj1s sz)E—jl,jQ ® Ej1,—j2)

1=j1<72=-1

+ Z ej(u, s)E_j; ® Ej_j o
36{1725 772’71}

where s = P, P+ h, we set s1; = +s., for 1 X j X N, s;5 = s; — sy, 50:—%, and

p(u) = ¢ 0w, €)% pg (u),

(83)  pfw)=q 275" (w), Clu 5):%;((?zggg(f(qq:z))%;(qu;Zz))’

s+ 1][s = 1][u] Blw) — [u]
blu,s) = DR b(u) [w+1]
s (s
W Qg YT [y
o [ s b= Y [s5— sm) YT ISk = Sm 1]
du, 53, 5) = G, (i — ulfu+ 1][sj + s + 1] ml_:[1 = Sm + 1] ngl [$k — Sm)
(1 <k =0)
st b=l T lsostsm] S [soatsmtl]
d(us 5k, 5-3) = Gs [n—u][u+1][s_;+s_x+1] 71__[1 [s_j+8m+1] }__Il [$_k+Sm]

. B [u][1][s; + s—p +1+n—1] = [8j — 8m)] Al [$—k+Sm]
d(U,Sjusfk) - GSstfk [77 _ u][u+ 1][3j +5 g+ 1] H ] Hl [S_k+3m+1]

m=1

(1 <0< —k),
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o s skl =) i Is = smt 1 T [5K = S
d(U,Sg7Sk)—Gsk[n_u][u+1][8j+sk+ ];[ ] ngl [Sk_8m+1]
(j =k =0),
; Ve sl —u] T [sogtsmtl] T L5kt
B ) x| FAewares] [P S Perwss R | N PRETREEY
NN ]3| R Rt o STt D [ o VI |
i o) =l [, + s+ 1 mll R |
(j 20 =< —k),
1][2s; + 1 —u] = [u][1][2s; + 14+ 1 — u] ,
000 = s 1) T e s, vy V7Y
o) = LRy —ul i
’ [ —ulfu+1][2n]  [u+1]2n]
k—1 N
where for k, —k = 0 the product H should be understood as H etc. We also set
55+ 1] [s; — sk +1]  [s; +1] N Sj — Sm + 1] il [sj + Sm + 1]
Gy = [s5] kell [sj —sk] 3] ”17_[1 [sj — Sm] l_zlll [sj +sm]
[sk + & + 277]
H, ; o + G-
Note that G, 1 = Gs__lj, Gs_ ;1= G;Jl, and
_ _ [ulln —u+1]
(3.4) prwpt(—u)=1,  pT(n—u)= P+(U)m-

In later sections we also need the R matrix R**(u,s) = RT(u, 8)|psp.
The matrix RT (u, s) in (3.2) is related to Jimbo-Miwa-Okado’s face type Botzmann
weight[10] by the gauge transformation. For j € Z, we set j = ¢j for 1 < j <X N,

1

~ Gs, \?
Jj=—¢y for =N =< j < —1 and 0=0. Let us define F(s, S+j) ( 2 ) with

G, (4)
( i1
h—[sj_sm+1] itj <0
Gl =1 | nei 1]
s:\J) = N N
J —Sm ] H [Sj + Sy + 1] . .
H LrTom T o<
( [Sj ial el mjjipr (53T Sml
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For a € 6*, p=N+A+---+Ayand a; =< a+ p,/f >, we identify a; with s;.
Then we have

. +i
Rt(us)d=w( “~ “T" . 4 j =kt
(u, 8)5 (a—l—l a+i43 ) (4 +7 +1),
eow( “o ) el FleetiPatieyit))
a+l a+i+] m—ullu+1] Fla,a+D)Fla+1,a+1+k)

a a—+1

xW ~ ~ o~
JMO (a—l—l a+i+7

u)
One can derive the following relations from (2.10)-(2.13b) in [10].

1) Crossing symmetry

a b
d c

(3.6) W( F(a,d)F(d,a) \ GG, c b

u> _ F(b,c)F(c,b) (GbGd)éW(d a

n_u).

2) Reflection symmetry

3) Unitarity

4) 2nd inversion relation

Z(Gaag)zw a b
7 GbGd d g

Gch)i c d
—u — | W
" )(GbGd <b g

n+u> = 0ge-

Here

(3.7) Go = €(a) H[aj] 11 [ai — aj]la; + ay]

and e(a) is a sign factor such that e(a + ) /e(a) = 1.

Remark. The choice of the gauge (3.5) and the resultant R-matrix (3.2) is convenient
to discuss the RLL-relations in the next sections, because it allows the L-operator
L~ (u) to be related to LT (u) simply by L™ (u) = LT (u+r — $), i.e. one needs no
extra modifications follow from Proposition 4.3 in [12] (4.8). Note that p in [12] is p*
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in the present paper. See also [13]. One drawback is that one needs to introduce a
set of extra generators and a central extension to the group algebra C[Rg]| in order

1/r 1/7" in a realization of the proper

to remove constant gauge factors such as ¢ and q
modified elliptic currents, which will be discussed in the next section. See Remark below
Proposition 3.10 in [18]. However in order to avoid such unessential complications, we

hereafter treat the whole formulas up to those constant gauge factors.

8§ 3.2. Modified elliptic currents

Since our elliptic R-matrix is given by the theta functions (3.1) accompanied by
the fractional power of z, we need to introduce the following modifications of the elliptic

currents.
Po. —1
Ej(u) =ej(2)z" 7 (1<j<N-1),
_Pay—1/2
En(u) =en(2)z” ™
Pq . +ha‘771 )
Fij(u)=fj(z)2— 7 —  (1<j<N-1),
Poar+harn —1/2
Fy(u) = fn(x)z =,
H;E(z) = qui(z)([(]i)—le—@aj (qﬂ:(r—g)z)—%(Paj—1)+%h%7
and
i) = k(@i 2)e % (glag ™) T TR,
Fiu) =k (q€2)ed (g g2q ) T T
KJ(U)Zko( 1722,
_ o+ _ ¢
K ;(u)=KI; <U+r 2).
for 1 < j < N. We also set
~ —~ 1 N 1 N
d=d 5 2 (B +2)P = oo S (P4 1) +2)(P+ 1)
Jj=1 j=1
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Then one can rewrite the formulas in Theorem 2.6 and Proposition 2.7 as follows.

Proposition 3.2.  The following commutation relations hold.

P (ur — ug)

K j(u) K (ug) = e r— K, (u2) KT (ua),

K () K F (ug) = P = w2) [ = e — 1T —wal oy s ier 0y (1< <1< 0)
HIRHER) T =) [ur — wa] fug —up — 1) RS =S E =T

Ki—j(ul)Ki—l(U2) _ P+(u1 - U2) [Ul - U2]*[U1 — U2 — 1] Ki_l(UQ)Ki—j(ul) (1 <j < [ < 0)7

P O R Y
+*(u —ug) [ug —ug +n+j— 1" ug —ug — 1J*
KT (w)KT (up) = 21— 2 :
+]( 1) —j( 2) p+(u1—u2) [Ul_u2+n+.]]*[u1_u2]*
[ul—u2+77+j][u1 _u2]
[Ul—UQ+T]+j_1][u1_u2_1]
p T (ur —ug) [ug —ug—1]*[ug —us]

KT (u2) K (un),

p+(u1—u2) [ul_u2]*[U1—U2—1]
P (ug — ug) [ur —up — 1" [ug — ug + 3*

pt(ur —u2) fug —us + 1]*[ug — up — 1]*

K (u1) K (ug) =

[ur —ug + 1[ug — ug — %]KS'(UQ)KJ(W)‘

[u1 — Uy — 1][%1 — U2 -+ 5]
Proposition 3.3.  The following commutation relations hold.
j—c

[ —up + 55 + ;
. B (ug) Kt 1<j<N),
[u1 —’U/Q—f—jgc _1] J(U’Z) +J(U1) ( .7 )

KT (u1)Ej(ug) =

Uy — Uy + 1=L=c - )
[ — — ] sEj1(u2) K j(w)  (2<j<N),
[ul — Ug + z 5 —+ 1]
K (u1)Ei(ug) = Ey(ug) K (w1)  (1# 5,5 —1),
_ _gte _ 1F
o= 5o gkt w) (<< N,

[u1—u2—j;c—77+1}* ’

K (u1)Ej_1(ug) =

K*(w1)Ej(ug) =

[uy — up — &1 — )"
j—%_n_l}*

Kt (u1) By 1 (u2) = Eji(un)KF (w)  (2<j<N),

[U1 — U2 —
K7 (u1)Ei(ug) = Ey(ug) K¥j(w1)  (1#7,5 1),
up — Uz + % - ]
s+ ]
-+ 5]
o2+ 131
K (u1)Fi(ug) = Fy(ug) K (wn)  (1# 4,5 —1),

K (1) Fy(uz) — & Fiu)Kh(w)  (1<j<N),

KT () Fj-1(ug) = Fj 1 (ug) KT
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[ul—UQ—%—ﬂ-I'l}

KT (u1) Fy(ug) = Fj(ug) K*j(w)  (1<j<N),

= - 51
i~z = 5% ]

Ki_j(ul)Fj—l(U2) = Fj—l(u2)K—_’—j(u1) (2 <Jj< N)7

[ul—UQ—j%l—n—l—l}
K2 (wi)Fi(us) = Fi(us) KX j(w)  (1#35,5 - 1),

and

[Ul —uz + N;C]* [u1 —1@-1—%]*
w1 — g + M€ = 1]" [ug —up + =]
Ky (u1)Ej(u2) = Ej(ug) K (u1) — (j # N,0),
1=+ % 1] [ =y 351

o=t B [+ 55

K¢ (u1)Fj(u2) = Fj(ug) K¢ (u1)  (j # N,0).

K¢ (u1)En(ug) = En (ug) K (uy),

K (u1)Fy (ug) = Fy (u2) K (u1),

In addition, the defining relations (2.5)—(2.20) of Uq7p(B](\})) can be rewritten as

follows in the sense of analytic continuation.
Proposition 3.4. We have the following relations.

(3.8)  [hiyajn] =0, [hi, Ej(u)] = aizEj(u), [k, Fj(u)] = —ai; Fj(u),
(39) [dhi] =0, [d ain]=nain,

~ 0 1
82 + 7”_*) El(u), [d, FZ(U)] = <—2£ + —> Fl(u),

r
*

B0 (0) = [u v+ 22| By(0)Bi(w),

FF) = [u-v- 2| BR)

(313) [Biw), B (0)) = —2 1 (5(q~°
q; — 4q;

_ 2o (m) ] Zo (k) D)oo
(3.14) ZZU(;; H (PCIZ( )/Z (k)P)

ocs, ) riemea P Fo ) Za )i D)o

o] LI ) e

Z
3 s+1<m<a—1 a(m) a<m<s

y H (P* "W/ 25 (m); P*) o H (P*¢%7 25 (m) /W3 P ) oo
v (p*q—bij w/zd(m)vp*)oo i TSm<a (p*q—bij Za(m)/w,p*)oo

XEi(ua(l)) T Ei(ua(S))Ej (U)Ei(ua(sﬂ)) T Ei(ua(a)) =0 (i#j, a=1- aij)a
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_9 ]
(315) Z Zj'(l) H (pq “o(m) /ZO'(k)7p)oo

oES, 1<k<m<a (pq2za(m)/za(k);p)oo
a 1 )
" Ro(m)\ r
XXXASk] I1 (z?)) f[( ;))
s=0 i s+1<m<a—1 o(m a<m<s

< 11 (pq~ 5w/ 25 (m); P)oo I (P41 2 () /W3 D) oo
1<m<s (quijw/za(m);p>00 s+1<m<a (quijza(m)/w;p)oo

X Fi(ug(1)) -+ - Fi(Uo(s)) Fj (V) Fi(Ug(s41)) - Fi(Uo(a)) =0 (i #j, a=1—a).

§3.3. The half currents and the L-operators

We next introduce the half currents Elij (u), Ffl(u) (1 <i<7=—1) and propose

a construction of the L-operators of Uq,p(B](\})).

Definition 3.5. For 1 < j < —2, we define the basic half currents E;-:Ll’j(u),

F]-J’rjﬂ(u) as follows.

dz; w1+ (P+h)j e+ 4 — 1]

Fjia(u) = aj,j+17{ 2 F) u;-)[ o ( - )ig+1+ 5 — 1] ]7
, © 2miz; [u—uj + 2[(P 4 h)j 41 — 1]

EJJ‘Zrl,j(u) = a;+1,j]{ .],Ej('u;- [ J / 2j_c jat]” (1] 7
O 2mzj [u — i+ 15 [*[Pj o1 — 1]*

for1 <7 <N and

dz’ u—u 4+ (P4+h)_(isy i — 2 —n—1]1
Fj(j—&-l)»—j(u) = a—(j+1),—jj{ 5 .j,Fj(u;-)[ ’ ; ( 7 )=~ 5 =1 = Ul ],
C £MZ; [u—u; — 5 =[P+ h)—gi1),—5 — 1]
EX. ()
—3,—(+1)
g dz; = uy = 5 = 1= Py — 4w 1)
= 0 —(+1) 2711 /Ej(uj) / j+c % .’
Cx £MZ; [u—w; — 5= =0 [P_(j1),—5 — 1+ 6 n]

for —-N < —j < —1, where N+1=0=—N — 1. We also define

_ & _ c
g (W)= Bl r = 0), g (u) = Ff (e = ).

By using Propositions 3.2-3.4 one can derive the following relations.
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Proposition 3.6.  For 1 < j < =2, the following equations hold.

3 1 C*(U7P', '+1)
Ky (u) 7 By (u2) K () = Ejtrl,j(u?)g*(u) — B (w) B*(’ZL)] ’
L clu Py + o)
Koy (un) Fffy o (u2) Ky () ™ = mFJ'J,rj+1(u2) - JJE(u) P F e (),
(1 — u)* [1+u]*

ok Efir (W) By (u2) + Ok Eji1 () By 5 (u)

1*[Pj j+1 — 2 4+ ul*
s 2[ J,J+ ET
j1.5 () [P i1 — 2] [u]* Tt

(u2)2 [1]*[Pj7j+1 -2 - u]*
[Py j+1 = 2]*[u]*

%FJZ-I-l(Ul)FJZ—FI(UQ) + %FJE-Fl(u?)FJTj*‘l(Ul)

([P j41 + hjjy1 — 2 — 1
[Pjj+1 + Ry i1 — 2][u]

([P j+1+ hjjy1 — 2+ 1
[Pjj+1+ hj i1 — 2][u]

- FJTJ+1(u1)2 + FjJ,rjﬂ(uz)z

Y

(u2)—1 . KJ_':_l(ul)_l E(U, (P_+ h)j7j+1)K;—(u1).

c*(u, Pjjy1) Kt
b(u)

l_)*(u) J+1

Proposition 3.7. Forl <j <X —2,j # N,0 the relations in Proposition 3.6 and
those for K;r (u)7K;L+1(u) in Proposition 3.2 coincide with the following RLL-relation
of the Uy p(gly) type.

(3.16) R\ (w1 =z, P+ h)LT Y, (un) L, (o)

J,J+1 j4,3+1
= L% (u) L} 8 () R (ur — g, P — 2 — @),
where
1 0 0 0
0 b(u,s;jr1) c(u,sj41) 0
RT. ,s)=p" 23,7+ 255, :

i (uys) =pT(u) 0 &(u,55101) B0

0 0 0 1

+ +
Ljj(u) = LEj ()| (K5 (u) +0 N 10y
, 0 1 0 Kif,(w) \Ef, w1

Definition 3.8. By means of the basic half currents E]j-irLj(u),FfjH(u) (1=
j =< —2), we define the other half currents Ezij(u),FJiZ(u) 1=xi<j=x-1,j=1i4+1)

by requiring the following conditions.
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1) The half currents Ejiz(u) and Ffj (u) (i < j) have the following series expansions.

P, =143, g—5

+ — —n _ P .0 =95, ~i
Ej’i(u)— E ]Z_nz + E an z z v ,

YLGZZO n€Z>0

(P+h); j—1+38; 9—§

=0
FZJ,FJ(U): Z F,],inz + Z an z < " )

’l’LGZzO TLGZ>0

where B, Fit . € U,,(BY) and

i,7;tn
(3.17)
_ C _ IS _ c
EJZ(U) = E;—z(u-i- r— 5),Fw(u) = Ffj(u +r— 5),Kj (u) = K;'(u +r— 5)
2) Let us set
1P (u) Fifg(u) - Fi (u)
0 1 F2+3(u) Fy i (u)
(3.18) LT (u) =
1 Fj2,—1(u)
0 0 1
1 0 0
K{(u) 0 0 .
+ E2,1(u) 1
« 0 K3 (u) N N
0 E3(u) E3y(u)
0 0 Kjl(u) . : . 1

Ei—l,l(u) Efl,z(u) T Ejl,—2(u) 1
Due to 1), the matrix products in (3.18) are well defined in the p-adic topology.
Then Lt (u) and L™ (u) = L (u + r — ¢/2) satisfy the following RLL-relations.
(3.19) RE) (y, P4+ h) L¥FW (uq)LE® (uy)

= LF® ()LD (u) ) R+ (y, P — BV — p2)),
(3.20) RE(2)(y + g,P+ h) L% (u) DT (us)

— T (ug) LF (u)) R0V (u £ ;P — ) _ @),
Here

R (u,8) = RT(u+7— g,s).

Note also that r* + $ =r — 5.



ELLIPTIC QUANTUM GROUP Uq,p(Bj(\})) AND VERTEX OPERATORS 105

Remark. Since p*(u)/p™*(u) = pg (u)/pg *(u), the RLL-relations (3.16), (3.19), (3.20)
remain unchanged even if one uses pg (u) and pg*(u) in (3.3) instead of pT(u) and
pT*(u), respectively. See Sec.6

Conjecture 3.9.  The RLL-relation (3.19) and (3.20) determines the half cur-
rents E]iz(u), inj(u) (1=i<j=—-1,j#i+1) recursively and uniquely from the basic
ones in Definition 3.5.

In fact, the half currents E]il(u),FZi](u) withl1 21 <7<00r0<i<j=-1
are determined recursively by the basic ones in the same way as for Uq7p(Ag\})) case
[2, 24, 25]. As for the other half currents Eﬁ(u),Ffj (u) with 1 i <0<j < —1or
1 24 <0=j=—1, we have observed that the combinations E;:i(u+c/4) — B (u—c/4)
and Ffj(u —c/4) — F;;(u+ c/4) satisfy a system of linear equations with the operator
valued coefficients given by the total elliptic currents respectively. In addition, the
half currents E:—Ll,l(u) (reps. Ff—L_l(u)) is determined by all the other half currents
E]il(u) (resp. Flij(u)) i < j. An explicit expression for the half currents Ejiz(u), in] (u)
(1 i<j<0o0r0<i=<j= —1)and conjectural expressions for the other half
currents are given in Appendix B.

The existence of the operator LT (u) satisfying (3.19)-(3.20), and hence the exis-
tence and the uniqueness of the half currents, can also be seen in the following argument.
Consider the elliptic quantum group B, A(B](\})) realized by the Chevalley generators
equipped with the quasi-Hopf algebra structure[12]. See Appendix A. Note that B, 1(g)
is isomorphic to the Drinfeld-Jimbo’s quantum affine algebra U,(g) [3, 9] as an associa-
tive algebra. In addition, we have shown the isomorphism|6]

Uq.p(8)/PUqp(8) = (Mu- @c Uqg(9))1C[Re)

where U,(g) is the quantum affine algebra in the Drinfeld realization. Furthermore in
[13] Appendix A, we have obtained a realization of U, ,(g) in terms of the Drinfeld
generators in U,(g) and a Heisenberg algebra (C[Paj,eQ“j (j € I)]'. Note that such
realization is well-defined in the p-adic topology. Hence applying the isomorphism be-
tween the Drinfeld-Jimbo realization of U,(g) in terms of the Chevalley generators and
the Drinfeld realization of the same algebra interms of the Drinfeld generators, one can
expect the isomorphism

(3.21) Uqp(8) = By, p) (@) 4C[Rq)]

as an associative algebra. Here A\(r*, P) is given in Appendix A. In fact one can derive
the same RLL-relations as (3.19)-(3.20) by using the universal R-matrix of B, (g).

IThe Heisenberg generators Poj,Qa; are related to P;,Q; in [13] by Po; = d;jPj,Qa; = —2Q;,
respectively.
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There the £F(u) operators are the elements in EndcV ® By x(-+, p) (8)§C[R¢] and satisfy
L7 (u) = LT (u+ r* + ¢/2). Then by assuming the Gauss decomposition such as (3.18)
in £*(u) and denoting their Gauss coordinates by sz(u), .7-":; (u), IC;-r (u) one can show
that for 1 < j < N — 1, the

() e 1 O R S |
O S AN _J,c
(3.23) Fi(u) == PR (}_j+1,j<u 2) Firi(u 5 + 2))

with
5 41,5%5,5+1[1]
q—q*
satisfy the same relations as the elliptic currents F;(u) and F;(u) in Proposition 3.4

[2, 24, 25]. Note that the formulas in Definition 3.5 gives a solution to (3.22)-(3.23).
However we have not yet succeeded to confirm similar formulas for the j = N case due

=1

to a difficulty of extracting the relations for these half currents from the RL L-relations.

§4. Hopf Algebroid Structure

In this section, we introduce an H-Hopf algebroid structure into the elliptic algebra
Uq’p(Bj(\})) and formulate it as an elliptic quantum group.

8§4.1. Definition of the H-Hopf algebroid

Let us recall some basic facts on the H-Hopf algebroid following the works of Etingof
and Varchenko[5] and of Koelink and Rosengren [17].

Definition 4.1 (H-bialgebroid). = An H-bialgebroid is an H-algebra A equipped
with two H-algebra homomorphisms A : A — A®A (the comultiplication) and ¢ : A —
D (the counit) such that

(A®id) 0 A = (id®A) o A,
(e®id) 0 A = id = (id®e) o A,
under the identification (2.40).

Definition 4.2 (H-Hopf algebroid). = An H-Hopf algebroid is an H-bialgebroid
A equipped with a C-linear map S : A — A (the antipode), such that

~ ~

S(ur(fla) = S(a)yu(f), Slam(f)) = pue(f)S(a), VYa€ A, fe My,
m o (1d®95) o A(a) (e(a)l), Vae€ A,
)

Afa) =
mo (S®id) o A(a) = pr(Ta(e(a)l)), Vae Aang,
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where m : A®A — A denotes the multiplication and £(a)1 is the result of applying the
difference operator €(a) to the constant function 1 € Mg-~.

The H-algebra D is an H-Hopf algebroid with Ap : D — DRD, ep : D — D, Sp :
D — D defined by
AD(]/C\T—a) - fT—aéT—ay
ep = id, SD(J/C\T—&) - Taf: (Taf)Ta

§4.2. The H-Hopf algebroid Uq’p(Bl(\}))

Now let us consider the H-Hopf algebroid structure on U = Uq’p(B](\})). Let us
consider the generating function of the L-operator matrix elements Lj](u) We define

two H-algebra homomorphisms, the co-unit € : U — D and the co-multiplication A :
U — URU by

L) =68iiTo, (n€Z),  e(c?)=e,

(4.2) e(u(f)) = elp(f)) = fTo,

4.3) AL () = ZL (2),

(4.4) Ae?) = 6Q®e ,

(4.5) AGu(f)) = m(HBL, A (f)) = 1&u.(f).

In fact, one can check that A preserves the RLL-relations (3.19)-(3.20).
Lemma 4.3.  The maps € and A satisfy

(4.6) (A®id) o A = (id®A) o A,
(4.7) (e®id) 0 A = id = (id®e) o A.

Combining this with the H-algebra structure, the set (U, A, Mgy~ p, pir,€) is an
H-bialgebroid.

From (4.3), one can derive the following coproduct formulas for the basic half

currents.
Proposition 4.4. For 1 <Xj < —1, we obtain

A(ES (v) = K (WK ()

~ / / ~ / -1
X (1 + 100 g (u) + l;r+1,j+1<“)®1 + l;r+1,j+1<“)®l;r+l,j+l<u)> (1 T A(lﬂ+1 j+1(u )))

-1 ~ 17 1 ~ 17 ~ 17
(1 + AU (u ))) (1 1B (1) + 1 (W)@ + l;r+1,j+1(u>®l;r+1,j+1(“>>
XKJ—:—l( )éK;+1(u)a
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for1 =7 =< =2, we obtain
ABf @) = (14 AT, 4 (W)
X (1 + 1®l;r+/1,j+1(“) + l;r+/1,j+1(“)®1 + lﬁl,j+1(“)®lﬁl,j+1(“)> -
>«mﬂmu+wmmwmaw&m>amx@%w
+17 41 g+1( )®E +1j( u) + +1®Lf j+1 ]( u) +1 +1g< )®K]—:—1( )_1K;'(u)

1 g B () + Ly (B () + Y Lf+1,k(U)®Lij(U)>

1<k=<—1
#3,7+1
—A(lf 5 (w),
A1 (u) = <K+( WK (W) TRF () + Fif o (W1 + F (w1 4 (w)
i (W)RF L (u )+l;’j+1( w)®1 4+ K (u) K} (u)” ®ZJ+J+1( u)

—HJ J+1( )®lj+1 J+1( )+le (u) JJ+1 Z L ky+1( ))

1<k=<—1
#5,+1

~ 1 17 ~ 1 ~ 1 -1
X <1 F 1Ry o () + 1y (W) @1+ l;—+1,j+1(u)®l;r+1,j+1(u)>
$ (14 AL ) = A ().

Here Il (u) = Ky (w) 7100 (u), 07y (u) = 07 (w) K (w) ™ and

=) F}, (w) Byl (w),

i<k

=Y FLKf @B (W), (i <)
=<k

=Y Fh WK (WE],(u).

=<k

Now let us define formally an algebra antihomomorphism (the antipode) S : U — U
by

S(LH(2) =L*(2) ™, R

S(eQ) :e_Qv S(,ufr(f)) :,ul(f)v S(Nl(

)
)
)

~~

) = pr(f)-

Then we have the following Lemma.
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Lemma 4.5.  The map S satisfies the antipode axioms

mo (id® S)oA(x) = w(e(x)l), VaeU,
mo (S®id) o A(z) = pr(Ta(e(2)1)), Ve (U)as.

From Lemmas 4.3 and 4.5, we have

Theorem 4.6.  The H-algebra Uq,p(B](\})) equipped with (A, e,S) is an H-Hopf
algebroid.

Definition 4.7.  We call the H-Hopf algebroid (qup(B](\})), H, Mg+, iy, pory A €,.5)
the elliptic quantum group Uq’p(B](\})).

8§5. Representations

§5.1. Dynamical representations

Let us consider a vector space V over F = M i+, which is H-diagonalizable, i.e.

f(P+h)X=Xf(P+h+<a,P+h>),
(Pyp)ap = { X € EndeV F(P)X =Xf(P+<B,P>) :
f(P)7f(P + h) € ]Fa X - V)\,u g V>\+o¢,u+6

D, o, D, o, -~ ~
w Y (flv=Ff<KNP+Hh>pu, p " (fluv=f(<p, P> p v, feF, veVy,.

Definition 5.1.  [5, 17, 23] We define a dynamical representation of Uq7p(B](\}))
on V to be an H-algebra homomorphism 7 : Uq7p(BJ(\})) — Dy - By the action of

Uq,p(B](\})) we regard V as a qup(B](\}))—module.

Definition 5.2. For k € C, we say that a Uq7p(B1(\}))-module has level £ if ¢ act
as the scalar k on it.

Definition 5.3. Let H, N, N_ be the subalgebras of Uq,p(B](\})) generated by
c,d, K (i€l),by ), (i €I,n€Zsqg), €5 (i € I,n € Zxg) fim (i € I,n € Zo) and
by af _,, (i € I,n € Zso), €, (i € I,n € Zsg), fi,—n (i € I,n € Z>p), respectively.
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Definition 5.4. For k € C, A € h* and p € H*, a (dynamical) qup(Bl(\}))—
module ‘7()\,”) is called the level-k£ highest weight module with the highest weight
(A, ), if there exists a vector v € V(, i) such that

V) = Uy p(BY) v, Ny -w=0,
c-v=kv, f(P)-v=f(<pP>v, f(P+h)-v=f(<A\P+h>)w.

§5.2. Finite dimensional dynamical representation

We here give an elliptic and dynamical analogue of the evaluation representation

associated with the vector representation of B](\}). Let us consider V = @ Fv,, ® 1
1<m=<-1
and V. = V]z,z7!]. Here €@ ¢ C[Rq] acts on f(Ps)v ® 1 by eQe(f(Pglv® 1) =

f(Ps = (o, B)Jv @ 1.

Theorem 5.5. Let E;;, (1 =2 j,k = —1) denote the matriz units such that
E; yvi = 0iv;. The following gives the (2N + 1)-dimensional dynamical representation
of Uq,p(B](\})) on V..

T (ej(w)) = ((IZZ iPoc Ej 116 (qjg) pq 7)920 B (q‘%%))e—Q%,
500 = “’ép’p o () 4 O B ().
. ) . © (qf—z’M)@ (q i g2
. — om(hy) Qaj p w p
T (Y5 (w,p)) = ¢""e 6, @) O,z
—'+2hj£ +2h; c—1w
ﬂ-z(w;—(wyp)>:q_ﬂ.(hj)€_Qaj @p(q J | Z)@p(qj ‘ § z)’ (1 < SN—l)

Op(¢77%)  Op(¢?E1Y)

_ (i) (Pg; P) oo (P42 P) oo N_1Z
relentu) = (3 pP)oo A ENO&( w>+ (P5P) oo (P15 D)o Eo.-no <q w>’

r(fw) = PP Py 5 (12 P e 5 (62,

(Pg: P)oo (P P) oo (P;P)oc
. rlh) —qn. Op(gN 2T 2) @ (gN i3k 2)
(Y (W) = ay T emeN N—14+1n}, = N—1+1ny =
@p(q 202 N;) G)p(q 272 N;)
1 + 1 31—

e any SIS € 0 bty

T Yy (w)) = ay ()= Qax O —1y_1pt - N—I) _lp—wy

Op(q~ W22k ) 9, (¢~ N —2)—2hv L)

Here w(h;) = hl +hy, hf = Ej; — Ejy1501, h; = E_jo1 ;10— E_j_j, n(hy) =
2(En,N — E—N,—N)a hN = En N — Eoo, hy = Eo,o —FE_N_nN.
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~

Theorem 5.6.  In terms of the half currents the dynamical representation (7, V)

s given as follows.

(K5 (v))

=p(v—u) M Z Ekk+EJJ+w Z B,k
[v—u+1 15 <j—1 [v — ) JH1Zk#—j=-1
v—u—1v—u+tji+n-1 o Q:,
s

m (K ()

PN poub—u—j-n

= pt(v—u) o]l Z Ek’k+[v—u+1][v—u—j+2N T g

1=k#j=2—(+1)

[v—u—1] .
T . Best B e,

—(-1)=k=-1
T (Kq (v)) = p* (v~ u)
[v — ul [v—u— —u+5lv—u—1
No—u+t1] Z Brk+ Z Bt ?H 1]E°’°
[v—u 1-<k-<N 1<k=<N [v—u—3llv—u+1]

For1 X3 <IXN+1=0,

T (B () = 9 {—EN v [;ﬁ ;] 5;;13][1]

-1

[v—u+1—1+n—Pj,1] [Bjm + 1] o~ Q;

+E7 —9 )
N R e RV R A V7P
—u+ P[] w—utl=1+n+Pul] 7 [Pim—1
zF+ v))=F ‘[U Y —-FE_;_ 2> ],—7
R 1 2 R TRviesy ey w20 R © ST

o) = e { g mu= Pl
=) { R TR
-1

[v—u—j—n—Py ] Pom 1] o,
[v—u—j—n|[P-t,—] 11 [P-t,—m] ’

+E;,

m=j+1
[U —u+ Py 1]
[v — u][P_;, ]

71',Z(Fj—l,—J( v))=E_j

[v—u—j—n+P_j+dns1)[1] ﬁ [Pt — 1+ 61541

[v—u—j—n|[P_i—;+ 6,N1] [P_t,—m + 61N 1]

_El,J

m=j+1
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[v —u— P k][1]

[v = u][Pj, -]

WZ(Etk,j(’U)) = e @ {—Ej7_k

[v—u—k—n— P _k[1] [P +1] ﬁ By —m +1] H [Bjm +1] }Qa]

TP [v—u—Fk—n|[P;—k] (7] m=k+1 [Pj.~m] =j+1 [ Fyom]
[U_U+P] k][]
WZ(FJT—’C( V) = E-ky [v — u][P}, _i]
[v—u—k—n+ P[] [P [ — [ij_
B [v—u—Fk—n][Pj_k] H H

m=k+1 m=j+1 ]
i) j=k < N,

(B (o) = e B _[v—u—?Pj—1][1][v—u—j—77+1]

AB54(0) i) o= l2P + Ul =g~ 1)

[o—u—2P; — j = A[1] ( [B-m] __[Pym] >}Q
omumien -1 W (e m |
(FF (o)) = B v —u+2P; —1][1][v—u—j7—n+1]

R N = =

o mut2P =iy [ [Piem]  [Piwl
N [v—u—j—n[2P;—1] 12 ([Pj,—m — 1] [Pjm — 1]) } '

+Gp,

i) k<j < N+1=0,

[v —u— P k][1]

[v — u][Pj,—k]

m(B2 () = e { -,
o—u—k—n—P_ )] [P +1] {5 [Pi—m+1] 11 [Pjm +1]

+Ey e_Qsj,
#j

7T b)) — '[U—U—FPjﬁk][l]
z(Fj,—k( ) = E_k,; [v —u][P}, k]

o lu—k—n+ P )] [P - 1) [Pjom =1 77 [P —1]
Bk [v—u—Fk—nl[Pj-x] [P ml_,L [Pj,—m] mg[H '
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In addition, it is also worth to remark the following formulas.

[v—u—1—1] v—u—1—1]
. (H (v) = { 2 R+ ey TR IE
o1l o1l
[v—u+n+L+1] [v—u+n+%—HE 0.
+ i j=1—j-1 G L-i-ige Y
[v—u+n+3] [v—u+n+3]
v—u— & 41] v—u—% —1v—-—u—-& -1
’/TZ(H—F (U)) = { : EN,N 2 2 2 EO,O
N [v—u—1Z] v—u—Zv—u—5 +1]
N _ 1
v—u— 5 —
Lf u 1%+%] N"N}e S,
v 2T
~ [w—v+4—1] [w—v+2+1]
m(H (v) = { g+ " B
u—v—n—1%—1] [u—v—n—1+1] Q..
j _‘_’__ ] —Jy 6
[ E_j 1 _j1+ —FE j} !
w3 w3
_ u—v+ 8 —1 u—v+ L+ u—v+ L -1
() = { T gy o el vt s Tl

[w—v+ 3] p—vt+y—gllu—v+3]
wu—v+4 +1]

w—v+4 -1

E_N7_N}€_Q°‘N .

Remark. The statements in this theorem and the next one remain unchanged when one
uses pg (u) and pg*(u) in (3.3) instead of p*(u) and p**(u), respectively. See Sec.6
Combining the formulas in Theorem 5.6, it is not so hard to show the following.

Corollary 5.7. For 1 <1i,j5,k,l <X —1, we have
m (L (0))ka = R (0 = u, P)j,.
Proof. For example, for —N < —j < —1, we obtain

(LY, ) =m (K0 + Y F

_]’_k(v)ka(v)Eflﬂ,_j (v)
—jZ—k=-1

= p+(1) — u) l_)(v — u) Z Ek:,k: + Z b(U —Uu, P—j,—k)E—k,—k
1=2k#j=2—(j+1) —(-1=3-k=x-1

+d(v—u, Py, P_j)Ej; + E_j } e,
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Here we used the identity

S (1 u—j-n
5P = 5 (s =
[w—k—n+ Py iJlu—k—n—P_j ][] ff (P = U[Pjm + 1]
w—k—nlu—k+1-np, 2 Ll [P_j—m)?

In addition, we have

m(Liogw) =7 | Kf()+ Y. Ff_ (0K ()ET, ,(v)
—N=<—k=<—-1

=pt(w—u){b(v—u) Y Epx+eolv—u P)Egyg
1<k<N
Qe

+ Z b(v — U, P07_]€)E_k,_k evci,
_N<—k=<-1

This is due to the identity

eo(u, P)
1t [ 3 [u—k—n+5+Pllu—k—n+ 35— P[1]?
=t el 2 e homu— b+l NP1

Furthermore, the coefficient of E; _; in

m (LT, (v) = (KX (0) BT (v))
[v—ullv—u—2P —1— \|[1]

_ v —u—2P —1] o
_p+(v—u)E1,_1{—[U_u+1][2pl+1] + Gp, [U—u+1][v—u—)\][2P1+1]}e Q

coincides with e; (v — u, P), and for k < j < N the coefficient of Ej _; in

m (Lt () =m | K5 B )+ Y F (0K (0)E(v)
—(k—1)=—1=<—-1

=pT(v—u) {C(U —u, Pj ) Ej

i—1
o= lo 10— Py P =1 o,
+ B G || e i

k,—j Pg[v + 1)[v —u —n]] j—k}+ rr]z;[l ij—}—l] [P—k —m]

coincides with d(v — u, Py, P;). O
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§5.3. The level-1 representation

Next we consider level-1 representation of qup(B](\})). We follow the work [6]. Let
e“ (i € I) be the generators of the group algebra C[Q] with the following central
extension.

i — (_1)(0‘%053')“'(0‘1'7041')(0‘]' Q) ¥ i

Let us consider the Neveu-Schwartz (NS) fermion {¥,|n € Z + 3} and the Ramond
(R) fermion {¥,|n € Z} satisfying the following anti-commutation relations.

{\I!mw \Ijn} = 5m+n,0N(qm + qim)
with "= 1/(¢2 + ¢~ 2). We define

FNS=CW_,, W 5],  FR=C[T_1,¥ 5]

—1
2

JE'NS,R

and their submodules F/) 2. (reps. J’:é\;g’R)

generated by the even (reps. odd) number
of ¥_,,’s. Due to the zero-mode ¥, we have two degenerate vacuum states 1 and ¥yl.
We hence consider the extended space

Fi = Fli g C?

and realize the R-fermions by

~ 10 =~ 1 0 1
U, =V, Z.o), Uy =N72(1 :
(1) mem somwiae ()

Note that {W,, U} = Gpnpn 0N (g™ + ¢~™). We set

1 1
FRE=FE &C (1> oFE, ®C (_1> .

The action of ¥,, on FV is given by
1
U_,,u=Y_,u, U, u={¥,,,u} (m e §+Z20),

where v € FNS whereas U,, acts on FZ as

~ 10 ~ 0 1
\I/_m-u®U:\If_mu®(O 1)1} (m € Zy), \Ilo«u®v:u®<1 0>v,

~ 10
\Ilm-u®v={\11m,u}®<0 1)1} (m € Z~y),
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where u € FE, v € C2. We define the fermion fields UN5(z) and WE(z) by

\IINS Z W,z " \IJR(z) = Z \Tlnz_”.
n€Z+2 nez
Then we have the operator product expansions
U(z)U(w) = ¥(2)¥(w): + < ¥ (2)¥(w) >,

(zw)' /2 (z—w) for NS
< W) W(w) >={ GqulGq 1)

N EowlEte) - for R,

(z—qw)(z—q~1w)

Now we define

W(Ao) = FN2, @ C[Qo] ® Foyg ® C[Qo] Y
W(Ay) = FNS @ C[QoleM @ FNS @ C[Qo],
W(Ay) = FE @ C[QleM = FR g C[Qyle & FR & C[Qglet tAN

Y

where Qg denotes the sublattice of Q generated by the long roots. For generic u € h*
and a = 0,1, N, we set

V(Mg + 11, 1t) = Far @c (F@c W(AL)) ® e?rC[Ryq).

Then we have the following decomposition.

Ve + )= P B Ayt ),

YEQ,KEQ re€maz(Aq)
mod Qg+Cés

where

=F@c (Fa1 ® FYS, @) @ eitr
=F ®c (Fa ®]:dd ® A1+v)®eQu+ﬁ
=F®c (Fa,1 ® J-“fon ® eA“LV) ® eQatr
Fhovm Al N) F®c (Fa1 @ FYS @) @ e@itr,

Fan AN, ) =F @c (Fa,1 @ FR® eAN+7) ® eQntr
Fan—anyrAip) =F@c (Fan ® FE g e/_\N+[_\1+7) ® eQa+r

=
O
\_/V\_/

Theorem 5.8.  [6] The three spaces V(Aq + p, 1) (a = 0,1,N) give the level-
1 irreducible Uq,p(Bl(l))—modules with the higest weight (Ay + p, p), where the highest
weight vectors are given by 1 ® 1 ® 1 ® e?r for V(AO + ), 1®1®eM @ e for

N 1 - N
V(AL +p,p) and 101 ® <1> ® M @ e@ for V(Ay + u, 1), respectively. The action



ELLIPTIC QUANTUM GROUP Uq,p(Bj(\})) AND VERTEX OPERATORS 117

of the elliptic currents on V(Ag + p, 1) (a = 0,1, N ) is given as follows.

1 Pg
Ej(v) =:expq — Z QW " B e¥wes e 9o T
720 [n]q
1 1 Po o —1/2
En(v)= — :exp{ — Z —an,w " \If(w)eanhaNJF%e_QaN w T
N2 20 [
1 1—-p B n e the, —1
Fj(v) =:expq Y [n], 1 —pn jn(g W) e~ T
n#0 4 p
Fn(v)
1 1 1—p™ —1, \— _ —h, 41 Paythay-1/2
= :ex — QN n w) "y U(w)e” Nw ten T2 v ,
N P Z [Tb]q 1—pn N, (g ) (w)

n#0

w=q?’, (1 <j <N —1) together with H;—L(v), Kj(v) in Sec. 3.2.

1
§6. Vertex Operators of Uq,p(B](V))

In this section we discuss the type I and II vertex operators of the Uq,p(Bl(\}) )-
modules. Through this section, we use pg (u) in (3.3) as the prefactor of the R-matrix

ie.
R*(u,s) = pg (w)R (u, s).
In addition, we often use the following component form of the RLL-relation (3.19).

ZR+ u P+ h)zj L:F Z,,(u]_)i;_/’j//(UQ)

.5’

Yy

(6.1) _ZL (u2) L (un) R (u, P — (w(h))ir i — (w(h))jrgm)in

Here the components of the R*T-matrix is evaluated in the same way as (3.2). For
example, the (j1, ), (j1. j2) (ju < j2) component is given by

b (U, le,jz - (W(h’jl,j2))j17j1 - (Tr(h‘jlij))j27j2)7

Where Pj1,j2 = ]Dej1 — P€j2, h’jl»jZ = h — h and 7T(h€j) = Ej,j _E—j,—j (1 S j S N)

€1 €i2
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§6.1. Definition

The type I and II vertex operators are the intertwiners of the Uq,p(B](\}))—modules

of the form

(6.2) O(u): VA p) = VN, 1) Vs,
(6.3) U*(u): V. @ VO, w) = VO, 1),

where \, \' € b*, u, 4/ € H*, z = ¢**. The V. denote the (2N +1)-dimensional dynamical
evaluation module of qup(B](\})) given in Theorem 5.5 and 5.6, and ‘7()\, w) denote the
level-k highest weight qup(B](\}))—module with highest weight (A, u). The level-1 case
is given in Theorem 5.8. The vertex operators satisfy the intertwining relations with
respect to the comultiplication A given in (4.3)

®(u)z,
“(WA(z), V€ Uyp(BY).

(6.4) A(z)®(u
(6.5) 2 U* (u) =

SV

These intertwining relations are equivalent to the following relations[22]:

(66) ‘/13(23) (Ug)i+(12) (ul) = R+(13) (u1 — Uy, P + I’L)E+(12) (U1)$(23) (UQ),
(6.7) LT3 () U*3) (1) = 23 () LT3 (4 ) RT*02) (g — g, P — A — p2)),

The relation (6.6) (resp. (6.7)) should be understood on ‘A/Zl @V (A p) (resp. ‘A/zl ®1A/z2 ®

~

V (A, ). These relations are also expected[13] from the quasi-Hopf algebra formulation
of the face type elliptic quantum group By, ,\(B](\}))[IZ] by using the connection given in

Appendix A.
We define the components of the vertex operators by
~ 1 ~
(68)  Bu+sz)= mz Py (1) @ vy U () (0 @) = W, (= 5) w,

where v,, € ‘A/Z, u € 17()\, i), and the matrix elements of the L-operator L+ (u) by

(6.9) Lt (u)vp, = Z Lzm(u)vk.

1=k=<—1

Using these and Corollary 5.7, the intertwining relations (6.6), (6.7) are rewritten as

follows:
I + 1 k'm’ +
(6.10) @y (u2) Ly (ur) = > RF(ug —ug + 5P+ h) ' L () @ (u2),
1<m/ k' <—1
(6.11)
* * * c jm
L;:J(ul)\lfm(ug) = Z \Pm/(’U,Q)LZ_’j,(Ul)R+ (u1 — U — §,P - h(l) — h(2))j”m"

1x5",m'=-1
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Proposition 6.1.  Let the half currents E;rk(u) and F,jl(u) (1=<k=<1=-1)
take their form as given in Definition 3.5 and Appendix B. Assume that the top com-
ponents ®_1(u) and ¥* | (u) satisfy the following conditions:

N

i) KT (u1)®_1(uz) does not have a pole at uy — ug = —
it) W_1(u2) K (u1) does not have a pole at uy — up = 52 +r*.

Then the sufficient conditions for (6.10) and (6.11) are given as follows. For the type I,

(6.12) O (uz) = Fil_ (ug — %)cp_l(uQ) (1=<k=-2),
and

6.13 D_1(u2) KTy (u1) = pd (u1 — ug + %)Kirl(ul)q)—l(UZ);

6.14 [®_1(u2), Pl =0, [®-1(u2), Ei(u1)] = 0. (1<I<N),
6.1

[ug —uy — 1)
[ug —u1 —n —1]
1 (uz)Fj(u1) = Fj(u1)®_1(uz) (2<j<N).

Dy (ug)Fi(u1) =

)
)

5) P_1(u2)(P+h)g—1=((P+h)k,—1—1)P_1(u2),
) Fy(u2)®-1(w1),
)

For the type I,

(6.18) W) = WEy(0) B (a4 5 ) (12 kX -2)
and

* * * C
(6.19) K* (u)U*  (ug) = O* | (uo) Ky (u) pd * (uy — ug — 5),

(6.20) W2y (ug), (P+h)] =0, [WZ(u), Fi(u)] =0 (1 <I<N),

(6.21) P; 10" (ug) = fo*_l(uz)(Pj 1+ 1) (j < -1),
(6.22) By (u)¥* | (up) = "1 (u2) Er(u),

[u
(6.23) Ej(u)¥Z,(uz) = W2 1(“2)E (Ul) (2<j<N).

Proof. We consider the type I case only. The type II case can be proved similarly. From
the component k = m (# 0) in (6.10), we have
1

(6.24) P (u2) Lo 5 () = pg (w1 = u + 5) Loy 5 (1) P (u2).

In particular, the component m = j = —1 of (6.24) is

(6.25) @1 () Ky () = i (a1 — o ) KT (1) (1),
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Note the formula

[u + 1]

2z P2 HEq 22 {pe/ 2} {pe% )2 H{pa 2/ =}
{€232{82¢%2H{q 22} {p€?/2Hp/2HpEe? /2 {p€q=2/ 2}

Then from the assumption i), (6.25) implies that ®_ (ug)Kfl (u1) has a zero at uy —ug =

o) = gz fu— 1)

—%. We will check these points for the level-1 representation.
In addition, from the component m = —1 > j of (6.24), and putting the definition

LT, (u)=KT, (u)Efl’j(u), we have

(626) <I>,1(u2)Ei'1’j(u1) = Ei’l’j(ul)@,l(uﬁ.

From the conjectural expressions for EfL ](u) in Appendix B, the sufficient conditions
for (6.26) are

(6.27) [@_1(us), ] =0, [®_1(uz),Ey(us)]=0. (1<1<N)

Next, the component k # +m (# 0), k < m in (6.10) is

1 1
D, (ug) Lyl (ur) = pg (ur — uz + 5){1?(%1 —u2t g, (P + D) m) Lif 5 (1) @ (u2)
1
(s — uz + 5, (P + B)m) L, 5 (1) @ (u2) }.

Then putting the definition Lfl’_l(u) = K, (u) and Lz_l(u) = F}I_1(U)Kir1 (u) in
the case k < m = j = —1 of (6.28), we have

(6.28) (I>_1(u2)F,j:_1(u1)Kf1(u1)

— o (un — g+ H{ Lt F U My = M1 — vz 5]

2 [(P + h)kj_l]z[ul — U9 + %]
1][(P—|—h)k -1 +U1 — U9 + l]
xFT (u)) KT (u))®_q(u +[ . QKfu(Pu}.
k, 1( 1) 1( 1) 1( 2) [P—f—h)k’_l][Ul—uz—i_%] 1( 1) k’( 2)
Putting w1 — ug = —%, the left hand side of (6.28) vanishes. Then we obtain for
P+ h)g—1+1
620 uug) = K o) T )i ()@ ()
1
= F,:_l(ul + 1)@_1(’&2) = F];’:_I(UQ — 5)@_1(UQ).

The remaining component ®;(u) is also obtained from ®_;(u) as follows. From
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the component m = j = —1 in (6.10), we have

1 _
@1 (uz) Fyy (un) K5y (un) = R (un = up + 5, P+ DT T () K (u2) @ (ua)

1 _
+ R (uy —ug + g Pt WK (u1) @1 (ug)

1 _
+ > Rf(u—uz+ 3Pt W EY () K (un) By (u2) @ (ug).
2<1=<—2

Using (6.29) and the component (i,j) = (1,—1), (i"”,j”) = (=1, —1) of (6.1), we obtain

1
@_1(UQ>FI‘:71(U1)K;’—1('LL1) = R+(U1 — Uz + —,P + h)f}}Kfl(ul)Cﬁl(uQ)

2
1
+ py (U1 — ug + §)Kf1(Uz)Ff,Lq(Ul)KL(Uz)*lKL(Ul)q’fl(uz)
1 _
— RY(w —us 45, P+ WK (wn) Fi_ (ug) @1 (ug).
Then again setting u; —ug = —%, the left hand side and the second term in right hand

side vanish. Then we obtain

(6.30) Oy (ug) = Fi_(ug — %)@1(1@).

Combining (6.29) and (6.30), we obtain (6.12).
Furthermore, substituting (6.12) into (6.28), we obtain the sufficient conditions

(6.15)-(6.17). O
Lemma 6.2. For1 <k <X -2, we have
@1 (s Pl (11— 5) = Ky = DFFy(un — 5)K Ty — )7 0 (),
E*, (ur + g)\Il*_l(ug) =0 (uz) K (up + g)_lEfl,k(ul + g)Kjl(uz + §>~
Proof.  From the component m = —1, j = —1 in the intertwining relation (6.10), we

have
® 1 (u2) By (un) K7 (ua)

1 1
= p(—)’_(ul — U9 + §)b(u1 — ug + 5, (P + h)k,—1)F;:,1(u1)Kf1(u1)q’—1(u2)

1 1
+,03L(u1 — Uo + §)C<U1 — U + 5, (P + h)k7_1)K—_i_1(U1)(p]€(U2).
Using (6.12), we have

Dy (ug)Fy_y (u) K (un)

1 1
= par(ul — U + §)b(u1 — Uz + 5, (P + h)/{,_l)F,:_l(ul)Kfl(ul)CIJ_l(ug)

1 1 1
+pg (ur —up + Jelur —uz + o, (P + W)k, —0) KX (w) B (ug — 3)®-1(u2).
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From (6.25), we have

1
O (ug) Fy_ (ur — 3)
1
=b(u1 — ug, (P4 h)g, 1) F (1 — 3)®-1(u2)
1 1 1
+c(uy — ug, (P + h)p,—1) KT (uy — §>F;I71(U2 — ) E-1(u - 5)_1@—1@2)-

Then it is sufficient to show

b(ur — uz, (P + ), 1) Fyf (1) + c(ur — g, (P + h)g,—1) K5y (wn) iy (ug) KX (un) ™
= KL(UZ)FI:A(W)KL(W)A

This is nothing but the component (i,7) = (=1, —1), (i",5") = (k,—1) of (6.1). O

§6.2. Level-one vertex operators and commutation relations

Next we consider a free field realization of the vertex operators fixing the represen-
tation level ¢ = 1.

From the sufficient conditions obtained in Propostion 6.1, we can determine the
free field realizations of vertex operators as follows:

Proposition 6.3. The top components of the type I and type II vertex operators
®_q1(u) and U* | (u) are realized in terms of the free field by

(6.31)
—-m L—p™ - —-m €1(,,— - -1
®_q(u)=:exp Z(qm—q )1_1;m -1 (g 3¢2) L e (g ) e (¢ ) TP e
m#Q0
(6.32)

U*, (u) =:expg — Z (@™ — ¢ ™E (g MR) T Y e @ (g2)ha (€2)7 P,
m#0

These realizations satisfy the assumptions i) and ii) in Proposition 6.1.

Proof. By straightforward calculations, we can show that (6.31) (resp. (6.32)) satisfies
the sufficient conditions (6.25), (6.27), and (6.15)-(6.17) (resp. (6.19)-(6.23)). O

Theorem 6.4.  The realizations of the type I ®;(u) and the type I1 W} (u) vertex
operators given by Proposition 6.3, (6.12) and (6.18) satisfy the following commutation
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relations:

—1
(6.33) @, (uz)®j, (ur) = > R(uy —ug, P+ h)2® (u1) @y (uz),
g1.db=1
—1

()= Y W3 (ug) W (ua) R (ug — up, P — bV — h))1%2,

1J2

(6.34) \IJ;T1 (ul)\lf;f2
J1.35=1

(635)  ®;(ur) W) () = x(ur — uz) W (uz); ().

Here we set

(6.36) R(u, P) = p(u)R" (u, P), R*(u,P)= p*(u)R"*(u, P)

with

C142 (€2 e H{pEe HE e Ha? 2} {p€a 2 /2 Hp/2 1€ /2% / 2}
{p€q=22H{pz}{22}{Eq% 2} {p€2q~2 /2 {pE/ 2 H{E/ 2 H P/ 2}

(6.38) p™(u) = pu(u)]rsre

(6.37) p(u) ==z

and

© 2(2’)@ 2(q_2§z)
(6.39) X(u) = T SR
@52(62’)@52(q f Z)
Proof.  Let us show the commutation relation of the type I vertex operators (6.33).

For j; = jo = —1, the equation
(640) <I>_1(u2)<I>_1(u1) = u(ul — u2)<I>_1(u1)<I>_1(u2)

can be shown by straightforward calculation with the use of the free field realization
(6.31).

For 1 < ji, jo =X —2, using (6.12), (6.40) and Lemma 6.2, the equation (6.33) is
reduced to the following equation:

(6.41) Fr

.725_1
-1

= Z R*(u, P+ h)jlng]ﬂi—’_l(u1)Ki1(Ul)Fj—g’_l('LLQ)Ki_l (u1)™ 1,

Jijz2

(u2) K5 (u2) Ly (un) K5y (u2) ™!

J1.d5=1
where u = u; — uz. From the component (i,7) = (—1,—-1), (i",j") = (j1,72) of (6.1),
we have
_1 YA
> R (u, P+ h)EFS L (ua) KT () Fyfy (u2) KTy (ug)
71:35=1
— F () K () B () K ()5 (),
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Multiplying the above equation by
(6.42) 5 ) U () R ()™ = K () T R ()~ ()
from the right, we obtain the desired equation (6.41).
For j; = —1, 1 < jo < —2, using (6.12), (6.40) and Lemma 6.2, the equation (6.33)
is reduced to the following equation of the half currents:
(6.43) Fj ) (ug)
—2

_ _ 14! 1 1 1
— pt -1-1 + Lz g+ + + -1
=R"(u, P+ h)"y;, + ZlR (u, P+ h) 355 K7y (ug — §)Fjé,—1(u2 - §)K—1(U1 - 5)
Jo=
1
+ Z R*(u, P+ h)Jlthj (w1 = 3)
]1:1
= 1 1, 1 1

+ Z Rt (u,P + h)”l{;2F+ (= KT (un = 5
Ji,ds=1
From the component (i,j) = (—1,—1), (¢",5"”) = (=1, j2) of (6.1), we have
-2
R (u, P+ h) 215, Kty (u) K (ug) + ) RY(u, P+ h)Z YKt (u DEFT (u) KTy (us)

152 152 J
Jj’'=1

—2
+ 3 RY(u, P+ ) T F (un) KX () K (un)
/=1
—2
+ Z R (u, P+h) F+_1(Ul)Kir1(U1)F'Jfr,—1(u2)Kir1(u2)

J
/7jl 1
= Fj g (u2) K7 (u2) KXy (un) p ™ (u).

Multiplying the above equation by (6.42) from the right, we obtain the desired equation
(6.43). The case 1 < j; < =2, jo = —1 can be proved in the same manner.

Similarly, one can prove the commutation relation of the type Il vertex operators

(6.34).
Next, let us consider the relation (6.35). The case j = k = —1 is a direct conse-
quence from Proposition 6.3. The cases j = —1 or £k = —1 can be shown as follows:

consider the case k = —1 for instance. By (6.12),

64) By () = By (1 — )y () ()
= By — ) — ua) W7 (1)@ ()

(w2 W () (1 — )@ (1)

2
= x(u1 — u2) W (u2)®;(u1).
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Then the general case is proved as follows. Since both ®(u;)U*(us) and (¥*(ug) ®
id)(id ® ®(uy)) commute with A(z) (Vz € Uq,p(B](\}))), they act as scalars on the irre-
ducible module V,, ® ‘7(>\) In order to compare the scalars, we will see their actions
onv_1 ®|\) € V., @ V(\).

(6.45) & (un) U™ (uz)(v_1 ® [A)) = D(ur) U™ (us — 9>|A>

= (o — s+ ) YW (s — )5+ DN @ vy

Here the last equality follows from (6.44). On the other hand

(6.46) (U*(u2) ® id) (id ® ®(u1))(v_1 ® |A)) = (U*(u2) ® id) (v_ 1@2@ u1)|\) @ v;)
= ug— Z@ u1+ )A) @ v;.

Comparing (6.45) and (6.46), we get

(6.47) B (1) T (us) = x(ur — s + %)(@*(W) 2 id)(id @ B(uy)).

Hence comparing the components of the both sides, and changing variables u; + % —
U1, Uz — 5 — Uz, we obtain

(6.48) P (u1) Wy (u2) = x(u1 — u2) Vi (u2)®;(uq).
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8§ A. Relation to the Quasi-Hopf Formulation Bq,A(ﬁ)

§ A.1. Definition of B, (B\)

Let U, = Uq(B](\}) ) be the Drinfeld-Jimbo affine quantum group[3, 9]. Namely,
Uq(B](\})) is a quasi-triangular Hopf algebra realized by the Chevalley generators and
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equipped with the standard coproduct Ay, counit €, antipode S and universal R matrix
R. Our conventions on the coalgebra structure follows [12]. Let b and b be the Cartan
subalgebras as in Sec.2.1. We denote a basis and its dual basis of § by {i;} and
{ﬁl}, respectively. More explicitly, they are given by {izl} = {d,c,h;} and {le} =
{e,d,h7} (1 <j < N), where {h;} and {h?} are a basis and a dual basis of b.

The face type elliptic quantum group By, A(B](\})) is a quasi-Hopf deformation of
Uq(B](\})) by the face type twistor F'(A) (A € h). The twistor F(A\) is an invertible
element in U, ® U, satisfying
(A.1) (id®e)F(A\) =1=F(\)(e ®id),

(A.2) FOD () (Ag @id)F(A\) = F@) (A 4+ 2D (id @ Ag)F(N).
where A = 33, Mhl (A € C), A+hD = 3, (L +hAM)A and A = ly@1@1. An explicit
construction of the twistor F'(\) is given in [12]. Then we define a new coproduct by

(A.3) Ax(x) = F(\)Ag(z)F(N) ™Y Vo e Uy (BY).
A satisfies a weaker coassociativity

(A4)  (i[d®A)AN(z) = D(N)(Ar @id)AN(2)B(A)" Ve U (BY),
(A5) N =FEN\)FEI (N W)L

The universal R-matrix is also deformed to
(A.6) R(A) = FEDN\)RFID (AL,

Definition A.1. [12] The face type elliptic quantum group qu,\(BI(\})) is a
quasi-triangular quasi-Hopf algebra (Uq(B](\})), Ay, e, S, ®(N), «, B, R(N)), where
a, [ are defined by

(A7) o= Z S(k)l;, B = ZmiS(ni).

Here we set > k; @l; = F(\)™Y, Y. mi @n; = F(N).
The new universal R matrix R()\) satisfies the dynamical Yang-Baxter equation.
(A8)  RUIIDA+ANHRIDNREDI (A +r1) = REIVRID (A + hEHREID(N).

In [21], we derived vector representations of R(A) for g = Ag\l,), B](\}), C’](\}), Dg\}) and
found that if we parametrize A € h* as A = A(r*, P) = (r* + h"V)d + Z;V:l(Pa; + 1)A,
with 04;- being the simple roots of the dual Lie algebra gV of g, the vector representation
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of R(A) coincides with the corresponding face weight derived by Jimbo, Okado and
Miwa[10]. In particular, for the B](\}) type, if we set

: ) (quc®d+d®cn<)\))’

qc®d+d®cR(>\ + h)) :

RT*(2, P) = (v, ® mv1) <Ad L

]

RY(z,P+h)=(ny.@7mv1) (Ad z~ o ® id) (z
with

_ 1 . _ _ _.
H(A):—/\+ﬁ—§Zhjh7, T=> h;@h
J J

for A\ = A\(r*, P), then R™*(z, P) and R"(z, P + h) coincide with (3.2) up to a gauge
transformation. Moreover we define the L operators of By x(g) by

LT (z,P)=(ry, ®id) <Ad % ' ® 1d> ( 0 C®d+d®c7€()\)> )
> (ZgR(ﬂ)()\)—lq—c@d—d@c) .

L (2, P) = (ny. ®id) <Ad 2
Note that £*(z, P) and £~ (z, P) are not independent: we have
(A.9) L™ (z,P) = LT (2p*¢, P).
In addition, if we define

R™*(2, P) = (Ty,2, ®@ Ty, )JRED(N) ~Lge®d—d®e,
R™(2, P+ h) = (2, ® my,2,) REV(A 4 b))~ gme@d—dee,

Then we have R™*(z, P) = R**(2p*¢%, P), R~ (2, P+h) = R"(2pq~¢, P+ h). Combin-
ing these formulas we obtain from (A.8) the following dynamical RLL relations [13]

(A.10) RE (2, P4+ h)LE (21, P)L™ (22, P + hV) = LF (29, P)LF (21, P + hP)RF* (2, P),
RE(2q%, P+ h)LF (21, P)LF (20, P+ hW) = LT (25, P)LE (21, P + h®)YRE* (2¢T¢, P).

Furthermore define
LE(2) = LE (2, P)e 2™ ()89 ¢ B py(B)[[2, 27 1] [2577, 257 ]HC[R ),

where 7y (he;) = Ej; — E_;_; for the case BJ(\}). Then one can verify that £*(z) satisfy
the RLL relations

(A.11) RE(2, P+ h)LE(21)L (22) = LF (22)LF (21)RE* (2, P),
(A.12) RE(2q™¢, P+ )L (21) LT (22) = LT (22) LF (21) R (247, P).

These RLL-relations coincide with (3.19) and (3.20).



128 HitosHl KONNO AND KAZUYUKI OSHIMA

§ B. Integral Expressions for the Half Currents

For X = E,F, let us denote by [Xj, (vi)---Xj,, (vm)] the product of the ellip-

Po. —1
tic currents X, (v1), -+, Xj,, () where all the zero-modes, w; ™ of Ej(v;) (j =
_ Pay—1/2 (P+h)a; —1
L ,N—-1), wy 7 of En(vn), w; 7 of Fj(vj) (j =1,---,N —1) and
P+h)an —1/2

w ](\, st of Fy(vn), are normally ordered, i.e. they are moved to the right of all
ej(w;) and f;(w;) by using (2.5) and (2.6).

i) The j < k < N case:

(B.1)  [Ej(vj)Ejy1(vj1) - Ex(vr) - En(vn)En(vly) - - - Eg(vy,)]

k-2 _Pam _Pak—1+1
= ¢;(v;)ej41(vjt1) - en(vr) - en(un)en(vy) - ex(vp) [ wm ™ -w 7
m=j
_ Pay -1 N-1 _ Papy, _ Pay-—1/2  Pay+1/2 N-1 Pa,, _ Pay -1
Xw, H Wm T cwy T w7 w T w T
m=k+1 m=k+1
(B2)  [Ex(vy)Ery1(vitq) - En(VN)En(vn) - Ex(vk) - - Ex(v))]
/ / ’ = /—Pam
= ex(v})err1(Vh1) - en(Vi)en(vn) -+ ex(v) - ex(vy) [] w'o ™
m=k
_ Pan—1/2  Pay+1/2 N-1 _ Pay, _ Pa; -1
leN e wN Faed Wyn ¥ . w] r*
m=j5+1
ii) The j = k < N case:
(B.3) [E;(vj)Ejy1(vj1) - En(vn)En (V) - - - Ej(v))]
Pa. —1
=ej(vj)ejr1(vit1) - -en(on)en(vy) - ej(vy)w; 77
N-1 _ Pagy, _PaNfl/Q _PQN+1/2 N-1 Poy, _Paj—l
< ] wan™™ wy 7T Wy I v w7,
m=j+1 m=j5+1
(B.4) [E;(v;)Ej41(v)y ) - En(un)En(vn) - - Ej(v;)]
 Pay -1
= ¢j(vi)ejr1(viq) - en(on)en(on) - --ej(v)w’; T
N-1  Pap _ Pay-—1/2  Pay+1/2 N-1  Pay, _ Pa; -1
% H w/mT . w?\] P wN r* H wm r* . wj r*

m=j+1 m=j+1
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iii) The £ < j < N case:

(B.5) [E;(vj)Ejr1(vjp1) - En(on)En(vy) - Ej(v)) - - - Eg(v},)]

N-1 — p,, _ Pay=1/2  Pay+1/2
X W, T W W . w Sw
m N N m k )
m=j

(B.6) [Ej(v) Bry1(Vgyy) - Bj(v) - - En(vy) En(un) - - - Eg(v;)]

= ¢;(vp)ent1 (Vyr) € (V) - en(viy)en(on) - en(vy) [ w'hm =™ -w'; 7

Paj— N-1 Poy PaN_1/2 PaN+1/2
!/ — T . I — % . 1= F - T . s .
Xwj H w,, w' Wy W w;
m=j+1 m=j5+1

iv) The k < j = N case:

(B.7)  [Ex(on)En(vi) - Ex(vg)]

_PaN—1/2 _PaN+1/2 Po

=en(on)en(vy) - e (V) - er(vp)wy 7T w7 w', T wy ,

(B.8)  [Ek(vy)--- En(vy)En(vnN)]

N-—-2 P Popy_q+1 _ Pay —3/2  Pay—1/2

¥ I

= ex(vy,) - -en(vy)en(vn) w, T oW N Wy Wy

v) The j < k = N case:

(B.9) [Ej(vj)--- En(vn)En(vy)]

— ek(Uj)"‘eN(UN)eN(UEV) H’wm T wy_ T

(B.10) [En(vn)En(vn)- - Ek(v))]

vi) The j = k = N case:
Poy —3/2 P —1/2

(B.11) [Ex(vn)En(vy)] = en(un)en(Vy)wy 77 w'y 7T,
_ Pay—3/2  Pay-1/2

(B.12) [En(vy)En(vn)] = en(vy)en(on)w'y 7wy

The Fj(vj)’s counterpart of the product [Ej, (v1)--- Ej,, (vm)] is obtained by re-

placing e;, (vg) with fj, (vx), w; with wj_l and r* with r.
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Conjecture B.1. Forl1<j<1=0,

-1
a0 f I e (Fiy (01 Fica(oi-2) - Fy (000 v, PR
-1 dw
+%,f 112m$n V) Fjp1(vj41) - Fima(ui=)lf; (v, 05+ vit, P+ h),
Jlm ¥
Fj—l,— (v)
-1 dw
_al—{% IIQWALJF () Fj1(vj1) - Fioa (o)l f 5, (0,05, o1, P4h)
-1 dw
+ a- l—y%_ 11 ngm [Fi—1(vi—1) Fr—2(vi—2)- - - Fj(vj)]f 5, (v, 050+ um1, P+h),
—l,—7 m= j
Sl g .
E/( “ahaj£5771172wrwnl V) Eji1(vj41) - Eioa(vi-1)lgg (0,050 01, P)
dw,y, _
+aljj{*_ H Smiw [Ei—1(vi—1) Ei—2(vi—2) -~ Ej(v)]g; ; (v, 05+ -+ ,vi-1, P),
l] m= _]
Ei—],fl(
aj jK II AW [E1-1(vi-1)Er—2(vi2) - Ej(v;)lg"; (v, 05, 01, P)
= 2miWy, »
-1 dw
saiy b T o By () By (0g0) -+ Eroa(a)lg, (0,05 o, P)
l,j m=j

fhw, v+ vy, P+ h)

[U—Uz 1—|—(P+h) l+l21 —1] ll_[2 Um+1 — Um+(P+h)j,m+1_%][1]

: = 1+_H(P+h3l_1 m=j Um+1_vmi%][(P+h)j,m+1] ’
- P+h)g-j—%5-n—1+0
f:_Ll—j(Uan"',Ul—hPJrh):[U vi + (P+h)- J n + lO]H
| [v—vg———n][(P+h)_,_j—1+5l,0]

)

y H [Um — Um+1 + (P + h)—l,—(m—i—l) - % + 5l,0][1]
[Um — Um+41 + %][(P + h)—l,—(m+l) + 5l,0]

m=j

gl:t:j('vavj"' 7vl—1>P)

*l * k
B [v—vl_l-l—l —< + 1P; ]* [1 1—12 ’Um+1—Um—Pj,m+1+%] 1]

W—W1+llc[P 1 22 [omer = vm & 5] [Py — 1]
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gi _Z(U7vj7 e 7Ul—17P)
_ - V=T +1— Py =80 1 5 [Wm—Vma1— Pt —(mt1) T2 —010]*[1]*
[v—v;— L —n]* [Py ;=1 + 61,0]* = [Vm—Vmi1 £ 5] [Pt~ (m+1)—1 + 01,0]*

Cy ¢ Ipd'w| < lwia| < lg'wl,  IpgT wmia] < wm| < g Wil
CE ;¢ lpa 7wl < lwy| < g7t €wl,

|pqi1wm| < |wm—|—1| < |qi1wm|7
C'*j-E :|gtte

w| < lwi— ] < Pl g o] < Jwm| < [P e winanl,

Cif_z g w] < fwy] < [pt g Cw], g | < wimaa | < [pF T w

for j <m <1—2. Here N+ 1=0. The case l # 0 can be proved in the same way as
for Uy p(AW)[18].

m |

The following is a conjectural expression for the half currents of the second type,
which we obtained by requiring that the integrand should be single-valued and the
vector represention of the L-operator should reproduce the R-matrix.

Conjecture B.2. z) Forj <k =N,

dw,, + duw
E+ ,J —Cl k73%*+ H 2 H Q{Jm

2miw 2miw’
—k,j m=j m o=k m

X[Ej(v')Ej+1(Uj+1) - Ey(vg) - En(un) En(vy) -~ Bg(v3)lg%y 5 (v, 05, -+, vp, P)

N
[1]* dw,, H dw!,
- k:] 1 Yo/
5] 2mwm 27mw,m

X[Ek(vk)Ek+1(Uk+1) . 'EN(UN)EN(UN) o By (vg) o Bg(v7)]197, (0,05, o, P),

k—1 17517

+ ’ [Um — Um—1— Pj7m + 5] [1]
g_ .(’U,’U',--',Uk,P): * *
k,j J ml_j[H [Um — Vm—1 + 3]*[Pjm — 1]

[U _,U;C _ k+4c

—n—P_p+ 1A {7 [

k * *
fo—of — 53¢ — [Pk — 1] ml',L

1= U = Piem + )
1= U+ 5 [P — 1

/
m
(o7

y [vy—vn—Pj0+35]*[1]* ﬁ [V —Vm-1—Pjm+3]* [1]*  [oe—ve—1—Pjrp—3]*[1]*
[y — vn — 5] [P 0]*

o Tom = vmet + W B — 1 ok — v + 21 [Prl”

g:kyj(vﬂjja e 7U],§7P)

/

v—vi =5 - P+ U1 7 [y~ — P + 1)

v — v — 55 =] [Pk — 1) ml_kIH (V-1 = Vi = 517 [Pj—m — 1]

N *[1]%
TN VT 0t QN CPE P PR

[y —on + 3] [vly —on — 2] [P0 — 2] m=it1 [Um = Um—1 — 3*[Pjm — 1]*
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CrE o g < w| < Ipt g R ),
’q wm—1|<’wm|<‘p* 1qi1wm 1| (k—|—1<m<N),

g™ wiy] < Jon| < " laT o], ¢ wn] < Jwnoi| < [P wn| (jH1<n<N)

ii) For j =k < N, we obtain from (B.3) and (B.11),

i dw,, N
ET;(v) =a’y; ]{j e yj 2wy, 1 H 2mw
><[Ej<vj>Ej+1<vj+1>---EN@N)EN(v;V) R ACIARRICRNEEN I
i dw,, N w!,
" [ j{c*;J WHJ 2TEWy, }_[J 2mw

X[Ej(vj)Ejy1(V11) - En(y)En(on) - By (v;)l9=; ; (v, 05, -+, 0}, P),
g—"—_j,j(vvvja"' 7U35P)
[v—vj— 53¢ —p—2P;+1]"[1]* 2 [v

B ] —%— n*[2P; — 1]* 11 v

[U o Uj m=j+1

=, = P+ 5]
1~ Uyt %]*[Pj,—m —1J

/
m
/
m

N

[y —un—Pjo+3]*[1]* 1T [0m—Vm—1=Pim+3]* 1" [o—v+ =L —p + 1]

iy —vn = 517 [Prol* 25 [Om = vt + 5]* [Py — 17 [0 — vy + =H5EE — )

g:j7j(v7vj7"' 7U]7P)
B e sl M M QO N I L
-t} — T 2P — 1 L [y — v — 31 [P — 17

J m 2

[vy — vN]* [UN — vy — Pjo]*[1]* ﬂ [Vm — vm—1 — Pjm + 3] [1]"
[Vm — Vm—1 — 5] [Pjm — 1]*

*—1 :I:l
m—1|7

C5 50 Mg ecw] < |wjl < [p™ g CCw|, | wy, | < wl,] < [p

—JJ
x—1 :I:lwm‘

[T wy| < lwn| < |p*~ Cﬁle!, | W] < Jwim—1] < |p
for j4+1<m < N with

g7 ] < wy| < Ip* eI w] for CF
-3

why| < lwn| < |p* g 3wl for C* ..

lq —5,3°
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iii) For k < j < N, we obtain from (B.5)

E—|—

N
H il H
)=a"
—k J —k.j ot 27rzwm 27Tzw

—k]m j

X[Ej(v;)Ejt1(vj41) - 'EN(UN)EN(UN) - B (0)) - B (0p)lgTy 5 (0,05, v, P)
N
L 1 j[ dw,
T gy 2] Jor- }_[ 2T IW,y, H 2mw

X[Ek(vig)Ek-i-l(vl/f—l—l)"'Ej(vj)"'EN(UN)EN(UN)"'Ek(vj)]g:k,j(v>vj7"' Vs P),

gfkyj(v,vj, Uk, P),

C * * N * *
_ [v— v} — kJQF —n— P+ 1]*[1] H [U;n—1_U;n_Pj,—m+%] [1]
/

[v— v — B —n*[P; _y — 1]* _1— Uy + 5 [Pj—m — 1]*

2 [v

m=k+1

Ut T M TR T U

[oh —ow = S Pl [0 = Vo + 51 P — 17

m=j+1

_ [v— v, — 5 —n—P; _p +1]*[1]*

g_k,-(U,U',"',U;ﬂ,P): * *
7 [0 — v}, = B5E = n]*[Pj—x — 1]

N * *
o H [Vt =Vl — Pj—m + 5] [1]* 0]y — v} — 2P; + ] (1]
m=k+1 [v;n—l — U — %]*[Pj7—m - 1]* ['U;'—l - ,U;' 5 [2PJ - 1]
m#j
* * * N * *
[vy — vn] [vy —vn = Pjol*[1] 11 [Vm — Um—1 — Pjm + 3]*[1]
[viy —on + 5]* [vy — v — 3¥[Pj0 — 5]* m—jt1 [Vm = Vm—1 — 5|*[Pjm — 1]

Chey o la " ew] < Jwy| < [p* g * 1 ¢u,

+1 *—1 +1

lg™ w), ] < |wy,| < [p* ¢ w),_1| (k+1<m<N),

T ] < lwn| < [ le Tl e wal < Jwp-i] < P77 wal (41 <n < N),

. . .

i addition, for ka,j

-3 x—1, -3
q

la wiv| < lwn] <p wil-

vi) For j =k = N, we obtain from (B.11) and (B.12),

dwy  dw)y

Bran(0) =a'nw b i s (B (o) En (04l (010w, o P)
C N N N

« é dwy dwly (B (vh) B ()] ( ' P)
a En(v En(v v,V v P
ta_n N oo omiwy 2w N\UN)EN\UN)IY N NV UN, UN s L7)s
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[v— vy — &5 —n— 2Py + 3]*[1]*
[v— vy — 55 —n*[2Py — 1]*
[vly —vn — Pno+ 1]*[1]* [v —on — N+C 77—|—]
[y —on = 5*[Pyvo—3]* [v—wvn — N“ —
v—vhy — NE 2Py + 3]*[1]*
- v, UN, Uy, P :[ N 2 2
g—N,N( N> YN ) / _N+c_n]*[2PN_1]*

[v— vy 2
[y —vn — Py + 1*[1]* [v — oy — 2 — 4 4]
_M_T}]* ’
2

[y — v + 5] [Prno — 31 [v—on

g—i—_N,N(vavaf\hP) =

b

Cn e Ve gw|<Jun ], [wiy|<[p™ g N Cw], [g T iy [ <lwn <[P g Tl .

Conjecture B.3. i) For j <k <X N,

1] dw i
Fr = P i
oo TL gt ]

—J

X [Fi(v )Fk+1(vk+1) FN(UN)FN(UN)"'Fk(vk:)"'FJ(U;)]f]j:_j(vvka"7U]7P+h)

dw N w!
+ % ]{ H 2w, WH] 27rzw

Cr_ i m=k
- Fn () Fn (o) - < Fig (o)) f

X [Fj(05) Fj 4 (vj40) - - Fie(vg) - (0 Uk 05, Ph),

f]j:—j(vaka" 7UJ7P+h)
v —vf— 4 —n—1+ (P+h)e ][] f[[wnyﬂ%+uﬂwnrm—am
— 0}y, = $[(P+h)k,—m]

J 2

I [T R A
Wy —on] [y —on + (P+R)ko — 2)[1] ﬁ [V — V1 + (P+R)jm — ][1]
[viv —on + 3 ] [viy —on — ‘][(P+h)k U _] m=k+1 [om = vm—1 = %H(P""h)k,m] 7
N [ — Vet + (P A+ R — 3][1]

) [v
fkﬁj(v,vk,... ,’U],P—Fh) H [um—vm,1+%][(}’+h)k,m]

m=k+1
[v— v — % —n =1+ (P +h) ][] ﬁ [Vp—1 = Vg + (P + )k, — %][1]
(011 = vp + [P+ 1)1, —]

['U - U;' - % - 77] [Pk,—j - 1] m=j+1
iy

X

[V 1 — v, +2(P + h)x — 3][1] [vly — v + (P + h)ro — 5][1]

o, oL R+ M1 [y —on — TP+ o2

(k+1<n<N),

P wn| < fwp—1| < g wnl
(j+1<m<N).

Ci_y + Ipa™wiy| < lwn| < l¢*wil,

lpg 7 ew| < Wil < g7 ew|,  IpgTwl, | < |wp,] < lgTrwy, ]

in addition, for Clj’_ ;
pg~wiy| < |wn| < |¢ wiyl.
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ii) For j = k < N, we obtain from (B.3) and (B.11),
N
" 1] dw,y,
Fiiv) = a; ] 1] 740* mH 2T Wy, H 27mw
)Fg+1(vg+1) FN(UN)FN(UN)"'Fj(vl)]f;r_J(U vj, -, V), P4h)

x[Fj(v

N 7{ H dwn, ﬁ dw!,
43— 2TiIW,, ey 2miw!

ij] m

X[Fj(v;) Fjs1(vjy1) - Fn (W) En(on) -+ Fj(05)]f; 5 (v 05, -+, v, P+h),

f;,r—j(vvvja"' ,’UJ,P—f—h)

v = —n—142(P+h); — 1][1] ﬁ [Vn1 =V + (P+h)j,—m — 3][1]
BRI mirer W1 = Vi = 3I(P+R)j - — 1]
vy —on] Wiy —vn + (P+h)j0 — 3] fi Wi — V1 + (P+R)jm — 2][1]
iy —on + 3] ol —vv = 3[(P+h)j0 — 31,250 [om = vm1 = SJ[(P+R)jn — 1]
[v—v§—¥—2n]
fJ_J(UU],-..,UJ7P+h) [U—Uj—u—Qn—l]
XM—M—%—H—1+%P+h%—ﬂD]fi (Vo1 = O + (PH+h)j—m — 3][1]
w—v;— 4 —n2(P+h); —3] 2L [t — Vi + S(P+R)j—m]

[vy —on + (P +h)j0 — 3][1] ﬁ [Vm — Vm—1 + (P +h)jm — 3][1]

i —on — P+ 00 -2) A T Tom — v+ P+ Ry

Ci_i + |pg /M ew| < wj| < lg7 T ew|,  |pgTrwl, | < |w),| < l¢Trw), ],
pg wiy| < lwn| < [¢F' W], g win| < [wm-1] < g7 W]
IpgPwiy] < Jwn| < [¢ 3wy for CF_,

for j4+1<m < N with , ,
pq 302 w| < w| < |¢73 0% w|  for O _
J d,—j

i) k< j < N
N /
By 0) = @y % fég | Hk 2%;” 11 2::Uw
X[ (vk) Fret1 (Vk41) - - Fy(vy) - FN(UN)FN(UN) ()1 fi (v vk, - 05, P4 R)
+ ak,_jgjl{ i At dw;n
[5] Cr sy, 2miwm _‘27rzw;n
X[F5(v5) Fj1 (V) - En () En(un) -+ Fj(v5) -+ Fio(vi)l fy, (v, 0n, -+, 05, P+ h),
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f,~C (U Vg, oo 05 P+ h)

[v—v, =L —n—1+(P+h)_j][1] ﬂ [V = Uy + (P + W) — 5[]

[v— v} — & —n][Pr—; — 1] — vl — $(P + B) =]

B L [l 4
m=j5+1 m
[vhy —vn] ol — o + (P + h)go — 2)[1] ﬁ [V — Vi1 + (P + 1) m — 3][1]
[vly — vn + 1] [y — o — 2][(P + h)ro — 3] i o Vs = P+ h)ml]

[v; —vj—1+ (P4 h)ry + 5][1]
[v; —vj—1 — $][(P + h)g ]

fr (s vp, - , 0}, P+ h)

Y

v - g -1+ (P4 bl ﬁ (Vi1 = Vi + (P + W)= — 3][1]
[U—U;—%—n][})}“_j—l] m=j+1 [U;n 1 U +§][(P+h)k7,m]
[vly — v + (P + h)o — 2][1] ﬂ [Vm = V1 + (P + ) — 3][1]

vl —on = 3][(P + h)ro — 2] [Vm = Vm—1 + 5P+ h)k,m]

m=k—+1
Cir_;  Ip™ wly| < Jwn| < ¢ wi|, IpgT wn| < Jwn—i1| <|¢F'wn| (k+1<n<N),
pg =+ w| < |w]| < g7 Ewl, pgTrwp, 1| < [w),| < lgTrwn, | (G+1<m < N),

in addition, for C,j_ j

pg~ wiv| < Jwn| < lg  wiyl.

dwN dwN / + /
F P+ h
Sty Zetuly Y NN WL, (0,0, iy, P+ )

dwy dwly -
Fa o gt S o) w0 I, (0 vy P+ )

[v—vy — 5 —n+2(P+h)y — 3][1]
[v—vy =5 =nl2(P+h)y — 3]
[y —on + (P +h)vo = 2[1] v —on = ¥ =5+ 3]
[y —on = 3[(P+R)no— 3] [v—vn — 5L =1

fa N N, vy, P+ h) =

Y

[U—vf\,—%—n+2(P+h)N—g][1]
[v—vly —F —nl2(P+ h)y — 3]
[vy —vn + (P + h)no — 2][1] [U—UN—¥—77+%].

vy —on +3[(P+h)vo— 3] [v—ovn — ¥5F 1)

f]\if,fN(UavNavf\hP—i—h) =

Cr_n ¢ Ipa V1 ew| < lwnl, [wy| < gV ew],  |pgFlwy| < lwn| < g7 w].
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