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Abstract 

In this study, methods to draw the impedance plane diagram that is applied to electromagnetic induction testing 

(EIT) of conductors were investigated using the Ampère-Maxwell equation and an electric circuit model to 

enable application of this diagram to EIT of dielectrics. EIT has been applied only to conductors as eddy current 

testing (ECT), but recently it has been found that EIT can also be applied to dielectrics by applying a high-

frequency AC voltage. On the other hand, the evaluation method of EIT for dielectrics has not been sufficiently 

established, and in particular, there are no examples of studies on the drawing of impedance plane diagrams, 

which is widely applied as an evaluation method when ECT is applied to real structures. Therefore, in this study, 

we attempt to draw an impedance plane diagram from the Ampère-Maxwell equation and a simple electrical 

circuit, as in ECT. First, based on the Ampère-Maxwell equation that considers eddy and displacement currents, 

a theoretical solution for the impedance was derived by considering both conductivity and permittivity, and an 



2 

 

impedance plane diagram was then drawn. From the impedance diagrams obtained, it was shown that the same 

trends can be drawn for impedance diagrams for both conductors and dielectrics. Next, an electrical circuit 

model for EIT was proposed that takes both the conductivity and the permittivity of the material into account. 

Using the electric circuit equations, impedance plane diagrams for conductors and dielectrics were drawn, and 

for dielectrics in particular, it was shown that the impedance plane diagrams can be drawn by considering the 

conductivity of the dielectric material. In addition, similar to the impedance plane diagrams drawn from the 

electric circuit model and derived from the Ampère-Maxwell equation, the change behavior in the impedance 

plane diagrams clearly differs between the cases where the conductivity and permittivity of the dielectric change 

and the case where the lift-off changes. This demonstrates the effectiveness of the electric circuit model in 

providing a qualitative understanding of the effects of the dielectric conditions and the measurement conditions 

on EIT of dielectrics. 

 

Keywords: nondestructive evaluation, electromagnetic induction testing, dielectrics, impedance plane diagram 
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1. Introduction 

Electromagnetic induction testing (EIT) is a nondestructive inspection method in which an alternating current 

(AC) voltage is applied to a coil to induce eddy currents or displacement currents in a specimen under test; the 

changes in these electromagnetic fields are then used to detect defects in materials and evaluate the degree of 

curing and the moisture absorption of resins. EIT of conductors, which is called eddy current testing (ECT), is 

performed to detect manufacturing defects and to verify the alloy composition and the hardness of a product 

when incorporated into a production line. EIT has conventionally been limited to use on conductors, but Heuer 

et al. reported recently that EIT can be applied to dielectric materials by using higher frequency AC voltages 

[1]. Through use of high-frequency waves, Mizukami et al. reported that it is possible to detect both local 

thinning and slit-like defects in glass fiber-reinforced plastics (GFRPs) [2]. Gäbler et al. also reported that it is 

possible to detect poor epoxy resin curing and thinning of polymethyl methacrylate [3]. Furthermore, the authors 

of this work reported that the moisture absorption of GFRPs can be measured using EIT [4]. However, when 

EIT for conductors (i.e., ECT) is compared with EIT for dielectrics, ECT is widely used in industry, as noted 

above, but EIT for dielectrics still suffers many problems in practice and remains a laboratory-level research 

task. One challenge that faces EIT for dielectrics is that the relevant theoretical system is not well established 

when compared with that for ECT. In particular, while established methods are available to evaluate the effects 

of various parameters, including the frequency, lift-off, material conductivity, magnetic permeability, and coil 

dimensions, on the impedance in ECT evaluations based on application of an impedance plane diagram to ECT 

[5, 6]. In addition to the single coil, which is the most basic type of ECT, it has been reported that it is possible 

to evaluate rectangular planar coils [7] and Double Gradient Winding Coils, in which the coil is wound in a 

unique way from a planar coil [8]. In addition to conventional metals [9], this evaluation method has recently 

been reported to be applicable to carbon fiber reinforced plastics, common anisotropic materials [10, 11]. Hence, 

the application of EIT to dielectrics can be expected to be expanded once the technique for drawing impedance 

plane diagrams is established. However, no similar methods have been established for use in EIT for dielectrics 

to date.  

The objective of this study is to draw impedance plane diagrams for dielectric materials when EIT is applied to 

them, and also to evaluate the effects of frequency, lift-off, material conductivity, and permittivity on the 

impedance plane diagrams. In other words, methods to draw impedance plane diagrams that are applicable to 

both conductors and dielectrics are investigated. In EIT for conductors (ECT), there are two possible methods 

to draw impedance plane diagrams: theoretically, based on the Ampère-Maxwell equation [7], and by simply 

modeling the test conditions in an electrical circuit [5, 6]. Impedance diagrams drawn using the former method 

are highly accurate, but the equations derived in this manner are complex and the actual physical phenomena 

can easily become a black box. In contrast, an impedance diagram drawn using the latter method is less accurate 

than that obtained by the former method, but the electrical circuit model is simpler, which means that it is easier 
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to understand the physical phenomena that occur in the material. These two methods are used appropriately, 

depending on the purpose of use of the material. In this study, the use of these two methods to draw impedance 

plane diagrams that are applicable to both conductors and dielectrics is investigated, and attempts are also made 

to draw impedance plane diagrams using the two methods described above. 

The content of this paper is described as follows. First, based on the Ampère-Maxwell equation, which takes 

the effects of both the eddy and displacement currents into account, a theoretical solution is derived for the 

impedance of a coil that is applicable to the EIT of both conductors and dielectrics. Using this theoretical 

solution, impedance plane diagrams are drawn for conductors and dielectrics to investigate the effects of the 

conductivity, permittivity, frequency, and lift-off on their impedance behavior. Next, by combining the electric 

circuit model used to discuss the impedance of dielectrics with the electric circuit model applied to EIT of 

conductors [12, 13], an electric circuit model that is applicable to both conductor and dielectric EIT is proposed. 

The circuit equations are derived from the circuit model and are solved to draw impedance plane diagrams for 

conductors and dielectrics during EIT, and the effects of the resistance, capacitance, frequency, and coupling 

coefficient on the impedance behavior are investigated. Furthermore, the impedance plane diagrams drawn 

based on the electric circuit model are compared with those derived from the theoretical solution, and the 

validity of the proposed electric circuit model is examined. 

 

2. Drawing impedance plane diagrams from the Ampère-Maxwell equation 

2. 1. Calculation of impedance when considering conductivity and permittivity 

 

 

Fig. 1 Analytical model for derivation of analytical solutions for the vector potential when considering the 

conductivity σ and the relative permittivity ε 

 

An analytical method for the electromagnetic field of a coil in ECT has been proposed in works by Dodd and 
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Deeds and by Luquire et al. [14, 15]. In this study, this analytical method is used to derive a theoretical solution 

for the coil impedance when the conductivity and permittivity are considered. To derive a theoretical solution 

for the impedance, it is necessary to calculate the electromagnetic field formed in the material by the coil, and 

this requires calculation of a vector potential. Mizukami et al. used the model shown in Fig. 1 to derive a 

theoretical solution for the vector potential formed in the dielectric and in the coil [2]. Figure 1 shows an 

analytical model in which a coil of height l2 − l1, inner diameter 2r1, and outer diameter 2r2, with a number of 

turns of n, is placed directly above a dielectric material with relative permittivity ε, conductivity σ, and a depth 

of ∞ at the lift-off l1, and an alternating current with an angular frequency ω and a current density i0 is applied 

to the coil. In Fig. 1, the Ampère-Maxwell equation in cylindrical coordinates when the effects of eddy currents 

and displacement currents are taken into account is given as (1) below: 

∂
2
Aθ

∂r2
 + 

1

r

∂Aθ

∂r
 + 

∂
2
Aθ

∂z2
 – 

Aθ

r2
 = –𝜇0i0 + (jωμ

0
σ – ω2μ

0
ε0ε)Aθ (1) 

In equation (1), Aθ is the vector potential in the θ direction, j is the imaginary unit, μ0 is the magnetic permeability 

of a vacuum, and ε0 is the permittivity of a vacuum. The first term in parentheses on the right side of equation 

(1) represents the eddy currents, and the second term in parentheses represents the displacement currents. In 

solving equation (1), Mizukami et al. derived the vector potential by taking only the displacement currents into 

account and assuming that the effects of the eddy currents are very small at high frequencies [2]. Because the 

boundary conditions in the model shown in Fig. 1 do not change when the conductivity is taken into 

consideration, it is possible to derive a vector potential that takes both the eddy and displacement currents into 

account by adding the effect of the conductivity to the part of the solution for the vector potential derived by 

Mizukami et al. [2]. In other words, even if the eddy and displacement currents are considered, the vector 

potential is almost the same as that derived by Mizukami et al. The vector potential on the coil shown in Fig. 1 

can be calculated using equation (2): 

Aθ(r, z) = 
𝜇0i0

2
∫

1

αα0
2

I(r2, r1)J1(αr)(F + G)dα

∞

0

 (2) 

Here, J1(αr) in equation (2) is a first-order Bessel function, and α0, I(r1, r2), F, G, and i0 can be calculated using 

equations (3)–(7): 

α0 = (α – ω2μ
0
ε0)

1/2
 (3) 

 I(𝑟1, 𝑟2) = ∫ xJ1(x)dx

αr2

αr1

 (4) 

F = 2 – exp{–α0(l2 – z)} – exp{–α0(z – l1)} (5) 

G = 
α0 – α1

α0 + α1

exp(–α0z){exp(–α0l1) – exp(–α0l2)} (6) 
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i0 = 
nI

(l2 – l1)(r2 – r1)
 (7) 

Here, I is the current that passes through the coil. α1 in equation (6) can be calculated using equation (8): 

α1 = (α2 + jωμ
0
μσ – ω2μ

0
ε0ε)

1/2
 (8) 

The second term on the right-hand side in equation (8) is the term that represents the eddy currents, which 

Mizukami et al. neglected when deriving the vector potential because its effect is infinitely smaller than the 

effect of the third term on the right-hand side, i.e., the displacement current [2]. Using the vector potential from 

equation (2), the coil voltage V can be calculated using equation (9): 

 V = j
2πωn

(l2 – l1)(r2 – r1)
∫ ∫ rAθ(r, z)drdz

r2

r1

l2

l1

 (9) 

From Ohm's law, equation (10) holds when the coil impedance is Z: 

V = ZI ⇔ Z = 
V

I
 (10) 

Using equations (9) and (10), the impedance Z is determined as shown in equation (11) below: 

 Z = 
V

I
 = j

μ
0
πωn2

(l2 – l1)
2(r2 – r1)

2
∫

1

α3α0
2

I2(r1, r2)dα

∞

0

∫ (F + G)dz

l2

l1

 (11) 

In equation (11), integration of the last term (F + G) over the range from l1 to l2 yields the coil impedance Z, as 

shown in equation (12) below: 

 Z = 
V

I
 = j

μ
0
πωn2

(l2 – l1)
2(r2 – r1)

2
∫

H

α3α0
2

I2(r1, r2)dα

∞

0

 (12) 

Here, H in equation (12) is given by equation (13): 

 H = 2(l2 – l1) + 
α0 – α1

α0(α0 + α1)
{ exp(–α0l2)  – exp(–α0l1)}

2
 + 

2

α0

[ exp {–α0(l2 – l1) – 1} ] (13) 

In the following sections, we use equations (12) and (13) to draw the impedance plane diagrams when EIT is 

applied to conductors and dielectrics. The coil was set up such that its inner diameter 2r1 was 14 mm, its outer 

diameter 2r2 was 16 mm, the lift-off l1 was 1.0 mm, the coil height l2 − l1 was 21 mm, the number of coil turns 

n was 20 turns, and the applied current I was 0.10 A. In all analyses, the impedance plane diagrams were drawn 

for a specimen with only the conductivity σ, a specimen with only the relative permittivity ε, and a specimen 

with both σ and ε, while the frequency f and the lift-off l1 were varied. 

Numerical analysis software (MATLAB R2019b, MathWorks, Inc., Natick, MA, USA) was used to perform the 

analysis. 

2. 2. Drawing impedance plane diagrams 

2. 2. 1. Conductors 

When an impedance plane diagram is drawn for ECT, it is common practice not to consider the conductor’s 
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permittivity; therefore, it is assumed that ε = 0 in the discussion here. When drawing impedance plane diagrams 

for different frequencies f, the lift-off l1 was fixed at 1.0 mm and the frequency f was varied, with values of 2.0, 

4.0, 6.0, 8.0, and 10 kHz being used. Furthermore, when the impedance plane diagrams were drawn for different 

values of lift-off l1, the frequency f was fixed at 10 kHz and the lift-off l1 was selected from values of 1.0, 2.0, 

3.0, 4.0, and 5.0 mm. For all the impedance plane diagrams, the conductivity σ was varied from 1.0 to 1.0×107 

S/m. 

 

Fig. 2 Impedance plane calculations using the Ampère–Maxwell equation for the conductor when the frequency 

f and the conductivity σ are varied 

 

Figure 2 shows the results obtained when impedance plane diagrams were drawn for the various values of 

frequency f. The vertical axis in Fig. 2 represents the imaginary part of the impedance Z denoted by Im (Z) and 

the horizontal axis represents the real part of Z denoted by Re (Z). Figure 2 shows that at any frequency f, the 

impedance diagrams are elliptical in shape, and that the impedance moves in a clockwise direction when the 

conductivity σ increases. The figure also shows that the radius of the impedance plane diagram increases when 

the frequency f increases, and that it moves in the + direction of the y-axis. The results above show that when 

the frequency f increases, the change in impedance with respect to the change in conductivity σ also increases. 

However, when the frequency f increases, the eddy current penetration depth δ then decreases because δ = 

1/(πfμ0μσ)1/2 [16]. Therefore, the tradeoff between these two parameters must be taken into consideration to 

increase the sensitivity to changes in conductivity. 
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Fig. 3 Impedance plane calculations using the Ampère–Maxwell equation for the conductor when the lift-off l1 

and the conductivity σ are varied 

 

Figure 3 shows the results obtained when the impedance plane diagrams were drawn for different values of the 

lift-off l1. The vertical and horizontal axes in Fig. 3 are the same as in Fig. 2. Figure 3 shows that for any value 

of the lift-off l1, the impedance plane diagrams are elliptical and that the impedance moves in a clockwise 

direction when the conductivity σ increases. The figure also shows that the impedance plane radius increases as 

the lift-off l1 decreases. The results above show that a smaller value of l1 leads to a greater change in the 

impedance with respect to any change in the conductivity σ. This indicates that the lift-off value should be as 

small as possible to increase sensitivity to changes in the conductivity. 

The above analysis results are a well-known and are qualitatively consistent with the results of previous studies 

[14, 17]. These simulations were performed in order to compare with the dielectric simulation results to be 

performed in the subsequent sections. 

2. 2. 2. Dielectrics  

Case A. When only the permittivity is considered 

First, the properties of ideal dielectric materials are discussed. In the case of an ideal dielectric, the conductivity 

is infinitely small, as noted by Mizukami et al. [2], and the effect of the eddy currents in equation (1) can be 

neglected, which means that the conductivity σ in the dielectric is discussed as having a value of 0 S/m. When 

impedance plane diagrams were drawn for the different values of the frequency f, the lift-off l1 was fixed at 1.0 

mm and the values of frequency f were 2.0, 4.0, 6.0, 8.0, and 10 MHz. To draw the impedance plane diagrams 

with different values of lift-off l1, the frequency f was fixed at 10 MHz, and the values of lift-off l1 were 1.0, 

2.0, 3.0, 4.0, and 5.0 mm. In all impedance plane diagrams, the relative permittivity ε was varied from 1.0 to 

1.0×107.  
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Fig. 4 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the relative permittivity ε only when the frequency f and the relative permittivity ε are varied 

 

Figure 4 shows the results obtained when the impedance plane diagrams were drawn for various values of 

frequency f. The vertical and horizontal axes in Fig. 4 are the same as in Fig. 2. Figure 4 shows that the 

impedance plane diagrams are elliptical in shape at all frequencies f and that the impedance moves clockwise 

with increasing relative permittivity ε. The impedance diagram radius increases with increasing frequency f and 

it moves in the + direction of the y-axis. The results above indicate that when the frequency f increases, the 

change in the impedance also increases with respect to the change in permittivity. It has been reported previously 

that the penetration depth of the displacement current is independent of the operating frequency up to 

approximately 10 MHz [2], which means that the highest possible frequency should be applied to increase 

sensitivity to changes in the permittivity without needing to take the coil’s resonance frequency into 

consideration. 
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Fig. 5 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the relative permittivity ε only when the lift-off l1 and the relative permittivity ε are varied 

 

Figure 5 shows the results obtained when the impedance plane was drawn for different values of lift-off l1. The 

vertical and horizontal axes in Fig. 5 are the same as in Fig. 2. Figure 5 shows that for any value of the lift-off 

l1, the impedance plane diagrams are elliptical and that the impedance moves in a clockwise direction when the 

relative permittivity ε increases. The figure also shows that the impedance increases in terms of the radius of 

the impedance plane diagrams when the lift-off l1 decreases. The results above indicate that a smaller lift-off l1 

leads to a greater change in impedance with respect to any changes in the permittivity, and the lift-off should 

therefore be as small as possible to increase sensitivity to changes in the permittivity. 

These results demonstrate that the conductivity σ in a conductor corresponds to the relative permittivity ε in a 

dielectric, and that EIT for an ideal dielectric, i.e., testing in which the permittivity alone is considered, can 

enable an impedance plane diagram to be drawn with the same tendency as that for EIT of a conductor. 

Case B. When both the conductivity and permittivity are considered 

Next, actual dielectric materials are discussed. In actual dielectrics, it is necessary to consider the conductivity 

along with the permittivity. This is because it has been reported that the dielectric conductivity σ tends to 

increase with increasing frequency f. For example, the conductivity of epoxy resin ranges from approximately 

1.0×10−4 S/m to 1.0×10−3 S/m at 10 MHz [18, 19]. This conductivity range is approximately 109 to 1010 S/m 

greater than the range estimated by Mizukami et al. when they assumed infinitely small dielectric conductivity 

[2]. When 1.0×10−4 S/m is used as the dielectric conductivity, the magnitudes of the eddy currents Je and the 

displacement currents Jd can be compared in the same manner that they were compared by Mizukami et al. by 

using equation (14). 
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Jd

Je

 = 
ω2μ

0
ε0ε

ωμ
0
σ

 = 
ωε0ε

σ
 = 

2 × 3.14 × 1.0 × 107 × 8.85 × 10−12 × 3

1.0 × 10−4
 ≅ 16.7 (14) 

Therefore, it was found to be necessary to account for the effects of the eddy currents along with the effects of 

the displacement currents in actual dielectrics, and in the analysis presented here, the effects of both conductivity 

and permittivity were taken into account. When impedance plane diagrams were drawn with different 

frequencies f, the lift-off l1 was fixed at 1.0 mm, and the values of the frequency f were 2.0, 4.0, 6.0, 8.0, and 

10 MHz. When the impedance plane diagrams were drawn with different values of the lift-off l1, the frequency 

f was fixed at 10 MHz, and the values of l1 were 1.0, 2.0, 3.0, 4.0, and 5.0 mm. For all the impedance diagrams, 

the analysis was performed while varying either the conductivity σ or the relative permittivity ε. When the 

conductivity σ was varied, the relative permittivity ε was fixed at 3.0, and the conductivity σ was varied from 

1.0 to 1.0×107 S/m. When the relative permittivity ε was varied, the conductivity σ was fixed at 1.0×10−4 S/m, 

and the relative permittivity ε was varied from 1.0 to 1.0×107. 

 

 

Fig. 6 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the frequency f and the conductivity σ are varied 
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Fig. 7 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the frequency f and the relative permittivity ε are varied 

 

Figures 6 and 7 show the results obtained when the impedance plane diagrams were drawn at different values 

of the frequency f. Figure 6 shows the impedance plane diagrams obtained when the relative permittivity ε was 

fixed at 3.0 and Fig. 7 shows the impedance plane diagrams obtained when the electrical conductivity σ was 

fixed at 1.0×10−4 S/m. The vertical and horizontal axes in Figs. 6 and 7 are the same as in Fig. 2. In the 

impedance plane diagrams in Figs. 6 and 7, the trend in Fig. 6 matches that of Fig. 2, which takes only 

conductivity into account, and the trend in Fig. 7 matches that of Fig. 4, which takes only permittivity into 

account. Figure 6 shows that the impedance plane diagrams do not start on the y-axis when the conductivity σ 

is varied, but this problem can be resolved by reducing the conductivity σ further and then performing the 

calculation. 
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the conductivity σ and the relative permittivity ε when the lift-off l1 and the conductivity σ are varied 

 

 

Fig. 9 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the lift-off l1 and the relative permittivity ε are varied 

 

Figures 8 and 9 show the results obtained when the impedance plane diagrams were drawn at different values 

of the lift-off l1. The vertical and horizontal axes in Figs. 8 and 9 are the same as in Fig. 2. In the impedance 

plane diagrams in Figs. 8 and 9, the trend in Fig. 8 matches that of Fig. 3, which takes only conductivity into 

account, and the trend in Fig. 9 matches that of Fig. 5, which takes only permittivity into account. In Fig. 8, the 

impedance plane diagrams do not start on the y-axis; however, as shown in Fig. 6, this issue can be resolved by 

reducing the conductivity σ further and then performing the calculation. 

The results above showed that the impedance plane diagrams for actual dielectrics with both conductivity and 

permittivity can be drawn that show the same tendencies as those for ideal dielectrics, where only the 

permittivity is considered. Therefore, it is possible to draw impedance plane diagrams for both conductors and 

dielectrics with similar trends in EIT. 

 

3. Drawing impedance plane diagrams from a simple electrical circuit model 

3. 1. Calculation of the impedance when considering a resistor and a capacitor 

Based on the electric circuit model that is applied to ECT, i.e., for conductors, an electric circuit model for 

dielectrics is constructed here and an impedance plane diagram is then drawn. It was reported previously that 

ECT can simulate the actual test conditions by using an electric circuit model, which then enables the impedance 

diagram to be drawn [5, 6], and the tendency of this diagram agrees with that of the theoretical impedance plane 

diagram that was drawn based on the Ampère-Maxwell equation. For this reason, this section also presents an 

investigation of whether the tendency in EIT for dielectrics matches the tendency above by comparing the 

0.0

5.0

10.0

15.0

20.0

25.0

0.00 0.50 1.00 1.50 2.00 2.50

l1 = 1 mm

l1 = 2 mm

l1 = 3 mm

l1 = 4 mm

l1 = 5 mm

Im
(Z

) 
[×

1
0

−
3

Ω
]

Re (Z) [×10−3 Ω]

0

5.00

0 0.500

ε = 1.0 × 107

ε = 1



14 

 

results obtained from the Ampère-Maxwell equation with the impedance plane diagrams drawn based on the 

electric circuit model. 

 

 

Fig. 10 Electrical circuit model for EIT of electrical conductors 

 

The electric circuit model used in ECT is explained first [5, 6]. Figure 10 shows the electric circuit model when 

applied to a conductor. The electric circuit shown in Fig. 10 consists of a primary circuit and a secondary circuit, 

where the primary circuit side represents a coil connected to the power source and the secondary circuit side 

represents the material under test. Application of a voltage V1 to the primary circuit side induces a current I1, 

and the flow of I1 in the coil induces another current I2 in the secondary circuit by mutual induction. The 

magnetic coupling between the primary and secondary circuits here can be expressed using the coupling 

coefficient k (where 0 ≤ k ≤ 1). Using k, the inductance L0 of the primary circuit, the inductance Ls of the 

secondary circuit, and the mutual inductance M of the primary and secondary circuits in Fig. 10 can be 

calculated using M = k(L0LS)1/2. The current I2 induced in the secondary circuit by mutual induction flows 

through the resistance R, which determines the impedance of the entire circuit. Here, R corresponds to the 

conductivity σ of a conductor, and the relationship between the resistance R and the conductivity σ can be 

calculated using R = ρl/A = l/(σA). 

In this equation, ρ is the resistivity, A is the cross-sectional area of the test specimen, and l is the length of the 

specimen. From this equation, l/A must be calculated to link the resistance R to the conductivity σ. In this paper, 

the value of l/A is assumed to be constant, and the changes in the resistance R are assumed to be changes in the 

conductivity σ. 
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I1 I2

Ls
RV2L0

k
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Fig. 11 Electrical circuit model for EIT of dielectrics when considering the resistor and the capacitor 

 

For the electric circuit model for conductors described above, a circuit model is proposed that takes both the 

conductivity and the permittivity into account by connecting a capacitor in parallel to the resistor on the 

secondary circuit side. Figure 11 shows the resulting electric circuit model when both the conductivity and the 

permittivity are considered. In Fig. 10, only an inductor and a resistor were used as circuit elements on the 

secondary circuit side, whereas in Fig. 11, a capacitor has been added to the secondary circuit of Fig. 10, and 

this capacitor is connected in parallel with the resistor. The parallel-connected resistor and capacitor in the 

secondary circuit are the circuit elements that are used to simulate dielectrics when drawing Cole-Cole plots, 

which are applied in the electrochemical field [12, 13]. The capacitor shown in Fig. 11 corresponds to the 

permittivity, and the relationship between its capacitance C and its relative permittivity ε can be calculated using 

C = εε0S/d. In this equation, S is the area of the pole plate and d is the distance between the electrodes. As the 

equation indicates, it is necessary to calculate S/d to link the capacitance C with the relative permittivity ε. In 

this paper, the value of S/d is assumed to be constant and the changes in the capacitance C are assumed to be 

changes in the relative permittivity ε. 

The impedance of the secondary circuit relative to that of the primary circuit in the electric circuit shown in Fig. 

11 is calculated using Kirchhoff's law, where I3 is the current passing through the resistor and I4 is the current 

passing through the capacitor. Equation (15) is then obtained as follows: 

{
 
 

 
 

V1 = jωL0I1 + jωMI2 + R0I1

V2 = jωMI1 + jωLsI2

V2 = (
j

ωC
) (–I3)

V2 = –RI4

I2 = I3 + I4

 (15) 

To solve equation (15), the impedance of the secondary circuit relative to that of the primary circuit must be 

calculated, and x and y are defined as shown in equation (16) below: 

R0

I1

Ls R CV2

I2

I3
I4

V1
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V1

I1

 = R0 + jωL0 – ω2M
2 {

jωRC + 1

–R – jωLs(jωRC + 1)
}  ≡ x + jy (16) 

Solution of equation (16) then yields equation (17): 

{
 
 

 
 x – R0 = 

ω2M2R

(R – ω2RCLs)
2 + ω2Ls

2

y – ωL0 = 
–ω3M2Ls + ω3M2RC(R – ω2RCLs)

(R – ω2RCLs)
2 + ω2Ls

2

 (17) 

In the following sections, equation (17) will be used to draw the impedance plane diagrams when EIT is applied 

to conductors and dielectrics. Here, the resistance of the primary circuit R0 was assumed to be 100 Ω. The 

inductance L0 on the primary circuit side, i.e., the coil inductance, was calculated using equation (18), which 

was proposed by Nagaoka [20]: 

L0 = KN

μ
0
μπr2n2

l
 (18) 

Here, μ is the relative permeability, KN is the coefficient reported by Nagaoka [20], r is the coil radius, l is the 

coil height, and n is the number of turns in the coil. To calculate (18), the same values that were described above 

were used, with the exception of the values of r and KN. The coil radius r was calculated using the average of 

the inner and outer diameters of the coil, and the resulting value was 15 mm. The ratio of the coil diameter 2r 

to the coil height l, as calculated based on the radius r, gives equation (19) as follows: 

2r

l
 ≅ 0.714 (19) 

Using this value, the value of KN that was proposed in previous studies was calculated to be 0.75 [20]. The 

inductance Ls on the secondary circuit side was assumed to be 1/10 of the value of L0. In all analyses, the 

impedance plane diagrams were drawn for various values of the frequency f and coupling coefficient k for the 

specimen while considering only the resistance R of the secondary circuit, only the capacitance C of the 

secondary circuit, and both the resistance R and the capacitance C of the secondary circuit. The coupling 

coefficient k represents the degree of magnetic coupling between the primary and secondary circuits, and does 

not strictly represent the lift-off alone; in this study, however, it was assumed that changes in the coupling 

coefficient represent the changes in the lift-off. 

3. 2. Drawing the impedance plane diagrams 

3. 2. 1. Conductors 

When impedance diagrams are drawn based on the electric circuit model for a conductor, the permittivity (or 

the capacitor) is not taken into account, as per the analysis. For this reason, the current flow through the capacitor 

must be set at zero. The reactance ZC of the capacitor can be calculated using ZC = 1/(jωC). This equation shows 

that as the capacitance C becomes infinitely small, the reactance ZC of the capacitor then approaches infinity. 
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As a result, no current can flow through the capacitor and the electric circuit model is as shown in Fig. 10. 

Therefore, to calculate the impedance of a conductor when using the electric circuit model, equation (20) is 

obtained by using the limit that C → 0 for equation (17): 

{
 
 

 
 x – R0  = lim

C→0

ω2M2R

(R – ω2RCLs)
2 + ω2Ls

2  = 
ω2M2R

R2 + ω2Ls
2

y – ωL0  = lim
C→0

–ω3M2Ls + ω3M2RC(R – ω2RCLs)

(R – ω2RCLs)
2 + ω2Ls

2
 = –

ω3M2Ls

R2 + ω2Ls
2

 (20) 

The equations derived above are consistent with the results that were calculated by applying Kirchhoff's law to 

the electric circuit model shown in Fig. 10. When impedance diagrams were drawn for the different values of 

frequency f, the coupling coefficient k was fixed at 0.50 and the values of f were 2.0, 4.0, 6.0, 8.0, and 10 kHz. 

To draw the impedance plane diagrams with different values of the coupling coefficient k, the frequency f was 

fixed at 10 kHz and the values of the coupling coefficient k were 0.20, 0.40, 0.60, 0.80, and 1.0. For all the 

impedance diagrams, the secondary circuit resistance R was varied from 1.0×10−2 Ω to 1.0×1010 Ω. 

 

Fig. 12 Impedance plane calculations using the electrical circuit model for the conductor when the frequency f 

and the resistance R are varied 

 

Figure 12 shows the results obtained when the impedance plane diagrams were drawn at various values of 

frequency f. The vertical axis of Fig. 12 represents the imaginary part of the impedance Z (Im (Z)), and the 

horizontal axis represents the real part of Z (Re (Z)). The figure shows that the impedance plane diagrams form 

circles at any frequency f, and also shows that the impedance plane moves in the clockwise direction as the 

resistance R decreases, i.e., as the conductivity σ increases. The impedance diagram radius increases as the 

frequency f increases and the impedance diagrams move in the + direction of the y-axis. The trend of the results 

presented above are consistent with the impedance diagram drawn based on the Ampère-Maxwell equation (see 

Fig. 2). 
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Fig. 13 Impedance plane calculations using the electrical circuit model for the conductor when the coupling 

coefficient k and the resistance R are varied 

 

Figure 13 shows the results obtained when the impedance plane diagrams were drawn for different values of 

the coupling coefficient k. The vertical axis in Fig. 13 represents the imaginary part of the impedance Z (Im (Z)) 

and the horizontal axis represents the real part of Z (Re (Z)). The figure shows that the impedance moves in the 

clockwise direction as the resistance R decreases, i.e., as the conductivity σ increases. Additionally, it shows 

that the impedance diagram radius increases as the coupling coefficient k increases, i.e., as the lift-off l1 

decreases. The trend of the results shown above are consistent with the corresponding impedance plane 

diagrams drawn based on the Ampère-Maxwell equation (see Fig. 3). 

3. 2. 2. Dielectrics 

Case A. When only the capacitance is considered 

 

 

Fig. 14 Electrical circuit model for EIT of dielectrics while considering the capacitor only 
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When an impedance plane diagram is drawn from an electric circuit model for an ideal dielectric, where only 

the permittivity is considered and the conductivity is 0 S/m, the conductivity (or resistance) is not taken into 

account, as per the case of the analysis presented above. For this reason, the current that flows through the 

resistance must be set at zero. When the resistance R is assumed to be as high as possible, no current can flow 

through the resistor, and the electric circuit model then becomes as shown in Fig. 14. For this reason, to enable 

the impedance of the dielectric material to be calculated when considering the permittivity only using the 

electric circuit model, equation (21) is obtained by assuming the limit that R → ∞ for equation (17): 

{
 
 

 
 x – R0  = lim

R→∞

ω2M2R

(R – ω2RCLs)
2 + ω2Ls

2  = 0

y – ωL0  = lim
R→∞

–ω3M2Ls + ω3M2RC(R – ω2RCLs)

(R – ω2RCLs)
2 + ω2Ls

2
 = 

ω3M2C

(1 – ω2CLs)

 (21) 

The equation derived above agrees well with the results calculated by applying Kirchhoff's law to the electric 

circuit model shown in Fig. 14. Equation (21) indicates that x is R0 for any value of y, which implies a straight 

line oriented parallel to the y-axis. Therefore, the impedance diagram that is calculated based on the electric 

circuit model when the permittivity alone is considered clearly differs from the impedance plane diagrams 

drawn based on the Ampère-Maxwell equation. In other words, the proposed electric circuit model cannot be 

used to draw an impedance plane diagram for an ideal dielectric. 

Case B. When both resistance and capacitance are considered 

When an impedance plane diagram is drawn based on the electric circuit model for a dielectric material in which 

both the permittivity and the conductivity are considered, the resistance and capacitance are then taken into 

account. When impedance diagrams were drawn with different values of the frequency f, the coupling 

coefficient k was fixed at 0.50 and the values of f were 2.0, 4.0, 6.0, 8.0, and 10 MHz. Furthermore, when 

impedance plane diagrams were drawn for different values of the coupling coefficient k, the frequency f was 

fixed at 10 MHz and the values of the coupling coefficient k were 0.20, 0.40, 0.60, 0.80, and 1.0. In all the 

impedance diagrams, the analysis was performed while either the resistance R or capacitance C of the secondary 

circuit was varied. When R was varied, the capacitance C was fixed at 1.0×10−12 F and R was varied from 

1.0×10−2 Ω to 1.0×1010 Ω. When C was varied, the resistance R was fixed at 1.0×102 Ω and C was varied from 

1.0×10−12 F to 5.5×10−8 F. 
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Fig. 15 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the frequency f and the resistance R are varied 

 

 

Fig. 16 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the frequency f and the capacitance C are varied 

 

Figures 15 and 16 show the results obtained when the impedance plane diagrams were drawn for different 

values of the frequency f. Figure 15 shows the impedance plane diagrams obtained when the capacitance C was 

fixed at 1.0×10−12 F and Fig. 16 shows the impedance plane diagrams obtained when R was fixed at 1.0×102 Ω. 

The vertical axes in Figs. 15 and 16 represent the imaginary part of the impedance Z (Im (Z)) and the horizontal 

axes represent the real part of Z (Re (Z)). In Figs. 15 and 16, the impedance plane diagrams are circular in shape 

at all values of the frequency f, and we can see that the impedance moves clockwise with decreasing resistance 

R (i.e., with increasing conductivity σ) in Fig. 15 and with increasing capacitance C (i.e., with increasing relative 

permittivity ε) in Fig. 16. Furthermore, these figures also show that the impedance transitions occur in the + 
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direction of the y-axis when the frequency f increases. In Fig. 15, which shows an impedance diagram with 

fixed capacitance C and varying resistance R, the impedance diagram radius increases as f increases, and the 

starting point of this impedance diagram begins on the y-axis at any frequency f. In contrast, in Fig. 16, which 

shows an impedance diagram with fixed resistance R and varying capacitance C, the impedance plane diagram 

radius remains constant, even when the frequency f increases, and the starting point of this impedance plane 

diagram varies with frequency f. 

 

 

Fig. 17 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the coupling coefficient k and the resistance R are varied 

 

 

Fig. 18 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the coupling coefficient k and the capacitance C are varied 
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values of the coupling coefficient k. Figure 17 shows the impedance plane diagram obtained when the 

capacitance C was fixed at 1.0×10−12 F and Fig. 18 shows the impedance plane diagram obtained when the 

resistance R was fixed at 1.0×102 Ω. The vertical axes in Figs. 17 and 18 represent the imaginary part of Z (Im 

(Z)), and the horizontal axes represent the real part of Z (Re (Z)). In Figs. 17 and 18, the impedance plane 

diagrams are circular in shape for all values of coupling coefficient k. In Fig. 17, the impedance moves clockwise 

with decreasing resistance R (i.e., with increasing conductivity σ) and in Fig. 18, the impedance moves 

clockwise with increasing capacitance C (i.e., with increasing relative permittivity ε). These figures also show 

that the impedance plane diagram radius increases as the coupling coefficient k increases. In Fig. 17, which 

shows an impedance diagram drawn with fixed capacitance C and varying resistance R, the impedance diagram 

is drawn from the same point in each case, regardless of the value of coupling coefficient k that is used. In 

contrast, in Fig. 18, which shows an impedance diagram drawn with fixed resistance R and varying capacitance 

C, the starting point of the impedance diagram also varies when the frequency f changes. 

 

4. Discussion 

In the work presented above, two methods to draw impedance diagrams were proposed: a rigorous method 

based on the Ampère-Maxwell equation and an approximate method based on an electric circuit model. In this 

section, the two proposed methods are compared. 

When the impedance plane diagrams were drawn strictly based on the Ampère-Maxwell equation, as illustrated 

in Figs. 4 and 5, impedance plane diagrams could be drawn even for an ideal dielectric with its conductivity set 

at 0 S/m. In contrast, when the impedance plane was approximated using the electric circuit model, the 

impedance plane diagram could not be drawn when the conductivity was 0 S/m, i.e., when the resistance was 

infinitely large. The above results indicate that if an impedance plane diagram is to be drawn using the electric 

circuit model proposed in this study, then the dielectric must have a conductivity greater than 0 S/m. However, 

the actual dielectric does have a low level of conductivity [18, 19]. Therefore, when the measurement object is 

a dielectric, it is possible to draw an impedance plane diagram using the electric circuit model proposed in this 

study. 

Figures 6 and 8, which show impedance plane diagrams drawn with a fixed relative permittivity ε and varying 

conductivity σ, and Figs. 15 and 17, which show impedance diagrams drawn with a fixed capacitance C and 

varying resistance R, show the same tendencies in the rigorous and approximate drawings. Specifically, we 

found that the changes in radius with changing lift-off and frequency, the initial point of the impedance, and the 

impedance transition direction were consistent with the changing conductivity (resistance). In contrast, Figs. 7 

and 9, which show impedance plane diagrams drawn with a fixed conductivity σ and varying relative 

permittivity ε, and Figs. 16 and 18, which show impedance plane diagrams drawn with a fixed resistance R and 

varying capacitance C, show partial differences between the tendencies for the rigorous and approximate 
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methods. Specifically, it was found that the initial point of the impedance when the radius and the permittivity 

(capacitance) changed with increasing frequency did not coincide with the initial point of the impedance when 

the impedance plane was drawn either rigorously or approximately. These results indicate that it is difficult to 

draw a rigorous impedance plane diagram for dielectrics when using the electric circuit model proposed in this 

study, unlike the case for conductors, which has been researched in depth in previous studies. The above reason 

is thought to be due to the circuit configuration of the secondary circuit in the electric circuit model. In this 

study, for simplicity, we applied the ECT electric circuit model and proposed a circuit model in which equal 

voltage is applied to the resistor and capacitor due to mutual induction between the coils in the primary and 

secondary circuits. When an AC voltage is applied to an actual dielectric, a displacement current is generated 

due to polarization due to electric dipoles inside the dielectric, and eddy currents are also generated due to the 

slight movement of free electrons. The magnitude of displacement currents and eddy currents, in addition to 

permittivity and conductivity, depend on the magnitude of frequency [21], and permittivity and conductivity 

also depend on frequency [22–24]. The proposed electric circuit models do not sufficiently take the latter into 

account, and to express this in an electric circuit model, it is possible to control the voltage applied to each 

capacitor and resistor according to the frequency of the applied voltage, for example. To this end, the error 

between the circuit model and the Ampère-Maxwell equation could be improved by making the entire circuit 

more complex, such as by changing the coupling method between the primary and secondary circuits or by 

introducing new electric circuit elements to make the secondary circuit more complex. Nevertheless, it was still 

possible to simulate the direction of the transition in the impedance diagram when the capacitance increased 

(increase in permittivity), the transition in the impedance diagram in the + direction along the y-axis as the 

frequency increased, and the increase in the impedance diagram radius as the coupling coefficient increased 

(reduction in lift-off) when using an impedance diagram that was approximated based on an electric circuit 

model. Therefore, it is assumed that the electric circuit model proposed in this study is applicable to qualitative 

evaluation, although it is difficult to calculate the quantitative impedance changes. In fact, when performing 

inspections via ECT using an impedance planar diagram, it is important that the qualitative impedance planar 

diagram changes with any changes in the defects and the physical properties. As a result, it is important that the 

impedance plane that is derived from the electric circuit model matches the impedance plane derived from the 

theoretical equation in terms of operation during actual testing. It is thus assumed that the impedance plane 

diagram derived using the electric circuit model proposed in this study is fully applicable to actual impedance 

plane inspection operations and that it provides useful knowledge to aid in understanding of the physical 

phenomenon. 

When the electric circuit model is used to approximate impedance plane diagrams for different frequencies and 

different lift-offs, the direction of the transition in the impedance plane diagrams with decreasing resistance 

(increasing conductivity) and increasing capacitance (increasing permittivity) can be seen to differ clearly from 
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that in the impedance plane diagrams with the increasing coupling coefficient (decreasing lift-off). Therefore, 

even when using an approximate drawing method based on an electric circuit model, the behavior observed in 

the impedance plane diagram when the conductivity or the dielectric constant changes because of the 

appearance of a crack, for example, is different to the behavior observed when the lift-off changes because of 

wall thinning or other phenomena. This helps to provide a qualitative understanding of the effects of the 

dielectric state and measurement conditions on EIT. 

The discussion above indicates that the electric circuit model proposed in this study enables an impedance plane 

diagram to be drawn when EIT is applied to a dielectric material and also enables qualitative evaluation of the 

effects of the frequency, lift-off, material conductivity, and dielectric constant on the impedance plane diagram. 

However, the current electrical circuit models are insufficient for use in quantitative impedance evaluation. This 

problem could be resolved by increasing the complexity of the circuit model proposed in this study, but that 

will form part of our future work. 

 

5. Conclusions 

In this study, to expand the application scope of the impedance plane diagram, which has been widely applied 

as an evaluation method in ECT, to evaluation of EIT results for dielectrics, the method of drawing this diagram 

rigorously based on the Ampère-Maxwell equation and a method of drawing the diagram approximately from 

an electric circuit model were investigated and compared. 

In the drawing realized using the Ampère-Maxwell equation, by considering displacement currents in addition 

to eddy currents, an impedance plane diagram was drawn that took both the conductivity and dielectric constant 

of the specimen into account. It was shown that the impedance planar diagram obtained for the dielectric can 

be used to check its impedance behavior when the measurement frequency and lift-off are varied, as per the 

case for a conductor.  

In the drawing that was developed using a simplified electric circuit model, an electric circuit model that is 

applicable to dielectrics was proposed by newly connecting a capacitor in parallel to the secondary circuit side 

of the circuit model that was conventionally applied to the ECT of conductive materials. The impedance planar 

diagram that was calculated simply using this electric circuit model shows a qualitative trend that agrees with 

that of the rigorous planar diagram obtained using the Ampère-Maxwell equation, although it lacks quantitative 

properties at present. Because qualitative changes in the impedance plane diagram are important for evaluations 

performed with the impedance plane diagram, the effectiveness of the impedance plane diagram derived using 

a simplified electric circuit model for use in the inspection of dielectrics by performing actual EIT was 

demonstrated. 
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Figure Captions: 

Fig. 1 Analytical model for derivation of analytical solutions for the vector potential when considering the 

conductivity σ and the relative permittivity ε 

Fig. 2 Impedance plane calculations using the Ampère–Maxwell equation for the conductor when the frequency 

f and the conductivity σ are varied 

Fig. 3 Impedance plane calculations using the Ampère–Maxwell equation for the conductor when the lift-off l1 

and the conductivity σ are varied 

Fig. 4 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the relative permittivity ε only when the frequency f and the relative permittivity ε are varied 

Fig. 5 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the relative permittivity ε only when the lift-off l1 and the relative permittivity ε are varied 

Fig. 6 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 
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the conductivity σ and the relative permittivity ε when the frequency f and the conductivity σ are varied 

Fig. 7 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the frequency f and the relative permittivity ε are varied 

Fig. 8 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the lift-off l1 and the conductivity σ are varied 

Fig. 9 Impedance plane calculations using the Ampère–Maxwell equation for the dielectric while considering 

the conductivity σ and the relative permittivity ε when the lift-off l1 and the relative permittivity ε are varied 

Fig. 10 Electrical circuit model for EIT of electrical conductors 

Fig. 11 Electrical circuit model for EIT of dielectrics when considering the resistor and the capacitor 

Fig. 12 Impedance plane calculations using the electrical circuit model for the conductor when the frequency f 

and the resistance R are varied 

Fig. 13 Impedance plane calculations using the electrical circuit model for the conductor when the coupling 

coefficient k and the resistance R are varied 

Fig. 14 Electrical circuit model for EIT of dielectrics while considering the capacitor only 

Fig. 15 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the frequency f and the resistance R are varied 

Fig. 16 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the frequency f and the capacitance C are varied 

Fig. 17 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the coupling coefficient k and the resistance R are varied 

Fig. 18 Impedance plane calculations using the electrical circuit model for the dielectric while considering the 

resistance R and the capacitance C when the coupling coefficient k and the capacitance C are varied 


