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Introduction

Since the ideal boundary of a Riemann surface was introduced
by R. 8. Martin, H, L. Reyden, £, Kuramoachi, S5, Mori, Y. Kusunolkl
and C,Constantinescu « A,Cornea, the theory of Riemannh surfaces has
been studied by plenty of methods in intuitive aspects. Various
theoremas on functions in plane regions were extended to the case of
functions on Riemann surfaces. And the success in these extensions
is due to intreduction of harmonic¢ measure and capacity, etc. on the
ideal bhoundary analogous to those oh boundaries of plane regions.

We shall study, in this paper, Dirichlet functions ( BLD func=-
tions ) on Riemann surface., Kuramochl boundary contributes so many
tools such as potentimls, capacity and fine topology for the study
of functions of this kind. Also, the extremal length plays an effec=

tive role for Kuramochi compactification.



Main purpose of this paper is to extend Beurling'a two theorems
( 83, 85 ) of Fatou type and of Riesz typs. One of the Kuramochi's
original purmnose of introducing his boundary was in the extension of
Beurling's theorems.

In the extensions of the theorem of Fatou type by Kuramochi [13]
[l&] and Constantinescu-Cornea [4], Kuramoehi boundary and Kuramechi
capaclty werse used instead of the unit c¢irecle and logarithmic capaci-
ty in Beurling's theorem, and a filter at a minimal point of Kuramochi
boundary inatead of angular domains, And instead of a meromorphic
function in the unit disk whose Riemannian image has finite apheridal
area, Conestantinescu=-Cernea and Kuramochli used, respectively, a
Dirichlet mapping and an analytic mapping generating an almost finite-
1y sheeted covering surface of the image surface, The image aurface
ia compactified in their own ways,

Te attempt a further extension we shall introduce two notions:

a GD mapping making use of an analytic mapping and compactification
satisfying the separability axiom with respect to extremal distance
for the image surface { See §3 ) .-

For the theorem of Riesz type, Kuramochi [17] extended it by
introducing the notion of ordinary values in the sense of Beurling
for a set of inner points of the image surface. However, for boundary
points it loses the meanings. We need use of Evans potential [ §4 )
to restore it.

Analytic mappings of type Bl ( §6 ) have intereating behaviors in

relation with the theorem of Riesz type.



This paper conesists of the following six sections.

§1 Kuramochi boundary and Extremal length ( Preliminaries )}
§ 2 Continuation of Dirichlet functions on Kuramochi boundary
§ 3 Extension of Beurling's theorem of Fatou type

§ 4 Evans potential

§5 Extension of Beurling's theorem of Rieaz type

§ &6 Analytic mappings of typs Bl

§ 1 EKuramochli boundary and Extremal length
( Preliminaries )

1 Kuramochl boundary Kuramochli compactification of a
Rlemann surface plays an imvortant role in the study of Ddirichlet
functions ( Ffunciions of Beppo vi=-Deny }. Points of Kuramochi
koundary are thought, in a sense, to be inner pointa, and the notion
of capacity ig defined for sets of the boundary points.

. Before introducing Kuramochi compactification we refer to
Dirichlet principle on & Riemann surface R. Let £ be a Dirichlet
function and F be a non=polar closed setb. There exists a unique

Dirichlet function fF( the solution of Dirichlet principle ), which

is harmonic in R - F and equals to f on F, Fuch that

p(£¥) = min {n(r-); £t - redf |,

whare DF denntes the claas of Dirichlet functions which are zera
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quasi-everywhere on F, If G is a region for which R = G is not polar,
the map £ —» fR"G(a), a €G, 15 a linear and positive funectional on
-C:(R)a S0, there axists a measure /{.: on the boundary of G such that
for every r€ C’:ER) fR"G(a) = jfdﬂ:._ If £ is a Dirichlet function

and if G hae compact boundary, then f is f{g-summahle and

fR"G{a} = Ifdﬁg .

We fix a compact disk KO in R and put Ro= R - Ko‘ A superharmonic
functions in Rn' continued as zere on Ko' 1s called full=superharmnic

1f 1t satiafies the condition:

s{a) st él/»L: for all a g G,

for all regions G with compact boundary such that KO/"\E =

Kuramochi compaciification R;] of a Riemamn~surface R is given
as follows.. Let Ko be a compact dowain $uch that Ro= R - Ko is
connected, The function N(z,p), called N-Green funection, is deters
minéd by the foellowing conditions:

1) N(z,p) is harmonic in R, except at p.

2) N(z,p) has a logarithmic aingularity at p with the coefficient

1.

3} %‘.l_,!_ N(z,p) =0,

4} For a compact eet K in R which contains K and p.in its in-
terior, N(z,p) i= the solution of Dirichlet principle,
NK(E,p) = N(z,p}.

Now let {pjj be a mequence of points in R, which does not cluster

in Ro' When z stays in any compact ,dnmain,tﬂ(z,pi)& ie, rrﬁm goma 1



on 4 a uniformly bounded sequence of harmonic functions of z hence
forms a normal famlly. A sequence {pig , for which the corresponding
{N(Z,’Pi)i converges to a harmonic function, is called fundamental.
Two fundamental sequences are called equivalent if the correaponding
N(z,p)'s have the same 1limit. The class of all fundamental seguences
equivalent te a given one determines an ic_leal boundary point of R.

The set of all such 1ideal boundary points are denoted by AH , and

Rt = R\JAL . Rf ia independent bf the choice of K_ and the pole

of N(z,p). In the sequel, we take as Kua_ parametric disk of R.

Equivalent definition of Kuramochi compactification was given .
by C.Constantinescu and A.Cornea. Namely, let N denote a claas of
co{tinuous Dirichlet functions f for which thers exists a compact set
Kf such that f = fo. R[fr is the compactification of R such that all
functione of N have continuous continuation on the boundary AN and
points of A § are separated by the extended functions, Rﬁ is metrig-
able,

Points of Kuramochl houndary 61( are divided into two sets A’l
and Ao . A point. p of ‘QI is called minimal and distinguished from

polnts of A{, by the conditien that N(z,p)} can not be represented by a
sum of non proportional potentials of the fornm. jN(z,q) d]u. This
definitien of minimal points coincides with that of Kuramechi ( ecf.

(143 L281 and ).

2 Extremal length Various definitions of the extremal length
have been considered since it was first introduced by Ahlfors and -

Beurling,



For our purpose we use the following definition : let T’be a
class of locally rectifiable curves clj, and § be the class of non

negative covariants f which satisfy 5{ ?3 dxdy £ 1 and for which
R

Jfldz\ are determined (£ 6= ) for every ¢ € F . The extremal
¢

]:eng;th /\rr of r’ is defined as

/\ =.( sun inf |az| y2
o 7 ;,ff

and each f of @ ie called adnissible for the problem of the extremal
lengtht\
The extremal distance )‘ (El,Ea) betwesn two sets E, and E, is

the extremal length of the fanﬁ.l:,{;f gurves which join El and E‘.2 .

If either E, or E, is void A (E,,E,) is defined as infinity. In

the case that both El and Ez are tlosed, we may take, as r» curvg of

{7, ¢ connected arcs in R = EIU E, .

We prove the following
Theorem 1.1. ( EB],[Zl],fE?] }2) Every curve which starts from
a point of R and tends to the ldeal boundary converges to a-point of

the Kuramochi boundary except for curves belonging to a family of

infinite extremal length.

1} 1In this paper all curves are assumed to be locally rectifi-
able so far as we deal with the extremal length. A curve in an open
sub3et of R 1s said to tend to the ideal boundary if, for any compact
aubset K, an end part of the curve is disjoint from K. .

2) This theorem will be axtended in § 3 .

-6 -



Proof Since the Dirichlet integral D(N(z,p)) over R, outside
a neighborhood ¥ of the pole p is finite, f=]grad N(z,p)] D(¥z,5))

is admisaible for the problem of extremal length of a family of curves
in RO- V. Let Z denote E’."i‘amily of curves which atart from inner
polnts of R and tend to the ideal boundary, and Zo denote the sub-
family of Z. each curve of which does not converge to any point of
Kuramochi boundary. By definltion H{z,p) = N(p,z) for 2z and p in Ro‘
and along any curve of 2.0 N(p,z) has not a limit, 8o, every curve
ot Z has infinmite length by the metri_,c"

P et { st an -kl
[ 0 in KQU v

This means that Z‘o has the infinite extremal length,

L]

3 EKuramochl capacity Let E be a compact set on R;= R;I- I!I0

and E_be the 1/n -neighborhood of E.

Let {R } be a regular exhaustion of R and W, be a function

is harmoni¢ in R!F- E-~K

in Rm such that w!‘"? [ o*
W _ 1 o on Ko
nm —
1l on En("\ Rm
© W nm —
and the normal derivative —3y —— =0 o Bnm.. E,. The Dirichlet

integral D( c.omn) over R 1s equal to the reciprocal of the extremal
distance )\nm between K and ﬁnﬂ R measured in Rm' The sequence

{D( wnm)}m is monotone increasing with m and if it has a finite limig,
lw

nm} g Converges locally uniformly to w in R - En" Ko’ And
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D(cd ) and A tend to the Dirichlet integral D( w) ) over R and
the extremal distance between KD and FE"nf\ R, respectively.

The sequance{wn} converges in Dirichlet norm, and heh¢e converges
uniformly on every compact set on Ro‘ Consequently, the limit -'-UE =
X z,B) is harmonic in R - E and has the finite Dirichlet integral

D( WE} over 'R, Xuramochi capacity ¢(E) of B is defined as C(E) =
ayY

I u)E) andé uJE is called the capgci;.ii potential of E.

For the latter use, we refer to the potential theory on R;I de-

veloped by Constantinescu and Cornea. { For details see [ 41 )
As they showed, the continued K=-Green function N{p,q) on

R = Ry= Ko is lower semi-continucus on R;x R; and symmetric; N{p,q) =

N(q,p}.. We consicder the potential

r(p) = jmp.q} gs), (HM(R)< ba)
generated by a measure /u. on R:. If /L( AOJ = 0 M is called
canonical , “f‘-lla = jp*‘cyu is called energy of A, AL has finite
energy if and only 1f p* ( continued with O on K )} is a Dirichlet
function on R, and then

UM% = DipH ).

‘We continue a non negative full-supsrharmenic function s on A as

(a) = sup s (a) 4,
s{a K?Roaﬁa ac A

whare By is the infimum of all non negatlve full-superharmonic func-
tions which are not smaller than s quasi=everywhere on a compact set

K in Ro. The B belongs to c¢cless N and has continuous continuation
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oh A . Thus extended s satisfles

sla) = lim s(v) , a€d;.
Ec?b'?a *

Domination principle Let P be a canonlcal measure for which

p* is finite almost everywhere (/u.) on R;. If non negative full-
superharmonic function s { continued on Aﬂ } majorates pl“almost

-
evarywhere V‘). then s2p* on R, .

Kuramochi c¢apacity C(E) of a compact set E is defined as
c{E) = ?&p /M.(E},-

where/-‘- runs over all canonical measure for which p'“'é 1.

Pouilibrium principle For a compact eet E 1in R; there exists

a unlgue canonical measure  on E such that p“-é 1, p“'= 1l onE
ekcept for an Fg set of cagfcity 0 and
L C(E) = K(E) = Ixi® En(p* )7,
We show that This capacity is equal to that of Kuramochi defined

before. Let En be the 1/n -neighborhood of E smiich that -E-n{'\ I{°= d.

Then,

1=
E nﬂ R

= uJ(z,‘En} : in R, .
On the other hand, there exists a measure Mo such that

Mn
- - P .
EnﬁR

1
And ;f(n converges to the equilibrium potential p™ of E in Dirichlet
norm. So we have

Hap™ - awgle Nap™ - af™lie Jar™- aw i + Raw - aw f—5

for n—>&e ,



And since p¥ = H’JE =0 on K, p“ =s onR. Consequently,

2nc(E) = 2n K(E) = D{dp¥ ) = D(¢dy).
The capacity C(G) of an open set @ is defined as G{(G) = 3;1: C(K),

where K runs over all compact sets in G. There exists a unique
aquilibrium notential p"‘ with X on G such that
p*s 1, p¥=1 on.G-dn

and G(8) = (@) = W . p™ ie obtained as the infimum of non
negative full-superharmonic functions which are not smaller than 1
on G N Ro' This shows

c(g) = ¢{a N R_}.
Outer capacity GO(A) and inner capacity Ci(A) of a set A are defined

ih a usual way:

¢ (&) = inf C(G), C,(a) = sup G(K),
GDA KCa

where G runs over all open sets contalning 4, and K runs over all
conpact seta contained in A.
Uging this capacity, the notlion of quasi continulty is introduced.

*
A mépping T of Ro into a topelogical space is sald R;-quasi-continuous

if, for all € 7> O, there exists an opsn set G in R; sheh that C(G)<E

and the restriction of f on R;- G is continuons., If a mapping f of
R; into a topological space is R:-quasi-continuoua in R; for all Ko'

it is salid guagli-continuous in R;.

A set MC Ry is sald fullepolar if, for any disk K, HﬂR; 18

of outer Kuramochl capacity O ¥with respect to R:.
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4 Pine topelogy A set M is said thin at a point a€R, if
there exlsis a full-polar set ¥M* and a nhon negative full-super=-
‘harmonic function s such that elther a.frH -M' oraghM - M.and

lim s(b) > =(a).

bi

b eM-M!

Ro is not thin at any point of Fa but R; ig thin at all point of

ll
*

4,. For a point a€R-A,, a set M is thin at a 1f and only if

Nylp,a) = N(p,a). If F is a closed set in R, and a¢ H:—Ao, there

exlasts at most one connected component of Ro"' F on which N?(z,a) =

N{z,a). Especially, for only one component vn of the neighborhood

U (a) of a, R -V is thin at a. By this fact wo know that every

point of 4 i 18 accessible. For any polnt a of R:, ithe class of sets

w®

on R whieh contain & and whose complement is thim at a forms a filter.

L= J=g

This filter being independent of choice of -Ko, it can be constructed
glt: all points of R.;; and introduee a finer topology on R;, which 1s

called fipe tovology. A mepping of R;I into a topological space is

Said fine continuous if it is continuous with respcet to fine topology.

Constantinescu and Cornea proved that a quasi-continuous mapping
of R; into a topologieal space is fine continuous quasi-everwherea)

RI‘
Dn Nt

3) In the case of R. " quasi-everywhere " means that the
exceptiomal set is full-po?.ar.
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§ 2 Continuation of Dirichlet functions

on Kuramochl boundary

Several ways of continuation of a Dirichlet function onto the
boundary were studied by ¥. Brelot, J. Deny-J.L.lions, J. L. Doob,
C.Constantinescu -~ A.Cornea and M. Ohtsuka. In this section we con=-
sider Dirichlet functions on a Riemann surface R and deal with 1ts
quasi-continuous continuation on Kuramochi boundary and continuation
along curves. As already refered, the quasi-continuous continuation
of a Dirichlet funection on R; is fine continuous guasi-sverywhers.

1. For the guasi-continuous continuation Constantinescu-Cornea

L4] proved the following Lemma and Theorems 2,1.. and " 2,2.

B Lemma 2.1. { ¢f. alsol6] ) Let £ be a real guasi-continuous
function on E; which 18 Zero on Ko and whose restriction in R is a
Dirichliet function. Then, for any ¥ 2> 0, the outer Kuramochi capacity
2
c,({aeR, i [fla)lZA])g “dfug
2nof '
Theorem 2.1. A Dirlchlet funetion in R has & guasl-continuous

continuation on Rﬁ.

Following Constantinescu-Cornsa, we give the proof as we need
later some notions in the proof.

Proof Let f be a Dirichlet funection on R and {Kns be an ex~
hauation of R such that KGC Kl and

K K . 1
Naf ®- ar "< — .
4h
Kn " K
The £ " has continuous continuation on Ry, and we denote by f n

again the contlnued funotion, By above Lemma we have
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K K 1 i 2
" +1 2n

St {aer; [£Ma) - £ ")l 2 = [H< —(—)

2 2n
Henee there exists an open set GnC R;— Kn-l such that

(6 )< 1 2 2n

c{q —_— —
n 2n ¢ 3 )

and
K K 1
lfn_fnﬂ‘(?

on R;- Gn‘ This means that the serles

ka+ 2. (£ gn )

n=1

x*

@ and equals f on R, This series

is uniformly convergent on - n

=]

ol
\/
n=m
' o
cpuverges outside the set ﬁ ' G, C £ . We continue f as
n=m

o - onﬁ@&

m=l n=m

E e K K.
1+Z|(fn+1-fn) on A- /—\UG

n=1 m=l n=m

For any %20, there exlsts a mumber m such that

o0 €
c( J:i 6 1< ok

K
Since the restriction of £ ™ on Ro is a Dirdechlet function there is

an open set G;IC R, such that G(Gn)-( 5/211"'1 4) and the restriction

K
of £ 1 on R;- Gn is continuous, Hence the resatriction of f on

L) Let G(z,p) be the Green function in R, with the pole at p,
then G{z,p) £ N(z,p).. So we have
(N(z,p)~capacity of G )& (G(z,p)-capacity of @ )<< E/ n+l
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o
H;- \_/ (GnU G!) is continuous. And sines the capaclity
n=m

. o
ot U (6 Uan g ey 6) + o <€,
n=m n=m n=n

the proof of the theorem iz completed,
Az a consequence of the theorenm,
Theorem 2.2.( H.Cartan } A full-superharmonic function is

guasi=continuous on R; .

2 Continuation of a Dirichlet function along Green lines was
first studied by M. Godefroid[1l]. According to his result, a
Dirichlet function has limits along almost all { Green measure )
Green lines. Ohtsuka extended this result as follows, by using
B, Fuglede's theorem{7]: every Dirichlet function is abselutely
cdontinuous along every curve except for curvea belonging to a family
of infinite extremal length.

Theorem 2.3. { Ohtsuka[27]) Every Dirichlet functlon £ on
R has a finite limit along every curve except for curves belonging
to a family of infinite extremal length.

We give a short proof. If £ has not limit mlong a curve ¢

jlgrad fl]dzigf!dfl =o0e .
< o :

We denote by r' the family of asuch ecurves as ¢, and put

D(f) = mlgrad fla dxdy. Then P={grad fl/ JD(f) is admissible

for /\p y and }\r & ( iIr_t’f jf]ﬁzl }2 = paa
Since a set of Green lines of vanishing Green measurs has the

infinite extremal length, Ohtsuka's thedrem contains Godefroid's one.
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We recall that every curve tending to the ideal boundary of R
converges to a pelnt of Kuramochi boundary.

Theorem 2,4. Let ifn} be a sequence of Dirdichlet functions
converging to a IMrichlet funetion f in Dirichlet norm such that
T = fn on KD fof all n, and r’ be the family of all curves which
start from polnts of Ko and tend to the ldeal boundary. Then, there
exists a subsequence {fni}offfn} such that the limit Lni= ltmi fni
along a curve ¢ of r’ converges to .f = lim £ for ni—-‘rw, for every

c

curve ¢ of P except for curves belonging to a family of the infinite
extremal length.

1
Proof We take the subsequence {f }as jldf - af | < —
h ™y "

3
and denote it by { f J.again. The f has limit along every curve of

r’ except for curves bellonging to a family T’f of the infinite ex=-
tremal length, and so does each fn along every curve of r’ except for
curves belonging to each family I—""n of the infinite extremal length,
respectively. The union J7' of |7 and all T'n has the infinite ex-
tremal length. Let E, ={ze R-K;le(z) - fp(z)lg -l;%, where K
is a compact set in R containing Ko, and T’: be the subfamily of T"

each curve of which intersects En' Then, since

f = { grad(f - fn)l/ﬂaf - ar |

is admissible for the problem of the extremal length )\n of.r’;

wa have

? 3
)\BZC jj'ldzl) = — /lldf . dfﬂ = (__2__)211 .
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oo
The extremal length A ; )\'lz Z )\"I]; , of the family of curves
n=m

wvhich intersect G‘ En will be arpitrarily small for sufficiently
n=m

large m. And if, along a curve ¢ of | - ]7', £h= lim fn does not
- c

)
convergs to £-= lim £, ¢ intersects |/ E, for every m., Hence the
c n=m

extremal length of the family of snch curves as ¢ is infinite. This

complete the proof.

Doob [5] proved a theorem : Let £ and I be BLD functions on R.
if fn—-?- f in BLD mense

lin jlfr'l('}') - 2 (M| ? ary =0,
where fﬂ(‘)’) and f'(:')’) denote the liwmits of fn and f along Green
1;:1& Y , reapectively, and 4 denctes Green measure. For a suitable
supsaquence as above, this theorem is a consequencd of our theorem.

Now, we compare the quasl-céntinuous continuation of a Dirichlet
function with its continuation along curves. Wa take, as in the proof
of Theorsm 2,1, an exhaustion {Kn} of R for which ﬂden_ dfﬁn-l u‘(-Lan'
lé— The fKn is c;tinuoug on R;‘ ocutside K.+ and the boundary values

o0
converge to those of contirued f at points of 4 - f‘\l C’ G . The
m=1l n=m

extremal length of the family T’o of curves jJoining KO and the set

oo N o0
A O G, is infinite. In fact, for open sets O'= N \J G and
m=1l n=m m=l n=m

0 = RMO!, C(0') = C{0)., There exists an increasing sequence anf
of compact sets in R such that c(Fn)'I‘c(o) and any point of 0 is con-

tained in the interior of some F . The family 7, of curves joining
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Ko and O i1s the union of the family Zn of curvea joilning Ko and Fn'

m
Put Zl; = Uzn ., then Z;“T‘Z. and, by Suita's lemma (33],
n=1

)\z' = lim )\z. « On ithe other hand,
m=poe L] .
A = VR
x n=l " '

S0, wa have

-1
Ay & clo).
Since €(0) = C(0') is arbitrarily small 1f N is sufficliently large,

we concludé AT’ = p= .
o

The family of all curves of [ each of which converges to a
point of Kuramochi boundary is denoted by ]—' again. Then along
gvery curve of ['-7T7 f has a limlt except for ocurves of a family
of the infinite extremal length. If a curve ¢ of r’-T'o converges
to a point p of A and if f has a limit f(c) along c¢, the boundary
value fEn(p) tends to f{e¢) and to the boundary value of continued
f at p because :EKn le continuous on R;I' Kn' Thus we obtaln

Theorem 2.5. The boundary value of quasi-continuouasly continu-
gd Ddrichlet function and coincides with its limits along curves,
which converge to points of A s eXcept for curves belonging to a
family of the infinite extremal length,

3. We consider a harmonic Dirlchlet function u on hyperholic
R, that 1s, u & HD. According to Theorem 2.3, u has a limit along
every curve tending to the ideal boundary of R except for curves
belonging to a family of the infinite extremal length. Byppose the

limits ofuu,along curveas are conastantly zero, hence, of course, the



limite along Green lines are zero, While, according to Brelot's
decenmposition theoram[&], a Dirichlet functionh is the sum of a unique-
1y determined HD-function and an orthogonal functionEj, that is,the
function whose limits along almost all { Green measure ) Green lines

are zero. Hence we know our HD-function u is conatant zero. Thus we

have

Theorem 2.6. ( cf.[29]) If an HD-function has vanishing limits
along all curves tending to the ideal boundary except for curves belong-
ing to a family of the infinite extremal length, then it is constant

Zaro,

§ 3 Extension of Beurling's theorem

of Fatou type

Concerning houndary limits of meromorphic funciion in the unit
disk a,ﬂBeurling'proved the following theorem.
Theorem 3.1. { Beurling [1]J) Let £(z) be a meromorphie¢ function

in the unit disk |zi< 1 for which

if < e 2acay

[z1< 1 {1 "'lf‘z )

is finite. Then, f{z) has radial limits on |z | = 1 except for a set
of vanisning outer capacity.

We ¢all this result Bourling's theorem of Fatou type. and extend

it to the case of an analyiic mapping of a Riemann surface.

5) It is called Dirichlet potential by Constantinescu and Cornea.
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M. Tsuji's extension is to have replaced the radial limits in
this theorem by angular limits ( Tsuji [35]).

Kuramochl first extended the theorem to the case of an analytic
mapping of a Riemann surface., We state his extension.

, Let .f be an analytic mapping of a Riemann surface R into a
Riemann surface R', The covering surface over R! generated by f is
called glmost finitely sheeted if f satisfies the followlng condition:
outgide a sufficiently large compact set of R', every polnt 1z covered
a finite number (£ M) of times by the covering surface, and, for eyﬁéy
point p of R', there exists a parametric disk K of p such that the part
of the covering surface lying over E has & finite total area with res-
pect to the local parameter.

Let R'" be a metrizable compactification. Let fRﬁ}ba an exhaus=-

iion of R' and put Bn= R'=a Rﬁ. We denote by Gp(r) a diask centered at
‘péR'* with the radius r. For cp(r) and fixed parametric disk i{é in

R', we take a Dirdchlet funetlon ¥ in R' such that

0 ~on K!
f={ °

1 on C_(r) NE_,
B n
[ Zrif\Bn
and put w_= w(C (r}NB ) =2 P and @(C_(r)NB) = lin w_,
n 1 n . B e

where closures are taken in R'.
R ia called HD-separatjve if the following condition is satisfi.
ed for any point p of R'" and radii rq and ry such that rldirz,

prri)nr{'; =@F{1i=1,2) and w(cp(rl)n3}>o : there exists an in-

creasing sequence {Vh#of domains with regular relative boundaries such

that w(Gp(rl)f"nVn):’O and w(cp(rl)f\(R'-— V,)) decreases to 0 for n—poo
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and a Bequence {unj of Dirichlet functions such that

. { 1 on Cp(rl}f‘\ v,

0 on R'- cp(ra)r‘\ R'.

Let R; be Kuramochi compactification of R, To each minimal
boundary point v, we associate a class €7£ of open gets G of R such
that RO- G is this at p. The glass ﬁ?; forms a filter base and, for
every neighborhoed U of p, there exisis one and only one connected
component of UnRo which belongs to ?P' For the filter hase %P’
we define the cluster set £¥(p) of f as

tY(p) = Q )

G
i)

whers the c¢losurs 15 taken in R . £¥p) 15 a non=void closed set

in R'*. Wo call it a fine cluster set of f at p, and when fv(p) is -

Jone point we call 1t a fine limit.
Kuramochi's extension of Beurling's thecrem is as follows.
Theorem 3.3. { Kuramochi [15) [16]) Let f be an analytic
mapping of a Riemann surface R into a Riemann surface R', and L be
a metrizable HD-geparative compactification ¢f R'., If the covering
surface over R' generated by f 18 almost finitely sheeted, f has a
fine limit in R'* at every ppint of Kuramohhi boundary of R sxcept for
points belonging to a set of vanishing inner Kuramochi capacity.
Constantinescu and Cornea treated this problem quite axiomatical-
ly. In their theory, R* 1lz Kuramochi compactification of R and R}*
i a metrizable compactification of R' which 1s a quotient space of
Royden compactification R'j of R'. Dirichlet mapping f£(z) of R into

E' is an analytlc mapping which is continuable fo a continuous mapping
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» R"l-
D into D*

As an extension of Bourling'e theorem,

of R

Theorem 3.4, ( Constantinesewn and Cornea [h]) Every Dirichlet
mappring £ has a fine limit in a metrizable quotient space of R'; at
every point of Kuramechi boundary of R except for poinis belongling to
a g6t of venlshing outer Kuramochi capacity.

In spvite of their axiomatic attack, the rost general condition
for f that Beurling's theorem holds is not gained. That is,lthe col=
dition that f is a Ditichlet mapving ie sufficient but not necessary
for Bewrling's theorem, The purpose of this section 1s to get a new
and more general condition for f(z) and R'" to remain Beurling's
theorem valid.

1., Metrizable compactifications satisfying a separability axiom

Let R* be a metrizableé compactification of R which satisfies the
;ollowing condition., ¥For any two disjoint ¢losed sets A and B of R*,
ithere existe an integer n such that the 1/n -neighborhoods An and Bn
of A and B hags positive extremal distanhce A(An, Bn). where )\(An, Bn)
1ls defined as the extremalflength of the family [7 of all curves join-

ing A AR and BAR, When two closed sets A and B satisfy the above

condition, we say that they are separated with respect to extremal
distance, And, when a metrizable compactification R' gatigfies the
condition that any two disjoint closed sets of R are separated with
resvect to extremal distance, we say that the compactification R*

satisfies the separability axiom with resvect to axtromal distance,

and denote it by R;.
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#
By definition, RE is an HD-separative compactification. In con=-

nection with a quotient apace of Royden compactificatioﬁ, we have the
folloving theorem,

Theorem 3.5. Let R be a.metrizable compactification of a
Riemann surface R, If R is a quotient space of Royden compactlflca-
tion, then B satisfies the separability axiom with respect to extremal
distance. Accordingly, Kuramochi compactifica;ioﬂ satisfies the mepar-
ability axiom.

Bofore the proof, we prove a lemma.

Lemma 3.1, {([18]) Let R; be Royden compactification of a
Riemann surface R, and A and B'be two disjolnt closed sets of RE, then
there exists a continuous Dirichlet function u{z} such+that w(z) =1
on A and =0 on B'.

Proof For‘any point p of 4, there exists a continuous
Dirichlet function v such that ¥,= 1 at p and @?= 0 on B, and
0gv g1 on R;. The set Ulp) = { 23 v (2)> 1/2} is an open neighbor-
hood of p, and A is covered by a finite number of these neighborhoods

] ’ Un bacause A 1s compact., Let Vis Vou vt L,V be the cor-

1> Tao
responding functions, then, v = vi+ Vot e v i3 a Dirichlet func=-
tion such that v>1/2 on A and v = O on B, .and min{ 2v, 1 ) is the
.required Dirichlet functien,

Proof of the theorem. According -to Constantinescu and Cornea,
there existe a continuous mapving giof R5 onte R*lwhich is identity
in R. Let A and B be nelghborhoods of A and B; respectively, such

that their closures iﬁ and.ﬁn with respect to R are diasjoint, then
-] = -] = . %
the images sp (An) and (p (B ) are disjoint closed sets in R,



Hence, there exists a continuous Dirichlet function v in R such that
v =1 on AnﬂR and v = 0 on B/\R, and the extremal distance

)\(Rn, B )2 1/D(v) > 0. Therefors, R satisfles the separability
axiom with respect to extremal distance.

Next, we denote by AE the ideal boundary of R; and consider a
f_amily r’ of all loecally rectifiable curwves which start from polnts
of R and tend to AE of R;:. Then, we have the following theorem.

Theorem 3.6. Every curve of |7 converges to a point of A B
except for curwves belonging to a family of the infinite extremal
Length,

Proof Let 7' be the family of curves c' of [~ which does

not converge.to a point of AE’ that is, for end parts e = é'/'\(R-Rn},

f\;n contains more than two pointe of AE' where l'Rni' 1s an exhaunstion
n

of R, and the cloaure.. En.i‘s taken with respact to R; + Supposge two
polnts a and b belong to N ;n' then there exist the neighborhoods
n

V{a) anéd V(b) of & and b respectively such that the extremal distance
between V{(a) and V{b) is positive, Let flazl be an admissible métric

for the vroblem of the extraemal distance A(V(a), V(b)) puch that
1

1 . s
qiér% Lf!dﬂ P re ?\(v(a).'\f(b) )a '

where 2_ denotes the family of all curves joining V{a)#/\R and V(b)AR.

Then, eince ¢' &€[?! tuts beth Vi(a) and V(b) infinitely many times,

.J; j‘idzt: oa

Rence, wa have, for the extremal length )\*c,,} of the family &' of
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all gurves which cut both V(a) and V{(b) infinitely many times,

Arore 2 Cing |dzf)Z= o0 O),
{cj' {c'} 'L-"?

Now, since R; has a countable base {?nflof neighborhoode, there

exists V. and ¥ of {V } such that V € V(a), V C V(b) and

0 < A(¥(a), V(b))< o=
So, the family 7' is exhausted by a countable number of families,

T’nm of curves which cut both Vn‘and vu infinitely many times. And

the extremal length ’\nm of each r’nm ia infinjite, Therefo're,

At EZY A 0
that is, Ar,.= v

This theorem is an extension of Theorem 1l.l.
- Aecording to this theorem, if R is hyperbolic every Green line.
converges to a point of the ideal boundary of R; except for Green
lines belonging to a family of infinite extremal length, - that is,
except for Green lines belonglng to a famliy whose Green measure -is
ZEro, |

Ae a remark, we notice that we can define actually the éxtrgmal
distance between two closed sets A and B of R; a8 the extremal Jlength

of the family of curves both end parts of which converge to points of

A and B, respectively.

6) The auther owes thls part of the proof to M., Chtsuka.
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2. GD mavpings

In this paragranh we study limits and cluster sets of analytic

mappings of a Riemann surface R into a Riemann surface R', whose
3

values fall in the compactification R'E Closed pets E and E' in

R' are said separated in R' with resvect to extremal distance when

there exist neighborhoods En and Elll in R*' of E and E', respectively,
whose extremal distance )\(En, Eﬁ) is positive. We consider an analy-
tic mapping f which satisfies the following condition : 1f E and E!
are closed sets meparated in R' with respect to extremal dlstances,

-1 -
then f (B) and r l(E') are also separated in R with respect to ex=-

tremal distance. We shall call such an analytlc mapping a QD wapplng.
Theorem 2.7. A Diriehlet mapping £ of a Riemann .surface R

into a Riemann surface R' is a GD mapping in our sense.

Previcus to the proof, we prove the following lemma.

Lemma 3.2, Let G and G' be open sets in R with piecewise
smooth relative hom;ﬂaries. If the extremal distance }\(E, G') is
positive, there exlsts a Dirichlet funetion w such that it is harmonic

in R -~ GUG' and

1 on G
u = { -
o on @' .,
Proof Let {R fbe a regular exhaustion of R and put )\n =

)\(EﬂRn, G'N R!). Them the sequence f.)\n} decreases to A by Suita's
lemma [32], and we have

1

D(uw,} ,

il

- 25 -



where u, iz a harmoenie function in Rn— @\ G' such that

1 on 8 AR
S f 0 o TNE
_—
LA o .
2y on the rest of 'BRn.

Hence, Dirichlet integrals D(un) are uniforqlli‘yboundeq by the extremal
length A']'{ oa .{ A< oo because both G and G' are open.

Now,; for m>»n, we have, for inner products,

(qu , da(u - %))Rn_ Sug =0
and

(Gupe @updp - GuE = Pg - Gua o)
Hence,

DRn—- gua (Y- )= DRm- gud () - DRn- gua (ug).
Therefore, u, converges to the desired function in Dirichlet norm
and uniformly on every compact sets in R - GWG'.

Proof of the theoren, Let f be a Dirichlet mapping of R into
R', and E and E' be digjoint closed sets sepsrated in R' with respact
to extremal distance, that 18, there exist neighborhoods E, and E! of
E and E' in R' respectively, whoss extremal distance )\('ﬁn, Et'l} is
positive, where we can assume without loss of generality that the
relative boundaries E  and E} are plecewlse smooth ( c¢f.; for instance,
(28] p.289 ). Then, by the above iemma, there exists a harmonic
Dirichlet funciion u-in R' such that

1 on E
u = { n
=,

(4] on En \
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where the closures are taken in R'. This w is extendable continuous-

ly on Royden Compactification R';, and we put, for extended u,

»*

E = {p;peR'; u(p)gl-is'

* *I

= {p:peRy ulp) S €,
then Ef and E' are disjolnt closed sets in R'; containing E, and E!,
respectively.

Since £ is a Dirichlet mapping, f is extendable continuously to
+*
Dl

P P =1 * *

£ (E ) angéd £~ (E' ) are disjolnt closed sets in R.. So, by Lemmwa 3.],

a maprling of R; inte R! Denoting the extended mapplng by f again,

thera exists a continuwous Dirichlet funetion v on R; such that

1 on f-l(E*)
o

1] on f-l(E'*) .
Henece, the extremal distance )\(f-l(E*)/"l R, f-l{E'*)/\R) is posltive.
Therofore, by monotonicity of extremal distance, f”l(E) and f'l(E')
are disjolint closed sets in R separated with respect to extremal
distance. .
We now study boundary belaviors of GD mapplnges. For thlis purpose,
it is auitable to consider Kuramochi compactification R;lof Ras a
domain of definition, and a metrizable comnpactification R'; patisfy~
ing the separability axiom with respect to extremal distance as a
range of cluster values of the GD mapping. At firet, we prove the
following theorem concerning limits along curves of a GD mapping.
Theoren 3.8. Let f be a GD mapping and |7 be the family of
all curves which start from points of R and tend te the ideal boundary.

L
Then, f has limits in R'E along every curve of r’ axcept for curves
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belonging to a family of the infinite extremal length,

Proof Assume f has not a limit along a curve ¢ of T’ The
cluster set of f in RE along ¢ contains more than two points a and a'.
And there exist neighborhoods V(a) and V{(a') whose extremal distance
1s vosltive. We put G = f'l(".i'(a)} and @' = f‘l(v(a')). Then, the
extremal distance )\(G, G') may be assumed positive.by taking V{(a)
and V(a!'} suffiently small., Since the ecurve ¢ cuts both G and G' in-
finitely many times, we concluds, as in the proof of Theorem 3.6, that
-the family T_’aa' of curves which eut both G and G* infinitely many
times has the infinite extremal length.

By definition, R; is metrizable and has a countable base of
neighborhoods. If we denote by |7, the family of all curves of
along which f has not.2imits, ]"’o is exhauated by a: countable nu.p:ber
of such families as 7 _,. Therefore the extremal lemgth of ", is
infinite, 4.e.d.

Now, we are golng to extend Beurling's theorem of Fatou type.

Ve consider Kuramochi compactification R;; of R and Kuramochi boundary
AN' and denots byﬁl the set of minimal points of AN‘ do= dﬁ'dl

iz of Kuramochi cavaeity zero. To each polnt p af dl we asgociate

the filter base %p of open mets atated Before. TFor each % we dew-

fien the cluster set fv(p} of a GD mapplng f of R intoe R' whose values

fall in the compactification R'; as

fv('P): n }-(-a-) )
G e

*
where the closure 1s taken in R'p. £¥(p) iz a non-void clesed set in

R';. We call fV('p') fine cluster set of f at p, and when fv(p) is one
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point we call it a fine limit,

Our extension of Beurling's theorem is as follows.

Theorem 3.9. A GD mapping of R into R' has a fine limit in
R; quasi-everywhere on.élN.

‘Proof Let p be a point of le at which f has not a fine limit,
that 15, the fine cluster set fv(p) containg more thah two pointe a
and a'. By definition of R'., there exist dlsjoint neighborhoods
V{a} and V{a') of a and a' respectively, whose extremal distance is
nogitive., We put @ = r'I(V(a)) and @' = f'l{V(a'}). For any open
set U of @’p' Uy MNV(a) # F and T{U) MV(a'y) £ @, And since V(a)
and V{a') are open sets, f{U}MAV(a) # ¥ and f(BIMYV(a') # & .
Hence, GNUT # ¢ and G'/\U £ & . And, by definition of GD map-
ings, the extremal diatance A (G, G') may be assumed positive by tak-
ing ¥(a) and V(a'} sufficiently small. Then, there exists a Dirichlet
function-u such that

1 * on @
u = { i
0 en G'
This u can not havle a fine limit at p. On the other hand, Dirichlet
functiomsin R have fine limits at every point of Z&N except for peointa
belonging to a set of vanishing outer Kuramochi capacity. Rence, the
set .

E ={qed1;r tY(q) A\ Va) # & and £Y(q) N\ Va') £ &
nust be of zero euter Kuramochl capacity.

Since R'; iz metrizable, R'E haa a ecountable base of neighbor-

noods, Therefore, the set of points at whlch f does not have fine

limits is covered by a countable number of sets such as E above, and

is of zero outer Kuramochl capacity. This completes the proof,
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§ &4 Evans potential

We refer first to the Evans potential for a compact set with
the infinite transfinite diameter on Kuramochi compactification of
an arbitrary Riemann gurface and next for an ideal boundary of a
parabolic Riemann surface, and finally another type of potential
1like Evans' ane for a set of capacity zero on an arbitrary metriz-
able compactification of any Rlemann surface.

1. Evane potential for a compact set with th? infinite trans=-
finlte diameter on Kuramochi compactification., For a compact set K
on R: = R;-'l{o we define the transfinite diameter D{K) as follows.

le::n

1
Dn(K) = == inf Z, N(pi, Pj) .
na2 1 -o-pn K 1<)

Then, by the same argument &s in the case of Green function ((321),
we know the limit

Iim D (K} = D(K) (g 02 )
T =

exists, which 1s called the transfinite diameter of K,

In the case that the transfinite diameter of K is infinite, we
can construct the following Evans potential,

Theoren 4.1. Let K be a compact set with the infinite trans-
finite diameter on R:. Then there asxists a petential

vlz) = S K(z,p) dM{p)

K

such that

1} v{z) is harmonic in R-K

2) plz) =0 on K,
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3) lim  p{z) = o= .
Roaz-er

4) D (mun (_pfa),rq)):::on
We remark that a compact set of vanishing Kuramochi capacity

15 not necessarily of the infinite transfinite diameter.
2. In the case of a parabolic Riemann surface, the existence
of the Evans potential was proved by Kuramochif12] and M, Nakai[ELpJ.
Theorem 4.2, { Nakal ) Let R be a parabolic Riemann surface.
Then, there exists a positive harmonlic function p{z) on Ro such that
1) plz) is continuously O on 'BKO
1lim p(z) = 0 when z tends to the ideal boundary of R

3) hj‘\ dp* = 2% when K_ ie positively oriented, and

D{ min{p{z), M} ) = 2nM.

3. For an anbitrary Riemann surface R we construct another type
of potential. It is constructed, for a closed set E of vanishing
capacgity of metrizable compactification R* of R, Let E be a closed
pet of R. such that E N K, = d, E be the closed 1/n -neighborhood of
E and Er'1 = RN En' We may assume aE]; is piecevlse analytic, modify-

+

ing it if necessary. Let 1p, = I'-On(z} = wiz, E') be Kuramochi's
L

capaclitary.potential of EIII' that is, mn be & positive harmonic func-~

‘tion in R = K - E! such that

wn=

{ 0 an 31{0
1 on BEI!L

and W, hes the minimal Dirichlet integral. We extend ¢ to be O
on Ko' and 1 on El. 1If the Mirichlet tntegrals D( mn) are uniformly

bounded, the seguence {wn} converges in Dirichlet norm and hence
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converges uniformly on every compact set of R . The limit function
“p is harmonic in R - E and has a finite Dirichlet integral D{wyp).
We call D(w) the capacity of E. This is a weak capacity in the
sense of Brelot [ 3],

We assume, here, the canacity of E zere. Then, the function “-’E.
is zero and there exists a sequence of &) {z) which converges to zero.

We can choome a subsequence of {q_)n(z)} , which we write {(un(z]}
]

again, such that i wn(z) gonverges, Tlie limlit function p{z)} =
n=1

oo
2, (-On(z} is continuous in R = E and has a finite Dirichlet integral.
n=l

In faect,, by the definition of capacity, there existes a sequence (’.En}

of neighborhoods of E guch that the capacifty of En is smaller than

m
1/,n . Putting p (z) = 2, tw (z), the potentials, pm{z) have
n=1

uniformly bounded e¢nergies ( Dirichlet integrals ), converges in
 Dirichlet norm and converges uniformly on every compact sets X on R
such ‘that K N En= # for some n. Hence, the limit function p(z) is
continuous in R = E and has finite energy. The set Gﬁc{z &R 3 plz2)>M
is conmegquently opsan.

p{z) tends to infinity when z tends to E because, for any number
M, p(z) > pn(z)g M in B} when n7»MH. 'By the above fact, we know the
open get R - _('ﬁ_-l-_GI'_['}' containe E, where closure is taken in R .

Next we show the level curve GM =i 2&R ; plz) = H} iz plece=
wise analytic, that is, it consists of a countable number of analytic

curves and arcsy Putm =[M}. Thenp ., > ¥ in E .y because

Wiz W= eeeer 20 2w =] in E ., and CuyMNE = @« We write
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Oy OBy Bpd * OBy o= Byy) * oo oes + QuN(E - By

+ G (R = E)

and
[T
plz) = pj(z) + nf‘}ﬂ wr (z) = pj(z) * q‘.j{z).
Then, in Ej- By pj(z} iz a constant = j and qj(z) is harmonic.

Hence, the curve GH{\(EJ- Ej+1) is determined by the aquality qj(z}=

M - j, and 80 it is plecewlse analytlie. Since ﬂH consleta of count-

able parte fcmn{Ej- Ejﬂ)} , it 18 plecewise analytic.

Theorem 4.3. Let E be a closed set of R with vanishing
capacity., There exlats a continuous pobdential p(z) in R wilth finite
energy ( Dirichlet integral ), such that

lim plz) = oo
Ry 2-E

and the Level curves are piecewise analytiec.

$ 5 Extension of Beurling's theorem of Riesz type

1. The purpese of this section is to extend the following
Beurling's theorem of Riesz type [1] .

Let f(z) be a meromorphic function in the unit disk jz|<1 and
F be the covaring gurface generated by w = f£(z) over Wwwsphérs W. Let
a be a polnt of W and F, be the part of F which lies over the disk

centered at a with radius r, Let A(r) be the spherical area of Fr'



If

: Alr)
o(a) = Lim = < o ,
ry0 gL & ol

ais called an ordinary value of f(z) in Beurling's sense. If the
spherical area of F is finite, then almost every point of W ls an
ordinary wvalue of f{2z).

Theorem 5.1. ( Beurling ) Let f(z} be a meromorphic function
in |z (<1 for which the spherical area of F is finite. Let a be an
ordinary value of.f(z) in Beurling's sense, then the set E of eis

gueh that 1im f(reie} = a is of outer capacity zero.
r~1

This theorem was gpneraliZed in varioua directions by M. Tsuji,
A. Pfluger and 2. Kuramochi. Pfluger{30] replaced the radial limit

lim f(raie) in the theorem by the aaymptotic value along an arc end-
rl
16

ing at e~ . Kuramochi[l7] extended Beurling's theorem to the case
that £(z) is an anélytic mapping f of a Rlemann surface R inte ancther
R'. He replaced the radial limit by the oluster set of f with respcet

to the gontact set, and generalized the ordinary value in Beurlingls

sense to & set of points in a parametric disk of R' satisfylng an
analogous condition., Our vurpese is to treat a set containing ideal
boundary polnts as a generallzation of the ordinary value in Beurling's
gense, For this purpose we .are obliged to set an assumption that E!

ia of cavagity zere.

2. Let R; be Kuramochli compactification of R and R'* be a com-
pactification of R', At first we put no restriction upon R'*. We
consider a continuous mapping f of R inte R', and define for pq.ﬁll

the fine cluster mat fv(p) in R'* as followa.
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t¥py = M\ HEY ,
G& %p

where closure is taken in R,

Constantinescu-Cornea[4] proved the following

Lemma 5.1. For an open set G' in R'  which contains £¥(p),
f-l(G') belongs to C?p'

Now, for an o1:nanI set G in R, we conslder the set ﬂl{G) of all
roints of Al at whicim R « G is thin. For Kuramochl capaciiy of
G UAI(G}, we prove the following lemma.

Lenma 5.7, For an open set G in R, if inner Kuramochi capacity
of GUél(G) is f'l.nlite it is egual to Kuramochi capacity of G.

Proof Let Gi(G UAI(G)J be inner Ruramochi capaclty of
G Uﬂl(G.), then there exists an increasing sequence{Kn} of compact
gets in GUAI(G) such that every point of G is an inner point of
at least one of {Kn} and Kuramochi capacity G(I{n) of Kn tends to
c, (6 W4, {e)).

Lat p/‘n bs an é'quili'brium potential of Kn‘ then the sequence

{_p}‘nj is monotona increasing and the energlies { Dirichlet integrals ).

t. ] dp"muaj are uniformly bounded, So, according to (4], {/un&

converges to a canonlical mass distribution/& such that

1im Udn‘““- dpli= 0 |

o
and

Tim p"n = p'“ .
n=soc

Hence,the energy

L= aphP= 1in | af P« Lim C(K ) = o (a VA (a)).

n-» 0o
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On the other hand, p™ = 1im T:(""n = 1 in G, and since p* is a
N=Froo

Dirichlet functien in R and fine continuous guasi-everywhere on A '
p“= 1l guasi-everywhere on G‘Jﬂﬁl(ﬁ). Let s be a positive full-
superharmonie¢ funetion in R, which is not smaller than ! in @. Then,
s is fine continuous quasi-everywhere onZl and hence s &1 quasi-

everywhere on AI(G}. S0, by domination prineiple,

szd",

and

sz p™= lim e

n-—bo
This fact shows that p’"‘ 1s the minimum among non negative full-super-
harmonie funetions which are not less than 1 on &, that 1s, p‘"’ia the

gquilibrium potential of G ( [4] p. 187 ). We conclude
ci(eudlte}). = G(@).

Corollary. Let {Gn } be a seguence of open sets in R and E be
a set contained in A]_(Gn} for all G . If Kuramochi capaclty C(Gn}
tends to zero, inner Kuramechi capacity Ci(E) of E 15 zero.
M

Proof Let K be a compact set in E, Then, 0 & 1 = pﬂﬁ"

for all n by domination principle, where /“k and /"G denote the
n
Aa,

equilibrium mass distributlion for K and Gn‘ respectively. If p

tonds to Zero p'uK mist be zero, that is, { dp#KH =0 and C(K) = 0O,

S8ince ¥ is arbitrary we conclude C:L(E} = qQ,

Lemma 5.3, Let G be an open set in Ro’ vhoge relative boundary
conslsts of plecewise smooth curves. Then, 2nC(G) is dominated by .

the reciprocal of the extremal distance between Ko and G,
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Proof  Let {R_} be a regular exhaustion of R, and &) be the

solution of Dirichlet principle in Rn such that

1 on Eﬂﬁn
vi-!

Q an Kn
? Wy -0 _
-av = on ‘Bﬂn- G.

Then aJn tends to &), in Dirichlet norm and uniformly on every
compact set in Rn' @, The extremal distance ,..\{Ko, G) between Ko and

G equals the reciprocal of Dirilchlet integral D(QJG). But, foriany

1 e
compact set K in G, e )\(Ko, @) 14s greater than C(K). Hence,

wa have
2 Ak, Bz
n o? WG

I First, we treat the case that R' is hyperbelic and R" ig
a metrizable compactification without any more restriction., In the
follpwing three case, wa consider always Kuramochl compactification
*
RN of R.
Let E' be a closed =met on R'*, which is of c¢apacity O in the :
sense of § 4.3. Then, there existas a continuous potentialiin R' with

finite energy such that

( plw) =0 on K:)
1im plw) = pa
Ew—+ ' ’

and the level curve GI:I ={wGR' 1 pl(w) = ij is piecewise analytic.
We consider an analytic mapping w = £(z) of R inte R'. We take
Ko and K‘; as f(Ko)C K'n and put Gt:I ={weR' ; H(p{w)} and
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G]:[M = {_WER' H HO*C plw)< Mj- for a fixed positive number Mo' For
o

the sets Gy = f"l(G}fj) and Gmo= f'l(G],fmo), we denote by Dr;ﬁf,-u-)-a-nd

D (u} the Dirichlet integralsosf u = pef over Gﬂ—a-nd GMM o Peopeci-

GMI"T o)
g 9
Eapalapr

Theoren 5.2. Let E' be a closed set of vanishing capacity on

R'f If @n analytic mapping w = f£{z) satisfies the condition that

D. (u)
lim ——e— =0 u = pef
My we .

Then, the set E = {p e A p i .fvﬁp)c_ E'}l}aa vanlshing inner Kuramochi

capzecity.
Proof Let E; be the 1/n -neighborhood of E'. For given M,

if n is sufficiently large p(z)>M in EL AR', and £7H(B1) C Gy

Since El',1 is an open set containing E', we have

eHEpe N G,
. peE ¢F
and
G *
M € pQE %‘p
This shows that
We consider a family r’MH of curves ¢ which join the sets
o

{zé R ;ul(z)2 H} and{ze Rsuwz)=s Mgﬁ, and denote by Al"ﬁ"o itg

extremal iength. By the assumption of the theorem Dﬂmo{,u) is finite,

and
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| grad u |

JDG ()

fPlaz[ = MMo

Y elsewhere

|dz| in GHMO

is admigsible for the problem of )\MI-I So we- haye
ol L] . -k b

(M« Mp)2
)\HMOQ( inf fj'ldzl)2= - ( 5|sra_d uf Jdz )2 2 P :
< u ¢ u .
°€ T, G, %,

From the asgumption of the theorem, we have

1AM A= 20 .
Mape e

By Lemma 5.3,

1 - -
ol = ; ALK, Gy 1-,; 1/21:)\%

S0, by the Corollary to Lemma 5.2, we conclude that inner Huramochi
cabacitg of E wvanishes.

4, Secondly, we treat the case that R'" is Kuramochi compacti-
ficatlon R'; (H';= R';- Ka) of a hyperbolic Rliemann surface R'. Let
E' be a cloged sat on R';I of the infinite f{ransfinite diameter. Then,
as we have shown, there exists Evans potential -p{w) such that

1) »(w) is harmonic in R;- B

2} plw) =0 on K, and _lim plw) =

. - 5!
3) D {mam (ptwry, M) <o R-ESw>E
As Constantinescu and Cornea pointed out, there are some diffi-

eulties in potential theory on Kuramochi compactification, which is
due to existence of non-minimal points., We notice here that a set
of vanishing Kuramochl capaclty is ' noi necessarily of the infinite

transfinite diameter. TFor instance, it is possible that sup N(z, q)
| Z€R
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1s finite for a non-minimal point q, and N{g,q)< ee ( cf.[13]).
For such a point, Kuramochi capacity ie zero but the transfinite
dlameter can not be infinite.

For a closed set B' of the infinite transfinite diameter, we
have the similar theorem as that of paragraph 3.

Theorem 5.3. Let B! be a closed set of the infinite trans-
finite diameter on R';. If an analytic mapping w = £(z) satisfies
the condition that

D, (u}
]_im_gmi__=0

Mo M2 ’

then, the et E = t'p Ed'l : :E‘V(p}c E'} has wvanishing inner Kuramochi

u = pef

capacity.

But in this case, u = pof is harmeniec in Ro outeide a set of
zero voints of f'{z) and points of f'l(E'}.

This gives an extensiﬁn of Pfluger's theorenm,

Let Rt b31§°Riemann sphere and E' be the origin w = 0. We take
jwi 2 1 as Ki+ 1In this case Evans potential pi{w) is equal to N-Green
ia

1
function N{w, 0) = log —;—,_Fhare W B re We have

Dy (wz)) = ([ jerad ¥w,012 |2(2)} 2axay
M, F

M'-MO
if 2 '

Fcyegh T
05 f<an

where nf(w) denctes the number of w-points of £{z). And

DGﬂM (u) 1 X
B S S
(M & M) (M - M) r
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1 1,
= _[r- S nf(w) r dréf .

To
{log — )2 *
r
Putting
s(t) = ﬁ n, r drdd ,
<t
a3 g
we have .
D {n}
G, 1 Yo as(t)
2 = s 2 .
(M = M,)< (log = )a Y %

It is sufficient for Ay, to tend to infinity that
) a

1 T as(e)
Tim T —1;3_ = 0,

>0 (logTo 2

But, in this case, it is vessible te give a sharper condltion.
Take ry and r,as r< ro<rF ahd write

A

A Y, % then Ay 2 A «  Pollowing Pfluger,
g e, .

rr."
1" 2 rlra

we caleulate the integral by integration by parts.

T, ' r, v
1 j‘ as(e) S(r,) 2 5(e]1
Ts 3 & * : T

2 t 2 T2 .2 Fa.2
(log —— ) ry r,"(log == ) (2og —=)% r;
1 1 1
We assume here
: 1
s{t) = o(talog ~ } .
tends
The first term on the right side ofithe inequalitynto 0 with ry.

So, the first term< & Lif r; is sufficiently small. For the second term, ..
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gince
S{t)

1
2
t7log —

Ig‘i:

= g ( ¢ =»0 fort—=+0)

vhen r < 4 <r, for sufficlently small ry and r,,

r _
2 ra
5(t} 1 1 _ &7 2_ 2
j 5 ar = g'log ~o= dlog & = =3 {{log r1)%= (log r,) J'

r"I. t r.l
We have
"2 5(e)
2 St 1
at 3 E' for rl —_— {1,
r 2 ¢
2 )2

(log -;'-1- ry .
Hence )\r " is arbltrarily large for sufficiently small ry and T,
1z '

So, we conclude that A tends to infinity when M tends to oo .

HM o

the Tha
Our theorem is idential with Pfluger's one inﬁcase ofnunit disk,
To show this we prove ithe fpllor.ri_ng
Lemma 5.4, ( Pfluger T30]3 ) Let w = f(2) be a meromerphic

function in the unit disk \z{< 1 such that

jref
D,= ﬂ‘ ( 3 }2 dxdy « po_. .
Z)< 1 1+ |f]

If f(z) tends to O along a ecurve ¢ terminating at aie + then,

Lim J£(z)} =0
Zg

along every curve terminating at eie .

Proof Let |7 be the family of concentric circular ares, Y

in 12z{< 1 centered at eie. Then, extremal length Ar of [?7 is zero
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Since Dfﬂz o=
P 1 b£
AD;, 1 +igl?

is admissible for the problem of the extremal langth.AT'. Hence, by

the definition of extremal length,

L1}
inf
YU 9 1+ 212

ldz| = 0.

Hence there exists a sequence {7 } in T~ for which

lim \f'[

———— |ag = o.
by L) 1 + lﬂ.a

This means that the spherical length of the image of ‘Yn tends to 0.
Every curve c¢' terminating at ei& intersects '7n at a point z_.

ind f(zn) tends to 0. This means that

1im |£(z) | = o,

z-pet0

zec’

This lemma shows that the fine cluster set can be replaced by
the asymptotic value in the case of the unit disk.

Let E be a set of points teiﬁj guch that there exists a curve

terminating at i along which lim f(z) = 0. By above Lemma,

1im |£(z)] =0

Zret

along every curve ¢' terminating at eiﬁ « This means that the curve
¢! cuts GH infinltely mahy timea. DBut the extremsal distance betwesen
G
That is, the extremal length of the family of all curves which join

and the small disk K centered at z = O tends to infinitely with M.
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K and peinte o E is infinite. This shows that the outer capacity of
Eis zero { cf. [30]). Thus, we have Pfluger's theorem.

Theorem 5.4. ( Pfluger L30]) Let f(z) be a meromorphic func-
tion in {2]<1 such that the spherical area of F is finife. I1f £(2z)

satisfies the Sdondition that

1
5(t) = o(talog =) for 20,

then the set of woints on |z| = 1 at which £(z) has asymptotic value
0 18 of outer capacity zero.

We give a modification of Theoram 5.3.

Let p(w) be the Evans potential for the set E' and p*(w) be its
conjugate harmonic function. We use p + ip* as a local parameter.

Theorem 5.5. Let w = f{z} be an analytic mapping of R into
R'. If

f nf(w) dp* = o(M) for M —» 00 |
plw) =M

the set E has vanishing inner Kuramochi capacity.

Proof As we have already shown,
D {ule))
G 1
)\”1“ Z ( - ) = A ﬂ-nf(w) dpap*)™?
[ #] (Hl" HO}E (Hl- MO) o
M
1 1 .,
= { 5 dp n.{w) dp*)~
(M= M) M, p(%) = |

for Moﬂf M< Hl‘ ];:f

Sf nf(w) dp* = o{M} for M —» oo |
plw)=M
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there exists a number L for any € 0, such that

nf(w) dp*<C &M for K> L.
p{w) =M
Hence,
Ml Hl
anf(w) dpdp* = f dap jnf(w) dp* <'E’M1 dp =EH1(H1- Mn)
My p=i 0

for H'.l‘? H}Ho‘:» L. So, we have

¢ M, (M~ M} -1 2
_A >{ 171 O 5 >?

M. M 2
10 (Hl— Ho)

for le 21'[0. € being arbltrary, )\Mlno tends to infinity with M,

L]

and lim )\{ch\u ) =& 1in: ,\M M_ &0 . .And we conclude that E
. 1 v

Hl'-}lo

has vanishing inner Kuramochi capacity.

5. Finally, we treat the case that R' is parabolie., Let E!?

be a 0109_?.@&%&'&- Then, R' = E' is a parabolic Rlemann surface
(';"5_'_ Iy E . k 11
and we denote 1t g}f :}4' again. There exists the Evans potential p(w)
auch that
1} p{w) 1s harmonic in R'- Ké and continuous in R!
2) plw) =90 on K}
3) lim p{w) = <o for z ~¥» ideal boundary
L) S dp* = 2n  when 9PK| is positively oriented, and
]
oK}
D{ min{p(w), M} ) = 2=nM.

We use this potential to obtain sharper evaluation of the fo%ula
DG (u)/Ha in Theorem 5,3.
MM,
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Let p*{w) be the conjugate harmonic function of p{w) and put
g{w) = p(w) * ip*(w). Then T= '/’(w) = e-g{w) maps R* with a count-
able number of slits, plecewise one-to-one and conformally, onto the
unit disk I"5I<1 with a.countable number of slits (L251, (31]).

Denote by ‘aMM the Diriechlet integral of Yef(z) over the set

o

ZER : M« of(z) |[< M and put 9 = 1lim -8' . Then we have
{ Iq' I asl Iy Ho 0 HMO

Theorem 5.7, We map R inte !‘5\{ 1 by the mapping 3= (j-"f =

exp(-psf « ip*ef). If

ln &9 /2<'o-
o/ Mg !

M=
0
then the set E = f_p e‘ﬂl s Y C ﬂ;} has vanishing inner Kuramochi

capacity.
Proo?f By definition,

B, [[1EL" anes = [Jlgriont® 12rcol? s

= J-jhb'(w}iz nf(w) dudv (w=utiv ).

For evaluation of .@m ; we have
0

(1) M8 ﬂ.[g'(v{}lz ne dudv< rj\ .]8'(w)|2]e'5{W)[2 n, dudv
= 31%1 < Moa ,JTIE'(W)IZ n, dudv,
o

where integrals are taken over the set {w E€R'; =log Ho < plw)< =log I;I}.

And

{2} ﬂlg'(w)ja n, dudv ﬁlgrad p('l'-'o')la' n, dudv

ﬁlgrad P“flzlfitéﬂz dxdy

Dygef pef ).
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Here, by agsumption E)
M
.10

QH = lim QMH{D'Q ﬁndﬁﬂ 2 = ke o ,
o M M=>0 .M
) o
By (1) and {2), we have
M 2 mﬂ' < BMO
oy o < = S
o o
l

Setting M = —— Mo' we have

2
L7 By,
b D}mo —_ M 2 °

o

And, since there sxlzts a monotone decreasing sequencef_ﬁn} such that
Mn 1 9“

Mg 0=, Un —2— =k
2. nre Mn

<+ € (&g Vo),

My

wa obtain, by putting D _an’M +
o,
D, < 4k + £ ).
Now, we denote by Am the extremal distance between Ko and EH s
|}

and by )‘1'1 the extremal distance between 'EM and R - G}H for
n

m>»n. Then, A = Z_)\' and lim }\ = Z A Sinde

n=1 m-oo

1
grad pef(z)y {dz in ~ G
?ldzl = m l l ! GMn '-'!'-ﬂn

0 elsewhaere
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is admiseible for the problem of Ap» We have

AL &5 (los = L o, (g2 )
AL w= { log — - log =-— =
n Dn :'L-Hn Mn Dn
1
———— ( log 2 )2.
Wk +€ )

Therefore,

i (lag'.'a)e
Un A 2 2

————— = [,
=00 n=1l 4{k +En)

Thus we complete the proof.

Now we show that Theorem 5,7 is an extension of Theorem 5.1.
Let F bs a closed set in R such that R = F does not belong to 91}.
Then, modifying GConstantinescu~Cornea's theorem ([q,] ¥ ¢ ef.Talseo[17] ),
we have.the following lemnma.

Lemma 5.5, Let p be a point of 41 at which f(z) has a limit
a in R!;. Then, there exlsts an seguencs {anl} in ¥ surch that

im f(a } = q.
n-»ye v
We define, for a point p of Al' a cluster set fi(p) as

' fl‘.,'."(p) = f; ;EF n"‘“ﬂn .

where V_ is the 1/n =neighborhood of p and the ¢losure is taken in

*
NI-
And Theorem 5.7 it written as follows,

r! If f(2} is a GD mapping it has fine limita guasi-everywherse on A,
Theorem 5.7'. Let f(B) be a GD mapping. And let p be a voint of
of Al for which there exists a closed set F such that R = F does nhot
belong to ?p and f;(p} iz one point g+ If g satisfiea the condition

that
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then the set E of such points as p has vanishing inner Kuramochil capaci-

ty.
We consider the case that R is the unit disk : jzl< 1, R' is the

Riemann sphere.and £(z) is a meremorphic function in R such that

H( UL 32 aray< oo .

1+ |g°
1
We assume g = O and take (lw|Z 1) as K! . Then, p(w) = log i wl and

'9= w, And we have M = |w]| (=r) and

= ﬂ)

Let ¥ be the radial at eia, then R -f¥ does not belong %o C}iﬂ"
5

dw ;2
l dxdy = A(r).
dz

is

Suppose the conirary is true, and take a neighborhood V of e which

does not contain 7 . Then VOV (R « 7 ) belongs to ?iﬂ and there
e
exists a connected component D of V(R « % ) which belongs to %” .
8
Let D' be the symmetric image of D with respect to the radial 7Y,
then it belongs to ?1& . But DMD' = @, This is a contradiction,
e

Thus Theorem 5.7' is reduced to Theorem 5,1, but in our case, the :

got E iz of ipner capacity zero.

§ 6 Analytic mapplings of type Bl

In this section we study an analytip napping of type Bl of a
Riemann surface R into a Riemann surface R'., An analytic mepping f

of R'into R' is said to be locally of type Bl at a'& R' if there
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exliste an oren set G' of R' containing the peint a', such that every
connected component of the inverse image £71(a') of 6 1s of class

5 If £ 18 locally of type Bl at every point of R', it is said

Ogg-

to be of type Bl, Let nf(a‘) denote the number of points of the set

f'l(a'), where multiplicities are counted. Then, according to M,Heins,

if £ is of type Bl, n.{a’') = sup n,(b') except for a set of capacity
£ bleR! ©

ZOro.

Here, we concern with the vroblem at what points an'anslytic
mapping f would be locally of type Bl. TFor this problem, we refer to
the results of Constantinescu-Gornea (4] and of Doob [5), PFirst, we
consider, following Constantinescu-Cornea, Wiener's compactification

»
Ry of a Riemann surface R. Let T’w be its harmonic boundary and {7,
be the sebset of TTW at each point of whiech the analyd ¢ mapihg f has

continuous extension with a value in R';. Then, the sget of points at

which f is locally of type Bl is R'- ff]‘fi .
Doo® congidered Martin compactification R; and defined the essen-

tial closed range of the fine boundary function f£' of the analytic

mapping f as follows. The fine boundary function is the function de-
fined on a set on 4= H;- R at sach polnt of which f has a fine limit
on R'; { Martin compactification of R' ) with value=s of the fine limits.
Let B be the domain of the fine boundary function £' of f, and B, be

a subset of B of harmonie¢ measure G. Consider the closure in R'; of
£'(B - Be}' The intersection of all these closures ( equal to the
intersection of countably mahy, and therefore attalned by a proper
choice of Bo ) is called the essential closed range of the fineidound-

ary function. Using this notion Doob gets the following result :
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the necessary and sufficient condlition £ér f to be locally of type
Bl at a'€ R' is that a' iz in the c¢closure of f(R) but is not in the
esgential slosed range of the fine boundary function f'.

We conslider Kuramochl compactification R;; of R, and agsume’that

f is a GD mapying.
Theorem 6.1. Let £ be a GD mapping of R into R* and locally

of type Bl at a'€ R'. Then, the set of RN at each point of which f
has the fine limit a' has vanishing innher Kuramochi capacity.

Proof S8ince f is locally of type Bl at a'€ R', there exists
an open get G' colitalning a' such that every connected of f'l(ﬂ') ia

Let V! and V! be neighborhoods of a' such that

of elass 50 1 2

HB*

vé < "'J'i C G'. We take a cohnechked component G of f"l(G') and put

G, = G /'\f_l('x_{]‘_ - V1). There exists a continuous Dirichlet function

h' in R' such that ' = 1 on 1._1‘5,

= 0dn R'" = ‘J']'_ and harmemdc in Vi- Vé.

Since f is a GD mapping, the extremal distance of f'l(?é) and
R - f-l("!i) is positive, and there exists a Dirichlet function h, such i
that h, = 1 ¢n f"l(‘?é) and =04dn R =~ 1"1(‘)‘1). Since the restriction

fG of fin G 18 of type Bl as a mapping of G into @', ne {p"') =n, =
2] -G

constant for all peints of G' except for points bélonging to a set
of capaelity O, And, sinee h'e f i3 g boundad harmox_lic function { with
gcountable removable singularities )} in G, and G, belongs to class S0pny

we have
G Gg _ .°G
htef = throf =Hh’ = hn o
o

( for these equalities, e¢f. L4} ). Hence,
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Uslhre )]s = fatnten)f, = ildrf"m"“’lG = ﬂdh'gG‘!lG_
0 o
Therafore, we have
2 2 BGe 2
nfG i dh'ugl = ud(hlof)ﬂ(} = HdhoG‘“G

and
o Han?% 2
rg” 107 he /nahuug

Summing n, over all connected components of f-l(G'}, we have
G

- 3G, || 2 2
Zongg s ZUadE /e < Ha /uan'ué. < oo

fe L)

Latting Vé ghrink: to the point a',

PG, p2 =
tin dh = n, = o0
v‘;_-.:'l Ze' St / jan'fz, Z@ Ig

But when Vé

ghrinks to a' Idh'“g tends to 0, so ;Z;ﬂdﬁEG’ﬂg must
G
- | R=>J1
ténd te 0 That is, the extremal distance betweemVv'f (Vi) and
#"1(¥1) will be infinite when V) shrinmks to the point a'. Thers-
fora, capacity of the set E at each point of which f has the fine
limit a' is zero, because if a point a belongs to E, a belongs to
é.l(f (vz}}.
Next we asgume that the GD mapping f Ls of type Bl on R'.

Then, according to Constantinescu-Cornea, if R is hyperbolic R' imust

alsa be hyperbolic. And, as is seen in the proof of the previos
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theorem, £ i= finitely sheeted, We compactify R' in the sense of
'
Kuramochi, and denote by dN and .ﬂN Kuramochi boundaries of R:and

R', reapectively. Kuramochl called a boundary point singular when

it has poasitive capacity.
Theorem 6.2. A singular boundary point 1s mapped on a sin-
gular boundary point by a GD mapning of type Bi. Espeecially, if

R' is of finite genus, there is no eingular point on .dn-

Proof Let p be a mingular point ofAN. Since {pY has the
posgitive capa'mity, the GI) mapping f has a fine limit g on R‘; at p.
'.'a'e_ suppose th.e capaclity of {qf is zero. Let V, be a neighborhood
of q and & be the equilibrium potential of V- Then D( ﬂJn) and
D(_:,‘u.)nwf(z) } o= nfi.‘a( wn} decrease to zero when a tends to infinity.
and since p e‘/;\ -ﬁlfﬂl( ‘J’n) the capacity of {p} must be zero. This

ia contradiction.

If_R' is of finite genus, there is no singular polnts on 4 ;'

S50, R can not have a singnlar boundary point.
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