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                         Introduction 

     Since the ideal boundary of a Riemann surface was introduced 

by R. S. Martin, H. L. Royden, Z. Kuramochi, S. Mori, Y. Kusunoki 

and C.Constantinescu - A.Cornea, the theory of Riemann surfaces has 

been studied by plenty of methods in intuitive aspects. Various 

theorems on functions in plane regions were extended to the case of 

functions on Riemann surfaces. And the success in these extensions 

is due to introduction of harmonic measure and capacity, etc. on the 

ideal boundary analogous to those on boundaries of plane regions. 

     We shall study, in this paper, Dirichlet functions ( BLD func-

tions ) on Riemann surface. Kuramochi boundary contributes so many 

tools such as potentials, capacity and fine topology for the study 

of functions of this kind. Also, the extremal length plays an effec-

tive role for Kuramochi compactifiaation.



     Main purpose of this paper is to extend Beurling's two theorems 

( §3, §5 ) of Fatou type and of Riesz type. One of the  Kuramochi's 

original purpose of introducing his boundary was in the extension of 

Beurling's theorems. 

     In the extensions of the theorem of Fatou type by Kuramochi [13J 

tl4J and Constantinescu-Cornea t4), Kuramochi boundary and Kuramochi 
capacity were used instead of the unit circle and logarithmic capaci-

ty in Beurling's theorem, and a filter at a minimal point of Kuramochi 

boundary instead of angular domains. And instead of a rneromorphic 

function in the unit disk whose Riemannian image has finite spherical 

area, Constantinescu-Cornea and Kuramochi used, respectively, a 

Dirichlet mapping and an analytic mapping generating an almost finite-

ly sheeted covering surface of the image surface. The image surface 

is compactified in their own ways. 

     To attempt a further extension we shall introduce two notions: 

a GD mapping making use of an analytic mapping and compactification 

satisfying the separability axiom with respect to extremal distance 

for the image surface ( See §3 ) .' 

     For the theorem of Riesz type, Kuramochi [17] extended it by 

introducing the notion of ordinary values in the sense of Beurling 

for a set of inner points of the image surface. However, for boundary 

points it loses the meanings. We need use of Evans potential ( §4 ) 

to restore it. 

     Analytic mappings of type Bl ( §6 ) have interesting behaviors in 

relation with the theorem of Riesz type. 
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This 

 §  1 

§ 2 

§ 3 

§4 

§ 5 

§ 6

paper consists of the following six sections. 

  Kuramochi boundary and Extremal length ( Preliminaries ) 

   Continuation of Dirichlet functions on Kuramochi boundary 

   Extension of Beurling's theorem of Fatou type 

   Evans potential 

   Extension of Beurling's theorem of RLesz type 

  Analytic mappings of type B1

§ 1 Kuramochi boundary and Extremal length 

                    ( Preliminaries ) 

     1 Kuramochi boundary Kuramochi compactification of a 

Riemann surface plays an important role in the study of Dirichlet 

functions ( functions of BeppojLevi-Deny ). Points of Kuramochi 

boundary are thought, in a sense, to be inner points, and the notion 

of capacity is defined for sets of the boundary points. 

     Before introducing Kuramochi compactification we refer to 

Dirichlet principle on a Riemann surface R. Let f be a Dirichlet 

function and F be a non-polar closed set. There exists a unique 

Dirichlet function fF( the solution of Dirichlet principle ), which 

is harmonic in R - F and equals to f on F, such that 

D(fF) = min 1D(f');  f' - f E DF }, 
where DF denotes the class of Dirichlet functions which are zero 
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quasi-everywhere on F. If G is a region for which  R - G is not polar, 

the map  f  -~  fR-G(a), a EG, is a linear and positive functional on 

 o(R). So, there exists a measure /fCG on the boundary of G such that 
a for every f e cr(R) fR-G(a) = Jfd/tG. If f is a Dirichlet function 
and if G has compact boundary, then f isa-summable and 

fR-G(a) = Jfd,frLG 
                       We-fix a compact disk K

o in R and put Ro= R - Ko. A superharmonic 

functions in R
o, continued as zero on Ko, is called full-superharmnic 

if it satisfiesthe condition: 

    s(a)~Js dicefor all aEG, 

for all regions G with compact boundary such that K
o /1 G = 0. 

Kuramochi compactification RIB of a Riemannr!surface R is given 
as follows.. Let K

o be a compact domain Such that Ro= R - Ko is 

connected. The function N(z,p), called N-Green function , is deter=-

mined by the following conditions: 

     1) N(z,p) is harmonic in R
o except at p. 

     2) N(z,p) has a logarithmic singularity at p with the coefficient 

             1. 

     3) lim N(z,p) = 0. 
           Z'~ Ko 

4) For a compact set K in R which contains K
o and p_in its in-

         terior, N(z,p) is the solution of Dirichlet principle; 

         NK(z,p) = N(z,p). 

     Now let t piibe a sequence of points in Ro which does not cluster 
in P. When z stays in any compact ,domain,LN(z,pi)is, from some i 
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on , a uniformly bounded sequence of harmonic functions of z hence 

forms a normal  family. A sequence .tpi, for which the corresponding 
t N(z,pi)} converges to a harmonic function, is called fundamental. 

Two fundamental sequences are called equivalent if the corresponding 

N(z,p)'s have the same limit. The class of all fundamental sequences 

equivalent to a given one determines an ideal boundary point of R. 

The set of all such ideal boundary pointsare denoted by 6N , and 

RN= R V LNN • RNis independent of the choice of Ko and the pole 

of N(z,p). In the sequel, we take as Koa, parametric disk of R. 

     Equivalent definition of Kuramochi compactification was given 

by C.Constantinescu and A.Cornea. Namely, let N denote a class of 

continuous Dirichiet functions f for which there exists a compact set 
                  Kf 

such that f = ff.RNis the compactification of R such that all 

functions of N have continuous continuation on the boundary AN and 

points of Q Nare separated bythe extended functions.RNis metriz- 

able. 

     Points of Kuramochi boundary AN are divided into two sets A 1 

and Ao.A point..p of 6 1 is called minimal and distinguished from 

points of 40 by the condition that N(z,p) can not be represented by a 

sum of non proportional potentials of the form, JrN(z,q)d,Gt. This 
definition of minimal points coincides with that of Kuramochi ( cf. 
[14] [28) 0343 ). 

     2 Extremal length Various definitions of the extremal length 

have been considered since it was first introduced by Ahlfors and 

Beurling. 
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     For our purpose we use the following definition  : let F be a 

class of locally rectifiable curves c1), and be the class of non 

negative covariants f which satisfy ff y2 dxdy 1 and for which 

jryldzt  are determined (IS Ds) for every c E F7 The extremal 
length A r of r7 is defined as 

r = ( sun inf J f dz ( ) 2 
          1E cErc 

and each j4 of 11 is called admissible for the problem of the extremal 

lengths 

     The extremal distance A (E1,E2) between two sets E1 and E2 is 

the extremal length of the familyof curves which join El and E2 . 

If either E1 or E2 is void ) (E11E2) is defined as infinity. In 

the case that both E1and E2 are closed, we may take, asncurveof 

1', r_ connected arcs in R - E1V E2 . 

     We prove the following 

     Theorem 1.1. ( [8],[21),r273)2) Every curve which starts from 

a point of R and tends to the ideal boundary converges to a•-point of 

the Kuramochi boundary except for curves belonging to a family of 

infinite extremal length. 

     1) In this paper all curves are assumed to be locally rectifi-

ablP so far as we deal with the extremal length. A curve in an open 

subset of R is said to tend to the ideal boundary if, for any compact 

subset K, an end part of the curve is disjoint from K. 

    2) This theorem will be extended in § 3 . 
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     Proof Since the  Dirichlet integral D(N(z,p)) over R
o outside 

a neighborhood V of the pole p is finite, J =lgrad N(z,p)I _/D(N(z,p)) 

is admissible for the problem of extremal length of a family of curves 

in V. V. Let Z denotefamily of curves which start from inner 

points of R and tend to the ideal boundary, and Zo denote the sub-

family of Z each curve of which does not converge to any point of 

Kurqmochi boundary. By definition N(z,p) = N(p,z) for z and p in Rol 

and along any curve of Z 0 N(p,z) has not a limit. So, every curve 
of 2,' o has infinite length by the metric 

p dz t in R - Ko- ~fl f' adz+ _ 
            0in Ko Jf V . 

This means that 2r_,o has the infinite extremal length. 

                                     * * 

     3 Kuramochi capacity Let E be a compact set on R
o= RN- Ko 

and E
n be the 1/n -neighborhood of E. 

     Let j Rm } be a regular exhaustion of R and LJ be a function 

in Rm such that (,J Tunis harmonic in &
m- En- Ko, _t 

        0 on Ko  W=
_     nm

1 onEn (1 Rm 

DLO  
and the normal derivativenm= 0 on                    •aya Rm- E. The Dirichlet 

integral D( J nm) over Rm is equal to the reciprocal of the extremal 

distance 1\ nm between Ko and En r1 Rm measured in Rm. The sequence 

ID( LA) nmm is monotone increasing with m and if it has a finite limit, 

64) nm} m converges locally uniformly to W n in R - En- Ko. And 
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  D(  W  nm) and A nm tend to the Dirichlet integral D( Gt) n) over R and 

  the extremal distance between Ko and E(\ R, respectively. 

       The sequence{Wconverges in Dirichlet norm, and hehce converges 

                      n 

  uniformly on every compact set on R
o. Consequently, the limit WE = 

W(z,E) is harmonic in R
o- E and has the finite Dirichlet integral 

  D( WE) over R. Kuramochi capacity C(E) of E is defined as C(E) = 

aY 
  D( WE) and WE is called the capaci 5y potential of E. 

       For the latter use, we refer to the potential theory on RN de- 

  veloped by Constantinescu and Cornea. ( For details see [ 4] ) 

       As they showed, the continued N-Green function N(p,q) on 

 Ro= RN- Ko is lower semi-continuous on RoX Roand symmetric; N(p,q) = 
  N(q,p). , We consicder the potential 

pµ(p) = N(p,q) d (q), (/4.(R)< co ) 

  generated by a measure iea on Ro. If 14(41o) = 0 /1.0 is called 

 canonical . i1- H2 = J pi'` di is called enemy of/U-. //,t has finite 
 energy if and only if pA4 ( continued with 0 on K

o) is a Dirichlet 

  function on R, and then 

1112 = D(pP'). 
We continue a non negative full-superharmonic function s on Q as 

      s(a) = sup sK(a) a F Q 
KCR

o 

 where sK is the infimum of all non negative full_superharmonic func-

 tions which are not smaller than s quasi—everywhere on a compact set 

 K in R
o. The sK belongs to class N and has continuous continuation 
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 on  13 . Thus extended s satisfies 

     s(a) = lam s(b) , a E 4 i . 
R

om bra 

      Domination principleLet Ott. be a canonical measure for which 

pµ'is finite almost everywhere (/,t4..) on R. If non negative full-

 superharmonic function s ( continued on d ) majorates pk`almost 

  everywhere (i) , then s 2 p'" on Ro . 

      Kuramochi capacity C(E) of a compact set E is defined as 

     C(E) = sup/-c-(E), 

where- runs over all canonical measure for which 1. 

      Equilibrium principle For a compact set E in Ro there exists 

 a unique canonical measure )) on E such that p' 1, p/(= 1 on E 

eccept for an Fr set of capacity 0 and 

     C(E) = X(E) = u (02D(pX 

      We show that this capacity is equal to that of Kuramochi defined 

 before. Let En be the 1/n -neighborhood of E such that En (\ Ko= 0. 

 Then, 

     1E /1R=W(z,En)in Ro • 

 On the other hand, there exists a measure /14...n such that 

     lEnR =pn. 

         n 

 And P/411 converges to the equilibrium potential px of E in Dirichlet 

 norm. So we have 

II dPK - d WE II II dp x -dpII+IIdp'`- d Wn II + ltd u- d wII--> 0 

      for n --3 oo . 
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And since  pX = WE = 0 on K
o, pX = WE on Ro. Consequently, 

27tC(E) = 2E X(E) = D(dpx ) = D(WE). 

     The capacity C(G) of an open set G is defined as C(G) = sup C(K), 
K 

where K runs over all compact sets in G. There exists a unique 

equilibrium potential pK with 1C on G such that 

px 1, px = 1 on. G - o 

and C(G) = K (G) _ K II2 . px is obtained as the infimum of non 

negative full-superharmonic functions which are not smaller than 1 

on G n Ro. This shows 

C(G) = C(G (1 Ro). 

Outer capacity Co(A) and inner capacity Ci(A) of a set A are defined 

ih a usual way: 

     C
o(A)  = inf C(G),C.(A) = sup C(K), GDA 1KCA 

where G runs over all open sets containing A, and K runs over all 

compact sets contained in A. 

      Using this capacity, the notion of quasi continuity is introduced. 

A mapping f of Ro into a topological space is said Ro-quasi-continuous 

if, for all E ? 0, there exists an open set G in Ro zilch that C(G)<E 
and the restriction of f on Ro- G is continuous. If a mapping f of 

RN into a topological space is Ro-quasi-continuous in Ro for all Ko, 

it is said quasi-continuous in P. 

     A set MC RN is said full-polar if, for any disk Ko, M n Ro is 
of outer Kuramochi capacity 0 Iri.th respect to P. 
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 4 Fine topology A set M is said thin at a point  a  F  Ro if 

there exists a full-polar set M' and a non negative full-super-

harmonic function s such that either a M - M' or a E M - M'•and 

Lim s(b) 7 s(a). 
b-pa 

Ro is not thin at any point of d  but Ro is thin at all point of 
Qo. For a pointaE Ro-do,a set M is thin at a if and only if 

Nr7(p,a) 4 N(p,a). If F is a closed set in R
o and aER0-Z10, there 

exists at most one connected component of R
o- F on which NF(z,a) = 

N(z,a). Especially, for only one component V
n of the neighborhood 

Un(a) of a, Ro- Vnis thin at a. By this fact we know that every 

point of Q1is accessible. For any point a of Ro, the class of sets 

on Rowhich contain a and whose complement is thiqsat a forms a filter- 

This filter being independent of choice of K
o, it can be constructed 

at all points of RN and introduce a finer topology on RN, which is 

called fine topology. A mapping of RN into a topological space is 

said fine continuous if it is continuous with respcet to fine topology. 

      Constantinescu and Cornea proved that a quasi-continuous mapping 

of RN into a topolog :cal space is fine continuous quasi-everywhere3) 
on RN. 

     3) In the case of R " quasi-everywhere " means that the 
exceptional set is full-polar. 
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          § 2 Continuation of Dirichlet functions 

                     on Kuramochi boundary 

     Several ways of continuation of a  Dirichlet function onto the 

boundary were studied by M. Brelot, J. Deny-J.L.Lions, J. L. Doob, 

C.Constantinescu - A.Cornea and M. Ohtsuka. In this section we con-

sider Dirichlet functions on a Riemann surface R and deal with its 

quasi-continuous continuation on Kuramochi boundary and continuation 

along curves. As already refered, the quasi-continuous continuation 

of a Dirichlet function on RN is fine continuous quasi-everywhere. 

      1. For the quasi-continuous continuation Constantinescu-Cornea 

1:4]  proved the following Lemma and Theorems 2..1.-and"2.2. 

     Lemma 2.1. ( cf. also [61 ) Let f be a real quasi-continuous 

function on RN which is zero on Ko and whose restriction in R is a 

Dirichlet function. Then, for any o(>0, the outer Kuramochi capacity 

p df (I2     Co((aERo; lf(a)Iat})~,-----------2                               2no( 

     Theorem 2.1.A Dirichlet function in R has a quasi-continuous 

continuation on RN. 

     Following Constantinescu-Cornea, we give the proof as we need 

later some notions in the proof. 

     Proof Let f be a Dirichlet function on R and ~K be an ex-

haustion of R such that KoC K1 and 

    IIdfKn- dfKn+lIIG1 
                         3n 

     The fKn has continuous continuation on RN, and we denote by fKn 
again the continued function. By above Lemma we have 
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    C°({ aERo; I fKn(a) - f~tn+l(a)12l})<1()2n• 
                    2n2n3 

Hence there exists an open set  Gn Ro- Kn-1 such that 
       1 2 2n 

C(Gn)4: C ) 
2n 3 

and 

fKn- fKn+1(<1 
2n 

on Ro-Gn. This means that the series 

    f+( fKn*l- fKn ) 
n=1 

oo 

is uniformly convergent on R°- U Gn and equals f on R. This series 
n=m 

cpnverges outside the set n U Gn C . We continue f as 
                               m=1 n=m 

         0 on (-1 \J G 
m=1 n=mn         f

,=  

      fK1toKn+1 K.v~ + (f-f)onLI-n V G
n. n=1m=1 n=m 

For any ..;>0, there exists a number m such that 

          oo 

C( U Gn) 4 . 
n=m2 

                      K 
Since the restriction of fnon R

o is a Dirichlet function there is 

an open set Gn C Ro such that C(Gn) < E/2n+1 4) and the restriction 

   K of fn on R°- Gn is continuous. Hence the restriction of f on 

4) Let G(z,p) be the Green function in Rwith the pole at P. 
then G(z,p)<N(z,p).. So we have° 

    (N(z,p)-capacity of Gn)~(G(z,p)-capacity of G
n).</2ni+1. 
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 co, 

Ro- L./ (Gn Gn) is continuous. And since the capacity 
        n=m 

C( `J (GnU/ Gn) )t;C(UGn) + C(U G)<€ n=mn=mn=m 

   the proof of the theorem is completed. 

        As a consequence of the theorem, 

        Theorem 2.2.( H.Cartan ) A full-superharmonic function is 

   quasi-continuous on Ro. 

        2. Continuation of a Dirichlet function along Green lines was 

   first studied by M. Godefroid[113. According to his result, a 

Dirichlet function has limits along almost all ( Green measure ) 

   Green lines. Ohtsuka extended this result as follows, by using 

   B. Fuglede's theorem[7]: every Dirichlet function is absolutely 

   dontinuous along every curve except for curves belonging to a family 

   of infinite extremal length. 

       Theorem 2.3. ( Ohtsuka[27j) Every Dirichlet function f on 

R has a finite limit along every curve except for curves belonging 

   to a family of infinite extremal length. 

        We give a short proof. If f has not limit along a curve c 

J(grad  ft ldzI > J Idfl =00 . 

c 

  We denote by r7the family of such curves as c, and put 

  D(f) = ffgrad fl2 dxdy. Then =grad !/ D(f)is admissible 
  for Ar, and Ar ( infifidzi)2 =pc . 

T 

        Since a set of Green lines of vanishing Green measure has the 

  infinite extremal length, Ohtsuka's theorem contains Godefroid's one. 
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     We recall  that every curve tending to the ideal boundary of R 

converges to a point of Kuramochi boundary. 

     Theorem 2.4. Let fnfbe a sequence of Dirichlet functions 
converging to a Dirichlet function f in Dirichlet norm such that 

f = fn on K° for all n, and r be the family of all curves which 
start from points of K

o and tend to the ideal boundary. Then, there 

exists a subsequenceLfof?f such that the limit n. limif        nin

ppnini c 
along a curve c of converges to ,C = lim f for n-9oe , for every 

curve c of except for curves belonging to a family of the infinite 

extremal length. 
                                                       1 

     Proof We take the subsequence /f n as Of - dfn.q < n 

                                                       3 and denote it by f
n ..again. The f has limit along every curve of 

Vexcept for curves belonging to a family r7f of the infinite ex-
tremal length, and so does each fn along every curve of r except for 

curves belonging to each family Fin of the infinite extremal length, 

respectively. The union r'' of r'f and all r' n has the infinite ex- 
                                               1 tremal length. Let En = i z ER- K ; If( z) - fn(z )1 Znwhere K 
                                               2 is a compact set in R containing Ko, and r'n be the subfamily of 

each curve of which intersects En. Then, since 

    P = I grad(f - fn) 1 /Ildf - dfni+ 
^ is admissible for the problem of the extremal length Aof.°                                    n~n ' 

we have 

  Ajyldzl)2~ 2n      n?(22n/,tdf - dfn1l2=(2)• 
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                                       Do                                   1 

The extremal length  A ;~-_:27,A n ,of thefamilyof curves 
                                     n=m 

 00 
which intersect  U Enwill be arbitrarily small for sufficiently 

                     n=m 

large m. And if, along a curve c of j'- f', .Q= lim fn does not 

converge to L= lim f, c intersects U En for every m. Hence the 
n=m 

extremal length of the family of such curves as c is infinite. This 

complete the proof. 

     Doob [5] proved a theorem : Let fn and f be BLD functions on R. 

if f
n --> f in BLD sense 

lim Jlf(?)  - f'(ry)I 2 ivy= 0, 
niwo 

f'(')') and f'(7) denote the limits of fn and f along Green 
line7 , respectively, and d'Y denotes Green measure. For a suitable 

supsequence as above, this theorem is a consequence of our theorem. 

     Now, we compare the quasi-continuous continuation of a Dirichlet 

function with its continuation along curves. We take, as in the proof 
i4

of Theorem 2.1, an exhaustion { Knof R for whichll dfn- df n-1 ~~G n. 
           Knn 

----- The f is continuous on RN outside K
n, and the boundary values 

oa 

converge to those of continued f at points oT L1-(\ 0 Gn . The 
m=1 n=m 

extremal length of the family T70 of curves joining Ko and the set 
0opc,N po 

nUGnis infinite. In fact, for open sets 0'=nUG n and 
m=1 n=mm=1 n=m 

0 = R 0', C(0') = C(0). There exists an increasing sequence iFn. 
of compact sets in R such that C(Fn)f C(0) and any point of 0 is con-

tained in the interior of some Fn. The family Z, of curves_joining 
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 Ko and 0 is the union of the family  zn of curves joining Ko and F. 
m _ Put-gym=u~ n,then2,mT~ and, by Suita's lemma (33], 

n=1 

= lim Az , . On the other hand, 
micro m 

C(K n)-1 1C(0)-1. n=1 
m 

So, we have 

? C(0)-1• 

Since C(0) = C(0') is arbitrarily small if N is sufficiently large, 

we conclude-pa• 

                 The family of all curves of reach of which converges to a 

point of Kuramochi boundary is denoted by r again. Then along 

every curve of 1-7-r  f has a limit except for curves of a family 

of the infinite extremal length. If a curve c of 7- To converges 

to a point p of Q and if f has a limit f(c) along c, the boundary 

K value f n(p) tends to f(c) and to the boundary value of continued 

Kn 
f at p because f is continuous on RN- Kn. Thus we obtain 

     Theorem 2.5. The boundary value of quasi-continuously continu-

ed Dirichlet function on Q coincides with its limits along curves, 

which converge to points of Q , except for curves belonging to a 

family of the infinite extremal length. 

     3. We consider a harmonic Dirichlet function u on hyperbolic 

R, that is, u E HD. According to Theorem 2.3, u has a limit along 

every curve tending to the ideal boundary of R except for curves 

belonging to a family of the infinite extremal length. Suppose the 

limits of"ui. along ..curves are constantly zero, hence, of course,. the 
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limits along Green lines are zero. While, according to Brelot's 

decomposition  theoremt2], a Dirichlet function is the sum of a unique-' 

ly determined HD-function and an orthogonal function5), that is,the 

function whose limits along almost all ( Green measure ) Green lines 

are zero. Hence we know our HD-function u is constant zero. Thus we 

have 

     Theorem 2.6. ( cf.[20) If an HD-function has vanishing limits 

along all curves tending to the ideal boundary except for curves belong-

ing to a family of the infinite extremal length, then it is constant 

zero.

§ 3 Extension of Beurling's theorem 

                         of Fatou type 

     Concerning boundary limits of meromorphic function in the unit 

disk A Beurling proved the following theorem. 

     Theorem 3.1. ( Beiirling (11) Let f(z) be a meromorphic function 

in the unit disk IzI< 1 for which 

  Sf f'       (
2)2dxdy 

tzl< 1( 1 +jf+) 

is finite. Then, f(z) has radial limits on 1z` = 1 except for a set 

of vanishing outer capacity. 

     We call this result Beurling's theorem of Fatou type and extend 

it to the case of an analytic mapping of a Riemann surface. 

     5) It is called Dirichlet potential by Constantinescu and Cornea 

                           - 18 -



     M. Tsuji's extension is to have replaced the radial limits in 

this theorem by angular limits ( Tsuji  [35]). 

Kuramochi first extended the theorem to the case of an analytic 

mapping of a Riemann surface. We state his extension. 

, Let f be an analytic mapping of a Riemann surface R into a 

Riemann surface R'. The covering Surface over R' generated by f is 

called almost finitely sheeted if f satisfies the following condition: 

outside a sufficiently large compact set of R', every point is covered 

a finite number (a ,M) of times by the covering surface, and, for every 

point p of R', there exists a parametric disk K of p such that the part 

of the covering surface lying over K has a finite total area with res-

pect to the local parameter. 

     Let R' be a metrizable compactification. Let ?R'Ibe an exhaus-

ftion of R' and put B
n= R'- P. We denote by C(r) a disk centered at 

p ER' with the radius r. For C(r) and fixed parametric disk Ko in 

R', we take a Dirichlet function f in R' such that 

0 ._on K' 
f =o 

           1 on C
p(r)11Bn, 

                         Cr (1B 
and put Wn= W(C = f pn and W(C(r)(1B) = limn,                                                                          Cc~, 

                       pn-0o0 

where closures are taken in R'. 

R' is called HD-separative if the following condition is satisfi- 

ed for any point p of R' and radii r1 and r2 such that r1< r2, 

Cor)(1Ko=QI(i = 1,2 ) andW(Cp(r1)(1B)?0 : there exists an in- 

creasing sequence jVn} of domains with regular relative boundaries such 

that W (Cp(r1)/1Vn)> 0 and W(Cp(r1)(1(R'- Vn)) decreases to 0 for n— o 
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and a sequence to n) of  Dirichlet functions such that 

            1 on C
p(r1) (N Vn 

un 

0 on R'- C
p(r2) (1 R'. 

      Let RNbe Kuramochi compactification of R. To each minimal 

boundary point p, we associate a class 66/ of open sets G of R such 

that R
o- G is this at p. The class Up forms a filter base and, for 

every neighborhood U of p, there exists one and only one connected 

component of Uf1Ro which belongs to . For the filter base N, 
we define the cluster set fV(p) of f as 

   f'(p) =  f(G) 
G E ( , 

where the closure is taken in R'. fV(p) is a non-void closed set 

in R'*. We call it a fine cluster set of f at p, and when fv(p) is 

_one point we call it a fine limit. 

      Kuramochi's extension of Beurling's theorem is as follows. 

     Theorem 3.3. ( Kuramochi [ 15] (163 ) , Let f be an analytic 

mapping of a Riemann surface R into a Riemann surface R', and R' be 

a metrizable HD-separative compactification of R'. If the covering 

surface over R' generated by f is almost finitely sheeted, f has a 

fine limit in R' at every point of Kuramochi boundary of R except for 

points belonging to a set of vanishing inner Kuramochi capacity. 

     Constantinescu and Cornea treated this problem quite axiomatical-

 ** 

ly. In their theory, R is Kuramochi compactification of R and R' 

is a metrizable compactification of R' which is a quotient space of 

Royden compactification R'D of R'. Dirichlet mapping  f(z) of R into 

TO is an analytic mapping which is continuable to a continuous mapping 
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of RD into  R'D. 

      As an extension of Beurling's theorem, 

     Theorem 3.4. ( Constantinescu and Cornea ['+J) Every Dirichlet 

mapping f has a fine limit in a metrizable quotient space of RID at 

every point of Kuramochi boundary of R except for points belonging to 

a set of venishing outer Kuramochi capacity. 

     In spite of their axiomatic attack, the most general condition 

for f that Beurling's theorem holds is not gained. That is, the con-

dition that f is a Dirichlet mapping is sufficient but not necessary 

for Beurling's theorem.. The purpose of this section is to get a new 

and more general condition for f(z) and R' to remain Beurling's 

theorem valid. 

     1. Metrizable compactifications satisfying a separability axiom 

     Let R be a metrizable compactification of R which satisfies the 

following condition. For any two disjoint closed sets A and B of R*, 
there exists an integer n such that the 1/n -neighborhoods A

n and Bn 
of A and B has positive extremal distance )(A n, Bn), where M(An, Bn) 
is defined as the extremal length of the family r of all curves join-

ing An/1R and Bn/1 R. When two closed sets A and B satisfy the above 

condition, we say that they are separated with respect to extremal 

distance. 

condition 

respect to 

satisfies 

and denote it

id, when a metrizable compactification R* satisfies the 

it any two disjoint closed sets of R* are separated with 

extremal distance, we say that the compactification R* 

the separability axiom with respect to extremal distance ,

by RE.
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     By definition,  RE is an HD-separative compactification. In con-

nection with a quotient space of Boyden compactification, we have the 

follo*ing theorem. 

     Theorem 3.5. Let R be a metrizable compactification of a 

Riemann surface R. If R is a quotient space of Boyden compactifica-

tion, then R satisfies the separability axiom with respect to extremal 

distance. Accordingly, Kuramochi compactification satisfies the separ-

ability axiom. 

     Before the proof, we prove a lemma. 

     Lemma 3.1. ([18]) Let RD be Boyden compactification of a 
Riemann surface R, and A and B be two disjoint closed sets of RD, then 
there exists a continuous Dirichlet function u(z) such that u(z) = 1 

on A and = 0 on B. 

     Proof For any point p of A, there exists a continuous 

Dirichlet function vp such that v
p= 1 at p and v= 0 on B, and 

0<v <1 on P. The set U(p) =  z; v(z)7 1/2 is an open neighbor-    p= 

hood of p, and A is covered by a finite number of these neighborhoods 

U1, U2,•••,Unbecause A is compact. Let v1, v2,•••,v
n be the cor- 

responding functions, then, v = v1+ v2+ ••• + v
n is a Dirichlet func-

tion such that v;>1/2  on A and v = 0 on B, and min( 2v, 1 ) is the 

required Dirichlet function. 

     Proof of the theorem. According to Constantinescu and Cornea, 

there exists a continuous mapping 95 of RD onto R* which is identity 
in R. Let An and Bn be neighborhoods of A and B.f respectively, such 

that their closures An and B
n with respect to R* are disjoint, then 

the images 9-l(An) andC~-1(Bn) are disjoint closed sets in P. 
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Hence, there exists a continuous Dirichlet function v in  R such that 

v = 1 on  An/IR and v = 0 on Bn(1R, and the extremal distance 

 A(An,Bn).Z l/D(v) > 0. Therefore, R*satisfies the separability 

axiom with respect to extremal distance. 

     Next,we denote by21E  the ideal boundary of RE and consider a 
family P of all locally rectifiable curves which start from points 

of R and tend to AE of RE.Then, we have the following theorem. 
     Theorem 3.6. Every curve of T' converges to a point of !, E 

except for curves belonging-to a family of the infinite extremal 

length. 

     Proof Let r'' be the family of curves c' of r which does 

not converge.to a point of LIE,  that is, for end parts en= c'/1(R-Rn), 

(\en contains more than two points of A E' where P1 is an exhaustion 

n of R, and the closure e
n,i6 taken with respect to RE . Suppose two 

points a and b belong tof\ en, then there exist the neighborhoods 

n V(a) and V(b) of a and b respectively such that the extremal distance 

between V(a) and V(b) is positive. Let 531dzt be an admissible metric 

for the problem of the extremal distance X(V(a), V(b)) such that 

                                  1 1     infJrIdzI  >2A(V(a),V(b))2., 
where 21 denotes the family of all curves joining V(a)/1 R and V(b)i)R. 
Then, since'c' e r,' cuts both V(a) and V(b) infinitely many times, 

S'Idz,=ixx. 
c' 

Hence, we have, for the extremal length )‘r cl}of the family c' of 
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all curves  which cut both V(a) and V(b) infinitely many times, 

'Nos, 2 ( inf Sy  Idzi)2_ oa 6). 
                              ci 

     Now, since RE has a countable base {Vnf of neighborhoods, there 

exists Vn and Vm of 4Vn~ such that Vn~, V(a), Vm V(b) and 

0 <A(V(a), V(b))<On . 

So, the family '' is exhausted by a countable number of families, 

Tnm of curves which cut both Vn and Vm infinitely many times. And , 

the extremal length A nm of each r7nmis infinite. Therefore, 

      i<Z1/A= 0 
                        nm 

that is, A r„ = po 

      This theorem is an extension of Theorem 1.1. 

     According to this theorem, if R is hyperbolic every Green line, 

converges to a point of the ideal boundary of RE except for Green 

lines belonging to a family of infinite extremal length,•that is, 

except for Green lines belonging to a family whose Green measure is 

zero. 

     As a remark, we notice that we can define actually the extremal 

distance between two closed sets A and B of RE as the extremal Length 

of the family of curves both end parts of which converge to points of 

A and B, respectively. 

     6) The auther owes this part of the proof to M. Ohtsuka. 

- 24 -



    2. GD 

     In this 

mappings of 

values fall 

 R' are said 

there 

whose 

tic mapping 

are closed 

then 

trema 

     Theorem 

into 

Previmu 

     Lemma 3 

smooth 

positive, 

in R 

i 

     Proof 

X(Gr 

lemma

mappings 

paragraph we study limits and cluster sets of analytic 

a Riemann surface R into a Riemann surface R', whose 

in the compactification R'E. Closed sets E and E' in 

separated in R' with respect to extremal distance when



where u
n is a harmonic function in Rn- G V G' such that 

 •1 on G 1-)17211u=
_   n_

0 onG'()R n 

 Lin 

    rd L 0 on the rest oT 'a Rn. 

Hence, Dirichlet integrals D(u
n) are uniformly bounded by the extremal 

length A-1 .( A< 00 because both G and G' are open. 

Now,' for m).n, we have, for inner products, 

     (dun, d(un- um) )R -GVG' = 0 

                          n and 

(dun' dum) R - G VG'= DR- GVG' (un ) 
   nn 

Hence, 

     DR
n- G V G'( un- um)DRm- G V G'(um) - DRn-GUG(un) 

Therefore, u
n converges to the desired function in Dirichlet norm 

and uniformly on every compact sets in R - G V G'. 

     Proof of the theorem. Let f be a Dirichlet mapping of R into 

R', and E and E' be disjoint closed sets separated in R' with respact 

to extremal distance, that is, there exist neighborhoods E
n and En of 

E and E' in R' respectively, whose extremal distance A(E ,E') is 
                                  nn 

positive, where we can assume without loss of generality that the 

relative boundaries En and E' are piecewise smooth ( cf., for instance, 

[28] p.289 ). Then, by the above lemma, there exists a harmonic 

Dirichlet function u in R' such that 

1 on E 
                           n u =
_ 
      0 onE' 

                   n , 
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where the closures are taken in R'. This u is  extendable continuous- 

ly on Boyden Compactification R'D, and we put, for extended u, 

E = p ; p E R'D u(p)•Z1 -e 

E' *= p : p E R!D u(p) Ser, 

then E* and E' are disjoint closed sets in RED containing En and En, 
respectively. 

     Since f is a Dirichlet mapping, f is extendable continuously to 

a mapping of RD into R'D. Denoting the extended mapping by f again, 
f-1(E*) and f-1(E'*) are disjoint closed sets in RD. So, by Lemma 34, 
there exists a continuous Dirichlet function v on RD such that 

          1 on f-1(E*) 
v = 

           0 on f-1(E'*) . 

Hence, the extremal distance >(f-1(E*) n R4 f-1(E'*) ()R) is positive. 

Therefore, by monotonicity of extremal distance, f-1(E) and f-1(E1) 

are disjoint closed sets in R separated with respect to extremal 

distance. 

     We now study boundary behaviors of GD mappings. For this purpose, 

it is suitable to consider Kuramochi compactification RN of R as a 

domain of definition, and a metrizable compactification R'E satisfy-

ing the separability axiom with respect to extremal distance as a 

range of cluster values of the GD mapping. At first, we prove the 

following theorem concerning limits along curves of a GD mapping. 

     Theorem 3.8. Let f be a GD mapping and r be the family of 

all curves which start from points of R and tend to the ideal boundary. 

Then, f has limits in R'E along every curve of 'r' except for curves 
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belonging to a family of the infinite extremal length. 

     Proof Assume f has not a limit along a curve c of  )'. The 

cluster set of f in RE along c contains more than two points a and a'. 

And there exist neighborhoods V(a) and V(a') whose extremal distance 

is positive. We put G = f-1(V(a)) and G' = f-1(V(a')). Then, the 

extremal distance MG, G') may be assumed positivo'_by taking V(a) 

and V(a!) suffiently small. Since the curve c cuts both G and G' in-

finitely many times, we conclude, as in the proof of Theorem 3.6, that 

the family T aa,of curves which cut both G and G' infinitely many 
times has the infinite extremal length. 

     By definition, RE is metrizable and has a countable base of 

neighborhoods. If we denote by r' o the family of all curves of 
along which f has not limits, r'o is exhausted by a countable number 

of such families as ra a,. Therefore the extremal length of r' o is 
infinite; 

     Now, we are going to extend Beurling's theorem of Fatou type. 

We consider Kuramochi compactification RN of R and Kuramochi boundary 

AN, and denote by1the set of minimal points ofdN'o4-~1 

is of Kuramochi capacity zero. To each point p of 41 we associate 

the filter base
. of open sets stated before. For each a p we de- 

fien the cluster set fV(p) of a pp mapping f of R into R' whose values 

fall in the compactification R'E as 

fV(p) \ f(G) , 
            G E 

OP 

where the closure is taken in R'E• fv(p) is a non-void closed set in 
R'E.We call fv(p)fine cluster set of f at p, and when fV(p) is one 
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 point we call it a fine limit. 

      Our extension of Beurling's theorem is as follows. 

Theorem , 3.9. A GD mapping of R into R' has a fine limit in 

RE quasi-everywhere on N• 

'Proof Let p be a point of 4
1 at which f has not a fine limit, 

that is, the fine cluster set f'(p) contains more than two points a 

and a'. By definition of R'E' there exist disjoint neighborhoods 

V(a) and V(a') of a and a' respectively, whose extremal distance is 

.positive . We rut G = f-1(V(a)) and G' = f-1(V(a')) . For any open 

set U of 6y.p,fU)n V(a)E0 andMr)nV(a')/ 0. And since V(a) 
and V(a') are open sets, f(U) n V(a) 41 and f(U)n V(a') / 0 . 

Hence, G (l U / 0 and G' n U / 0 . And, by definition of GD map-

ings, the extremal distance A(G, G') may be assumed positive by tak-

ing V(a)'and V(a') sufficiently small. Then, there exists a Dirichlet 

function u such that 

Ion G 
 u "d' . 0on 

This u can not hate a fine limit at p. On the other hand , Dirichlet 

functions in R have fine limits at every point of AN except for points 

belonging to a set of vanishing outer Kuramochi capacity. Hence
, the 

set 

    E =1:16/1.1),  fV(q) n V(,a) / 91 and f'(q) /1 V(a') / 0' 
must be of zero outer Kuramochi capacity. 

     Since R'F is metrizable, R'E has a countable base of neighbor-

hoods. Therefore, the set of points at which f does not have fine 

limits is covered by a countable number of sets such as E above , and 

is of zero outer Kuramochi capacity. This completes the proof. 
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 §  4 Evans potential 

     We refer first to the Evans potential for a compact set with 

the infinite transfinite diameter on Kuramochi compactification of 

an arbitrary Riemann surface and next for an ideal boundary of a 

parabolic Riemann surface, and finally another type of potential 

like Evans' one for a set of capacity zero on an arbitrary metriz-

able compactification of any Riemann surface. 

     1. Evans potential for a compact set with the infinite trans- 

finite diameter on Kuramochi compactification. For a compact set K 

on Ro = RN- Ko we define the transfinite diameter D(K) as follows. 
     11•••n 

   Dn(K) = C inf 2] N(pi, p.) 
              n 2 P . ...pn K i<j 

Then, by the same argument as in the case of Green function ([32.]), 

we know the limit 

lim Dn(K)  = D(K) (1; 4,4 ) 

exists, which is called the transfinite diameter of K. 

     In the case that the transfinite diameter of K is infinite, we 

can construct the following Evans potential. 

     Theorem 4.1. Let K be a compact set with the infinite trans-

                              * finite diameter on Ro. Then there exists a potential 

   p(z) = S N(z,p) d/t(p) 

such that 

    1) p(z) is harmonic in Ro- K 

    2) p(z) = 0 on Ko 
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    3)  lim p(z) = __ . 
Rod z--7SK 

4) D ('Ynv'` Lp ,M))<~° 
     We remark that a compact set of vanishing Kuramochi capacity 

is not necessarily of the infinite transfinite diameter. 

     2. In the case of a parabolic Riemann surface, the existence 

of the Evans potential was proved by Kuramochi[12] and M. Nakair24]• 

     Theorem 4.2. ( Nakai ) Let R be a parabolic Riemann surface. 

Then, there exists a positive harmonic function p(z) on Ro such that 

     1) p(z) is continuously 0 on '4)K0 

                                      2) lim p(z) = 00 when z tends to the ideal boundary of R 

     3) 5dp*  = 2n when Ko is positively oriented, and 
aK 

0 

        D( min(p(z), M) ) 2nM. 

     3. For an arbitrary Riemann surface R we construct another type 

of potential. It is constructed, for a closed set E of vanishing 

* capacity of metrizable compactification R of R. Let E be .a closed 

set of R* such that E (1 Ko = 0, En be the closed 1/n -neighborhood of 

E and En = R/1 En. We may assume a En is piecewise analytic, modify-

ing it if necessary. Let 1E, = W n(z) = (.0(z, En) be Kuramochi's 

capacitary,,potential of En, that, is, CJ n be a positive harmonic func-

tion in R - Ko- E' such that 

        (0 on)Ko 
  Wn fl 

         1 on DE' 

and (..)n has the minimal Dirichlet integral. We extend c.J to be 0 

on Ko, and 1 on E. If the Dirichlet integrals D( W n) are uniformly 

bounded, the sequence (LJJ converges in Dirichlet norm and hence 
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 converges uniformly on every compact set of  Ro. The limit function 

 WE is harmonic in R
o- E and has a finite Dirichlet integral D(LJE). 

We call E) the capacity of E. This is a weak capacity in the 

sense of Brelot [33. 

                      We assume, here, the capacity of E zero. Then, the function WE 

is zero and there exists a sequence of CJn(z) which converges to zero. 

We can choose a subsequence of ? C.Jn(z) } , which we write tCUn(z)} 
again, such that , c,~)

n(z) converges. Tije limit function p(z) = n=1 

o 

,: Wn(z) is continuous in R - E and has a finite Dirichlet integral. 
n=1 

In fact,, by the definition of capacity, there exists a sequence & n} 
of neighborhoods of E such that the capacity of E

n is smaller than 
m 

1/2n . Putting pm(z) _ ~, (v n(z), the potentials, pm(z) have 
n=1 

uniformly bounded energies ( Dirichlet integrals ), converges in 

Dirichlet norm and converges uniformly on every compact sets K on R 

such that K (\ E
n= 0 for some n. Hence, the limit function p(z) is 

continuous in R - E and has finite energy.The set GM =iz &R ; p(z)> M 
is consequently open. 

      p(z) tends to infinity when z tends to E because, for any number 

M, p(z)' pn(z) Z M in En when n >M. *By the above fact, we know the 
open set R- (R GM) contains E, where closure is taken in Rte. 

     Next we show the level curve CM = { z R ; p(z) = M } is piece-
wise analytic, that is, it consists of a countable number of analytic 

curves and arcs. Put m =ENO.  Then pm+l > M in Em+l because 

U)1=(4)2-..... =w=w
m+l=1inEm+1'and CM/1Em+l._¢We write 

 m 
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     CM=  CM(1(E m-1- Em) + CM 1(Em-2 Em-1) + ..... + CMf•(E1- E2) 

                                               + CM(1(R - E1) 

and 
Da 

    p(z) = pj(z) + Z. w n(z) = pj(z) + qj(z). 
n=j+1 

Then, in Ej- Ej+l,p.(z) is a constant = j and qj(z) is harmonic. 

Hence, the curve CM(1(Ej- E.1) is determined by the equality q.(z)= 

M - j, and so it is piecewise analytic. Since CM consists of count-

able parts{CMr (Ej- Ej+1,it is piecewise analytic. 

     Theorem 4.3. Let E be a closed set of R with vanishing 

capacity. There exists a continuous potential p(z) in R with finite 

energy ( Dirichlet integral ), such that 

lim p(z) = o0 
R~ z->E 

and the level curves are piecewise analytic. 

§ 5 Extension of Beurling's theorem of Riesz type 

     1. The purpose of this section is to-extend the following 

Beurling's theorem of Riesz type El] . 

     Let f(z) be a meromorphic function in the unit disk jzj< 1 and 

F be the covering surface generated by w = f(z) over lb,sphere W. Let 

a be a point of W and Fr be the part of F which lies over the disk 

centered at a with radius r. Let A(r) be the spherical area of Fr. 

                                                                       r 
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If 
              A(r) 

 (a)  =  lim < oo , 
p10 n r 

a:is called an ordinary value of f(z) in Beurling's sense. If the 

spherical area of F is finite, then almost every point of W is an 

ordinary value of f(z). 

     Theorem 5.1. ( Beurling ) Let f(z) be a meromorphic function 

in 17,14:1 for which the spherical area of F is finite. Let a be an 

ordinary value of f(z) in Beurling's sense, then the set E of eie 

such that lim f(reie) = a is of outer capacity zero. 
r-*l 

     This theorem was generalized in various directions by M. Tsuji, 

A. Pfluger and Z. Kuramochi. Pflugert30) replaced the radial limit 

lim f(rei0) in the theorem by the asymptotic value along an arc end-
syi 
ing at eie. Kuramochitl7] extended Beurling's theorem to the case 

that f(z) is an analytic mapping f of a Riemann surface R into another 

P'. He replaced the radial limit by the cluster set of f with respcet 

to the contact set, and generalized the ordinary value in Beurling's 

sense to a set of points in a parametric disk of R' satisfying an 

analogous condition. Our purpose is to treat a set containing ideal 

boundary points as a generalization of the ordinary value in Beurling's 

sense. For this purpose we.are obliged to set an assumption that E' 

is of capacity zero. 

     2. Let RN be Kuramochi compactification of R and R'* be a com-
pactification of R'. At first we put no restriction upon R'. We 

consider a continuous mapping f of R into R', and define for p E .61 

the fine cluster set fV(p) in R' as follows. 
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 fV(p) = n f(G) 
GE &y 

0p 

where closure is taken in R' . 

Conbtantinescu-CorneaM proved the following 

      Lemma 5.1. For an open set G' in R'* which contains f kip) , 

 f-1(G') belongs to O. 
                  0p 

      Now, for an open set G in R, we consider the set Ai(G) of all 
points of 41 at which R - G is thin. For Kuramochi capacity of 

 G1we prove the following lemma. 

      Lemma 5.?. For an open set G in R, if inner Kuramochi capacity 

 of G ̂ a1(G) is finite it is equal to Kuramochi capacity of G. 

      Proof Let C. (G V4 1(G)) be inner Kuramochi capacity of 

 GVL11(G),then there exists an increasing sequence{ Kai. of compact 
 sets in G UO 1(G) such that every point of G is an inner point of 

 at least one of KriA. and Kuramochi capacity C(Kn) of Kn tends to 
C(G VLJ1(G) ). 

      Let p/4n be an equilibrium potential of Kn, then the sequence 

  pin} is monotone increasing and the energies ( Dirichlet integrals ). 

t. iI db it?3- are uniformly bounded. So, according to [ 4 ] , n 
 converges to

/ca canonical mass distribution/u-such that 
lim~)d1jn- dpµ = 0 
n-) 

 and 

lim p = pµ . 
n-*0° 

Hence,the energy 

      Iljuu2= ~~dp'i2= lim ~Idnll2= lim C(Kn) = Ci(GV61(G)). 
n mac° 11-0 oQ 
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     On the other hand, pµ= urnpn = 1 in G, and since  pK is a 
n0 

Dirichlet function in R and fine continuous quasi-everywhere on A , 

pia.= 1 quasi-everywhere on 0141(G).  Let s be a positive full-

superharmonic function in R, which is not smaller than 1 in G. Then, 

s is fine continuous quasi-everywhere on Q and hence s Z1 quasi-

everywhere on 41(G). So, by domination principle, 

s2pn, 
and 

    s~p~=limp. 
n-0 Oc 

This fact shows that p' is the minimum among non negative full-super-

harmonic functions which are not less than 1 on G, that is, pµ is the 

qquilibrium potential of G ( C43 p. 187 ). We conclude 

C.(G 1(G)) = C(G). 

     Corollary. Let {Gn } be a sequence of open sets in R and E be 
a set contained in A1(G n) for all Gn. If Kuramochi capacity C(Gn) 

tends to zero, inner Kuramochi capacity Ci(E) of E is zero. 

     Proof Let K be a compact set in E. Then, 0� p  e p Gn 
for all n by domination principle, where/4k and ~L denote the 

equilibrium mass distribution for K and Gn, respectively. If p 

tends to zeropKmast be zero, that is,Ildp/= 0 and C(K) = 0. 
Since K is arbitrary we conclude Ci(E) = 0. 

     Lemma 5.3. Let G be an open set in R
o, whose relative boundary 

consists of piecewise smooth curves. Then, 2icC(G) is dominated by . 

the reciprocal of the extremal distance between Ko and G. 
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     Proof  Let  Rn~ be a regular exhaustion of R, and con be the 
solution of Dirichlet principle in R

n such that 

         1 on G(1R 
 _n 

    n0 on K
o 

                              u.) n 

        V= 0onaRn- G. 

     Then CuJn tends to Ci.)G in Dirichlet norm and uniformly on every 

compact set in G. G. The extremal distance A(Ko, G) between Ko and 

G equals the reciprocal of Dirichlet integral D(WG). But, for any 

1 compact set K in G,2
n,\(Ko, G)is greater than C(K). Hence, 

we have 

1 
         A (Ko, G)-1? 

2n1CkGpr 

     3. First, we treat the case that R' is hyperbolic and R' is 

a metriz'able compactification without any more restriction. In the 

following three case, we consider always Kuramochi compactification 

RN of R. 

     Let E' be a closed set on R' , which is of capacity 0 in the 

sense of § 4.3. Then, there exists a continuous potential-in R' with 

finite energy such that , 

    p(w) = 0on K' 

1.im p(w) = pa , 
R-6W-+E' 

and the level curve C' = { w ER' ; p(w) = M } is piecewise analytic. 
     We consider an analytic mapping w = f(z) of R into R'. We take 

Ko and Ko as f(Ko) C K'o and put GM = (wE R' ; M<p(w),1 and 
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 GAm = wE R' ; Mo< p(w)< M3-  for a fixed positive number Mo.For 
the sets GM = f-1(x`1)andG~= f-1(GP~I),we denote by 1(u}.-9,444 

     0oM 

DG(u) theDirichlet integralsoofu=pofoverGrd Glm•z'eepec--- G
MMo 

,Q 

ire Z~^-: 

      Theorem 5.2. Let E' be a closed set of vanishing capacity on 

R'. If an analytic mapping w = f(z) satisfies the condition that 

         DG
MM(u) 

Tim ----------= 0 , u = pof 
Maw M2 

Then, the set E = (p E Q ; ,fv(p) ( E' # has vanishing inner Kuramochi 
capacity. 

     Proof Let E' be the 1/n -neighborhood of E'. For given M, 

if n is sufficiently large p(z)) M in En /\ R', and f-1(E n) ( GM. 

Since En is an open set ,containing E', we have 

f-1(En) E n , 
peEp 

and 

GM E n 
          peE OP 

This shows that 

Q 1(GM) D E. 

     We consider a family rMM of curves c which join the sets 

tz E R ; u(z)Z M and { z E R ; u(z) a Mo , and denote by Al its 

extremal length. By the assumption of the theorem DG (ii) is finite
, MM

0 
and 
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E' be a closed 

as we have sho 

    1) p(w) 

    2) p(w) 

   3) p ( t 
     As Consta 

culties in pot 

due to existen 

of vanishing K1 

transrinite di

grad u 
----------------- IdzI in GIB 

NDG (u)o  zi=/MMo 
0elsewhere 

ible for the problem of ASo we. have 

0 

      1 (M-Mo)2 inf ^ JLdzi)2= ------------( ~Igrad u dzt)22 ---------- 
EPADG(u)cDG (u) 

oMtioMMb 

assumption of the theorem, we have 

Do 

.l 
(Ko'GM)-1< 1/2TCAMM 

27o• 

Corollary to Lemma 5.2, we conclude that inner Kuramochi 

of E vanished. 

Secondly, we treat the case that R' is Kuramochi compacti- 

R' o R'N-K,) of a hyperbolic Riemann surface R'. Let

the Corollary to Lemma 5.2, we conclude that inner Kuramochi 

y of E  vanished. 

Secondly, we treat the case that R' is Kuramochi compacti-

n R'N (R' o R'N- K,) of a hyperbolic Riemann surface R'. Let 
 closed set on R'N of the infinite transfinite diameter. Then, 

ave shown, there exists Evans potential p(w) such that 

p(w) is harmonic in Ro- E' 

  p(w) = 0 on K and lim p(w) =-- . 

 Constantinescu and Cornea pointed out, there are some di!fi-

in potential theory on Kuramochi compactification, which is 

existence off non-minimal points. We notice here that a set 

shing Kuramochi capacity is not necessarily of the infinite 

nite diameter. For instance, it is possible that sup N(z, q) 
zEtP 
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is finite for a non-minimal point q, and  N(q,q).<  oo ( cf.[133). 

For such a point, Kuramochi capacity is zero but the transfinite 

diameter can not be infinite. 

     For a closed set E' of the infinite transfinite diameter, we 

have the similar theorem as that of -paragraph 3. 

     Theorem 5.3. Let E' be a closed set of the infinite trans- 

finite diameter on R'N. If an analytic mapping w = f(z) satisfies 
the condition that 

        DG Cu) 

lim -----------Mb =0 , u =pof 
M-~vo M2 

then, the set E = j p EQi ; fV(p)( E'} has vanishing inner Kuramochi 

capacity. 

     But in this case, u = pof is harmonic in R
o outside a set of 

zero points of f1(z) and points of f-1(E'). 

This gives an extension of Pfluger's theorem. 

     Let P' be Riemann sphere and E' be the origin w = 0. We take 

Iwi ? 1 as K. In this case Evans potential p(w) is equal to N-Green 
                    1 f

unction N(w, 0) = log , .where w = re1i5. We have 

    DG
P'rn10(u(z)) =JJIgrad N(w,0)12 If1(z)12dxdy 

GMM
o 

l 
nf(w) r drd0 , 

                   .Qm< Y <e~'r 
05- e<21t 

where nf(w) denotes. the number oT w-points of f(z). And 

DG (u)    I~1Mo= 1J~1 
22nf(w) r"drde     (M~M

o)2 (M - Mo)r 
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                      l
rJJ12 nf(w) r drd& . 

           (logr0)2 r 

                                r Putting 

S(t) =iS of r drde , 
rct 

o 3<zm 
we have 

 DG (u)Y
o    MMo

_1rdS(t)           J .       (M.,Mo)2.(log                   r0)2Y t2 

                             11r      It is sufficient forAmmto tend to infinity that 

0 

         1 Y0 dS(t) 
  lim

r2= O.      0
(logo)2 Yt 

                   r But, in this case, it is possible to give a sharper condition. 

Take r1and r2as r< r1<r2<r oand write 

A r
1r2= AeY' eY,rthen ~NTPI„~•Following Pfluger,       '1r2 

we calculate the integral by integration by parts. 

         1 fr2dS(t)s(r)2r2               2  + ------------ r2S.' 
    (logr)2r1t2r22(logr2)2(logr2)2rl 

111 

We assume here 
1 
    S(t) = o(t2log t ) . 

tends 
The first term on the right side offthe inequalitynto 0 with r1. 

So,the first term< e, if r1 is sufficiently small. For the second 
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'S(t)1 

t2itdt

term,



since 

 s(t) 

            1               E'( E' > 0 for t 0 ) 
      t2log 

when r1< t< r2 for sufficiently small r1 and r2, 

      r2 S(t) 1 dt =r.r2'lo1_dlog t =2{(log r1)2- (log 
   2£g r1 tr

1 
We have 

      sr 
       2 2 S(t ) 1 

dtfor rl—~0. 

      22t2 t       (logr—) r1 

            1 HenceAis arbitrarily large for sufficiently smallrland r2. 

          r 

         1r2 

So, we conclude that A ILIA tends to infinity when M tends to oo . 

tut-
     Our theorem is idential with Pfluger's one incase of^unit disk 

To show this we prove the following 

     Lemma 5.4. ( Pfluger C 303 ) Let w = f(z) be a meromorphic 

function in the unit disk tz<< 1 such that 

f'     Df=~J( -------------2)2dxdy < Da, 
         tzl< 1l +(f 

If f(z) tends to 0 along a curve c terminating at e16 , then, 

lim I f(z) I = 0 
      z-~eie 

along every curve terminating at eie . 

     Proof Let r' be the family of concentric circular arcs , ry 

in 1zl< 1 centered at eie. Then, extremal length A r of (7 is zero. 
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Since Df  C ocz, , 

        1 ,fI 

.(E7 1 + f1 2 

is admissible for the problem of the extremal length A . Hence, by 

the definition of extremal length, 

f' 

   inf ---------— Idzi = O. 
`YET' 

1 + f`2 

Hence there exists a sequence 0'n in T' for which 

          ~f    lim'1----------------- I
dzi= 0.      n-*°°y

n1 + I.2 

This means that the spherical length of the image of ryn tends to 0. 

Every curve c' terminating at elf intersects ryn at a point zn. • 

And f(zn) tends to 0. This means that 

Tim `etf(z),= 0. 
zEc' 

     This lemma shows that the fine cluster set can be replaced by 

the asymptotic value in the case of the unit disk. 

     Let E be a set of points teie} such that there exists a curve 

terminating at eie along which urn f(z) = 0. By above Lemma, 
z+e''e 

    Tim If(z)1 = 0 
z-se") 

along every curve c' terminating at ei0 . This means that the curve 

c' cuts GM infinitely many times. But the extremal distance between 

GM and the small disk K centered at z = 0 tends to infinitely with M. 

That is, the extremal length of the family of all curves which join 
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K and points o E is infinite. This shows that the outer capacity of 

E is zero ( cf.  [  303). Thus, we have Pfluger's theorem. 

     Theorem 5.4. ( Pfluger [303 )  Let f(z) be a meromorphic func-

tion in IzI< 1 such that the spherical area of F is finite. If f(z) 

satisfies the condition that 

                 1 
     S(t)= o(t2log t ) for t--)'0, 

then the set of points on Iz1 = 1 at which f(z) has asymptotic value 

O is of outer capacity zero. 

     We give a modification of Theorem 5.3. 

     Let p(w) be the Evans potential for the set E' and p*(w) be its 

conjugate harmonic function. We use p + ip* as a local parameter. 

     Theorem 5.5. Let w = f(z) be an analytic mapping of R into 

R'. If 

J7nf(w) dp* = o(M) for M —4'00 
p(w)=M 

the set E has vanishing inner Kuramochi capacity. 

     Proof As we have already shown, 

              DG (u(z)) 

    A MM( ---------------_)-1=(12~n f(w) dpdp*)-1 

       1 

            (M1- M)2(M1- Mo) 

          0 Ml         

( ------------2dp nf(w) dp*)-1 
             (M1- Mo) M P(w)=M 

                                  0 for Mo< M< M1.If 

nf(w) dp* = o(M) for M oo 

p(w)=M 
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      there exists a number L for any  >  0, such that 

                  nf(w) dp* .< E. M for M) L. 

p(w)=M 

       Hence, 

     `r 
      M/`M1 

          JJnf(w) dpdp* = in dp 1 nf(w) dp* <EM1dp = E.M1(Ml- M 
M0 P=MYIo 

      for Ml> M > M0> L. So, we have 

E M1(M1- Mo) -1 2 

                   (m1- 0 

      for Ml .Z 2M0. E being arbitrary, AM M tends to infinity with M1 
1 o 

     and lim A (K GM) Z> lim Am M.77oo.And we conclude that E 
        MI."'"\1 Mia° 1 o 

has vanishing inner Kuramochi capacity. 

5. Finally, we treat the case that R' is parabolic. Let E' 

* b_e_ a closed sc^,on R' u. Then, R' - E' is a parabolic Riemann surface 

~vYVw^Jyk.4 141.4.4.a.";:ii.:.'       and we denote ity R' again. There exists the Evans potential p(w) 

, 

      such that 

           1) p(w) is harmonic in R'- Ko and continuous in R' 

          2) p(w) = 0 on Ko 

           3) lim p(w) = oo for z - ideal boundary 

          4)ir dp* = 2n when 1Ko is positively oriented, and 
'D K'' 

o 

              D( min(p(w), M) ) = 2nM. 

           We use this potential to obtain sharper evaluation of the fon1a 
     DG(u)///M2 in Theorem 5.3. 

        MMN 
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     Let p*(w) be the conjugate harmonic function of p(w) and put 

g(w)  — p(w) + ip*(w). Then 5= (71/(w) = e-g(w) maps R' with a count-

able number of slits, piecewise one-to-one and conformally, onto the 

unit disk 1-51<1 with a. countable number of slits (t.253 , C37]) . 

     Denote by yaMM the Dirichlet integral of 'of(z) over the set 

~z E R ; M< q-of(z) I< M4,and put seM= lim . Then we have          oo M-00 o 

    Theorem 5.7. We map R into I3 1< 1 by the mapping 5= (kg, f 

exp(-pof - ip*of) . If 

lim  M /m2 < oo , 
  M->00 0 

then the set E = p EQ1 ; fv(p) C ,6114 has vanishing inner Kuramochi 

capacity. 

     ProofBy definition, 

OMM_d~af2_'fdzIdxdy = j]it,.(w)I2 (f'(z)12 dxdy 
=  I '(w)I2 nf(w) dudv ( w = u + iv ). 

For evaluation of 08MM,we have 

                           0 

    (1) M2 TI g' (w)I2 of dudv gjgI(w)21e_(w)2  of dudv 
                 = MM < Mo2 jrIgt(w)I2of dudv, 

                                 0 where integrals are taken over the set w ER' ; -log Mo < p(w)< -log M}. 
And 

    (2) )g'(w)I2 of dudv = $grad p('w)I2 of dudv 
= SSlgrad pofl 2 1f' Wz)I2 dxdy 

                            = DMi4. pof ). 
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Here, by assumption 

                            ,J M  =  lim O MM < paand lim 2 = k < od . 
o  M4.0 0M-4,0 :M                0 0 

By (1) and (2), we have 

     M ()2Dmm (p)< -------M2°— MZ 
0oM0M0 

           1 
Setting M = M, we have 

                     o       2Q 

  1QuM
o 

    4DMMO G M 2 

0 And, since there exists a monotone decreasing sequence Mn4 such 

  M
nMn-1lim ---------M2= k        2 

„n--o° Mn 

and 

        n  

     M 2fk+En ( EnY0 ), 

        n we obtain, by putting D
nD~MM'                              2

n'n 

Dn < 4.(k + &n). 

                     Now, we denote by A m the extremal distance between K0 and 

and by AA the extremal distance between GM and R - GINfor 
                                                   sn 

m                                                                 coa 

m> n. Then,2 Al and lim A ? 1 ' . Siride 
         m n=1 n moo m n=1 

1 

               ~nI grad pof(z)1 I dz+ in GM- GIN  dzi =nzn 

      0elsewhere 
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 is'admissible for the problem of ,,n, we have 

      1 1 12( log 2 )2 

•nomD
n( log~Mn- logMn)2 --------------D 

n 

                                      1 
-------------- ( log 2 )2. 

4(k +E.n ) 

Therefore, 

1'O (log''2)2 

     m-~oo mn=1 4(k 1-En) 

                               Thus we complete the proof. 

     Now we show that Theorem 5.7 is an extension of Theorem 5.1. 

Let F be a closed set in R such that R - F does not belong to • 

Then, modifying Constantinescu-Cornea's theorem ([4.) (~falsOn[17]), 

we have.the following lemma. 

    Lemma 5.5. Let p be a point of Q 1 at which f(z) has a limit 

q in R'N. Then, there exists an sequence an} in F such that. 
lim f(an) = q. 
n-+00      We define, for a point p of Q  a cluster set fF(p) as 

    fp(p) = /1 c(F /) Vn) , 

where Vn is the 1/n -neighborhood of,p and the closure is taken in 

R'N. If f(z) is a GD mapping it has fine limits quasi-everywhere on 4. 
And Theorem 5.7 is written as follows. 

     Theorem 5.7'. Let f(z) be a GD mapping. And let p be a point 

of ~1 for which there exists a closed set F such that R - F does not 

belong to b9ypand fF(p) is one pointq,•If q satisfies the condition 
that0 
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     limP? <~ 
 M-O M2 

then the set E of such points as p has vanishing inner Kuramochi capaci-

ty. 

     We consider the case that R is the unit disk : IzK< 1, R' is the 

Riemann sphere,and f(z) is a meromorphic function in R such that 

iC(f'2 ) 2 dxdy4;Do .          1 + If' 

                                                   1 We assume q = 0 and take (IwI? l) as Ko . Then, p(w) = logand 
1wl 

'5= w. And we have M = I wl (=r) and 

             dw 2     ~MJJIldxdy = A(r) . 
                dz 

Let 7' be the radial at e16, then R - ry does not belong to 
ei@ 

Suppose the contrary is true, and take a neighborhood V of e18 which 

does not contain 'Y . Then V(.1 (R - 7' ) belongs to 1
ei9and there 

exists a connected component D of V /)(R -7 ) which belongs to tia. 
                                                                    Let D' be the symmetric image of D with respect to the radial ry, 

then it belongs toti8•But D n D' = 0. This is a contradiction. 
     Thus Theorem 5.7' is reduced to Theorem 5.1, but in our case, the 

set E is of inner capacity zero. 

§ 6 Analytic mappings of type Bl 

     In this section we study an analytic mapping of type B1 of a 

Riemann surface R into a Riemann surface R'. An analytic mapping f 

of R into R' is said to be locally of type Bl.at a'E R' if there 
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exists an open set G' of  P' containing the point a', such that every 

connected component of the inverse image f-1(G') of G' is of class 

SOHB. If f is locally of type Bl at every point of R', it is said 

to be of type B1. Let nf(a') denote the number of points of the set 

f-1(a'), where multiplicities are counted. Then, according to M.Heins, 

if f is of. type B1, nf(a') = sup nf(b') except for a set of capacity 
WEIR' 

zero. 

     Here, we concern with the problem at what paints an'-analytic 

mapping f would be locally of type Bl. For this problem, we refer to 

the results of Constantinescu-Cornea C41 and of Doob C53, First, we 

consider, following Constantinescu-Cornea, Wiener's compactification 

PW of a Riemann surface R. Let r7                                    ,,,1 be its harmonic boundary and r'f 

be the sebset of T7 at each point of which the analytic maping f has 

continuous extension with a value in R'W.Then, the set of points at 

which f is locally of type Bl is R'- f(l''f) . 

    Doob considered Martin compactification RM and defined the essen-

tial closed range of the fine boundary function f' of the analytic

mapping f as follows. The fine boundary function is the function de-

fined on a set on Li.  R- P at each point of which f has a fine limit 

on R'M ( Martin compactification of R' ) with values of the fine limits. 
Let B be the domain of the fine boundary function f' of f, and B

o be 

a subset of B of harmonic measure 0. Consider the closure in R'r1 of 

f'(B - Bo). The intersection of all these closures ( equal to the 

intersection of countably many, and therefore attained by a proper 

choice of Bo ) is called the essential closed range of the fine'bound-

ary function. Using this notion Doob gets the following result : 
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the necessary and sufficient condition  fdr f to be locally of type 

B1 at a'E 10. is that a' is in the closure of f(R) but is not in the 

essential closed range of the fine boundary function f'. 

     We consider Kuramochi compactification RN of R, and assumeTthat 

f is a GD mapping. 

     Theorem 6.1. Let f be a GD mapping of R into R' and locally 

of type Bl at a'E R'. Then, the set of RN at each point of which f 

has the fine limit a' has vanishing inner Kuramochi capacity. 

     Proof Since f is locally of type Bl at a'e R', there exists 

an open set G' containing a' such that every connected of f-1(G') is 

of class SOHB. Let V' and V' be neighborhoods of a' such that . 

V' C Vi C G'. We take a connected component G of f-1(G') and put 

G
o= G/lf-1(V1- V').There exists a continuous Dirichlet function 

h' in R' such that h' = 1 On V2,=0d.nR' - V' and harmonic in Vi- V. 

Since f is a GD mapping,. the extremal distance of f-1(V2) and 

R - f-1(V') is positive, and there exists a Dirichlet function h
o such 

that ho= 1 On f-1(V') and = 0 in R - f-1(V'). Since the restriction   21 

fG of f in G is of type B1 as a mapping of G into G', of(p') =-nf= 
GLG 

constant for all points of G' except for points belonging to a set 

of capacity 0. And, since h'o f is a bounded harmonic function ( with 

countable removable singularities ).in Go and Go belongs to class SOHB, 

we have 

             Go h' o f = Hh' o f = HGO= hoG0 

0 ( for these equalities, cf. L41 ). Hence, 
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 tld(h'of)IIG = IId(h'ef)IIG = ((dhoG° G = If dhoGOIIG. 
       00 

Therefore, we have 

ofOdh'4, = Od(h'of)IIG= (fdhoG°IIG 

and 

            2 nf=11dho°IIG/fldh'lt2 

                        G Summing of over all connected components of f-1(G'), we have 

Z of =  dhoC'°IIG/2CI)dholIR/< O°    G G G~~dh1G,Ildh~~~G, 

Letting V2 shrink: to the point a', 

Lim 2, IIdhaG°112/= 2,n < oo 
  V2-,a' G° G2G f G 

But when V' shrinks to a' Il dh' IfG tends to 0,so ZUdhoG0IGmust 

                                             G 

                                              1 tend to 0 That is, the extremal distance betweenVf (Vi) and 

f(V2) will be infinite when V' shrinks to the point a'. There- 

fore, capacity of the set E at each point of which f has the fine 

limit a' is zero, because if a point a belongs to E, a belongs to 

  1(f-1(V'')). 

Net we assume that the GD mapping f is of type B1 on R'. 

Then, according to Constantinescu-Cornea, if R is hyperbolic R' ;must 

also be hyperbolic. And, as is seen in the proof of the previous 
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theorem, f is finitely sheeted. We compactify R' in the sense of 

Kuramochi, and denote by  AN and©N Kuramochi boundaries of RLand 

R', respectively. Kuramochi called a boundary point singular when 

it has positive capacity. 

     Theorem 6.2. A singular boundary point is-mapped on a sin-

gular boundary point by a GD mapping of type B1. Especially, if 

R' is of finite genus, there is no singular point on A
n. 

                                                                 n 

     ProofLet p be a singular point of L, N. Since 4p5, has the 

positive capacity, the GD mapping f has a fine limit q on R'N at p. 

We suppose the capacity of t'q} is zero. Let Vn be a neighborhood 

of q and 4) n be the equilibrium potential of Vn. Then D(c4n) and 

D( 44) naf(z) ) = nfD(cn) decrease to zero when n tendsto infinity. 

and since p Er) 61r1( Vn) the capacity of t6 must be zero. This 

is contradiction. 

     If R' is of finite genus, there is no singular points on LIN. 

So, R can not have a singular boundary point.
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