On l-summability of formal solution of
inhomogeneous heat equation

By

Kunio ICHINOBE*

Abstract

We consider the Cauchy problem for the inhomogeneous heat equation, where inhomoge-
neous team is a formal power series of Gevrey order 1 with respect to t. Under the assumptions
of the 1-summability of the inhomogeneous term and a global exponential growth condition
with respect to z for its sum, we show the 1-summability of the formal solution of the Cauchy
problem by using the integral representation of the 1-sum of the formal solution which is given
in terms of the heat kernel.

§1. Introduction

We consider the following Cauchy problem for the complex inhomogeneous heat

equation
~ dyu(t,z) = 2u(t,z) + f(t,z),
o {u(O, v) = p(z) € Os,

where t,x € C and O, denotes the set of holomorphic functions in a neighborhood of
2 = 0. The inhomogenecous term f(t,z) = > iso fi(@)tt/il is a formal power series of
Gevrey order 1 with respect to ¢ which means that all coefficients fi(z) are holomorphic
in a common closed disc D, := {z € C;|z| < o} for some positive o and there exist
positive constants A and B such that for all 4

|m\ix |fi(z)| < AB%i!?

and we denote it by f(t,z) € O[[t]]:.
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This Cauchy problem has a unique formal power series solution of the form

(1.1) alt,z) = > ‘p( t”+z (Zf(2(" (e )) ni:

n>0 n>1 \1=0

= ahom(tv x; QO) + ’&inh(tv x; f)v

which is divergent in general. Exactly, we can see that (¢, z) is the formal power series
of Gevrey order 1 with respect to t¢.

For the divergent solution when the inhomogeneous term f (t,z) = 0, the problem
of k-summability with k& = 1 for the formal solution @(t, x) = Upem(t, x; @) was proved
by Lutz, Miyake and Schifke [5], where the definition of k-summability will be given in
next section.

Theorem 1.1 ([5]). Let S.(0,7;e1,0) = Sz(0;61)US,(7;61)UD,, where S,(0;61) :=
{z € C;|argz — 0| < e1/2} and &1 > 0. Then the formal solution u(t,x) of the homo-
geneous Cauchy problem (ﬁ) is 1-summable in 0 direction (we denote it by u(t,x) €
Oz{t}1,0) if and only if the Cauchy data p(x) € O, satisfies the following conditions.
(i) The Cauchy data p(z) can be analytically continued on a region S, (0,m;e1,0).

(ii) The Cauchy data has the exponential growth estimate of order at most 2 there, that
is, lp(x)| < Cedl*” (x € S,(0,7€),0)) with some positive constants C and & for
any closed subsector S, (0,7}, 0) C Sz(0,m;¢1,0).

In this case, 1-sum of Upom (t,z;¢) in 0 direction is obtained by

IR 2
1.2 ud (tx;p) = / [ e
(1.2) nom(t:739) 1= 2 | @l +y) y
with |t — po| < po and |x| < oq for some positive py and o¢(< o).

We remark that 1-sum u (¢, 2;¢) in a sector S;(0,q, p) with some a@ > 7 and
p > 0 in t-space is obtained from the analytic continuation in ¢-variable by rotating the
integral path R to e”R with |0 < e, /2.

In the following, we write the conditions (i) and (ii) by

o(x) € Exp?(5,(0,m;61,0))

and we call the conditions ”1-summability condition” or 1-S-C (with ¢; and o) for
short.

We consider the case that f(t,a;) # 0 and f(t,.r) € O,[[t]];. We may assume that
the Cauchy data ¢(z) = 0 without loss of generality. In this case, Michalik [7] gave a
sufficient condition for 1-summability of the formal solution (¢, 2) = @inn (¢, 2; f).
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Theorem 1.2 ([7]). Let g(s,x) be the formal 1-Borel transform of f(t,x) which is
defined by g(s,x) =Y .~ fi(x)s'/il?, which is convergent at (s,x) = (0,0). We assume
that g(s,x) can be analy_tically continued to a sector Ss(0, ) in s-space by some positive
and has the exponential growth estimate of order at most 1 there. Moreover, we assume
that g(s,x) satisfies 1-S-C with respect to x-variable. Then the formal solution u(t,x)
of the inhomogeneous Cauchy problem (f[) is 1-summable in O direction.

Under the above same conditions we obtain the following result for 1-sum of (¢, x)
of the inhomogeneous Cauchy problem (H) in terms of the integral representation by

using heat kernel.

Theorem 1.3. We assume that f(t,z) € O.{t}10 and let fO(t,z) be 1-sum of
f(t,z). We assume that there exists a positive constant T such that fO(t,z) is ana-
lytic in St x D, where Sy = S¢(0, 0, T') with « > w. Moreover, we assume that the
sum fO(t,x) satisfies 1-S-C with €1 and o, that is, f°(t,x) can be analytically con-
tinued to Sy(0,m;e1,0) with respect to z-variable and |f°(t,z)| < Ceol** (t € &)
for x € S,(0,m;¢},0) with some positive constants C and & for any closed subsector
S, C Sr. Then

t o,
(1.3) Wl )= [ [ e s g)dyds
0 Vars J_

with |t — po| < po and |x| < oo for some positive constants po(< T'/2) and oo(< o) gives
1-sum of @(t,x) in O direction and satisfies (H) with fO(t,z) instead of f(t,z).

This paper consists of the following contents. In section 2, we give the definition
of k-summability, and in section 3 we give related results for the 1-summability of the
formal solution of inhomogeneous Cauchy problem. We prove Theorem 1.3 in section
4, and give a proof of Lemma 4.1 necessary for the proof of the theorem in section 5.
In section 6, we give a remark on the integral representation of 1-sum in terms of heat

kernel.

§2. Definition of k-summability

In this section, we give some notation and definitions in the way of Ramis or Balser
(cf. Balser [1] for the details).
For d e R, > 0 and p(0 < p < o0), we define a sector S = S;(d, 3, p) by

(2.1) Si(d, B, p) == {t € G |d — argt| < /2,0 < [t| < p},

where d, 5 and p are called the direction, the opening angle and the radius of S, respec-
tively. We write Si(d, 8,00) = S¢(d; 8) for short.
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A closed sector S = S;(d, 3, p) is defined by S = {t € C;|d—argt| < £/2,0 < |t| < p}.

For k > 0, we define that 0(t,z) = > " vn(2)t" € Oy[[t]]1/x (we say 0(t,z) is a
formal power series of Gevrey order 1/k) if v,,(x) are holomorphic on a common closed
disk D, for some o > 0 and there exist some positive constants C' and K such that for
any n,
(2.2) max [on(@)| < CK"T (1+ %) ,
where I' denotes the gamma function. Here when v, (z) = v, (constants) for all n,
we use the notation C[[t]], 5, instead of O.[[t]]; k. In the following, we use the similar
notation.

Let k > 0, 0(t,z) = Y~ g vn(z)t"™ € Oy[[t]]1/x and v(t,x) be an analytic function
on S¢(d, 3, p) x D,. Then we define that

(2.3) v(t,x) 2 v(t,x) in S = Si(d,f,p)

(we say v(t, x) has the Gevrey asymptotic expansion v(t, z) of order k), if for any closed
subsector S’ of S, there exist some positive constants C' and K such that for any N > 1,
we have

N—
(2.4) max |v(t,x) Z x)t"

|z| <o

< CK"YNr <1 + ]D , ted.

For k > 0, d € R and o(t,7) € O[[t]]1/x, we say that o(t,z) is k-summable in d
direction, and denote it by 0(¢,x) € Oy {t}k.a, if there exist a sector S = Si(d, 3, p) with
B> 7/k and an analytic function v(¢,z) on S x D, such that v(t,z) =, 9(t,z) in S.

In the paper, we consider the direction as 0 direction only for simplicity. Therefore
we use the notation Oy{t}ro = Ox{t}s.

We remark that the function v(¢,x) above for a k-summable O(t,z) is unique if it
exists. Therefore such a function v(¢, x) is called the k-sum of (¢, x) in 0 direction and
we write it v0(t, ).

§3. Related results

Balser [2] gave the necessary and sufficient condition for 1-summability of the formal
solution @i(t, ) = tignp(t, z; f) of the inhomogeneous Cauchy problem (H). Here we use
the notations.

) =D () Z“*"(t)i Z J"l v'
7>0 ! n>0 g

Then Balser’s result is stated as follows.
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Proposition 3.1 ([2]). The formal solution u(t,z) is 1-summable in a direction 0
if and only if G0 (t), Gy (t) and f(t,z) are 1-summable in O direction.

In the above Proposition, we can’t know what the 1-summability of .o(¢) and . ()
mean. In the paper of Balser and Loday-Richaud [3], they tried to characterize 1-
summability of di.o(t) and 1.1 (t) as a property of f(t, z) as follows.

For D f(t,z) = 2 i>1.m>0 fj,l’n%% with D; ' = fot, we put

g(t, @) == (LeLo Dy L) 2) = Zj>1 nfj—l,ntjx”’

where £, is defined by £;t/ = j!t/ and L, is also same. Moreover, for

g(t,t'/?) = Z f] 12£t]+£+t1/22 f] 12017t

we put

G(r) == ((BMg)(t,/%)) | =ra

which is a formal series in 7-variable. Here B is defined by B (#7+i/2) = ¢n+i/2 /|

for ¢ = 0,1. In this case, since we see
G(tY?) = to(t) 4+t %0 (2),
they gave the following proposition.

Proposition 3.2 ([3]). The series G.o(t) and G (t) are 1-summable in 0 if and only
if the series G(T) associated with f is 2-summable in the directions 0 and .

Proposition 3.1 was extended to the heat equation with variable coefficient by Balser
and Loday-Richaud [3], higher order linear partial differential equation with variable
coefficients by Remy [9, 10], semilinear heat equation with variable coefficients by Remy
[11], semilinear higher order equation with variable coefficients by Remy [12].

Balser [2] also gave the another necessary and sufficient condition for 1-summability
of U(t, ) = tynn(t, z; f), which was refined by Michalik [6].

Proposition 3.3 ([2, 6]). For the inhomogeneous term f(t,z) = Zizofi(x)ti/i! €
O.[[t]]1, we define g(s,x) and h(T) by

=D filw)s'/(20),

which is convergent at (s,x) = (0,0) and

T):=0; '/O.T g((T — 5)?, 8)ds,
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respectively. Then the following statements are equivalent.

i) u(t,x) is 1-summable in O direction.

it) h(T) satisfies 1-S-C, that is, h(T) can be analytically continued to S.(0,m;e1,0)
and

|h(T)| < Ce‘;|7‘2, 7€ 8,(0,m;¢},0),

for all e} < eq.

Proposition 3.3 was extended to 1/p-fractional equations by Michalik [7] and moment
partial differential equations by Michalik [8].

§4. A proof of Theorem 1.3

First, from the analytic continuation of the integral representation of u°(¢,z) =
Winn(t, z; f9), and the assumption that fO(,z) satisfies 1-S-C, we can see that u’(t, z)
is analytic in a sector Sy(0,, p) X D,, with a > 7 for some sufficiently small positive
constants p and oy.

Next, we shall show that u°(¢,z) has the Gevrey asymptotic expansion (t,z) of
order 1, which completes a proof of Theorem 1.3(cf. [4]).

We put

0.0 = 3 (2 470) = T o 0l

n>1 n>1

For all M € N, we put

Zfz 1

i>1

M i1

R ERCT=
=: fu(t,x) + fM<t,ar).

Moreover, we put

(4.1) Fu(t,x) == fO>t,z) — far(t, z).

From the assumptions that f(t,z) = Yiso fi(@)t' /it € Oy{t}1 and fO(t,x) satisfies
1-S-C, we can prove the following lemma, which will be proved in the next section.

Lemma 4.1.
(4.2) |fi(x)] < ClKlii!266|x‘2, x € S.(0,m;€},0),

4.3) £ ()] < C’2K§+”7L!2n!es|w|2, z € S,(0,mel,0") (ef <&, 0 <a/2),
(4.4)  |Falt,z)| < CsKM MMl 2 € §,(0,m¢),0), t €5,
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with some positive constants Cj, K; (j =1,2,3) and 9, ) for alli,n, M. Here Sy is any
closed subsector of the region {t € C;|t — po| < po}.

We have the following Taylor formula

L=1 ¢(4) Y (o o NL—1
09 gy =X I [T

for all L
By substituting into the integral representation of u(¢, ) the expression (4.1) with
M = [®-1] and the Taylor formula (4.5) with L = N — 2i for 1 <i < [¥-1], we have

t 1 o0 2
uO(t, :/ efy M5 (0t — s,z 4 y) dyds
(t,z) \/R £ y) dy

:/ T/ 79/43 fM(t—sx—l—y)—i—FM(t—s:l:—i-y)}dyds

il
1<i<[(N-1)/2]" 4778 = J: >
+oo ( N—-2i—1 _
y—mn) 20 (t—s)"
* . Z / \/47rs/ (N—22—1) (x—l—n)dndy (i —1)! ds

1<i<[(N-1)/2]

t
1 2
+ e VSt — s,z +y)dyds
/0 T e ( y)dy
= In(t,2) + Ry (t, ) + Ry (t, x).

Then from the following lemma, we can get the desired result.

Lemma 4.2. For (t,x) € S1 x D, with any closed subsector S1 C {t € C; |t —po| <
po}, we have

N/ -
(4.6) In(ta)= ) (Zf‘_‘l"‘m(x)) =

n=1  \i=1
(4.7) nax Ry (t,2)] < CLE{ [N’ (N +1)/2),
x oo
(4.8) mex IR, (t,2)| < Co kI D/ p|[(N=1)/2+1p ({]\72—1] n 1)
z|<og

with some positive constants Cy,Ca, K1 and Ko for any N.
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In fact, when N = 2m, since [(N — 1)/2] = m — 1, we have

m—1

In(t,z) = Z uy ()",

n=1
RN (t,@)] < CLET™t|"T (m + 1/2) < C1K |t T (m + 1),
|R3(t, )| < CoKILt|™T(m) < CoK5't|™T (m + 1)

with C7 < él,CQ < CN'Q and K < f(l.
When N = 2m + 1, since [(N — 1)/2] = m, we have

In(t,z) =) up(a)t" = i Uy () 4 Uy ()™,

IRy (t, )| < CLEPM L™ Y20 (m 4+ 1) < CLE™ ™ T (m 4+ 1), (.7 |t < 2po)
|R%(t,2)| < Co K|t T (m + 1) < Co K3[t|™T (m + 1).

Here we remark that for |z| < o

[t ()] <

(Z fi<28m”><x>> =
=1

i—1)+2(m—i) . vy 512 [T
<3 CR{T TG - 1)2(2(m - )l

< Co K5 ml|t|™.

From the above observations, we see that u°(¢,x) has the Gevrey asymptotic expansion
a(t, x) of order 1.
Before giving a proof of Lemma 4.2, we give a formula for ¢ > 0 and b > 0

/ e~V aybdy = la%p <b+1> .
. 2 2

Let us show Lemma 4.2.
First, we show the equality (4.6). We put I;(s) := ffooo 6_92/45yjdy. When j is odd,
Ii(s) = 0. When j = 2n, we have

Ton(s) = 2 / e~V /sy 20y (4g) 2D (g 4 1/2),
J0
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Therefore by noticing (2n)! = 22"T'(n + 1/2)n!/\/7, we have

N—1)/2] [(N—1)/2]— n
(N=1)/2] [(N=1)/2] f(2 )( )

/ (t=s)' ! oy AT +1/2)

I =
n(t2) 2o 2 () G- " m
((N=1)/2] [(N—1)/2)~ i1
n t—
e S S S
o (=1 n!
[(N—l)/Q][ —1)/2] i i

(2n)
Z Z f (z) (n+1)!

(N=1)/2] [(N— 1)/2

Z Z f(2(n l))

[(N 1)/2] n

Z Z f(2(n %)

n=1

Next, by using the inequality (4.4), we show the inequality (4.8).
We have

(s )= e VIS Ey(t—s,a+y)dy] (M= )
N 2

< 9CKI(N=1/2p ([M2] +1) |t - S|[<N—1)/2]e26\w|2 /Oo g1y’ /Als| g20v° gy,
0

for some positive c¢;, where we use the inequality |z + y|*> < 2(|z|? + |y|?). Here since
there exists ca > 0 such that ¢; — 8J|s| > ¢ for sufficiently small |s|, we have

oo
/°° e—erv?/4lsl 2507 g g/ e—cav /sl gy, — | [ASIVT
0 0 C2 2

Therefore we have

max |R%(t,x)| < CKIN-D/Ap ([N-1]

|z|<og 2

/|t [N=1)/2] g

< GRKIN-D/Ap ([N-1] 4 1) g V-1/20+

Finally, by using the inequality (4.3), we show the inequality (4.7).
From the inequality (4.3), we have

N 2i—1 (N—2i)
rhatnalli= | [ S 1

< CKN=71(j — 1)12e200el +|yl2)|y‘N72i.
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Therefore since
’/ eyz/“srh(y,x)dy' <C'KN7(i— 1)!2/ eV sy N =21 gy
oo 0
<C"K™ 7 —1)12)s| NHD2ED (N 4 1) /2 — 1)

with some positive constants C’,C" and K’ for |z| < o, we have

t
/ |S|N/2—i(t _ S)i—lds
0

< C”K’NZ (i — D)ID((N +1)/2 — i) x [t|N/?

< CLENEN 2P (N +1)/2).

max |RY (t,z |<ZC“K’N Wi — DIT((N +1)/2 —1d)

|z[<oo

§5. Proof of Lemma 4.1

We give a proof of Lemma 4.1.
First, we consider the formal 1-Borel transform of f(t,z) = >0 fi(x)tt /i

g(s,) == Blf S, T) Zfz '27

>0

which is convergent in |s| < r and |z| < o for some 7 > 0. Then from the assumptions
that f(t,z) € O,{t}; and that fO(¢, ) satisfies 1-S-C, we can show that g(s,z) is
analytic in the region (D, U Ss(0;¢)) x S5 (0, m; 1, 0) for sufficiently small € > 0 and has
the estimate

(5.1) l9(s,2)| < Cehrlsl+olal’

with some positive constants C,d; and dy for s € (D,v x So) and x € S,(0,7;¢},0),
where 1’ < r and Sy is any closed subsector S,(0;¢).

Indeed, from the assumption that f(t, ) € Oy{t}1, we sce that g(s, z) is analytic in
(D, U Ss(0;¢)) x D, and has the exponential growth estimate of order at most 1 with
respect to s, that is, max|,; <, lg(s,z)| < Crels! for s € S,.

Let us consider 1-Borel transform of fO(t,x)

~ _1 0 th
= — t t —
i(s,2) = o L It w)et S

for s € S4(0;¢) and 2 € D,, where the path v denotes the path from the origin along
argt = (¢ + m)/2 to some point ¢; with a positive €, then along the circle [t| = [¢1]
to the ray argt = —(e + 7)/2, and back to the origin along this ray such that v C
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Sp = S;(0,0, T) with & > 7 + . Then from the assumptions that f(t,z) € Ou{t}
and that fO(¢,z) is 1-sum of f(¢,z), we have §(s,z) = g(s,z) in a neighborhood at
(s,2) = (0,0). Moreover, since fO(t,x) satisfies 1-S-C, we see that §(s, z) is analytic in
(D, U Ss(0;¢)) x S;(0,7;e1,0), and has the estimate

G(s,2)] = |g(s, 2)| < Celrls+olel

by some positive constants C,d; and 83 for s € (D, x S2) and x € S, (0, m; ¢}, ).
Next, by using the inequality (5.1), we have

1
2 g(T,I) dT
2w/ —1 |7|=r Titl

with some positive constant Cy for x € S,(0,7;¢}, o), which gives a proof of (4.2).

1l
< 0%?652\3*

|fi(@)/il] = 10:9(0,2)| =

By using the inequality (4.2), we have

nl fi(€)
i g

2mi —z|=c(x) (é' - w)n+1

for z € §,(0,m;ey,0') with €/ < &), 0’ < /2 and 0y > 0, where ¢(z) = o’ if |z| < o’
and ¢(z) = co|z| for some ¢y > 0 if |x| > ¢’ and x € S,(0,7;¢Y,0’). Here, if |z| < o,
then 1/(c(x))™ = 1/0". If |z| > o', then 1/(c(x))™ = 1/(co|z|)™ < 1/(coo’)™. Therefore

we have

< nIC K227 /(e(a))™

1 (@) =

‘ 2

£ ()] < CoKEHmlit2edle

for z € S,(0,7;€!,0'), which gives a proof of (4.3).
Finally, we give a proof of (4.4). We put

S

1 i
Gu(s,z) = g(s,x) — : fl(x)z%

for s € (D, USs(0;¢€)) x Sz (0,7 e1,0). Then we have G (s, x) = Dy M0Mg(s, x), where
D, = fos. By using the inequality (5.1), we have

M! ?{ g(T, )
s 9T,
2mi |7 —s|=c(s) (T - S)M+l

by some positive constants Cy, K1 and 6, for (s,z) € (D, US3) x S¢(0, 7€), 0) with
any closed subsector So C S4(0;¢). Here c(s) = 7/(< r/2) if |s| <1/, and ¢(s) = ¢1]s]
for some ¢; > 0 if |s| > 7" and s € S.

I
o

‘ 2

|8£/19(3795)| = < ClK{VfM!e&ISH&zIx

Therefore we have for s € Sy and x € S,(0,7;¢),0)

S (o o \M—1
| o et ajds

Guts. ) = | | 7

1 |8|M(1 q)M—l . o B o,
M pr1,01p|s|+02]z] _ M| M o1]|s|+d2|x|
S/O (M 1)‘ Ci1Ki{" Mle dq=C1K; |$| e .
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We remark that Fi(t,z) is given by the analytic continuation of 1-Laplace transform
of Gu(s, )

10
Fy(t,x) = (L1Gp)(t,x) = t/ e tGp(s,z)ds
0
for |t — po| < po and = € S, (0,7;¢1,0) for sufficiently small pg > 0. Here the path
fooo(d) takes from 0 to oo along arg s = d. Therefore for t € S; C {t € C; |t — po| < po}
and x € S,(0,7;¢},0) we have

oco(—argt)
/ e "Gy (ut, z)du
0

0o - ~
</ e_C“CleW|vt|Me51|“t‘+52|“’|2dv (¢,01 > 0)
0

1 [0
Fult )| = | / ¢ Gy (s, 2)ds
0

o0 ~
< C'll('fu|t|Me‘52lx|2 / e @ovMdy (¢ =c—261p9 > 0)
Jo

< CLEM Ml At (G, Ky > 0).

§6. Remark on the integral representation of 1-sum

We could not obtain the integral representation of 1-sum in terms of the heat kernel
under the assumption of the inhomogeneous term f(t,z) € O,[[t]];. However, we can
get the integral representation of 1-sum if the assumption is relaxed.

We consider the Cauchy problem

Ou(t, ) = 0%u(t,x) + f(t,x),
(H) {u((), x) =0,

where we assume that the inhomogeneous term f(t,2) = Y, fi(x)t"/d! is convergent
in t-variable and entire in z-variable, and has the following estimate

(6.1) g‘lax|f(t x| <celll zec

by some positive constants p, C' and 6. Then the formal solution (¢, z), which is given
by

i (2(n—1 " n
X () =
’I’L>1 : nzl
is a convergent series in t-variable. (This holds if f(¢,x) has the exponential growth

estimate of order at most 2 instead of the condition (6.1).) In fact, from the condition
(6.1), we have the following inequalities.

119 (2)] < G i1 (2 € C)
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by some positive constants C1,Cs, K1 and Ka. Therefore since |uy,(z)| < CgK:’fe‘S'm' by
some C3 and K3, the formal solution (¢, x) is convergent in ¢-variable.

In the following, we write the formal solution (¢, x) by wu(t,z).

For the solution u(t,z), which is a convergent series in [t| < p and = € C, we put

u(t,r) = Z (Z fi(2(1ni))($)> %T: — Z Zfl(g(lnfl))(x)g

n>1 \i=1 i>1 \n>1
i on), 1" —
(62) =YD | @)y | = 30 DT ),
i>1 n>0 ’ i>1

where D; ! = fot Here, for each i, U;(t,x) is a convergent series (in fact, entire) in
t-variable and satisfies the following Cauchy problem.

, U(t,z) = 02U (t, x),
) { D00+ o)

Therefore by restricting in the region O, := {t € C; |t — pg| < po} for sufficiently small
po, we have the following integral representation of U;(¢,x) in terms of the heat kernel.

Ui(t,z) \/ZH / i fiei(z +y)dy.

Then when t € Oy, we have

u(t, x) ZD ‘Us(t, x) Z/ t—s)z s,x)ds

i>1

/ \/E ;fi—l(x+y) Ej:i;:dyds

/ \/E/ f(t—s,x+y)dyds.
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