
17

On 1-summability of formal solution of 

inhomogeneous heat equation 

By 

Kunio ICHINOBE* 

Abstract 

We consider the Cauchy problem for the inhomogeneous heat equation, where inhomoge-

neous team is a formal power series of Gevrey order 1 with respect tot. Under the assumptions 

of the 1-summability of the inhomogeneous term and a global exponential growth condition 

with respect to x for its sum, we show the 1-summability of the formal solution of the Cauchy 

problem by using the integral representation of the 1-sum of the formal solution which is given 

in terms of the heat kernel. 

§ 1. Introduction 

We consider the following Cauchy problem for the complex inhomogeneous heat 

equation 

直）
｛如(t,x）＝叩（t，x)＋f(t,x)， 
u(O,x) ='P（叫€〇x,

where t, x E (C and Ox denotes the set of holomorphic functions in a neighborhood of 

x = 0. The inhomogeneous term /(t, x)＝江2'.0f心）が／i!is a formal power series of 
Gevrey order 1 with respect to t which means that all coefficients f心） areholomorphic 

in a common closed disc瓦：＝ ｛x EC; lxlごび｝ forsome positive CJ and there exist 
positive constants A and B such that for all i 

max lfi(x)I :s; ABii!2 
Ix|こび

and we denote it by ](t, x) E Ox[[t]]i・
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This Cauchy problem has a unique formal power series solution of the form 

(1.1) U(t,x） ＝互cp（2:）！（x)『＋；（苫ft(2(n-1-t)）(x)）瓜
=: Uhom (t, x; cp) + Uinh (t, x; }), 

which is divergent in general. Exactly, we can see that u(t, x) is the formal power series 

of Gevrey order 1 with respect to t. 

For the divergent solution when the inhomogeneous term }(t, x) = 0, the problem 
of k-summability with k = 1 for the formal solution u(t, x) = Uhom (t, x; cp) was proved 

by Lutz, Miyake and Schiifke [5], where the definition of k-summability will be given in 

next section. 

Theorem 1.1 ([5]). Let Bx(O，戸1,a) = Bx(O；釘）US土；釘）U互， whereBx(0；釘） ：＝ 
{x EC; I argx -01＜釘／2}and釘＞ 0.Then the formal solution u(t, x) of the homo-

geneous Cauchy problem直） isI-summable in O direction (we denote it by u(t, x) E 
Ox{ th,o) if and only if the Cauchy data叫） E凸 satisfiesthe following conditions. 

(i) The Cauchy dataゃ(x)can be analytically continued on a region Bx(O, 1r芦1,a). 

(ii) The Cauchy data has the exponential growth estimate of order at most 2 there, that 

is, lcp(x)IさCe8lxl2(x E図(0,1r; Ei, a)) with some positive constants C and o for 
any closed subsector瓦(0,1r; Ei，a) C Bx(O, 1r; cぃa).
In this case, I-sum of Uhom (t, x;'P) in O direction is obtained by 

(1.2) uRom (t, x; c.p) ：＝ふ J—+:00 c.p(x+y)e―炉／4tdy

with It -Pol < Po and lxl：：：：：びofor some positive Po and (J'o (< (J'). 

We remark that 1-sum uに。m(t,x; <p) in a sector St(O, a, p) with some a > 7r and 
p > 0 int-space is obtained from the analytic continuation int-variable by rotating the 
integral path艮toe疇 with101＜釘／2.

In the following, we write the conditions (i) and (ii) by 

<p(x) E Exp2(Sx(O, 1r冥1，(J'))

and we call the conditions "I-summability condition" or 1-S-C (with c1 and CT) for 

short. 

We consider the case that J(t, x)苧0and J(t, x) E Ox[[t]]i. We may assume that 

the Cauchy data cp(x)三 0without loss of generality. In this case, Michalik [7] gave a 

sufficient condition for I-summability of the formal solution ft(t, x) ='Uinh (t, x; f). 
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Theorem 1.2 ([7]). Let g(s,x) be the formal 1-Borel transform of J(t,x) which is 

defined by g(s, x)＝冗i::,.1応）ざ／i!2,which is convergent at (s,x) = (0,0). We assume 
that g(s, x) can be analytically continued to a sector S8 (0, E) ins-space by some positive E 

and has the exponential growth estimate of order at most 1 there. Moreover, we assume 

that g(s, x) satisfies 1-S-C with respect to x-variable. Then the formal solution u(t, x) 

of the inhomogeneous Cauchy problem直） isI-summable in O direction. 

Under the above same conditions we obtain the following result for 1-sum of u(t, x) 

of the inhomogeneous Cauchy problem直） interms of the integral representation by 
using heat kernel. 

Theorem 1.3. We assume that f(t,x) E叫 th,oand let f0(t, x) be 1-sum of 

J (t, x). We assume that there exists a positive constant T such that f0 (t, x) is ana-

lytic in Sr x瓦， whereSr = St(O, a, T) with a > 1r. Moreover, we assume that the 
sum f0(t,x) satisfies 1-S-C with c1 and c,, that is, J0(t,x) can be analytically con-

tinued to Bx(O，戸1，c,)with respect to x-variable and lf0(t, x)I ::; Ce151xl2 (t E幻
for x E瓦(0,7r; ei，び） withsome positive constants C and 8 for any closed subsector 
瓦 cSr. Then 

(1.3) 心 (t,x; J0) :=it-¼, j_: e―炉／48f0 (t -s, x + y) dy ds 
o叫ー00

with It -Po I < Po and lxl ::;びofor some positive constants Po（さ T/2)andびo(<c,) gives 

1-sum of u(t, x) in O direction and satisfies（月） withf0(t,x) instead of J(t,x). 

This paper consists of the following contents. In section 2, we give the definition 

of k-summability, and in section 3 we give related results for the 1-summability of the 

formal solution of inhomogeneous Cauchy problem. We prove Theorem 1.3 in section 

4, and give a proof of Lemma 4.1 necessary for the proof of the theorem in section 5. 

In section 6, we give a remark on the integral representation of 1-sum in terms of heat 

kernel. 

§ 2. Definition of k-summability 

In this section, we give some notation and definitions in the way of Ramis or Balser 

(cf. Balser [I] for the details). 

Ford E罠，f3> 0 and p（〇く p：：：：： oo), we define a sector S = St(d, /3, p) by 

(2.1) St(d, /3, p) := {t EC; Id -argtl </3／2,0 < ltl < p}, 

where d,/3and pare called the direction, the opening angle and the radius of S, respec-

tively. We write St (d,/3,oo) = St(d;/3）for short. 
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A closed sector S =年（d,(3, p) is defined by S = {t E <C; ld-argtl ~ (3/2, 0 < ltl ~ p}. 
For k > 0, we define that v(t, x)＝冗：：＝oVn(x)tn E Ox[[t]h;k (we say v(t, x) is a 
formal power series of Gevrey order 1/k) if vn(x) are holomorphic on a common closed 

disk I5 a for some(J" ＞0 and there exist some positive constants C and K such that for 
any n, 

(2.2) 
n 

悶;lvn(x)I:::; CKnr (1 + ~), 

where r denotes the gamma function. Here when vn(x)三 Vn(constants) for all n, 

we use the notation (C[[t]h;k instead of 0叶[t]h;k• In the following, we use the similar 

notation. 

Let k > 0, v(t, x) ＝区~=OVn(x)tn E叫 t]h;kand v(t, x) be an analytic function 
on St(d,(3，p) X瓦． Thenwe define that 

(2.3) v(t, x)与kv(t, x) in s = St(d,(3，p) 

(we say v(t, x) has the Gevrey asymptotic expansion v(t, x) of order k), if for any closed 

subsector S'of S, there exist some positive constants C and K such that for any N 2: 1, 

we have 

(2.4) 

N-1 

max v(t,x)ーと叫x)tnさcKNltlNr(1 N -

lxl:C:::a 
n=O 

(1 + ~), t ES'. 

Fork> 0, d E罠 andv(t,x) E Ox[[t]h;k, we say that v(t,x) is k-summable ind 

direction, and denote it by v(t,x) E Ox{t}k,d, if there exist a sector S = St(d,(3,p) with 
(3 ＞1r / k and an analytic function v(t, x) on S x瓦 suchthat v(t, x)竺kv(t, x) in S. 
In the paper, we consider the direction as O direction only for simplicity. Therefore 

we use the notation凸{th,o= Ox{t}k. 
We remark that the function v(t,x) above for a k-summable v(t,x) is unique if it 

exists. Therefore such a function v(t, x) is called the k-sum of v(t, x) in O direction and 

we write it v0(t,叫

§ 3. Related results 

Balser [2] gave the necessary and sufficient condition for I-summability of the formal 

solution u(t, x) =い（t,x; ]) of the inhomogeneous Cauchy problem直）． Herewe use 
the notations. 

tj 炉 tj砂
叫 x)＝区巧＊（x);＝区U*n(t)-＝区巧n;―.

j2'.0 
J! n! 
n>O 

j! n! 
j,n 

Then Balser's result is stated as follows. 
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ormal solution u(t. x) is I-summable in a direction 0 Proposition 3.1 ([2]). The formal solution u(t,) ・ 1

if and only~凡o(t)，如 (t) and ](t, x) are I-summable in O direction. 

In the above Proposition, we can't know what the I-summability of u*0(t) and u*1(t) 

mean. In the paper of Balser and Loday-Richaud [3], they tried to characterize 1-

summability of仏o(t)and ft*1(t) as a property of ](t,x) as follows. 

For D；げ（t,x)＝こ立1,n2'.0fj-1，れ賛藍 withD-;1 = 1'。:,we put 

g(t, x) := (£心D刀）（t,x)＝こ
j2:1,n 
fj-1,nゼx叫

where Ct is defined by Ct炉＝j!t1andら isalso same. Moreover, for 

g(t,tl/2)＝Lj,/j-1,2£臼＋tl/2区，/j-1,2Hlt]十R,
we put 

如）：＝（（B匹）（t,t112)) lt=T2 

which is a formal series in T-variable. Here B~1l is defined by剥(tn+i/2)= tn+i/2 /n! 
for i = 0, 1. In this case, since we see 

G(t1l2) = U*o(t) + t1l2u*1(t), 

they gave the following proposition. 

p roposition 3.2 ([3]) . The series il*o(t) and il*1 (t) are I-summable in O if and only 

if the series G (T) associated with J is 2-summable in the directions O and 1r. 

Proposition 3.1 was extended to the heat equation with variable coefficient by Balser 

and Loday-Richaud [3], higher order linear partial differential equation with variable 

coefficients by Remy [9, 10], semilinear heat equation with variable coefficients by Remy 

[11], semilinear higher order equation with variable coefficients by Remy [12]. 

Balser [2] also gave the another necessary and sufficient condition for 1-summability 

of u(t, x) = Uinh(t, x; J), which was refined by Michalik [6]. 

Proposition 3.3 ([2, 6]). For the inhomogeneous term J(t,x)＝区：：：：品(x)が／i!E 
Ox[[t]]i, we define g(s心） andh(T) by 

g(s, x)：＝ I:i：：：：Ofし）sソ(2i)!,

which is convergent at (s, x) = (0, 0) and 

T 

h(T) := aT 1'g((T -s)汽s)ds,

゜
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respectively. Then the following statements are equivalent. 

i} u(t, x) is I-summable in O direction. 

ii} h(T) satisfies 1-S-C, that is, h(T) can be analytically continued to ST(O, 1r苫1,(J') 

and 

lh(T)I：：：：： Ce8ITl2'TE豆(O,7r;ei，(J')'

for all E~ <釘・

Proposition 3.3 was extended to 1/p-fractional equations by Michalik [7] and moment 

partial differential equations by Michalik [8]. 

§ 4. A proof of Theorem 1.3 

First, from the analytic continuation of the integral representation of u0(t, x) = 

叫nh(t,x; J0), and the assumption that J0(t, x) satisfies 1-S-C, we can see that u0(t, x) 

is analytic in a sector Bt(O, a, p) x瓦。 witha > 1r for some sufficiently small positive 
constants p andびO・

Next, we shall show that u0(t,x) has the Gevrey asymptotic expansion u(t,x) of 

order 1, which completes a proof of Theorem l.3(cf. [4]). 

We put 

n 

叫 x)＝と（こf閂n-t)）（x)）: ＝:L叫 x)『 E凸 [[t]］1・
n21 i=1 n! n21 

For all MEN, we put 

}(t, x) = L h-1(x) 
i2'.1 

ti-1 

(i -1)! 

=: JM(t, x)＋だ(t,x). 

Moreover, we put 

｛喜互｝ft1(x)（tt□[, 

(4.1) 砂 (t,x) := J0(t, x) -JM(t, x). 

From the assumptions that f(t, x) = Li>O fし）が／i!E Ox{th and J0(t,x) satisfies 
1-S-C, we can prove the following lemma, which will be proved in the next section. 

Lemma 4.1. 

(4.2) lfi(x)I :S C1Kfi!2e6|ぉ|2, X E図(0,7r;ei，ぴ），

(4.3) IJ?)(x)| さ:C2K~+ni!2n!e6lxl2, X E Bx(O, 1r; E:~' ，が） （吋'<ci，がくび／2),

(4.4) IF叫t,x)|こ応K/;'1M!ltlM e6lxl2 x E図（0,1r;叶，O"),t E 81 
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with some positive constants Cj, Kj (j = 1, 2, 3) and 8⑱for all i, n, M. Here 81 is any 
closed subsector of the region { t E C; It -Po I < Po}. 

We have the following Taylor formula 

L-1f呂(x) ．
(4.5) fi-1(x + y) =ど炉＋

y (y -n)L-1 (L) 

j=O 
j! l (L -1)！い(x+ry)dry

for all L 

By substituting into the integral representation of u0(t, x) the expression (4.1) with 

M = [ ¥] and the Taylor formula (4.5) with L = N -2i for 1 ::; i ::; [ ~汀， we have 

砂(t,x)=Jt 1 JOO e―炉／4sJ0 (t -s, x + y) dy ds 
。エ -00
＝ ［ふJ-OOOOe―炉／4s｛和（t-s,x + y)＋和(t-s,x+y)}dyds 

と
t l N~-1 f昌(x)r+oo 

忍［（N-1)/2]
lェこ J,J-00 e―号dy(t(t―_~ds

＋と Jt 1「OOe―立！y(y -n）N-2i-1 (N-2i) (t -s)i-1 

lSiS[(N-1)/2] 
。エ—oo - lo (N -2i -1)! fi-1 (x + n)dndy. ds (i -1)! 

oo 
+Jt l f e―炉／4s知 (t-s, x + y)dyds 
o叫＿OO

=: IN(t, x) + R7v(t, x) + R因(t,x). 

Then from the following lemma, we can get the desired result. 

Lemma 4.2. For (t, x) E 81 x互。 withany closed subsector瓦 c{t EC; It-pol< 
po}, we have 

ヽ
｀
~
）
、
｀
~

6

7

8

 

••• 4

4

4

 

‘
、
¥
（
‘
、
¥

[(N-1)/2] / n 

IN(t,x)＝と（苫門＼n-t））（x)）：' 
max IR}v(t,x)IさC1KfltlN/2r((N+ 1)/2), 
国玄o

悶翌。 1砥(t,x) I叫 K』CN-1)/2Jltl [CN-1)/2J+1 r ([ ~] + 1) 

with some positive constants C1,C2,K1 and K2 for any N. 
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In fact, when N = 2m, since [(N -1)/2] = m -1, we have 

m-1 

IN(t,x)＝区叫x)t叫
n=l 

IR}v(t, X)|さC1Kf叫tlmr(m+ 1/2)さ61kriltlmr(m+ 1), 

IR和(t,x)I ~ C2K;1―1ltlmr(m) ~ C2Kflt1mr(m + 1) 

with C1くa，らくら andK1く凡．
When N = 2m + 1, since [(N -1)/2] = m, we have 

m m-1 

IN(t, X)＝ど叫x)tn= L叫 (x)tn+ Um(x)t叫
n=l n=l 

IR}.(t, x)I S C1K『m+11t1m+1!2r(m+ 1) s 61k『|tlmr(m+ 1), (・.-ltl < 2po) 

IR因(t,x)IさC2Kflt1m+1r(m+ 1) s C2Kflt1mr(m + 1). 

Here we remark that for lxl :S(J" 

戸）t叫三（言だ＼m-i)）（x)）ロ
三豆K~i-1)+2(m-i)(i -1)!2(2(m -i))!e6lxl2|口

~一~一

::; C2Kfm!lt|匹

From the above observations, we see that u0 (t, x) has the Gevrey asymptotic expansion 

u(t,x) of order 1. 

Before giving a proof of Lemma 4.2, we give a formula for a> 0 and b 2: 0 

lCXl e―炉／a炉dy=~a叫 (b;1)． 

Let us show Lemma 4.2. 

First, we show the equality (4.6). We put Ii(s) := f:00) e―炉／4sがdy.When j is odd, 
Ij(s) = 0. When j = 2n, we have 

00 
I2n(s) ＝ 2 J e―炉／4sy2ndy= (4st+1/2r(n + 1/2). 
゜
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Therefore by noticing (2n)! = 2吋 (n+ 1/2)n!／喜 wehave 

[(N-1)/2] [(N-1)/2]-i.r(2n)r_¥ rt 

IN(t,x)＝〉〉
Jt_'{l(x) r (t -s)i-1 四 (n+ 1/2) 

i=1 n=。（2n)！l (i -1)！炉ds~
[(N-1)/2] [(N-1)/2]-i 

＝ここ f(2n)（）
t (t _ s)i-1 8n 

i=1 n=0 i-1 x l (i -1)！元ds
[(N-1)/2] [(N-1)/2]-i 

＝こと (2n)
tn+i 

fi-1 (x) 
i=l n=O 

(n + i)! 
[(N-1)/2] [(N-1)/2] ="-f と f匹叫x)竺

n! 
i=l n=i 
[(N-1)/2] n 
= w f, -, t Ji(:_~n-i)) (x)門・

n! 
n=l i=l 

Next, by using the inequality (4.4), we show the ineq叫 ity(4.8). 

We have 

00 
疇 s,x)：＝ J e―炉／4s和 (t-s,x+y)dyl (M=［デ］）

-oo 

さ2CK[(N-1)/2]r([ ¥] + 1) It -sl[(N-1)/2]e2c5lxl2100 e―c1炉／41s1e2cSy2 dy 

゜
for some positive c1, where we use the ineq叫 ityIx+ Yl2 :S 2(lxl2 + IYl2). Here since 

there exists c2 > 0 such that c1 -88 Is I 2 c2 for sufficiently small Is I, we have 

1OOe―cぷ／4|s|e26y2dy三1OOe―C2炉／4|s|dy= : :  

Therefore we have 

max |R和(t,x)|さ6K[(N-1)/2Jr(［竺汀＋ 1)llat It -sl[(N-1)/2lds 
lxl~ao 

::; 6K[(N-1)/2Jr ([¥] + 1) ltl[(N-1)/2J+1_ 

Finally, by using the inequality (4.3), we show the inequality (4.7). 

From the inequality (4.3), we have 

心 (y,x)I:= 11 
y (y _'TJ)N-2i-l 1'(N-2i) 

0 (N -2i -1)! 
fi-1 (x +n)dn 

:S CKN-i-l(i -1)！％⑳(lxl2+IYl2) IYIN-2i. 
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Therefore since 

J-OOOO e―炉／4式 (y,x)dyl :SC'KN-i(i -1)!2100 e―c2炉／4lslyN-2idy

:SC" K'N-i(i -1)!2lsl(N+l)/2-ir((N + 1)/2 -i) 

with some positive constants C', C" and K'for lxl：：：：：：びo,we have 

闘翌。 |Rk(t,x)I：：：：：：戸”K'N-i(i-l)!r((N + 1)/2 -i) I lat lslN/2-i(t -s)i-1ds 
：：：：：：c" K'N L(i -1)!r((N + 1)/2 -i) x ltlN/2 

i 

:::; C1Kf ltlN12r((N + 1)/2). 

§ 5. Proof of Lemma 4.1 

We give a proof of Lemma 4.1. 

First, we consider the formal 1-Borel transform of }(t,x)＝江20fi(x)が／i!

g(s, x) :=（幻）（s,x)＝Lf心囁，
i20 

which is convergent in Isl < r and lxl :S er for some r > 0. Then from the assumptions 

that J(t,x) E Ox{th and that J0(t,x) satisfies 1-S-C, we can show that g(s,x) is 

analytic in the region (DrUS8(0;c:)) X Bx(O，戸1,び） forsufficiently small c > 0 and has 
the estimate 

(5.1) lg(s, x)IさCe<51ls|＋剣xl2

with some positive constants C，ふ and必fors E (Dr, X ふ） andx E Bx(O, 1r; E~ ，び），

where r'< r and 82 is any closed subsector S8(0; c). 

Indeed, from the assumption that }(t, x) E凸 {t}ぃwesee that g(s, x) is analytic in 

(Dr U Ss(O; c)) x瓦 andhas the exponential growth estimate of order at most 1 with 
respect to s, that is, m釣 xl:Salg(s, x)I ~ C1e/5ilsl for s E函．
Let us consider I-Borel transform of J0(t, x) 

g(s, x) :=―1J  f°(t,x)ef竺
21ri t 

for s E S8(0; c) and x E瓦， wherethe path I denotes the path from the origin along 
argt = (c + n)/2 to some point t1 with a positive E, then along the circle ltl = It叶
to the ray argt = -(E + n)/2, and back to the origin along this ray such that I C 
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Sr = St(O, a, T) with a > 1r + c. Then from the assumptions that }(t, x) E 0出｝l
and that J0(t, x) is 1-sum of }(t, x), we have g(s, x) = g(s, x) in a neighborhood at 
(s, x) = (0, 0). Moreover, since J0(t, x) satisfies 1-S-C, we see that g(s, x) is analytic in 
(Dr U Ss(O; c)) xふ(0，戸1,a), and has the estimate 

l§(s,x)I = lg(s,x)I：：：： Ce81ls|＋釧記

b y some positive constants Cふ and82 for s E (Dr'Xふ） andx E Sx(O, 1r; E:i，a). 
Next, by using the ineq叫 ity(5.1), we have 

lfi(x)/i! I = I切g(0,x)| ＝ i! i g(T,x) Cげ！e8叫叫2
2ハ仁了 |Tl=r' が＋1

dT：：：： 
r'i 

with some positive constant C1 for x E Bx(0,1r;ci, a), which gives a proof of (4.2). 

By using the ineq叫 ity(4.2), we have 

lln)(x)I = I~ i 瓜） ＜n!C1K守 eむlxl2
2面に一xl=c(x)(!; -x)n+l 

di; I :S /(c(x)r 

for XE 瓦(0,1r;c~,a') with畔<E:i,a'< a/2 and応＞ 0,where c(x) = a'if lxl：：：： a' 
and c(x) = colxl for some co> 0 if lxl 2 a'and x E Bx(0,1r;c『,a').Here, if lxl：：：： a', 

then 1/(c(x)r = 1／ぴ’匹 Iflxl 2 a', then 1/(c(x)r = 1/(co回）n：：：： 1/(coが）n.Therefore 
we have 

lln)(x)I：：：： C2K;+nn!i!%応|xl2

for x E Bx(O, 1r; c~, a'), which gives a proof of (4.3). 

Finally, we give a proof of (4.4). We put 

M-1 
s 

砂 (s,x) := g(s, x)ーとい）雨
i=O 

for s E (D八ふ(O;c))x品（0，戸1，び）． Thenwe have GM(s,x) = D門叩g(s,x), where 
叩＝J。;.By using the inequality (5.1), we have 

叩 g(s,x)|＝ M! i g(T,x) 
2面 |T-sl=c(s)(T -s)M+l 

dT：：：：凸KfM!e81ls|+82 lxl2 

b y some positive constants C1, K1 andふfor(s,x) E (Dr'US叫xSぉ(0,1r; E:i, a) with 

any closed subsector 82 C S8(0;c). Here c(s) = r'(< r/2) if Isl：：：： r', and c(s) = c1lsl 
for some c1 > 0 if Is I 2 r'and s E忍
Therefore we have for s E函 andx Eふ(0,1r; E:i, a) 

砂 (s,x)I= 11 s (s _ p)M-1 炉
0 (M -1)! 

t1 g(p, x)dp 

さ C1K化M!e81PIS|+82lxl2 dq = C1K的slM砂1Is|+必|xl2.J1 |s円(1-q)M-1
0 (M -1)! 
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We remark that FM(t,x) is given by the analytic continuation of 1-Laplace transform 

of G叫s,x) 

知 (t,x)= (£叫）（t,x):=-} 100(0) e-叫 (s,x)ds 
t。

for It -Pol < Po and x E Bx(O，戸1,er)for sufficiently small Po > 0. Here the path 
oo(d) 
J。 takesfrom O to oo along arg s = d. Therefore for t E S 1 C { t E <C; It -Po I < Po} 
and x E凡(0,1r; E~, er) we have 

1 OO(O) 
和 (t,x)|=ife―囮(s,x)dsl= 

゜
100(-argt) e―如(ut,x)du 

s JOO e―叫K/"lvtlM砂1|vt|+わ|x|2dv （c,ぷ＞ 0)

゜sC⑫ |tlM⑲2lxl2100 e―CV臼 dv (c = c -28ipo > 0) 
゜sC1k的tlM⑲2lxl2M! (C1，凡＞ 0).

§ 6. Remark on the integral representation of 1-sum 

We could not obtain the integral representation of I-sum in terms of the heat kernel 

under the assumption of the inhomogeneous term J(t,x) E Ox[[t]]i. However, we can 

get the integral representation of I-sum if the assumption is relaxed. 

We consider the Cauchy problem 

(H) 
｛如(t,x）＝叩（t,x) + f(t, x), 
u(O, x) = 0, 

where we assume that the inhomogeneous term f(t, x) = Li2'.0 f心）が／i!is convergent 

in t-variable and entire in x-variable, and has the following estimate 

(6.1) 闘翌lf(t,x)I::;Ce0lxl, x EC 

by some positive constants p, Cando. Then the formal solution u(t, x), which is given 

by 

叩，x)＝〗（言 ft竺＼n-t）い）瓜＝苫％（x)t尺
is a convergent series int-variable. (This holds if f(t,x) has the exponential growth 

estimate of order at most 2 instead of the condition (6.1).) In fact, from the condition 

(6.1), we have the following inequalities. 

lfi(x)I::; C1Kfi!e8lxl (x E (C), 

I If) (X) I ::;らK戸i!e8lxl (x E q 
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by some positive constants C1,C2,K1 and K2. Therefore since lun(x)I:::; C3K3e81xl by 

some C3 and K3, the formal solution u(t,x) is convergent int-variable. 

In the following, we write the formal solution u(t,x) by u(t,x). 

For the solution u(t, x), which is a convergent series in ltl :::; p and x E <C, we put 

u(t, x)＝こ（苫応n-<))(x))s＝ご（とだ＼n-t））（x)t)
(6.2) => D[t（翌i(野(x)ば） ＝〗応に（t,x), 
where D□ = J。:.Here, for each i,に（t,x) is a convergent series (in fact, entire) in 
t-variable and satisfies the following Cauchy problem. 

(Hi) 
｛邸（t,x)＝塵(t,x)，
U(O,x) = fi-1(x). 

Therefore by restricting in the region Ot := { t E C; It -Po I < po} for sufficiently small 
p0, we have the following integral representation of Ui (t, x) in terms of the heat kernel. 

に(t,x)= ~ j_: e―鯰
亭＿00 fi-1(x + y)dy. 

Then when t E Ot, we have 

t(t-s)i 
u(t, x)＝LD；立（t,x)＝L l E*'ui (s, X)ds l (i-1)！ 

i?:1 i?:1 

＝［ふJ-OOOOe―心fi-1(x+ y)Hdyds 
i2".1 

(i -1)! 

=Jt 1 JOO e―叶

。“-00
J(t -s, x + y)dyds. 
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