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HIDA FAMILIES OF YOSHIDA LIFTS AND THE
RANKIN-SELBERG CONVOLUTION

MING-LUN HSIEH

This short note is a summary of my talk on a joint work with Zheng Liu in
the RIMS conference “Arithmetic aspects of automorphic forms and automorphic
representations” during January 20-24, 2025. The author thanks the organizers for
their hospitality during the conference. The talk was a report on the connection
between the endoscopic congruence on GSp(4), two-variable p-adic Rankin-Selberg
L-function and the Iwasawa-Greenberg main conjectures for the Rakin-Selberg con-
volution.

The first example of endoscopic congruence appeared in a series of pioneering
works of Hida and Tilouine in 1993-1994, where they proved that the characteristic
power series of antityclotomic Selmer group for CM fields is divisible by the anticy-
clotomic Katz p-adic L-functions by using the CM congruence for Hilbert modular
forms. In [AK13] and [BDSP12|, the authors made the first attempt to use the
Yoshida congruence to study the Bloch-Kato conjecture for the Rankin-Selberg con-
volution. The goal of our project is to extend these works to the Iwasawa-Greenberg
main conjecture for the Rankin-Selberg convolution associated with Hida families.

1. THE IWASAWA-GREENBERG MAIN CONJECTURE FOR RANKIN-SELBERG
CONVOLUTION

1.1. Hida families of elliptic modular forms. Let O be a ring of integers of
a finite extension of Q. Let I be a normal local domain finite flat over the one-
variable Iwasawa algebra O[T"] with the maximal ideal my. For a primitive cuspidal
Hida family F = >, ., a(n, F)¢™ € I[q] of tame conductor Nr, let pr : I'q =
Gal(Q/Q) — GLa(FracI) be the associated big Galois representation such that
Tr pr(Froby) = a(¢, F) for primes £ t Nz, where Froby is the geometric Frobenius at
£ and let Vr denote the natural realization of pr inside the étale cohomology groups
of modular curves. Thus, VF is a lattice in (FracI)? with the continuous Galois
action via pr, and the Gq, := Gal(Q,/Q,)-invariant subspace Fil® Vy := V]{-” fixed
by the inertia group I, at p is free of rank one over I (|Oht00, Corollary, page 558])).
Denote by T1(Nx) he Hecke I-algebra acting on the space of ordinary I-adic cusp
forms of tame level Nx. Let Ar : T1(Nz) — I be the Hecke eigensystem associated
with F such that A\z(T;) = a(¢, F) for all £1 pNx and let mx be the maximal ideal
of T1(NF) containing Ker A r. We consider the following

Hypothesis (CR). The residual Galois representation pr := pr (mod my) : I'q —
GL3(F,) is absolutely irreducible and p-distinguished.

Recall that pr is p-distinguished if the semi-simplication of the restriction of the
residual Galois representation pr (mod my) to the decomposition at p is a sum of
two characters X}_: © xF with X}_: # X7 (mod my). We collect basic facts about the
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Hecke algebra and the Galois representation associated with F with this hypothesis
(CR). The local ring T1(Nx)m, is known to be Gorenstein by [MW86, Prop.2, §9]
and [Wil95, Corollary 2, page 482|, and with this Gorenstein property, Hida proved
in [Hid88a, Theorem 0.1] that the congruence module for F is isomorphic to I/(nr)
for some non-zero element nx € I. Denote by € : I'q — Z,; be the p-adic cyclotomic
character. Put u =1+ 2p € 1+ 2pZ,. Define the character

log,, (o)

ET FQ — Zp[[Tﬂ’ 6T(0') = (1 + T) logpu

Moreover, we may further assume pr : I'q — GLa(Frac(I)) takes values in GLo(I)
and

o aF.p *
(1.1) pr(o) = ( 0 a]—‘,lpf_lle(”D for any o € Gq,,
where ar , : Gq, — I is the unramified character with az ,(Frob,) = a(p, f).

1.2. p-adic Rankin-Selberg L-functions. For simplicity we shall assume I =
O[T7] in this note. Let

F=> an f)¢"; g=> a(ng)q" € O[T][d]
n>0 n>0

be primitive Hida families of elliptic modular forms of tame conductor Ny and Ns
with the trivial tame character defined over the one-variable Iwasawa algebra O[T7.
We assume f and g both satisfy Hypothesis (CR).

For any k € Z>5 with k£ = 0 (mod p — 1), the specializations

fr= fluh—1)€ ngz(FO(Nlp))§
gp=gu"—1)¢€ SISTQ(FO(NQP))'

are p-stabilized newforms. Hida constructed the p-adic Rankin-Selberg L-functions
associated to f and g.

Theorem 1.1. There exists Ly 4 € O[T1,T] such that for (ki,k2) € Z* with
k1 > ke >0 and k1 = ky = 0(mod p — 1), we have

Lyglhika) =Ly g(ut —1,uk 1)

o L2 2 ®g,)
— 1 1—kq 2 1 2
V-1 ENETAE

where Ey(1, fi,, ®gy,) is the modified Euler factor at p a la Coates and Perrin-Riou.

' Ep(lafkl ®gk2) : nfa

This p-adic Ly 4 is obtained as the specialization of the three-variable p-adic
Rakin-Selberg L-function constructed in [Hid88b] (See also [CH20, Theorem A] for
the refinement of the interpolation formula).

1.3. Selmer groups. We consider Selmer groups associated with f and g. Let S
be the of primes containing the prime factors of p/NiNy. Let Gq g be the Galois
group of the maximal algebraic extension of Q that is unramified outside X. Let
Pf.Pg : Gas — GL2(O[T]) be the associated Galois representations such that
the restrictions to Gq, satisfy (1.1). Let A = O[T1,T3]. Let iy, iz : O[T] — A
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be the O-algebra homomorphisms defined by i1 (T) = Ti and i2(T") = T5. Define
Xf.g - FQ — A% by
Xf.g = (i1(det py)ia(det pg)_l)f =ep’eq,-

Define the Galois representations p; : Gq,s — GL2(A) for i = 1,2 by

(1.2) P1=11pg ¥ Xf.g5 P2 = l2pf

Let Tg g = Ma(A) with Gq,s-action given by

pry4(9)z = pi(o)zpa(o!), @€ Ma(A).
Then
PTyq = P10 Py = Py & Pg QO Xf.g-
Let F™Tg g C Tf,g be the A-submodule given by

()}

Then F1Ty 4 is a Gq,-submodule of Ty 4. In addition, Tf 4 along with the crit-
ical specializations {(kl, ks) € 72 | k1 > ko > 0} satisfies the Panchishkin condi-
tion [Gre94, p. 217]. If A is a locally compact abelian group, denote by A* =
Hom,ts(A, Q/Z) the Pontryagin dual of A. If A is a A-module, then A* is a A-
module such that A - f(a) = f(Aa) for any A € A and f € A*. Introduce the
Greenberg’s local conditions:

Ly =ker (H'(Qu, Ty,g ®a A" — HY(QJ", Ty g @ AY)) if £ # p;
Ly =ker (H'(Qp, Ty.g ®a A* = H(Q), Ty, /F T g @4 AY))

and consider the Greenberg Selmer group:

Selq(Ty,g) =ker {Hl(GQ,San,g @p A*) — H

<00

H'(Q(, Ty g @2 A7)
Ly '

For any finitely generated A-module X, Charp X be the characteristic ideal of X.
Now we are in a position to state the Iwasawa-Greeberg main conjecture for the
Galois representation T¢ 4 following [Gre94].

Conjecture 1. Suppose that f and g both satisfy Hypothesis (CR). Then we have
the following equality of ideals in A

Chary (Selq(Ty,g)") = (£5,g)-

In a joint work with Zheng Liu, we aim to prove the one-sided divisibility
(1.3) FittA(SelQ(Tf’g)*) C (Lf’g) <~ ,Cf,g | CharA(SelQ(Tf’g)*)

by using the Yoshida congruence.
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2. HIDA THEORY FOR SIEGEL MODULAR FORMS

2.1. Hermitian domain. Let GSp, be the algebraic group defined by

0 1 0 1
GSpy = {g €GLslyg (12 ;)tg =v(9) (12 02>}

with the similitude character v : GSp, — G,,,. For (a,b,c) € G3,, put
a
la, b; c| = 1 € GSpy .
b lc

If N is a positive integer, put

Ko(N) = {(é g) € GSpy(Z) | C = 0 (mod N)}

be an open-compact subgroup of GSp,(Ay). For each non-negative integer 7, put
%

I, =< g€ GSpy(Zy) | g = (mod p") 3 ;

* ¥ X ¥
* O ¥ ¥

O O O *
S O *

Ky ={g€ Ko(N) | gp €L}
2.2. Vector-valued Siegel modular forms. The Siegel upper half plane of de-
gree 2 is defined by
92 ={Z € My(C) | Z ="Z, Im Z is positive definite} .
Then $2 is equipped with an action of Sp,(R) given by
g-Z=(AZ+B)(CZ+D)!

for g = (é g) and Z € $)o, and define the automorphy factor

J : GSpy(R)" x H2 — GLo(C), J(g,Z)=CZ+ D.
Let k£ = (k1,k2) € Z? with k1 — ko € 2Z>0 and let k¥ = (—kg, —K1). For any
torsion-free ring R, put

o L.(R) = R[X,Y],,—x, be the space of two-variable homogeneous polyno-
mials of degree k1 — ko.
o p. : GLa(R) — Aut L (R) is the representation defined by

d

o (,): Ly(R) x Lyv(R) » R® Q is the GLa(R)-equivariant pairing such
that (X#1—r2 yri—r2) =1,

Let S, (K, C) be the space of cuspidal Siegel modular forms of weight x and level
K., consisting of vector-valued holomorphic functions

F: $5 x GSpy(Ay) — L,(C)

o ((‘C’ b>> P(X,Y) = P(Xa +Ye, Xb+ Yd)(ad — be)™=.
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such that for any o € GSp,(Q)™, u € K,., we have
F(a-Z,agpu) = pu(J(a, Z))F(Z. g).
For any ¢ | N, the Atkin-Lehner involution 7, € End S, (K., C) is defined by

= = 0 1
™F(Z,95) =F (Z, g5 <_g. 1, 02>> .

2.3. Integral Siegel modular forms. Every F € Sk (K, C) admits the Fourier
expansion:

F(Z1)= Y a(S Fev =112,
SeSymy(Z)Y
Here
Sym,(Z)Y = {s _ (b% bf) >0 abece z} .
We call the formal power series
Flg)= Y a(S,F)g° € Lo(C)[g™™ @]

SeSym,(2)Y

the g-expansion of F. Let Oy := Z[1/N,(n] C C. If R is a Og-subalgebra of C,
define S, (K, R) to be the subspace of cuspidal Siegel modular form defined over
R, consisting of F' € S, (K, C) such that

Fl(g) € £u(R) @ R[g*™™ @],
We fix 1), : Q = C,. Let O be the p-adic completion of ¢,(Op) in C,. We put
Sk (K, O) := S, (K, Op) @0, O.
2.4. Hecke algebras and the ordinary projector. The Hecke operators
o Ty = KO[Z, /; Z}K() and Ry = KO[ZQ, l; ZQ]KO for primes ¢ 1 pN;
o Up = Kl[p7 ; p}Kl and Ug := Kl[pQ, P; pz}Kl.
act on S, (K7,0). Let eqq be Hida’s ordinary projector defined by
€ord = nlirgo(UpUQ)”!.
Define the space of ordinary Siegel modular forms by
SoYK1, O) i= egraSk(K1, O).

Let T*(K1,O) be the O-subalgebra in End(S°"4 (K, A)) generated by the above
Hecke operators as well as the Atkin-Lehner involutions {7} (N~

2.5. Ordinary A-adic forms. Let A := O[X;, X3] and my be the maximal ideal
of A. Let u =1+ 2p. Put

Xl .= {k = (k1,k2) € Z2 | k1 > ko >4, ki = Ky = 2(mod p — 1}

Definition 2.1 (Ordinary A-adic forms). Let S°™¢(N) be the space of the g¢-
expansions

F =Y a(s, F)¢® € Afg™™#].
S

such that for any x € X°Is
F(K’) = F(uﬂl - 17u’i2 - 1) = <F157YH1_H2> = 15&|X:1,Y:0-
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for some unique F,, € So4(K;, 0).

2.6. Hida theory for Siegel modular forms. Let T°"¢(N) be the A-subalgebra
of Ends (S°*4(NV)) generated by Hecke operators. Let P, := (X; —u® + 1, X5 —
u"2 + 1) be the height one ideal of A.

Theorem 2.2 (Hida-Pilloni). (1) S°*4(N) is a free A-module with finite rank,
(2) For every weight k € X, we have the Hecke module isomorphism

SUYN)@p A/Py ~ SOYK,,0), F—F,.
(3) The specialization map TYN) /P, — T4 (N) is surjective and its kernel
is contained in the kernel of T"Y(N)/Py.

3. CONGRUENCE IDEAL FOR YOSHIDA LIFTS
3.1. A-adic Yoshida lifts. We shall impose the following running hypotheses (x)

Hypothesis (). Let N~ := gcd(Ny, Na).
(1) The tame conductors N7 and Ny are square-free.
(2) f and g both satisfy the Hypothesis (CR), and
Pf # Pg-
(3) There exists a prime ¢ | N~ such that 5z and pg are both ramified at g.
(4) The Atkin-Lehner eigenvalues of f and g at all primes ¢ | N~ have the
same sign €, € {+1}.
(5) p-distinction: a(p, f) £ a(p,g) (mod my).
Let N = lem(Ny, N2). Write Ty = T1(N1)m; and Tg = T1(No)m,. Let : A~
A be the O-algebra isomorphism defined by
NT) =u*A+T)A+T) 1, nT)=1+T)(1+Te) " — 1.

Proposition 3.1 (Zheng Liu-H.). With the Hypothesis (x), there exists a A-algebra
homomorphism
0: T3 (N) @am A — Ty @opr) Ty
determined by
0T) =Te @1+ ()7 (O 12Ty,
H(UP) :Up®1, G(UQ)ZUP(XJUP
0l N-
O(re) = {“ seiNye
—e ifl=gq.
Moreover, there exists a Hida family 0 4 € S°™(N) such that
(1) a(S,0f,q) # 0(mod my) for infinitely S € Symy(Z)Y.

(2) The homomorphism Af g := (Af@Ag)ob is the Hecke eigensystem associated
with gf’g.

Remark 3.2. For any x = (kl—;rkz +2, kl—gkz +2) € X%, we have

L(s,07.4(r)) = L(s, f1, ) L(s + ks — ki

We call the Hecke eigenform 0 o the A-adic Yoshida lift.

agkg)'
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The construction of ¢ 4 relies on the p-adic interpolation of explicit theta liftings
from O(D) to Sp(4), where D is the definite quaternion algebra ramified at co and
the prime ¢ in the Hypothesis ().

The non-vanishing mod p of a(S,6¢ 4) is obtained by proving the non-vanishing
mod p of the Bessel period Be(0 i, ,gkz) for infinitely many anticyclotomic charac-
ters € in [HN17].

3.2. Congruence ideals. Let F) = Frac(A) and m be the maximal ideal of T :=
T5'Y(N) containing Ker A¢ 4. There is a decomposition of Hecke modules
Sord(N)m ® FA _ Scnd o SSt,

where S is the subspace spanned by Hida families of Yoshida lifts. Namely, the
subspace S is annihilated by Ker @ for 6 in Proposition 3.1. Using Arthur’s endo-
scopic classifications of representations of GSp(4), we can show that the subspace
Send only contains Hida families of Yoshida lifts arising from O(D) by an analy-
sis of the Atkin-Lehner eigenvalues. This implies that we have a Hecke module
decomposition
Send _ FAef,g o S/
such that Ag 4 does not appear in any Hecke eigensystems of S’. Put
St =8 o s™.
For ? =1 or st, define T? to be the A-subalgebra of End S’ generated by Hecke
operators {T¢, Re}y,n and {Up,Uq}. Let a?ﬁg be the ideal of T? generated by the
relations satisfied by the Hecke eigensystem Mg 4 :
P |
T@ - a(f, f) - <€>’]2"1 <€>T22 a(éag)a UP - a(pa f)7 UQ - a(p7 f)a(p7g)
The congruence ideal C; g of A is defined by the kernel of the structure morphism
A — T?/a?f’g. By definition, we have
AJC} 5 T /af .
Moreover, we can show that
To @ FpA~Tfg®@Fy T @ F)

is an isomorphism as Fy-algebras. Therefore, applying [TU22, Corollary 2.7] to our
situation T' = Ty, and 7" = T 4, we obtain that

(3.1) N£7g 'CJS‘t,g < CJ%»y'
4. THE ALGEBRAIC SIDE
In this section, we explain briefly the proof of the divisibility
Theorem 4.1. With the hypotheses (%), we have
Fitt, (CharpSelq(Ty,g)*) C C¥ -

following closely the approach in the proof of [Urb01, Theorem 3.7|. Let R = T%!
be the localization of T** at the maximal ideal m containing az 4 and let a = as gR.
Let Jr : Gq,s — R be the pseudo character characterized by

<?R(]:_“I‘Obg) = Tg.
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By the very definition,
Ir = Trp1 + Tr py (mod a),

where p1, p2 are Galois representations introduced in (1.2). According to [BC09,
Theorem 1.4.4], we can associate to Jg a pseudo representation

pr: Gq,s = GLa(Frac(R)).

Let Z = Rlpr(Gq,s)] C My(Frac(R)). Then # is the GMA (generalized matrix
algebra) of the form

%= (st Vicw)

with Ry and Rj2 fractional ideals in Frac(R) and Ri2R21 C a. For 0 € Gq,g, we
can write

A, B,
pR(U) = <CO' DG) 9 AtTvDU S MZ(R)7 BIT S MZ(R12)7 017 S MZ(R21)

with
A, = p1(0) (mod a); D, = p2(0) (mod a).

Let e; be the standard basis in (Frac R)* and let £ = Ze, = Rise; © Rises ©
Res © Rey. Then we have exact sequence of Gq s-modules

(4.1) 0—p1 Qp Ri2/aR1s— L /al—ps Qp R/a—0.
Lemma 4.2. The Gq g-module £ has no quotient isomorphic to p1 @ R/m.

Proof. Let k = R/m be the residue field. Suppose that there exists a surjective
Gq,s-module homomorphism . — p; ® k and let 4" be the kernel. Then we must
have N+ p1 ® Ri2 = £. Otherwise, .Z/(A + p1 ® Ri2) would be a non-trivial
quotient of the irreducible module p; ® k, and hence p; ® R12 C .47, which in turns
implies the existence of a surjective homomorphism po®@k = £ /(p1 @ Ria+m.%) —
p1®k = £ /A . This contradicts to p1 ®k % pa®k. On the other hand, the element

(I, 0
EH—(O 0)6%’,sowehave

es e EWL =E N C N =L CHN,
which is a contradiction. (|
The sequence (4.1) induces the exact sequence of discrete Gq,g-modules
(4.2) 0—(p2 @ py @ R/a)"—(ZL @ pY @ R/a)"*—(p1 @ py @ Ri2/aR12)*—0.
Taking Galois cohomology, we obtain the connecting homomorphism:
§: ((pr ® pY ® Riz/aR1p)*)®* — HY(Q, (p2 ® pY @ R/a)").

Let Tr : p1 ® py — R be the trace morphism. Since p; is residually irreducible, Tr
induces isomorphism

* * G
Tr* : (Riz/aRi2)" =~ ((p1 ® py @ Ria/aRia)*) .
Define the R-module homomorphism

c:=00Tr": (Riz/aRi2)* — HY(Q, (p2 ® py @ R/a)") = H'(Q, p1 @ p3 @ (R/a)*).
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For each f € (Ria/aR12)*, the class A(f) is represented by the cocycle c(f) :
Gq.s — (p2 ® pY ® R/a)" given by

(4.3) (e(f)(0),y) = [ (Tr(Bopa(o™")y)) v € p2®pyf @ Ra.
Let htq(A) be the set of height one primes of A.

Proposition 4.3. (1) The map A is injective;
(2) For each P € hty(A), there exists tp € A — P such that

locy([tp - es]) =0 € HNQ}, Ty /F Ty.g @a (A/CF.g)")
for any f € (Ri2/aR12)*.
Proof. By Lemma 4.2, we have
(£ @ p) @ R/m)*)%25 = {0},
which implies that
(£ © pi ® R/a)*) %25 = {0},

so the connection homomorphism § is injective; hence A = § o Tr™ is injective.
To see (2), consider the specialization pr(Q) of pr at Q € X with k1 = kg, >
ke = kg, and k1 = kg = 2 (mod p — 1). The local Galois representation at p is of

the form
1 * * *
ka—ky
£ 32 * *
pr(k1, k2)|1, ~ 1 k1thy
€ 2 *
61—k}1

By [Urb01, Theorem 3.4], we thus have

&1 % % %

& % %
PR|GQp ~ 53 " )
&4

where

=01, &= <E>(§1+Tz)(1+T1)*1—1 )

10— R
€3 =aze”! <E>u*4(1+T1)(1+T2)*1 b= <E>u*2(1+T1)*1 ’

and «; are unramified characters such that
a1 =a, ' =ag,(mod a); as=a3' =ag, (mod a).

There exists non-zero v € .Zp fixed by I, and pr(Frob,)v = a(p, f)v. By the p-
distinction assumption a(p, f) # a(p, g) (mod m), the residual characters &; (mod m)
are distinct. Therefore, we may take we write v = ae; + ces + tpes + dey with
tp € A— P, a,c € Ryp and d € a. The equation pr(l,)v = v yields

A, (i) + B, (té’) - (i) for o € I,
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For 0 € I, p2(0) = <(1] :) (mod a), so we find that

tp - Bopa(o7") (mod Ty g &g aR1z + F1 Ty g 0p Ri2)

=B, <t§ 8) p2(c™ ) = <z 8) p2(oc™") — Ao (i 8> pa(o™h)

(¢ 0) m (& p) e,

This shows that the class
loc,(tplcs]) =0 in Hl(Ip,Tf7g/F+Tf,g Qn (A/Cyg)%).
This completes the proof. (]

Proposition 4.3 and the exact sequence (4.2) produce a surjective map
(4.4) Fitta (SQIQ(Tf,g)*) —» ng/aRlz.

A crucial point is that the fractional ideal Rq5 is a faithful R-module. Otherwise
we can apply the modularity results for GL(2) to show that there exists a A-adic
Yoshida lift in S*. We thus conclude Theorem 4.1 from(4.4) and the faithfulness
of ng.

5. THE ANALYTIC SIDE: WORK IN PROGRESS

In an ongoing work with Zheng Liu, we aim to the inclusion

(5.1) Cj"_,g C (Lf.g)nfng-
It is clear that (1.3) is a consequence of Theorem 4.1, (3.1) and (5.1). The strategy
to prove (5.1) is as follows.

Step 1. We begin with constructing the A-adic form £ € S°*4(N) obtained by the
pull-back of a nice A-adic Kligen-Eisenstein series on U(2,2) attached to a
CM form 6, .

Step 2. Write down the spectral decomposition

Ninglig E=A-0pq+H, GeS

The element A € Fj enjoys the interpolation formula:

_ (k). br.9(K))Pet .
A(H) - <0f,g(ﬁ)79f,g(ﬁ)>Pct Lf»g(klakQ) Uf(kl)ng(k2)

for almost r = (Bdk2 9 Mk 4 9y € xels. We prove that

(NV) Ae N”.
This would imply that H € S+NS°™(N),, and the existence of a non-trivial
congruence

(5.2) H=0¢q(mod ngngLlysg).

Step 3. We may assume L,(f,g) € my. Then a(S,H) € A= for some S. The
A-linear map
a(S,tH)

T 5 A
ARGy

107
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becomes a A-algebra homomorphism modulo n¢ngL¢ 4. It follows from
(5.2) that

A/Cj{g =~ TL/af,g > N (ngngLs.g)-
This shows that Cﬁg C (ngngLt.g)-

Remark 5.1. Proving (NV) is the most challenging part of the project. We can
also understand that (NV) is about creating the non-trivial Yoshida congruence.
The idea is to use Zheng Liu’s construction of 4-variable p-adic L-functions for
GSp(4) x GL(2) via Furusawa’s pull-back formula. By the explicit Petersson norm
formula of p-ordinary Yoshida lifts

{0r.9(K), 0.(%))Pet _
1F k117

Zheng Liu’s four-variable p-adic L-functions yields the congruence relation

(E(K), ef,g(ﬁ»Pct

]Q(kQ) : Lp(f’g)(kla k2)7

A(rk) (mod mp) = ng(k1) Fol? (mod my)
L(k_1+1afk1 ®6X) L(ﬁ+1)gk2 ®0X)
B0 () E T T e

where x is a Hecke character of an imaginary quadratic field with the infinity type
(m,—m) and 1+ k2/2 < m < k1/2. Therefore, we can then apply known results
on the non-vanishing mod p of L-values with anticyclotomic twists (Cornut-Vatsal,
Hida, Chida-H. and H.) to prove that A € A and A(k) is a p-adic unit.
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