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1. Introduction

The box-ball system (BBS), proposed by Takahashi and Satsuma [9], is one of the
most important cellular automata obtained from discrete integrable systems through
a limiting procedure called ultradiscretization [12]. It is well known that the time
evolution of the original BBS is determined by the ultradiscrete KdV (u-KdV)
equation:

n—1
Uy(f“) =min | 1— U,(f), Z (Uj(t) — U;Hl)) , mteZ, (1)
j=—00

where U € {0,1} denotes the number of balls in the nth box at time ¢t. The
equation (1) is an ultradiscrete analogue of the discrete KAV (d-KdV) equation, and
consequently the original BBS has ultradiscrete soliton solutions. It is also known that
the nonautonomous discrete KP (nd-KP) equation with 2-reduction condition yields
a time evolution equation of the BBS with three extensions [1]: box capacity [10],
carrier capacity [8], and kind of balls [11].

In this paper, we consider another type of time evolution equations of the BBS first
presented by Nagai et al [5]. They discovered that the ultradiscrete Toda (u-Toda)
equation on a (non-periodic) finite lattice

n n—1
QU =min | Y, "QY =S ), (22)

j=0 =0
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E¢TY = EO - QYT + QW) (2b)
Eét) = E](\f) = +o00, (2¢)

which we refer to as the finite u-Toda lattice simply, determines the time evolution
of the original BBS. In this equation, the dependent variables ng ) and E,St) denote
the size of the nth soliton at time ¢ and the size of the nth empty block at time ¢,
respectively. Figure 1 shows an example of the connection between the finite u-Toda
lattice and the BBS. We call this representation finite Toda representation of the BBS.
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Figure 1. Example of the connection between the finite u-Toda lattice and the

original BBS. The variables ng) and E,(it) denote the size of the nth soliton and
of the nth empty block at time ¢, respectively.

The correspondence between the u-KdV equation and the finite u-Toda equation
via the BBS is similar to the Euler-Lagrange correspondence of cellular automaton [3].
This terminology comes from hydrodynamics; the dependent variables of the Euler
representation denote the number of particles at each point and the ones of the
Lagrange representation denote the position of each particle. According to these
definitions, we use the following terms in this paper:

e Fuler representation of BBS: the equation of the BBS with the variables which
denote the number of balls in each box.

e Lagrange representation of BBS: the equation of the BBS with the variables which
denote the start position of each soliton and each empty block.

e Finite Toda representation of BBS: the equation of the BBS with the variables
which denote the size of each soliton and each empty block.

The u-KdV equation (1) and the finite u-Toda lattice (2) gives the Euler representation
and the Lagrange representation of the original BBS, respectively. Additionally, if
we know the start position of the first soliton, we can calculate the start positions
of all solitons and empty blocks from the values of the variables of the finite Toda
representation. In other words, the finite Toda representation and the Lagrange
representation can be transformed to each other.

It has not been clarified by now why these two different ultradiscrete equations
with different type boundary conditions describe the same original BBS. Moreover, the
finite Toda representation of the extended BBSs are not studied sufficiently. Among
the three extensions for the BBS, two types of the finite Toda representations have
been clarified: Tokihiro et al [11] discussed the case of with several kinds of balls using
the finite ultradiscrete hungry Toda lattice; Tsujimoto and the author [2] showed that
the finite nonautonomous ultradiscrete Toda (nu-Toda) lattice determines the time
evolution of the BBS with a carrier. The main purpose of this paper is to discuss the
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remaining case; we derive a finite Toda representation of the BBS with box capacity.
For this purpose, we use a map from a state of the BBS to a binary sequence, which
we call “expansion map”. By using the expansion map, we can define the size of
solitons in the BBS with box capacity for all time ¢, especially for interacting solitons.
We also consider the finite Toda representation of the BBS with both box capacity
and carrier capacity using new carrier rules “size limit for solitons” and “recovery of
balls”. Furthermore, we present a particular solution for the fixed box capacity case.

The outline of this paper is the following. In section 2, we recall the derivation of
the Euler representation of the BBS with a carrier from the 2-reduced nd-KP equation.
In addition, we introduce new carrier rules “size limit for solitons” and “recovery of
balls” which are used to derive the finite Toda representation of the BBS with a
carrier [2] and play an important role in section 4. In section 3, we recall the finite
Toda representation of the original BBS and give some remarks. In section 4, we
discuss the finite Toda representation of the BBS with variable box capacity. First we
discuss the case of variable box capacity A, and no restricted carrier capacity. After
that, we discuss the case of both box capacity and carrier capacity are variable. In
section 5, we give a particular solution to the finite Toda representation of the BBS
with fixed box capacity. In section 6, we give concluding remarks.

2. Euler representation of the BBS with a carrier

The nd-KP equation is given by [13]
(an—be) folT R (b —cp) foly FEAV T (cp—an) FRAFLFRED = 0, Kyt € Z.(3)

n

It is shown that the N-soliton solution to the nd-KP equation (3) is presented by

=1+ 3 [T wis IT050 |

Jc{o,1,...N—1} \ i,J€J e
J#0 i#j
ot | —Di (pi —pi)(a — 4;)
= ¢ Wi = ’
" Zjl_[o ag—qz.[[b - Ecj—qi N I C e 2))
where &;, p; and ¢;, ¢ = 0,1,..., N — 1, are some constants. Now we impose the

2-reduction condition with respect to the Varlable k, that is f5+2¢ = fEtand cpy0 = cp
for all k € Z, and set a, = 1+ 6p, by = —py, co = 1 and ¢; = 0. Then the nd-KP
equation (3) reduces to the forms

(14 8 A+ ) fOETEFIE = (1 ) fOL fIHY 4 6, Ot 1 (4a)
(14 6 4 ) fOLF T = (1+5)fn+1f“+1+uf°t+1fn+17 (4b)

and an N-soliton solution to the reduced equations is given by

=14 Y II wis [JrE | k=01, (5a)

Jc{0,1,...,N—1} \ i,j€J ieJ
J#0 i#£]

n—1 t—1
B0t 115‘]__[ 146 —p;i Di + 1 Bt 1- Pi o

=0 pi + (5]‘ =0 1+ i — pi’ in i in’
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- (p—p) (50)

1—pi—p;
Let us define the dependent variables as
f0J+1f1¢+1 f0¢f0¢+1 fo¢f1¢+1
t) _ Jntl Jn —(t) _ n Jn+l =) _ JIn_Jn
“51) = L0441 f1i4 10 “;) = (14 0n + 1) 0.t #0,i41° Z;) = 0441 f1t" (6)
n fn+1 fn+1 n n n
Then the 2-reduced nd-KP equation (4) yields the equations
ﬂg+1) = 5” (t) + (1 + /LtJrl)Z(thrl)v (73)
Un
146,25 D 4y
—(t+1) _ ( n)*n—1 Yn—1 t+1
Zn - _(t+1) ) (7b)
Up—1
and the identity
(1) _ 2
t+1) _, (t)Zn
Uy, T _(t+1) (7C)
n+1

holds. For positivity, we choose the parameters as 0 < §, < 1 and 0 < p; < 1 for all
n,t € Z. When the values of the dependent variables are all positive for all n,t € Z,

. . . . ()
we can ultradiscretize the equations (7): putting ugf) = erflt)/e’ ng) = e Un /e,

—(®
ES) = e Zn /€, 6 = e Bnle = e~ M/ into (7) and taking a limit e — 40, we
obtain the ultradiscrete system

7o = min(a, - U0, Z0Y), (8)

Z —min(Z + U M) T, (8b)
S(t+1) (i)

U’r(LH_l) = U’I’(Lt) + Zn - Zn+1 ’ (SC)

where A,,, M; > 0 for all n,t € Z. Note that we have used the fundamental formula
for the ultradiscretization:

lim —elog(e™4/¢ + e~ 5/¢) = min(4, B).
e—+0

An N-soliton solution to the ultradiscrete system (8) is obtained as follows. Let us

take the constants p;, i =0,1,..., N — 1, to satisfy the condition 0 < p; < 1. Putting
, kot =

fht = e Fut/e, hiw =e Hin/c py=eP/e ¢ = em2/¢ w; ; = e"Weil® into (5) and

(6), and taking a limit e — 40, we obtain

t) _ ;0,t+1 0,t4+1 1,t+1 1,t+1
U = FRit — gt plhitl gttt
77(t)

_ 0t 0,t 0,241 0,t+1
Un *Fn - F 1+F 7Fn )

n+ n+1
—(t) 0,t 0,t+1 1,641 1,t
Zn = Fn - Fn + Fn - Fn ’

FFt =min | 0,  min > Wi+ HEL]L k=01,
Jc{o,1,.,N—1} | & ; ’
J#0 BIET i€ J

i#]

n—1 t—1
HO == in(P;, A in(P;, M;), H'=H"'—P
i =Zi— ) min(P,Aj) + » min(P, M), H;;, =H;, - P,

Jj=0 j=0

Wi’j = 2min(PZ-, Pj),
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and P, >0,i=0,1,...,N — 1.

Let us introduce the time evolution rule of the BBS with the nth box capacity
A,, and the carrier capacity My, 1 from time ¢ to t+ 1. We consider the time evolution
rule from time ¢ to t + 1 as the composition of size limit process and recovery process.

(i) Size limit process: the carrier of balls moves from left (n = —o0) to right
(n = +00). When the carrier passes each box, the carrier gets all balls in the box;
and if the number of balls exceeds the carrier capacity My, 1, the excess balls are
removed from the system. At the same time, the carrier puts the balls which the
carrier holds into the box as many as possible.

(ii) Recovery process: after the size limit process, all the removed balls are recovered
to the boxes in which the balls were.

Figure 2 illustrates these rules.

Removed™

—a+n NN Yt e
Zn+1
D e
U,(,H' ) .,
—+) || Na'll L a7 | |
’ @
Carrier nth box Removed nth box

balls

(t+1)

— 1
Zo U0 70 -

U(r+1)

Figure 2. Illustration of the time evolution rule of the BBS with a carrier.
The left figure illustrates the size limit process (8a) and (8b), and the right one
illustrates the recovery process (8c).

Suppose that the dependent variables Ur(f), US ) and 7: +) denote the following

quantities:
. U(t) € {0,1,...,A,}: the number of balls in the nth box at time ¢;

. U(Hl) € {0,1,...,A,}: the number of balls in the nth box after the size limit
process from tlme ttot—+1;

. Z(H_l) € {0,1,..., My41}: the number of balls in the carrier arriving at the nth
box in the size hmit process from time ¢ to ¢t + 1.

Then the equations (8) give the time evolution rule: the equations (8a) and (8b) define
the size limit process

{U(t +oo ({U(tJrl) +oo {Z(tJFl) +o0 )

n=—oo n=—oo?’ n=—oo
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and, since
US+1)+ ((7S+1)+U7§t)) mln(Z( )+U(t) Mt+1))
=Tz vuw -z - T
U(t)+Z(t+1) ZSLD

gives the number of removed balls by the size limit at the nth box, the equation (8c)
defines the recovery process

(T AZ e ) e (U
i?f% Uﬁ”:

A: 35353535353535353535 A: 35353535353535353535
t=0: 15213..2..ccuvun.... t=0: 15213..2..0iiinnnnns

1 ..14.5..2. ... 1 ..34.5..2...........

2 13.33.20ccvvinnn 2: 23133.2. . iii et

30 ..., 4.2312......... 3 ..., 4.4312.........

4: ...... 31.413........ 4: ...... 311513........

o T 31.2231...... o T 31.3331......

6 i 22.2.42..... 6: i 22.2152.....

T i 22.2.15 T i 22.2.35

8 ... 13.2..33 8 ... 13.2.233

0 e 13.2..231 0 e 13.2..431

Figure 3. Example of a 3-soliton solution to the time evolution equation (8).
The leftmost box is the Oth box in the both figures. The carrier capacity My = 6
for all ¢ > 1. Each number denotes the number of balls in a box and ‘.’ denotes
an empty box. In the right figure, boxes containing recovered balls are shown in
boldface (compare to the left figure).

Figure 3 shows an example of a 3-soliton solution to the time evolution equation
(8). The parameters are chosen as

3 if n is even, 400 if t <0,
An = . . M, = .
5 if n is odd, 6 if t > 0.

Remark 1. Eliminating the variable U,, T from the equations (8a) and (8b), we have
the relation

~ZuiY = min(a, ~ U0, Z0) ~min(Z) T 4 UD M), (9)
From the equation (8c), the relation
7SH) _ Z (U;t) _ U](tJrl)) (10)

Jj=—00
also holds. Substituting (10) into (9), we obtain the equation
n—1
UT(LHI) —min | A, — Uét), Z (U;t) _ U](t+1))
j=—o00

(11)

n n—1
+max | 0, Z U]@f Z U;H_l)*MtH )

j=—00 Jj=—00
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where we have used the formula
—min(—A, —B) = max(4, B).

The equation (11) has the same form as of the time evolution equation of the “BBS
with a carrier” presented by Takahashi and Matsukidaira [8].
If we choose M1 = +o00, then (11) yields

n—1
U7(Lt+1) —min [ A, — Ur(lt), Z (U;t) _ UJ(t+1)) 7 (12)
j=—00
which is the nonautonomous u-KdV equation. In addition, (8b) yields
(t+1)

n—1 >

ZW _ZHh L g g
and comparing this relation with (8c), we have the relation Uity = US ),

3. Finite Toda representation of the original BBS

We recall the relation between the finite u-Toda lattice and the original BBS. The
bilinear form of the discrete Toda lattice is given by

T DD = LD | 00 ez, (13)

Let us introduce the dependent variables
) (1) () _(t+1) (t) (t)
q(t) _ Tn " Tp4q ) _ Tn+1Tn—1 a0 — Tn " Tp41
n 6 (1)’ m 6 _(t+1) > m t—1) _(t+1)°
ROMRGED ROmCE) T

Then (13) yields the equation
q(t+1) + d(tJrl) (14&)
and the identities

D) = 0 In s’ (t+1) _ 4(t+1) g
— € (t-‘rl) ) dn = dn—l q(t""l) (14b)
n—1 n—1

hold. Putting q() = e_Q(t)/6 egf) = e_ES)/E, dgf) = e_Dth)/i and taking a limit
€ — 40, we obtain the u-Toda lattice

QU = min(E(t) , DDy, (15a)
B = Q(H‘l) +QW, (15b)
DU = Dfltjll) — QU t+1) +QW. (15¢)

Furthermore, we impose the terminating condition for discussing the finite Toda
representation:
EY =EY =400, DYV =qQY, (15d)

where N is a positive integer, which denotes the number of solitons in the original
BBS.

Let the variables ng), Ef,t) and DSH), respectively, denote the following
quantities of the original BBS:

° ng): the size of the nth soliton at time ¢t (n =0,1,..., N — 1);
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e EY: the size of the nth empty block, namely, the distance between the (n — 1)th
soliton and the nth one at time ¢t (n =1,2,..., N — 1);

° D,(LH'U: the number of balls in the carrier after getting ng) balls (n =0,1,...,N—
1).

Then the next theorem gives a fundamental result on the connection between the finite
u-Toda lattice and the BBS.

Theorem 1 (Nagai et al [5]). The finite u-Toda lattice (15) determines the time
evolution of the original BBS.

Remark 2. Conventionally, the d-Toda lattice (qd-type) has been written in the form
(t+1) 4 o(t+1) ®) 4 ) (t+1) (t41) (t) o(t)

qn = qn n+1» qn—l en = qn en )
or
gD = O _ e+ | egjrh (16a)
(t+1) _ 4(0) 0’
€n =€y (t+1)° (16b)
n—1

which we cannot ultradiscretize directly due to “negative problem”. The equations
(16) are called Rutishauser’s qd algorithm in numerical algorithms [6]. On the
other hand, the equations (14) are called dqd algorithm. The dqd algorithm is the
subtraction-free form of the qd algorithm and computes matrix eigenvalues or singular

values more accurately than the qd algorithm.
(t) (t)

Suppose the finite lattice condition ey’ = ey’ = 0. Nagai et al [5] rewrote (16a)
using (16b) as
gD = el + g — et
0 4 e
=€t + (t+1)( n—1 — €n )
n—1
(t) Qr(tt) (t) (t+1)
= Cpt1 + (t+1) ( n=1 " €n—1 )
n—1
n(t)
—e® 4 =09
T Tnt n—1 (t+1)°
ITj=o qa(‘ )
Then they could ultradiscretize the finite Toda lattice:
n n—1
. t t t+1
QUMY = min [ ES,,S"QW -3V ) (172)
j=0 j=0
EY =B - QY + Q1 (17b)
E = BV = 0. (17¢)
On the other hand, by introducing an auxiliary variable
JEH 1= Y~ ) = g 0,

we can ultradiscretize the finite d-Toda lattice directly without the negative problem
and obtain the finite u-Toda lattice of the dqd form (15). From the viewpoint of the
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BBS, the variable D;Hl) denotes the number of balls in the carrier. Therefore, the
finite u-Toda lattice of the dqd form (15) is important to consider the finite Toda
representation of the BBS with a carrier.

Remark 3. Here we remark on the Lagrange representation of the BBS, which is also a
terminology from hydrodynamics as the Euler representation; the dependent variables
of the Lagrange representation denote the position of solitons. Let the variables Xff)
and Y,Et) denote the start position of the nth soliton and the one of the nth empty
block at time ¢, respectively (see Figure 4). Then the Lagrange representation of the
BBS is given by [4]

X0 =y, (18a)
n n—1
. t t t+1 t+1
YD = v min | X0 - v, O S (v 0 - xO) =S (Y - X)) (18b)
j=1 j=1
Y = 00, X = +c. (18c)

Relations between these variables and the variables of the finite u-Toda lattice (17)
are given by

Xr(f) = ngt) + Ey(zt)v ngt) = X£Lt21 + ngzr (19)
We can readily show that (18) and (19) yield the finite u-Toda lattice (17). Conversely,
we can calculate the values of {X,(Lt)}rzy:]l and {Y,St) N_, from the values of Xét),

n=1

{Qg,t ) N and {E,(f)}f:’:]l using the relations (19). In other words, the finite u-Toda

lattice (17) and the equation Xét'H) = Xét) + Qét), which is obtained from (18a) and
(19), uniquely determine the time evolution of the BBS.

1 1
Q( ) E,(/) Qf,’) E®

n-1

0000 C L0

[0 j [0
LXG LY XY LY

n-1

Figure 4. Lagrange representation and finite Toda representation of the BBS.

4. Extension of the finite Toda representation to the case of variable box
capacity A, and variable carrier capacity M;

In previous studies, the finite Toda representation is considered only for the BBS with
box capacity 1. In this section, we extend the finite Toda representation to the case
in which each box has own capacity A,,. First we consider the case of carrier capacity
M; = +o0. The Euler representation of this case is given by (12).

We first define the size of solitons and the one of empty blocks for the BBS with
variable box capacity A, at any time ¢. For this purpose, we refer to the work of
Takahashi and Satsuma [10]. They analyzed the BBS with the fixed box capacity A
using a map from a state of box capacity A to a binary sequence. We generalize this
map for the case of variable box capacity A,,.
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. ¢
Suppose that a state of the Euler representation (12) {Ufl) Feo  such that

T(f) €{0,1,...,A,} is given. We assume that, for simplicity, Uff) =0 forn < 0. Let
us define a map {Uy(f) roo {Vrgt)}+°°_ where V{") € {0,1}, as follows:

n=—oo n=—oo?

(1) V" =0 for n < 0.
(2) Let so =0 and s, = E;:Ol Ajforn=1,2,.... From n =0 to +oo, if Vs(,f)—l =1,

then
_y® _1® _
‘/s(,f) =V, j1=...= ‘QH+U£t)_1 =1,
(t) _ _ _ () — 0
Vervw = Vv = T Vara,1 =0
otherwise,
) _ 0 _1® _
VO =V = =V =0
® _u® _ ® 1
sn—US+A, — sa—USP+A,+1 0 T Tt An—l
Note that the relation U,(zt) = Z;:gf"fl Vj(t) holds.

We refer the jth number Vj(t) in the binary sequence as the jth segment. By
using this map, the nth box is expanded to the block composed from the s,th to
(sn + A, — 1)th segments. We call this map expansion map from a state of the BBS
with variable box capacity A,, to a binary sequence.

A: 5353535353

U: .15213..2.
! ovE'0 £y’ QY
Vil ML 1T 85 40112

Figure 5. Example of the expansion map from a state of the BBS with variable
box capacity A, to a binary sequence. In the binary sequence, a block between
two separators ‘|’ corresponds to an original box.

A: 3535353535353535

t=0: 15213..2........
1: ..14.52.2..

..13.1513.
..4..2233....

4: ... 31.2.233..

. 31.2..233
7 Q:]ﬂ E;”Q(L” E;)Q‘z”
t=0: |11 LT e ] L I I [ T [P I [P I 8 54112
L I I L s e Ry R RO (R R (R PR [ 547 72
P I [ e e TN eeeai]ss LR RN P N A AT P (P [ [ [ [ 4 77 43
EH [P [ R IR I 0 I B T R IR R R [ 4 94 36
I/ [ [ I I I [ L R R I I I A R T [ S 4102 68
T [P [ [ FETTI M1 T ]ens 1M1111111..1 4 82118

Figure 6. Example of the expansion map for the BBS with variable box capacity
Ay,. The carrier capacity parameter is chosen as My = +oo for all t € Z.

Figures 5 and 6 show examples of the expansion map. As shown in Figure 6, the
expansion map enables us to define the size of the nth soliton ng) and the one of the
nth empty block ET(f) for the BBS with box capacity A,, at any time ¢ in the same way
as for the BBS with box capacity 1. Let D,&t +1) denote the number of balls which the
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carrier holds after getting Qﬁf ) balls, and Agf ) denote the capacity of the box which
contains the beginning (leftmost) segment of the nth empty block. Then we arrive at
the following theorem.

Theorem 2. Let the variables QS), E,(f) and D%H_l) denote the quantities of the BBS
as ezxplained in the previous section. Then the time evolution of the BBS with variable

boz capacity Ag ) s given by
QU+ — min (Eﬁll max(0, A(t) —DS}*“),DS*”), (20a)
E{+Y = Q(Hl) QY (20b)
— max(0, A — DY) + max(0, A, — DY),
DD — sztjf) _ Q(t+1) +QW, (20c)
E(()t) :E](\? — oo, t+1) Qo ) (20d)

We note that, from (20a), QSH) < DS{H_U holds for all n and ¢. Since the size
of the nth soliton ng ) should be positive for all n and ¢, from (20c), the inequality
D,(fﬂ) > 1 holds for all n and ¢t. Thus, all max(O,Agfil — DSH)) are equal to zero
when Ag) =1 for all n and ¢, the case of the original BBS. In this case, the equations
(20) reduce to the finite Toda representation of the original BBS (15). Hence we can

say that the ultradiscrete system (20) is a generalization of the finite u-Toda lattice
(15).

(t

Proof. Let us consider the general A > 1 case. As we mentioned above, (20) has

additional terms max(0 AS-)H D%Hl)) which do not appear in the case of box capacity

¢ t+1
1 (15). Hence, we shall investigate the role of the terms max(0, A,(H)_1 D )).
£y oy Eyly o
[ 000 | 000000
Uy A= Uy
Q("/:-II) ED Q(/+l) Einl:ll)

S i eeennnnNe

max(0,A?), — D) T U = min(AY, ~ U, DI~ U0)

DSerl)). We now need to

determine the quantities on the area filled with gray: E',(LH_U, Q%H'l), EWHD

n+l >0
g\t,tlf In this figure, D,(ltjll) — ngll) = 1 is assumed; the carrier has one ball

Figure 7. Illustration of the quantity maX(O,AEi)Ll

just before getting Qg) balls.

Let us consider the time evolution of the BBS with box capacity A, from time
t to t+ 1. Assume that Q§t+1), j=0,1,...,n—1, and EJ(-tH), j=12...,n—1,
are given (see Figure 7). Let m be the index of the box which contains the leftmost
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segment of the (n + 1)th empty block at time ¢. Then the capacity of the mth box
A,, is equal to Aifll by definition. Moreover, the relation

n n—1 m—1
(t+1) _ (t) _ (t+1) _ () gpr(t+1) (t)
DY =% Q" =Y Q= > )" - U+ U,
=0 j=0 j=—00

where U, ét) denotes the number of balls in the kth box at time ¢, also holds by definition.
Hence, we can calculate the quantity U,(ny) by the nu-KdV equation (12):

-1

. 1
UMD — min | A, — UD, (U;t) _ UJ(H ))

m m

3

J 0o

= min(ALY, ~ U, DY — )
Then we obtain the relation
Ay = UG = UG = AJL = U = min(A7}, - U, DY) - UfD)
= —min(0, DY — Al))

= max((), ASJ)rl - DSLtJrl))v

where we have used the identity — min(—A, —B) = max (A, B). This relation implies

that the term max(0, Agﬁ_l — Dgﬂ)) denotes the size of interspace inserted between
the nth soliton at time ¢ and the nth one at time ¢ + 1.

Once we notice the role of the terms max (0, ASJ)A —Dg“))7 we can now clarify the

meaning of the equations (20a) and (20b). Since the term Ent}rl —max(0, AS?rl —fo“))

in (20a) denotes the difference between the size of the inserted space and the one of
the (n + 1)th empty block, ng 1 Should be determined by (20a). Similarly, gty
should be determined by (20b). It is also true for n = 0 and 1, then the proof is
completed by induction. O

Next, we construct the finite Toda representation of the BBS with both box
capacity and carrier capacity from two time evolution maps: the size limit map and
the recovery map. This is a similar as for the construction of the Euler representation
explained in section 2. Figure 8 shows an example.

In the next theorem, we use the following notations:

° ng ), Ef(f) : the size of the nth soliton and the one of the nth empty block at time
t, respectively;

@S—H), ESH): the size of the nth soliton and the one of the nth empty block

after the size limit process from time ¢ to ¢t 4 1;

° 65; +1), ﬁg +1): some quantities which will be explained in the proof of the next

theorem in detail;

° Ky(f), Agf ). the capacity of the box which contains the leftmost segment of the
nth soliton and the one of the nth empty block at time ¢, respectively.
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O E/0"Ey' Q)

t=0 P Ty I Y S I 1 I P R ...| 854112
1 R P I T I I A1 N R ...| 545 92
P2 I e N 00 [y It R [P PR [ ...| 456 82
I I I PR 1y It 1 I Iy It (PR R ...| 466 52
LS I I I R 100 A v s IR s It [ (P 485 43

5 N R | TIT T A1 11| 484 34

6 N I PRV [P PR [ M1 T 49 2 406
Q:)I)E::)Q(lr) Etlr)szl)

t=0 B T e I Y I S I Y I I T PR [ ... 854112
1 R LI BN gt R (R RN I PR [ .| 745 92
P2 [ AR 1 N e B [ R Iy It PR (PR R ...| 646 82
N U I PR 1y e e P Iyt (R R ... 448 52
VI I A R L0 A s B I Bt It IR (PR .| 467 43

5 PR [ P AP [P e LTI T 1M1 (1. (11 {1....{...| 476 24

6 N R R R I A1 T 11, 493 27

Figure 8. Example of the expansion map for the BBS with box capacity A, and
carrier capacity My = 6 for ¢t > 0. This is obtained from the example in Figure 3
via the expansion map.

Theorem 3. Let the variables Qg), Eﬁf), @SH), ES—H), €S+1) and ESH) denote

the quantities of the BBS as explained in the above. Then the time evolution of the
BBS with box capacity K(t) and Agf), and carrier capacity My, is given by

@SH) (E’r(LJ)rl maX(OvASJ)rl _BSH))’ESH)) ’ (21a)
BV — g0 gt th 4 o (21h)
— max(0, A — D(tjl)) ax(0, Ath-)i-l (t+1))7
OV = min(@) - GutY + KO, M), (21c)
E(H-l) _ min(é(tﬂ) n Q(t) B K(t) M), (21d)
QD = JrC(t+1) C(t+1) KW + Ky(flu (21e)
B gD gt _ oo _pth L ph (21f)
B = B9 =T =Y = oo, T = KO 21

where the carrier capacity My, must be chosen to satisfy the condition K,(Lt) < My
for all n and t.

When the quantities {Q(t) ML and {E( )}N - are given first we can calculate

ﬁéﬂ_l) using (21d) and (21g). Next we can calculate QO +) by (21a), Eﬁt“) by (21c),
ﬁ(tﬂ) by (21d). In a repetitive manner, we can obtain the quantities {@(tﬂ)}f:_ol,
{C(t+ ) and {D(t—|r ) N-1L. Finally, we can calculate the quantities {E,, (¢+1) Ny
{Q(Hl } and {E(tJr1 }N 1 by (21b), (21e) and (21f), respectively. Hence the time
evolution is determlned by (21)

If Miyq = 400, then (21c) and (21d) reduce to 65:“) = ﬁffj—ll) Q(H_l) + K

and ﬁsﬂ) = 6(t+1) Q(t) K,(lt), respectively. Thus we have the equation
ﬁSH) = ﬁfffll) - Q,_ t+1) + Q(t) and, substituting them into (21e) and (21f), we
obtain QSH) = QSH) and Eﬁfﬂ) = FSH). Hence, in this case, the ultradiscrete
system (21) reduces to the system (20). We can therefore say that the system (21) is
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a generalization of the system (20).

Proof. Let us show that the equations (21a)—(21d) describe the size limit process and
(21e)—(21f) describe the recovery process.

First, we consider the size limit process. The equations (21a) and (21b) have
the same forms as of (20a) and (20b). Thus we shall investigate the variables
éff“) and Eff“) which are defined by (21c) and (21d). Suppose that the carrier
capacity is chosen as K(t) < My < +o0, @(»tﬂ) = 0,1,. — 1, and E(tﬂ)
j=12,...,n—1, are given, and the quantlty D( ) denotes the number of balls
which the carrier holds after getting Q , balls from boxes and restricting the number

of the holding balls to My, balls. Slnce the inequality Q,, +1) ﬁgfll ) holds from
(21a), it is sufficient to consider the following two cases: the case . of which the carrier

drops off all balls temporarily (sz +11 ) _ @Sfll ) = 0) and the case of which the carrier
has balls just before getting QY balls (ﬁ(tjll ) @Sjll S 0).

gD gD

@ 1D QY — 0, then 0TV = min(@" — 0" 4 KO M) = KO
holds from the assumptlon. We should note that, in thls case, the number of
balls which the carrier holds is zero temporarily before getting st ) balls. T hus,
from (21d), we have ES—H) = min(ng), M;11), which indicates that the quantity
ﬁg 1) is again the number of balls which the carrier holds after getting ng ) balls
and restricting the number of the holding balls to M;y; balls.

(ii) The case of ﬁ:jll) Q(H_l) > 0. Let m be the index of the box which contains the
leftmost segment of the nth soliton at time ¢. Under the assumption, in the terms

of the variables of the Euler representation (8), Es +11 ) @S +11 ) > 0 implies that

TE = A, — U should hold (see Figure 9). Now A, = K\ by definition.

m
(1) (1) (1) (1)
Qn—l En Qn Eml
1T 1T 1
T T T T T T T T T T T T
| I I | | | I I I I I I
t ' .‘ ‘ ‘ ‘Q‘Q‘Q|.‘ ‘ ‘ ‘ ‘ ‘
I I I I I i I I I I I I
. . . . . . — . . . . .
vy oy -uy
—(t+1) —(t+1) —(t+1) —(t+1)
Qn 1 En L Qn . En+l
T T T T T T T T T T T T
| | | | I I | | | | | I
" 1 : ‘Q‘©|.“‘ ‘ ‘ ‘.‘. .‘.‘.‘ ‘
I i | I I I I | I i I I
|
4(/ 1) 1 1
0 + ﬁ(h\ ) U{H )

n-1 m

Figure 9. Illustration of the size limit process when the carrier parameter
M1 =6 and D(H—l) Q(t+1) > 0. We can see that C’(t+ ) denotes the number
of balls which the carrier holds after getting U7(n) balls (white balls) and restricting
the number of the holding balls to M;41, and ESJFI) denotes the number of balls

which the carrier holds after getting let) — U,(,? balls (gray balls) and restricting
the number of the holding balls to M;41 balls.

Hence we can write (21c) and (21d) as é(tﬂ) i (ﬁ(tﬂ) - (@SJrll) —U:LH)) +

Uﬁ),MtH) and ﬁSH) :min(égﬂ) (Q(t ) U(tH) , My11), respectively.
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Table 1. Change of the number of balls which the carrier holds.

State of the carrier The number of balls which the carrier holds
Getting Q)| balls DUty

Pumugcf‘“ T pans DU (@D gty

Getting U balls Eff“) — Q(Hl) + K

Size limit to M, balls ou+y

Putting USLH) balls ésﬂ) U,, ()

Getting Q,(f) — U7(,f) balls 6s+1) + Qn — K,(f)
Size limit to My balls

+1)

Therefore, the quantity Eff is again the number of balls which the carrier holds

after getting ng ) balls and restricting the number of the holding balls to M1
balls. We can summarize the change of the number of balls which the carrier
holds as Table 1.

Thus, together with the proof of Theorem 3, it is proved that (21a)—(21d) describe
the size limit process by induction.
Furthermore, since the number of balls removed by the size limit process are given

by (D(Hl) let+11) + K,(Lt)) - éff“) and (éff“) +Qi) - Kﬁt)) - 5,(:“), we obtain

n—1

the equations of the recovery process
QU =)™ + @) + QW - K - D)
+ @ - K, -
QYo Ty — KO + K,

t+1 t+1 t+1 t+1
B = ( ) N ) Q( ) (t)_cgl ))

o t+1) +OW — KW E(t+1))
CEU g g D 4 D,

which lead to the equations (21e) and (21f), and the proof is completed. O
Remark 4. Furthermore, the variables Xét) and Y(()t), which denote the index of the
leftmost segment of the Oth soliton at time ¢ satisfy the equations

Y(()t+1) _ Xét) i Q(()t) +maX(O7Agt) étﬂ)),
XD = XU - Q0 £ DU Z X 4 max(DL Y AP).

5. Particular solution for the fixed box capacity case

In this section, we discuss a particular solution to the ultradiscrete system (21) with
a special condition: all boxes have constant capacity A.
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Let us consider the bilinear equations

FOtHL L1 _ 57%;1#;?51 + 7OtFLt (23a)
UL = (0 = T TH 4 (230)
Tgil?};t = ?g’ilT}L’t + ut?%‘tJrlTnl’_i;l, (23c)
(6 — )Ty T AT = T (23d)

where § is a constant and u; is a parameter depending on t. We introduce the
dependent variables

—0,t+1 0,41
¢® = Tnit T g0 0 Tan T
S e A TS e
" 7_07t1?1,t-§1—1 " 0.t 1?1,7541-1
t) _ §2'n+l1 n— =(t) _ n+l’ n—
€p” = 5 Ty(l)’t??l.b’t-i_l ) €n’ = 6(5 - Mt) ?9{,5?71{“_1 )
_ 0t —
—~(t) _ 7_917t7.711,t E(t) o d Tn+1T’}L’t
B e ol
Then (23d) yields the relation
0,6—=1-1,t4+1
1 () _ ~1Tnt1 Tn
Ty 7-n—‘,-l
Further, (23a)—(23c) yield the equations
) = el (1407 d (24)
=(t+1)
et = (5 — ut+1)ﬁ + et (24b)
dn—1
S(t+1) Z1(t+1) (1) Hit1
d =(0— —_— 24
n ( N’H'l) Cn q,° + 1_ 5_1/1175-5—1’ ( C)
and the identities
(t) —15+D)
_(t41) _ 1y dn 107 dy s 244
en en 7(t+1) 7(t+1)7 ( )
qp_1 1+ (5_1dn
(1) _ o
t+1) _ (1) Cn
qn - qn 7(t+1) ’ (246)
cn+1
q(tJrl)a(t"rl)
(t+1) _ s(t+1)dIn=1 “n
en 61’7, (t)g(t_;’_l) Y (24f)
an Gy
hold. In addition, we impose the finite lattice condition
e(()t) = egf,) = E(()t) = Eg\t,) =0. (24g)

In the bilinear equations (23), this condition implies

kit _ kit okt okt
T1="TNp1 = T-1 = TN = Y

We assume that the constant  and the parameter p; satisfy the condition
0 < pg < 6 for all ¢ € Z. Then, putting qg) = e*Qg)/e, el = e*ES)/G7

qif) = e’ag)/e, ng) = e’ES)/E, Eﬁf) = e’af)/ﬁ, ES) = e’ﬁ(nt)/e, § = e 2/¢ into (24)
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and taking a limit € — 40, we obtain the ultradiscrete system (21) with the condition
Ky(f) = Agf) = A < My, for all n,t € Z.

The following theorem is proved by using a determinant identity called the Pliicker
relation.

Theorem 4. A particular solution to the bilinear equations (23) with the semi-infinite

lattice condition Tff = *ki =0 forallk,t € Z is given by the Hankel determinants
0 if n <0,

=1 itn=0, (250
|£k+l+J|0§i,j§n71 if n >0,
0 if n <0,

Tt = 1 ifn=0, (25D)
|£k+z+]|0§i,j§n71 if n >0,

where g,(f) and E(t) are arbitrary functions satisfying the dispersion relation

t+1
€Y = e e = (- 8+ €Y =01, (26)

Hereafter, we choose the arbitrary functions as

¢t — sz L g(” _ szl L n® = Wi Hi-:o@i + y) (27)
" Zppi o) " (pi + o)1’ (pi +0)t 7

where p; and w;, i =0,1,..., N — 1, are some constants. Then the dispersion relation
(26) is satisfied and the finite lattlce condition 7% = T}i,j_l =70t = ?éc\f:-l = 0 holds

for all k,t € Z. Substituting (27) to (25) and expanding the Hankel determinants

using the Cauchy-Binet formula, we obtain

2
n—1

t
Tk’t - Z H Pr; — Pry H Wy, Hj:()(pri + Mj)
= 2 ,
! 0<ro<r1<...<rp_1<N—-1 0<i<j<mn—1 (Pry + 5>(pr +9) i=0  Pri (pry + 6)t+
21 t—1
. _
7k,t - Z H Pr; — Pry H Wy, Hj:o(pri + Mj)
no t+k ’
0<ro<r1<...<rp_1<N—1 0<i<j<n—1 (Pry + 6>(ij + 6) i=0 (p” + 5)
for n = 1,2,...,N. These expressions can be ultradiscretized directly: putting
) k.t . . .
pn = e Pule w, = e Wnle phit — o=Ti"/e Fhit — o=T."/c and taking a limit

€ — +0, we obtain the next theorem.

Theorem 5. A particular solution to the ultradiscrete system (21) with the condition
K(t) = A(t) =A< My for allm,t € Z is given by

ng) _ Toi+1 B TO A1 TU B Tiil’ @S) _ Ti’_ﬁl B TO 41 JrTLt B T:{ilv

1 1 ==1,t+1 - =0, 0 1 1 =1 1
E,(f)zTO’t T0t+Tt+ _Tnt+ +2A, ES):Tthrl Tt+Tt+ Tt+ 124,
OV =T T et A, DY = 10 T T T



A finite Toda representation of the box-ball system with box capacity

n—1
Tht — min ( (Wri + (2 —1-14)—1)P,

0<rg<r1<...<rp_1<N-1 0
i=

—(2(n = 1)+t + k) min(P,,, A) +Zmin(PmMj)>>, n=12...

=0
n—1
3 (W Y 2n—1—9)P,

=0

— k.t
T

min
0<ro<ri<...<rp,-1<N-1

t—1
—(2(n — 1)+t + k) min(P,,, A) —&—Zmin(Pm,Mj))), n=12...

Jj=0

k.t kit kit Rkt kit kit
T2 =Ty =T 1 =Ty =400, Tym =Ty =0,

where P; and W;, i =0,1,..., N — 1, are some constants satisfying Py < P, <

Pn_;.

18

IN

Remark 5. There exists a Bécklund transformation from the discrete system (24) to

the nonautonomous discrete Toda (nd-Toda) lattice:

—1 (%) —1,(t)
o) = i , e = o ,
§(1+06-1g)(1 + 5-1el)) s(1+06-1g" (1 +6-1ed)
1~ (t _1,@)
0 = 0" &) — 0

In fact, these variables have 7-function expressions

0,t=0,t+1 =0,t=0,t+1
(t . 5 1 Tn Tn—i—l t) _ (5 ) 1 Tn Tn+1
0,t —0,t+1° an Kt) o 70,417
7-n+17- 7-n—Q—l
0,t —0,t+1 —0,t —0,t+1
e®) = sTn+1Tn—1 &® = (5 — 1) Tnt1Tn—1_
- 0t4)t+1 ) n Ht F0,6=0,t+1
TL n

Since the bilinear equations

O,t—lfo,t+1 _ 0,t—1_0,t+1 0,1t Ot
_6(6 Mt) n+1 Tn 1 +T Tn

5Ty tTS-ﬁl (0 — pe)t 7'n+1 + e, O-il S
hold (these are proved by using the Pliicker relation), we have the equations

(t)

. t —(t+1) —=(t+1) (t+1) dn
QSfH) = egljrl +d, , d, ~=d, D + ot41,
qn—l
where
=0,t,.0,t -1
() 1 Tn Tnt1 07 e
d = (S - N wr Eae— = .
n (6 — ut) TSLI 7O Ot 5 — 1
Additionally, we have the identities
®) (t+1) (t) S+ _(t+1)
D) Z g0 I ) _ g Inot O e g e Tno1
—(t+1)’ n n *(t+1),(t+1)7 n n —(t+1) (1)
n—1 dn 9n-1 dnfl qn

(0= p)+5tg )+ ate?) " (0 p) (i) )+ )
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Eliminating HS " fom these equations, we obtain the modified nd-Toda lattice [2]
alt el =l telly fora, gl el =qlell,

D 4 el = gt 4 el Vel gl

€1’ — Ot+1,

and the finite lattice condition is given by

e = el gl — & .

6. Concluding remarks

In this paper, we have derived the finite Toda representation of the BBS with box
capacity by introducing the expansion map from a state of the BBS to a binary
sequence. Furthermore, we have given a particular solution for the fixed box capacity
case. Hence we can say that the ultradiscrete system (21) is integrable if the

parameters Kr(f) and Ag) are chosen as constants. Since there is a connection
between the ultradiscrete system (21) and the BBS with variable box capacity
which is integrable, we expect that the ultradiscrete system (21) of the variable
box capacity case is also integrable and a discrete system derived through the
inverse-ultradiscretization has determinant solutions. This problem is left for future
research.

In the proof of Theorem 3, the variables 55: +) and ES +1) have played important
roles; these variables denote the number of balls which the carrier has. Moreover, these
variables correspond to the variables which are introduced to remove subtractions
in the discrete equations (see Remark 2). This result gives us a guideline for
ultradiscretization of Toda-type integrable systems and making connections between
these systems and BBSs.

In 2000, Spiridonov and Zhedanov [7] proposed a Toda-type nonautonomous
integrable system called Ryy chain, which is derived as the compatibility conditions of
spectral transformations for some biorthogonal rational functions. By using techniques
developed in this paper, we will be able to ultradiscretize the Ry; chain and consider
a corresponding BBS.
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