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It is often that, to obtain a minimal surface, the surface area computed with triangular discretization is minimized by using some
optimization methods. With this method, it is difficult to evaluate the error of the solution from the minimal surface, and accuracy
of the solution depends on the fineness of triangulation which leads to increasing data size. In this paper, the surface is discretized
by parametric surface to avoid such problems. The surface area of a B-spline surface is minimized by nonlinear programming and
the error from the true minimal surface is measured by using the square of the mean curvature. The effectiveness of the proposed
approach is confirmed through various examples, and the characteristics of the optimal solutions are discussed.
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u, v ∈ [0, 1]

B (Rational Basis Spline

Surface: RBS ) (I + 1) × (J + 1)

RBS 3 RI,J(u, v) =[x(u, v), y(u, v),

z(u, v) ]� u, v
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I∑
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J∑
j=0

wi j qi jNi,k(u)Nj,l(v)
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i=0

J∑
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wi jNi,k(u)Nj,l(v)
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qi j = [qx,i j, qy,i j, qz,i j]� wi j Ni,k(u)

Nj,l(v) u, v B k l

Ni,k(u) Nj,l(v) wi j

RBS B (Uniform Rational

Basis Spline Surface: URBS )

B (Non-Uniform Rational Basis Spline Surface:

NURBS )

I = k, J = l [0, 1] RBS

(Rational Bézier Surface: RBe )

RBe 12)

URBS NURBS URBe NURBe RBS

URBS URBe B

1

u, v RI,J(u, v)

u, v

dS =
∣∣∣∣ ∂∂u RI,J(u, v)du × ∂

∂v RI,J(u, v)dv
∣∣∣∣ (2)

E = ∂
∂u RI,J(u, v) · ∂

∂u RI,J(u, v) (3a)

F = ∂
∂u RI,J(u, v) · ∂

∂v RI,J(u, v) (3b)

G = ∂
∂v RI,J(u, v) · ∂

∂v RI,J(u, v) (3c)

(2)

dS =
√

EG − F2dudv (4)

S P

S P =

∫ 1

0

∫ 1

0

√
EG − F2dudv (5)
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2

RI,J(u, v) e

e =
(
∂

∂u
RI,J(u, v) × ∂

∂v
RI,J(u, v)

) / ∣∣∣∣∣
∂

∂u
RI,J(u, v) × ∂

∂v
RI,J(u, v)

∣∣∣∣∣ (6)

e ( ) (

)

RI,J(u, v) 2

huu =
∂2

∂u2 RI,J(u, v), hvv =
∂2

∂v2 RI,J(u, v), huv =
∂2

∂u∂v
RI,J(u, v) (7)

L = huu · e (8a)
M = huv · e (8b)
N = hvv · e (8c)

L, M, N 2

H =
EN − 2FM +GL

2
(
EG − F2) (9)

1.
2. RBS
3. RBS 2

3

wi j

RBS wi j 1.0

wi j

wi j wi j

SciPy13)

L-BFGS-B

SLSQP 14)

.

m

se (e = 1, · · ·m) z

r∗z

minimize
r∗z

S Δ(r∗z ) =
m∑

e=1

se (10)

. RBS

RBS

z q∗z
wi j w∗ RBS

(5) (5)

( ) f (x)

[0, 1]
∫ 1

0
f (x)dx ≈

n∑
i=1

ωi f (xi) (11)

n ωi
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(5) u, v na nb

minimize
x

S P(x)=
nb∑

b=1

na∑
a=1

ωaωb

√
E(ua, vb)G(ua, vb) − F(ua, vb)2 (12)

ua, ub ∈ [0, 1] x x = q∗z
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(9) 0

2

0 0

2

ΣH =

∫ 1

0

∫ 1

0
H2dudv (13)

(13) u, v na nb
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x

ΣH(x) =
nb∑

b=1
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.

RBS (12) (14)

RBS m = 50000

S Δ50000=

m∑
e=1

se

(5)

. HP

(−5,−5, 4), (5,−5,−4), (5, 5, 4), (−5, 5,−4) 4

Fig. ( [m] )

z=4xy/25 HP

Boundary shape is not changed in optimization

Randomly formed surface

Fig. Model 1

(a) 32
triangles (b) 200

triangles (c) 800
triangles

(d) 2nd-order
RBS patch (e) 3rd-order

RBS patch (f) 4th-order
RBS patch

Fig. Pattern of discretization for Models 1 and 2

Fig. RBS (12)

(14) 3 (10)

Fig.

(12) (14)

2 4 RBS

4 RBS I = k = 4, J = l = 4

(10) 3

32 200 800 3

.

Model 1

Boundary shape is not changed in optimization

Randomly formed surface

Fig. Model 2

Fig. RBS (12)

(14) 3 (10)

Fig.

.

(I+1) × (J+1)

RBS (Fig. )

qx ∈ R(I+1)(J+1), qy ∈ R(I+1)(J+1), qz ∈ R(I+1)(J+1)

qx = (qx,00, · · · , qx,0J , · · · , qx,I0, · · · , qx,IJ)�
qy = (qy,00, · · · , qy,0J , · · · , qy,I0, · · · , qy,IJ)�
qz = (qz,00, · · · , qz,0J , · · · , qz,I0, · · · , qz,IJ)�

(15)

qx, qy, qz

1.

xp ∈ R(I+1)(J+1), yp ∈ R(I+1)(J+1),

zp ∈ R(I+1)(J+1)

xp = (xp
00, · · · , xp

0J , · · · , xp
I0, · · · , xp

IJ)�
yp = (yp

00, · · · , yp
0J , · · · , yp

I0, · · · , yp
IJ)�

zp = (zp
00, · · · , zp

0J , · · · , zp
I0, · · · , zp

IJ)�
(16)
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2. xp, yp, zp (ui j,vi j) (i=0,···,I j=0,···,J)

3.

xp = Bqx, yp = Bqy, zp = Bqz (17)

xp, yp, zp RBS qx ∈
R(I+1)(J+1), qy ∈R(I+1)(J+1), qz ∈R(I+1)(J+1)

(17) (1) x, y, z

B ∈ R(I+1)(J+1)×(I+1)(J+1)

B = [B̃00, · · · , B̃0J , · · · , B̃I0, · · · , B̃IJ]�

B̃αβ =
1

I�
i=0

J�
j=0

wαβNi,k(uαβ)Nj,l(vαβ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w00N0,k(uαβ)N0,l(vαβ)
...

w0J N0,k(uαβ)NJ,l(vαβ)
...

wI0NI,k(uαβ)N0,l(vαβ)
...

wIJ NI,k(uαβ)NJ,l(vαβ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦α = 0, · · · , I β = 0, · · · , J

(18)

Model 1 Model 2 xp, yp, zp

Table. (17)

qx, qy, qz RBS

xp, yp, zp Model 1 Model

2

Table Reference point coordinates for spline interpolation
Model 1 Model 2

xp yp zp wi j u v xp yp zp wi j u v
-5 -5 4 1 0 0 -5 -5 0.5 1 0 0
-5 -2.5 2 1 0 0.25 -5 -2.5 -0.44409 1 0 0.25
-5 0 0 1 0 0.5 -5 0 -0.67835 1 0 0.5
-5 2.5 -2 1 0 0.75 -5 2.5 0 1 0 0.75
-5 5 -4 1 0 1 -5 5 0.1 1 0 1

-2.5 -5 2 1 0.25 0 -2.5 -5 0.25 1 0.25 0
-2.5 -2.5 -1.15387 1 0.25 0.25 -2.5 -2.5 0.484257 1 0.25 0.25
-2.5 0 -2.5166 1 0.25 0.5 -2.5 0 0.404741 1 0.25 0.5
-2.5 2.5 -2.87262 1 0.25 0.75 -2.5 2.5 0.069041 1 0.25 0.75
-2.5 5 -2 1 0.25 1 -2.5 5 1.366125 1 0.25 1

0 -5 0 1 0.5 0 0 -5 -1.2407 1 0.5 0
0 -2.5 -0.57129 1 0.5 0.25 0 -2.5 0.587458 1 0.5 0.25
0 0 -0.51563 1 0.5 0.5 0 0 0.901888 1 0.5 0.5
0 2.5 -0.57129 1 0.5 0.75 0 2.5 0.39776 1 0.5 0.75
0 5 0 1 0.5 1 0 5 0.451498 1 0.5 1

2.5 -5 -2 1 0.75 0 2.5 -5 -0.45521 1 0.75 0
2.5 -2.5 0.168396 1 0.75 0.25 2.5 -2.5 0.437521 1 0.75 0.25
2.5 0 1.514648 1 0.75 0.5 2.5 0 0.585897 1 0.75 0.5
2.5 2.5 1.887146 1 0.75 0.75 2.5 2.5 -0.18972 1 0.75 0.75
2.5 5 2 1 0.75 1 2.5 5 -0.48396 1 0.75 1
5 -5 -4 1 1 0 5 -5 0.177124 1 1 0
5 -2.5 -2 1 1 0.25 5 -2.5 1.252393 1 1 0.25
5 0 0 1 1 0.5 5 0 0.860548 1 1 0.5
5 2.5 2 1 1 0.75 5 2.5 -0.16847 1 1 0.75
5 5 4 1 1 1 5 5 0.761379 1 1 1

Model 1 2 1 3

CPU: Intel Xeon E5-2667 v4 (3.20 GHz, 2

) MEM: 256GB

. Model 1

Model 1 Fig. (a) (f)

Fig. Fig.

1 3 1-(a) 1-(c)

S Δ = 138.53[m2] S Δ = 140.34[m2] S Δ = 140.59[m2]
(a) (b) (c)

S P = 138.92[m2] S P = 140.59[m2] S P = 140.67[m2]
S Δ50000= 139.34[m2] S Δ50000= 140.59[m2] S Δ50000= 140.66[m2]
ΣH = 3.63 × 10−2 ΣH = 3.39 × 10−2 ΣH = 3.43 × 10−2

(d) (e) (f)
Fig. Initial shape of Model 1

S Δ = 120.84[m2] S Δ = 119.18[m2] S Δ = 118.94[m2]
1-(a) 1-(b) 1-(c)

S P = 118.88[m2] S P = 118.86[m2] S P = 118.86[m2]
S Δ50000= 118.87[m2] S Δ50000= 118.86[m2] S Δ50000= 118.86[m2]
ΣH = 5.64 × 10−5 ΣH = 1.77 × 10−5 ΣH = 1.77 × 10−5

2-(d) 2-(e) 2-(f)

S P = 118.88[m2] S P = 118.86[m2] S P = 118.86[m2]
S Δ50000= 118.86[m2] S Δ50000= 118.86[m2] S Δ50000= 118.86[m2]
ΣH = 5.22 × 10−5 ΣH = 1.65 × 10−5 ΣH = 1.68 × 10−5

3-(d) 3-(e) 3-(f)

S P = 113.18[m2] S P = 115.35[m2] S P = 118.89[m2]
S Δ50000= 118.90[m2] S Δ50000= 118.99[m2] S Δ50000= 118.89[m2]
ΣH = 6.67 × 10−4 ΣH = 2.69 × 10−3 ΣH = 1.45 × 10−2

2-(d)w 2-(e)w 2-(f)w

S P = 118.50[m2] S P = 118.81[m2] S P = 119.29[m2]
S Δ50000= 118.88[m2] S Δ50000= 118.90[m2] S Δ50000= 119.29[m2]
ΣH = 1.44 × 10−4 ΣH = 4.43 × 10−4 ΣH = 2.26 × 10−3

3-(d)w 3-(e)w 3-(f)w
Fig. Optimal shape of Model 1
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2. xp, yp, zp (ui j,vi j) (i=0,···,I j=0,···,J)

3.

xp = Bqx, yp = Bqy, zp = Bqz (17)
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(17) (1) x, y, z

B ∈ R(I+1)(J+1)×(I+1)(J+1)

B = [B̃00, · · · , B̃0J , · · · , B̃I0, · · · , B̃IJ]�

B̃αβ =
1

I�
i=0

J�
j=0

wαβNi,k(uαβ)Nj,l(vαβ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w00N0,k(uαβ)N0,l(vαβ)
...

w0J N0,k(uαβ)NJ,l(vαβ)
...

wI0NI,k(uαβ)N0,l(vαβ)
...

wIJ NI,k(uαβ)NJ,l(vαβ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦α = 0, · · · , I β = 0, · · · , J

(18)

Model 1 Model 2 xp, yp, zp

Table. (17)

qx, qy, qz RBS

xp, yp, zp Model 1 Model

2

Table Reference point coordinates for spline interpolation
Model 1 Model 2

xp yp zp wi j u v xp yp zp wi j u v
-5 -5 4 1 0 0 -5 -5 0.5 1 0 0
-5 -2.5 2 1 0 0.25 -5 -2.5 -0.44409 1 0 0.25
-5 0 0 1 0 0.5 -5 0 -0.67835 1 0 0.5
-5 2.5 -2 1 0 0.75 -5 2.5 0 1 0 0.75
-5 5 -4 1 0 1 -5 5 0.1 1 0 1

-2.5 -5 2 1 0.25 0 -2.5 -5 0.25 1 0.25 0
-2.5 -2.5 -1.15387 1 0.25 0.25 -2.5 -2.5 0.484257 1 0.25 0.25
-2.5 0 -2.5166 1 0.25 0.5 -2.5 0 0.404741 1 0.25 0.5
-2.5 2.5 -2.87262 1 0.25 0.75 -2.5 2.5 0.069041 1 0.25 0.75
-2.5 5 -2 1 0.25 1 -2.5 5 1.366125 1 0.25 1

0 -5 0 1 0.5 0 0 -5 -1.2407 1 0.5 0
0 -2.5 -0.57129 1 0.5 0.25 0 -2.5 0.587458 1 0.5 0.25
0 0 -0.51563 1 0.5 0.5 0 0 0.901888 1 0.5 0.5
0 2.5 -0.57129 1 0.5 0.75 0 2.5 0.39776 1 0.5 0.75
0 5 0 1 0.5 1 0 5 0.451498 1 0.5 1
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The membrane architectural structures are constituted by flexible members which do not resist bending such as film materials

and cable materials, and their mechanical stability greatly depends on the shape of the initial surface. In order to design a membrane

structure having mechanical stability which does not cause wrinkles or slackness, it is common to adopt an isotonic surface as the

initial design surface of the membrane structure.

Some previous studies proposed methods of obtaining a surface with minimal surface area under appropriate subsidiary con-

ditions by utilizing the fact that the isotonic surface is the same as the minimal surface. However, in any of these studies, since

the surface is approximated by triangular elements and the sum of the triangular elements area is minimized, the error from the

true minimal surface greatly depends on the division method of triangular elements. If the triangulation is made finer, a minimal

surface with higher precision can be obtained, but the computational cost increases and the obtained minimal surface becomes a

collection of enormous nodal information. The amount of data becomes enormous and it is difficult to smoothly convert or deliver

the obtained solution as 3D graphic data in the situation of using CAD/CAE. In contrast, if we use a parametric surface, it is

possible to explicitly calculate the surface area in parametric expression. Also, the minimal surface is known as a surface in which

the mean curvature is equal to 0 at any point on the surface. By measuring the mean curvature, it is possible to quantitatively

evaluate the error from the true minimal surface.

In this research, to create the minimal surface which can explicitly express numerical functions with a small data volume, we

solve the three optimization problems as follows:

1. Minimization of the sum of areas of triangular elements of triangulated surfaces (Previous method).

2. Minimizing total surface area of the parametric surface (Proposed method).

3. Minimizing the square of mean curvature of the parametric surface (Proposed method).

The results obtained in this study are summarized as follows:

• Method 1 requires high computational cost in order to get a solution with sufficient accuracy.

• In the case of methods 2 and 3, if the weights of the parametric surface are set as design variables in addition to the vertical

control point coordinates, the objective function becomes highly nonlinear. As a result, the computational cost becomes high

and the obtained solution has a greater chance of being a non excellent local optimal solution. So the design variables should

be the vertical control point coordinates only.

• If the vertical control point coordinates are defined as the design variables, methods 2 and 3 can drastically decrease the

computational cost as compared with method 1.

• Methods 2 and 3 are suitable for CAD/CAE use because of their low quantity of the shape information.

It is confirmed that methods 2 and 3 are very effective methods for finding minimal surface.
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