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ABSTRACT

In this thesis, modelling and control problems of large-
scale continuous-time and discrete-time systems are studied
within a framework of a decomposition-coordination principle from
a temporal viewpoint.

The thesis is divided into six chapters.

In Chapter 1, a background and a basic concept of studies on
these problems is described and the outline of the subsequent
chapters is given.

In Chapter 2, the problem of time-scale modelling is dealt
with. A brief survey of time-scale decomposition methods and
singular perturbation methods is given. After formulations of
singularly perturbed discrete-time versions are discussed,
singular perturbation modelling concepts and algorithms based on
structural properties are deQeloped.

In Chapter 3, the boundary layer method for discrete-time
versions is studied, which provides us a useful tool for
controller design.

In Chapter 4, controller design problems are considered in
the discrete-time domain. After the recent progress in this
field is briefly reviewed, various design problems for slow-
time-scale and fast—time—scale versions are studied.
Furthermore, on the basis of these results, a multirate
controller design is developed.

In Chapter 5, a variety of lineér quadratic problems with
multi-time-scale property are treated in the continuous—time
domain. The mode-decoupled near optimum controller designs are
given and some existence conditions are investigated.

In the last chapter, Chaptér 6, the results obtained are

summarized along with some additional remarks and discussions.
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CHAPTER 1. INTRODUCTION

In recent years, the problems associated with modelling, analysis
and control of large-scale dynamic systems have aroused interests of
numerous researchers from different points of view. The typical
references to these problems may be found in recent surveys (Sandell et
al. [San.78]|, Nishikawa [Ns.78]f and the books (Singh [Sin.79], Mahmoud
et al. [Mam.81], Bernussou et al. [Be.82], Jamshidi [Jam.83]). 1In
order to overcome various difficulties due to the dimensionality, the
information structure constraints and the uncertainty etc., which
appear in the large-scale and complex systems, the model reduction
methods (Lamba et al. [Lam.82], Hickin et al. [Hi.80]), the
hierarchical control methods (Singh et al. [Sin.80],[Sin.81.1], Mahmoud
[Mam.77]), the decentralized control methods (Singh [Sin.81.2]),
the stability analysis of interconnected systems (éiljak [si1.78],
Michel [Mi.83]) etc. have been extensively developed. 1In order to gain
a conceptual insight and a numerical simplification, a variety of
decomposition concepts and algorithms have been performed in these
investigations : e.g., the ¢ -coupling method (Kokotovié¢ [Ko.72.1],
Mahmoud [Mam.78]) and the chained aggregation (Tse et al. [Ts.78],
[Ts.80]) among model order-reduction methods, the spatial decomposition
based on a physical intuition (Singh [Sin.80],[Sin.81.1}, Mahmoud
[Mam.77], Siljak [Sil.78), Michel [Mi.83]), the overlapping
decomposition (Ikeda [Ik.80], éiljak [si1.79]), the area decomposition
(Avramovic et al. [Av.80], Kokotovié et al. [Ko.82]), the graph-
theoretic decomposition from the viewpoint of stability and input
reachability (Araki et al. [Ar.81], Sezer et al. [Se.81], éiljak
[sil.83]).

In addition to these spatial and structural decompositions, a

temporal decomposition has been also considered. Many physical large-



scale models often involve interacting dynamic phenomena of widely
different speeds. Since these models have high dimensionality and
numerical stiffness in general, concepts and algorithms of order

reduction and separation of time-scales play an important role to
alleviate these difficulties. For this reason, Singular Perturbations

and Time-Scale Decomposition Methods have been applied in broad categories
of modelling, analysis and control (Kokotovié et al. [Ko.76]}), and these
investigations are still in progress (Saksena et al. [sak.84]).

Iin view of this situation, an attempt is made to consider
primarily modelling and control of large-scale systems-on the basis of
the temporal decomposition-coordination principle in this thesis. Most
of the present discussions are focused on linear, continuous- and
discrete-time, deterministic systems with multi-time-scales.

The rest of this thesis is organized into five chapters according
to their contents, and furthermore each chapter is divided into sbme
sections.

In Chapter 2, after a brief survey of singular perturbations and
time-scale decomposition methods is‘given, the problem of singular
perturbation modelling is investigated. As a primary factor that
obstructs an application of the singular perturbation methods, a lack
of modelling procedures and computer-oriented decomposition techniques
for model reduction design of control systems has been so far indicated in
recent surveys of large-scale systems (Sandell et al. [San.78], éiljak
[$i1.83]). 1In view of this situation, the problems of such a singular
perturbation modelling are studied, i.e., the modelling concepts and
algorithms which are based on structural properties are developed,
along with discussions for the canonical forms of the singularly
perturbed discrete-time systems.

In Chapter 3, initial value problems of discrete-time systems are
mainly considered. Based on the singularly perturbed canonical forms
discussed in Chapter 2, the boundary layer method for discrete-time

versions is formulated. Its method provides us a powerful tool for



controller design in the discrete-time domain, which are studied in the
following chapter.

In Chapter 4, at the beginning, recent progress in the studies of
discrete-time versions via singular perturbations and time-scale
decomposition methods is briefly reviewed. After two different
discrete-time versions, i.e., a slow-time-scale version and a fast-
time-scale version, are formulated and their properties are discussed,
various controller design problems are investigated for two versions,
e.g., a stabilizing problem, an observer problem and a regulator
problem. The results of these two versions lead to a multirate
controller design naturally. in a last section, such the multirate
controller design is developed on the basis of the decomposition-
coordination principle with respect to time-scales.

In Chapter 5, a variety of linear quadratic problems are dealed
with in the continuous-time domain, i.e., a problem having a terminal
condition with zero slope, a fixed-endpoint problem and a regulator
problem. Near optimum controller designs are developed and some
existence conditions are studied. After two-time-scale cases are
investigated, these results are extended to multi-time-scale cases
based on multi-time-scale modelling concepts.

In these chapters, some numerical examples are given in order to
verify the validity of results.

Finally, in Chapter 6, the results obtained are summarized along

with some additional remarks and discussions.



CHAPTER 2. TIME-SCALE DECOMPOSITION METHODS AND

SINGULAR PERTURBATION MODELLING

2.1 Introduction

In order to cope with the high dimensionality and the ill-
conditioning resulting from the interaction of slow and fast behaviors,
which are present in large-scale systems, Singular Perturbations and
Time-Scale Decomposition Methods have been watched with keenest interest
(Kokotovié et al. [Ko.76], Saksena et al. [Sak.84]). These methods
belong to one class among model reduction methods of large-scale systems
(Genesio et al. [Gen.76], Decoster et al. [De.76], Kando et al..[Ka.Sl.l],
[Ka.81.2], Sandell et al. [San.78], Jamshidi [Jam.83], Lamba et al.
[Lam.82]). But in recent years, it has been recognized that they provide
a powerful tool in broad categories of modelling, analysis and control of
large-scale systems because of characteristics of order-reduction and
separation of time-scales (Saksena et al. [sak.84]).

In the large-scale systems, the presence of small parastic parameters
(Kokotovi¢ [Ko.72.2]), high gain feedback (Suzuki [Su.80]) and weak
coupling (Peponides et al. [Pe.83]) etc. often gives rise to multi-time-
scale behaviors. Many models with these properties have been shown in a
recent survey (Saksena et al. [Sak.84]). They can be decomposed into
slow and fast subsystems via a variety of time-scale decomposition methods,
and as the result, reduction of computation and simplification of structure
can be achieved. These characteristics are useful for analysis and design
of large-scale systems.

In Section 2.2, these time-scale decomposition methods, i.e., the
Riccati-type iteration method, the subspace iteration method and the
guasi-steady-state (qg.s.s.) method are briefly reviewd, and then the

relationships among them are discussed. An alternative scheme to tackle



these multi-time-scale systems is one via the singular perturbation method.
However, it requires a special form, so-called the singularly perturbed
form. Actually, how to identify a small parameter ¢, how to group the
state variables into slow and fast states, and how to verify the
validity of modelling, they are nontrivial tasks (Sandell et al.
[san.78], §iljak [Sil.83]).

In Section 2.3, at the beginning, some former modelling approaches
from the viewpoint of model reduction methods are briefly described.
After discussions for canonical forms of singularly perturbed
discrete-time systems, modelling concepts and algoritms based on norm

conditions are developed for both discrete- and continuous-time systems.

2.2 Time-Scale Decomposition Methods

We consider the following linear time-invariant system:

X A A X X x
[_.1] _ [t [ 1} ; [ 1}{ 10] (2.1)
X5 Bryr Byl % %21 [®20

where xleRnl, xzean.

If the above coefficient matrix A is dichotomically separable (Medanic
[Me.82]), i.e., the eigenvalues A(Z) can be expressed as a disjoint union

of slow eigenvalues A(Xs) and fast eigenvalues A(K%), where
max |r.; (A )| « min| . (A.) (2.2)
i | i s| 3 l jf

it is said that (2.2) exhibits a two-time-scale property (Anderson
[An.78.2], Chow et al. [Cho.76.1]).

By applying the folldwing transformation in (2.1)

Xf =Lxl +x2 (2.3)

we have the block triangular form:



X by A %
.lJ = [ s 12 1] (2.4)
Xf R(L) Af Xf
where A_ = A11 - A12L ' (2.5.a)
A; = A,, + LA, (2.5.b)
R(L) = K,; + LA}y - Ay,L - LA, L = 0. (2.6)

The matrix L € R®2"™1 which satisfies both a nonsymmetric algebraic
giccati equation (NARE) (2.6) and the two-time-scale property (2.2) is
calledva dichotomic solution (Medanic [Me.82]) and is unique (Anderson
[An.78.2]), although there are generally many real solutions of NARE
corresponding to each possible partitioning of the eigenvalues of A.

Furthermore, the substitution of the transformation

X = x, + Mx (2.7)

into (2.4) yields the following block diagonal form:

Iy R (M) X
= S 5 (2.8.a)

where R(M) = -A M + MA_. + A, = 0. (2.8.b)

The fast transformation is defined from (2.3) and (2.7) as follows:

1 X I -M X
~ i =l o~ ~~ (2.9)
xf L I x2 x2 -LL I+LM - X

xS I+Mf M X

Il
-

In this way, the two-time-scale system (2.1) can be decomposed into
lower order slow and fast subsystems via the fast transformation.

Alternatively, by applying a slow transformation:

X 1 -1 X pe I+L5M° T8)[ x v
S 1 1 s
=1 ~s5 ~a~g ’ = ~ (2.10)
xf -M° I+M°L x2 x2 M I xf

which is dual to (2.9), the following block diagonal form is obtained:



Xs] _ Kz 0 X (11)

kf 0 X? Xg

where { Zz = Kil - Isﬁél (2.12.a)
A2 = Ky, + Kzlis (2.12.b)
R(LS) = A}, + K,I° - T%4,,1% - L%A,, = 0 (2.13)
R(HS) = -W°A° + REM° + K, = 0. (2.14)

From the above results, a combined transformation is defined by

N —
| S ——
]
I -
(]
] [add
)]
| CEE—')
% <
[7)]

(2.15)

where T and ﬁs satisfy (2.6) and (2.13) respectively, which

transforms (2.1) into the following:
X A 0 (x
.s} = [ ° ° (2.16)

where K; and K? are given in (2.5.a) and (2.12.b).

The studies on time-scale decomposition methods described above have
been begun by Chang [Cha.72],[Cha.74.1],([Cha.74.2], and have been
extensively developed by numerous researchers. Among them, Kokotovié
[Ko.75], Anderson et al. [An.81)], O'Malley et al. [OM.79] have
investigated mainly the problems of computational algorithms for a
dichotomic solution of NARE. Various properties and‘existence
conditions of the dichotomic solution have been discussed in detail by
Medanic [Me.82], Anderson [An.78.2], Narasimhamurthi et al. [Nr.77] and
Avramovic [Av.79]. These studies have been extended to time-varying
systems by Anderson [An.80] and O'Malley et al. [OM.82].

In the next section, a variety of computational algorithms, i.e.,
the Riccati iteration method, the subspace iteration method and the
g.s.s. method are>briefly described and the relationships among them
are discussed. For brevity, the case of the fast transformation

for the continuous-time system is mainly treated.



2.2.1 Riccati iteration method
An iterative algorithm to compute solutions of the NARE (2.6)
and the Sylvester equation (2.8.b) has been studied by Anderson et

al. [An.78.2],[An.81],[OM.79] as follows:

Loy = fk + (X52+ kA1) TR(EL) (2.17)
where R(fk) = Kél + thll - Kéiik ikXiZZk
(T, =T + R(E, ) (&) - L) (2.17)"
where R(ik) = Kél + Ekxll - Easz - ka12ik )
and
M, =M - R(H, ) (K, ,+TA;,) (2.18)
where R(Mk) = _K;Mk + MLXE + X12
(M, =¥ + (R, -8 ;1) TR(E ) (2.18)"
where R(ﬁk) = —Ksﬁk + ﬁki£ + 212 ).

The parentheses (2.17)' and (2.18)'repreéent the discrete-time case.
When we consider a singularly perturbed system, the above

iterations lead to Kokotovié's iteration [Ko.75]:

~ _~...l~ —~ —I\-I\/ ~ _ ~ —~_l~/

Lpyp = Bpp[Ly(Ayg=AqoLy) + Ayl i Lg = Ayohy, (2.19)
(% .= AT +T.A.T -%.1A7Y ; T &3 (2.19)"
K+1 220k * LyByoly — Ay A 7 Ly 21811 .

M = (&X..-A. .T)M_ - M TA. A 1ATY . ML= -K R (2.20)
K+1 1178 0N - MLA S = AjoJALS 0 My 12822 (2.

(# . = K MM (E.4TE.) + X TN + X .1 ; M. = AKX )(2.20)
K+1 11 1My (B +LA, 5 1M + Byl s My o= AygAg, (2.

It is noted that (2.19) is locally convergent, but it does not require
an inverse computation of (§52+fk51?)'at each iteration.
On the other hand, since (2.17) is equivalent to the subspace iteration

method (Anderson et al. [An.81], Avramovic [Av.79]), (2.17) is globally



convergent. As an eigensolver to compute slow eigenvalues and
eigenvectors (Anderson et al. [An.81]) and as a computational method of
solving a conventional symmetric Riccati algebraic equation (Anderson

et al. [An.83]), the Riccati iteration method may be also applied.

2.2.2 Subspace iteration method
It has been shown (Medanic [Me.82], Anderson [An.78.2], Avramovic

[Av.79]) that the dichotomic solution I of the NARE can be expressed as

nyxn XNy - §. e rM2*N,

1, V. e R )

Vl; LER 1

~

where we take the rows of [Vl,Vé]Eanxn as a basis for left eigenspace
corresponding to n, fast (dominant) eigenvalues.

The subspace iteration method provides us these bases for dominant
(left) eigenspace by using a simple iteration scheme (Stewart [St.76.17,

[St.76.2]):

) i VR o= (K le‘]. (2.21)

Vl,V
After various computational devices for rounding errors and an improve-
ment of covergence speed are employed, generalized eigenvectors or Shur
vectors of matrix XT can be obtained under mild conditions, where no row
of an initial value VO is orthogonal to any basis of dominant eligenspace.
This iteration method is globally convergent and has capability of
detecting the dimension of slow and fast states and of redefining it by
observing the convergence speed of rows (Avramovic [Av.79], Stewart
[St.76.1]). By using Vk, whose rows approacﬁ to generalized
eigenvectors (Anderson [An.78.2],[An.81]) or Shur vectors (Laub [Lau.79])
of XT, and by setting

B, = (5 HE | (2.22)

where EkEanxnl, '\'/]]feanxnl, ?IIZ(GRZ 2

it can be shown that the subspace iteration (2.21) leads to the Riccati



iteration (2.17) (Anderson et al. [An.81], Avramovic [Av.79]).
[Remarks ]
By using the eigenvectors, the dichotomic solution L e rR"2*™M1

is given by

e melx e med
L = Q,50Q5;) = “My My (2.23)

where [ﬁf;,ﬁ;i]T represents eigenvectors corresponding to the slow
eigenvalues x(ﬁé), and [ﬁél,aéz] represents eigenrows corresponding to
the fast eigenvalues l(ﬁf). The relationship between the fast

transformation (2.9) and the modal matrices [ﬁij] is given by (Anderson

[An.78.2])
+~~ - ~ bad ~
ML M 1 M90y7 M9, (2.24)
~ - ~=]~
L I Q52051 I

2.2.3 OQuasi-steady-state (g.s.s) method
By using g.s.s. concepts, an alternative method has been proposed

by Kokotovié and his co-workers (Kokotovié et al. [Ko.80}, Winkelman et

al. [Win.80]). It consists of the following iterative scheme:
_ ~k-1,-1sk-1
N = Mpoq to(BgpT) TRy X (2.25)

where no = x2

<k _ xk-1 _ = ,zk-1,-1zk-1 _ %0 _ =

Ay = By Aj (A7) TRy T i By T A (2.26.a)

~k _ ,~k-1,-1zk-1%k 0 _ &

Byy= (Byp™) "Ry TRy P Ay T Ay (2.26.b)

~k _ ~k-1 ~k-1,-1xk-1x ~ ~

RN, = K+ ESLHTIRSR, o B, =&, (2.26.c)

Then, applying the above iteration to (2.1) yields

. “'k

S Ayy Bya || *1
R N N (2.27)
Nk Ayy Boa |l ™ .

10



On the other hand, applying the fast transformation (2.3) to (2.1),
i.e., Xe = ik-lxl + X, » where Ek—l is a (k-1)th iterative solution of
the Riccati iteration (2.17) ((2.19) in case of the singularly perturbed

system) leads to

X _ z}s< Ao [ % (2.28)
g |RE ) AF )| xf
where &S = A.. - AL ; X0 - %
s 11 127k-1 ' g 11
KIE =By + Ly K, Kg = &y,
R(fk-l) - X21 + Ek-lxll - K22'i'k—l - tk—lxlsz-l i r—-l = 0.

After algebraic manipulation, it can be easily shown that the mode-
decoupled system (2.27) via the g.s.s. method is equivalent to the
system (2.28) via the Riccati iteration method. 1In this way, the
dg.s.s. method is globally convergent too.

Similar discussions on computational algorithms can be developed
for the case of the discrete-time system or the slow transformation.

2.3 Singular Perturbation Modelling

2.3.1 singular perturbation modelling via other model reduction ﬁethods

As the systems become larger and more complex, it becomes more
difficult to obtain a singular perturbed form via only physical
intuitions and experiences. Much attention to this problem has been
paid so far and many approaches have been proposed mainly from the
viewpoint of order reduction methods.

In the category of the dominant mode method, Litz et al. [Liz.81.11,
[Liz.81.2] have defined the indices to select the dominant.eigenvalues
and to measure dependence of the state variables on these dominant
eigenvalues, and by means of these indices, have transformed the
original syétem into the singularly perturbed form.

Georgakis et al. [Geo.77],[Cr.80] have treated this problem via

11



the perturbation and the quasi-modal transformation in order to
alleviate disadvantage of the modal transformation.

On the other hand, from the vieﬁpoint of the Routh approximation
method, Hutton [Hu.75)],[Hu.77] has transformed the original system into
the Routh canonical state-space form via a certain nonsingular
transformation and a reciprocal transformation, and by observing the
gap of alpha-coefficients, has obtained the singularly perturbed form.
Furthermore, he has shown that the Routh approximation model is
equivalent to the reduced system of the singularly perturbed form.

An approach via an aggregation method has been proposed by Hickin
[Hi.77].

Fernando et al. [Fe.82] have studied this problem from the
viewpoint of a recent balanced approach. By using the balancing
transformation (Laub [Lau.80]), an internally balanced system (Iri et
al. [Ir.82]) has been obtained,and a strong and a weak subsystem has
been identified; Then, by observing the eigenvalue gap of these
subsystems, a singular perturbation modelling has been employed.

On the other hand, by using time-scale decomposition concepts, a
two-stage modelling approach, which consists of modelling stage and
validation stage, has been invéstigated by Winkelman et al. [Win.80].
In the first stage, by physical intuition, slow and fast states are
identified roughly, and in the second stage, validity of the grouping
is verified by observing variation of eigenvalues and eigenvectors via
the g.s.s. iteration.

In the next section, from a viewpoint different from those described
above, an approach based on norm conditions, under which the structural
properties of singularly perturbed systems are satisfied, is developed.
After a discussion for the formulation of singularly perturbed
discrete-time versions is given, the problem of singular perturbation

modelling is investigated.

12



2.3.2 Singular perturbation modelling
(a) Formulation of singularly perturbed discrete-time models
It is well known that the singularly perturbed continuous-time

system is represented by

= + u, (2.29)

e X, By1 Baa)[*2 B,

In this section, firstly, we will consider the discrete-time
version of the above system under a sample-and-hold device.
Applying the mode-decoupling transformation (Saksena et al. [Sak.84],

Phillips [Ph.80])

%, (t) I, -eM )[x_(t) x_(t) I+eML, eM][x. (t)
1 = S , s = 1 (2.30)
X, (t) -L, I+elM|| xc(t) Xe(t) L, I [xz(t)
where R(L) = A21 + eLAll - A22L - eLAlzL =0 (2.31.a)
R(M) = =cA_M + MA_ + A ,= 0 (2.31.b)
A, =A;; - AL, Ap = Ay, + cla), (2.32.a,b)
and discretizing with a sampling rate T leads to
% ad (7, ¢),a8 (7, )N x BY(T,¢)
1,i+1 11V el Byt 1,i 1\t
= + u. (2.33)
a d a i
X2,i+l | Azl(TrE)lAzz(TIE) X2,i B2(T,E)
where Xl,i = xl(iT,e), X2,i = x2(iT,e), u, = u(iT, e)
A2 (T,c) = exp(A T)(I+eML) - eMexp (BET)L
11 Plag Pl
A2 (T,c) = c(exp(A_TIM - Mexp(BET))
12450 € e leXplag pPiz
Agl(T,e) = -Lexp(A_T) (I+eML) + (I+eLM)exp(2fT)L
29 (T,e) = -cLexp(A_T)M + (I+cLM)exp (PfT)
22 y € € P s € exp .t-:-
(T, ¢) = (exp(A_T)-I)A- B - eM(exp(2fT)-1)alB
1 s s s Pig f °f
BT, e) = -L(exp(A_T)-I)ATYB. + (I+eLM)(exp(PfT)-1)a"1B
24 s s “s € Pl £ °f
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B = B 'I"(»:LB

BS = B, + MB £ 2

1 £’ 1

v

In the above, we assume that AS is a nonsingular matrix and Af is a
Hurwitz matrix. Since the above model depends on the sampling rate T
critically, the selection of the fast sampling T = 0q€ Or the slow
sampling T, = 02[1/6]Tf (where [1/¢] is the largest integer < 1/¢)
leads to two different formulas, respectively.

By assuming a; = o, = 1, i.e., T = ¢, T, = [l/E]szsl and by
neglecting O(€¢) errors, we obtain the followihg discrete-time models,

where n represents the fast sampling point and k the slow sampling

point, and n = k[1/¢].

[1] Fast sampling model

f £

f
Xl,n+l I+eAll, eAl?_ xl,n EBl
_ + u (2.34)
af af |l x gf | ®
%2,n+1 21 * “22)[*2,n 2
where( Xi,n = xi(le,e), u, = u(an,s)
£f _ _ f _ _
All = AO + MO(I exp(A22))L0, A12 = MO(I exp(Azz))

< Af = (exp(A,,)-I)L Af = exp{A,,) (2.35)

21 Plfgp? ™20 gy 22 22 .

£ _ | £ _ IR |
| By = By - My(exp(A,,)-I)AS5B,, B, = (exp(RA,,)-I)A,5B,
A=A . - A _ATIa B = B, - A, A lB

0~ 11 12°°22721' 0 1 12°°2272°

In the above, the notations Ai" Bi etc. represent the continuous-

J
time version and Aij, Bi etc. the discrete-time version.

Furthermore, the approximate relations

{L(e) =L, + Ole) & Ly = AE%Azl for Ye e[0,e¥)
-1

M = M = -

(¢) MO + 0(e¢) M, Ay ,B,,

have been used in the derivation of the above system.

14



[ITI] Slow sampling model
We will discretize the continuous-time system (2.29) with the slow
sampling rate Ts =[]/8]Tf ~ 1. Then, under the assumption

raf : Hurwitz matrix,, there exist kf>0 and @.>0 such that

A
| exp (ZETO|| = kpexp(-2£T ) = o(e).
Setting exp(%fTs) = e££

and neglecting O(e) errors yields

s s S
X1, k+1 Al1reBo | ®1,k By
= + u (2.36)
S s s| 'k
X, k+1 Ar1reBo )% B;
s _ s _
where All = exp(AO), A12 exp(AO)MO
s _ _ s _ _ %
Asy = Loexp(AO), A22 Loexp(AO)MO+A (2.37)

s _ _ _ -1 _ a-1
By = =Lj(exp(A;)-I)A;"B AZ-B

s _ _ -1
BY = (exp(AO) I)AO BOI 2 0 2272+

1

The above slow sampling model (2.36) coincides with the state space
form (Naidu et al. [Na.81],[Na.82]) of the singularly perturbed

difference equations (Comstock et al. [Co.76], Hsio et al. [Hs.79]).

Thus, by discretizing the singularly perturbed continuous-time
systems with slow and fast sampling rates, two different discrete-time
models have been formulated. The detailed discussions for these models

will be given in Chapter 4.

(b) Studies on singular perturbation modelling

We consider the discrete-time system

x.(k+1)] [& A1 x.(x)] [B.)
! =t 2T T k) (2.38)
X, (k+l) By By %) (B,
dx. /dt A A, 10 x.(8)] [B.)
( /98] (~11 AN e Rt R | NP (2.38)
dx,/dt] | Ay Ay, | %p(8)] By

15



The parentheses (2.38)' represent the continuous-time case.
When we transform the above system into the canonical form formulated
in the preceding section, we are confronted with the problems:

(i) identification of a small parameter e,

(ii) criterion to test the validity of modelling,

(iii) efficient modelling algorithm.

The following lemma (Kando et al. [Ka.83.2], Phillips [Ph.80])

will give us useful suggestions for these problems.
Lemma 2-1 Let the following conditions be satisfied:

(A-1) max[2as(af+a1210),as(a +3a +8a

e+, L8 AL, To/(Ep+a Tl <1

( max[zgf(ss+alzio),af(zs+ai2? +83 3 4 1 J(F 48, 10) <1 )
(A-2) ¢ = 3 3. (time-scale separation ratio)<<l
s f P
(A-3) “M “L a a12 < 1

(|fg| £ &g&)p<< 1)

~ ~ ~ ~=1

where HA11H de = [[ByBy1B11810] -
3, = X T,o=|&K 7L
12 = 2120l %o 212111
-~ _ ~ & ~=] _ ~ ~ _
dg = | Byy7ByaBa0B0 T HAOH' ag ”Azzﬂ

( )
ayy = [Baflr g = ”A '

Then,

(a) there exists a unique solution T of the NARE

R(L) = -A22L + LAll - LAlZL + A21 =0 (2.39)

that possesses the magnitude
CITIE 17 5 7 /(5.+3..1
SITIS [T, + 2afZO/(af+a1210ﬂ

(0 LILIS [T, + 2aszo/(as+a1210)])

16



and separates the eigenvalues of the system into slow eigenvalues:

X(As) = )\(All - AlZL)
and fast eigenvalues: A(Af) = x(A22 + LAlZ)
and L =T, + 0(e) ; T -, A71
0 ! 0 21°711°
(L =%, +o0(e) ; T,=%a1% _.)
0 ! 0 2277217

Furthermore, there exists a unique solution of a Sylvester

~

+LA12) - (A,,-A,_L)M +

R(M) = M(A 117312

>

22

and M =M. + 0(e) ; M. = ATlRX

0 0o = P11P12¢
o~ _ ~ . ~ ——V ~_l
(= +o(e) ; My =-K,471.)

(b) The eigenvalues are approximated by

= *,(Xll)(l + 0(e))

—
> >
3 >
H 0n

] |

—~r ~ ~—l~
x(A22 - A21A11A12)(l + O(e)).

x(io)(l + 0(e))

"
>
pdd

(3]
It

A(Af) = A(Azz)(l + 0(e)).
(c) The two-time-scale property
maxlx(ﬁfﬂ <<minlx(KSH
( maxIX(KSN <<minlx(§f)|)

is satisfied.

12 ©

0

(2.40.a)

(2.40.b)

(2.41)

(2.41)"

equation

(2.42)

(2.43)

(2.43)"

(2.44)

(2.44)"

(2.45)

(2.45)"

(d) The coupling ratio with respect to the fast mode is small, i.e.,

pe = "ﬁlzn/"ﬁ22”<<l, where [ﬁij] represents a modal matrix.

Proof By following the procedure shown in [Ko.75] and by applying

the contraction mapping theorem, the results of (a) can be proved

under the conditions (A-1) and (A-2). By using (2.40.a),

(2.41), we have

17
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~ _~r~'_~ _~—l~~
{jAS = Ay A oL = All(I A 1AL Y(I + O(e)) (2.46)
- - .~ - o o=l .
K. =K, +1I&, = (K,, - K,,& llAlz)(I + 0(e)).
B, = Ky - Bl = (& - 12~5§~51)(I +0(e))
O R —— ) (2.46)"
B, =K, + 1A, = (I + L0A12A22)A22(I + 0(e)).
Here, when the relation "A11A12""L0" = "MOHHLO“ = 0(e)<<l (2.47)

-~ o ~=1, o~ ~
(Tl 1B A5 =|Toll[Mpl= OCe)<< 1) (2.47)"

is satisfied under the condition (A-3), the result of (b) is

obtained. Furthermore, by using the expressions:

A= | ~

|Eyy = BypBiyByof (1 + 0(e))

]

i maxlx(A )| < ”Af“

d = & (1 + 0(e)) (2.48.a)
L min|x (X )|<”K'Hfl = |37 T L1 + o(e))
s~ s 11
=371+ o(e)) (2.48.b)

- max|x(is)|$"Xs" “Kon(l + 0(e))

g = 55(1 + O(e)) (2.48.a)"

L minla (B < B2 = A5 7T + ote))

1

5;1(1 + 0(e)) (2.48.b)"

the result of (c) can be proved. Finally, under the condition (A-3),

the result of (d) follows from the relation:
~ ~~=1
My MOy 5.1

~ ~ ~ ~ ~_l
M M LMll (I+LM)Q22 . ' Q.E.D.

Here the parentheses represent the case of the continuous-time system.

[ Remarks]

1. In the discrete-time case, we can consider the following two cases

18



4 . * ~-l~ hod _ ~ ~ _
with respect to.the condition |AJ7A,|ICo|= |Mg|iEql = Ofe)<<l ((2.47)).

(case 1) |HMy|= 0(c), |L,|= 0(1)

x, (k) x,(0) X
Xz(k) X2(0) X50

Applying the boundary layer method to the singularly perturbed

We have

[xl(k+l)]._{ All eAlz

X2(k+l) A21 €A22

discrete-time system which will be discussed in Chapter 3 yields

_ . k+1,-1
{'xl(k,e) = XlO € A11A12m20(k) + O(¢) (2.50)
_ -1 K .
x2(k,e) = A21A11X10(k) + € m20(k) + O(e)
where X o(k+l) = Aj X (k) 5 X;g(0) = x5, (2.51)
_ _ -1 ] - - -1
Myg(kH1) = (Byy = Ay 72 )My (k) 5 mya(0) = x,4=RA, A 7%, 4.

(2.52)
Here, (2.51) is a reduced system and (2.52) is a boundary layer system.

In the state xz(k,e), the boundary-layer jump phenomenon appears near
k = 0, and the solutions of (2.49) exhibit a similar behavior to those
of the singularly perturbed continuous system (2.29). Thus, xl(k,e)

corresponds to a slow variable and x2(k,e) a fast variable.

(case 2) ||Mg)= 0(1), |L,|= 0(e)
We have
xl(k+1) All Al2 xl(k) xl(O) xlO
= H = . (2.53)
x2(k+l) eAZl eA22 xz(k) x2(0) X5
Similarly as above, we have
xy(kye) = xp0(k) - ekAliAlzmzo(k) + 0(e)
(2.54)
x,(k,e) = 0 + ekmzo(k) + 0(e)
- . _ -1
where Xlo(k+1) = Allxlo(k) H XlO(O) = Xyp + AllAlZXZO (2.55)_

= - -l . =
myo(K+1) = (Ayy = Ay A)7A )My (k) 5 my0(0) = x,0. (2.56)
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The above results imply that the boundary-layer jump phenomena
appear near k = 0 in both the states xl(k,e) and xz(k,e). The system‘
(2.53) corresponds to a special case. However, if necessary, we can
transform the system (2.53) into the canonical form (2.49) by using the
scaling %(k) = [Il, Iz/e]X(k).

The condition (A-3) excludes the case such as (case 2).

In the continuous-time version, the condition (A-3) requires that
the interconnection between subsystems, i.e., the magnitude of the
matrices Aij in the righthand side of (2.29) must be comparative.

2. The singularly perturbed systems have the following structural
properties commonly ([Ka.83.1]):

({P-1) The eigenvalue relation:

A(Kll)(l + 0(6))

r—"—\
> >
e S
o

[ [

MBy, - By 11 12)(l + 0(e)).

s MEyy - AP 22 o

.|
Ix(“f) = A (Ey,) (1 + 0(e)).

>
=
f

) (1 + 0(e))

1

(P-2) The two-time-scale property:

maxIA(KfM<< minIA(KSH .

( maxlx(xsn<< minlx(KfN .)
(P-3) The coupling ratio with respect to the fast mode:
Pe = “M12"/"M22"<<1 where [Mij] represents a modal matrix.

It is noted that the coupling for the fast mode is weak (pf = 0(e))
but the coupling for the slow‘mode need not be weak (ps="ﬁ21”/uﬁll“
0(l)). In general, even though the system possesses the two-time-scale
property, it is not necessarily weakly coupled. However, the singularly
perturbed system possesses all of the above properties (P-1)-(P-3), and
the norm conditions (A-1)-(A-3) shown in Lemma 2-1 guarantee these

properties.
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2.3.3 Modelling algorithm

When these norm conditions are satisfied, where a small
parameter € is chosen as e = 355f, the singularly perturbed canonical
form can be obtained by a modelling algorithm shown in Fig. 2.1.

It consists of two-stages as follows:

[Stage I} Grouping and scaling

To the original system
N A A AN
ak/at = AR(t) ( R(k+1) = AX(k) ),

applying a permutation matrix P and a scaling diagonal matrix D which
are techniques frequently used for balancing a matrix (Partlett et al.

[Pa.69]), vyields

ax/dt = (DP)A(PTD )x(t) ( X(k+1) = (DPYA(PTD 1yx(k) )

= AX(t).

Here, a permutation P is chosen so that the diagonal elements of A are
re-ordered in descending (ascending) order, or the fast coupling ratio
Pg becomes small. Since the singular perturbation theory does not
demand to the extent of exact grouping within slow and fast groups,
there is no necessity for requiring the complex and exquisite
algorithm. By applying direct search methods, e.g., a simplex method
(Konno et al. [Kon.78]), a scaling D can be determined so that the norm
conaitions in Lemma 2-1 be all satisfied.
[Stage I1I] Verification of modelling

The norm conditions are calculated and the validity of modelling
is verified. After the application to several numerical examples,
two-time-scale systems can be classified into the following three types:
[Type A] A nuclear reactor model (Kando et al. [Ka.71]) and a single
machine model (Hassan et al. [Has.81)]) belong to this category, where
without scaling procedure, all norm conditions are satisfied. fhus,
these models possess a strong singularly perturbed structure.

[Type B] To this type belong a boiler model (Nicholson et al. [Nc.64])
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( START )

-PERMUTATION - reordering the diagonal
I elements of the system
géLﬁgéaglgg —mm = matrix in a descending/
MATRICES ascending order
. pf << 1
0K
TYPE A
FSCALING
-gﬁngkﬁglgg _________ [ simplex method
MATRICES
0K
- (e B
stow | x (£) = x,(8) - £%,(¢t)
TRANSFORMATION Xs(k) = xl(k) - ﬂsxz(k)
0K
y
TYPE C

Fig. 2.1. Modelling algorithm.
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and an aircraft model (Teneketzis et al. [Te.77]), which require the
scaling procedure in order to satisfy the norm conditions.

[Type C] A chemical reactor model (Georgakis [Geo;77]) belongs to this
type. In this model, the norm conditions are not satisfied via any
permutation and scaling procedure. This model seems to demand the

further co-ordinates transformation, e.g., the slow transformation
s

xs(t) ) I, -£° xl(t) ( xg (k) ) I, -L xl(k) |
xz(t) 0 I2 x2(t) x2(k) 0 12 xz(k)

Most of models we tried satisfied the norm conditions via only

permutation/scaling procedure. It is noted that within these
procedure, the physical identity of state variables is not destroyed by

the modelling.

In this way, firstly, the continuous-time modelling is performed.
Secondly, if necessary, by discretizing this continuous-time model with
adequate sampling rates, the corresponding discrete-time models, i.e.,

the slow-time-scale or the fast-time-scale models are identified.
2.4 Concluding Remarks

In this chapter, firstly, the time-scale decomposition methods,
i.e., the Riccati iteration method, the subspace itération method and
the quasi-steady-state method have been briefly reviewed and the
relationships between them have been discussed.

Secondly, the problem of singular perturbation modelling which
plays an important role in case of an application of the singular
perturbation methods has been investigated. After discussions of the
canonical forms for the discrete-time versions have been given, the
modelling concepts based on the structural properties of the singularly
perturbed systems have been studied and then the computer-oriented

modelling algorithms have been developed.
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It is noted that the time-scale decomposition methods are the
concepts based on coordinates transformations, but the singular
- perturbation method is not necessarily coordinate-free concept.
Accordingly, all of two-time-scale systems can not be always
transformed to the singularly perturbed forms as indicated by the
numercal examples.

The modelling concepts and algorithms shown in this chapter
provide us the useful criterion to verify the validity of the singular
perturbation modelling, and give us the beneficial data to predict an
accuracy of solutions derived in the following system design and

analysis phase.
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CHAPTER 3. INITIAL VALUE PROBLEMS BASED ON TIME-SCALE

DECOMPOSITION CONCEPTS

3.1 Introduction

Since the initial value problem was investigated by Tihonov [Wa.78],
many studies have been extensively developed (Kokotovié et al. [Ko.76],
O'Malley [OM.68]) : among them,.we shall cite the regular degeneration
case (Levin et al. [Lev.54], Vasil'eva [Va.63]), the conditionally
stable case (Levin [Lev.56], Chang et al. [Cha.69]), and the singular
case (O'Malley et al. [OM.76],[0OM.80]). Their main objects are
studies on sufficient conditions under which the reduced solutions
approximate the original solutions, and the methods to construct high-
order approximate solutions, which are uniformly valid over the whole
interval.

Among them, O'Malley [OM.68],[OM.71.1],[OM.74] has proposed the
boundary layer methods as so-called two-time-scale asymptotic expansion
methods, which provide us asymptotic series solutions composed of the
outer region and fhe boundary-layer correction terms via recursive
algorithms. Furthermore, they have been extended to three-time-scale
systems (O'Malley [OM.77]). These methods provide us a powerful tool
for control system design and analysis (O'Malley [OM.77]) : especially,
regulator problems (0O'Malley [OM.72],[OM.75.1], Yackel et al. [Ya.73]),
and trajectory optimization problems (Sannuti [Sat.74],[Sat.75],
Freedman et al. [Fr.76.11). Howevér, these methods have been mainly
developed for the continuous-time version.

In view of this situation, a boundary layer method for the
discrete-time version is studied in this section. So far, in the
fast-time-scale version, Hoppensteadt et al. [Ho.77] and Blankenship
[B1.81] have applied its method to control system design and analysis,

and they have shown that solutions of original problems can be expressed
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as a hybrid combination of the continuous-time slow and the discrete-
time fast terms. The further discussions on these subjects will be
developed in Chapter 4. 1In this section, the boundary layer method for
the slow-time-scale version is formulated, and by utilizing it, the
initial value problem is studied. It will be also shown that the
asymptotic series solutions via the boundary layer method are
equivalent to those via the Riccati iteration method. These results
will be applied to the controller design for the discrete-time version,

which will be investigated in Chapter 4.

3.2 1Initial Value Problems of Discrete-Time Systems

3.2.1 Formulation of the boundary layer method

We consider the slow-time-scale version:

xl(k+l) All A12 xl(k) xl(O) x10
=| _ ; = (3.1)
X, (k+1) Ay Byl lxy(k) x,(0) %30
where Bia Pra| [P Pi2
Ry By Byy Byl
Applying the fast transformation
xs(k) I+eHL €H xl(k) xl(k) I -eH xs(k)
x¢ (k) L I x, (k) X, (k) -L  I+eLHJ|xg (k)
' (3.2)
where A, + LA;; - €A, L - eLA;,L =0 (3.3)
=(Aj=eA;,L)H + eH(A,,+LA;,) + A;, = 0 (3.4)
yields
xs(k+l) _ A 0 xs(k) : xS(O) _ (I+eHL)x10 + eHx20
xf(k+l) 0 EAf xf(k) Xf(O) ] LXlO + %50
(3.5)
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where A = A;, - €A ,L , (3.6.a)

A = A22 + LAlZ' (3.6.b)
Then, we have the following theorem:

Theorem 3-1 Let the conditions (A-1)-(A-3) in Lemma 2-1 be satisfied

in (3.1). Then, the initial value problem (3.1) has the following

unique asymptotic series solutions:

[ xq(k,e) = [égxij)(k)ej r oty 4 ek+1[é0mfj)(k)ej + o(eltly)
xp(kye) = [ggxéj)(k)ej +o(el™hy) 4 oK [ioméj)(k)ej + o(ettly)
&
. (3.7.a)
where i) for j = 0 (3.7.b)
(2O = a0 5 x{D00) = x (3.8.a)
Lxéo)(k) = AzlAIiXiO)(k) (3.8.b)
- (0) Ly _ -1 (0) ., (0) _ (0)
my " (kHl) = (Ay; = ByyAgidp,dmy k) 8 my(0) = x,0 - X, (0)
1 . (3.9.a)
n{® ) = -a7ta ,m{® k) (3.9.b)
ii) for j21
o (3) - (3) (3~1) . o (3) _ (3-1 :
X7 (k1) = A x 0 + A x 3T a5 x{3) (o) = an{3T) (g
) ) ‘ (3.10.a)
(3) _ -1,(3) -1 (3-1)
LXp7 (KD = Ay A X T k) (AR, ATTA )X T (k1)
) .  (3.10.p)
(msd) (k+1) = (a,, - AZlAIiAlZ)méj)(k) + AZlAiim{J—l)(k+l)
; | ; mi0) = -x{3 (0
) ) ) (3.11.a)
(my3 0 = -aTia Lml3) (k) AT (k1)  (3.11.b)

By use of the Riccati iteration algorithm, the initial value problem

has an alternative expression as follows:
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_ (i) j k+1. & (h) 1+1
ko) = (Ex e+ (e hy - . [jé{_fohj_hm (k) + o(et*h)
(3.12)
xy (ko) = -(F 21,203 M)+ o)
Johm
k (3) (x RERY (h) 1+1
[Ji:o(m (k) +h=o%o Zhj—l-l-hm (k)) + 0(e "))
where (3) = A (J) _ i (3j-1-h) |
Xg (k+1) = Ry Xg (k) Alzhtzolhxs (k) (3.13.a)

xéo)(O)

= X
; ‘{ (5) 5%0 1 (3.13.b)
o xgTT0) = Ty p¥10 * Pyi¥2, (321

n3) (k+1) = a,,m I (k) Z:zh 1o I ) (3.14.a)
(0) -
miT0) = 1ox) g + Xy
. (3.14.b)
" w30y = 1 .
d=1 ’
= -1 . = - -1
zj [11\221J 1 +£1hAl?_LJ 1-nl'271 Ly AZlAll (3.15)
3! o
hy = [hg 1220 * L j—l—hlhAlZ] * hoE%}hhj ~1-h
acl (:
3 hy = AJ{A,- (3.16)
Proof In (3.5), setting the transformation
_ _k ‘
Xf(k,e) = ¢ m(k,e) (3.17)
yields
m(k+l,e) = (A,, + LA;,)m(k,e) ‘m(0,¢) = xg(0,€), (3.18)

Accordingly, we have

{:xs(k+l,€) = (All— A12L)xs(k,e) H xs(O,s) = (I+eHL)x10 + eHX20

m(k+l,e) = (A22 + LAlz)m(k,e) ; m(0,¢) = Lx + x20‘(3'19)

10

Then, by using the fast transformatioh~(2.9), the solutions of initial

“value problem (3.1) can be expressed as

{xl(k,e) = x (k, &) = " m(k,e)
. (3.20)

x,(k,e) = ~Lx_(K,e) + ¢*(I + cLH)m(k, ),
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This fact shows that the solutions of the singularly perturbed initial-
value problem can be composed of the outer region term (Xl(k,e),xz(k,e))

and the boundary-layer correction term (ml(k,e),mz(k,a)), i.e.,

X, (ko) + @y (ke) 5 @y (ke) = ek+lml(k,e)

K (3.21)
xz(kle) = xz(kle) + ﬁ2(}<Ie) H %z(klc) = € mz(kle)o

xl(k,e)

Here, we consider the NARE (3.3) and the Sylvester equation (3.4).

By using the Kronecker product and rewriting them in the vector form
F,(l,e) = 0, F,(h,e) =0 (3.22)

we have the Jacobian matrices
(31?14/al)la:0= I_®Afl, (an/ah)lw= -A,QI (3.23)

which are nonsingular under the conditions (A-1)-(A-3). Due to the

implicit function theorem, the solutions L(e) and H(e) are analytic in e

at ¢ = 0, i.e.,
AR k+1 A -
L(e) = i € + o(e ; - - 1
{ §?f ol ) 1) fo = ~R2129) (3.24)
H(e) = Lh,ed + oy ; § = a7l
o (e2 ) Bo = A132)5-

On the other hand, by the following iterations, we have

_ _ -1 -1
Lyyr = [eByoLy + elypAj oLy = Ay lAy 7 Lo = -Ay A0
_ (3.25)
o ] o
Hpyp = ApqleHp(Ay, + LAj,) + ed)LH + Aj,] 3 Hyg = Aj7A),.

The above iteration algorithms converge to unique dichotomic solutions
L and H which satisfy (3.3) and (3.4) together with the two-time-scale
property (2.45) under the conditions (A-1)-(a-3).

Then, by using mathematical induction, it can be easily shown
that (Appendix. A)
1. =1. and h, =h. ; 3 =0,1,...,k. (3.26)
] ] J

In this way, there exists a positive ¢ such that for %e[O,e*) the
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expansion (3.24) converges, where

1 (a +a,,1,)

12 0 ] (3.27)

¥
[Zas(af+a1210) " ag ((a +a1210) t8agay,ly)

e = min

_ -1 - _
;a .HAllN, ag = HA22 AZlAllAlzﬂ
aj, “A12"’ 10 = la,,A 11"

Here, by using the asymptotic expansion

k+1)
(3.28)

k+l

nik, o) = ¥t xyed + o(Fh

{'xs(k,e) - i;xéj)(k)ej + 0(e
Fo

and (3.24), we can obtain the asymptotic series solﬁtions (3.12).

The equivalence between (3.7) and (3.12) must be proved. That is,

in case of setting in (3.12) as

(3) 1y = L(3)

X) 7 ) = x T k) (3.29.a)
(3) - (3-h)

X320 o) = Lt ™ ()

i3 k) = -3 h. (k)

m$3) (k) = (J)ik) + flfiz ) () (3.29.0)
2 h=0 1=0 Zjlhl

the left terms must satisfy the recursive equations (3.10.a)-(3.11.b)
respectively. By using the relations (3.15) and (3.16) in the process

of algebraic manipulations, these proofs can be given as follows:
[1] Egn. (3.10.a) follows from egn. (3.13) straightforwards.
(111 x$3)keny = -3 1, x 7 (k1)

2 h=0 hs

~ (3) _ J (j-h)
= ~lgRypxg  (K) 1 Iy gXg (k)

J_ bl (3-1-h-1)
*L L pPrali¥s (k)

3= h

- - < (3) - (j3-h-1)
= -lgByy%g (k) E%[AZZZh t LBy olnog I%g (k)

N

JJh) (§-1-h-1)
+ZZZ°Z 1211 (k)
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i3 (k+1) =

= ~1pApx éj)(k) - A22§i x {3701 s
= —ZO[Allx{J)(k) + % T 0] ¢ 8y, + 1 02121%57 7 ()
= ~1x{ 3 (k41) + Ay, + 1 Aol L (3100m)
m3) (k+1) + ﬁi(%%zzhj 1oy ) (ki)
= [Azzm(j)(k) +& 1,2, ‘j'h’<k)]
+_°%£?Z s-1-hog [Agan ™) (x) +£i 1,8y mPP) (k)
= (A, + 142,03 (k) 4—2E ZhAllhO (370 (x)
‘ogllhj CehegRagm () *Jé]%.l,hlzhj 1-h- z#olpAlz“‘(h ®) o)
v 1 %:h 1Ay ™) (k) +§2 1,8,,m PP () )
= (85, + LA, I T o) + Llié:11+l A117§-1-h-1" nt™ ()
H%:é; LpR12bpopPyerongR () Z0§ohj-l-h[A22m(h)(k)
+'§219A12m(h—p)(k)]%ééiﬁl h-p*11"p" nt® ()
= Ay + 1oa,Im ) 00 *',oéé,Azzlzhj epegm )
+%é%£?zo ApplyBy g pogm n™ (k) + ¢ ;%hj 1 lAy,m ™) (k)
*'éiszIZm(h_p)(k)]
- (3) i L _(h)
= [B,, + LA m 77 (k) +;E°lzozlh] 1-h—g® (k)

i i,
+ 105;11 Lol 2y,m ™) (k) 4-%5 1,A),m (h=1) (1)

= Ay, * LA, Imi ) = 1 m 3D e (3.11.a) |
_ (h)
= -hy om0

(9 K= (5-1-h)
hom (k) hZ=o hh+lm (k)
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- i b '
= -hom(J)(k) - hoZ> 1.h m(P) (x)

0%, L1 9-1-1-h
_d (3-1-h) -1 b (3-1-h)
; 3 | .
Lhp e (k) + Apy¥ hy_glyRpom (k)
L (3-1-h) 14 h (h-1)
* hd%;%;lzhh-zm (k) - All%ihj—l—h%i}ZAlzm (k)
- - (3) _ &t b (h)
= -ngn 3 k) = ngE Ry g ()
_14d (h) h (h-1)
- AllEOhj—l-h[AZZm (k) +1E=oZlAl2m (k)]
= —ngnid) (k) + Aiimij-l)(k+l). (3.11.b)

[Vv] Finally, the initial conditions can be obtained by using (3.13.b)

and (3.14.b) as follows:

]

(i) for j 0

(9 0y = x(9(0) = x

10
(9 (0) + m'®0) = -Zox(o)(O) + n(® (o)
= %20
(ii) for § » 1
(3) (5-1) oy _ (3) 4 (h)
x{3)(0) + n] (0 = x30) -E 0,y im0
e P (0) & (h)
{30 (0) - (nym{® ) +Z g, m P02
e ‘
=& Pplio1op¥10 * Py-1to*10 * Py-1%20]

J-]

hy_1(TgX10 * *20) ~ & Py-1-nln*10
=0

(3) (3) 1y = - (3-h) (3) i dh (h)

27000 4 mp?(0) = - £ 1y (0 +f m 0y +Z T 10y, mt (0]
- (o)
= s lplZh gl g %0 Y Byopoa¥ge) T Ty¥s (D)
3 J-|

(h) (0)

+ ijlo +Egozlhj-l-l-hm (0) +1>;07’Zhj—1 (m 7 (0)
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=) hel J-l

R hylyoh-1-1%10 E%Zhhj-h-lxzo

J-]
I
n¥10 * & tiPyo1-1(o*ao

;JZ ih-] . =1L §)h
=ty hyly oy 1% tI lgh

1.h [A + x

20)

5-1-1-h‘h*10

= 0. Q.E.D.

[Remarks]

In the initial value problems, the asymptotic series solutions
(3.7) can be constructed easily by solving the expressions (3.8.a)-
(3.11.b) successively, which are obtained by using the asymptotic
series expansions and by equating coefficients of ej for j 20 on the
both sides of full systems which the outer region and the boundary-

layer correction terms must satisfy.

3.2.2 Reduced order models via the singular perturbation method
and the dominant mode method

Amongst the many model reducﬁion methods (Sandell et al. [San.78],
Jamshidi [Jam.83], Lamba et al. [Lam.82]), that to obtain the reduced-
order model which retains the dominant eigenvalues of the original
system is called the dominant mode method or the modal aggregation
(Jamshidi [Jm.83)). As representative reduéed—order models, the first
model of Davison [Da.66], the Marshall-Chidambara model [Mar.66],
[Chi.67.1], the Chidambara-Davison model [Chi.67.2],[Da.68.1] and the
second model of Davison [Da.68.1] are well known. A comparison study
among them was given by Fossard [Fo.70]. Recent studies on this method
have been reviewed by Bonzin et al. [Bo.82].

Here, we will consider the Marshal-Chidambara model of the

discrete-time system (3.1). Using the modal matrix M

z, (k) .
[ 1 ] (3.30)

Xl(k)]= [Mll M2
M z, (k)

X, (k)

Myy My,
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and transforming (3.1) into the Jordan form yields

[zl(k+l)} l Ky O }[zl(k)]
= +
2, (k+1) 0 &, Jllz,(k)

where X(Xl) and X(XZ) are slow and fast eigenvalues, respectively.

G
. |u(k), (3.31)
G,

We assume that u(k) is a constant input, i.e., u(k) = u.

From (3.31), we have

~e

z2(k+1)—zz(k) = (K, - I)zz(k) + G,U. (3.32)

2 2

Since the fast variable zz(k) immediately attains the steady state, we

have

Z,(k) = Z,(k+l) = (T - Xz)—lééﬁ. (3.33)

Substituting (3.33) into (3.30) yields

w- Ly

| e
M, M 11 %y (k) + (My, = M, My M) ,) (T

Xy (k) = - Kz) G,u. (3.34)

Then,'the Marshall-Chidambara model is represented as

~r

) (1-X) “lE 5.

2
(3. 35)

%, (k+l) = (X, +&

o i Lar
11 212M01 11)x (k)+[ +A

By +K), (M, ,-M, H) M),

It is noted that the above reduced-order model has the same steady
state as the original model for a constant input, but it is a poor
expression of the original model for the polynomial inputs such as a
ramp (Chidambara [Chi.69]).

Here, we will consider the Marshall-Chidambara model of the

following singularly perturbed discrete-time system

xl(k+l) A eA X

11 12 1

u. (3.36)

x2(k+l) A cA X

21 22 2

Due to the fast transformation (3.2), the Marshall-Chidambara model

reduces to

34



21(k+1) = [ + O(e)]il(k) + [Bl + 0(e)]u

A
11 (3.37)

" B)) + O(e) ).

Xy(k) = [ A + 0(e) 1%, (k) + [(B, - A, AT]

-1
21811
On the other hand, by setting ¢ = 0 in (3.36), we have the reduced

system of the singularly perturbed discrete-time system:

(0) _ (0) o =
{x]_ (k+1) = Allxl (k) + Blu (3.38)

(0) .\ _ ~1,(0) _ -
X2 (k) = A21Allxl (k) + (B2 AZlAllBl)u'

Accordingly, upon neglecting the O(e¢)-error, we obtain the equivalence
between the reduced-order model via singular perturbation method and
the reduced-order model via dominant mode method. This relationship
implies that the reduced system corresponds to the quasi-stedy-state

-model after the fast mode xf(k) decayed.

3.2.3 Numerical example
As an illustrative example, we will consider a single-machine

power system (Hassan [Has.81]). The system equation is given by

% (k+1)] [ 0.9949  _; 0.2444 ~0.6165x10_% -0.9865x107%
xy(k+1)|  |-0.3837x1071 0.9542  _  -0.4948x107% -0.3733x107]
x3(k+1)|  [-0.1020 -0.1261x10"%  0.7994 0.7580x10_5
x; (k+1)| = |-0.4938 -0.1147  _. 0.3781 0.7607%107
xg(k+1)|  [-0.2114 -0.3861x1077 0.6330 . 0.6876x10 g
xg(k+1)|  |-0.3087 ~0.7338x10_T -0.5320x1071 0.3419x1003
xo(k+1)| |-0.2321 -0.4879x10"% -0.2093x107 -0.4523x10
-0.1049x1073  0.9422x1075 =0.5795x1073] [ x4 (k)]
~0.55901072  0.3139x1072 -0.2686x1072| | x1 (k)
0.3482x1077 0.1357x107% 0.1182x1072| | x2(k)
0.1684x1071 0.5959x1073 0.8880x1073| | x3(k)| (3.39)
0.2777x1073 0.1064x10_% 0.1064x1072| | x3 (k)
-0.2129x1075 -0.1214x1073 0.5565x1073 | | x2 (k)
-0.1753x107% -0.8854x10™* 0.1382x107%} | xS (k)

where X is the rotor angle, X, the rotor speed, x, the field flux

3

linkage, X, the flux linkage of armature direct axis, x. the flux

5
linkage of armature quadratic axis, Xe the flux linkage of damper
direct axis, and x4 the flux linkage of damper quadratic axis.

In this problem, the conditions (A-1)-(A-3) are all satisfied as

follows:
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(A-1) max[0.0923, 0.0600) <1
(A-2) € = asaf = 0.0018 << 1.~

(A-3) 58512 = 0.0448 <<1

~ _ 5L = ¥ =1A__-& x-1x = -2
where ag —<”A11“ = }.2684, ag IIA22 A21A11A12H 0.1420x10

- 0.3533x107Y, Y =uE, A7l = 0.9914.

C=1A 0 21211

ajj 12"

For reference, the eigenvalues are shown:

(a) exact eigenvalues

0.8946+70.5425%x10" 1

2

, 0.9869

3 7

6

0.1313x10°%, 0.1106x10 >, -0.8522X10 °, -0.4594x10"

—
> >
=

th n
] 1]

(b) approximate eigenvalue

ME ) = 0.9554+30.4597x10" %, 0.8376
~ ~r o d N-l - . —1
MKy +K) R ATT) = 0.8947+30.5425%107", 0.9868 |
' ~elee -2 -3 -6
M(Ky,-K, K7 1A],) = 0.1313x1077, 0.1144x107°, -0.8523x10"",
~0.4593x10"’
and the coupling ratio is "o = Hﬁlzﬂ/ﬂﬁzzﬂ = 0.0212<<1.

Accordingly, by following the procedure of the preceding section, we
can obtain the approximate solutions (3.7.a) and (3.7.b) of this
problemf Figure 3.1 and 3.2 show the responses Xy and Xg caused by an
initial perturbation of

x(0) = [0.05, 0, 0.05, 0, 0, 0, 0lT
In the fast variable Xg (Fig.3.2), the boundary-layer jump phenemenon
appears near k = 0, and the boundary-layer correction decays to zero

fast in the interval k1. 1In this problem, the first-order

approximation almost coincides with the exact solution.
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exact

» reduced system

l-st order approximation

30

Fig. 3.1. Response of the state xl(k).

0.05¢ exact

............. reduced system

* 0~th order approximation
~—¢e—:— 1l=-8t order approximation
, e—msomm..« boundary~-layer correction

Fig. 3.2. Response of the state xs(k).
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3.3 1Initial Value Problems of Continuous-Time Systems

We consider the initial value problem of the continuous-time

system:
dxl/dt B A, A;, xl(t)} . [xl(O)]=[x10] 5. 40)
edxz/dt A,q A,, xz(t) x2(0) X590l

Then, we have an alternative asymptotic series expression in addition
to a conventional expression via the boundary layer method, which is

shown in the following theorem.

Theorem 3-2 Let the conditions (A-1)-(A-3) in Lemma 2-1 be

satisfied in the system (3.40).
Then, the initial value problem (3.40) has the following unique

asymptotic series solutions:

N+1

x, (€, ¢) _i 3 (eyed - s hy, k(t)e 1 o(MY (3.41.a)
j=0 k=0
(t,e) = zzz (t j+§ LEEN ()]
®plteel T j=o k=0 K J -k e j:o[nj(T) h=o k=0 K j-1-h-k"h Tl
+o(eN) ;o1 o=t/
(3.41.b)
where dgj/dt = Allzj(t) - A Z:Z J k( ) (3.42.a)
£0(0) = %9
ST .- .
g.(O) =thkz’j—l-kxlo + .hj—lx20 (3 21)
dnj/dt = Ayony(x) +Z lPyanyo1ok () (3.42.b)
ng(0) = 1gx14 * X5
nj(o) = ijlo (jzl)‘
1 aslira . - 1A 1 1, (3.43.a)
- A . = - . .
k+l = BoalhA SotiPratk-3) 7 g = RAyoRy
h, ., = [A.h - A% - -1 (3.43.b
k+1 = [Arafy = Byt lhy g Jt;ohjlk-jp‘lz] 22 (3.43.0)
. _ -1
A R S PO
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Proof By applying the boundary layer method (O'Malley [OM.71.1],

[OM.74]) to (3.40), we obtain asymptotic series expansions:

S ; +
xl(t,e) ==£:Xl-(t)ej +2z ml-(r)ej+l+ O(EN l); T = t/¢ (3.44.a)
Jso 3 j=o 3 |
3 N ; N+1
xz(t,e) =£ ij(t)t-:J +2 mzj(T)eJ + O(e ) (3.44.b)
J=0 J=0 .

where (le(t),ij(t)) and (mlj(r), mzj(T)) satisfy

’dxlj/dt = Allxlj(t) + Alzxzj(t) (3.45.a)
Lax,,_,/at = Azinj(t) + ByyXy, (E) (3.45.b)
”dmlj/dr = Allmlj_l(r) + Alzmzj(r) (3.46.a)
)

_dmzj/dr = Azlmlj_l(r) + A22m2j(t) (3.46.b)

under the initial conditions :

J‘XIO(O) = Xy, (3.47.a)

LX50(0) + m20(0) = X50 (3.47.b)

"le(O) + mlj_l(O) =0 ( j=21) (3.48.a)

4

‘ij(O) + m2j(0) =0 ( 321 ) (3.48.b)
and %iﬂ mlj(t) = 0, %g&bmzj(t) = 0.

Then, similarly as the discrete-time case, the equivalence between
(3.41) and (3.44) can be proved after considerable algebraic \
manipulations. Furthermore, it can be shown that (3.41) is equivalent
to the approximate solutions via the g.s.s. method (Kokotovié et al.

[Ko.80],[Win.80]) shown in Section 2.2.3. Q.E.D.
3.4 Concluding Remarks

In this chapter, the initial value problem for the singularly

perturbed discrete-time systems has been studied. The boundary layer
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method for the discrete-time version has been formulated, and then the
relationship between the asymptotic series solutions via the boundary
layer method and those via the Riccati iteration method has been
studied. These asymptotic solutions can be obtained systematically via
the recursive computational procedure. Furthermore, the effectiveness
of the boundary layer method has been verified in the numerical
example.

In this way, this method provides us a useful 'tool for large-scale
system analysis and design. In the following chapter, this method will
be applied to the’controller designs of discrete-time systems with

two-time-scale property.

B
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CHAPTER 4. FEEDBACK CONTROLLER DESIGN OF DISCRETE-TIME SYSTEMS

4.1 Introduction

Keeping in step with the spread of reliable and inexpensive
microcomputers, the problems associated with digital controls have
recently aroused the interest of numerous engineers (Mahalanabis
[Mah.82], Ito [It.83]). When we consider the design of such digital
controllers, we are often confronted with the problems of high
dimensionality and stiffness difficulties.

In order to avoid these difficulties, the studies on model
reduction methods for analysis and design of discrete systems with slow
and fast modes have been extensively developed in recent years (Saksena
et al. [sak.84], Javid [Jav.79]). These studies can be classified
into the fast-time-scale version and the slow-time-scale version.

The former version is based on the numerical approximation such as
an euler approximation (Rajagopalan et al. [Raj.81], Blankenship [Bl1.81],
Kimura [Ki.83], Tran et al. [Tr.83.1], Litkouhi et al. [Lit.84], Kando
et al. [Ka.86.1]) or based on the quasi-steady-state concepts (Mahmoud
[Mam.82.1],[Mam.82.2],[Mam.82.3],[Mam.85), Tran et al. [Tr.83.2],
[Tr.83.3],[Tr.84]). The system design and analysis is performed from
the viewpoint of fast-time-scale. This desién policy provides us a
hybrid solution of a continuous-time slow subsystem and a discrete-time
fast subsystem. The continuous-time slow solution mainly dominates the
behavior of the original system over whole interval and the discrete-
time fast solution functions only near the initial time to correct the
boundary-layer jump. Thus, although the fast-time-scale version is
discrete-type apparently, the main part of design and analysis is
essentially performed in the continuous-time domain.

On the other hand, the latter version coincides wi£h the state

space form (Rajagopalan et al. [Raj.80.1], Rao et al. [Rao.8l], Naidu
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et al. [Na.8l1],[Na.82],[Na.85]) corresponding to the singularly
perturbed difference equations (Comstock et al. [Co.76], Hsio et al.
[Hs.79], Reinhardt [Re.79]). Thus, these studies based on this version
are useful for design and analysis of discrete-time systems essentially
represented by difference formulas such as economic, ecology aﬁd
production-inventory control systems etc. (Bishop [Bi.75], Naidu et
al. [Na.85]). In this version, the two-time-scale property of the
discrete-time system itself and the lower sampling rate are assumed.
The system behavior is analyzed from the viewpoint of slow-time-scale,
and as the result, the solutions of original systems are expressed as a
combination of discrete-time slow and fast subsystems (Phillips [Ph.80],
Kando et al. [Ka.83.2),[Ka.83.3],[Ka.84],[Ka.85], Rao et al. [Rao.82],
Naidu et al. [Na.84]).

A combination of these two versions leads to the multirate controller
design naturally (Litkouhi et al. [Lit.85], Kando et al. [Ka.86.2]).

In this chapter, firstly, it will be shown that the singularly
perturbed continuous—time‘system leads to two different discrete-time
" models via slow and fast sampling rates, and then the properties of
these moaels will be diécussed briefly. 1In Section 4.2, the
stabilizing problem Qill be dealt with and by applying the results, the
observer and the state feedback design based on the observer will be
studied in Section 4.3. 1In Section 4.4, by using the bbundary layer
method discussed in Chapter 3, a near optimum controller design of the
lregulator problem will be investigated. An extention to multi-time-
scale systems will be discussed in Section 4.5. These studies are
investigated from the viewpoint of slow-time-scale. In Section 4.6,
the stabilizing problem will be treated from the viewpoint of fast-
time-scale, which is a counterpart of results shown in Section 4.2.
On the basis of these results of two time-scale versions, the multirate

digital controller design will be developed in Section 4.7.
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4.1.1 Formulation of discrete-time systems with two-time-scale property
It has been shown in Section 2.3.2 that the singularly perturbed

continuous-time system via slow and fast sampling rates leads to two

different discrete-time formulas, i.e., the slow sampling model and

the fast sampling model. 1In this section, the properties of these

models are discussed briefly.

[I] slow sampling model

; S S S
X k+1] | PriirtP12|| *1,x By .
= “+ u (4.1)
S ] s| 'k
X5, k+1 Ar1reBoo]| %2,k By
. . . .
where Ay, = exp(AO), A12 = exp(AO)M0
S — S - - ~
AZl = Loexp(Ao), A22 Loexp(Ao)MO + Af
BS = (exp(A.)-I)A-'B., BS = -L (exp(A.)-I)A-1B. - AZlm
1 P18 0 “o’ “2 0 0 0 -0 2252

In the above, the notations Aij’ Bi represent the continuous-time

. s S . . .
version and Aij' Bi the discrete-time version.

[Remarks]

l. The slow sampling model (4.1) coincides with the state space form
(Rajagopalan et al. [Raj.80.1], Rao et al. [Rao.81], Naidu et al. [Na.81],
[Na.82],[Na.85]) of the singularly perturbed difference equations
(Comstéck et al. [Co.76], Hsio et al. [Hs.79], Reinhardt [Re.79]). 1In
this model, the similar properties to the singularly perturbed
continuous-time system appear, e.g., the two-time-scale property of
discrete-time system itself, i.e., qulki(Ag)l« miplxj(AzH

1 J

S S . .
= All—EAi2L§ A? = E(A§2+ﬁh12), and the boundary-layer jump

phenomenon etc.

where Az

2. By using the boundary layer method (Kando et al. [Ka.83.2]) and by

setting as
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k+

xy(k,e) = X (k,e) + T hmp(k,e)

xy(k,e) = Xy(k,e) + ekmz(k,e) (4.2)

uik,e) = Uk,e) + vk, e,

we have the approximate solutions of (4.1):

xl(k,e) = Xlo(k) + 0(¢e)

(4.3)
k
x,(k,e) = X,g(k) + e¥my (k) + O(e)
_ S S
where Xlo(k+l) = Allxlo(k) + Bon(k)
.5 .s-1 s .s ,s-1_s (4.4)
Xyo(k) = 23,8771 % g () + (83-33,AT] BS)U, (k-1)
_ S _,S ,5-1,s S_,8 ,S8-1l.s
myo(k+1) = (Aj,=A5, A7) "A7,)myo(k) + (By-Aj Ar, "By)vy (k).
| (4.5)

Thus, in this model, the solutions of (4.1) can be expressed as a
combination of two discrete-time subsystems. However, it is noted that
the fast part is treated as dead beat, and as the result, the
performance degradation between the original continuous-time version

and the discrete-time version is inevitable.

[II] Fast sampling model

f f : f
X I+eAS,,€A X eB
1,n+l| _ 11 12 1,9 + 1 u, _ (4.6)
' f f ~ f
X5, n+l Azy v Bl *2,n By
where Xi,n = xi(an,e), u, = u(an,e)

£ _ ‘ £ _ y
Ay Ay MO(I eXP(Azz)Q?o' A = MO(I exp(A22))

12
af = (exp(a,)-T)L., Al = exp(a,.)
21 2277 R0 22 Pi822
Bf = B - M_(exp(a )-I)A’lB gt - (exp (A )—I)A_lB
1 0 p'€XP 875 22727 P2 P87 22°2
A, = A -4A asla B = B. - A, A.LiB
0 11 129227217 ®o 1 12722°2°

In the above, the notations Aij’ B, represent the continuous-time.
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£

i the discrete-time version.

version and Aij, B

[Remarks ]

1. The egn.(4.6) is more exact model than an euler approximation model
(Blankenship [{Bl1.81], Rajagopalan et al. [Raj.81]). 1In eqn. (4.6),
rﬁzz : Hurwitz matrix; implies |A(A§2)|<l. However, in the euler
approximation model, this is not necessarily valid because Agz = I+A,,,
and thus the additional assumptionlA(I+A22)l<l is required to guarantee
the asymptotic stability in the initial value problem or in the open-
loop controlled system.

2. The eigenvalues of the slow and fast parts of the fast sampling

model (4.6) are given by

vaD) = a1 + eal -af 1Fe))) = aexpleny) + 0(e)) o
vag) = aal, + cnfe)al) = a(exp(ay,) + ote)),

where Lf(e) is a dichotomic solution of the NARE

f £ £ £f.£f . f bid

£, - _ £ - =
R(L™) A22L + L (I+eAll) el AlZL + A21 =0
and is expressed approximately as
f _ .t ] £ _ f _o\-1,f
L7 (e) = L0 + O(e) L0 = (A22 I) A21'

In this version, we have the relation:

£ .=l

0 0 = 2228

where LO is a dichotomic solution of the NARE (2.3l.a) of the continuous-
time version.

It is noted that even if the continuous-time system (2.29) possesses

the two-time-scale property, i.e., qulxi(As)l« m;nlxj(Af/e)I, the fast
1 J
sampling model (4.6) does not necessarily satisfy its property, i.e.,

minlxi(Ag)l» qulxj(Ag)I. (However, in the slow sampling model (4.1),
1 J

the two-time-scale property is preserved.)
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3. By the use of the boundary layer method (Blankenship [B1.81],
Hoppensteadt et al. [Ho.77)), the solutions of (4.6) can be expressed

as

xl(n,e) = Xl(t,e) + eml(n,e) ;s t = en
x2(n,e) = X2(t,e) + m2(n,e) (4.8)
u(n,e) = U(t,e) + v(n,e)-

Then, we have

xl(nle) = Xlo(t) + O(C)
u(n,e) = Ug(t) + vy(n) + O(e)

where Xmo/dt = AOXlO(t) + BOUO(t)

(4.10)
-1 s
X0 (E) = =By5Ry X g(t) = Ay5B, U, ()
_ Af f
mzo(n+1) = A22m20(n) + Bzvo(n). (4.11)

The eqn. (4.10) corresponds to the reduced system of the continuous-time
system (2.29). The solutions of (4.6) can be expressed as a hybrid
combination of the continuous-time slow part (4.10) which dominates the
system behavior over whole interval, and the discrete-time fast part
(4.11) which functions only near the initial time. Thus, although the
fast sampling model (4.6) is discrete-type apparently, the analysis and

design is essentially performed in the continuous-time domain.

In the following Sections 4.2 - 4.4, the various control problems
for the slow sampling model will be studied. For brevity, we omit the
superscript s of the notations Aij’ B? etc.. In Section 4.6, the state

feedback controller design for the fast sampling model will be developed,

which corresponds to a counterpart of the results for the slow sampling

model. These results for two sampling models will lead to the
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multirate contfoller design naturally. 'In the last section, Section
4.7, such a multirate controller design will be developed within a
framework of the decomposition-coordination principle from the temporal

viewpoint.
4.2 State Feedback Controller Design for Slow Sampling Model

4.2.1 Design approaches of state feedback controllers

We consider the slow sampling model:

xl(k+l) All Al2 xl(k) Bl xl(O) X10 (4.12)
=|. . + u(k); =0 - )
X, (k+1) Ayy Ayallxy(k) B, x,(0) X520
y(k) = Cyx;(K) + Cox, (k)
where (A,. A A,. €A x.(k)erR™, x.(k)er™
11 212 11 12] . 1 )
~ ~ = m r
A21 A22 AZl eA22 y(k)GR ’ ueR” .

The above model can be obtained via the modelling procedures shown in
Chapter 2. |

By applying the two-stage design approach proposed by Phillips [Ph.80],
the state feedback controller which allows all eigenvalues to be placed

at desired locations is given by

u(k) = Gx; (k) + €G,x, (k) (4.13)

where G, = GS(1+EML)+E(1+GsAgBS)Gf[K(I+eML)+L] (4.14.a)

G. = G M+(I+C A 1B I+eRM) 4.14.b

2 - sM ( Gs s s)Gf( €KM (4.14.b)

and AS = All - eAlzL . (4.15.a)
eAr = (A, ,+ LAy ,) (4.15.b)

BS = Bl + EM(B2 + LBl) | (4.15.c)

B, = B, + LB,. (4.15.4)
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The fast transformation gain L, M and the gain R satisfy

R(L) = —€A22L + LAll - eLAlZL + A21 ='0 (4.16)
R(M) = eMAf - ASM + A12 =0 (4‘17)
R(K) = 'EAfK + K(AS + BSGS) + Bst = 0. (4.18)

. . A
By using these gains, we set the transformation matrices T and T as

I -e M
T=[ (4.19)
-L I + ¢LM
1 0
5 (4.20)
2 _[A }
K I).

Figure 4.1 shows the design approaches of state feedback controllers
for the slow sampling model. In this figure, the right procedure
represents the two-stage-design approach and the left procedure
represents the direct approach, respectively. The latter approach
will be applied in the proof of lemma and theorem shown later.

The transformation matrix P which links two approaches each other can

be obtained as follows:

~ "l
. - T+e MK eM N [I eAllAl2 (4.21)
0 I—eﬁ(I+e MR)-lM 0 I .

The transformation gain L which is used in the direct approach has the
A
following relation with the gains L, M, and K which are used in the

two-stage design approach:

1

L = [L+(I+eLM)R](I+eMR)™

il

(1+eRM) "L{L4R(T4eML) ] = (L +K,) + O(e) (4.22.a)
where I satisfies the following NARE:
R(L) = -¢ (A, +B.G,)T+L(A, ,+ I T =
(L) = ( 22 B2 2)L L(A11 BlGl)—eL(A12+B1G2)L+(A21+B2Gl) = 0.

(4.22.b)
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x, (k)] _ [x (k1
x et (A eag,)[x) (k) B] n xz(kJ U e ) fag ofx ) [8g »
Xo (ke 1) TI Ry ehy || x (k) T e TLo o ead]xp (k) B

21 22 2
J ul(k)=6_x (k)+ug (k)

xs(k+1) _ AS+BSGS of |x (kq Bs]u ()
fo(k+1) | BeG eAg) |x (k) Be f

f
W(k)=G.x. (K)+cGox. (k) l xs“"]= 7 Xs‘kq
i e [n (K] [xe(k)

: [xs(k+])]=[As+BsGs 0 xs(kq+[ B ]Uf(k)
[x (k)} . 1[x](k1 n (k+1) 0 eAcf|n (k) [Bg+RB,
T

! n (k) xp (k) [ERTI RS W WIS
: 1
X (ke )] TRy #B Gy, e (Ay,+B,6,)] [ xq (k) , [xs(k+l)} [A *BsB =B (IvG A B, )G M} (k)
x2(k+]) 2]+BZG],e(A22+BzGZ) Xp (k)] . n (k+1) 0 e[A +(B +KB )(I+G A B )G lln (k)
]]’ EA Xy (k) x, (k)] _ o[x (k)
SR | IS [ Vol P
21° 221172 v (k) n (k)

R {x (k+l)] [ 1 sA]ZL, iA]z J[x](k)]
J v (k+1) 0, (R 9ot ]2) v (k)

[x](k)J [1 OJ[xl(k)} NTESLL
ETS) Rl K B | PO I PO{Y

Fig. 4.1. State feedback controller design for the slow sampling model.



After considerable algebraic manipulations, we can prove these results

(Kando et al. [Ka.84.1]).

of 1 of (4.22.b) that satisfies the two-scale property:

A A A N
MAg o) = A(Ayy - AoD)

A A AN
X(Afast) = x[s(A22 + LAlz)]

is guaranteed under the following conditions:

(i) (A-1) of Lemma 2-1 (the existence condition-of L)
(ii) A(eAf)flx(As) = ¢ (the existénce condition of M)

(iii) l(eAf)Ilk(As+BsGs) = ¢ (the existence condition of R)

[ Remarks]

The above relation implies that the

existence

1. In Fig.4.1, instead of the fast transformation T ((4.19)), the

following transformation can be applied:

(1) Slow transformation

%) ()] T+eL5M°  eL® [xs(k)] . xs(k)]
[xz(k) M® I X (k) [xf(k)
where R(L®) = Aj, + AllLS - e1°a,,1°% - eL®A,, = 0
R(M®) = e(A22+A21Ls)Ms - Ms(All—sLSAZl) + By =0
A, = A - eLsA21
A = e(By, + B,,L%).

(ii) Combined transformation

[xl(k)] I eLs] xs(k)l [xs(k)]
x2(k) -L I xf(k) xf(k)
where As = All - eAlzL

ehAp = c(RAy, + Ay L°)

50

(4.23)

(4.24.a)

(4.24.b)

(4.25.a)

(4.25.b)
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(4.27.a)

(4.27.b)



L : fast transformation, L° : slow transformation.

2. When we set firstly in the two stage design approach
u(k) = us(k) + erxf(k),

we must modify the procedure in Fig. 4.1 slightly.

3. Note that in the two stage design approach (Fig. 4.1), we must use the

state feedback control:

- -1
uf(k) = e(I + GSA BS)an(k)

in place of setting:

uf(k) = Ean(k).

The reason will be clear in the following lemma.

4.2.2 Eigenvalue assignment problem

In the singularly perturbed continuous-time systems, eigenvalue
assignment problems have been investigated so far by Porter [Po.75},

[Po.76] and Chow et al. [Cho.76.1]. In case of discrete-time versions,

we can obtain the following results:

Lemma 4-1 Let the following conditions be satisfied:

A

(A=1) Ose<min{1/[28_(4.+&,00))(Ap+4,,000/ 18 [ (A, +4 0 )2+8A 4,0 111 = <&
where &_ =1A7hi, &, =R, -R, ATIR i, &, =uR i, T, = A, ATL.
(A-2) (All, Bl), (Afo, Bfo) : completely controllable.
Then, the state feedback controller
u(k) = G_x,(k) + ¢[G All 12+ (I+G All 1)Gg 1%, (k) (4.28)

assigns all eigenvalues of (4.12) approximately at the following

locations: .
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[A(AS) = x(All+BlGS)(l+0(6))

(4.29)
)\(eAf) = ).[e(Af0+Bf0Gf)](l+0(e))l
= ATia B, = B.-A..A.LlB
where  Acg = Ayo-By1BA17R150 Beg = 87851015
Proof Substituting the controller (4.28) into the system (4.12)
yields
c -1 -1 o]
xl(k+1)] All+BlGs e[A12+B1(GSA11A12+(I+GSA11B1)Gf)] }[xl(k)
c - -1 -1 c
x2(k+l) A21+B2GS s[A22+ B2(GSA11A12+(I+GSA11B1)Gf)] xz(k)
A A L o
A eA xS (k) A A xS (k)
| 12] 1 P a2 [ 1 (4.30)
- c ~ | a o c
Ry efy,) x50 Byy Byy ) ixy(k)
Applying the fast transformation:
xf(k) I 0 xf(k)
= (4.31)
v (k) L 1 xS (k)
A A A AA AN A A
where R(L) = —sA22L + LAll - eLAlzL + Azl =0 (4.32)
gives
x§(k+1) A eﬁlz x§(k)
{ - [ (4.33)
- A A
v (k+1) R(L) eAg v (k)
h A = R, ,-cA T
where s = All—e l2L
A A aAS
eAf = e(A22+LA12).

Using the Kronecker product and rewriting the NARE (4.32) in vector

N
form f(l,e) = 0 yields the Jacobian matrices:
A Ay ] .
(Bf/al)ko— I®Ayq = I®(A11+B1Gs) : nonsingular. (4.34)

Due to the implicit function theorem, the solution ﬁ(e) of the NARE
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(4.32) is analytic in e at € = 0, i.e.,

+1

y ?\_l\/\-l

A
L(e) =§: Z € + O(e Lo = TRy1ApYe (4.35)

o 1

The above Taylor expansion is equivalent to k-th iteration ik of the

following iteration algorithm, which is equivalent to the iteration

(2.19)"':

A _ A A A A _ A A_l . N __I\ /\_l
Prey T (ool * ebyAioly = Ayp)Byy 7 Lo = -AjAye (4.36)

>

Under the condition (A-1), the above iteration converges to a unique

dichotomic solution of the NARE (4.32), which possesses the magnitude

och Bns[ £ +24. 1 /(4 +4) 1))

and satisfies the two-time-scale property

MA )

A a3 Fa
slow MAp -eA) L)

A
A(Afast) = X[E(A +LA12)]

Thus, the expansion (4.35) converges for every small positive parameter

EG[O,EI). Using (4.35) leads to

A AN
A,,-eA L

A = Ayy 12k = (A11+B1GS) + O(¢) (4.37.a)
eﬁf = £(322+i£12)
= [A22+B (G AliA12+(I+G All )G ]'e(A21+32GS)(A11+BlGS)'1[A12+
B (GSAli 1p+(1+6_aT1B )G I+ o(e?)
= Agote(B,[1-G_ (A, +B,G) "B, 1(1+6_aTlB, )G, -
A21(A11+B1Gs) lB (I+G All 1)G + o(e ). (4.37.b)

Applying the following relation:

- -1 -1 _
[1 GS(All+BlGS) B ](I+G A Bl) =1

yields

N _ -1 -1 2
eAp = eBg +e[B, Ay (A;+BG) B) (I+G_A]71B, )]G+ 0(e™)
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= e (A, ) + o(e ). (4.38)

fO Ce

Q.E.D.

[Remarks]

1. When we choose in the controller (4.28) as

P PO N Sl o A-lAs
GS— (I-R C Br)(R+BrKrBr) BrKrAr R °C Ar
!
Geg = (B1Q12+B2Q22)Ac

the above state feedback controller leads to the mode-decoupled
near optimum controller shown in Section 4.3. Thus, the results given
in this section include the results of the regulator problem.

2. In egn. (4.28), we assume:

51l%

Gs = "By’ A1y G

f=

where Qll is a transformation matrix into the controllable

11r’ Blr etc. are the matices given by the

nontrivial rows of A,, and B; etc. (O'Reilly [OoR.81], Ichikawa [Ic.78]).

canonical form, and A

Then, it is interesting to investigate whether we can obtain the mode-
decoupled dead-beat controller or not. However, in the process shown
in Lemma 4-1, it is required that the slow subsystem matrix'(All+Ble)
must be nonsingular. Unfortunately, this result prevents us from
constructing such a reduced-order dead-beat controller via the singular

pertubation approach.

4.2.3 Asymptotic stability

In the stabilization problem for the singularly perturbed system,
the gain Gf = 0 in the controller (4.28) is an admissible choice
bécause oflk(eAf0N<<1 for sufficiently small e¢. Then, we obtain as the

stabilizing controller:

u(k) = G Xy (k) + eG A l

11 12 2(k) (4.39)
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*
Now we are interesting in estimating an upper bound ¢ such that for Vee
*
[0,e ) the resulting closed-loop system is asymptotically stable.
Here, we will investigate an asymptotic stability of the general

case, and then will apply the results to the case of the closed-loop

system when the controller (4.39) is implemented.

We consider the following system:

x. (k+1) A 2 x, (k) x,(0) X
1 Rt ( 1 . 1 _[Fro (4.40)
x2(k+l) A21 A22 xz(k) x2(0) x20
where All A12 All €A12
Y. Byp By, Ot

Then, by applying a scalar Lyapunov approach, we obtain the following

stability results:

Lemma 4-2 Let the following conditions be satisfied:
(A-l)IA(All)|<l.

‘l

(A=2) M(Bgg)l <1 5 Ay = Ry, - By AT7K),.
Then, the system (4.40) is asymptotically stable for every small

parameter € & [0,¢")

where < 1
et = (4.41)
HAa, 0Ll
ol gl + 2 0
(og” = lag,l )
A, =A.. - A..A"Lla L. = a7l
’ £0 22 217114127 0 = B1817
1/2 1/2
o = Amax(Ps) xmax(Pf)
s - 2 ’ ef = —
Ao *
n(QS)H « (P )IIAll Mmin (Q¢)

Proof

Substituting the transformation:
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x, (k) I 0 X, (k)
[ 1 ] = ] . (4.42)
xf(k) LO 0 Xz(k)
into (4.40) yields
xy (k+1)] [ Ayy=A1phg A [ X (K]
R - (4.43)
xf(k+l) -Ag oLy Acy xf(k).
As Lyapunov functions of decoupled systems:
xy (k+1) = Xllxl(k), xg(k+l) = A% (K) | (4.44)
we consider the following:
= %' . /. - = -
{vl(xl(k)) = xl(k)Psxl(k) ; _AllPsAll Ps QS (4.45)
! . ! _ = -0..
vf(xf(k)) = xf(k)Pfxf(k) ; AfonAfo Pe Qe (4.46)

The estimates for the Lyapunov functions vl(xl(k)) and vf(xf(k)) are

given by

2 2
{nluxf" va(xf(k))inznxfu

2 (4.47)
Avf(xf(k))s-n3n X gl
g 0%yl 2'S_V1(Xl (k) )_<.E;2u X4 ,.2
{ 2 (4.48)
Avl(xl(k))$-€3wx I

1

where 8, 7 \nin(Ps)' 82 T xmax(Ps)’

™
]

3 'ﬁnin(Qs)

1 \nin(Pf)’ L ﬁnax(Pf)’ N3 ﬁnin(Qf)'
By using the above estimates, the differences of vy and Ve along the

trajectory of (4.43) are given by
av, (x,(k)) £ —(g,+ a2 YIE Xl 24 [(a, *+ea; L)X ll+ea, X ll]2
1'% 37Pga11 /1 Xy TPgL18177%412%07 " 12" %¢

) ) (4.49.a)
bve(xe(k)) £ =njlixl +pf[eaf10nxfl+eafuxfn] (4.49.b)
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=1l A

_ _ -1
where aj; = WAj,l, a,, =1A,0, 1, 218111

=1A,,-A

_l _ _ _ =
227B21R1 ol Py = Ao (PO) = g5 Pp = Apa, (Pe) = npe

As a scalar Lyapunov function of the global system, we consider the

following:
v(k) = lel(k) + dzvf(k) _ ‘ (4.50)

where dl > 0 and d2 > 0.
By utilizing (4.49.a) and (4.49.b), the difference of v can be

evaluated as follows:

Aavi(k) = v(k+l) - v(k)

¢ - (ixgl ixp) s "X (4.51)
nle
where
d. n,-d €2a2 -d 52 a2 -d e(a,.+ea,l.)a,—d ezp azl
S 2"379Pg® 315795¢ Prlg v 1PgE 181176395707 3127%° Peie¥0

_ L2 2 2\ .
L R P P A L D R L R P

2 . 2 2.2
)7-a,e peagly |,

The matrix S can be represented as

S = c’lncl - CEDCz (4.52)
where
nl/2 0 epl/za ' epl/za 1 d 0
3 £ 9f £ %ffo0 b= |2
€, = 2 172" €2 7| 172 1/2 0 sea il o oa |
0 (g3tpgay;) €Pg’ a@j,r Pg 12%e3120g 1

Thus, if the matrix S is positive definite, the system (4.40) is
asymptotically stable. 1In (4.52), a matrix (Cl-Cz) is an M-matrix
(Bernussou [Be.82], éiljak[Sil.?SD if and only if there is a positive
definite diagonal matrix D such that the matrix S is positive definite

(Araki [Ar.75]), where
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1/2___1/2_  _ 1/2
co—c. = 3’ T-epy” “ags —epg’ Tagly
1752 7 1/2 1/2 1/
TP

TE€Pg 2127 (£3+psa '

2 (4.53)

(ajy*eaply)
By using the equivalent condition of M-matrix, i.e., the condition
under which all principal minors are positive, an upper bound of € can
be estimated as (4.41). If necessary, the estimate & can be improved
by using parametrical optimization techniques (Geromel [ Ger.82]).

Q.E.D,

4.2.4 Main results

By summarizing the above results, we obtain the following theorem:

Theorem 4-1 Let the following conditions be satisfied:

(A-1) OS€<mln[el, *] = e
A A A
& = ming 1 (dg+dy,ly) ,
17 A LA A % ' A A A DN 2.0~ %
28 (Ag+8 ,00) AL (8 pl,) T8 5l o]

where

6*2 =

(a-2) (A B;) : stabilizable.

11’

(A=3) (Bl <1 5 By = BBy 1fA12'

Then, if the state feedback controller

-lx

u(k) = G X1 (k) + G All 12%

5 (k) (4.54)

is implemented, there exist a controller gain Gg and a positive scalar e "

* % .
such that for Yee[0,e¢ ) the closed-loop system is asymptotically stable.
Furthermore, the eigénvalue of the closed-loop system are approximated

as follows:

A

X(Aslow) = )\(All G ) (1+0(¢))
A ~

X(Afast) = A(Afo)(l+0(e)).
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Proof

Substituting the controller (4.54) into (4.12) yields a closed- °

loop system

-1
xq (k+1) (All+Ble, e(A12+BlGSAllA12) x, (k)
_ . (4.56)
x2(k+l) ~A21+B2Gs, e(A22+BZGsAllA12) x2(k)
A A 2 R
Ay eRpp [ (k) Ayp B[ *(K)
=l a A =1 a A
Byy eByy ) L x,y(k) Byy Byl ixy(k)].
In (4.56), we have
A A A A=1A
Ap = e(Ay) = Ay Aj7A,)
= e(A..+B.G A_la ) - e(A,,+B.G_)(A,.+B.G )_1(A +B.G A IA )
227ByGR118, 21TBoCg) (A 148,46, 1278165211897
_ -1 _ -1
= €(By,+ByG A 1A ) - e(Ay +B,G)A 1A,
= ehy = K. (4.57)

By utilizing Lemma 4-2, under the condition (A-2) and'(A—3), the system
(4.56) is asymptotically stable for every ee[O,eE). Furthermore, by
the use of Lemma 4-1, for évery ee[O,ei) there exists a unique dichotomic

solution L(e) which satisfies the NARE (4.32), and

A _ kA i k+1 . A A |
L(e) = %blie + O(e¢ ) 10 = AZlAll' (4.58)

Accordingly, the eiéenvalues of the closed-loop system (4.56) can be

represented by

A _ A AN
MA 1 ow) = MAj-eA L L) = M(Ap,+BG_) (140(¢)) (4.59.a)
X(Xfast) = A[E(322+i£i2) = X(eAfo)(l+O(e)) = A(Xfo)(l+0(s)L

(4.59.b)
Q.E.D.

[Remarks ]
The state feedback controller (4.54) can be expressed in terms of
the original system matrices X;j without requiring the calculation of

. N
the gains L, M and K. Furthermore, if the condition (A-1) is rewritten
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A
in terms of norms of the closed-loop system matrices Aij etc., a small
parameter ¢ need not be identified explicitly. These remarks can be

also applied to Lemma 4-1.

4.,2.5 Numerical example

We consider a ninth order boiler model (Nicholson [Nc.64]).
By discreﬁizing with a sampling period T = 1.5 sec, and by using a
permutation: PT = [eg,e3,98,e7,66,e4,el,ez,es]
where e, is a unit vector
and a scaling: D = diag [l,l,l,l,0.002,45,200,1,0.005],

the discrete-time model is obtained as follows:

{jx<k+1) = & X(k) + B U(k)
Y(k) = C X(k)

where X(k) is a 9 dimensional state vector, u(k) is a 5 dimensional

(4.60)

control vector, and Y(k) is a 3 dimensional output vector, and the
physical meanings of them are given in Ref. [Nc.64] .

The system matrices of the above model are given by

(1.0 =0.39089x107>  0.61645x10_2 0.16388x1075 =0.52739x10_7
0.0 0.97658  _, -0.57734x107% -0.82093x10_5 -0.32036x10];

0.0 0.10330x1072 0.90345 . 0.43017x107% 0.25860x10

. |0.0 0.42524x1072 0.14370x1071 0.72193 0.13381

X -|0.0 0.68198x1072 0.15561 _, 0.21738 _, 0.71666 _,

0.0 -0.51834x10" > 0.91461x1072 0.32486x10 % =0.19377x10
0.0 -0.13436 0.14212 _, 0.20163 _, 0.76593 _,
0.0 0.88639 -0.15849x107T -0.21289x10] -0.16849x10_]

0.0 0.83357 0.48242x10 % -0.23445x10" % -0.91587x10
~0.25469  _ =0.19459x1072 -0.15434x1077 ~0.50214x107%)
0.45219x107> 0.39993x10°2 0.16631x10_, -0.32052x10_7
-0.14738 . 0.11663x1005 0.20085x10 5 0.64715x10 3
-0.88713x1073  0.70201x1072 0.29023x10_3 0.70937x10_;
~0.14094x10"1  0.42542x1071 0.11568x10_3 0.90480x10_3
0.65222  _ -0.26019x1077 -0.20841x10_5 -0.67591x10 7
~0.11326x10_F 0.38299x107] -0.35863x10_5 0.79476x10
0.18446x1072 0.40449x1072 0.15932x10_; -0.10479x10_%
~0.34662 ~0.34593x10 2 0.11285x10 2 0.13434x10 *]

(4.61.a)
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2 2

[ 0.45812x10" 0.22603x10:2 »O.18184x10:g 0.31241x10" 0.16046x10:3\
-0.11822 -1 —0.74327"10_1 0.44697*10_3 0.26711%10_ —0.13225"10_2
0.23725><10_l —0.41293><10_3 —0.19716><10_6 0.10985%10 0.47359><10_4
- -0.11849x10 0.24466x10_2 —0.79643x10_4 0.34689x10 0.25539x10_3
B = |-0.14398 - 0.15212x10_3 --0.14823x10__4 0.51085 - 0.4159l><10__4
0.60384x10 —0.46526x10_2 O.24596x10_4 0.66058x10 0.23863Xl0_3
-0.58110 0.17756x10_4 —0.ll304x10_5 0.13938 0.33220x10_4
-0.35241 —0.53OOlXI0_2 0.20670*10_3 0.19848><10_l -0.54949*10_3
[ 0.11031 ~-0.51667x10 -0.73324x10 -0.23706x%10 0.30978x10 -.
(4.61.b)
- (0.0 0.0 0.0 0.0 0.0 0.0 0.005 0.0 0.0
C = 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.0 (4.61.c)
l 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0J.
After the state variables were grouped into n, = 6 and n, = 3, the

norms of the subsystem matrices were calculated as follows:

~ _ ==l _ s _ %
as = | Allll— 1.8635, af It Afoll

512 =1 XlZ" = 0.06776, L, =1L, = 1.1062.

= 0.005953

By following the modelling procedure shown in chapter 2, we obtain

(a-1) max[2as(af+a1210)=0.23299,as(af+a1210)+8asafa12l0/(af+a12%b)=0.3015]<1,
- =5 Y = <<
(A-2) ¢ d ag 0.01109<<1,

(A-3) dag, = 0.1263<<1.

Furthermore, the exact eigenvalues are shown by
A(Z) = {1.0, 0.9859, 0.9581, 0.8639, 0.6597, 0.5651,

2 4 —2}

0.5814x10 “, -0.9034x10 ° £ j0.1720x10

and the approximate eigenvalues are shown by

{X(Kll) = {1.0, 0.9678, 0.9550, 0.8467, 0.6560, 0.5453}

2 3 2

*(Xfo) = {0.5881x10 ¢, =-0.1429x10 ~ + j0.1780x10 “}.

These results imply that the discrete model (4.60) possesses the
singularly perturbed structure.

After the controller gain GS which places the slow eigenvalues at
the desired locations {0.98, 0.96, 0.94, 0.92, 0.90, 0.88} were

calculated via the usual eigenvalue assignment algorithm, e.g., the
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unity rank approach (Munro [Mun.79]), the state feedback controller of

(4.54) was given as follows:
u(k) = Gle(k) + G2x2(k) (4.62)
where

-
-0.36442%x10 -0.71696x10_5 0.15639 0.19033 -0.17601 -0.38906

_ -0.36442x10 —0.71696x10_§ 0.15639 0.19033 -0.17601 -0.38906
G, = |-0.36442x10 -0.71696x10_5 0.15639 0.19033 -0.17601 -0.38906
~0.36442x10 -0.71696x10_5 0.15639 0.19033 -0.17601 -0.38906
-0.36442x10 -0.71696x10 ° 0.15639 0.19033 -0.17601 -0.38906

-3 -2 -1

0.57035x10_3 0.14155x10_5 0.46258x10_)

N 0.57035x10_3 0.14155x10_5 0.46258x10_Y

€, = | 0.57035x10_3 0.14155x10_5 0.46258x10_;

0.57035x10_3 0.14155x10_5 0.46258x10_)

0.57035x10 0.14155%10 0.46258x10 .

The eigenvalues of the closed-loop system when the above controller was

implemented were

X(XE) = {0.9784, 0.9624, 0.9486, 0.9075 + j0.01748, 0.8758,

2 2

0.5820x1072, -0.8988x10"% + j0.1718x10 “}. (4.63)

If necessary, these results can be improved by taking into account the
higher order terms in the state feedback controller (4.54). After we
calculate the matrix norms, we have the following results corresponding

to the conditions given in Theorem 4-1

(A-1) max[0.32217, 0.075184]<1.,

(A-2) (Xl, B,) : stabilizable.
2

~/

3
(A-3) X(Afo)

2

={0.58809x10"°, -0.1429x10 ~ + j0.1780x10 “}<1,

Thus, the conditions (A-1)-(A-3) are all satisfied.
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4.3 Design of Observers and Stabilizing Feedback Controllers

Based on Observers for Slow Sampling Model

4.3.1 Observer design
We consider the slow sampling model (4.12).
In the discrete-time observer, it is well known (Willems [Wil.go])
that an essential distinction should be made between the following two
problems:
(i) full-order observers of prediction type constructed from the
measurements y(k—l),y(k-2),...,y(0),
(1i) full-order observers of current type constructed from the
measurements y(k),y(k-1),...,y(0).
These problems will be treated via the singular perturbation theory in

this section.

(a) Full-order observers of prediction type

Firstly, we will investigate a full-order observer for the system

(4.12):
xl(k+l) All eA12 xl(k) Bl] Kl . | .
= + u(k) + [y(k) - C.X,(k) - C.x (k)]
A A 171 272
X, (k+1) A,y €Ay, ) Lx, (k) B, K,
(4.64)
which is similar to that of continuous-time systems.
The observation errors
e. (k) = x,(k) - %. (k)
1 =X *1
e (k) = x,(k) - R, (k)
2 ) %2
must satisfy
k+1 A, -K,C,, e A, -K.C k A.. A
ey (k1) [ A7K Cyr e Bp7K Co (e (R [Ay)) Ay [ep(k)
A N
e, (k+1) A, =K, C .y e Ay -KCo ) [ e, (k) Ay Ay, ) ley (k)
(4.65)
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By noting that the observer design problem is dual to the eigenvalue
assignment problem, the observer design approaches for singularly
perturbed discrete-time systems are summarized in Figure 4.2. 1In this
figure, the transformation matrix P which links two approaches is given

as follows:

Y ’ ’ r s r ’ AN
I+M K, -M ]~[(A11+C1GS)(A11+CSOGS) . Mg
Ay =1 7 I, ’ A

o, I-K (I+M K) M Q, I+C2GS(A11+C1GS) MO .

A fast transformation L used in the direct approach satisfies

1 1

L= (z+k) T [eL+R(I+eML) ] = [eL+(I+cLM)R] (I+MK)™ (4.67)

which implies an explicit relation between two approaches.

These results can be obtained in the similar way to the preceding

section.
On the basis of the design procedure shown in Fig.4.2, the gains Kl

and K2 of (4.64) can be obtained as follows:

K, = -(I+eLM)G_ - e[(I+eLM)ﬁ + eL]G_(I+C AJ'G ))
1 s f s's s
(4.68)
~ -1
K, = -MG_ - e(I+MK)Gf(I+CSAS Gs)
where R(L) = —eLA22 + AllL - eLAZlL + A12 =0 (4.69)
R(M) = eAfM - MAS + A21 =0 (4.70)
By = —cR +GC IR +GC,. =0
R(K) = -eKAp + (A +G.Cy <Ct (4.71)
A, = By eLAyy,  Bp = Ryo+hy b (4.72)
C, = C+CeM, Ce = C,+eC L (4.73)

and the gains GS and Gf which satisfy (AS+GSCS) and (Af+Gfo) are chosen
so that they place the slow and fast eigenvalues at the desired locations,

respectively.

Then, we obtain the following lemma:
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G99

[e,(k)] _ [l + eM'L M’][e,(k)] _ [e,(k)]
[e,(k+l)]_[/4'u Ay J[ 1(k)] [ ]v(k) es(k) el I flex) * Le) [e(k+l)] [Ai 0 ][e,(k)]+[ci}é(k)
eAy C;

ek +1) ] Ledi, edy, || e (k) efk +1) 0 e k)
+[ ]v,(l\)

ok) = Gle,) + v (k)
ek + 1)) _[4+CG 0 e
ek +1)] | C/G  ed; e
K] 1 o e R
|l T [z,ii;]
ek ) _[4+C6 0 Tet], »
wk+10 |71 o ey || niky |20
v k) = el + G, 4" C)G, n(k)

ell] _ o[ es0
[A'., ~CiKy 43, - CiK, J[ ,(k)] R 0 [e,<k+ 1>]=[A;+C;c; eCUl + G, 47 C)G) ][e,(k)J

ey, — CLK, eAyy — CL K, || e,(k) * nlk + 1) 0 eAr + dCy + K'CYI + G;A;_’C;)G'I n(k)
_ [’Zln /i'zn e,(k) [el(k)] - P[e’(k):]
) 12 A 22 J|_ea(k) (k) n(k)

[ e,k + 1)] ,:“?n - “3'2112 /‘{'zx J[El(k)]
yk + 1) 0 Ay + LAY, || vk
e, (k) 1 (k) = | €1(K)

[ﬂk) ] [L l][ez(")] PrT [ez(k)]

ek JP 1)
ey(k + 1)

Fig. 4.2. Observer design for singularly perturbed discrete-time systems.



Lemma 4-3 Let the following conditions be satisfied:

(A-1) (CSO, All) : completely observable

where CSO = C1+C2A21 11"

(A-2) (C2, - completely observable

Agg)

where A = A

-1
£0 2278218171842

Let us select

+G_C )_l

Ky = =(I-eLgMy)Gy + €(B1+G.Cy

-1
G C.G.(I+C A.7G)
s 2 £ s0711 s (4.74)

: -1
GSCZ]Gf(I+CS A

1
0P116s)

K., = —(MO+€M1)GS - E[I—MO(A11+GSCSO)

-1 -1

M M., = (A, M,-M L. A L

where Lj = 0= AP M oMo MoloR21 211"

0 = B11P12¢

Then, there exist gain matrices GS and Gf, and exists a positive scalar ¢

such that for every ee¢[0,¢), the error system (4.65) is asymptotically
stable.
Proof

Applying the slow transformation:
k) = e, (k) - Le,(k '
Y(k) = el( ) - Le2( ) (4.75)

to (4.65) yields

k+l A AN N
¥ ( ) Aj,7LA,;  R(L) v (k)
_ (4.76)
(k+1) A A._+A. T K
€5 21 227821 e, (k)
h R A -~ NS A A AN N N _
where (L) = -LA22 f AllL - LAZlL + A12 = 0. _ (4.77)
By setting in (4.77) as
b=t -2 : & =-G -1 -
eD = L0 : L0 = —(All+GSCl) GSC2 (4.78)

. » 3 . 3 . A
we obtain a nonsymmetric algebraic Riccati-type equation on D:

DF. + D v b
D F D - eD(A21—K2Cl)D + F3 =0 (4.79)
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i N
where Fl = (€A22—K2C2) + (A21—K2C1)LO
N
2 = (B117K1Cy) = Lo (Ay=KyCh)

N Fa N
3 = RByp m LAy, = (LgMo+LMy )G (CH+CH L

o)
1l

0).

Similarly as Section 4.2.2, by utilizing the implicit function theorem,
we see that the solution B(e) of the NARE (4.79) is analytic in € at

e = 0§, i.e.,

AN ~ ka k+1
D = D0 + eDl +...t+ € Dk + O(e ), (4.80)

* .
Then, there exists a positive scalar €1 such that the above expansion

converges for every ee[O,eﬁ). In this way, we have

A A N 2
L =L, + eL, + O(e”) (4.81)
0 1
h L. = -1
where L0 = —(A11+GSC1) GSC2
AN -1 _ -1 .
Ly = Dy = —a(B) 4G Cy) "G CoApp=a (A 1+GCy) " (A)1+G C o)Ay,

AY A
+a (LOMO+LOM1)GS(C2+C1L0)

_ -1 -1
o = (A)74G.Cr) T(R+G C) T(Ay14G.Cy).
Using (4.81) gives
g, _ A AN
slow ~ 211 ~ LBp)
_ -1 -1
= (A11+GSC1) + (All+Gscl)_ GSCZAZlAll(All+GSCl) + 0(e)
: -1
= (A;+G_C;) (All+GsCSO)(All+GSCl) + 0(e). (4.82)
By using the relation:
[1-C,(A,.+G C )'lG [ 1+C alc 1 =1
111 "s”1 s 1°""117's
(4.83)
-1 - -1 -1 _
[I-MO(A11+GSCSO) GSCZ][I+M0Al§GS(I+ClAllGS) c2] =1
we obtain
A A A A
= A, + A .L

Brast 22 21
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A

A
G €1 )L + ¢[A, +M.G <Co*tM;G C L +(A..+M.G C )Ll]+

= MG C 22 TG CHtM G C LT (A, +MGCy

0$2+(A +M

0

0) 1G C ]G (I+C_ A G )(c +c ) + O(e )

e[I- M (A soP11

11165C

~ -1
= eAgy + e[M)G (Cp+C LG =M (A 1¥G C ) "G CrRgy+

Mo (B 146 Cog) (All 1)L0M0Gs(C2+C1Lo)

-1
My (A +6G C ) "G C,M;G_(Cy+Cy 0)] +
e[I+M_ A G (I+C. A G )~ CzrlG C.[I+M.A G (I+C.A lG y"1c 1+0(c?)
0 11 1711 £72 0 11 1711 2
_ -1 -1 -1, -1 -1 -1
= e[I+M0 1185 (I+C1A11G ) c2] [1+M0 115« (I+cl 115 ) c2]+
-1, -1
e[I+M0 llG (I+cl 11 C2[I+M0 llG (1+cl 11 ; +O(€
= e[I+M. (A, +G.C )'lG c ]'l C.)[I+M (A, .+G C.) lG c.]+ 0(e?)
0'"7"11 "s”1 s 2 2 0'"'11 "s”1 s 2 .
_ (4.84)
Thus, (4.76) can be rewrited as follows:
2
v (k+1) (A11+GSC1) (A11+Gscso)(A11+GSC1)+O(e), 0(e”) Y(k)
“la -1, . -1 2 ,
e, (k1)) [(Ay1=K,Cy ), e [+, (A 14G C)) "G C.] (Bg(tGC,) [T+ A11+GSC1) g ColHo(eN)] e, (k).

(4.85)
From the above results, the eigenvalues of the error system (4.65)

are approximated by

A (B ) = A(A G C_)[1 + O(e)]

slow (4.86)

MBpagp) = A[e (A *6LCo) (1 + O(e)],

On the other hand, by utilizing Lemma 4-2, there exists a positive

*

scalar €5 such that the above system (4.85) is asymptotically stable

for every c€[0,¢ Q.E.D.

X
2).
(b) Full-order observers of current type

Lemma 4-3 implies that the states xl(k) and xz(k) can be
reconstructed from the measurements y(k-1),y(k-2),...,y(0). If the
present output measurement y(k) is available for the estimate of the

present states, the following full-order observer can be constructed:
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2. (k+1) A ., eA 1R, (k) B H
Al 11 12 1 " 1 u(k) + 1 {y(k+l) -

x2(k+l) A21, e:A22 (k) B2 H2

As., €A R, (k) B

[c,,c, |t ~ L2t [c.,c.]| tluk)}
1772 A €A 8 (k) 1772 B
21° 22 2 2
(4.87)

which is different from the classical type of observer considered in
the previous section.

Then, we have the following results:
Lemma 4-4 Let the following conditions be satisfied:

(A-1) (CSO, All) and (C2, Afo) is completely observable when A is
nonsingular, or
(A-1) (Cso, All) is completely observable and (DfO’ AfO) is detectable

"/ . -
when A is singular, where

- A, ,, €A
X = 11 12

A en ]' Pro = C2Pfo-
21" P22

If we select

-1
Hy = =(I-eLyMg)G  + (A 4G D_q) " G D. (G f(I+Ds0 165
N (4.88)
Hy = -(Mg+eM; )Gy = e[T-Mg(A))#G D o) " 6 Do ]G (14D oA Gy )
where Dso = CsoAll’ DfO = C2Af0

then there exist gain matrices Gg and Ges and a positive scalar ¢ such
that for every e¢¢[0,¢") the error system is asymptotically stable.

Proof

The error system satisfies

el(k+l) All eAlz Hl All cAlz el(k)
= { [cl c2] }
e2(k+l) A2l eA22 H2 A21 eA22 e2(k)
= [K _ HCA] ey (k) (4.89)
e,(k)
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If A is nonsingular, the observability of the pair (CX, R) is
equivalent to the observability of the pair (¢, X). If A is singular
and the pair (C, A) is observable, the pair (CX, A) is detectable and
all unobservable modes of the pair (CE, B) are dead-beat (Willems

[Wil.80]). Here, for brevity, we set

o

D = [Dl, D2] = CX&. (4.90)

Applying the design procedure shown in Fig. 4.2 leads to

[DS, eDf] [Dl'DZ] I+eLM eL
M I
= [cl,c2] I+elLM €L I =-eL Ajy €Bp,][T+elM el,
M I)(-M I+eMLJ(A,; eBy,)l M 1
= [cs,cf]'As 0
L 0 eAf
= [C A , eCeAL]. (4.91)

Thus, the observability of the pair (CE, &X) is equivalent to the
observability of the pair (DS, AS) and (Df, Af). The results of Lemma
4-4 follow by setting Dg and D, in place of C, and Ce straightfowards.

Q.E.D.,

[Remarks ]

1. Since in Lemma 4-3 and Lemma 4-4, we have |A(eAfO)I<l for sufficient-
ly small e, the observer gain Gf = 0 is an admissible choice.

2. In Lemma 4-3 and Lemma 4-4, the nonsingularity of the matrix
(A11+GSCSO) is required. This requirement prevents us from
constructing the dead-beat observers via the singular perturbation

approach.

(c) Reduced-order observer

Choosing Gf = 0, and setting € = 0 in the full-order observer

(4.64) yields a reduced-order observer of possessing dimension n,y
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as follows:

~ A A

Xlr(k+l) = Allxlr(k)+Blu(k)+Kr[y(k)—Csoxlr(k)—ESOu(k—l)](4 92)
~ —l/\

X2r(k) = A21Allxlr(k)+Bfou(k—l)

where XK_ = -G_, B., = B.,-A ATl

} -1 ) ,
r s’ Bfo 27B1B11Byr Cgo = C1¥CoBp18171r Egp = CBgo

Here, we consider the reduced system:

xlr(k+l) = Allxlr(k) + Blu(k)
- -1 -
x2r(k) = AZlAller(k) + Bfou(k 1) (4.93)

yr(k) = Csoxlr(k) + Esou(k—l).

The above system is given by setting € = 0 in the full system (4.12),
and represents the slow behavior. If we set yr(k) in place of y(k) in
(4.92), the above observer corresponds to a full-order observer for the
reduced system (4.93). When we use the above observer to estimate the
states of the full system (4.12), some observation errors are caused
by the difference between the reduced and full system. These errors

can be estimated in the following lemma.

Lemma 4-5 Let the following conditions be satisfied:

(A-1) (CSO, All) : completely observable.

Then, the observation errors el(k) and ez(k) satisfy:

_ k el k-1-1 T
e (k) = (A;+G_C_,) e1(°)+Z§‘A11+GsCso’ G, Cy(ehey) %,(0)+0(e)
(4.94.a)
| e, (k) = &y a7 e () +(ea, ) 5x, (0) 40 (e) (4.94.b)

where el(k) = xl(k) - er(k)

Fay -
e,(k) = x,(k) = X, (K)y  Agy = Ayy = Ry1A17Ry,.
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Proof

A modification of (4.12) yields

x2(k+l) (k)+a (k+l)+B u(k).

) 21 11

From the above expression, we have

k-1-

k -1
X2(k) (eAfO) X2(0) + g%(EAfO)

"[AgAT %, (1H1) ¥ Begu(e)]

= (eA ) X, (0) + [A (k) + B u(k-l)] +

21 ll 1

l
iXeA [A21 1% () Bfou(r-l)]

(eA ) X, (0) + [A x (k) + B u(k—l)] + eR, (4.95)

21 ll 1

ok k-l-t ket -1 “11.
where R, = g; Agy [ByA4) x)(t) + By oulrt )]

The estimation error el(k) must satisfy
(k) “Eg u(k—l)].

(k)+e¢A (k)+Gs[clxl(k)+C2x2(k) -C

ep(k+l) = A8 12%2 so*1r
(4.96)
Substitution (4.95) into the above equation gives
k - —
el(k+l) = (All Gs SO)e (k)+G C, (eA ) x2(0)+eR2 i R, = 12xz(k)+R
(4.97)
Egn. (4.94.a) follows from the above system..
Furthermore, by using (4.92) and (4.95), we have
A k
—_— - = . L) .EQD.
ez(k) = X2(k) x2r(k) 21 llel(k)+(eA ) x2(0)+eRl (4.98) Q

In this way, by selecting a gain matrix GS such that lx(All+GSC | < 1,

sO)
"we can construct an e-asymptotic observer (Locatelli [Lo.76]) of
possessing dimension ny for the full system (4.12), where O(e)
observation errors occur asymptotically. If the time-scale separation
ratio ¢ is sufficiently small, these errors can be neglected relative

to the state estimate and so the reduced-order observer (4.92) can be

used practically.
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4.3.2

Stabilizing controllers based on observers

In case of implementing linear state feedback, all state variables

are not always available for feedback signals.

such systems with inaccessible states,

must be designed.

In this section,

controller:

u(k) = G %, (k) + eG_A

-1 A
c*1 cP11R 2%, (k)

(4

an observer-based controller

.99)

which is based on the full-order observer presented in the preceding

In order to stabilize

we consider such an observer-based state feedback

section:
xl(k+l) All eAl2 xl(k) Bl Kl A .
= + uik)+ [y(k)-C %, (k)-C X, (k)]
A £k B K 171 272
x2(k+l) A21 eA22 x2( ) 5 2
(4.100.a)
where X, = —(I-—eLOMO)GS
' (4.100.b)
K2 = —(MO+eMl)GS.
These observer gains are given by choosing Ge = 0 in (4.74) because

of Ik(eAf0)|<l.

Substituting the controller (4.99) into the system (4.12) and using

the observer (4.100) yields a closed-loop system:

xl(k+l)} All’ B.G "xl(k)

x2(k+l) A21’ B2Gc "xl(k)

A N
L X, (k+1) K,Cqv (A, +B,G -K,C; ) xl(kﬁ

Then,

Theorem 4-2

Ql(k+l), {K

A
1€y 7 (R1+B1G =K, Cp i X, (k)

2

we obtain the following results.

(A~1)

+

(eAlZ

S

eA22

_K2C2

(All’ Bl) : completely controllable,
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r 2B1G A11815

r (EAlz

-1
+eBiGLA11A )

1

r €ByG A1)

4 (€A22

-1
teByGLA1180

(4

Let the following conditions be satisfied:

'chz)

—chzﬂ

.101)

(%5 (k)]

%, (k)]

'{xz(kf

%, (k)]



(a-2) (C A

ll)

S0’ : completely observable.

Then, there exist gain matrices Gc and Gs and a positive scalar & such

that for every ee[0,€) the closed-loop system (4.101) is asymptotically

stable.

Proof

Substituting the observation errors:

’xz(kf
ez(kx

'Xz(kf

e (k) = x,(k) - X,(k)
1 ! 1 (4.162)
N
e,(k) = X, (k) - X, (k)
into (4.101) yields
¢ ‘ ( - ~ 3 = - —l N
xl(k+l) A11+B1GC, Bch Xl(k) e(All+Bch)AllA12, sBlGCAllA12
= +
[ ey (k+1)] 0, All—chl,Lel(kL L 0, eA 7K. Cy UL
. T -1 _ -1 5
X2(k+l) A21+B2Gc,—B2GCT xl(k) s(A22+B2Gc llAlZ)' eBzGcAllAl2
= +
e, (k+1) -0, A, -K,Cy Lel(k) | 0, €A, ,-K,C,
. (4.103)
For simplicity, we rewrite (4.103) as follows:
y. (k+1) = F,,y,(k) + F. vy, (k)
1 1141 1242 (4.104)
y2(k+l) = F21yl(k) + F22y2(k).
Applying the fast transformation:
yl(k+l) I 0 yl(k)
=l A (4.105)
n (k+1)) L I){y,(k)
produces
v, (k+1) F F v (k)
1 _ slow 12 1 (4.106)
A
n kD)) R Fo S (R
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A
where Fslow = Fll - F12L
= + LF
Feast ~ F22 12
A N A A N )
R(L) = -F,,L + LF;; = LF,,L + Fyy = 0. (4.108)

By following the similar procedure to the proof of Lemma 4-3, we obtain

D(e) = ﬁo + eﬁl + 0(e?) (4.109)
AQ A0y -1 _ -1 -1
where (L) Lig] [~(Bpy*ByGo)e s [By=(Ayy+B,G )a By JG o
N P . (4.110)
0 A . _ -
Loy Bppl L 9, AP
Al A1 . -2 Al
L L } -A_. . (A..+B.G ) (A, ,+B.G ) L
11 12 g0 (B21¥B; 117816 ) 12
L, = ' c © (4.111)
Al Al ) -1
Lyy Lyl L 0, AroMoPi1
Al MO N _AQ AQ
P Ly T iBgglypmBaG Ligly ol s LgMpG Cy =Ly 1 B1G Lgloot
AQ _ Ao Ny Ao Al -1
L1 (A1 LM CyILyo+L 1 ByG +Ly 56 CoLy, HA 4G C )
ag = (B3+B1G ), o = (A)+G C ).
Substituting (4.109) into (4.106) yields
yl(k+l) Fslow' F12 yq (k)
= +o(e)y] L (4.112)
n (k+1) 0, Feoot n (k)
where ’(A11+Blcc)+o(s), -B,G_+0(¢)
Fslow =
| 0, (Ay1+G_C o) +0(e)
AQ
[ sAgor £9,6.C,*0(e)
Feast =
e L ]
L o, Aeo

Accordingly, for sufficiently small ¢ the closed-loop system (4.103) or

(4.101) is asymptotically stable, and the eigenvalues are approximated
by
ME o) = MR +BIG MM (A 146G C ) [140(e) ]
(4.113)
Q.E.D.

MFe o) = M(eBpg)mi(ehg,) [140(e) ],
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1f we use the full-order observer of current type instead of the

observer of prediction type, we can obtain the similar results by

modifying the above Theorem slightly.

4.3.3 Numerical example

We consider the ninth order boiler model, which was treated in the

previous Section 4.2.5.

Firstly, the controller gain Gc of A(A11+B1Gc) which places the

slow eigenvalues at the desired locations {0.99, 0.98, 0.97, 0.96,

0.95, 0.94} were calculated and then, by using the unity rank approach,

the state feedback controller (4.99) based on the full-order observer

was obtained as follows:

N
-1 [xl(k)]
ulk) = [Gor GA Aol 4 )
~0.56941x1071 -0.14259x10]] 0.29592 0.27772 -0.25413
~0.56941x10_1 -0.14259x10]7 0.29592 0.27772 -0.25413
= | -0.569411071 -0.14259x1077 0.29592 0.27772 -0.25413
~0.56941x107) -0.14259x107] 0.29592 0.27772 -0.25413
-0.56941x10 % -0.14259x10"% 0.20592 0.27772 -0.25413
~0.66173x10 0.85758<1072 0.30018x1072 0.97893x10 7
~0.66173x10 0.85758x10_2 0.30018x10_5 0.97893x10 7| %; (k)
~0.66173x10 0.85758x1072 0.30018x10_5 0.97893x10_ |,
~0.66173x10 0.85758x1072 0.30018x10_5 0.97893*1077|| X, (k)
~0.66173x10 0.85758x10 2 0.30018x10" % 0.97893x10
(4.114)

On the other hand, by calculating the gain GS of A(A11+GSCSO) which

places the slow eigenvalues at the desired locations {0.93, 0.92, 0.91,

0.86, 0.66, 0.56}, the observer gains Ky and K, of (4.100) were

0.8972298
-0.7708214
-0.4252098
-0.7263677
-0.9154802
-0.8385936
-0.7001732

K2 L

0.2084034x10

0.7388870x10"

0.8972298 0.8972298
-0.7708214 -0.7708214
 -0.4252098 -0.4252098
-0.7263677 -0.7263677

, -0.9154802  _, -0.9154802  _

0.2084034x10_“_ 0.2084034x10_
-0.8385936 20.8385936

, —0.7001732 , -0.7001732  _

0.7388870x10 "

0.7388870x10

]

2

(4.115)

.

1

When the state feedback controller (4.114) based on the full-order
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okserver (4.100) and (4.115) was implemented to the boiler model

(4.60), the eigenvalues of the closed-loop system were

MF o) = 10.9913, 0.9772+30.8892x10"2, 0.9530, 0.9485, 0.9428}U
{0.9390, 0.9117+j0.2104x10" Y, 0.8611, 0.6599, 0.5547}
_ -2 -4,. -2
MFgoop) = (0.5815x107%, -0.9050x10 "#3j0.1720x10  “}U

£0.5815x10"2, 0.8548x10"2, -0.6883x10"2}.  (4.116)

If necessary, these results can be improved by taking into account the
higher order terms in the feedback controller gain (4.99) and the

observer gain (4.100).

4.4 Near Optimum Controller Design of Regulator Problem

for Slow Sampling Model

4.4.1 Problem formulation
We consider the regulator problem for the slow sampling model
(4.12).

The performance index to be minimized is

Q Q X, (k)
_ 1= ' . 11 *12 1
J = E-éi[xl(k),xz(k)]

] + u'(k)Ru(k)} (4.117)

Q12 Qo) Lx,(k)

where Q9 2 0 and R > 0 and it is assumed that (A, B) is a stabilizable
pair and that (Ql/2, Z) is a detectable pair.

In this chapter, the systematic procedure for the mode-decoupled
near optimum controller design will be developed via the boundary layer
method for the slow sampling model formulated in Chapter 3, and some
existence conditions under which such a design can be performed will be
studied.

Introducing the Hamiltonian and applying the variational calculus

gives the following canonical equation:
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xl(k+1,e) (k,e)+eA (k,e)-Sllpl(k+l,e)-Slzpz(k+l,€)

12P1

=A% 12%2

) x2(k+l,e) = A21xl(k,e)+eA22x2(k,e)-S
L 1
pl(k,e) = Qlle(k,e)+Q12X2(k,e)+Allpl(k+l,s)+A21p2(k+l,e)

(k+1l,e)-S (k+1,¢)

22P2

] L ]
pz(k,e) = lexl(k,e )+Q22X2(k,e )+ eAlzpl(k+l,e )+ eA22p2(k+l,e)

(4.118)
_ -1_1 _ =1_1 _ -1_
where Sll = BlR Bl’ 512 = BlR B2, 522 = B2R B2.
The optimal control is given by
O(k,e) = ~-R 1B p. (k+l,e)-R TBop., (k+l,¢). (4.119)
uotkee 1Py T 2P2 ' .

Here, by using the boundary layer method, we shall seek the asymptotic
series solutions which are composed of the outer-region terms (Xi(k,é),

P;(k,¢)) and the boundary-layer correction terms (ﬁi(k,e),?i(k,g)),

that is,
~ +
rrp(koe) = X (ko) (k,e) 5 B (ke) = K lml(k,e) (4.120.a)
xy (ko) = X, (k,e) i, (k,e) 5 Hiy(k,e) = ekmz(k,e) (4.120.b)
<
py(kye) = P (k,e)4F) (kye) 1 ¥ (kye) = o (ke) (4.120.c)
[py(kie) = By(k,e)+,(k,e) 5 Fy(koe) = eFo,(ke) (4.120.4)

where (Xi(k'e)’.Pi(k’e)) and (mi(k,s), pi(k,e)) have asymptotic sefies

expansions in e. Then, the optimal control is expressed as

wO(k,e) = U(k,e)+eX vk, e) | (4.121)

where U(k,e) -R_l 1

BiPl(k+l,e)—R_ B;Pz(k+l,e)

-1_1 =-1_1
-R Blpl(k+l,s)~R B2°2(k+lf€)'

vik,e)

In the following section, the near optimum controller design
will be developed via the boundary layer method, and some existence
conditions under which such a design can be performed will be

investigated.
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4.4.2 Near optimum controller design and existence conditions
(a) Slow subproblem

Firstly, we will consider the finite-time regulator problem, and
then we will extend the results to the infinite-time problem.

We consider the following performance index:

' ' Q Q x, (N)
11 *12 1

Q2 Qollx (N

- Q Q x, (k)
1 ! ' 11 *12 1
EE;[(xl(k)’XZ(k))[ ][

} + uzk)Ru(k)].
X, (k)

[}
Q12 Q2
(4:.122)
The outer-region term (Xi(k,e), Pi(k,e)) must satisfy (4.118).

Setting ¢ = 0 in (4.118) yields the following reduced canonical

equations which the leading terms (Xio(k), Pio(k)) satisfy

r xlo(k+1) = AlleO(k) S 0(k+1) S 0(k+l) (4.123.a)

ll 1 12 2

X O(k+l) (k)- s, (k+1)-S (k+1) (4.123.b)

A1%10 12%10 22%20

Plo(k) = Qll lo(k)+Q12 20(k)+A1l 10(k+1)+A 0(k+1) (4.123.c)

21 2

Here we will assume the following conditions:

(H-1) Ayq is nonsingular

=1A
(H-2) (I+Bl§ lC'l) is nonsingular

A . .
(H-3) Q is a positive semi-definite matrix

A _ [ _ l

where R = R+BfQ22Bf, Be = By~ A21A11B1 (4.124.a)
N _ l_l ]
C = (Q),7A17R571955) B¢ (4.124.b)
AA—lA'

& = (1,27 i 51911 le] I ] - CR™'C. (4.124.c)

-1

Q1,5 955)128598]

Under these conditions, by using tha variable transformation:

_ A=TA 1 ¥ []
o(k) = (I+B,R7°C (P (1<>+A111A21 20 (k) (4.125)
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and after considerable algebraic manipulations, we obtain the following

reduced canonical equations:

1

A= !
Xlo(k+l) = Arxlo(k)-BrR Brxlo(k+l)

(4.126)

A

!
Alo(k) = QXlO(k)+Arx10(k+l)

A -
where Ar = (I+B1R cC ) A

The slow control part is given by

1 1

B P, (k+1)-R™

Ug(k) = =R "B1Pygq

1
szzo(k+l)°

By using (4.123) and (4.125), we have

1 1A 1A

A=] 1 A— A -
Uo(k) = -R Brllo(k+1)—R C Xlo(k+l) = Wo(k)—R C Xlo(k+l).

(4.127)

In the reduced canonical equations (4.126), setting the Riccati

transformation:

xlo(k) = Kr(k)xlo(k) (4.128)

gives the Riccati difference equation:

_ ] _ ' A _l ] ‘/\
Kr(k) = ArKr(k+l)Ar ArKr(k+l)Br[R+BrKr(k+1)Br] BrKr(k+l)Ar+Q

;K (k+1) = 0. (4.129)

In the infinite-time problem, the above equation leads to the algebraic

Riccati equation:

_ ' _ ' A ' -1 A o
Kr = ArKrAr ArKrBr[R+BrKrBr] BrKrAr+Q, . (4.130)

A unique positive-semidefinite solution of (4.130) exists under the

condition:

. . A
(H-4) (Cr’ Ar, Br) is detectable and stabilizable where Q = Crcr'

From the above results, we obtain the following lemma.
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Lemma 4-6 Let the conditions (H-1)-(H-4) be satisfied:

Then, the slow control part of the optimal control uo(k,e) is

given by
U (k) = W.(k)-R7TE' X, (k)
0 -0 10
A=1A At -1_: A=1Ar

= -[(I-R "C B_)(R+B K B ) "B KA +R °C Ar]xlo(k)

= =Gy Xy, (k) (4.131)
where W,.(k) = -[R+B K_B ]'lB'K A_X,.(k), which

0 rror r'rr°l0 !

corresponds to the control of the following slow subproblem:

X, (k+l) = A X, . (k)+B W, (k) ; X,.(0) = x
10 r°lo r o0 10 10 (4.132)

[ ' A . | A
J = 1/2%5[Xlo(k)QXlO(k)+W0(k)RWO(k)],

The slow control shown above dominates the system behavior over the
whole interval.
[Remarks ]

The slow subproblem given above can be also obtained in the
following manner. Setting € = 0 in (4.12) and (4.122) yields the

following reduced problem:

X, (k+1) = A_. X, . (k)+B.,U_.(k)
10 11710 1o (4.133.a)
- -1 _
Xzo(k) = AZlAlleO(k)+BlU0(k 1)

J = 1/2[x10(N)(6+6§'18 )XlO(N)+U0(N-l)BfQZZBfUO(N—l)+2Xi0(N)6UO(N—1)]

N-| v A AA=TIAT ' A
+l/2%i[xlo(k)(Q+CR C )Xlo(k)+2X10(k)CUO(k—l)+

UO(k-l)BszzBon(k—l)+U0(k)RU0(k)]‘ (4.133.b)

Transforming the control variable

_ _A—lAr
Uo(k) = Wo(k) R °C Xlo(k+l)

in (4.133.a) and (4.133.b) leads to the slow subproblem (4.132).

Here, introducing the Hamiltonian and applying the variational
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calculus yields the canonical equations (4.126) corresponding to the
slow subproblem.
(b) Fast subproblem

The boundary-layer correction terms (ﬁi(k,e),ii(k,e)) must satisfy

the following equations:

’eml(k+l,e) = Allml(k,s)+Al2m2(k,s)—Sllpl(k+l,e)-51202(k+l,e)

m2(k+l,e) 12°1

AZlml(k,e)+A22m2(k,e)-S (k+1,¢)-S (k+1,¢)

22°2

) [}
pl(kr ) = ¢ Qllml(kls )+Q12m2(kl€ )+€Allpl(k+l,e )+€A21p2(k+l,e)

1] ) L}
po(,e) = Eleml(k,e)+Q22m2(k,e)+52A12pl(k+l,e)+32A2292(k+1,e),

, (4.134)
Setting € = 0 in the above equation and assuming the condition
~ =1, ! :
(H-5) [I+BfR (B1Q12+B2Q22)] : nonsingular
gives
m20(k+l) = AcmZO(k) : m20(0) = XZO—XZO(O) (4.135.a)
¥. (k) = -AT R _F, . (k)+AT B R Y(B.Q, . +B,Q, ), (k+1)  (4.135.b)
10 11712720 1171 1>*12 72227720 - *
where X _ = [I+B R_l(B'Q +B'Q )]-lz
c f 1=12 72*22 £
K. =& -k, A7 B, = B,-A,,A; B, -
bid 22 217117127 f 2 772171171
Also, the terms (Sio(k),BEO(k)) are given by
{ plo(k) = Q12m20(k) (4.136.a)
Poglk) = Q5 m, (k). ‘ (4.136.b)

Here, under the condition
(H=6) |r (A )<<L,

ﬁio(k) decays to zero as k— .
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Thus, we obtain the following lemma.

Lemma 4-7 Let the conditions (H-5) and (H-6) be satisfied.

Then, the leading terms (ﬁiO(k)’EiO(k) which decay to zero as k- o
exist, and satisfy the boundary-layer initial value problem (4.125)
and (4.136). Furthermore, the fast control part of the optimal control

uo(k,e) is given by

[}
~

o -1
v 220

= -R [Blplo(k+l)+B k+1)]

I | ' ' ~ ~
= “R T[BQ),%B,0,, 1AMy (k)

~

= —Gzﬁzo(k) ‘ (4.137)

k

= g mZOkk)'

where E =G (k)

2 21 Mo

The fast control shown above functions only near the boundary-layer.

(c) Near optimum controller design

Coordinating the slow and fast controls yields

1°10

-1

+
R k+1

u® (ke ) (1) 4,2 (k1) ]~ X IR (B o) ( (k4 1) 4B 40, o(k1) ] +O (<)

[ ]
[B1Py0

UO(k)+ek+lvo(k)+O(e) (4.138)

k+1

where the slow control Uo(k) and the fast control ¢ vo(k) are given

by (4.131) and (4.137), that is,

k+ k+1

U (k) = -G X k), v k) = - ,my (k)
where 6y = (I—ﬁ_lé'Br)(§+B;KrBr)—lB;KrAr+ﬁ_le'Ar
Gy = R—l(Binz+BéQ22)Ac'
Furthermore, by using the following relations:
Xy (k) = x (k, €)=y (k) (4.139.a)

_ -1 ., -1, '
X50(k) = [Ay;A;7BeR T (B K +C )]X, (k)
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= > - k-1
= G3X10(k) G3(Xl(k,g) € mlO(k)) (4.139.Db)
I _a-1
mlo(k) = (A11A12 AllBlGZ)mZO(k) (4.139.c)
k - _

and by trasforming the composite control (4.138) to the feedback form

of the state variables, we obtain finally

-1 -1

S —_— - -— -
u”(k,e) = Glxl(k,e) 5[G1A11A12+(I GlAllBl)Gz]xz(k,e), (4.140)

In this way, it has been shown that by decomposing the global problem
into the sobproblems defined at respective time-scales via the boundary
layer method and by coordinating these subproblems of possessing lower
demension in a proper way, the mode-decoupled feedback law can be

obtained.

(d) Suboptimal responses
When the control (4.140) is implemented, the suboptimally

controlled system is given by

s A S A S S
x>(k+l,e) = A..x-(k,e) + eA, x (k,e) ; x7(0,e) = x
{ 1 11%1 12%2 1 10 (4 141
s _ A s A S . s _
x2(k+l,€) = Alel(k,s) + eA22x2(k,€) ; x2(0,e) = X5
h A, =
where All = All BlGl
N _ -1 -1
Ay, = {A;, - B [GATTA), + (I-GyA11B,)G, 1)
A —
Ayy = By T ByGy
A _ _ -1 _ -1
A, = {A22 B2[G1A11A12 + (I GlAllBl)Gz]}.

_ Now, we have an interest in predicting the behavior of (4.141) by
using the responses of the slow subproblem and the fast subproblemn.

We consider the following fast transformation:

N A S s .
xf(k,E) = Lxl(k,E) + xz(k,E) : (4.142.a)
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A A AN A
where R(L) = ‘eAzzL + LAll - ¢LA..L + A = 0. (4.142.b)

Then, for every ee[O,ei), we have

L = L0 + 0(e) ; L0 = A21A11 (4. )
h f = mingl/[28 (A.+4..7.)]1, (A.+4 .7 )/[A [(A.+5,  T.)2+84 4 T,)11)
where g = min{l/[2a,(ag*a) o)l (agta lgl/lagliag®asto £212%0
A _ A - A - N _l\ A=] A A e A -1
ag = 1AL . Ay = wAy,-Ry RTVA o1, 81, =1A n, 1y = NA, AT
(4.144)

. A . . . .
It is noted that A is nonsingular since the two-time-scale property

11
is satisfied in (4.141). Substituting (4.142.a) into (4.141) yields

(4.145)

S A A
x3 (k,e) + € (Ay,+L oA ) Re (k,€)

S A S
{jxl(k+l’€) = (All eAlz O)X (k C) + eAlzxf(kle) ; Xl(ols) = Xlo
012

A
xf(k+l,€) = —G(A +L0A12)LO

~ A
: xf(O,e) = L.X

0*10%%

20"

Here, applying the following relation:

-1 A-l, -1, -1 -1
Ajy] = A)7(I-ByGyA;) = (I-R)71BG )All
leads to
A AnOA ; 1 _ _ =1 _
AyptLghyy = (Ay,=By[G1A) 1A ,+(I-G)A 11 1)6213-(A) =BG ) A (A,
-1,
By[GyAy1A1,+(I-G4A 11131)G 13
. -1
Ry,~B,G AT4A; ,-B, (I-G AT1B))G,-A 212718 5"

Al
A7}B, (I-G,ATYB))G]+B,G A 1331 ,-A7]B; (16 A71B,)G,]

= Af B (I- Gl ll )G BfGlAllBl(I Gl ll )G
= ReBeGy
= A_. (4.146)
Furthermore, applying the following transformation:
A _ s AA . A _ ._l/\
xs(kle) - Xl(kls) + eHoxf(kle) ’ HO - 11 12 (4-147)
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to (4.145) yields

8 (k+1,¢) = (A, .-cA. T -€2f A L )% (k,€)+
Xs r €)1 = 8177 820 ofco’¥s ' Y
A

A —(A..-eA. L )H +ef A +e2R
e[Ry,=(By,-c JH,+eH

AN A
1250 Hy I (k, €)

(4.148)

AL
0°c 0

0°'c
A NOA AA A
xf(k+l,e) = —eAcL xs(k,€)+€(AC+EACL0HO)xf(k,€)

0

; x_(0 + ﬁ T + 2 €) = T +
i X (0, €) = xygreHo(LgxX) g¥Xo0) s X (0, €) = LoX) g+Xyq,

The above system can be regarded as the singularly perturbed initial
value problem discussed in Chapter 3. Thus, in the similar way to
Chapter 3, the initial value problem (4.148) has asymptotic series

solutions:

k+

% (k,c) R (k) + e l%s(k,e)

(4.149)
Relkoe) = Xolkye) + g (k,e)

where the leading terms (Xso(k),XfO(k)) satisfy

IaS
Xso(k+l) (k)

A A
“B1G )X (k) i X 5 (0) = Xy
(4.150)

._,\ S
= Ay11%50 (R1y

A —_—
Xfo(k) = 0.

and the boundary layer correction terms (ﬁéo(k)’ﬁfo(k)) satisfy

N (k+l) = A M. (k) ; R..(0) =L +
Meg ) = Ameg(k) 5 mea(0) = Loy +Xs,

A - (4.151)
mso(k) = 0.

Here, we consider the responses of the slow subproblem (4.132) or (4.133.a):

— - r - A ' - l '
Xy (k+l) Ay B (R¥B K B)) BrKrAr]XIO(k)
b, = (All—BlGl)Xlo(k) ; XlO(O) = Xy (4.152.a)
_ _ _ -1
L Xy0(k) = (Ay1-B,G ) (A, B1Gy) "Xyq(k) | (4.152.b)
A N
= -Loxlo(k) _ (4.152.b)
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' t A t -1 A
= - +
where Kr ArKrAr ArKrBr(R BrKrBr) BrKrAr+Q'

The solution of the boundary layer initial value problem is given by

. N
m20(k+l) = Acm20(k) : m20(0) = XZO-XZO(O) = L0x10+xzd(4.153)

By comparing (4.150),(4.151) with (4.152),(4.153), we obtain the following

In this way, the suboptimal responses of (4.141) are approximated by

the responses of the slow and fast subproblems as follows:

rxl(k,s) Xlo(k) + 0O(¢e) (4.155.a)

1_x2(k,e) = X, (k) + ekmzo(k) + 0(e)

- —ioxlo(k) + ekmzo(k) Y (4.155.b)

(e) Asymptotic stability

By using the results of Lemma 4-2, the asymptotic stability of the
suboptimal controlled system (4.141) is investigated.

Under the conditions (H-1)-(H-4), the slow subproblem (4.132) is

asymptotically stable. Accordingly, we have
(C=1) In (R, )] <1
11 *
On the other hand, from (4.146), we have

A 24 S
£ A22 AZlAllAlZ = Ac. (4°156),

Accordingly, under the condition (H-5) and (H-6), we have
A
(C—2)|A(eAf)|<l.

Here, we use the results of Lemma 4-2. Then, it can be shown that

under the conditions (C-1) and (C-2), i.e., (H-1)-(H-6), the
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suboptimally controlled system (4.141) is asymptotically stable for

every 86[0,65),

N 1
where el = A 7y (4.157)
A, 1L
A A 12 0
o . IAll + —
£ (671 - A )
s 11
n A 21/2 A _ A A
;o By =In B QP (P A, 12, O = [Ny (Pe) /A (O
A P_A P = -0 AP R -P. =-0
A11PsP11 s - Qg cFefe £ = 9%
4.4.3 Main results
We summarize the above results as follows:
Theorem 4-3 Let the following conditions be satisfied:

(A-1) 0 < ¢ < ¥

eX] ; F = (4.144), X = (4.157),

X = min(ec*
where ¢ minfe 1 5

1" 72

(a-2) (C, XK

11’
~ ~ - ~~ —l ' ' —-l’\/
(A=3) (A )i<<1l, where A_ = [I+B(R (ByQy,+B,0,,) ] “Ac.
A=1A ~ =1 ' ' .
(A-4) (I+BlR Cc ), (I+BfR (B1Q12+B2Q22)) ; nonsingular.

Then, the suboptimal feedback law is given by

S _ _’\' NN
uS(k,e) = -G x, (k,e) - [&F IR (18R 11 D& 1%, (x,e) (4.158)
~ /\—l/\'~ A Ala ~ l I~ ~ /\—l/\"\«
where Gl = (I-R "C B_)(R+B_K B ) BAK A +R C A
r Yy r r r r Ir
G, = (B1Q12+B2Q22)Ac'

Furthermore, the suboptimally controlled system is asymptotically

stable, and the corresponding responses satisfy

S
x-(k,e) = X (k) + 0O(¢)
1 10 (4.159)

xg(k,e) X,0(K) + myq(k) + O(e)
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where Xlo(k+l) = (A11 lGl)x 0(k)
~ ~ A At ~ —l~'~
= [Ar_Br(R+Br r r) BrKrAr]XlO(k) ! XlO(O) x10
- 5 -1
) Xy(k) = (Ky =B,G ) (B)1-B1G)) "Xy o(k)
m 0(k+l) = AcmZO(k) ; m20(0) = x20—X20(0)
. X = [1+8.r" Y (B0, +B 0. ) 1T Y(E, -K KTIR )
PR £ 19127829, 227 R218189
-~ -1 -1
L /iy o(k) = B {R) i, GO +E 1B R™ (BlQlZ 2922) o (k*+1),
[Remarks]

1. The suboptimal control (4.158) and the existence conditions can be
expressed in terms of the original system matrices Kij’ B, etc., i.e.,
they does not involve e explicitly and does not depend on the scaling
matrix used in the phase of singular perturbation modelling.

2. If we choose the state feedback gain Gs and Gf in (4.28) as

G, = -G, and G the results lead to the suboptimal control

s 1 £ = G
(4.158). Accordingly, the above results correspond to the special case
of the state feedback controller design studied in Section 4.2.

3. After the singular pertubation modelling is employed, the condition

(H-1) is automatically satisfied because of the two-time-scale
property.

4. We can prove that the matrix 6 of (4.124.c) is positive-semidefinite

as follows. By using the maximum rank decomposition, we set

1
Cc.C

Q11 %2 €161 G616
' . = ' ] (4.160.&)
Q2 92 21 CC)
a ¢-= +ALR = g = XAl 4.16
an = (0 ,+A171R,,0,,)8; = C'(c,By) 1 € = cp+c)&) ATy (4.160.b)
Substituting the above equation into (4.124.c) gives
N E' o (A=] ~ Mo
Q=Clt (C2Bf)R (C2Bf)]C. (4.161)

Applying the inverse matrix formula yields
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A ~ n -1
R =~ = [R+(C,B;) (C2Bf)]

= R'l-R'l(czﬁ

, ~ =1, =l oy =1
£) [I+(C,BLIR (C,Bg) ] T(C,BLIR T (4.162)

By using the above expression and after algebraic manipulations, we

obtain
A _ X ~ -1 ~ 11~ - . L
Q = C'[I+(C,BL)R (C,Bg) ]7°C ; positive semidefinite (4.163)
h § = c,+c K AL
where = M1 2%21%11

In this way, it has been shown that the condition (H-3) is self-
evident.

5. A pair (A, B) is said to be stabilizable if and only if w'B = 0 and
Ww'A = Aw for (Al 2 1 implies w = 0. Using this definition, it can be

shown that the conditions (H-4) and (A-2) are equivalent, where

(H-4) (Er' Xr’ gr) ; stabilizable and detectable

117 Bl) : stabilizable and detectable,

In the similar way, the conditions [?CZ, Xf, ﬁf) : detectable/stabi-

lizable ) and r?cz, A, B.) : detectable/stabilizable | are equivalent,

C C
1718

_l 1] [ ] ~ R
fR (B1Q12+B2Q22) Bf. Thus, (A—3)|x(ACN<<l is a

strong condition. Furthermore, the condition (A-2) and (A-3) guarantee

where Bc = [1+B

the stabilizability and the detectability of the full system for small e.
6. In the special case of ﬁf ='O, we have

(A—3)'|A(K£ﬁ<<1
instead of thé condition (A-3). In this case, the condiﬁion (A-4) 1is

automatically satisfied.

4.4.4 Special penalty problem

In the singularly perturbed discrete-time system (4.12), the fast
mode is approximately expressed by x(eAfO), i.e., it is treated as dead
beat.

Accordingly, it is reasonable for us to select the weighting

matrix Q in the performance index (4.117) as follows:
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Q = (4.164)

13

[ Q1 <92

o2
€Q), €9y,

The above index implies that the penalty to the fast variable X, is O(e)
in comparison with one to the slow variable Xy

In this case, we obtain the following results.

Corollary 4-1 Let the following conditions (A-1)-(A-3) be

satisfied:

(A-1) O<e<min[&, 5*2]

where 83 = (4.144), <* = (4.157)

2
A.. = A .-B A.. = A,.-B.L.A.1a
Ayp = BBy Agp = Ay pmBiLgAy A,
A.. = A..-B A = A..-B.L.ATIa
21 = Bp17Bolyr By = Ay5r7ByLiA1984,
- A -
A -A.ATIR - A - a..-a..alia

227821211815 £ 227R21811812

(A-2) (Cl’ All’ Bl) : detectable/stabilizable, where Qll

N ~ ~ ~ ~ ~—l~
- << = - .
(A-3) Ix(Afﬂ 1, where Ag K, =B, 1A 1A,

Then, the suboptimal control is given by

uS(k,e) = ~Ex; (k,e)-E ATlx «

1211212 (k,€) (4.165)

2

1~ ~-1

where L, = (R+B BlKllAll'

' * -
1 1%11B1)
Furthermore, the suboptimally controlled system is asymptotically stable,
and the corresponding suboptimal responses are approximated by
x.(k,e) = X, (k) + O(¢)
1 10 (4.166)

~

xz(k,e) = X20(k) + mZO(k) + O(e)

where Xio(k) and ﬁio(k) represent the responses of the following slow

and the fast subproblems, respectively.

[Slow subproblem]

XyoUerl) = By Xp (k) + BUG(K) 5 X0(0) = xp (4.167.a)
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3 = 172 [%;4(K)Q) X o (k) + Ug()RUG (KD, (4.167.b)

The slow control part Uo(k) is given by

_ -1
Uy (k) = (R+Bl 1187) BlKllAllxlo(k) (4.168)
~ _ ~l AL ~ l f ~ ~ n

where K, = A ,K) &) -%) K, B (R+B1 11B1) "B1Ky18117011

and the corresponding responses satisfy

X. (k+1) = (A,, - B.L.) ; X,.(0) =x
0 11 171 10 *10 (4.169)
_ ~ _ ~ ~ _ ~ —l
X 0(k) = (A21 B2Ll)(All Bl l) X 0(k).
[Fast subproblem]
M. (k+1) = A_M. (k) ; @, .(0) = x,,-X,,(0)
0 : £720 20 207720 (4.170)
~ _~_l~ ~
m oK) Ay18y M0 (K)
where [All A12 _ All eAlz
Ryp Bypl LByp ehy,l
[Remarks]

1. If the original system (4.12) is asymptotically stable, the matrices
~ ~-l . o

Aq and (A 21 11 12) are asymptotically stable for a sufficiently
small e. As any asymptotically stable system is detectable and
stabilizable, the conditions (A-2) and (A-3) are automatically
satisfied in this case.

2. The conditions (A-2) and (A-3) guarantee that the original system

(4.12) is detectable and stabilizable for a sufficiently small €.

4.4.5 Numerical example
We consider a point reactor model with one delayed neutron group
(Weaver [We.68]). Linearizing and normalizing the kinetic equations

with respect to the desired values (nd, cd) gives
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dxl/dt = -3.x, + &.%x

1| 12 (4.171)
dxz/dt = a,Xy -~ dyX, + b u
—4 —4 — 6
where Xy Gc/cd, X, Gn/nd, u Kk,
5 = a, = 8/L, b =1/1

and the notations follow the conventional practice.

Descretizing the above system with a sampling period T = 0.2 sec yields

the following discrete model:

xl(k+l)} [0.991255 0.874479XI0—2][x1(k1 +[O.447232><10

0.590190x10

x2(k+l) 0.717521 0.282478 x2(k)
(4.172.a)
The performance index 1is
[
J = l/ZE:[ka)QX(k) + u'(k)Ru(k) ], (4.172.b)
=0 .

By following the modelling procedure shown in Chapter 2, the norm

conditions were calculated as follows:

(H-1) max [0.56994, 0.33491]<1

- = 137Y % = <<
(H=2) e = TA JIALL = 0.27858<<1
2

5=1oow 1 - -2
(H-3) uAlluMAlzu = 0.88219x10 “<<1.

The exéct eigenvalues are shown by
A(A) = 1.0, 0.2737

and the approximate eigenvalues are shown by

~

MAy,)

A(All—AlzLO) = 0.99758 ; LO = A21All

= 0.99125

~ =]

x(Kf) = 0.27615.

Accordingly, the norm conditions are all satisfied in the system

(4.171).
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[I] General penalty case
On the basis of Theorem 4-3, the suboptimal control and cost were

caluculated aé follows:

1 2

x (k) - 0.1732521x10" X, (k)

S _ -
{11 (k) = -0.1195236*10 (4.173)

s 1

J5 = 0.8852338x10

and the optimal ones were

1 2

xy (k) - 0.1801313x10 x, (k)

wC(k) = -0.1216293x10"
{ (4.174)

7° = 0.8850150x10 *

Here, the weight matrices Q = diag[l, 1}, R = 6.2><103 were used.
In order to improve the approximation, the matrix (ﬁll-xléfo) were used
in place of Kll'

The Riccati solution of the slow subproblem (4.132) was
K, = 0.167149x10° (4.175)
and the optimal one was

K K

11 12

K12 K

(4.176)

[0.1628357x102 0.181925

22 0.181925 0.1052878x101/.

It is noted that the relation Kll ] Kr is satisfied, which is similar
to the result of the continuous-time version (Kando et al. [Ka.81.3]).

The condition (A-1) in Theorem 4-3 is
(A-1) 0<e<min[0.4888, 1.0954]

and other conditions are all satisfied. The suboptimal and optimal

responses- are shown in Figure 4.3.

[II] Special penalty case
On the basis of Corollary 4-1, the suboptimal control and cost

were calculated as follows:
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{jus(k,e) = -0.115480x10" "x, (k)=0.101876x10">x, (k)

(4.177)
J°% = 0.839345
and the optimal ones were
(e] _ -1 -3
u (k) = -0.121663x10 "x,(k)-0.394873x10 "x,(k)
1 2

{ (4.178)

J° = 0.837873

where the weight matrices Q = diag(10, 1] and R = 6.2><104 were used.

The condition (A-1) in Corollary 4-1 are
(A-1) 0<e<min[0.4888, 1.0954]

and other conditions are all satisfied also. The suboptimal and

optimal responses are given in Figure 4.4. Thus, the suboptimal

control (4.165) yields acceptable results in case of Qll>>Q12, Q55
On the other hand, by following Theorem 4-3, the suboptimal

control (4.158) were calculated as follows:

2%, (k)

s (4.179)

{us(k) = -0.118554x10"lx1(k)—0.341418x10‘
J° = 0.838189.

In this way, the suboptimal control (4.158) provides us satisfactory

results independently of the choice of the weight matrix Q.
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4.5 Extension to Multi-Time-Scale Systems

In this section, modelling concepts for discrete-time systems with
multi-time-scale property will be studied.
Now, we consider the following norm conditions:

(J)~(J) (3)
)57(3), 8az-'a)5 Ly

( ]}(1
0 ~(3),~(3)5(3),° *
(8g7 748157 157 )

(H-1) max{2a(3)(a( )+a(j)l(3)) aéj)[géj) {%

j
(H-3) 5(J)a{g)<<l ;7 3 =1,...,N
where
(3)_,, ~(5-1),-1 ~(3)_~ ~(3)_,~(3-1) (3)_,~(3-1) ~(J -1),-
ag H(all )y i, ag _Ha;l, ayy =thays 2, l ] "a (a ) ”
»(0) Il ,__‘(0) [ ~ ~
_a.l_l_-i..a.l_-?_ - z_\ll___J__l_z_'_"" A1, N+l
T -
\321 0.22 A21 :A22 ..... A2,N+l
: Lo :
AN+1, 10 BNl 20 Bael, N+ 1
~ _ ,.,(0) -
@9 = %11 T Ay
~ _ ~(0) _ ~(0) (0) -1~(0) _ ~(l) ~(1)
% = %) 61 (8y77) T&1,0 = &) &
~(l) ~(1)
.......................... iy7 55
~ _ ~(j-1) _ ~(j-1),~(3-1) -1ls (J 1) ~(3) ~(3)
%5 T %22 %1 (e ) 11 %12
~(3) ~(3)
.......................... 021 (!22
s _ g(N-1) _ <(N-1) (N 1) ,-1~(N-1)
AN T %22 6y (@ ) Tegy T

Then, similarly as the case of two-time-scale systems, it can be proved
that the original discrete-time system possesses a multi-time-scale

property and the eigenvalues are approximated by

AA) = >(a(o))Uk(“(l))U...Ux(a(N l))Ux(gN)[l +0(e,)] (4.180)

; €, = max[e

M ll"' N]o
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Thus, by applying the modelling algorithm developed in Section 2.3

repeatedly, the multi-time-scale system can be identified.

[Example]
We consider the single-machine power system (3.39). After the
state variables were grouped into n, = 3 and n, = 4, the above norm

conditions were calculated as follows:

(H-1) max[0.0923, 0.0600]<1

(H-2) €, = 0.0018<<1
m-3) alMall) = 0.0448<a1
where 321) = 0.1268x10, aél) = 0.1420x1072
5{;’ = 0.3533x107 %, iél) = 0.9914.
Furthermore, grouping the fast state X, into n, = 2 and n,y = 2 yields
(H-1) max[0.4464, 0.4443]<1
(H-2) e, = 0.0323<<1
(H-3) aéZ)Sig) = 0.1737<<1
where 5;2) = 0.8832x104, aé2) = 0.3659x107°
5{5) = 0.1967x107%, T{?)= 1.0989.
The exact eigenvalues are shown by
\(E) = {0.98688, 0.89465+30.54256x10 L, 0.13135x1072,
0.11056x1073, -0.85215x10"°%, -0.45937x10" '} (4.181)

and the approximate eigenvalues are shown by

5{5)) = A(K..) = {0.95544430.45969x10 %, 0.83761}

)
A 11

M(E,,-K LE) = 10.98687, 0.89464+50.54249x10 1}
(4.182)

~(0)
%11

2

A ( ) = {0.13243x1072, 0.11436x10"°}

6 7

La(a,) = {-0.87625x10 °, -0.44316x10 '},
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Thus, this model can be regarded as a three-time-scale system.

On the basis of such modelling concepts, the boundary.layer method
for multi-time-scale systems can be formulated, and by using its
method, the feedback controller design discussed in this chapter can be

extended to these multi-time-scale systems.
4.6 State Feedback Controller Design for Fast Sampling Model
4.6.1 Design approaches of state feedback controllers

In this section, we consider the fast sampling model (4.6) given

in Section 4.1, i.e.,

f f f
xl(n+l,e) I+€All'€A12 Xl(n,e) eBl (4.6)
= £ £ + £ u(n,e). :
x2(n+l,e) A21 ’ A22 xz(n,e) 82

Then, by using the two stage design approach (Phillips [Ph.80]), we can
obtain the state feedback controller which places all eigenvalues at

desired locations as follows:

u(n,e) [GS(I+stLf) + Gf(Kf(I+erLf)+Lf)]xi(n,e) +

[Gg(T+ekTME) +-eGSMf]x2(n,e)

= Glxl(n,e) + G2x2(n,e) (4.183)

£ .
where L is a dichotomic solution of the following nonsymmetric

algebraic Ricaati equation (NARE):

f _f f
A22L + L (I+eA

£y - enfaf pfr af = o (4.184)

£
R(L™) 11’ 12 21

f £ . .
and M and K satisfy the Sylvester equations:

£, _ E.f _ b £ _

R(M") = M"A; (I+eA )M + Ay, = 0 (4.185)
£, _ _.f _f f £, .f L nf _

R(K™) = Af K+ K [I+e(AS+BSGS)] + BeG_ = 0 (4.186)
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£ _ f _f _f £ f £ £
where I + eAs =1 + s(A11 A12L ), Af = A22 + eL Al2 (4.187.a)
f f f f f f f £
BS = Bl + M Bf' Bf = B2 + eL Bl- (4.187.b)

[Remarks]

By using the system matrices Afj of (4.6), the slow and fast

eigenvalues of the fast sampling model are approximately given by

£ £ _f £,

MAG o) = MI + e(A)-A L )] = rlexp(ea,) + o(e)] o.188)
£ _ £ £ £ .

MBg o) = MRy, + €L A ,) = Mexp(ny,) + 0(e)] .

Furthermore, we have the following relations between the NARE (2.31.a) and

(4.184), and between the Sylvester equations (2.31.b) and (4.185) of the

continuous—-time and discrete-time versions:

£ fF . f -1 f o
LO = LO ; LO = (A22 I) A21’ LO = A22A21 . (4.189.a)
£ £ _ _f f -1 -1
My = Mg i Mg = -Aj,(Aj,-I) 7y Mg = —Ry5R5, (4.189.b)
and furthermore
£ O f o f . -1.f oA
Ky = Ky i K = (A1) "ByGo, Ky = Ay5BoGy (4.189.c)

f £ £

£ £ f — =
[ £Gs = 0 and K = K

where -afkf + K I+e(A§+B£GS)] + B + 0(e).

It is noted that even if the continuous-time system (2.29) possesses
the two-time scale property, i.e.,

mfxlki(As)l<<m§nlkj(Af/€H
the fast sampling model (4.6) does not necessarily satisfy its property
m%n[xi(Agn >>m?x|kj(A§ﬂ. That is, the separation ratio of eigenvalues
of discrete-time system itself is not necessarily small. However, in
contrast with the fast sampling model, its property is preserved in the

slow sampling model (4.1).

Here, we consider the following lemma.
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Lemma 4-8 Let the following conditions be satisfied:

a_ +a, .l
(A~1) O<e<min| L ’ s 1270 ' ] =€§
2a,(a +a1210) ag [(ag+a;,1) 2:8a <212 0]
h = (af -af 1 a.. = |af a, = |(af —I)—l”
where ag = |A};-A7, o”' 12 = |32l 0 ag = |3,
£ -1 f
1o = [ (a5,1) "Ry

f £ _f
(a-2) k(Af)[]A[I+-dAS+BSGS)]

Then, there exists a unique dichotomic solution Lf of the NARE (4.184)

that possesses the magnitude:

£ 2agl,
o<l I<iy+ ——1! (4.190)
s 1270

and satisfies the two-time-scale separation property:

mixlk (Afast)|< m;nlx (Aslow)l (4.191)
f f f _f f
where [ A (A ) = A[I + e(A7,-AT7,L7)] = A[I + er’]
slow 11 12 s (4.192)
il _ £ £ £ £
A(Afast) = A(A22 + €L Alz) x(Af)
£ _ . f . f _ -1 f
and L~ = L0 + 0(e) L0 = (A22 1) A21' (4.193)

Furthermore, there exist a unique solution Mf of (4.185) and a uniqueie

solution Kf of (4.186).
Proof

We consider

xl(n+l,e) P xl(n,e)
= [A— GI] (4.194)

xz(n+lr€) X2(nle)

where Af represents the system matrix of the system (4.6).

f . f

The shift of A" matrix does not change the L~ solution. It proves the

rate of convergence of the computation algorithm of the Lf, i.e., the
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Riccati iteration, and the rate of convergence of the Riccati iteration
depends on the separation ratio of eigenvalues of coefficient matrix

(Anderson et al. [An.81]). The above shift changes its separation

ratio.
By setting o = 1 in (4.194), we have the following Riccati iteration:
£ _ f -1 £, .f f £ _.f . f _ .f o\ -1.f
Lisp = (Bpp7T) Tlely (A1 =Ap Ly d+hsy ) 5 L = (A1) "Agp-

Then, by following the procedure shown in Kokotovic [Ko.75], it can be
shown that under the condition (A-1), the Riccati iteration Li
converges to a dichotomic solution Lf which satisfies (4.190)-(4.193).
Under the two-time-scale separation property (4.191), there exists a
unique solution Mf of (4.185). 1In the similar way, there exists a
unique solution Kf of (4.186) under the condition (A-2), which requires

that we must assign the slow eigenvalues away from the fast eigenvalues

of the open-loop system. Q.E.D.

Fig. 4.5 shows design approaches of state feedback controllers for
the fast sampling model, where the superscript £ is omitted for
brevity. In this fiure, the right procedure represents the two stage
design approach and the left procedure represents the direct approach.

A
The transformation T and T are given as

[ 1, -emt ~ (I, 0 :
T = T = . (4.195)
-1E, 1eenfuf kF 1

The transformation P which links two approaches is obtained as follows:

£ £ f

I+eM™ K™, =-eM £ -1

£
w{lf Ay, (Ay,-1)

0, I

(4.196)

f £ -le

0, 1-ekf(z+emfkE)

On the other hand, the gain L used in the direct approach has the

f £ f

following relation with the gain L~, M~, and K~ used in the two

stage design approach:
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€or1

xs(n)]'= T-][x](nﬂ

x](n+1) I+EA1],6A]2 xl(n) 581 ' [ xf(") Xz(") ’xs(n+1) PI+eAS, 0 xs(n) eBS
X, (n+1) = Asps By xz(n)'+ -Bé'U(") | 2 hxf(n+1{’\ 0, Af x¢(n) ¥ B, uln)
' u(n) = Gx (n)+uc(n)
[ x_(n+1)] [1+e(A_+B G ), O][x_(n)] [eB
(n) = Gyx;(n)+G,x,(n) Xs - s "ss’? s s
e PN ' xAn+1) | B.G_, A ][x (nJ +[ B }uf(")
6, = G 4G (L+K)+€(G_+GK)M ' S it f
{ ] s .f s x_(n)_ 2[x_(n)
G2 = Gf+€(G +GfK)M st = Tl s
s n (n) xf(n)
x (n+1) ='I+E(AS+BSGS), Q x(n)] ,[B, g ()
| n (n+1) 0, Ag{n (n)] |Be+eKB,
A [xs(“1= ?T'][Xl(n)] uf(n) = an(n)
x,(n+1)] _[1+e(A,,+B;G,), €(A,,+B,G,)]|| x,(n) n (n) x2(n) [ x_(n+1)] [1+e(A_+B G_), €B G [x_(n)
1 = 11 11 12 172 1 N S = S sS s-f S
x2(n+1) A2}+BéG], | A22+BZG2 xz(n) ’ | (n+1% 0, (Af+Bfo)+eKBSGf a (n)

21 22 N

- I+CR]],'ER]2 x](n) 1. [x](n1= P[xs(nq '
A A %.(n) ' vy (n) n (n)
‘ r~x](n+1);[Iu(f\”-/\]%“), ialz][x](n)
xq ([T, O]f xq(n)] _ pgp=T[%{(n) g
y (n) |C, I xz(n) xz(n)

v

Y (n+1? 0, 22+e:LA]2 y (n)

Fig. 4.5. State feedback controller design for the fast sampling model.



N

L = [Lf+ (I+eLfo)Kf](I+sM
f £

£ 1

k)~

= (zrexful) LT kF (1eemfL)) | | (4.197)

where i is a dichotomic solution of the NARE:

f

fG )£+(Af +B.G,) = 0
2 21 271

1

f

N f A A f f A f
R(L) = —(A22+82G2)L+L[I+c(All+BlGl)]—eL(Al2+B

(4.198)
and satisfies the two-time-scale separation property of a closed-loop

system:

A . A
maxlki(Afast)|< mlnllj(Aslow)l (4.199.a)
A f f f £ A
where [ A = I + e[(AT.+B;G,)~-(A +B-G,)L]
slow 11 7171 12 7172 ‘ (4.199.b)
N _ f f " f f
Afast = (A22+B2G2) + €L (A12+B1G2).

Especially, from (4.197), we have the expression:

io = Lg + Kg ; Lg = (A§2—I)_1A§l, Kg = (Agz—l)—lBgGs(4.200.a)
that is,
[l +elc,)-117(al +8l6)) = af_-1)7t (af +8l6,) (4.200.b)
where G, = G + Gf(Agz—I)'l(A§l+B§Gs)
G, = Gg.

The above formula will be utilized later.
Thus, the conditions (A-1) and (A-2) guarantee the existence of a

. . ’\
dichotomic solution L.

4.6.2 Eigenvalue assignment problem
In the continoué—fime version, eigenvalue assignment and stabilizing
feedback control problems have been investigated by numerous
reserachers, i.e., Porter [Po.74],[Po.75],[Po.76],[Po.77.l], Chow et
al. [Cho.76.1], Suzuki et al. [Su.76].

On the other hand, in Section 4.2, design problems for the
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discrete-time version have been studied from the viewpoint of slow-
time-scale. In this section, similar problems will be treated from the
viewpoint of fast-time-scale, wﬁich correspond to a counterpart of the
results of Section 4.2. TheSe studies for slow-time-scale and fast-
time-scale versions are useful for us to investigate the multirate

controller design, which will be shown in the next chapter.

By following the design procedure shown in Fig. 4.5, we obtain a

state feedback controller:

u(n,e) = uso(n) + ufo(n)

Gsxso(n) + ano(n)

[Gs’G I, 0311, O xl(n,e)

£]

f
Kg,I LO’I x2(n,e)

o £ -1, f f. 7
= [Gs+Gf(A22 1) (A21+B2Gs)Jxl(n,€) + Gfxz(n,E)
= Gyx;(n,e) + G,x,(n,e) (4.201)

where uso(n) and ufo(n) are controls of the following slow and fast

subsystems:
[Slow subsystem]

xso(n+l) = (I+€A0)xso(n) + eBOuso(n)_

[Fast'subsystem]

f f

no(n+l) = A22n0(n) + Bzufo(n).

[Remarks]

By following the composite control approach, we can obtain the
same results as above. first, by combining both controllers of the
slow subsystem (4.10) and the fast subsystem (4.11) for the fast

sampling model (4.6), we have
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uc(n,e) = Uo(t) + vo(n)

(n),

G Xpglt) + Gemyg

Second, by using the expressions (4.9), and by trnsfqrming the above
expression into the state feedback form of the state variables xl(n,e)

and xz(n,e), we obtain the same result as (4.201) as follows:

uc(n,e) Gsxl(n,e) + Gf(xz(nre)-xzo(t))

l -1
Gsxl(n,e) + Gf[x (n,e)+A22 51 lo(t)+A22B2GSXlO(t)]

_ f _.y=1,,f f
= [GS+Gf(A22 I) (A21+B2Gs)]x (n,e) + Gex 2(n,e).

The two stage design approach is useful to put such state feedback

controller designs in a theoretical framework.

Implementing the above controller (4.201). to the system (4.6)

yields a closed-loop system:

c £ . _f £ of c
Xl(n+l,e) I+e (All-l-BlGl),e(Al le)]{Xl(n,e)l
c T | af gt £ . f c
xp(ntlie) Ao1*BGyr Ryp*ByG, Jixp(nie)
I+ A xS (n,¢)
€ 7 1 €
) 11 12][*1 (4.202)
- A A c
A A,y x2(n,e) .

21’
Then, we obtain the following lemma.
Lemma 4-9 Let the following conditions be satisfied:

(A-1) 0 < € < e,

1
*
where €y is defined in Lemma 4-8.
(A-2) x(A )nx[1+e(A +B 0%s )] = @2
_ _ -1 _ _ -1 . s
where AO = All A12A22A21, BO = Bl A12A22B2 (continuous-time
sense).,

(a-3) (A BO) : completely controllable (continuous-time sense) and

(A Bg) : completely controllable (discrete-time sense).

227
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Then, the state feedback controller (4.201) assigns all eigenvalues of

the system (4.6) approximately at the following locations:

~
|

L2
slow) = I o+ e(A0+B0GS) + 0(e“)] (4.203)

A[(A ,+B G ) + 0(¢e)]

-
|

and the corresponding responses satisfy

c
{jxl(n,e) = xlo(t) + 0(e) (4.204.a)
c
where‘{dxlo/dt = (A,+B 0Gs)Xq(t) i X, 0(0) = X310 (4.205)
Xzo(t) = 22(A21+B G )xlo(t)
m..(n+l) = (Af +sic y)m..(n) ; m_..(0) = x +A_1(A +B.G )Xy e
0 . 22 "27f£°7fF0 ! fo 20 7227721 T27s'710
(4.206)
proof
Applying the fast transformation:
x%(n, ¢) I 07[x%(n,e)
l ’ l 7 €
= . (4.207)
Y (n,e) L I xg(n,e)
where i satisfies the NARE:
A _ A A A A . AN A A _
R(L) = -A,,L + L(I+€A;;) - €LA;,L + Ay = 0 (4.208)
into egn. (4.202) yields
c A N c
xl(n+l,e) Aslow’ sA12 xl(n,s)
= N N (4.209)
Y (n+l,¢) R(L), Ac oy (nye)
h A _ A A A A _ A AN
where Aslow =TI + e(All—AlzL), Afast = A22 + eLAlZ.

A
Due to the implicit function theorem, the solution L(e) of the NARE

(4.208) is analytic in ¢ at ¢ = 0, i.e.,

k+1

Ay AY
L(e) = 1 els Of(e

e

). (4.210)
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It is easily shown (Kando et al. [Ka.83.2]) that the above

N
approximation coincides with k-th iteration L, of the Riccati iteration

A A -1 A
Lpsp = (Byy-1) “leL

A A ] N -1A
Lk)+A H LO = (A22-I) A21o

(4.211)

* *
Then, there exists a positive scalar ¢ such that for Yee[0,e )

A N
k (R117812 21

A
the above iteration converges to a dichotomic solution L of (4.208)

which satisfies the two-time-scale separation property

)‘/\ AA | < min|r.[ /\/\/\]
max A (A, +€LA,,) min | : I+E(All—A12L)l,

Since the existence of ﬁ is guaranteed under the conditions (A-1) and

(A-2) as we have shown in Section 4.6.1, we obtain from (4.197) and (4.200)

~ N
L(e) = L, + 0(¢)
= Lg + Kg + 0(e) (4.212)
N _ N _l/\
where L0 = (A22—I) A2l
£ _ L f __\-1.f £ _ o f _o\-l.f
Ly = (A5 ,-I) "A5;, Kj = (A;,-I) "B3G_.

Utilizing the above expression gives

Rorow = 1+ c(By =Ry,
slow = I * €(Ay1-3),L)
_ AL A f £ 2
=1 + e[All AlZ(LO+KO)] + 0(e%)
_ f f _af f £ _.y-1,,f f ; 2
= I + s[(All+BlGl) (A12+B1G2)(A22 I) (A21+B2GS)] + 0(e“)
_ f _,f f _.\-1,f f_ £ f _\-1,f 2
=T + e[(All AlZ(A22 I) A21)+(Bl Alz(A22 I) B2)Gs] + 0(e®)
2
= I + e(Ay+ByG,) + O0(e”) . (4.213.a)
7 _/\ AN
Beast = Bgp *t LAy,
= (Af +BLg ) + O(e) (4.213.b)
227 °25¢ : . .

Secondly, we consider the transformation:

] N C C
xf(n,E) ='L0xl(n,€) + x2(n,e) (4.214)
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where

A ~1A - f
L. = (A,.-T) lA2l = (Agz—I) l(Agl+B2Gs).

0 227

Applying the above transformation to (4.202) leads to

[xi(n,e) [xl(o,ej [ X14
x?(n,e) ' xf(O,e) B ﬁox +x .1,

10 2

12

A
xi(n+l,s)}‘ T+e (A, +ByG ), €A

A A A A
ELO(AO+B0GS), A22+eL A

C
xf(n+l,s) 012

(4.215)
Using the boundary layer method (Blankenship [Bl.81], Hoppensteadt

et al. [Ho.77]) gives

Xi(n,e) Xl(t,e) + cml(n,e) ; t = nT,. = en

(4.216)
xg(n,e) = xf(t,e) + mc(n,e),

The outer-region terms [Xl(t,e),Xf(t,e)] must satisfy eqn. (4.215).
Setting ¢ = 0 leads to
rXmO/dt = (AgtB G )X o(t) 7 X,4(0) = x

10 (4.217)

On the other hand, by obtaining equations which the inner-region terms

[ml(n,e), mf(n,e)] satisfy and by setting ¢ = 0, we have

_ f £ . _a
mfo(n+l) = (A22+B2Gf)mfo(n) ; me(O) = Lox10 + X5 (4.218)

By using (4.214),(4.216),(4.217) and (4.218), the responses of the

closed-loop system (4.202) can be expressed by

xi(n,e) = X;(t) + 0(e) (4.219.a)

A
x?(n,e) - Loxi(n,s)

xg(n,e)
. A

—Loxlo(t) + mfo(n) + O(¢)

S |

= A22(A21+82Gs)xlo(t) + mfo(n) + O(¢)

= X20(t) + mfo(n) + 0O(e) (4.219.Db)
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where faxlo/dt (A0+BOGS)XlO(t) ; xlo(O) = X3,

1 (4.220)
_ A
Xoo(t) = =Ry By +ByG )X, o (t)
m (nt1) = (af_+BfG)m. (n) 1 m..(0) = x, *ASL(A, +B,G_)X .
£0 22+BGeImeg PoMeg 20+R 2 (B ¥BG )X,
(4.221)

Here, we consider the reduced system (4.10) and the fast subsystem
(4.11). Then, the responses of (4.220) and (4.221) correspond to the
responses when the slow control Uo(t) = GSXlO(t) and the fast control
vo(n) = Gfmzo(n) are implemented to the systems (4.10) and (4.11).
Thus, the responses of the closed-loop system (4.202) are
represented as a hybrid combination of the slow version in the
continuous-time domain and the fast version in the discrete-time

domain. Q.E.D.

[Remarks]

In (4.201), we will select the gains GS and Gf as follows:

@
!

= o=l oty _~1
Ro (By?5=Cp)

_l '
? P - P ? =
where P A. + AT /OBOQO BO/O + QO 0

1
0”0 0’0
o E fIf f£.-1, f1Ff £ £
Ge = ~(RT+B,P,,B,) T (ByP) Ay M, )
£ f £ _f £ £f £ £ f ff £ -1, ff £ . fI
where Po, = Qo +A5,Po R = (B,P), Ay p+My ) (RTHB,P,,B)) T (ByP) R0+, ).

Then, the state feedback controller (4.201) leads to the suboptimal
controller of the singularly perturbed discrete-time regulator
(Litkouhi et al. [Lit.84]). Thus, the results shown in this section

include the results of the regulator problem.

4.6.3 Stabilizing feedback controller design
In this section, we assume that the matrix A22 of the continuous-

time system (2.29) is a Hurwitz matrix, which is satisfied in many

£

controller (4.201) is an admissible choice in the stabilizing problem

physical systems. Since it implies |[XA(A <1, the gain G = 0 in the
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for the fast sampling model (4.6).

Thus, we obtain a reduced-order stabilizing controller:
u(n,e) = Gsxl(n,s). - (4.222)

If |A(A§2)|<l is not satisfied, by implementing a partial feedback
u(n,e) = K2x2(n,e) + v(n,e) to (4.6) beforehand, we have |x(A§2+B§K2)|<l.

Applying the controller (4.222) into (4.6) yields

xi(n+l,e) I+e(A§l+B§GS), EA§2 xi(n,e) I+e£ll, eA{éHxi(n,g)
Sl L afeele,, al, Sl | Ay af xS, e
P x7(0,e) = x5, x5(0,e) = x5,
(4.223)
Then, we obtain the following theorem.
Theorem‘4—4 Let the following conditions be satisfied:

*

(H-1) 0 2 ¢ < €.

(H-2) A(Agz)nk[l+e(A0+B0Gs)] = £,

(H-3) (AO, BO) : stabilizable (continuous-time sense) and

A22 : Hurwitz matrix (continuous-time sense).

Then, there exist a gain matrix Gs and an upper bound s* such that for
vee[O,e*), the closed-loop system (4.223) when the reduced-order
controller (4.222) is implemented is asymptotically stable.

Furthermore, the eigenvalues of (4.223) are approximated by

A 2
A (A ) = A[I + e(A+B.G_) + 0(e“)]
slow 0 "0 s (4.224)
N _ f
A(Afast) = x[A22 + 0(¢e)]
and the corresponding responses satisfy
c
x/(n,e) = X, ,(t) + 0(e) ; t =nT,. = en
1 10 £ (4.225)

C N §
xz(n,e) = A22(A21+32G5)x10(t) + mfo(n) + O(¢)
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where XmO/dt = (AO+BOGS)XlO(t) H XlO(O) = Xy (4.226.a)

_ £ _ ) -1
meo(n+l) = Ajomeq(n) 5 meg(0) = xpq + Ayp(By) *ByGg)xyg -

(4.226.b)
Proof

In (4.223), we obtain.

N TS P S A
I+ ehy =1+ s[All AlZ(A22 1) A21]
_ £ £ f f _y-1 ,f  of
=1 + e[(All+Ble) Alz(A22 1) (A21+B2GS)]

I + e(A0+BOGS).

Then, there exists a gain matrix GS such that |x[I+e(A0+B0GS)H<l
under the condition (H-3).

By applying the lemma of the asymptotic stability for the fast
sampling model (Kando et al. [Ka.86.1]), it can be proved that there
exists an upper bound e* such that forvee[o,s*), the closed-loop system
(4.223) is asymptotically stable. The results (4.224) and (4.225)

follows from Lemma 4-9 straightforwards. Q.E.D.
4.7 Multirate Digital Controller Design of Regulator Problems

It is well known that the the responses of the singularly
perturbed systems exhibit slow and fast behaviors. From an intuitive
point of view, the lower sampling rates can be tolerated for
measurement and control of the slow state variable as compared to those
of the fast state variable. This intuition leads to multirate control
design mnaturally. So far, it has been pointed out (Sandell et al.
[san.78]) that it would be useful to use the singular perturbation
theory in order to lie down such multirate digital system design (Glasson

[Gla.80]) in a theoretical framework.

In this section, on the basis of studies for the slow-time-scale

and fast-time-scale discrete versions discussed in the preceding

sections, such a multirate controller design of the regulator problem
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will be considered.

Firstly, it will be shown that the singularly perturbed
continuous-time regqulator leads to two different discrete-time versions
via the slow and the fast sampling. Secondly, a multirate controller
design will be developed in a framework of the decomposition-
coordination principle from the temporal viewpoint, and some sufficient
conditions under which such a design can be performed will be‘studied.
Furthermore, the responses and the asymptotic stability of a closed-
loop system will be investigated. 1In this process, the relationships
between the original continuous-time regulator and the corresponding‘

single rate/multirate regulators will be clarified.:

4.7.1 Formulation of discrete-time regulators

We consider the following singularly perturbed optimal regulator.

X A A X B
1 117 “12(1 %1 1
o N . (4.227.a)
€ X, By1r Baofl %) B,
1 P X1 ,
J = 5‘?[(xl,x2) 0 (x2) + u’Ruldt (4.227.b)

where xle Rnl, X, eRn2
Q ; positive semidefinite matrix

R ; positive definite matrix.

Firstly, we shall formulate the discrete-time version of the above
regulator.
In the same way as Section 2.3.2, applying the mode-decoupling

transformation and discretizing with a sampling rate T yields

d d d
xl,i+l All(T,e),Alz(T,e) xl,i Bl(T,e)

- | d Tl Ui
2,141 Bar(Tre ) Apy(Tre) [ %5 5 Ba(Tre)

(4.228.a)

where xl,i = Xl(lT,e), X2,i = x2(1T,e), u, = u(iT,e)
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4. ana BZ have béen given already in Section 2.3.2.

and the matrices A:.
ij i

The performance index is given by

a,%1,i

_1g& / / /
J = = X - ) / d /7_.d
2%%[( 1,i X2,1) Q (X2,i) + Z(Xl’ir X2,i) MTu; + uiRu,]
T T (4.228.b)
wnere 0% = [W(x,c)Q0(r,e) dr, MY = [ x,c)Q0(r,e) dr
0 0
/
R = (T[R + o/(x,c)Q0(x,c)]dr
4]
A]d_l('[le)l A?Z(TIE) Bg(T.IE)
o(1,se) = : o(t,e) =
ad (o), A, 0) B3 (<, )

Since this discrete-time regulator depends on the sampling rate T
critically, the selection of the fast sampling Tf = o and the slow
sampling T_ = 02[1/€]Tf (where [1/¢] is the largest integer <1/¢) leads
to two different formulas, respectively.

For simplicity, by assuming «; = a, = 1, e, T = &, T, = [1/¢€]

and neglecting O(e) errors, we obtain the following expressions, where a

subscript n (k) represents the fast (slow) sampling point, and n = k[1/¢e].

[1] Fast sampling model

f f f
xl,n+l I+eAll,eA12 xl,n eBl (
= : 4.229.a)
+ u
f £ f n
Xy n+l A1 v 2220l %2,n B>

u(nT

[l

,€) and the matrices Af., Bf have

where X, 0= xi(an,e), u, 3

14

f

been given already in (2.35).

0 X
_ € / / f,71,n / / f /of
J = 7%%[(xl,n’ x2,n) Q (x )+ 2(Xl,n' X2,r1)M U, u,R un]
2,n
(4.229.b)
f f S f
where [ Q= Qg +0(c) = jocpo(r)Q % (t)dt + O(c)
|
J Mf= Mg+o(g) = (¢€Q1)Q(ﬁie)dr + 0O(¢e) (4.230)
0
~Rf= Rg+0(e) = {l[R + eg'(e)QeOf(a)]dr + 0(¢e)
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+ O(¢e)

i

£c,e)

oL (1) + o(e)

I , 0
[(exp(Azzr)—I)Lo, exp(A221)

egr,e)

£ 0
0 (T) + 0(e) { -1 ] + O(e),
(exp(Azzt)-I)AzzB2
[II] Slow sampling model
We will discretize the continuous-time regqulator (4.227.a) and
(4.227.b) with the slow sampling rate T, = [l/e]Tf ~ 1,

Then, there exist kf > 0 and ap > 0 such that
A a
lexp(ZET ) || = koexp(-2£T ) = O(e).

Setting exp(%fTs) = €A,

and neglecting O(e) errors leads to

s s s
¥1,k+1 BrireR12][*1,x B)
= + u (4.231.a)
S S s| 'k
X2, k+1 By17R22 || %2,k B2
where Xi,k_é xi(kTs,s), Uy = u(kTS,e) and the matrices Afj, Bf have
been given already in (2.37).
_ 18y / s, X1,k / / s /.S
J - jkgo‘» (xl,k, lek)Q (X ) + 2(xl,k, X2,k)M uk + ukR uk]
2,k
(4.231.b)
where s s I I
~ s S
® = | Q17 Q2= [eUnognar, ¥ = | M| = (oo dgiear
oS’ 2Qs 0 M 0
127° *22 €52
| Y S
RS = h[R + 0,(1)Q ey () ]dr
< (4.232)
s _ ’exp(Aor), sexp(Aor)M0
Pole) = M +exp (2221)
‘-Loexp(AOT), —sLOexp(ﬁf otexp (3
. -1
S (exp(AOt)-I)AO B,
L8p(T) = 1. -1 .
h-LO(exp(Aor)—I)A0 BO—A22 2
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Thus, the penalty to the fast variable X, is O(e) in comparison with

one to the slow variable Xq

4.7.2 Multirate controller design

After a global problem is decomposed into some local subproblems
defined at respective time-scales, they are solved independently.
Then, they are combined together so as to approximate the global
solution asymptotically.

On the basis of such the decomposition-coordination principle from
the temporal viewpoint, a design procedure of the multirate digital
controller is developed and some sufficient conditions are studied in

this section.

(a) Decomposition into slow and fast subsystems
[I] Fast sampling regulator

Firstly, we consider the fast sampling regulator.
Similarly as Section 4.6, by using the boundary layer method
(Blankenship [Bl1.81], Hoppensteadt et al. [Ho.77]}), and after
considerable algebraic manipulations, the discrete-time regulator

(4.229.a),(4.229.b) can be decomposed into the following subproblems:

[Slow subproblem]

(dX,o/dt = AX, 0 (£) + BV, (t) (4.233.a)
oo , ,
J=1/2 0[xlo(t)Qoxlo(t)ju Vo (£)RV, (t) Jdt (4.233.b)
_ -l
_ -1’
Uo(t) = Vo(t) + RO Coxlo(t) (4.233.4d)
where A = A. + B.R.1C’ A, = A - a..ala
0 0 0’0 ~o’ 0 11 12922721
‘ = _al -1 -1 _ _ -1
Co = (Q57R513,50,5)A,5B,, By = By ~ BArByB)
_ VAR ] _ -1,/
Qp = (I,-35,3,5) 0 , El | COROlCO

“Byahsy
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Ry =R+ BzAzzsz 2285+

[Fast subproblem]

Af .
m 0(n+l) A,y 20(n) + B (n) (4.234.a)
= 1/2 éi( ' mofm, . (n) + w'(n)wa (n)) (4.234.b)
J = 1/2 i [my(n)Q;5myg 0 0 .234.
£-1_f°
vo(n) = wo(n) - R M2 mzo(n) (4.234.c)
—f _ f £ f-1 f' £ _ £ _ £ f-1 f'
where A22 = A22 - B2R M2 ’ 5y = Q22 M2R M™ .

Then, the responses of the regulator (4.228.a), (4.228.b) at the fast

sampling point n can be fepresented as

X, (nT_.,e) = X, .(t) + O(¢) ; t = ¢€n = nT
1 f 10 f (4.235)

x2(an,e) = Xzo(t) + mzo(n) + O(¢)

where [X,,(t),X,q(t)] (m,,(n)) represent the responses of the slow
subproblem (4.233.a)—(4.233;d) (fast subproblem (4.234.a)-(4.234.c)).
It is noted that the slow subsystem (4.233) corresponds to the natural
reduced problem (0'Malley et al. [OM.75]) of the singularly perturbed

regulator (4.227.a),(4.227.b).

[II] Slow sampling regulator
In (4.231.a) and (4.231.b), after we introduce the Hamiltonian and
derive the canonical equations, we apply the boundary layer method.

Then, we obtain the following subproblems:

[Siow subproblem]

o(k+1) = _11 10(k) + BIV (k) (4.236.a)
3 = /2] [%; 00085 X (k) + Vé)(k)RSV (x) | (4.236.D)
Xpo(k) = A5 E T (k) + (B5-25) K780, (k-1) (4.236.c)
Uy (k) = v(k) - RSTIMS X (k) (4.236.4)
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where AS. = aS - Bi’RS_JMi:

_ AS  _ uSs=i,s’
A1y 11 = 0}, - MK JMl

S
Q11
s _ (',,s' s
07, = [ A7 (1), Azl(t))Q (A (1)) dr
A1 (%)
s

M3 = f(A (t),A 1(1))9 BY (1) dr
( s( ))

| ) '
- S S
= { [(BT(),B3(:n 0 (Bl(r)) + Rldx

(T)

s _ _ _ax-1
A l(T) - exp(AOT)l A21(T) - A22A21exp(A0T)
s _ _ -1 s _ l
BS (1) = (exp(Ayr)-T)A5 Bg, BS(x) = ~Bj3A, (exp(Agt)=T)K By=A; ;B

[ Fast subproblem]

S
my o (k+1) ,-AS B Ly

2181187 My (k) 5 my(0) = 21511 10°

(4.237)
The above subproblems have been already defined in Section 4.4.

2

Then, the responses of the regulator (4.23l.a), (4.231.b) at the slow

sampling point k can be represented as

x. (kT _,e) = X.,(k) + O(e)
17s 10 (4.238)

x, (KT e) = X, (k) + ekmzo(k) + 0(e).

Thus, the fast mode exhibits the dead-beat behavior.
[Remarks]

By applying the boundary layer method, the original continuous-
time regulator (4.227.a),(4.227.b) can be decomposed into the

following local problems.

[ Slow subproblem]

ax, /At = AgXyo(t) + BoVo(t) 5 Xy 0(0) = xpg (4.233.a)
| '

3 = 1/2[[ %, 4 (£)Q Ky o (£) + Vo (£)RV, (t)]dt 4.233.b

» h[ 10(8)€0%10 0 (FIRgVo ()] ( )

_ -1 (4.233.c)
Uy(t) = V(e + R Coxlo( ).
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[Fast subproblem]

/dr = A22m20(1) + B (T) s m - X20(0) (4.239.a)

20

J=1/2 [m 0(€)Qyomy (1) + vé(T)Rvo(r)]dr. (4.239.b)

Then, after algebraic manipulation, it can be shown that a v
discretization of the above slow subproblem (4.233.a),(4.233.b) (the
fast subproblem (4.239.a),(4.239.b)) with the slow sampling rate Ts =1
(the fast sampling rate Tf =€, i.e., Te = 1 at t-time-scale) leads to
the slow subproblem (4.236.a)-(4.236.d) (the fast subproblem

(4.234.a)-(4.234.c)).

(b) Near optimum controller design of the fast sampling regulator

In this section, we consider the fast sampling regulator

(4.229.a),(4.229.b).

First, we assume the following conditions:

(A-1) (CO, AO, BO) : completely controllable and observable

= _ -1 ' =
where O = Cl C2A22A21, Cicj = Qi"
(A-2) (Cg Agz B ) : completely controllable and observable
f f
where 2 2 Q22

Under the above conditions, the control Uo(t) and vo(n) of the slow
subproblem (4.233.a)-(4.233.d) and the fast subproblem (4.234.a)-

(4.234.c) are given by

—-— ] [ ]
- - P - ,
Ug(t) RH(BPo=Co) Ky o (E)
= GyX, o (t) (4.240.a)
h PA +AP - PBRAIBP -Q =0
where 00" "0"0 0°0"%0 "o’ 0 0
N P X nE L f
vo(n) = —(R7+B,P,, 2) (B 22 22+M )mzo(“)

GfmZO(n) (4.240.b)
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! [ X4 ! - ! [
£ eal o af - (8Pl al anf)(®f+BlpL Bl) (8RS Al ]

£ _
where Poy = QppthspFp0R057 (BP0, 2F22 2P22Ppo M)

Then, by following the state feedback controller design for the fast

sampling model shown in Section 4.6, the suboptimal control is given by

ug(n,e) = U, (t) + vy(n)

£

[G 2Go) 1% (n,e) + Gex,y(n,e). (4.241)

re_al -1yt af+m x
£l822 21 £%2

0

The responses of a closed-loop system when the above control is

implemented are given by

x7(n,e) = X, (t) + 0(e) ; t =nT

£
(4.242)

x5(nse) = X,0(t) + myq(n) + O(e)

where [xlo(t)’x20(t)] (mzo(n)) represent the responses of (4.233.a)-

(4.233.d) ((4.234.a)-(4.234.c)), i.e.,

XmO/dt (A0+B0G0)X10(t) i X, L(0) = x

10 10

) (4.243)
Xgp(t) = =R 0 (Ay +B,G()X, 4 (t)

- f f . _ -1
mzo(n+l) = (A22+B2Gf)m20(n) : m20(0) = x20+A22(A21+B2G0)xlO.

(4.244)
Thus, we have the relation:

o S
xy(n,e) - x7(n,e) = 0(e), xg(n,E) - xg(n,E) = 0(¢)
o) o .
where xl(n,e) and x2(n,e) represent optimal responses.

However, as the responses of the slow subproblem exhibit the slow
behavior, it seems that they need not be necessarily controlled at the
fast sampling rate Tf. For this reason, we assume that the control

for the slow response is kept constant over the slow interval Ts’ i.e.,
= = <
Uo(t) Uo(k) constant for kTSSt (k+l)Ts.

Here, as described in [Remarks)], it is noted that under this condition,

discretizing the slow subproblem (4.233.a)-(4.233.d) leads to the slow:
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subproblem (4.236.a)-(4.236.d) of the slow sampling regulator.

(c) Control of the slow sampling regulator
Thus, under the condition (A-2), the control vo(n) of the fast
subproblem (4.234.a)-(4.234.c) has been given by (4.240.b).

On the other hand, under the following condition:

(A-3) (Ei,ﬁil,ﬁi) : completely controllable and observable
where Cy Cl = Qqqy

the control Uo(k) of the slow subproblem (4.236.a)-(4.236.d) is given

by
Up (k) = '(RS+Bi'Pi1Bi)-l‘Bi'PilAi1+Miﬂ)Xlo(k)
= G X, o (k) (4.245)
where P, = Qi1+AiiP§1Ai1’(Bi'PilAil+Mi'5(RS+Bi'P§1Bi)_l(BilpilAi1+Mi.)‘
[Remarks |

The slow subproblem (4.236.a)-(4.236.d) (the fast subproblem
(4.234.a)-(4.234.¢c)) corresponds to the discrete-time version of the
slow subproblem (4.233.a)-(4.233.d4) (the fast subproblem (4.239.a),
(4.239.b)) of the original continuous-time regulator.

In case of AT Aj xAjZ%i (pi - vy X jg%i) where xi'lj (ui,pj) are
eigenvalues of A0 (Azz/e), the controllabilty and the observability of

the continuous-time version are preserved in the discrete-time version.

Then, the above conditions (A-2) and (A-3) can be rewritten as

(A-2) (C2,A22,B2) : completely controllable and observable
)
where C2C2 = Q22.

(A-3) (CO,AO,BO) : completely controllable and observable
1

- ]
where C0 = Cl-C2A22A21, CiCj = Qij'
: .27R .28 . .
The relation A, - A. =< j (u; = pu: X j===) implies that the slow
i J T 1 j T

eigenvalues (AO) (the fast eigenvalues (A22/e)) of the continuous-time
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system (4.227.a) lie in the primary strip of s-plane, i.e., the well-
damped system.
In the next section, it will be shown that a composite control of

these slow and fast controls leads to a multirate control naturally.

(d) Multirate controller design

In the singularly perturbed system, xl(t,e) and xz(t,e) exhibit
the slow behavior and the fast behavior, respectively. Thus, the slow
sampling rate (Ts) can be tolerated for measurement of the slow
variable xl(t,s), i.e., xl(t,e) can be measured at the slow rate t =

kTs (k = 1,2,..). On the other hand, x2(t,e) is measured at the fast

rate t nT,. = k[l/s]Tf.

£
In this section, such multirate measurement is assumed too.
By combining the controls of the slow and fast subproblems

defined in (b), (c), and by using the expressions (4.235) and (4.238),

we obtain

u§= Uo(k) + vo(n)

o(K) + Gemyo(n)

l
)G Xq (kT ,e) + Gf 22 21 (nT ,e) + G (an,e)

1

(I+Gf 22

(4.246)

c c
where u- = u (nTg,€).

Here, the-states xl(kTS,e) and X2(an,e) are measurable. But since.the
,e) is unmeasurable between k[1/€¢]T SJﬁF < (k+1)[1/e]T,
£ f

the above state feedback control cannot be implemented. In order to

state xl(nT
get around this difficulty, we use the estimate of xl(an,e). When the
control

Uo(t) = Uo(k) = GleO(k) = constant fo; k[l/e]Tf_t<(k+l)[l/e]T

is applied to the system (4.233.a), we have

XmO/dt = A.X,,(t) + B

%10 (kT ) (4.247)

0%s%10
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Then, we use the above response Xlo(t) as the estimate of xl(an,e),

that is,

xl(an,s) = Xlo(t) + 0O(e)

Q

¢(t)Xlo(kTs) for kTss.t<(k+l)TS (4.248.a)

where do¢/dt = A0¢(t) + B Gs : ¢(kTS) = I. (4.248.b)

0
Or, by using the equivalent difference formula, we have

o (n+l) = (I+eA0)¢(n) + eBOGs ; o(k[1l/e]) =1 (4.248.c)

where ¢(n) = ¢ (nT;).
By utilizing the above estimate and after algebraic manipulation, we

obtain the multirate controlr

_ -1
u. = [GS+GfA22(A21¢(t)+B2GS)]xl(kTS,e) + Gfxz(an,e)

= Glxl(kTs,e) + G2x2(an,e). (4.249)

Thus, we notice that the multirate control design can be also treated
within a framework of the decomposition-coordination principle which
has common ground with other methods for large-scale systems, e.g.,
model reduction methods and hierarchical control methods (Sandell et
al. [San.78]).

Fig. 4.6 shows basic concepts of such a multirate control design,
where the relationships between the original continuous-time regulator
and the correspoﬁding single rate/multirate digital regulators defined

up to this point are clarified.
4.7.3 Responses of a closed-loop system

When the multirate control (4.249) is implemented to the system

(4.229.a), a closed-loop system is given by
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f

c _ f c f f c c
xl(n+l,e) = (I+eAll)xl(n,e) + e(A12+B Gf)xz(n,e) + sBlGlxl(kTS,e)
c _ f _c f £ c f
x2(n+l,6) = Azlxl(n,e) + (A22+B2Gf)x2(n,e) + BZGlxl(kT s €)
v(4.250)
c a _C . c c _
where xi(n,e) = xi(an,e) : xl(O,E) X107 x2(0,e) = X50°

Here, we have an interest in predicting the behavior of the closed-loop
system (4.250) by using the responses of the slow subproblem
(4.236.a)-(4.236.d) and the fast subproblem (4.234.a)-(4.234.c).

By following the boundary layer method (Blankenship [B1.81]), we set

ngn,E) = X (t,e) + €m (n,e) i t =nT;
- (4.251)
x5(n,e) = XJ(t,€) + my(n,e),
(a) Slow terms [XS ot X (t)]
The slow terms [Xl(t,e),xg(t,e)] must satisfy (4.250),
Setting € = 0 yields
_ £ c £ c
XmOdt = A (t) + B G (kT )} (4.252.a)
c _ £ f -1,_f
X20(t) = (I- A22 2Gf) (A21 10(t)+B 1 lO(kT )) (4.252.b)
£f _ . f f f £ -1 f
where A" = All + (A +B G ) (I- A22 B2Gf) A21
f _ Lf hid £ _Af _gf -1_f
BT = Bl + (A +B Gf)(I A22 Bsz) B2
G, = G_+G.A, (A L2 (£)+B,G.) = G -G (1-af )71 (af o (n)+sfc )
1 £°22 2 s s £ 22 21 2°s’ "

Applying the following formula (Kando et al. [Ka.86.2])

fs fo - a0
A"%(t) + B Gl = A, (t) + BOGS (4.253)

to (4.252.a) gives -

XS (t) {eXp(Af(t-kT )+xfexp(Af(t-r)[A o (1)+B.G -Afo( )]d'}xc (kT )
0 s’k 0% 1T 0% TSR0 s

H

c
¢ (£)X] o (KT,). (4.254)

The above response corresponds to the response of (4.247).

At slow sampling points t = kTs (k = 1,2,..), we have
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C C
1o (k1) = o(0) ] (yuyq X10K)
Ts c
= [exp(AOTS)+Soexp(Aor)drBOGs]xlo(k)
S S C
= (A); + BJG )X (k) (4.255)

h ‘ xS (k) = x5 (xT_), a5, = (A.T_ ), BS = J%e (A.1)d<B
where Xjolk) = XyqlkTgly Byy = explfghgls By = ) SFP I8 TE 20

which corresponds to the response of the closed-loop system of

(4.236.a)-(4.236.4d), i.e.,

_ S
xlo(k+1) = + BlGS)XlO(k). (4.256)

S
(B11
On the other hand, applying (4.254) to (4.252.b) yields

£ -BfG

c = -—
Xzo(t) = (I A5 ,=B,G

-1, f f -1 c
) {A21¢(t)+B2[Gs+GfA22(A21¢(t)+B2GS)]}Xlo(kTS)

-1 o]
A22(A21¢(t)+B2Gs)XlO(kTs)

_ -1 c o)
= Ay (A Xy g (£)+B)G Xy 5 (KT )) (4.257)

which corresponds to the response when the control Uo(t) = GSXlO(kTS)

is implemented to (4.233.c).

. c c
(b) Correction terms [mlo(n), mzo(n)]

From (4.250) and (4.251), we have

c £ c f f c

ml(n+l,e) = (I+eAll)m1(n,e) +e(A12+Ble)m2(n,g) (4.258.a)
c f c f £ c

mz(n+l,€) = AZlml(n,e) + (A22+B2Gf)m2(n,€). (4.258.b)

Setting € = 0 in the above yields

c _ .c A f £ c

mlo(n+l) = mlo(n) + (A12+B1Gf)m20(n) (4.259.a)
o] 1) = f £ o]

mzo(n+ ) = (A22+B2Gf)m20(n). (4.259.b)

It is noted that (4.259.b) corresponds to the response of the fast
subsystem (4.234.a)-(4.234.c).

From (4.259.b), we obtain

£ f -k[1/¢]
mgo(n) = (A22+B2Gf)n [17¢ mgo(k[l/E])- (4.260.a)
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At the points n = (k+1)[1/c], we obtain

nSo () [1/e]) = (A +mle ) 1/eIns (x[1/e1). (4.260.b)

Then, since |A(A§2+B§Gf)l< 1l under the condition (A-2), we have the

relation:

f

[1/€¢] _
2Gf) = O(¢e).

£
(A22+B

Thus, the fast response mgo(n) exhibits the dead-beat behavior between

one cycle of the slow sampling period T,.

(c) Initial condition of the correction mgo(n)
From the above discussions, the responses of the closed-loop

system (4.250) for kTS £t < (k+l)TS are approximated by

x{(t,e) = X o(£) + O(e) N . (4.261.a)

c _ -1
x2(t,e) = -A22(Azlxlo(t)+B2GleO(k)) + mzo(n) + O(e)

n-k[l/e ]m20(k[l/e] )+0(€)

(4.261.b)
where Xlo(t) represents the response of (4.247) and mzo(n) represents

_ _a-1 f f
= A22(A21¢(t)+§2Gs)xlo(k)+(A22+B2Gf)

the response of the closed-loop system (4.259.b) of the fast sub-

problem (4.234.a)-(4.234.c), respectively. At t = kT, we have

xi(kTS,e)

Xlo(k) + Of(e) (4.262.a)

c _ _a~1
X5 (kT ,e) = =A,5 (A, +B,G )X, 4 (k) + mzo(k[l/g]) + 0(e) (4.262.b)

where Xlo(k) represents the response of the closed-loop system (4.256)
of the slow subproblem (4.236.a)-(4.236.4d).

On the other hand, when we consider the responses for (k—l)TS‘st~<kTs,

we have
c _ -1
x5(t,e) = ~B,5 (A, X, o (£)+B,G X, ((k-1)) +
(Agz+B§Gf)n_(k_lHl/e]mzo((k-l)[l/e]) + 0(e).(4.263)

_ ) . f  _f [1/¢] _ -
At t _'kTs’ by taking the relation x(A22+B2Gf) m20((k 1)[1/e]) = O(e)

127



into account, we have

-1

c = - -
xz(kTS,s) = A22(A21Xlo(k)+B2GleO(k 1)) + O(e)
_ 28 p8-1 S_,5 ,8-1.s _
= AZlAll Xlo(k) + (B2 A21All Bl)GSXlO(k 1) + O(¢e)
= Xzo(k) + 0(¢) (4.264)

where X20(k) corresponds to (4.236.c).
The above results imply that the responées [Xlo(k), Xzo(k)]of the slow
subproblems (4.236.a)-(4.236.d) correspond to the quasi-steady-state
responses after the fast mode mzo(n) is dead-beat.

Thus, from (4.262.b) and (4.264), the initial condition at t = kTs is

given by

nSo(k[1/c]) = A33B,G (xS (KT, e)-x] ((k=1)T ). (4.265)

In the case of the single rate regulator, i.e., the fast sampling
regulator (4.229.a),(4.229.b) (or the slow sampling regulator (4.23l.a),
(4.231.b)), the jump phenomenon between the closed-loop response xg(t,s)
and the slow response X20(t) ( or Xzo(k) ) appears only near the initial
time. It is well known that the term mzo(n) which decays to zero in the
outer-region corrects this boundary-layer jump. However, in the multi-
rate case, this jump phenomenon shown in (4.265) appears at every slow
sampling point t = kTS (k=1,2,..), which is caused by an implementation of
the slow control Uo(k) = G_X,A(k) stepwise at this point. The fast

s710

response m20(n) which decays to zero in one cycle of the slow sampling

corrects these jump phenomena too.
It is noted that this is a main point of difference between the single rate
case and the multirate case. Fig. 4.7 shows the behavior of the

responses of the multirate controlled system.

4.7.4 Asymptotic stability of a closed-loop system

Applying the fast transfofmation:
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// // [
e - mzo‘”)
3 '\ olk[1/€])= 6 (XTIKT e )-xS((k-1)T _,€))
22 27s s? 1 s’
Control

- uc(n,e)

(kl+1)Ts

Fig.
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c A a o f _f. -1, f
xl(n,e) I, —eHO E(n,e) L0 = (I“A22 Bsz) .A21
c T AoA N S - L f _f.L -1
x2(n,e) —LO, I+eLOH0 n(n,;” HO = (A12+B1Gf)(I A22 B2Gf)
(4.266)
A A A I A A :
where L(e) = L0 + O(e), H(e) ='H0 + O(e) and L(e), H(e) satisfy
Ay £ fL 0 L0 £, _ o~ f f. A £ _
R(L) = -(A,,+B,G.)L + L(I+eA);) eL(A],+B1G.)L + Ay = 0
A _one fF n £ _f _ £ f f. A
R(H) = H[(A22+B2Gf)+eL(A12+Ble)] [I+e(All (A12+B1Gf)L]H
£ _f 5
+ (AlzBle) =0

into the closed-loop system (4.250) yields

- f o2a n f PPNA £ f f
+1, = +
E(n+l,e) = [I+eA ﬁzﬁoLoA JE(n, e)+e2[H L (A7, +B]G,)
+s[Bf+eﬁ £ Bf]G xS (kT €)
07071°7171 s’
_ & Lf £ f N £ £ 25
+ = -
n{n+l,e¢) eLyA E(n,s)+[(A22+B2Gf)+eL0(A12+Ble) e“L,A
f, »~ _f c
+(B2+eL0Bl)Glxl(kTs,e)
£ _ f £ f L f . . -1.f
where A" = All + (A12+B1Gf)(I A22 BZGf) A21
£ _ . f £ _f _E. -1.f
B™ = Bl + (A12+B1Gf)(I A22 B2Gf) B2

_ -1 _ _ _Af -
Gl(n) = GS+GfA22(A21¢(n)+B2GS) = GS Gf(I A22)

A A

Ai\ f/\
Hy-eH LA Ho]n(n,e)

1,.f
(a5

(4.267.a)

fﬁo]n(n,e)

(4.267.b)

f
l¢(n)+B2GS).

From the above expression, we have for k[l/e] < n < (k+1l)[1l/¢]

g(n,e) = [I+eAf+o(2)]n’k[1/€]

J=klE)

E(k[l/e])+§f(1+eAf+0(3))

(fo(eHn(3, e)+e[BE+0 () 16 (xS (KT, €} -

Using the expression

Xi(kTs,e) = g(k[1l/e],e) + [O(s)]n(k[l/e],e)

and neglecting O(e2) errors for simplicity yields

E(n,c) = (T+eaf)n~kl1/¢]

J=k
+[0(€2)]n(k[l/e],s).
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Ppplying the following expression

afo(n) + BfGl(n) = Ago(n) + ByG_ (4.253)

where 0(n+l) = (I+eAj)e(n)+eB,G_ ; o(k[1l/e]) = I,

0

into (4.268) and utilizing the expression

_' - - - - .
= (1reaf)? 13 cafyo () = [(x+eal)? o) 1]
kg0 J=ki¥)
n-| -1 =9
- (zeat)P I 0 (54100 (5) ]
J=k§)

leads to

t(n,e) = [¢(n)+0(e) ]E(k[1/e],e) + [O(e%]n(k[l/e],e). (4.269)

In the similar way, from (4.267.b), we have

n-k[1/¢]

n(n,e) = [(al_+8lc,) +0(e) In(k[1/e],e) +
= £ £ -1-j,f .
H%$§A22+B2Gf)n I8fe, (3)40(e) e (k[1/e ], o)

n-k[1/¢]

[(A§2+B§Gf) +0(e)In(k[1/e],e) +

el f _f . n-1-j_f -1
{ﬁiéA22+B2Gf) BZ[GS+GfA22(A21®(n)+B2GS)]+O(e)}£(k[l/e],e)_

Applying the following expression (Kando et al. [Ka.86.2])

~] -1 = -
§%£A§2+B§Gf)n ! IBc, (5) = (I-Agz—Bng) lBgGl(n)
J=klE)
£ . f. n-k[1/e], . f _f. \-l_f
—(A22+52Gf) (I A22 Bsz) BzGl(k[l/e])+O(€)
_ £ -1, f £ . __(4.270)
where Gy(n) = G =G (I-A,,) ~(A5;¢(n)+B,G_ ) ; @(k[1l/e]) = I,

into the above equation leads to

n-k[1l/¢] £ £

+0(e) In(k(1/e], e)+[ (1-af -Bfc ) 1BE

n(n,e) = [(a5 +8le,) ) tele (n)

n-k[1l/e f f

-(al_+Bc,) b (1-af-86,) T BEe, (k[1/e D ro e ek (16l e,

Furthermore, utilizing the expression

f £

-1, f f I |
(1 A22-B2Gf) (A21+B2Gl(n)) = A22(A210(n)+B2GS) (4.271)
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yields

a(n,e) = (-(1-a5,-BE6,) TAL 0 (n)-ag} (A, ¢ (n)+B,6, ) - (A5 483 )" “klge]
-(1-af_-pfc ) lAf L(a, +B,G ) 140(c) be(k[1/e),e) +
[ 227 B%C¢ 217223 2G5
[(A§2+B§Gf)n—k[l/e]+0(€)]n(k[l/e]re). (4.272)

Setting n = (k+1)[1/e] in (4.269) and (4.272), and using the relations

= aS [1/¢]_
A S B i S O BjGgs  (A3,+B3G¢) = 0(e)

gives

£((k+1)[1/¢])

[(a5,+B3G,)+0(e) Je(k[1/e]) + [0(e2) In(k[1/e])

4.273.
1 -1 ( a)

n((k+1)[1/¢€])) AZl(A +BS 167) A22[ (A Gl)

{(A,,+B,Ge)

+B,G_1+0(e)3E(k[1/c]) + [0(e)In(k[1/e]) (4.273.b)

|
s _ s _
where All = exp(Ao), Bl = oexp(AOT)dTBO.

Then, by applying Lemma 4-2, it can be shown that there exists sf>0

such that for Vee[o,e*), (4.273) is asymptotically stable.

From eqn.(4.269) and (4.272), &(n,e) and n(n,e) is related to E(k[1/e],€)
and n(k[1/e],e) by a nonsingular transformation.

Thus, the system (4.267), i.e., the multirate controlled system (4.250)

is asymptotically stable as n-»eo.

4.7.5 Main results

Summarizing the above results, we obtain the following theorem.

Theorem 4-5 Let the following conditions be satisfied:

(C-1) (CO, Ay BO) : completely controllable and observable.

(C-2) (C2, YL B2) : completely controllable and observable.

* *
Then, there exists e >0 such that for Yee[0,e ) the closed-loop system

(4.250) when the multirate control (4.249) is implemented is
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asymptotically stable and the corresponding trajectories satisfy

x] (KT, €)

Xlo(k) + O0(e) ; XlO(O) = X190

xS(RT,, €)= ~A5L (A, 8 (£)+B,6 )X, o (K)+(Ay,+B,6) " K1/l (k(1/¢1,e)40(e)

_ -1
{‘“20(0) = X0 TR (Ay+BGL)R g

-1 c c
mzo(k[l/e]) = A,5B,G (x] (KT ,e)-x; ((k=1)T_,€)) (k 2 1)

: de/dt = A0¢(t) + BOGs ; ®(kTs) =1

kTSSt=an<(k+l)TS (T = [l/E]Tf)

where Xlo(k) represents the response of the slow subproblem

(4.236.a)~-(4.236.d) and mzo(n) represents the response of the fast
subproblem (4.234.a)-(4.234.c).

4.7.6 Discussions

As discussed in Section 4.7.2, the optimal responses for the fast

sampling regulator (4.229%.a),(4.229.b) are represented by

(o]
Xl(t,e) = Xlo(t) + O(e) ;7 t o= an

A (4.274)
x;(t,e) = X,,(t) + my(n) + O(c)

where [X,,(t), X,,(t)] (m,,(n)) satisfy (4.243) ((4.244)) which
corresponds to the closed-loop system of the slow subproblem
(4.233.a)-(4.233.d) (the fast subproblem (4.234.a)-(4.234.c)).

Especially, at the points t = k[l/e]Tf (k > 1), we have

xq(t,e) = X, o(t) +0(e) 5 t =Kk[1/e]T,

(4.275
o i )
x2(t,s) = Xzo(t) + 0(e)

because m20(n) decays to zero in the above region, i.e., the outer-

region.

On the other hand, from (4.262.a) and (4.264), the responses of the
multirate controlled system (4.250) at the points kTS = k[l/e]Tf

(k 21 ) are given by
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c
Xl(kTSIE) Xlo(k) + 0(e)

(4.276)
Cc =

where [XlO(k)’ X20(k)] satisfy (4.256) and (4.264) which coincide with
the responses of the closed-loop system of the slow subproblem
(4.236.a)-(4.236.d) defined in the slow sampling regulator (4.23l.a),
(4.231.b).

Noting that this slow subproblem corresponds to the discrete-time
version of the continuous-time siow subproblem (4.233.a)-(4.233.d) via
the slow sampling Ts’ we see that the errors between the responses of
the multirate controlled system and them of the fast sampling regulator
(4.229.a),(4.229.b) are composed of the error estimated from the
viewpointiof digital redesign (Kuo [Kuo.81]), i.e., therperformanée
deterioration caused by the discretization of the continuous-time
subproblem (4.233.a)-(4.233.d) via the slow éampling rate T = 1, and
the O(e) error caused by time-scale decomposition approach ( see Fig.
4.6_). However, since the responses of (4.233.a)-(4.233.d) exhibit the
slow behavior originally, the former error is not so large even if we
select the sampling rate as TS = 1.

On the other hand, it can be easily shown that thé differences of
the responses between the fast sampling regulator (4.229.a),(4.229.b)
and the original continuous-time regulator (4.227.a),(4.227.b) can be
estimated as O(e) by using the boundary layer method.

Thus, we can obtain the multirate cbntrol which gives the
Satisfactory responses which are close to the responses of the original
continuous-time regulator.

These discussions provide us a suggestion for the determination of
sampling rates. That is, first, we choose Tf = € as the fast sampling
rate. -Second, we determine‘the slow sampling rate TS so that the
degree of the performance degradation between the continuous-time slow
subproblem (4.233.a)-(4.233.d) and the corresponding discrete-time

version (4.236.a)-(4.236.d) is kept within an acceptable range via a
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numerical simulation or the sampling period sensitivity approach (Kuo
[Kuo.81]). It is noted that the determination of these sampling rates
can be performed on the basis of reduced-order models in comparison

with the global model.
4.8 Concluding Remarks

In this section, firstly] it has been shown that the singularly
perturbed continuous-time system leads to two different discrete-time
versions via the selection of the sampling rates, i.e., the slow-time-
scale version and the fast=-time-scale version, and the properties of
these versions have been briefly discussed.

Secondly, a variety of the state feedback controller design
problems, i.e., the stabilizing control problem, the observer design
problem and the regulator problem have been studied for two time-scale
versions. However, in these single rate cases, the problems such as a
performance degradation between the continuous-time system and the
corresponding sampled system, and the time delay due to the computation
time of the control law cannot be avoidable.

In order to alleviate these difficulties and to reduce the
computational labors in the controller design, the multirate digital
controller design problem has been studied. The relationships between
the original continuous-time problem and the corresponding two single
rate sampled problems have been clarified, and then, on the basis of
these results, the multirate controller design procedure has been
developed from a viewpoint of the temporal decomposition-coordination
principle. It has been shown that it is very useful to use the
singular perturbation method to put such a multirate controller design

in a theoretical framework.
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CHAPTER 5 NEAR OPTIMUM CONTROLLER DESIGN OF CONTINUOUS-TIME SYSTEMS

5.1 Introduction

In the fixed-endpoint problems of singularly pertuirbed systems,
the boundary layer phenomena often appear near the final time as well
as the initial timé. However, these phenomena are undesirable
generally in the controller design of some physical systems, where the
fast behaviors play an important role, e.g., a controller design of a
nuclear reactor model (Kando et al. [Ka.78.2]).

In Section 5.2, a near optimum controller design of such systems
is considered, which transfers a fast state variable in the steady
state to a desired value with zero slope. By applying the boundary
layer method, some sufficient conditions under which such a near
optimum controller design can be performed are investigated, and
systematic procedures to calculate them are discussed. It will become
clear that the singular perturbation theory is useful to alleviate
difficulties caused by the high dimensionality and the ill-
conditioning appeared in two point boundary value problems (T.P.B.V.P)
with special boundary conditions.

In general, large-scale systems often exhibit multi-time-scale
behaviors due to the presence of physical small parastics and high gain
feedback and so on. These multi-time-scale hierérchy can be identified
on the use of the modelling concepts and algorithms shown in Chapter 2
repeatedly.

In Section 5.3, the fixed-endpoint problem of such multi-time-
scale systems is dealt with. On the basis of the inverse Riccati
approach (Mufti et al. [Muf.69], Kwon et al. [Kw.77]), near optimum
feedback controller designs havé been studied so far (Asatani [As.74]),
but in these results the effects of boundary-layer jump phenomena at

the final time have not been taken into account. These jump phenomena have
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been improved by considering the boundary-layer corrections (Kando et al.

[Ka.78.1]), where the sufficient conditions have been compared with the
earlier ones. Futhermore, the matched asymptotic series expansions
(Wasow [Wa.76], Vasileva [Va.63)) have been given in order to improve
the suboptimality (Rajagopalan et al. [Raj.80.2]). On the other hand,
an open-loop control have been studied (Wilde et al [Wi.73]) by the use
of the dichotomy transformation (Wilde et al. [Wi.72]), which
corresponds to a special case of the combined transformation shown in
Chapter 2.

In view of this situation, in Section 5.3, the near optimum
controller designs of multi-time-scale systems are developed on the
basis of the docomposition-coordination principle with respect to
time-scales. A mode-decoupled open-loop and a partial feedback
controllers are given, and the relationships among them are discussed.
The results obtained are different from the earlier ones (Asatani
[As.74], Kando et al. [Kd&.78.1], Rajagopalan et al. [Raj.80.2]), where
the controller gains have been mutually interconnected and have been
seriélly computed. The computational procedure shown here will be
suitable for pararell processing and will be useful for large-scale
system design and analysis.

In Section 5.4, the regu%itor problem with the general terminal
penalty of multi-time-scale systems is investigated. The special
terminal penalty problems have been extensively developed so far
(Kokotovic et al. [Ko.76]): e.g., the open-loop approach (0'Malley [OM.72],
[OM.75.1]), the feedback approach. (Yackel et al. [Ya.73], Kokotovic et
al. [Ko.72.3], Chow et al. [Cho.76.2], Naidu et al. [Na.80]), and the
Chandrasekhar approach (Syrcos et al. [Sy.82],[Sy.84]).

However, when the terminal penalty is represented as a general
function of the fast state x2(T), the problem is more complex (Vasileva
et al. [Va.78]). Such a general terminal problem has been considered
via the feedback approach by Glizer et al. [G1.75.1],[G1.78]. 1It has

been shown that due to the nonlinearity and the singularity of terminal
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values of the Riccati equation, the conventional forms of Riccati
solutions, i.e.,

Ryqltre) = Hyj(t,e) I
cannot be applied in this case, and the boundary-layer jump phenomena
appear also in the reduced Riccati solution Hgl(t). Furthermore, the
special cases of the general terminal penalty problems have been treated
by Glizer and Dmitriev [G1.75.2]),(G1.76],[Dm.78].

In Section 5.4, such a general terminal penalty problem is
studied on the basis of the decomposition-coordination principle from
the temporal viewpoint similarly as Section 5.3. A mode~decoupled
partial feedback controller is given, where a open-loop part works to
correct the final jump phenomenon.' In the infinite-time control case,

it is shown that this controller leads to a pure feedback one.

5.2 Near Optimum Controller Design of a System Having the Terminal

Condition With Zero Slope

5.2.1 Problem formulation

We consider a linear time-invariant system:

‘{dxl/dt = Byyxg + Rpoxy + Bu [All AlZJ_[All A, ] [Bl (B
o ~ ~ ! ~ ~ /7 ~ | =
dx,/dt = By x; + Ay x, + Bou Ayy Bypl (Byy/e By,/el, B IBy/e

where x,¢€ rR"1, x2€.Rn2, u e RY (nlznz). (5.1)

The boundary conditions are

‘{ Xl(to,e) = Xyg0 dxz/dt(tf,e) =0 (5.2)
Xy (tgre) = X0, Xy(tgse) = 0.
The performance index to be minimized is
t
21 f ' J '
J = E-&[(xl,xz)Q(zl) + u Ruldt (5.3)
0 2 .
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where (Qll Q12)

Q = Qiz Q,, (nl+n2)x(nl+n2) positive semidefinite matrix

R ; rxr positive definite matrix,

The aim of this problem is to transfer the fast state variable x, to
the desired value with zero slope at the specified time tey €.g., a
power level change problem of a nuclear reactor system (Weaver [We.68]).

By introducing the Hamiltonian and by applying the variational

calculus, the following canonical equations are obtained:

dx)/dt = A yx; + Ajox) = S13P) - S1,P,
!
edx,/dt = A, %) + ByoX, = 51,P) T Sy,P) (5.4)
[] ] .
dp,/dt = -Q;.X) - Q;,%, ~ APy ~ ByyP,
edp,/dt = -Q),%; = Qy,%Xy = RAy,P) T BAy,yP,
where S.. = B,R 1B., S.. = B.R YB., S.. = B.R 1B/
11 1 1’ °12 1 2’ “22 2 2°
Then, an optimal control is given by
-1 -1
w’(t,e) = -R 1P (tre) = RT7Byp, (k). (5.5)
The transversality condition is given by
1
le(tfle)pl(tfle) = 00 (5-6)

By taking the condition dxz/dt(tf,e) = 0 into account, 6xl satisfies the
following constraints at the terminal time t = tf:
Ay 8%y (tgre) + Bysulte,e) = 0. (5.7)

From (5.6) and (5.7), we obtain

p(i)(tfle) = 0 H i = l,..-,(nl-nz) (5-8)

where p(l) represents an i-th element.
In this way, the optimal control problem (5.1)-(5.3) have led to the

T.P.B.V.P. (5.4) with the conditions (5.2) and (5.8)..
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5.2.2 Near optimum controller design and existence conditions
Since the boundary-layer jump phenomenon does not appear near
t = te due to the special conditions (5.2), the solutions of (5.4)

can be represented as follows:

F Xl(tle)

+

Xl(tls) + Eml(‘[le) Enl(ols)

+

Xx,(t,e) = X (t,e) + m {(t,€) eN,(gs,e)
) *2 2(tre 2 2lore (5.9)

pl<tI€) = Pl(t,e) + €pl(TIE)

+

cvl(o,e)

[ Py(t,e) = Pz(tle) t oo, ltee) + evz(o,e) i T=(t—t0)/€r 0=(t'tf)/e

where the outer-region terms [Xi(t,e),Pi(t,E)] satisfy (5.4) and have
asymptotic series expansions in ¢ and the initial and terminal
boundary-layer correction terms [mi(T,E),pi(T,e)] and [ni(o,e),vi(o,s)]
have asymptotic series expansions in ¢ whose terms tend to zero as 1- oo
and o- -ocor respectively.

The initial and ﬁerminal boundary layer correction terms satisfy the

following equations:

dm)/dt = €Ay my + Ajomy — €5y,0) = 53,50,
dpy/dt = -€Qyymy = Qy,m, = €hyq0y = Aygey
< (5.10)
dm,/dt = €A, my + Ayom, - €5y509) = S)50,
1 1 [ ]
[ dpp/@ = —e0yomy = Qpymy = eBAypey = Bgye,  ioxo= (E-ty)/e
dnl/do = EAllnl + eAlZn2 - Esllvl f eSlzv2
dvl/do = —telnl - slen2 - eAllvl - eA21v2
< (5.11)
dnz/do = AZlnl + A22n2 - Slzvl - 822\)2
L] ] L]
d do = - n, - n., - A,.v, = A, .,V . — - .
L dv,/do Q201 ~ Q221 12°1 2272 Po o= (t-tp)/e

The boundary conditions are given by

140



”xl(to,e) + emy(0,¢e) = x4 (5.12.a)
Xy(tgre) + my(0,e) = x50 (5.12.b)
T Xy(tgse) + eny(0,e) = 0 (5.12.c)
[dX,/dt(tg,e) + dn,/do(0,e) = 0 (5.12.4)
P{i)(tf,e) + ev{i)(o,s) =0 i i=1,...,(n- n,y).  (5.12.e)

Now, we are interested in existence conditions under which these

asymptotic series solutions exist.

(a) The outer-region terms

The outer-region terms must satisfy (5.4). Setting ¢ = 0 in (5.4)

leads to
AX)o/dt = A1 X g + ARy - S19P1g T S1,5P,
] ]
APy o/dt = -0;71X145 = Q1,%50 = B13P1g ~ AP,
) (5.13)
[ ]
0 = By1X10 * 2y2X50 = S15P19 ~ S,2P50
] 1 1
L 0 = =0Q15%10 = 22%30 = A15P10 ~ AyPh0-

Here, we assume the following conditions:

(H-1) A22 : Hurwitz matrix.

1
= C,C,.

(H-2) (C2, A22, BZ) : stabi}izable and detectable ; Q55 2C5

Since the Hamiltonian matrix G of dimension 2n2x2n2 defined by

G =

Ba2 ’522]
[}

Q2 B2

has no imaginary axis eigenvalues (Kulera [Kuc.72], Callier et al.

(Ca.81]), i.e., invertible under these conditions, we obtain from

(5.13),
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A

=-S5 -A S X

20 _ 22 T°22 21 °12 10 (5.14)
] ' ]
Pso =Q55 "By, Q12 B12J1 By
Applying a matrix inversion formula (Henderson et al. [He.81])
yields
- . - -1,
XmO/dt = AOXlO Boﬂo Boplo (5.15.a)
]
AP,/ dt = -Q X4 = AP (5.15.b)
¢ X, .(t) = -aZi[A. . + S o 1(o, - 0,,AT1a )]X, o (t) +
20 22921 22 12 2292272171410
A’l[s' -8 é'l(A' +0 asls! YIP, . (t) (5.15.c)
224712 22 12 22%22°1271%10
el P -1 _ =1, -1a0
L PplE) =m0 T(Qp5 = Qyr8,5R,1)X o(t) = 8 T(A1,) + Q558,557 ,)P) (k)
-1 .t (5.15.4)
A, = A, - A | A, B = B, - A_ia
0 11 1282282 o~ B 228218)
- _ ] l_l "l
Co = (935 = Ry1A,50,,)A0°B,
Ry = R + BLASTo  aTlp o = A, -1
0 2%22%22%22"2 " T B2 T Qy,R,558,,
- _a' -1 R ‘ ~1 0
Qp = (I,-AyA -3 Q) I - CRGMC
-AT1a '
2292
From (5.12.a), (5.12.b) and (5.1l2.e), we have
Xlo(to) = % (5.16.a)
Xy (tg) 0 (5.16.b)
pi)e y =0 ; i=1 (n.- n.) (5.16.c)
10 f H RN l 2 . . -
Using (5.14) and (5.16.b) gives
B.R 1B'p R-1c! (5.17)
2R BoProlte) = (Ryy + ByRTCHIX g(te). .
From (5.16.c) and (5.17), we obtain
r P, (t,) 0 X
10ftg) = ceeeennnn ;i.. 10(tf) (5.18)
Ay + ByRyTC
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where

—l '
Tar oo B,yRo By }nZ'

Then, under the condition:

(H-3) TI',, ; nonsingular

we have
0
P, (t.) = X,A(t)
10 "f -1 -1.v|"10""f
1"22(A21 + BZRO CO)
= n-xlo(tf). (5.19)

Furthermore, we assume the following conditions:

(H-4) T : positive semidefinite matrix.
(H-5) QO : positive semidefinite matrix.

(H-6) ﬂo : positive definite matrix.

1
0 22922
Thus, under the conditions (H-1)-(H-5), the T.P.V.B.P. (5.15) with the

L I -
Here, since R, = R + B2A AzéBz, (H-6) is self-evident.

boundéry conditions (5.16.a), (5.19) has a unique solution (Bucy

[Bu.67]).

Applying the conventional Riccati transformation:
Plo(t) = Ko(t)xlo(t) (5.20)
o _ ' -1 v _ . _
where dKO/dt = AOKO KOAO + KOBORO BOKO QO H Ko(tf) =1

yields (5.21)

_ -5 alpy . _
dx, ,/dt = (AO BORO Boko)xlo(t) ; Xlo(to) = X, (5.22)

That is, the slow part of the original problem leads to the initial
value problem. Thus, numerical difficulties caused by the T.P.B.V.P.

with the split special boundary conditions can be alleviated.
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[Remarks]
Under (H-1) and (H-2), after algebraic manipulations, we obtain

the following expression:

0., @ I
v -] 11 *12 -1
Q. = (I,-A,;B,5) (7 y (-1 ) - C R “C,

0 21722 le Q22 A22A21 070 7§

= C_H.C
Y ¥ r
h c =c., -c.a"ia
where L, = %1 2522821
: -1 -1 -1, -1
H = (1 + (C2A22B2)R (C2A22B2)]
1
Qij = cicj.

That is, the condition (H-5) is also self-evident.

(b) The boundary-layer correction terms
[I] The correction terms near t = ty

Setting € = 0 in (5.10) gives

delo/df = A,My0 = S15050 (5.24.a)
]
< dplo/dT = —Q12m20 - A21p20 (5.24.b)
dmzo/dt = A22m20 - 822p20 (5.24.c)
“dp20/dT = —Q22m20 - A22p20 . (5.24.d4)
From (5.24.c) and (5.24d), we have
m m
20 20
%_ ]= G [ ] (5.25)
"[P20 P20l "
- The boundary condition is given by
m20(0) = X5 ~ Xzo(to). (5.26)

By noting the condition (H-2) that G has no imaginary axis eigenvalue
(Kucera [Kuc.72], Callier [Ca.8l]), we can find a nonsingular

transformation T (or U) of dimension R2QZXZQZ which put the Hamiltonian
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G in real Jordan form (or in real Schur form (Laub [Lau.79])):

-A 0 , S S Re[r, (S,,)]<0
T—lGT = l ( UGU = [ 11 712 ; it ).
0 A 0 S50 Rg[xi(szz)]>0
(5.27)
Applying the above relation to (5.25) yields
~AT
(<) e 0] _q[m,,(0)
[Hbo =T T 1[ 20 (5.28)
020»(1) QAT 020(0) .
Using the inverse of T (O'Donnel [OD.66]):
T ] Tl
1| 22 {2] (5.29)
Tar Tny
gives
AT AT ! '
[mzo(”]= [ Tii®8 Tio® }[ ToaMyp(0) = Tyyp50(0) (5.30)
AT AT 1 ' *
Pa0(™) To1® Tppe JLTy my(0) + Tyqe,4(0)) .
Here, by choosing the initial condition as
~ -1
02(0,5) = TZlTllmz(O,e) (5.31)
we have
: At -1
Myo(T)] 1 Type” Tyymyq(0)
=| .o (5.32)
Ppg(T) Tp18 Tiampe(0)).

By using the real Schur form, the similar discussions can be also
developed.l Thus, if the initial conditions [mZO(O),pzo(O)] belong to
n, dimensional eigenspace corresponding to negative eigenvalues of G,
there exist the boundary-layer correction terms which decaying to zero
as t-oo,

On the other hand, from (5.24.a) and (5.24.b), we have

00

myg(t) = = [A1myq(s) = 815050(s)]ds = cymyo(x) (5.33.a)

R ) -1 ) -1.-1
P ey = (A58 5T T1) (A7, TH T1y)
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(]

p1o(T) = 5&[—Q12m20(s) - Ayyp,0(s)]ds = comy (1) (5.33.b)

' -1 -1,-1
PCy = =(Q Ay Ty T ) (By5=555T) Tay ).
[ITI] The correction terms near t = tf
Setting ¢ = 0 in (5.11) gives
g dnlo/do = 0 (5.34.a)
dvlo/dc =0 (5.34.b)
<
= - s, - .34.
dn,/d® = Aj njq + ByoNyg = S1ov19 T S22V20 (5.34.c)
) = - , - - ' - ' . -
L dv,/d9= -Q1,n74 = Qo050 ~ BipVig T B22v20- (5.34.c)
Here, by taking }E@&nlO(O) = 0 and }%@hvlo(c) = 0 into account, we have

] nlo(U) = OI \)10(0) =0 H oe(_mlo]'

Thus, we obtain

a |20 _ G{“zo (5.35)
dg{v20 v20]. ‘

In the similar way, under the initial condition:

v, (0,€) = T,,T75n,(0,¢) (5.36)
we have
Ao —1
n,~ (o) T, e T..n,.(0)
2720 .

[ 20 ]z 12 A 1 5.37)

o, -1

v 0(9) T, € Tyon,g(0)).

By using (5.37) and (5.12.d), the initial condition n20(0) is given by

-1,.-1

n20(0) = —leA T12dX20/dt(tf)' (5.38)

By applying the asymptotic expansion method, the higher order terms in ¢

can be obtained, if necessary.
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[Remarks]

Under the condition (H-2), these boundary-layer correction terms can be
obtained via the dichotomy transformation (Wilde et al. [Wi.72]). It
is shown in Appendix B that this transformation corresponds to a special

case of the combined transformation (2.15).

5.2.3 Main results

By summarizing the above results, we obtain the following theorem.

Theorem 5-1 Let the following conditions be satisfied:

(A-1) A22 : Hurwitz matrix.

(A-2) (C2, A22, B2) : stabilizable and detectable.

(A-3) T : nonsingular.

22

(A-4) T : positive semidefinite.

Then, for ¢ sufficiently small, the optimal control and the

corresponding responses satisfy.

xi(t,e)'= [Xlo(t)+§Xll(t)] + emlo(t) + enlo(o) + O(ez) (5.39.a)

xQ(t,e) = [Xy0(£)+eXyq (£)] + [myo(c)temy; ()] + enyg (o) + O(e?)
2, (3:33:B)
.C

Ot e)= [Uy(£)+eU (£)] + [Volt)+evy(c)] + ewglo) + O(e?) (5!

where Uj(t) = -RT[B/P (£)+BP,. (£)], ; i = 0,1
vo(t) = -R7TBop, (1)
v (1) = -R*l[Biplo(r)+B;p21(r)]
Wo (@) = “RTMIByv, ((0) 4B, (0)]

which are uniformly valid over the whole interval.

[Remarks]

1. When the control
W = [Ug(£)+eU (£)] + [vg(a)+ev ()] + ewy(o) (5.40)

is implemented, the suboptimally controlled system is given by
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. 4 s . -
{ dxl/dt = Allx + A..x. + B,u° ; xl(to,e) = X

1 1272 1l 10 (5.415

s . —
X, + A, x, + B,u" ; xz(to,e) = X5

A%y 22%2 2

il

edxz/dt 21

The above system can be regarded as the singularly perturbed initial
value problems (O'Malley [oM.68],[oM.71.1],[0M.74]). Then, the
condition (A-1) guarantees that the solutions of (5.41)‘converge to the
reduced solution asymptotically.

2. The,condition Tbo : positive semidefinite; is not necéssary since

"it is self-evident under (A-1l) and (A-2).

5.2.4 Numerical example

The above results have been applied to a control problem of
changing a. power level of a nucleaf reactor éystem. We consider a
point reactor model with one-delayed neutron group. Linearizing and
normalizing the kihetic equations with respect to the desired values
(nd, ca) yields (4.171) shown.in Section 4;4.5.

The performance index to be minimized is given by

[qlxl + qzxg + ruz]dt- S _ (5.42)

x,(0,¢) = X309, X,(0,€) = Xp9 | (5.43.a)

x,(tese) = 0, dzz(tf,e)/dt = 0. ~ (5.43.Db)

In this problem, the conditions in Theorem 5-1 are all satisfied.
By following the procedure discussed in the preceding section, the
suboptimal responses were calculated, which are shown in Fig. 5.1.

The data used .are as follows:

6 = 0.0064, 1 = 5x10 3, A = 0.078,
g, = 0.078 , &, = 1.28 b = 200,
qp =10 s a,=1 , r = 5x10°,
X, = -0.1 , X, = -0.1 , tf = 10.
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In Fig.5.1, in order to keep the power level at its desired level for

t >t the control need be implemented after t > tf, which can be

£
easily determined from (5.43.Db). Through the numerical example, it can
be recognized that the singular perturbation approach is especially
helpful to solve approximately the T.P.B.V.P. with the special Qplit
boundary conditions such as this problem. That is, numerical

difficulties are alleviated since the global problem can be decomposed

into some local problems of low dimension.

Exact solution

———— 0(e ) approximation

0(e?) approximation

""""""" Reduced solution

>
n
O
[l
S~
o
a

-0.05

-0.10

Time ( sec )

Fig. 5.1. Optimal and suboptimal responses.
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5.3 Near Optimum Controller Designvof Fixed-Endpoint Problems

with Multi-Time-Scales

5.3.1 Near optimum controller design of two-time-scale systems

We consider the following singularly perturbed fixed-endpoint

problem:
dxl/dt Ajq A12 Xy Bl 5 at)
= - + - u ( *
dxz/dt Ay Ayl %, B,
where [All AlZ] _ [All A, ] . [Bl] _ [Bl }
Ba1 P22 By1/e Byy/e By By/el:
EWAY, £ =K. - 5 ALK
e =IAGNALN,  Ag = Byy = BypRyphon-
The performance index 1is
ltf ! ' b4 '
J = '2'§ [(xy,x,)Q( 1)+ u Ruldt (5.45)
t, 2
where _ (Qll le o .
Q = , ) : positive semidefinite matrix.
Q12 Q22
R : positive definite matrix.
The boundary conditions are given by
t = ’ =
{:Xl( 0) %10 X2(t0) *20 (5.46)
X (Bg) = 0 v x,(tg) = 0.

First, a global problem is decomposed into some local problems defined
at respective time-scales. Second, the reduced-order local problems

are solved independently and then their solutions are coordinated so as
to approximate solutions of the global problem asymptotically. On the
basis of such a decomposition-coordination principle, a mode-decoupled

near optimum controller design will be developed.
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(a) Decomposition into local problems
By using the boundary layer method (0O'Malley et al. [OM.75.1]), a

near optimum control is given by

uS(t,e) = -R™M[Bp, (t,e) + Bop,(t,e)]
= Uo(t) + vo(r) + wo(o) + O(¢e) (5.47)
_ _l [} (]
where Uo(t) = -R [BlPlo(t) + B2P20(t)]
volt) = -R7'Boo (1), t = (t-tg)/e
wy (o) = —R_lB;vO(c), o = (tg-t)/e.

The state variables of the canonical equations are represented by

M x =Xlo(t) + O(¢e)

X, = X5n(t) + m (1) + n (o) + O(¢)
) 2 20 0 0 (5.48)

Py = Plo(t) + O(e)

L p2 = on(t) + po(r) + \)0(0) + O(e).

Then, the local problems defined at respective time-scales are

formulated as follows.

[I] t-time-scale problem

The t-time-scale terms satify the following equations:

~ _ _ -1 . . _
dXyp/dt = AgX g = BoRyBgP1g 7 Xpglty) = xy (5.49.a)
1
dp),/dt = -QuXy o - AuPly P Xppleg) =0 (5.49.b)
9 X, (t) = -A'l[A + 8 e_l(Q' - 0,.Al1a )]X () +
20 22181 T Sy, 12 - Q22958570 1%,

_l ] _ _l ' _l 1
By2l[81278520 (A1, + 0y5R,551,) 1P 4 (t) (5.49.¢)

- -1 v -1 - -1 ' ol R
- Paolt) = 78 T(Qy5 = Q55Rp5R01 1 X10(8) = 0 THAY, + 055855815)P 1 (E)
(5.49.d)
= =1 _ _ -1
where A = Ag + BoR,"Cor Ag = Ajy - AjLA DA

_ _ ) -1

B, = By, By = By - A,A, B, (5.50)
_ Vo] -1 _ S -1

?o = R4+ ByAy5050895Byr G = (Q); = Ay1A,50,,)8,58,
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'_l ‘—-l ’
' -1
QlZ Q22 A22A21
]
- CrHrCr
P | _ -1 -1 -1 5-1
C, = Cy=C,AL %A, , H_ = [I+(C,A5B,)R " (C,A77B,)]
s.. =BRIB., s..=38B.RIB, e=a'_+o0.,.als
12 1 2 S22 2 27 22 22822%22°

Here, we consider a fixed-endpoint problem corresponding to the
canonical equations (5.49.a),(5.49.b). It is well known that such a
fixed-endpoint problem can be transformed into the equivalent minimum
energy problem (Brockett [Br.70]). Then, on the basis of this
equivalence, the control of the fixed-endpoint problem is given as

follows:

-1t

(o]
vo(t) of10

_l L) . _ _l " r _1

{5.51)
where H(t;O,tf) is a solution of the Riccati differential equation:

_ ' -1, . ’ _
—dKO(t)/dt = AOKO(t) + Ko(t)AO - Ko(t)BORO BOKO(t) + QO, Ko(tf) 0

(5.52)
and @(t,to) is a transition matrix which satisfies

-1,
[} - . . =
de (t,tg)/dt = [4 -8,R, Bon(t,o,tf)T¢(t,tO) ioeltg.ty) =1
= Ac(t)o(t,to) (5.53)
and W(to,tf) is a controllability Grammian matrix:

_ ' _ _ll. _
dW(t,tf)/dt = Ac(t)W(t,tf) + W(t,tf)Ac(t) BORO BO ,W(tf,tf) = 0

or ' (5.54.a)

b

— -1,"/
Witg,te) = gtocb(to,o)BORO Byo(tg,0)do. (5.54.b)

On the other hand, when we use the inverse Riccati transformation
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(Mufti et al. [Muf.69], Kwon et al. [Kw.77], Breitenecker [Bre.83]):

X o(t) = # (£)P () + gy(t) | (5.55)
we have
ve(t) = -R718'p. (t)
o 0 "0 10
-1,',-1
= —RO BOHO (t)[xlo(t) - go(t)] (5.56)

] ' -1, .
where dHO/dt Aoﬂo(t)+ﬂo(t)40fﬂo(t)Qoﬁo(t)—BORO BO ; Ho(tf) = 0

-dgo/dt 4y + Ho(t)QO]go(t) i golte) = xy(tp). (5.57.a,b)

Especially, in case of xl(tf) = 0, we have
= v
go(t) = 0, t E[to,tf].

Further discussions on the inverse Riccati transformation are given in

Appendix C.

[Remarks]
After algebraic manipulations, it can be shown (Appendix C) that
the relation between the inverse Riccati transformation (5.55) and the

controllability Grammian (5.54) is given by the following expression:

Hal(t,tf) = W_l(t,tf) + n(t;o,tf) (5.58.a)
I |
- $12(tflt)wll(tflt)
g(t) = [1I - #O(t,tf)n(t;o,tf)]o(t,tf)xl(tf) . (5.58.b)
_ -1
= bppltest)xy (Eg)

where [wij(tf,t)] represents a transition matrix of the Hamiltonian
system.
Here, we consider the t-time-scale control part of (5.47):
1

Uo(t) = =R [BlPlo(t) + B2P20(t)].

Then, by using the following formulas (Kando et al. [Ka.81.3]):
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-1 -1 -1

(i) o & = A22 + Y522 g | (5.59.a)
-1 -1 -1 -1 A1 -1 -1 !
where Y = 8 H22 + H223 + H223 8228 22
_ _ -1
B = Ay, = 5y,H,,
—l ' _
HypBoy + H22A22 + HypyQ,5H,, = ByR 7By =0

and H > 0 exists uniquely and 8 < 0 under the condition:

22

WCZ, B2) : detectability and completely controllable| (Kwon

Baar
et al. [RKw.77])

(ii) R, = M RM - (5.59.b)
where M = (I - R lB H l )
2 22B 22 B,
_ 1.t-1 -1, -1
= (I + R "B H228 B2)

and after considerable algebraic manipulations, we have

_l '
-R [BlPlo(t) + szzo(t)]

Uo(t)
_.l . -—

12 * QR 22512)1” (t)

Byo (le = 0,,A53R,1 )1 Ko (k)

=——l '—l —'
R, (BO//0 (t) Co)XlO(t)

-1 .
Vo(t) + R COXlo(t). (5.60)

Tt should be noted that the above control corresponds to one of the

following problem:

[t-time-scale problem]

dXyg/dt = AgX1g + BoVg i Xypltg) = X090 Xygltg) =0
(5.61.a)
Y
1 !
Je = 7ju[xloQox10 + VgRoVglat
Ug(e) = Voe) + rTtchx, (t). (5.61.b)

Here, we assume the conditions:

(A-1) A : Hurwitz matrix

22
(A-2) (AO, BO) : completely controllable
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where the condition (A-1l) is used in order to guarantee the

asymptotic stability of the suboptimally controlled system.

[II] t-time-scale problem
The t~time-scale terms [mo(r), pO(T)] must satisfy the following

canonical equations:

1
dpo/dT = -Q22mo(1) - A2290(T).
Here, by applying the following transformation:

_ _ _A - 1] - [ ]
Tir Tia] 71 Ao S5l Ti1 Tio 0 Tyy Typ|-t Ty "Tho

T T

] 1
21 Ta2 “Qpy TRAHILT,y T 0 A Ty1 Tz Trr Ty

22 21 “22 21

and by choosing the initial condition as

LRSS L | _ -1
po(0) = T 1 T, my(0) = T, T ym(0) (5.63)

there exist solutions mo(r) and po(r) which decay exponentially to zero

as T -—> oo 3

mo(r) = Tllexp(—Ar)TIimo(O)
(5.64)
po(r) = TZleXP(‘AT)TIimO(O)
or p.(t) = To.Tiim (1) (5.65)
0 2171170 ° *

It is well known (Kulera [Kuc.72], O'Donnel [OD.66]) that the positive

definite solution Poy of the Riccati algebraic equation:

ByaKoy F

KooByy = KynS,0Ky, + Qy, = 0 (5.66)

_l N *
has the form P22 = TZlTll' Accordingly, we have

polt) = pzzmo(w).' (5.67)
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Alternatively, the Shur vector approach (Laub [Lau.79]) can be also
used in the above procedure, which is superior to the generalized

eigenvector approach used above.

[Remarks ]

In the nonlinear singularly perturbed problem, it has been shown
(Hoppensteadt [Ho.71]) that there is an nz—dimensional manifold S0 in
£%"2 with the property that the initial conditions [mO(O), pO(O)]es0
imply that the boundary-layer solutions exist, which decay
exponentially to zero as t—w. Furthermore, it has been indicated
(Freedman et al. [Fr.76.1},[Fr.76.2]) that there exists sufficiently
small n > 0 such that if |m0(0)|< n, these boundary-layer solutions
exist. 1In the linear case (5.62), these results imply that if the
initial conditions [mO(O), pO(O)] of (5.63) belong to the eigenspace
corresponding to the negative eigenvalues of the Hamiltonian matrix of
(5:62), there exist the decaying terms [mo(r)/ po(r)] as t >, and
there are no restrictions with respect to the size of the region of

attraction.

The t-time-scale control part of (5.47) is given by

|

L
o
w

VO(T)

It
|
e}
W

(5.68.a)

It is noted that the above control corresponds to one of the following

t~time-scale problem:

[t-time-scale problem]

dmo/dr = A22m0(r) + Bzvo(r) : mO(O) = Xy T X20(t0)

(5.68.b)

J =
T

N[ -

[o2] 1 '
L [mg(1)Qy,mg (1) + vg(1)Rv,(x)]dx,
Here, the following condition is assumed:

(A-3) (C2, A B2) : completely controllable and observable.

22
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[III] o-time-scale problem
The o-time-scale terms [no(o),vo(o)] must satisfy the following

canonical equations:

1

dn,./do = -A,,n (o) + S,,valo) i na(0) = - X ,.(t.)
{ 0 2270 2270 0 207 (5.69)
dvo/dc = Q22n0(c) + Azzvo(o).

Similarly as the t-time-scale case, if we choose the initial conditions as

_ -1
v, (0) = T,,T15n,(0) (5.70)

there exist solutions no(c) and vo(o) which decay exponentially to zero

as 6-e. Then, we have the o-time-scale control as follows:

l T

wo(o') = _R- 2\)0(0')
. gl
= =R B2N22n0(o) (5.71)
_ _ -1
where vo(c) = szno(o) = T22T12n0(c). (5.72)

It is known (Wilde [Wi.72], O'Donnel [0OD.66]) that the negative

definite solution N,, of the Riccati algebraic equation (5.66) has the
_ -1 : . s _

form N22 = T22T12, which exist under condition (A-3).

It is noted that the above control corresponds to one of the following

problem:

[e-time~scale problem]

dno/do = —Azzno(c) - B,w,(0) H no(o) = - X, .(t

20 £)

(5.73)

0 ¥ 1
Jo = %So[no(°)922“o(°) + W (9)Rwy (o) ]do,

In this way, the global problem (5.44)-(5.46) have been decomposed into
the reduced-order local problems (5.61), (5.68) and (5.73), which are

defined at respective time-scales,

(b) Near optimum controller design

By coordinating controls of local problems defined above, a near
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optimum controller is given by
S —
u (t) = Uo(t) + vo(r) + WO(O)f (5.74)

Then, from (5.51), (5.61.b), (5.68.a) and (5.71), the open-loop control

is given by:

s - _a Ll pt=. . cH% - R7B% Wt
uf(£) = -RgT(BpTi(t;0,££)-C) Xy o(e) - Ry By¥lto, )W "ty to)xyg
C-lis R PO (5.75.a)
R "B,P, my(t) - R "B,N,,n,(t)

where Xlo(t)’ mo(t) and no(t) satisfy

= - - L 1S _ % =l ~=1
XmO/dt = Mo BORO Bon(t,o,tf)]xlo(t) BORO BO¢(tO,t)W (to,tf)xlo,

~ . 5 5 1 ~ ~ ;o Rio(t) = x
= - ; = - 1070
dm,/dt (8,5, S,,Pyolmg(t) 5 my(ty) X507~ %50 ) 10

afij/at =-[R,, - S,,N,,18(t) & ngleg) = =X,q(te). (5.75.b,c,d)

On the other hand, by using (5.60), we have

s P S| ' ) -1
uc(t) = _RO (BO#O (t)-CO)XlO(t) - R "B,P,omy(1) - R

L]
>Pss B,N no(oL

2722

(5.76)
In order to transform the above into the state feedback form, by using

the expressions (5.48), we have

1x's

s - o~ -1
uc(t) = -[(I-R "B

By)R,

1 -1
2P 22827

~ ~ ! _l,\l,\, "’_l"'
(BO//0 (t)—C0)+R B2P22A22A21]xl(t)

e -1~
- R "B P22X2(t) - R ™B

2 N -Pzz)no(t)' (5.77)

where the open-loop part is defined by (5.75.d).

The above controls (5.75.a) and (5.77) are connected by the relation:
Fhe) = % e, e + T(ei0,t,) (5.78)
0 1 f 1 14 f - .
We summarize the above results as follows:

. Theorem 5-2 Let the following conditions be satisfied:

(A-1) 322 : Hurwitz matrix.

(A-2) (KO, ﬁb) : completely controllable.

158



(A-3) (52, 322, §2) : completely observable and controllable.

Then, the suboptimal open-loop and partial feedback controls are given

by (5.75.a) and (5.77), respectively.

[Remarks]
1. If the condition (A-2) is weakened to the stabilizability (Kwon
[Kw.77], Sandell {San.74]), the t-time-scale control (5.60) is given

by:
u ey = -2 at ey - chx. (t) (5.79)
0 0 00 0710

where Hg(t) denotes the generalized inverse.
2. When the open-loop control (5.75.a) is implemented, the

suboptimally controlled system is given by

dx. = A

1 + A, X

11%1 12%2 T Biug i X (tg) = x5,

(5.80)

A,.x, + A,.x, + B

S

(o]

' s
edx, 21¥1 22%2 us

Uy i Xpltg) = X5

It has been shown (Wilde [Wi.73]) that if unstable modes are presented
in A22, the solutions of (5.80) diverge near the boundary-layer. Then,
the condition (A-1) guarantees the asymptotic stability of the above
system. Now, we suppose that the matrix A22 has k eigenvalues with
negative real parts, i.e., Re[xi(Azz)] £ -u<0 while the remaining (nz—k)
eigenvalues have positive real parts satisfying Re[xi(Azz)]z p>0. In
the nonlinear singularly perturbed initial value problems, this case is
regarded as the conditionally stable case treated by Levin [Lev.56],
Chang [Cha.69] and Hoppensteadt [Ho.71]. They have shown that there
is a k-dimensional stable manifold S, so that the boundary-layer

0

corrections which decay exponentially to zero as 1-»>% exist if Xo0 =
X20(t0) = mO(O)e SO' In the linear case (5.80), these results imply
that if mO(O) belong to the k-dimensional eigenspace corresponding to
Re[x(Azz)]s-w1<0, the decaying solutions exist. Actually,.in many

physical systems, Ay, is a stable matrix and then we always obtain the
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stable solutions for any initial condition mO(O). On the other hand,
when the partial feedback control (5.77) is implemented, the stability

of the system (5.80) is always guaranteed, because Re[A(A22-522P22)]5 -u<0.

5.3.2 Extension to multi-time-scale systems

The problem of singular perturbation modelling for two-time-scale
systems has been already studied in Section 2.3, where the modelling
concepts and algorithms have been given.

In this section, firstly, an extension of these results to multi-
time-scale systems is discussed.

Let the following conditions be satisfied in (5.44).

- S D w8 373y w3¢z9+3d 73483757 7I/x3+33 39
(H-1) max[ 28} (2 +&),10), 87 (31+3],T+83J37,15/(33+a1,15)) ] <1
sl =15 50 —y37! 33 & i) —aTis,
where ag Ilaj ¢ Aag "“jj" r Ay, I alj" ’ 0 '“33“31"
- = 3337
(H-2) Ej asaf<<1
-3y 3333
(H-3) afa12<<l
where R . .
= e f‘_j.i_'__lffijﬂ___‘_'_‘__1,_N:r_l___
Ayyi®y A i K A
A I B B I i £0 0% L5 Bt 13 9 1y
. 'G..] | . ro. .
31033 : P :
Av+l, 3 B, ga e Ay+1,n41
"o %~ o=l _ % L oa o
G5 0= Kyy - @8558 Ty T Bwer,ner 73 T Leee oo R

Then, similarly as the case of two-time-scale systems, it can be shown
that the system (5.44) satisfies the multi-time-scale property and

the eigenvalues are approximated by

ME) = 2@)UNE) V..U M) [ +0le)] 7 ey = max{ey s oereyl
where (& ;) = A(d54,) Un(&g,y, 5417+ (5.81)

For example, a nuclear reactor model with temperature feedback (Kando

et al. [Ka.71]) and a single-machine power system (Hassan [Has.81]) can
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be regarded as three-time-scale systems.
By applying the modelling algorithm shown in Section 2.3 repeatedly,
the system (5.44) can be identified as the following singularly

perturbed system with small multi-parameters e,,.-.s%y?

N+

dxi/dt = A X +};]Aijxj + Biu ; Xi(t0)=xiG’ xi(tf)=0
dx) . :
; i=1,...,N+1 (5.82)
. r ~ ~ _ ~iei
where xiGRnl, uer ", Aij = Aij/(ﬁf"%rf’ Bi = Bi/(ﬁ:.sjrl), e, = ajag-

The performance index is given by

1 tf ' ! Xl '
EN+1

Here, we consider a near optimum controller design of the fixed-
endpoint problem with multi-time-scale property given above.

Then, by applying the design procedure for two-time-scale systems
shown in the preceding section to multi-time-scale systems repeatedly, and
after considerable algebraic manipulations, we obtain finally the

following results:

S N A A
uS(t) = U () +200 §.(1.) +5-%.(0.) = u.i. 5.84
0(8) +ig Vylry) +igwyloy) il 5= ( )
= Il + w5
= + L. + F.n~
s T T Mt T
=u, .+ x., - (M +N, L)% ¥ (ER+E5E )7+
j-1 - T g+1 jO T3070°7L o j T 3Tk"Tk
~k ~Kk~ .~k v~ ]
+(G.+H.F } + (F.-L. . (t 5.85
(BSHSFOEDY + (Fy-E0)R)(x) (5.85)
where ﬁl + El = x (M, +N, .)x
1 1 2 10710’ *1
.......................... (5.86.a)
~k ~k - ~ A~ o~ k- ~h ~h~ .~h ~h ~h~ ~h
me + 0y =Xy = (M Ny L)Xy —h=‘[(Gk+HkLh)mh+(Gk+Hth)nh]
Mo * Nyplp
~_l ~~ ~ A
........... = 5. [4. +£.7 ] (5.86.b)
_ ‘ JJj:l qu=l 170
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3+l j+l 3
~1 ~ ~ ~
Peneneeean = '“j+1,j+1[°j+1,j +-Bj+le] (5.86.c)
J Hir '
Oyt HNDy

and ij and Ej represent feedback gains of local problems.

Here, local problems defined at respective time-scales are formulated

as follows:

[t-time-scale problem]

dx, ,/dt = AOXlO + Ebvo i Xy0(tg) = x40 Xy(tg) =0
(5.87)
J, = isq [X. @X. + v Rv. ldt
t 2t0 %30 %%*10 0°0"0
where

A =2a. +8 R , A = o
0 0 0”0 ~ o’ 0 1

B ,=B,, B.=B, - a 1. afﬁ. 8
0 0 0 1 1353=1"333=1"1 |

o]
Il

1
+ L
0 =R+ e jj 19520 333=1%1

A - A -1
C . = - a..l. P B
o = (@12 “Jﬂ3=l°33b=lo22)ajjb=lsl

Q 9) I
I 11 Y12 ) 1
Qo = 11 JﬂJ =1 Jjb 1][Q [-afﬂ a ] CoRo o
33l=1%3 =1

Ay, 5410 P41, N0

A
12 922°

“13 = [My0 0 Bywa) s 53

A . AN+l,j+1' "AN+1,N+l
J+1,3
%51 7 %93 7 %3 T %1%
AN+, 5
8 BI B' f - _ _l
3 [ j+1, N+1) Y5 = By 13%33%3
Q.. i0 (Q.. Q. 0. ]
33 073431 1733 873,34 CTUTT,NHL
-/-\:-"-:"7\ """"" Q- y 7 o
Q5541 Hain 5,540 %541, 5417 541, 901
I :
R RS H FSIRUSEEE S ISt g
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Then, the inverse Riccati approach yields

_ -1
UO(t) = Vo(t) + R COXlO(t)
_ _l ] _l _ )
= =R (BOHO (t) CO)XlO(t)
LOXlo(t)_ (5.88.a)
Where 4y v = H AL + AN+ HQH - BRIIB. . H () = 0
0 00 00 0%0'0 000 "0 ' 0" f *
Alternatively, the open-loop approach gives
- _a~lp' (e e - R71g’ ! -1
(5.88.b)
[rj-time—scale problem]
qu/dt. = A.mq(T.) + B'Vj(Tj) ; jJ=1,...,N
J (5.89)
3 + v.R.v.] dr.
f1 mJQJmJ vyRyv4l dry.
In case of (i) j = 1,...,N-1
- 1t _
/Jj—aj_*_l'*'B.R.C., Bj—Yj'*'l
_ -1
Ry=R+ 83+1"3+1,3+1Q3+2,3+2 3+1,5+18 541
L L} 1
Cj - (QJ+1 42 j+l,laj+l,j+lQ3+2 J+2 ‘5+1 3418541
Q. =11 et 3+1 41 Q3+1 42 I
j T %41,1% 541, 41 3] 1
3+1 J+2 29+2,9+20 L3941, 541 Y41, 1

N = Bys1r Ry = Ry

Then, we have

A B 1.1
Vj(rj) = J( )+ R, CJ J(T-)

-Rfl(B.Pj - Cj)m ()

L ; j = 1,...,N-1
ij(r ) j

On = Ou+1,n+1°

(5.90.a)

where Pj is a positive definite solution of the following Riccati

equation:

ALK, + KA. - K.B.RTIBK. + Q. = 0.
37 i3 3375 “3%5 j
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In case of j = N:

mN(T )

) = "R "By Py, ne1™N TN

NN

N .
LNmN(TN). (5.90.c)

[cj-time—scale problem]

and/do =w—4jn§(oj) - By (o) _—
ch = % J ngbjn% + wgﬂjwj]daj.
Then, we have
¥5005) = wyley) + R57Cind o)
= -R3H B - SEHEN
= F.n3 (o.) (5.92)

3313

where Nj is a negative definite solution of the Riccati algebraic

equation (5.90.b).

The mode-decoupled controller (5.84) is a partial-féedback type

and the open-loop part is defined by

. . . j=1
~7 _ -~ o~ ~J . ~7J - 3 _ ~k =k~ ~k
ail/at = (A + BFPFI(0) 5 B(kg) = “Ryu kg £ (@ T (),
-1 = (5.93)
iy (tg) = “Xpglte)

It is noted that these control terms can be calculated straightforwards

in terms of the original system matrices Kij’ §i etc..
We summarize the above results as follows:

Theorem .5-3 Let the following conditions be satisfied:

~

(A-1) (XO, B,) : completely controllable

0

(A-2) (Ej, ?j) : completely controllable, J = 2,000 ,N+1
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(A-3) (C., a.) : completely observable, j = 2,...,N+1

" 73
(A-4) gj+l : Hurwitz matrix, j =1,...,N
where
~t o o~ ~ ~ A ~—1~
C.=¢@Q ., C.=C. - C. -
CJHJCJ ‘%-l j J Jj+1 "33 31
~ A, 1 -1x 0q-1
. = .= B8.)R —(C LBy ]
Hy = [I+(Cypq 855 8R T(Cy, 0558
cle.  ed 0 5
373 373+l i3 jr3+l
88 80,8 87 ... 8
FHLTF T 1G4 3,5+1 ®5+1,5+1d°

Then, the near optimum control is given by (5.84).

For example, in case of two-time-scale systems, the near optimum
control has been given already by (5.77).

In case of three-time-scale systems, we obtain

u®(t)

= u.
J5=2
_ -~ _~ ~ ~ -~ —~ ~ ~ ~e _ ~l ~l'\-r ~ fod -~
= (Lp=Ly (M) 54N) gLo) =L, [ (M, o +N, T ) (Go+HLL; ) (M) g#N) 0Lo) 1)
+ [E,-L (EI4HLE ) Ix, + Dox, + [(F.-T.)-L 8 (¥, - ) 15T (¢)
17bp (Gy*HO L, ) Ix, 2%3 17k ) "LpH, (Fy =Ly ) Iny
o~ 2
+ (F,-E)R2(¢) (5.94)
~ 5=l xrp-1 _=t
where L0 = RO (BOHO (t) CO)
~ _ _~_l 14 —~[ ~ - _ -1, =1~ -"l
Ly = "RyTB1 P -C)y By o= -RUT(BIN-C))
~ - _ -1~ ~ ~ _ —}~r~
£, = -R7BLP,, F, = 7B,
N S P | o
G2 + H2Ll A33(A32+B3Ll)
P ~, Lo rd s ~r —l A Cad
[ Mo * NlOLOJ 22 Aza]{ a1 +[Bz}ﬁ )
o~ ~ = - ~ ~ -~ ~ 0
Mo * Nyoly A3y Az Azq' LBy
and the open-loop parts are defined by
1 g o waelats . a1 _ s
aiy/at = (A -B\RTMBIADAT(6) . 5 R, - Ry (te)
2 s o oomleie o2 2 _ Coxloxls ol
afy/at = (Ry3-BR VBN, DHES(e) 5 Al(e,) = Ryg(tg) - (B+HF L (£,).
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Thus, once a time-scale hierarchy is identified by applying the modelling
algorithms based on norm conditions, the near optimum controllers which
can be expressed in terms of original system matrices without involving
small parameter ¢., can be obtained systematically via computer-

oriented recursive design procedures.

5.4 Near Optimum Controller Design of Regulator Problem With Multi-

Time Scales

5.4.1 General terminal penalty problem

We consider the regulator problem with a general terminal penalty:

dx,/dt Ay ALY % B, xq(t,) X10
dxz/dt Ayq A,sll %5 B, x2(t0) x20
where All A12 ) All A12 Bl ) Bl
By B Byy/e Byyle B, By/e].

~ ~ Y ,
J = %[xi(tf),xé(tf)]n[xl(tf) + %S [[X&,X%]Q[xl] + o Ruldt

(5.96)
where i 1 ;
M1 M2 911 92
n = - , Q= : positive semidefinite matrices
fy, T Q;, Q J
12 22 12 *22
R : positive definite matrix.

The special terminal penalty problems have been extensively developed
so far by numerous researchers (Kokotovic et al. [Ko.76]). However, in
the general terminal problem given above, the situation is more
complicated since the Riccati solutions have unbounded terminal
conditions (Vasileva et al. [Va.78]). Glizer & Dmitriev [Gl.75.1],
[Gl.78],tGl.75.2],[Gl.76] have investigated this problem via the
Riccatilfeedback approach, where the boundary-layer jump phenomenon

appears near the terminal-time in the solution Eil’ too. Generally, in
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the singularly perturbed regqulator problems, some degenerated problems
whose solutions exhibit slow behaviors of the system can be formulated,
i.e., the limit problem, the t-time-scale problem and the natural
reduced problem. The relationships among them are briefly discussed in
Appendix D. In the general terminal penalty problem, as ¢ — 0, an

N
optimal control uo(t,e) converges to the slow control Uo(t) composed of
0
ij

equivalent to the control Uo(t) of the t-time-scale problem. However,

the reduced Riccati solutions H..(t) (Glizer et al. [Gl1.78]), which is
it is noted that the control ﬁo(t) (i.e., Uo(t)) is not equivalent to
the control u(t) of the natural reduced problem, which is obtained by
setting € = 0 directly in the original system, except the special case,
e.qg., B2 = 0 (Glizer et al. [Gl.75.2]). Another special cases have
been studied in references [Gl1.76],[Dm.78].

In consideration of this situation, on the basis of the
decomposition-coordination principle from the temporal viewpoint, the

general terminal penalty problem will be investigated in this section.

Now, we consider the following problems with multi-time-scale

property:
~ N_ ~ ~ .
dxi/dt = Aiixi +dz.L)Aijxj + Biu ; xi(to) = X v i=l,...,N+1
~ ~ (5.97)
where Aij = Aij/(el,, %-l)' B, = Bi/kl.. ej—f'
1, , Myqeeneo Hl,N+l xl(tf)
J = F[x7(te),.e,x (ke o o .
21%1 ¢ N+1'CE | & o Kt
1,N+1°° " N+1,N+1 N+1'"f
: Q .. Q x
1, , 11 1,N+1 1 )
* 7jt°{[xl""xN+l] ) : + u Ruidt,
’
Ql,N+l”QN+l,N+l AN+1 (5.98)

On the basis of the design procedure shown in the preceding section, we

obtain the following results:

Theorem 5-4 Let the following conditions be satisfied:
(A-1) (aj, Yj) : completely controllable, j = 2,...,N+1
(A-2) (Gj, 85) : completely observable, J = 2, .40,N+1
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(A-3) 35+l : nonsingular, Jj =1,...,N
N N .
(a-4) Hj+l : nonsingular, j =1,...,N
here R = foi - B Lo Wity oagdh fypq =T
where j 33 j,rownj+l,matnj,row’ N+1 N+1,N+1,
) _ njj ....... Hj,N+l
IIj,row = [Hj,j+l j,N+ﬂ ! %,mat . :

By oI e |

Then, the mode-decoupled near optimum control is given by

w(t) = u u. is defined by (5.85) (5.100)

3= 7 Y
where fo = —ﬁgl(ﬁéka(t) - 86) and Rb(t) is a solution of the Riccati
differential equation:

~ ~ -~ ~y ~ ~...l~ A
dK,/dt = -KOAO - A'KO + KB R -8 o(tg) = I . (5.101)

The open-loop control part of (5.100) is defined by (5.93) and the

terminal conditions are modified as follows:

~ ~ ~ J-! .
o _ 7 - -y Bk .
ng(tf) j+lxlo(tf) Xj+l,0(tf) Ei nj(tf) (5.102)

where .

~k _ (xk , wkx =k _ _

nj(tf) (Gj + HJF n (tf), k=1,...,j-1

T

COR, (k) = ST R X

r: 10" f° 7 Qamatnl,rowxlo(tg :

N+1

For instance, in the case of three-time-scale systems, we have the

following results from (5.101) and (5.102):

N L A=l -1?5“1 =
K (t.) = Ty —[Mq5,T14] 2 Ty ThsTag 12
0%} = M1 THi27T3 rles At amlilor acle aelllg

=

REER 232 ¢ M33* 1330 23 2 Ta3M33) 13

~1 _ A=~y A-] ~ - v
ny(tg) = (=0, 704, “23“33“13)X (tg) = Xyplte)
N N
~2 sl l ’ l =) A 1~ - %o () - n,(te)
iy (tg) = [T35fT,5T, 12+(II T33053") n23“33 i) Xpgtg) = Xyplte 2'°f
1 = (Gl + HLIF 7L - _%- .
where n2(tf) (G2 + H2Fl)nl(tf) A —( 32 + B3 l) (tf)
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~ ~-—l~l

2 22 = Ta3l33lsy

=
I
=

.

[ Remarks]

1. In the general terminal problems, it is difficult to obtain the
Riccati asymptotic expressions of the form: ﬁij(t,e) + §ij(t,e)'due to
nonlinearities and singularities at terminal conditions (Valilleva
[Va.78], Glizer et al. [G1.78]). 1In this section, instead of obtaining
such a pure feedback type, a mode-decoupled partial feedback control
has been derived on the basis of the decomposition-coordination
principle. The open-loop part functions to correct the final jump
phenomena near the terminal time.

2. The optimal control W (t,e) converges to the control Uo(t) of the
t-time-scale problem as ¢ - 0. In the general terminal penalty case,
the t-time-scale problem is not necessarily equivalent to the natural
reduced problem (Glizer et al. [Gl.78]) though both are equivalent in
the special terminal penalty case. It seems that this result implies
in which process of the controller design the time-scale decomposition

should be performed.

5.4.2 Infinite-time control problem
(a) Near optimum control

In this problem, the partial feedback control shown in the
preceding section 1eéds to a pure feedback one.

We assume the following conditions (Kando et al. [Ka.80]):

(A-1) (KO, ﬁo) : completely controllable.

(a-2) (C,., KO) : completely observable

0
where C'HCE =0 & =c, -0C N-H
070-0 0’ 0 1”2 331 =1 JﬂJ =1
~ A b ] /
H, = [I + (C,a>Yy B. R (C 1. -1
0 Jjj=1 3j=1) ey 3351 =) 1
(A-3) (&5, ?j) : completely controllable, j = 2,...,N+1.
(A-4) (éj, Ej) : completely observable, j = 2,...,N+1
where 6’& E = 5 E = C -A -l~
35573 3 j ~C5+18538 3t
5 sly yo-l A x=lx 7 0-1
H. = [I + (C 8.)R C B
J [ 3+1%53 J) ( j+1%33 J) L
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(A-5) Ej+l : nonsingular, Jj =1,...,N,

Then, the near optimum control is given by

s
t) = u.l . 5.103
ut(8) = U5 5oy ( )
~ -1
where uj = uj-i + Lj[xj+l (MjO+NJO O)x -E;l(c +HRT )mi)
- 51,55 _ X ~
u, RO (BOIO Co)x1 LoX;

. and 50 is a positive definite solution of the Riccati algebraic

equation of (5.101)

~l_

and my = %X, (M 10 O)Xl
- M 4N, L) §f (Gh4g L )ym k = 2 N
M = %9 ~ (Mg Ny oLo)Xy ~ &, (CtHRLyImy = 2,..N,

A two-time-scale case has been investigated on the basis of the

quasi-steady-state concepts (Chow et al. [Cho.76.2]) also.

(b) Asymptotic stability of a suboptimally controlled system
For simplicity, we consider the case of two-time-scale systems. The

suboptimally controlled system with two-time-scale property is given by

N A
dx.,/dt = A,.x, + A, X ;. xX.(t,) = x
J 1 11%1 12%2 1'%0 10 (5.104)
L dx.,/dt = ﬁ X, + A, .x x,(t,) =
edx, 21%1 22%2 7 F2'%o %20
h N _ A _
where  Ayy = Byy =BGy, Ay, = Ay T S)oPp)
/Z; = A - B.G S = - 8
21 = Ba1 2G1r " Byy = Byo 22F22
_ -1_1 -7 -1 -1
G,= TP
1= (I-R "B,P,,A 22 2Ry (Lo/o Cg)+R ByP,,R55R8,] -

. N : . . .
Noting A,, 1s a Hurwitz matrix under the conditions (A-3)-(A-5), and

applying the transformation:

T T
i Ly = Ayhlyy (5.105)

to (5.104) yields
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dx,/dt = B x. + A
X = X X
1 s¥1 12%2 (5.106)

dt = eL A + A

edx,/dt = eLj A x,) £X¢

A A A A-IA } “1,.7 4
where As = All A12A22A21 = AO BORO BO/O

AV A A A

Ap = By * eLghqye

Here, by following the vector Lyapunov approach (Bernussou et al.
[Be.82], 8iljak [Sil.78]), we will investigate the asymptotic stability

of (5.106). As Lyapunov functions of decoupled systems:

dx,dt = ﬁsxl (5.107.a)
AN
edx /dt = A, x. (5.107.b)

we choose the following:

- ! 1/2
VS(Xl) ( XlPsxl Y-/ (5.108.a)
— ' 1/2
Velxe) = ( xpPex. ) (5.108.D)
where ~1,r0 ‘ _ -1,/ + D =0
(AO—BORO BOPO)PS + PS(AO BORO BO/O) DD
I '
- - =0
(Byp=SpoPyp)Pe *+ Pr(B)5=SyyPpp) + Dgbge = 0.
Applying the estimates:
1/2 1/2
{:Xm(Ps) "xlFiVsixM(Ps) HXlH (5.109.a)
1/2 1/2
AL (Pe) IX €V eShy (Pe) (R (5.109.b)
1/2
{ grad v_< A (P_) /2 (P.) | (5.109.c)
: 1/2
grad va.XM(Pf)/Xm(Pf) (5.109.4d)
where AM(A) = max A(A), km(A) = min A (A)
yields the following differential inequality:
dvg/dt] f-ay; o, Vs
< (5.110)
fAve/de] €2y ~oppteBy)| Ve
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A (P ) ‘
where 1 -1 _ M'"s A
911 = 7 *m(PgPePs™ ) “12 = T I 72 | P!
m s m £
A (Pe)
_ M f RETEATNIEA _ 1 ' -1
%1 T 17517z "LMAgl s ey = = AR (PeDePeT)
A (P ) A_(P.) 2
m s m £
Ay (P2)
_ "M f AN
522 = —(P—)"LOHHA].ZH'
m "~ f

By using a stability condition for a Metzler matrix, i.e., a Hicks

condition (Siljak [ Sil.78)), we obtain

0<ex 1 = & (5.111)
B ®12a2
(azz N alza 1,
22 11 22
where & o= 1
N N A
(PZ;M(zng P-l)Ulﬁdmﬁljl 'y AM(PS) "Al?mAgnfgu]
Am e A P ERET E Am(Ps)lm(DstPs )

_— 'D = =153'p
PS /0, DSDS QO + POBORO 30’0

D'.D

Pe = Pygr DgDe = Qyy + Pys5,5P5)

£

which gives an upper bound of e such that the suboptimally controlled
system (5.104) is asymptotically stable. If necessary, this estimate
can be improved via parametric optimization techniques (Geromel et al.

[Geo.82], Soliman et al. [So.82]).

5.4.3 Performance degradation

For simplicity, we consider the two-time-scale case (5.95) and

(5.96).

Under the conditions given in Theorem 5-4, this general terminal

problem has a unique asymptotic solution for e sufficiently small

throughout t0 <t < tf:

ﬁo(t,e)

Uo(t) + VO(T) + wo(o) + Of(e)
xf(t,s) = Xy,(t) + 0(¢) (5.112)

xQ(t, €) = X,0(€) + molx) + ng(o) + Ofe).
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Here, the terms [Uo(t), Xlo(t), X20(t)], [vo(r), mo(r)], [wo(c), no(c)]
satisfy the t-time-scale problem, the t-time-scale problem and the

o-time-scale problem, respectively:

_ - . -1 . - )
dX)g/dt = (4 = BoRy BoKg)X () & X glty) = x4, (5.113.a)
X, (t) = —A"l[A + 5,0 Y, - 0,.a7la )]X () +
20 221921 22 12 227227217 %10
-1 ' _ -1, ¢ -1, ‘ .
BgalS12 = 8220 T(B15 + 0558558120 1K (B)X () (5.113.b)
dmy/dr = (A, = S,,Poodmplc) 5 my(0) = x50 = X,0(t ) (5.114)
- - - . = ~q-l_7 -
dng/ds = =(Ay; = SyoNppingle) 7 ng(0) = —myomy X, o (te) = Xy0(te).
(5.115)
When the partial feedback control
s _ -1 -1 ) Y S _
u” = - (MLo+R ByP,yA,5R,1 )X =R TB,P X, -R B, (Ny,=Po,)n, (o)
(5.116)
_ _ -1_/ -1 _ -] ! B ’
where M =1 R "B,P,,A,5B,, Ly Ry (ByKy(E) Cp)

is implemented, the suboptimally controlled system is given by

dxS - _ -1/ -1 s - S_ -
x]/dt [Ay,-B; (ML, +R BoP oAy B, N IXT+[ A 5=8, 5P, 5 1%5-5, 5 (N, =P, )n; (o)
edxS/dt = [A,,-B, (ML.4+R ‘B'P. . A A Y1xS+[A, =S, P, ]x3-5  (N,,~P..)n,(c)
2 21 7240 27227227217 171 P 2272227 221727222 227 227 0

) s _ S -
; xl(tO)—XlO’ x2(t0)—x20. (5.117)

Here, we shall set asymptotic series solutions of (5.117) formally:

xB(t,e) = X (£) + O(e) Pto= (t-tg) /e

(5.118)

x5(t,e) = ﬁzo(t) + Rg(x) + A(o) + 0(e) jo (tg-t) /e,

Then, after algebraic manipulations, the following relations between

(5.112) and (5.118) can be proved (Kando et al. [Ka.83.1]):

Rlo(t) = X 0(t), R,0(8) = X,0(8), Mg(x) =my(x), R (o) = ng(o),

(5.119)
Thus, we obtain the differences:

xg(t,e) - xi(t,e) = 0(e) (5.120.a)
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xg(t,e) - xf(t,e) 0(¢) (5.120.b)

1l

wC(t,e) - u(t,e) = 0(e). (5.120.c)

Then, by applying Hadlock's results [Hal.77] under the additional
hypothesis Ia22 : Hurwitz matrix,, the performance degradation is

estimated by:
2
J- - J = 0(e7), (5.121)

In the case of the infinite-time control case, the above estimation can
be derived directly by using the Lyapunov equation, too.

Similarly as above, in the case of the fixed-endpoint problem, we
can prove the estimation (5.121) as the performance degradation.

In the multi-time-scale systems, by using the boundary layer
method with multi-parameters (O'Malley foM.74],[0M.71.2]), we éan

obtain

2
J- - J = O(eM) Poey = max[el,...,eN] (5.122)

where the time-scale separation ratio € is defined in Section 5.3.2.

[Remarks]

On the basis of modelling procedures and computer-oriented
decomposition techniques for model reduction controller design, mode-
decoupled near optimum controllers of multi-time-scale systems can be
designed systematically, which can be expressed in terms of the
original matrices Kij' ﬁi etc. without including e explicitly and
without depending on the scaling factor. This design method needs
computational labors of time-scale modelling but does not demand
computational iterations for convergence such as the hierarchical
control methods (Singh et al. [Sin.76], Mahmoud [Mam.79], Lehtomaki

et al. [Leh.77], Gruver et al. [Gr.80]).
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5.4.4 Numerical example
We consider a reactor model with temperature feedback. The one-

group neutron kinetic equations are given by

dn/dt (sk = 8)/l+n + rc
(5.123)

dc/dt

B/1ln - Ac

where n : neutron density

¢ : concentration of delayed neutron precursors.

The heat transfer equations are given by

M_dT_/dt Q.n - 2h(T. - T )
{ £f°f 0 £ m (5.124)

Mdem/dt

2h(Tf - Tm) - 2Mm(l/TO)Tm

where Te i mean temperature of fuel, Tm : mean temperature of .water,
The total reactivity is the sum of the contribution provided by the
tempertature feedback of fuel and of moderator, and by the control rod

action:

sk = 6kr - afo - ame. (5.125)

The other notations follow the conventional practice (Schultz [Sc.61]),
Linearizing and normalizing the above equations with respect to the

desired values gives

— =
dxl/dt = ap ¥, + ay 4%y
dx.,/dt = a, X, + a,,X, + a,,x
< 2 2272 2373 2474 (5.126)
dx3/dt = aj,X%, + az3¥3
o dx4/dt = a,1%y + ay%, + a,3X%3 + 244%4 + bu
where aj, = —a14 = -2
10 M
a =-1/%., a = 47— a = Ty
22 1 23 (T0+212)Tl 24 (10+212)Mf
—_— - —_ 4
a32 = a33 = l/TZl a4l = —a44 = g/1
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N 1 d %m 1 d
m
b=1/1
= d _ d _ d _ d -
X, = sc/c, X, = 6Tf/Tf, X,y = GTm/Tm, X, = sn/n>, u skr
T, = L/Ve Ty o= Mg/2h, v, = M_/2h, 15 = T9Tp/(Tpt2T,).

The performance index is given by

__]_I l_.tf/ IR at
J = 7x(tf)HX(tf) + 2[U[X QX + u Ru]ldt, (5.127)

The following data are used (Kando et al. [Ka.71]):

5 = 0.0065, Mg = 0.01, a_ = 2x107°, Q) = 0.54,7 = 2
= 10”3 = - -4 -

1 =10 , Mm = 0.15, am = 1x10 , T = 1l

A= 0.077 , ~ h = 0.005, t, = 15,

2

[I] Two-time-scale case

Firstly, by following the modelling procedﬁre studied in Section
2.3, it must be verified whether the norm conditions are satisfied or
not.

Grouping the state variables into n, = 1 and n, = 3 yields

(H-1) max[0.3589, 0.3293]<1, or 0<e < min[0.0591, 0.0644]=51

- 51 % —
(H-2) €, = MA22unA0n = 0.0212<<1
- =L, 3 =
(H-3) ”A22""A12" 0.1126<<1
~_l _ ~ - ~— _ -~ _
where |lA22H = 1.4621,IIA0H 0.01453,|IA12H = 0.077,||L0H = 1.4052.

The exact eigenvalues are
A(X) ={-0.01465, -1.0237, -1.2143, -6.3910} (5.128.a)

and the approximate eigenvalues are

(5.128.b)

~

A (A

{ i(io) = ~0.01453
={-1.0633, -1.1943, -6.309}.

22)
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Thus, a nuclear model possesses a strong singularly perturbed

structure.
By following the results shown in Section 5.4.2, the near optimum
control and cost of the infinite-time control problem were calculated

as follows:

uS(t) = -0.60874x10’2xl - 0.24239x10‘2x2 - 0.860889x10’3!x3
- 0.33384x10’2x4 (5.129)
g5 = 0.6778384x10" 1 (5.130)
where the weight matrices Q = I and R = 2x104 were used.
On the other hand, the optimal ones were given by
o) -2 -2 -3
u®(t) = -0.6106x10 “x; - 0.23753x10 %x, - 0.84733x10 x,
- 0.33384x10'2x4 (5.131)
3° = 0.6778377x107 L, (5.132)

*
Furthermore, an upper bound ¢ for the asymptotic stability was given

by
0£e=0.0212<€'=0.1604. (5.133)
Figure 5.2 shows the optimal and suboptimal responses.

[II] Three-time-scale case
Secondly, the wvalidity of norm conditions for multi-time-scale
systems shown in Section 5.3.2 was tested.

Grouping the states into n, = 1, n, = 2 and ny = 1 yields

(H—l)'max[0.5998, 0.4950]K1, or 0<52< min[0.4553, 0.5517]= sz
’ o~ _ s
(H—2)s2 —najjwajﬂ =0.2731 ; j = 2

’—.—"’ ~ _ . .
(H-3)1G5 W& 0 = 0.1442 5 j = 2

~

~=1 =1
wh e, = . a. = . . = N A« I = .
ere aJJH 0.1538, Haju 1.7759, "alj" 0 9375,||ajja31” 0.1857

i J = 2.

The exact eigenvalues has been given in (5.128.a) and the approximate
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eigenvalues are

A(El) = =-0.01453
x(&z) = -0.9991, -1.2334 (5.134)
x(&3) = -6.5,

Thus, the nuclear reactor model exhibits a three—time-scale behavior too.
By following the results for the general terminal penalty casé, the near
optimum controller of partial-feedback type was calculated. The corre-
ponding responses are shown in Fig. 5.3. Here, the weight matrices:

i = diag.[1,1,1,0.4], Q = I, R = 2x10? were used.

Furthermore, the suboptimal and optimal costs were calculated as follows:
0.5620547x10 (5.135)

0.5528956x10 . | (5.136)

—

< <]
o] )]
I Il

These results indicate the effectiveness of near optimum controller design

studied in this chapter.

5.5 Concluding Remarks

As indicated by the general terminal penalty case of the regulator
problem, it is an important problem to investigate in which design
process we should implement the time-scale decomposition. If we use .
the temporal decomposition-coordination approach while paying attention
to this problem, it provides us a useful tool for the design problems
of the multi-time-scale systems formulated on the basis of the
modelling concepts and algorithms shown in Chapter 2 and Section 5.3.2.

In this chapter, various linear quadratic problems for the
continuous-time versions, i.e., the control problem of the system
having the special terminal conditions such as a power level change of
a nuclear reactor, the fixed-endpoint problem, and the regulator
problem with the general terminal penalty have been considered by

applying this decomposition-coordination approach which has the similar
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theoretical framework to the spatial decomposition-coordination
approach used in the hierarchical control methods. The design
procedures of the mode-decoupled near optimum controls have been
developed, and some sufficient conditions for their validity have been
studied. Firstly, the two-time-scale cases have been dealt with, and
then these results have been extended to the multi-time-scale cases.
As these results, the computer-oriented and the systematic decompo-
sition procedures for the reduced order controller design have been
given.

Thus, an application of the temporal decomposition-coordination
approach to the high dimensional and the ill-conditioned two-point-
boundary-value problems brings about the simplification of the problem
structure as well as the reduced order controller design, which enable
us to reduce the computational labors and to alleviate the ill-

conditioning.
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CHAPTER 6. DISCUSSION AND CONCLUSIONS

By following multi-time-scale modelling concepts and computer-
aided algorithms which are based on structural properties of singularly
perturbed systems, the time-scale hierarchical structure involved in
large-scale systems is identified. Then, af£er the global p;oblem with
multi-time-scale property is decomposed into some local problems which
are defined at respective time-scales, they are solved independently,
and thier solutions are combined together in a proper way so as to
approximate global solutions asymptotically. Within such a theoretical
framework of a decomposition-coordination principle which has a common
ground with other theoretical methods for large-scale system design and
analysis, e.g., the model reduction methods and the hierachical control
methods, various problems associated with modelling and control of
continuous-time and discrete-time systems have been tackled not from a
spacial but from a temporal viewpoint.

In this chapter, the results obtained are briefly summarized and
additional remarks with respect to some subjects which deserve further
research are also given.

In Chapter 2, the problem of singular perturbation modelling has
been considered along with discussions for formulations of singularly
perturbed discrete-time versions. Modelling concepts and computer-
oriented algorithms based on norm criterions to test a validity of
modelling have been investigated. It is noted that the time-scale
decomposition methods such as the subspéce iteration method and the
'q.s.s. method are concepts based on coordinates transformations, but
the singular perturbation method is not necessarily coordinafe—free
concept. As the result, all of two-time-scale systems can not be
always identified with the singularly perturbed forms, e.g., the
large-scale systems with high frequency oscillations. The modelling
concepts and algorithms shown in this chapter give us the useful

criterion to verify the validity of this singular perturbation
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modelling, and provide us tﬁe beneficial data to predict an accuracy of
solutions derived in the following sys£em design and analysis phase.
However, since the modelling concepts developed here are based on only
eigenvalue gaps, which cause the multi-time-scale behaviors, it cannot
be applied directly to nonlinear systems or time¥varying syétems.
Modelling concepts and systematic algorithms for these systems as well
as high oscillation systems must be further investigated.

In Chapter 3, on the basis of these modelling results, the
boundary layer method for discrete-time versions has been formulated,
which gives an equivalent asympﬁotic series solution to one via the
iterative time-scale decomposition methods. This method provides us a
useful tool for controller design procedures of the slow-time-scale
version treated in the following chapter.

The studies for discrete-time systems with two-time-scale property
can be categorized into two groups, i.e., the sampled control systems
and the discrete-time systems represented as difference formulas
essentially. In Chapter 4, various design problems for the sampled
control systems have been considered. These studies are classified into
two cases, i.e., the single rate sampling case and the multirate sampling
case. Furthermore, the single rate case is divided into the slow-time-
scale version and the fast-time-scale version via a selection of sampling
periods.

In Section 4.2 - 4.5, the former version has been treated. This
version coincides with the state space model cqrresponding to the
singularly perturbed difference equation, and thus the studies discussed
in these sections can be applied to design and analysis of the essential
discrete-;ime systems such as an economic and an ecology models as well
as the sampled control systems. In this version, the controller design
has been performed from a viewpoint of slow-time-scale, where the two-
time-scale property of discrete—timebsystem itself is utilized. This
design policy provides us a composite solution of both discrete-~time

slow and fast subsystems. However, the fast mode is treated as dead
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beat, and this fact is not preferable from a viewpoint of the digital
redesign problem (Kuo [Kuo.8l]) because the performance degradation
between the original continuous-time problem and the corresponding
slow-time-scale version becomes a serious problem in some cases.

On the other hand, in Section 4.6, the latter version has been
studied, where the system behavior has been analyzed from a viewpoint
of fast-time-scale and as the result, the two-time-scale separation
of eigenvalues is not preserved in this version. The solutions of the
global system can be expressed as a hybrid combination of the
continuous-time slow subsystem which dominates the system behavior over
the whole interval, and the discrete-time fast subsystem which
functions only near the initial time. Thus, a main part of the
controller design is essentially performed in the continuous-time
domain. In this version, the time delay due to the computation time of
the control law cannot be neglected because of the short sampling
period, and the control law counting it is required anew (Mita [Mt.85]).

In the last section, 4.7, the relationships between the original
continuous-time problem and the corresponding two single rate sampling
problems have been clarified, and on the basis of these studies, the
multirate controller design procedure has been developed within a
framework of the decomposition-coordination principle, and the
usefulness of these results has been discussed from a viewpoint of the
digital redesign problem. These multirate controller design procedures
enable us not only to reduce the computational labors required in the
derivation of the feedback gains and the determination of the sampling
rates, but also to alleviate the various difficulties resulting in the
single rate controller design. Several subjects which deserve further
reseach are the extension of the two sample rate case to the general
multirate case, and the multirate Kalman filter design problem.

In Chapter 5, a variety of linear quadratic problems of continuous-
time systems with multi-time-scale property have been considered by

applying the temporal decomposition-coordination approach, which is in

183



contrast to the spatial decomposition-coordination approach used in the
hierarchical control methods. As indicated by the general terminal
penalty case of the regulator problem, it is an important subject to
investigate in which design process we should implement the time-scale
decomposition. While taking notice of this subject, the near optimum
controller design procedures have been developed, and some sufficient
conditions for their validity have been studied. Once the time-scale
structure involved in large-scale systems is identified via the multi-
time-scale modelling concepts and algorithms shown in Chapter 2 and
Section 5.3.2, the mode-decoupled controllers can be obtained
systematically on the basis of the computer-oriented recursive design
algorithms. For the convenience of an application of these results, an-
equipment of software for the multi-time-scale modelling algorithms and
for these recursive controller design algorithms will be required.

Thus, it has been recognized anew that the singular perturbations and
‘the mulfi—time—scale methods bring about the simplification of the problem
structure as well as the reduced order controller design, which enable us
to reduce the computational labors and to alleviate the ill-conditioning,
and these methods have proved useful for studies on the broad categories
of modelling, design and analysis of large—scalé systems in both

continuous-time and discrete-time domains.
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APPENDICES

Appendix A. Asymptotic Series Expansions and Riccati Iterative

Solutions of NARE

We consider the following NARE:

eA,,L - LA;; + eLA;,L - A, = 0. ' (A.1)

Under the assumption that All is nonsingular, by applying the implicit

function theorem, we see that the solution L(e) of (A.l) is analytic in

ceat € =0, i.e.,
K. A : A -
_ j k+1 . - _ 1
L(g) = ;%lje + O(e ) Zo AZlAll. (A.2)

By equating coefficients of ek for k > 0, we have

A

A A A
t 1Al e LA LA

A -1
l ll.

A
k+1 = [Boply *

A

A
0R12?

>

K (A.3)

On the other hand, we will consider the Riccati iteration:

1 -1

Lypp = (eByoly + elyByoLy = Ayg)A)) 7 Lo = =AypAp0. (Al4)
Then, the k-th iteration Lk can be written as
- J k+1 ) - - -1
Lk —‘élje + (E ) 7 ZO - AZlAll. (A-S)

Here, by using the mathematical induction, we will prove the following

relation:

A
Zk = Zk i k=20,1,... (A.6)
. . A -1
Firstly, in case of k = O,lwe have ZO = ZO = _AZlAll'
For k < i, we assume
_ j k+1
{ij é%lje + O(¢ ) (A.Z)
be = [yl g * TgPpoley * LAl y + oo+ L gA 00 0Ay 0.

Then, in order to obtain Li+ by substituting (A.7) into (A.4) and by

l’
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arranging, we have

_ 3 -1
Lipy = (eBy Ly + elyhyply = Byy)hy)
: L
= Jj i+1
RS- (Bypty * 1oP12ti ¥ nPizti-1 ¥ -

-1 i+2
A.8
+ ZiAlle)All + Q(e y )

Here, by setting as

_ -1
Loy = UByply + Lohpply + LBl g v oeee 4 LA, 15137 (A9)
we obtain
i . . .
_ Jj i+1 i+2
Ly = Eilje + ¢ li+l + O(e ). (A.10)

Accordingly, in case of k = i+l, (A.7) is satisfied too. Thus, we have
proved the relation (A.6).

Similarly as above, we can prove the following relation:

ﬁk =h_ : k=0,1,... (A.11)

where the solution H(e) of the Sylvester equation (3.4) is represented

as
). (A.12)
The k-th iterative solution Hk of the iterative scheme:

— -1
Heq1 = All[er(A22 + LAlz) + eA),LH  + Alz] (A.13)

can be written as

k .
- j k+1
B =hghys) + 06 - (A.14)

where

h, = ATin

kT A k-1(Bop * LAjy) + hylh

07 k-1°

Thus, the iterative schemes (A.4) and (A.13) seem to be excellent
algorithms for the purpose of computing the O(ek+l) approximate solutions

of the mode-decoupling transformation for discrete-time versions.
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Appendix B.

We consider the following equation:

edzz/dt = A z, + Bzu

)
+ u Ru)dt.

Q '
7 =3

(z,0,,2,
t,

The boundary conditions are

{'zz(toye) = cl(e)
dzz/dt(tf,e)

Then, we have the canonical equations:

{?dzZ/dt = A
€dp2/dt =

~Q55%, -

= X2(€) - xz(tols)

= 02(5) =

22%2 T 5,,P;

]
AyoPy-

_dxz/dt (tf’ E) .

(B.1)

(B.2)

(B.3.a)

(B.3.b)

(B.4)

By using the boundary layer method, we will seek solutions of the

following form:

{ zz(t,e)
pz(tle)

Zz(t,e) + mz(r,e) + ;nz(c,e)

= Pz(tle) + pz(T,e) + evz(c,e)

HE S =(t—t0)/e

(B.5)

HE =(t-tf)/e

where the respective terms have asymptotic series expansions in €.

Under the condition (H-2) given in Section 5.2, we obtain

Zz(t,e) = 0, Pz(t,e) = 0.
Accordingly, we have
- = J
zz(t,e) {% 23(1)5 + eT_n .(o)e
P2(t16) = i% (T)EJ + eZ:vz (o)e
J=0 ‘
where (mzo(r) _ mzj(r) _ Tlle
= (5.32), = A
[ P20 (7)) po5(T) (Tyye’”
n..(o) n..(ao) T, &
(P20 _ (5.37), [ 23 ]=[ 12 N
.“20(0[ vzj(c) T22e
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Ao, =1

_1‘
11
-1
11/

T

T

Ty

-1

T12

(B.8.Db)

The Boundary Layer Method and the Dichotomy Transformation

(B.6)
(B.7)
- gJ J
my;(0) = d cl/de'Ew
(B.8.a)
- aJ J
dnzj/do(O) =d c2/del

£20"°



On the other hand, by applying the dichotomy transformation
(Wilde [Wi.72]):

22 _[I I [YZ
p2 P N q2

where P and N are positive and negative definite solutions of the

(B.9)

Riccati algebraic equation:

1
KA22 + A22K.— KSZZK + Q22 =0 - (B.10)
to (B.4), we have
€Y, [Azz = S35F 0 }lyzl i ¥p(tgee) = cy(e)
€q, 0 A22 - 522N q, H dqz/dt(to,e) = cz(c). ‘
(B.11)
From (B.1ll), we obtain
V4 (trE) = l (TIE) i T = (t_t )/E
{ 2 2 0 (B.12)
q,(t,e) = erylo,e) ;i o= (t-tg)/e
where de/dT = (A22 - 522P)12(T,€) ; 12(0,8) = cl(E) (B.13.a)
dr,/ds = (B,, = S,,N)r,(d,e) ;i dr,/do(0,e) = c,(e).(B.13.b)
From (B.9), (B.12) and (B.13), we have
_ J & J
zz(t,e) = E%le(T)E + e%%rzj(c)e (B.l4.a)
21 (t)ed + enSr,.(0)ed (B.14.b)
p2(t,€) Pj:o 23 = 25 . .
= - . = gJ 3
where sz(r) exp(A22 SzzP)rlzj(Q) ; lzj(O) d cl/de (B.15.a)

= - . = gJ 3
r,y(9) = exp(By,=8,,M)or, (0) 7 dr,/de(0) = de,/acdl,, .

(B.15.b
Furthermore, under the condition (H-2), by using the relation:

_ -1 - = - -1
{P = Ty1Ty1v Byp 7 8p2P = "Tp My (B.16)
_ -1 _ _ -1
N = TyyTy5r Byy = SN = Ty5ATy,

it is easily shown that (B.7) is equivalent to (B.1l4).
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[Remarks]

Setting T = -p, T°= N~ and X¢ = Nn in the combined

transformation (2.15), we obtain the dichotomy transformation:

X I I X
X P N n J.
Thus, the dichotomy transformation corresponds to a special case of the

combined transformation.
Appendix C. The Inverse Riccati Approach

It has been shown by Brockett [Bro.70] that by setting as

1

v(t) = u(t) + R B'I(t;0,t.)x(t) (c.1)

the fixed endpoint problem can be transformed into the equivalent

minimum energy problem. As the result, the optimal feedback control is

given by
o) I RER Y § . -1_,..~1
u (t) = -R B [W (t,tf) + H(t,O,tf)]X + R "B'W (t,tf)o(t,tf)xf
(C.2)
where
- ! - -1., . =
dW(t,tf)/dt = Ac(t)W(t,tf) + W(t,tf)Ac(t) BR "B' ; W(tf,tf) =0
(C.3)
or
tf _l
Wt,tg) = ﬂ 8 (t,o)BR YB'0" (t,0)do (C.4)
t
- . — - -1 [} .
and d¢(t,t0)/dt = Ac(t)¢(t,t0) ; Ac(t) = A BR "B H(t,O,tf)
(C.5)

and n(t;O,tf) is a solution of the following Riccati equation:
~dK/dt = KA + A'K - KBR 'B'K + Q ; K(tg) = 0. (C.6)

Here, by letting
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- -1
Bl (e t) = whE,Eg) + m(ti0,tL) (c.7)
and by using the relation
aw t/ae = vt (aw/at)wt : (C.8)

and the expressions (C.3) and (C.6), after algebraic manipulations,

we obtain

1

dH/dt = AH + HA' + HOH - BR "B' ; H(tg,tg) = 0. (C.9)
Furthermore, by letting
g(t) = [I - H(t,tf)H(t:O,tf)]¢(t,tf)Xf (C.10)

and by using the expression (C.5), we have the following equation:
dg/dt = [A + H(t,tf)QJg(t) ; g(tf) = Xg. (C.11)

Then, by uéing the gains H(t,tf) and g(t), the optimal control (C.2)

can be expressed by

1

wC(t) = -R” B'H_l(t,tf)[x(t) - g(t)]. (C.12)

Here, we consider the two point boundary value problems

[x(t)
p(t)

By denoting the state transition matrix by

(T.P.B.V.P.):

A -BRiB'

_Q _A'

dx/dt
dp/dt

C[xEy)
x(tf)

X
=0 (C.13)
X .

£

(C.14)

Yoq(trt), by (t,t))
¥ (et ) =[ 11 0 12 oJ

the feedback control is given (Kwon [Kw.77]) by

1

u®(t) = -R B! [-v 5 (te E)uy) (b, E)X(E) + v i (t o t)x 1. (C.15)

In the above expression, setting as
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H(t,tg) = —0]h (e, 600 ,(t,t)
{ £ 11' £ 12'"f (C.16)

g(t) = \Dll(tf,t)xf

leads to the control (C.12) too. Furthermore, by applying the above
transformation (C.16) to the T.P.B.V.P. (C.13) and after algebraic
manipulations, we can obtain the equations (C.9) and (C.1l1l) which

H(t,tf) and g(t) satify, and the following relation:
x(t) = H(t,t)p(t) + g(t). (C.17)

When we consider the T.P.B.V.P. generally, we frequently use the
method of invariant imbedding (Mufti et al. [Muf.69], Breitenecker

[Bre.83]) and set as
x(t) = H(t,tf)p(t) + g(t).

The above expression is called also to be the inverse Riccati
transformation in contrast with the conventional Riccati transformation
(Kokotovic et al. [Ko.76]).

In particular, in the case of Xg = 0, we have

Y

g(t) = 0, for elt orte 1 (c.18)

and the optimal cost of the fixed-endpoint problem is given by

0]

= 1y '
J- = =X (to,t )x (C.19)

'q
0

Appendix D. Reduced Problems in General Terminal Penalty Problems

By setting € = 0 in the singularly perturbed Riccati differential

equations of the general terminal problem, we have

0 _ At 0 0 0 A =1A' 0 A 0 _ % 515!
dH,,/dt = -A Hy, - HllA + HllBR B Hi; - Q¢ Hy,(tg) Tyq-0 12 22112
0 _ 0 - (D.1l.a)
Hip, = H11E1 Ey _ (D.1.b)
0 0 _ .0 0 _
HypBoo A22H22 HypS)pHpp + 0y = 0 (D.1l.c)
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' '
+ S,.,E, + E;S,.,E

where A = A, + EjA,, 1282 1522F>
B =B, +E;B,
o (1,E Ho_l) 0., 0 I
Q = (I,EyHy, ( 11 12)(
] O_l ] )
Q12 Qp Hy'Ey
_ 0o _ -1 ~ _ 0
Ey = (§),Hy; = Apyla v o = Ry = SyoH5,
E. = (a-.1% + o L s.. = B.R IB. S.. = B.R 's.
2 = (ByyHyy ¥ 0y5)a v 5127 B 2r Sy 2 2
~ ~ N—l ~' . . . . . . . ~ .
and (IIll - H12n22H12) is a positive semidefinite matrix when I is a

positive semidefinite matrix.

From the above expressions, the limit problem is defined as

follows:

dA dt = AA + AN . _
XlO/ t = AX BVO ; Xlo(to) = X

10 10

t (D.2)
= 380 (e (7T ETE 0% (e + STR OR ) + VoRY ae
J o= 2710 °f 11 "12722712°710'f 'ft 10=710 070 )
0
That is, the Riccati differential equation of the above problem leads
to (D.l.a).
Then, by using the Riccati feedback approach (Kokotovic et al.

N
[Ko.72.3]), the slow part Uo(t) of the optimal control wC(t,e) is given

as follows:

IS -1 vt 0 tor.a ' 0 A
Uo(t) = -R [(BlHll + BZle)x10 + B2H22X20] (D.3)
: A A A_=IAY 0 A A
where XmO/dt = (A - BR °B Hll)xlo(t) : Xlo(to) = Xy (D.4.a)
A -1 0 o'.A
Xzo(t) = -q (A21 - SlZHll - 822H12)X10(t) (D.4.b)

which is composed of the reduced-order Riccati solutions shown above.
On the other hand, similarly as Section 5.3, on the basis of the
decomposition-coordination approach, the mode decoupled slow control

part Uo(t) is given as follows:
_ _l 1 ]
Ug(t) = =R T[ByP;4(t) + ByP,o(t)]

_ll
Vo(t) + Ro Coxlo(t)

-1 J '
~Ro = (BoK o (£)=C )Xy o (£) (D.5)
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where the t-time-scale problem is defined as follows:

Xmo/dt = onlo(t) + BOVO(t) ; Xlo(to) = X519

(D.6)
J o= Ex! (e (W, . -F, TL%. 1! Q R
= 3% (tg) (=05 )50 5)X) g lte) +‘7£[x10 0¥10 * VoXpVpldt
Q
— _o~1lp'
and Vo (t) = -R5 Bk, (£)X o (t) | (D.7.a)
dK./dt = -A' Kk - 1o/ A . U P
0o/ 0% 07X 0 KoBoRo BoKg=Qpi Ko ltg)=y =, T 50,

({D.7.b)
and furthermore AO’ BO’ QO and RO etc. are defined in (5.50),

respectively.

Then, we obtain the following relationships among the controls

defined above:

. (o) _ _ A Pal .
%5% u (t,e) = Uo(t) = Uo(t) X Vo(t) ; tE(tO,tf) (D.8.a)
_ .0
Ko(t) = Hy, (t) (D.8.b)
- w1
Volt) = M TV, () (D.8.c)
_ _p=l,'0 -1
where M = [I R B2H22A22B2]
_ -1_'0 -1 -1
= [I + R B2H22a B2] .

The above results can be proved similarly as proofs given in [Ka.81.3],
[Haa.71].
On the other hand, setting e = 0 directly in the original problem

(5.95) and (5.96) yields the natural reduced problem as follows:

dxl/dt = AOXl + Bou H xl(to) = Xy)
_ -1 _ -1 _ (D.9%9.a)
Xy = "Ay5R51%) ~ AynByu

ﬂ
g l s/ Ao - s/ = =/ —_
xl(tfq + iklexl 2xlC0u + uROu}dt

~y ~

1, -y ~ =
J ”i[xl(tf)'xz(tf”[nllnlz

n12n22 xz(tf) (D.9.b)

I

-1
“By5By1

where Q = [I,-A'_ALl]

2182571[911 912

Q12 Q7

In the general terminal problem, it has been shown by Glizer et al.
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[G1.78] that the control Uo(t) ((D.5)) of the t-time-scale problem which
is equivalent to Go(t) ((D.3)) is not equivalent to the control u(t)

((D.9.a)) except the special case (Glizer et al [G1.75.21]).
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