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SOP2 AND ANTICHAINS 

JINHOO AHN 

ABSTRACT. In this paper, we pay our attention into 2-strong order property, 
namely SOP2, and its relatives. We first observe strongly indiscernible trees 
and its modeling property, then find the equivalent conditions for each SOP2 
and weak-TP1. As a main theorem, we prove that the definitions of SOP2 
and TP1 can be more generalized, by using the notion of strong similarity and 
anti chains. 

1. INTRODUCTION 

A formulaり(x,y) has 2-strong order property(SOP2) if there is a tree of param-
eters (a1J : 17 E w>2) such that the types in which parameters consists of a path in 

tree is consistent, but any two formulas having parameters of incomparable pairs 

are contradictory. 

SOP2 has similar definition of the tree property of the first kind(TP1), except 
TP1 uses parameters indexed on w>w. It is easily proved that SOP2 is equivalent 

to the tree property of the first kind(TP1), but as it is still too strong to deal with, 

there have been many attempts to weakening the conditions. 

In [3], suggesting the notions k-TP1 and weak k-TP1, Kim and Kim proved 
that k-TP1 is equivalent to TP1 using the tree indiscernibility called I-fully-tree— 
indiscernible. The equivalence of TP1 and weak k-TP1 was later proved in [1] 
by using strongly indiscernible trees. We aim to generalize the notions of tree 

properties by introducing Dstr-SOP2(Definition 3.6), and then prove that SOP2 is 
equivalent to iJstr -SOP2 for any antichain tuple ii. 

2. PRELIMINARIES ON STRONGLY INDISCERNIBLE TREES AND SOP2 

Consider a tree入>K of height入whichhas K many br皿 ches.Each element in 

tree can be considered as a string. We denote〈〉 asan empty string, 0"'as a string 
of a many zeros, and a as a string〈a〉oflength one. 

Definition 2.1. Let 17,v,e E入＞氏

(1) (Ordering) 7J <1 v if v「a= rJ for some ordinal a E dom(v). 
(2) (Meet) e = rJ Av if e is the meet of rJ and v, i.e., e = rJ「/3,when f3 = LJ{a-<; 
dom(17)ndom(v) 117「a=V「a}. ForりE 入>K, iJ is the meet closure of f/ if 
iJ = {171 A rJ2lrJ1, 1]2 Eり｝
(3) (Incomparability) 171-v if they are ::::J—incomparable, i.e., ,(17 ::::J v) and ,(v ::::J 17). 
(4) (Lexicographic order) 17 <zex v if 
(a) 17 <1 v, or 
(b) 171-v and for ordinal a=  dom(17 Av), 17(a) < v(a) 

Definition 2.2. A strong language L。isdefined by the collection { <1, A, <zex} 
We may view the tree入>K as皿 La-structure.
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Fix a complete first order theory T(with language L). Let 11'. FT  be a monster 
model. From now on, we will work in this 11'.. Note that we distinguish an index 
structure from 11'.. We visit [4] to introduce generalized indiscernibility and modeling 
property. 

Defimtion 2.3. Let L。-structureパ bean index structure. For a tree (b,-, lri E 
パ） in 11'., we say it is strongly indiscernible if for any finite tuple fi and iJ in .¥>凡

qftpL。(fi)= qftpL。(iJ)⇒(b砂,-,Efj三 (bv)vEv・

We say fi and iJ are strongly similar, 月~striJ, to denote qftp£0(fi) = qftpL。(iJ).

Definition 2.4. Let I be an index structure. A set B = {b,-, I rJ EI} is based on a 
set A=  {av Iv EI} if for all r.p(xi,, ... , x』 inL and for all rJ1, ... , rJn E I, there 
exists some v1, ・ ・ ・, Vn E I such that 

(a) 1/1 ... Vn三り 'r/1... 枷， and
(b) b,-,1 ... b加三'Pa互...avn 

In particular, when I is Lo-structure <.¥ ", we say B is strongly based on A whenever 
B is based on A. 

Definition 2.5. For an index structure I, we say I-indexed indiscernibles have the 
modeling property if given any A = { a』vEI}, there is and I-indexed indiscernible 
B = {b,-,lri EI} such that B is based on A. 

Fact 2.6. [5] Let <ww be the universe of the index structure. The strong indis-
cernibles have the modeling property. 

Note that we cannot use the above fact when the index structure is a binary 
tree. 

Now we introduce SOP2 and its relatives. 

Definition 2.7. [2, 4, 5] Fix k~2. 

(1) cp(x; y) has SOP2 is there is a (a,., I 77 E w>2) such that 
(a) For all 77 E w2, 位(x;a,., 「a)I a < w} is consistent, 

1s mcons1stent. (b) For all e, v E w>2, if e .l_ v, then {叫； a~)平(x;a.,)}· ・ 
(2) cp(x; y) has the tree property of the first kind (TP1) if there is (a,., I 77 E w>w) 
such that 

(a) For all 77 E芦，｛叩；a., 「a)laく叫 isconsistent, 
(b) For all 1) .l_ v E w > { ()  (・  ・ w, <.p x;a,., ,'-P x;a.,)} 1s mcons1stent. 

(3) cp(x;y) has weak k-TP1 if there is (a,., 177 E w>w) such that 

(a) For all 77 E芦｛叫；a., 「a)la< w} is consistent, 
(b) For any 1), 1)0, ... , 1/k-1 E w>w and i。<・ • ・< ik-1 < W, if 1)~ 〈り〉 '.:l1/i for 
each l < k, then {cp(x;a,.,,) Ii< k}・ ・ 1s mcons1stent. 

(4) We say T has SO応 (resp.TP1) if there is a formula having SOP2 (resp. TPサ
If not, we say Tis NSOP2 (resp. NTP1). We say T has weak-TP1 if there is a 
formula having k-TP1 for some k. If not, we say Tis weak-NTP1. 

In [1], we see that all the notions in Definition 2. 7 for theories are equivalent. 
By modeling property, any formula having TP1 or weak k-TPぃwehave a 

strongly indiscernible tree (a,.,),.,E<w2 that has the same conditions. On the other 
hand, we cannot use the modeling property on SOP2, though there is some trick to 
obtain strongly indiscernible binary tree. See [1, lemma 4.3 (3)] for more details. 

3. MAIN RESULT 

We first modify [2, lemma 2.20] to an argument about w-branched trees. 



3

SOP2 AND ANTICHAINS 

Lemma 3.1. Suppose K is aだgularcardinal and we color "> w by 0 < K colors. 
Let c be the given coloring. 
{1) The佗 isv* in ">w and j < 0 such that for any ッ ~v* we can find p~v the 
color of which is j. 
(2) There is an embedding h: w>囚→ "> w such that 

• h(T/r 〈i〉竺 h(T/~〈i〉)for each i < w 
• Ran(h) is monochromatic. 

Proof. (1) Suppose not. Then for i < 0, we inductively choose T/i E瓦>wsuch that 

• if i < j, then T/i竺T/j,and 
• for p E氏>w,if T/i+l ::=:l p, then c(p) i= i. 

Let v = ui<0 T/i・Since 0 < c恥）， vE氏>w.But this contradicts that c(v) has no 
color. 
(2) Use (1). ロ

Before the propositions, we give a useful notation. 

For each T/ E切 >2,m < w, a :S w1, we say K17,m,a to denote the set {がゾo/3:
v E m2, j3 < a}, and 017 to denote the set { T/~o/3 : j3く叫・

Proposition 3.2. The following are equivalent. 

{1) Tis NSOP2. 
{2) For all cp(x, y) and strongly indiscernible tree (a17 : T/ E w,>2), if { cp(x, a』:
v E 0〈〉}is consistent, then for each T/ E切 >2and m < w, {の(x,av) : v E 
K } . 17,m,w1 is consistent. 

Proof. (Sketch) 
(1~2) Suppose cp has SOP2. By [1, lemma 4.3 (3)], we may assume there is 
a strongly indiscernible tree (a,, : T/ E w>2) witnessing SOP2. Use compactness to 
obtain a tree where (2) does not hold. 
(1⇒ 2) Suppose not. Fix cp and (a17 : T/ E w,>2). We inductively choose a finite 
subset w17こ叩>2and v17 Ew1> 2 for each T/ E四 >2so that the following conditions 
holds after the construction; 

(a) for each i = 0,1, the union of {cp(x,av): v E LJ{w17「°':a :S len(T/)}} and 
{cp(x,av):vEO }" 

％ 
1s consistent 

(b) the union of {cp(x,av) : v E LJ{w17「°':a :S len(T/)}} and {¢(x, av) : v E 
后 i}1s mcons1stent. W町 oUw . 

Set wo = 0 and四＝〈〉.At limit case, w17 = 0 and v17 = LJ{:'.':l'I v{. 
Assumew17「a,v,, 「°'ischosen for all a :S len(T/)-Let p17 = { cp(x, av) : v E LJ{ w17「":
a :S len(T/)} }. We take the least四<w where p17 U { cp(x, av) : v E Kv",m",w,} is 
mcons1stent. 

By minimiality of m17 and strong indiscernibility, p炉{cp(x,av):v EKッ；；i,m"―1,w,} 
is consistent for i = 0, 1. 
By compactness and strong indiscernibility, we have l17 < w such that p17 U 
{cp(x,av): v EK  U凸ぃ}1s mcons1stent. 
Take wい =Kvへi,m"―1,l"and 1/17-i = v~i~o叫—い。い for i = 0, 1. 

" 1/ 
Having done the construction, we choose a finite subset q17こp17for each T/ such 
that q17 U {の(x,av):v E w町 oUw町 i}is inconsistent. 
Let T17 = {aッ：の(x,av) E q17}. We may assume T17 is a finite collection of Kv,m,aS. 
Considering T17 as a tuple, the number of ~str-equivalent classes in {テri: T/ E氏>2}
and {w町 i: T/ E氏>2,i = 0, 1} are both countable. 
By [2, lemma 2.20], we have an embedding h : w>2→ 氏>2whose range is 
monochromatic. 

Define a formula心(x,y) and a tree (b17 : T/ E w>2) such that心(x,b17) = f¥ qh(〈〉）^
八{cp(x,av):v E叫 (o-17)}-Then心(x,y) and (b17 : T/ E w>2) witness SOP2. ロ
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We analogously give another proposition about weak-TP1. 

For each T/ E切 >w,k <; w, m < w, a <; 叫， wesay Kr,,k,m,a to denote the set 
｛町冗伊：ツ Emk,(3 < a}, and Or, to denote the set {町of!:f3 <叫｝．

Proposition 3.3. The following are equivalent. 

{1) T does not have weak-TP1. 
{2) For allの(x,y) and strongly indiscernible tree (ar, : T/ E叫 >w),if{</>(x,av): 
v E Oo} is consistent, then for each TJ E wi>w and m < w, { </>(x, av) : v E 
K r,,m,w1} zs consistent. 

Proof. (Sketch) 
(1仁 2)Use modeling property and compactness. 
(1⇒ 2) Suppose not. Fix </>(x, y) and (ar, : T/ E叫 >w).We inductively choose 
a finite subset Wr, こwi>wand Vr, Ewi> w for each T/ E wi>w so that the following 
conditions holds after the construction; 

(a) the union of {</>(x,av): v E LJ{wr, 「a:O!さlen(TJ)}}and { </>(x, av) : v E Ov"} is 
consistent 

(b) the union'of {</>(x,av) : v E LJ{wr, 「a: a <:'.: len(TJ)}} and {</>(x,av) : v E 
LJi<kWぃ}is inconsistent. 

Set wo = 0 and vo =〈〉.At limit case, 叩=0 and vr, = LJ玲児
Assumewr, 「a,Vr,「ais chosen for all a<; len(TJ). Let Pr, = { </>(x, a砂： VE LJ{wr, 「a:
a <; len(TJ)} }. We take the least mr, < w where Pr, U {¢(x, av) : v E Kv",w,m",wJ is 
inconsistent. 

By minimiality of mr, and strong indiscernibility, p戸{</>(x,av):v EKぢ i,w,m"―l,w1}
is consistent for any iくは

To argue inconsistency, we need an observation on strongly indiscernible trees. 

Observation 3.4. Let (ar, : T/ E wi>w) be strongly indiscernible. If {</>(x,av) : 
v EK  } .. r,,w,m,w1 zs znconszstent for some m < w and T} E叫>w, then there is some 
k,l < w such that {</>(x,av): v EK  } r,,k,m,l zs znconszstent. 

By the above observation, we have kr, 占<w such that Pr, U {</>(x,av) : v E 
Kr,, 似，m",l"} is inconsistent. Take wぃ =Kいふ叫—1,l" and vぃ=v;;i~O叫—1~0い1
for i < w. Note that for any io <・ ・ ・< i枇ー1< w,pr,ULJj<k" {</>(x,av): VE Wr,-;,} 
is inconsistent by strong indiscernibility. 

Having done the construction, we choose a finite subset qr, こPr,for each T/ such 
-・1s mcons1stent. that qr, u uj<k刀位(x,av):v E w }・ r, J 
o servat1on again, we may assume T is a finite Let Tr,= {aッ： </>(x,av) E qr,}-By b 

＂ collection of Kv,k,m,zS. Considering Tr, as a tuple, the number of ~str-equivalent 

classes of {テ'ri: T/ E 氏>w}and {wぃ： T/ E氏>w, i < w} are both countable. By 
lemma 3.1, we have an embedding h: w>w→ 叫>w whose range is monochromatic. 
Define a formulaゆ(x,y) and a tree (br,: T/ E w>w) such that'f/;(x, br,) = I¥ qh(〈〉）^
/¥{</>(x,av): VE Wh(O可）}. Thenゆ(x,y) and (br,: T/ E w>w) witness weak-TP1. ロ

N ow we turn our mtent1on to antichains. 

Definition 3.5. A subset AこK>入iscalled an antichain if for all T/, v EA, T/ _l_ v. 

Definition 3.6. (1) Let A be a set of tuples in w>2. We say¢has Astr-SOP2 
if there is (ar, : T/ E w>2) such that 

(a) for all T/ E w2, {¢(x, ar, 「m): m < w} is consistent, and 
(b) for all D E w>2, if D ~str [ for some [ E A, then {の(x,av):v ED} is 
inconsistent. 

(2) Let A be a set of tuples in w>w. We say¢has Astr-TP1 if there is (ar, : 

T/ E w>w) such that 
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: m < w 1s consistent and (a) for all'f) E心，｛の(x,ari「m) } . 

(b) for all iJ E w>w, if iJ ~str (for some e EA, then {rp(x,a.,): VE D} is 
mcons1stent. 

(3) We say T has Astr -SOP2 (resp. Astr -TP1) if it has a Astr -SOP2 (resp. 

Astr-TP1) formula. If A=  {D}, then we say¢(or T) has Dstr-SOP2 (resp. 
i)str -TP1). 

Remark 3.7. (1)¢has SOP2 if and only if¢has〈〈O〉,〈1〉〉str_SOP2.
(2)¢has TP1 if and only if¢has〈〈O〉,〈1〉〉str-TP1・
(3)¢has weak k-TP1 if and only if¢has〈〈O〉,．．．，〈k-l〉〉str-TP1・

Theorem 3.8. Let l < k < w be given. 
{1) Let iJ E w>w be any antichain of size k. Then T has TP1 if and only if T 
has iJstr -TP1. 

{2) Let iJ E w>2 be any antichain of size k. Then T has SOP2 if and only if T 
has iJstr -SOP2. 

Proof. (1) Suppose¢has TP1. Since any antichain tuple contains:::)—incomparable 
pairs,¢has iJstr-TP1 for any antichain iJ. 

The converse is clear by proposition 3.3, 皿 dthat T has TP 1 if and only if T 

has weak-TP1・

(2) Note that T has SOP2 if皿 donly if T has TP1. Then by (1), T has iJstr-
TP1. Let (a'l:'f) E w>w) be the witness of iJstr-TP1-ness. Then¢with the subtree 
匹： 'f)E w>2) satisfies Dstr -SOP2. 
The converse is clear by proposition 3.2. ロ
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