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Some data center networks have implemented optical circuit switching (OCS) to replace electrical packet
switching, achieving reduced power consumption, lower latency, and increased capacity. This paper
focuses on designing an OCS network to maximize the switching network size, defined as the number of
terminals connected under the constraints of a fixed number of identical N x N switches and a specified
maximum admissible blocking probability. An existing design for a three-stage folded Clos network
encounters a limitation where the network size ceases to grow as the number of switches increases beyond
a certain threshold. To address this, we propose a design model for a three-stage folded Clos network
with the decoupled first stage, named 3dF, to maximize network switching size while guaranteeing an
admissible blocking probability. The 3dF model introduces an input-output layer that combines the first-
and second-stage switches into a single, large switch and decouples the switching functions originally
handled by a single switch at the first stage into two distinct switches. We formulate this model as an
optimization problem and employ an exhaustive search-based algorithm to identify the structure with the
largest switching network size in non-increasing order while ensuring that specified constraints, such as
blocking probability, are satisfied. We derive theoretical results for three-stage folded Clos variants and,
through numerical analysis, show that the 3dF design achieves a larger switching network size than other

variants under the SNB condition or a blocking probability guarantee.
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1. INTRODUCTION

A data center network, consisting of routers and switches,
plays a crucial role in handling massive traffic generated by
emergent applications such as artificial intelligence (AI). Optical
circuit switching (OCS) substitutes electrical packet switching
to enable reduced power consumption, lower latency, and in-
creased capacity [1-4]. By reserving a dedicated path for the
full duration of data transfer, OCS supports dependable com-
munication. Several data center networks have implemented
OCS [1, 5, 6]. The Clos network architecture, featuring a multi-
stage design that interconnects switches in a hierarchical fashion,
is commonly used in data centers [7-12].

A folded Clos network integrates the input and output stages
of a traditional three-stage Clos architecture [9]. This consol-
idation reduces the number of stages, simplifying the overall
design and decreasing the complexity of the switching network.
The folded Clos network architecture typically consists of two
layers: the input-output layer and the intermediate layer. In this

configuration, the transmitter and receiver pair are connected
within the input-output layer, giving rise to the term folded.

Mano et al. [13, 14] developed the twisted-folded Clos net-
work, which mitigates certain switch-port constraints by intro-
ducing a fwisting mechanism in the connections between the
switches in the input-output layer and those in the intermediate
layer. The authors formulated a twisted-folded Clos network de-
sign model using a limited number of identical N x N switches,
satisfying the strict-sense non-blocking (SNB) condition, to max-
imize the network size, specifically the number of terminals
connected. They focused on a two-stage twisted-folded Clos
network (2TF) design.

The SNB condition in the 2TF configuration eliminates block-
ing but may still limit the potential size of the switching network.
Allowing for a certain blocking level in the network design could
introduce more flexibility. Taka et al. [15-17] investigated how to
design twisted-folded Clos networks with a specified admissible
blocking probability, aiming to expand the network size. The
admissible blocking probability defines the probability that a
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terminal’s connection request is blocked due to internal conges-
tion. Striking a balance between increasing the network size and
maintaining an acceptable rate of successful connection requests
involves trade-offs. Therefore, addressing the design issues that
increase the switching network size, ensuring a given admissible
blocking probability, is essential [18].

Jajszczyk [19] explored expanding a two-stage folded Clos
network (2F) into a three-stage folded Clos network (3F) archi-
tecture to enlarge the switching network size. The expansion
focused on two strategies: the input-output layer and the inter-
mediate layer. The study assumed that the switch sizes for 3F
could be customized, demonstrating that both expansion meth-
ods are isotopic. However, as noted in [13, 14], a more practical
approach for data center networks is considering a fixed num-
ber of identical N x N switches when designing the switching
network.

In this context, Taniguchi ef al. [20] developed a design model
for a three-stage twisted-folded Clos network (3TF) architecture,
guaranteeing an admissible blocking probability to extend the
switching network size beyond that of the 2TF model. 3TF
is one of the folded-type Clos network architectures, where
the first and second stages are twisted-folded. Using a limited
number of identical N x N switches, they adopt expanding the
input-output layer for 3TF—one of the two expansion strategies
discussed in [19]—to further enlarge the switching network size.

Oki et al. [21] investigated the other expansion strategy of 3TF,
which expands the intermediate layer. The work revealed that
the input-output layer expansion strategy outperforms the inter-
mediate expansion strategy under a limited number of identical
N x N switches regarding the network switching size. Thus,
in the following, we focus on the input-output layer expansion
strategy to expand the network switching size of a folded-type
Clos network.

However, 3TF still faces an inherent scalability ceiling, despite
successfully extending the switching network size beyond that
of the 2TF model [20, 21]. Further expansion becomes infeasible
once the number of available N x N switches exceeds a cer-
tain threshold. This limitation arises because the twisted-folded
topology, while effective in certain conditions, introduces struc-
tural inefficiencies in the first-stage design, ultimately constrain-
ing the network’s growth potential. To address this bottleneck
and achieve further scalability, a question arises: can we develop
a new design model for a three-stage folded Clos network to
outperform the 3TF network size by resolving this limitation?

This paper proposes a design model for a three-stage folded
Clos network with the decoupled first stage, named 3dF, for
application in OCS, ensuring an admissible blocking probability
to maximize the network switching size. The proposed design
model uses identical switches with the size N x N, which is the
same assumption as that of [15-17, 20]. The 3dF structure con-
sists of input-output and intermediate layers. In 3dF, the first-
and second-stage switches are combined into a single, large
switch in the input-output layer. As a baseline, we introduce
a three-stage folded Clos network (3F) architecture. Unlike the
3TF and 3F structures, 3dF introduces a distinct architectural
approach by restructuring the first stage, which enhances net-
work scalability by enabling a more balanced distribution of
switching functions across layers, leading to a more efficient de-
sign. In 3dF, the input-output layer decouples the two switching
functions—originally handled by a single switch at the first stage
in 3TF and 3F—into two distinct switches. In this design, we
do not adopt the rearrangement of existing optical links, as our
focus is on preserving communication stability. We formulate

the proposed design model for 3dF as an optimization problem.
To solve the design problem, we employ an exhaustive search-
based algorithm [20, 21]. Rather than finding a feasible solution
for every combination of natural number decision variables, this
algorithm identifies the structure with the largest switching net-
work size in non-increasing order while ensuring that specified
constraints, such as blocking probability, are satisfied. Our study
provides a rigorous theoretical analysis deriving theorems on
the switching network size of three-stage folded Clos variants:
3TF, 3F, and 3dF. Such a formal analysis of switching network
size has not been thoroughly explored in previous studies, pro-
viding new insights into the scalability and structural properties
of these network architectures. Numerical results show that
the proposed 3dF design model has a larger switching network
size than 3TF and 3F under the SNB condition or a blocking
probability guarantee.

The rest of the paper is organized as follows. Section 2 de-
scribes the related work. Section 3 describes the assumptions
used for designing a switching network and defines the de-
sign problem. Section 4 describes Two-stage folded-type Clos
network structures. Section 5 presents a design model for 3TE.
Section 6 describes the proposal design model for 3dF, including
its power management. Section 7 analyzes three-stage folded
Clos variants regarding the switching network size. Section 8
describes numerical results. Section 9 concludes this paper.

2. RELATED WORK

The design of Clos networks has been extensively studied
across various domains, including packet switching architec-
tures [10, 11, 22], neural networks [23], computing clusters [24],
and data center infrastructures [25-27], all of which build upon
the foundational principles established by Clos [7, 9]. A notable
variant, folded Clos network architectures [23-27], which inte-
grate the input and output layers, has gained prominence due
to its symmetric structure and operational efficiency.

In data centers, packet-switching folded Clos network archi-
tectures are widely adopted [28-31]. The study in [28] explored
load-balancing strategies for folded Clos systems, while [29]
introduced a traffic rebalancing algorithm. Research in [30] fo-
cused on defining reliability metrics within folded Clos, and [31]
investigated network designs with randomly connected switch
levels. In contrast, our work focuses on OCS within folded Clos
network architectures for data centers, which differs from packet
switching.

In circuit switching, once a connection is established between
a terminal pair, the links involved are exclusively occupied, in-
dicating that they cannot be shared with other terminal pairs,
unlike in packet switching. A blocking probability, which refers
to the probability that a connection request is blocked due
to unavailable internal resources, is a critical issue in circuit-
switched networks. Lee et al. [32] examined blocking probability
in Clos networks. Yang et al. [33] specifically analyzed the three-
stage unfolded Clos network, assuming independent link states
between adjacent switch layers. Abramov et al. [34] applied
an Erlang fixed point approximation to estimate blocking in
circuit-switched switching networks, while Gtabowski and So-
bieraj [35] introduced a reservation algorithm to study blocking.
Araujo et al. [36, 37] utilized artificial neural networks to esti-
mate blocking probability. Lin ef al. [38] developed non-blocking
criteria and probabilistic models for wavelength-selective Clos
networks. However, despite these efforts, they did not establish
a theoretical upper bound on blocking probability. This paper
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deals with a design model that guarantees admissible blocking
probability, providing a theoretical upper bound.

Allowing a certain admissible blocking probability in Clos
networks increases the switching network size compared to
that with the SNB condition. Along this direction, Studies [15-
17, 20] address developing design models to enlarge the switch-
ing network while guaranteeing an admissible blocking proba-
bility. Taka et al. [15-17] developed a theoretical upper bound
for blocking probability, enabling the design of 2TF to guarantee
the admissible blocking probability, whereas Mano et al. [13, 14]
originally developed a design model for 2TF with the SNB con-
dition. By extending these studies for 2TF, Taniguchi et al. [20]
addressed designing 3TF, guaranteeing an admissible blocking
probability, to have a larger switching network size than 2TF.
The developed design model of 3TF, however, encounters a limi-
tation where the network size ceases to grow as the number of
available N x N switches increases beyond a certain threshold.
This limitation prevents further expansion of the switching net-
work. Our work focuses on relaxing the restriction on switching
network size by introducing a design model of 3dF, allowing for
an increase in the number of available N x N switches.

Recent studies [1, 2, 6, 39-43] have examined the role of opti-
cal switching technology in data center networks, particularly
focusing on OCSes. OCSes are recognized for their potential
to reduce latency compared to conventional electrical packet
switches [1].

While these studies primarily focus on integrating OCSes
into data center architectures and optimizing network opera-
tions, they do not specifically address the challenge of expand-
ing the switching network size within an OCS-based framework.
For instance, Wang et al. [39] developed TopoOpt, a distributed
direct-connect framework for deep neural network training that
leverages OCSes to optimize computation, communication, and
network topology. However, their study does not tackle funda-
mental design constraints related to switch scalability. Similarly,
Liang et al. [41] introduced NegotiaToR, a reconfigurable optical
data center network architecture that dynamically adapts to traf-
fic patterns, yet their work does not provide a systematic design
model for network size expansion.

Our work distinguishes itself by addressing this specific limi-
tation: we introduce a design model that enables an increase in
the number of available N x N switches, overcoming the scal-
ability ceiling observed in the prior model of 3TF [20]; the 3TF
model extends the switching network size beyond that of the
2TF model [15-17] while guaranteeing an admissible blocking
probability, though it still faces inherent scalability limitation.
By introducing 3dF, our approach provides a theoretical foun-
dation for expanding OCS network size while maintaining an
admissible blocking probability. This advancement has direct im-
plications for OCS-enabled data center applications, as it allows
for greater scalability in interconnect designs, complementing
existing optical switching frameworks such as those explored
in [42, 43].

3. ASSUMPTIONS AND PROBLEM DEFINITION

We describe the assumptions used in this paper as follows.
We design a Clos network for a data center using identical
switches whose size is N x N. The number of switches is at most
a. Terminals, such as top-of-rack (ToR) or aggregation switches,
in a data center network can establish direct connections with
optical circuit switching.

A request is routed through switches in each layer without

3
Table 1. List of given parameters.
Parameters | Descriptions
N Number of ports in a switch.
a Number of available switches.
p Probability that a request is active.
€ Admissible blocking probability in the net-
work.

disrupting the current optical connections. In this work, we do
not employ the rearrangement of existing optical links, as our
focus is on preserving communication stability. A transmitter
linked to a terminal generates a request, which is active with
a probability of p and inactive with a probability of 1 — p. The
generation of these requests follows an independent and identi-
cally distributed (i.i.d.) model. The destination of each request
is not predetermined and can be arbitrary.

The given parameters are listed in Table 1. The parameter
€ represents the admissible blocking probability. A network
designer sets € considering the quality of service. f(N,a,p,€)
denotes the maximum switching network size, i.e., the maxi-
mum number of terminals connected to the switching network,
given N, a, p, and €.

Given the above assumption, we define a design problem
(DP) to maximize the switching network size.

Problem DP. Given a type of Clos network, the number of
identical N x N switches, a, the request probability generated
by each terminal, p, and the admissible blocking probability, €,
find the network structure to maximize the switching network
size.

4. TWO-STAGE FOLDED-TYPE CLOS NETWORK STRUC-
TURES

We describe the essences of 2F and 2TF in Sections 4.A
and 4.B, respectively. A folded-type Clos structure reduces the
number of stages, streamlining the design and reducing the
complexity of the switching network.

A. Two-stage folded Clos network (2F)

2F comprises k + m switches, each equipped with N input
ports and N output ports, as shown in Fig. 1 [13, 14]. The input-
output layer has k switches, labeled as Sl-l, where i ranges from 1
to k. Each switch in this layer connects to n transmitters, denoted
by t;- withi € [1,k] and j € [1,n], as well as n receivers, denoted
by r;- withi € [1,k] and j € [1, n]. In the intermediate layer, there
are m switches labeled as 51-2, with i € [1,m]. One side of each
switch in the input-output layer is connected to one side of each
switch in the intermediate layer via v links.

Designing 2F specifies the values of 1, k, m, and v to maximize

the switching network size of nk, given a total of a available
N x N switches, where k +m < a [13, 14].

B. Two-stage twisted-folded Clos network (2TF)

Studies in [13, 14] introduced 2TF to expand the switching
network size compared to 2F, while maintaining the key benefit
of 2F—the folded structure reduces the number of stages, sim-
plifying the architecture and decreasing the switching network’s



Research Article ‘

a

Terminals Intermediate

Input-output
(transmitters/ layer layer
receivers)

Fig. 1. Structure of 2F.

complexity. The 2F design faces constraints in scaling the num-
ber of ports in the input-output layer, which limits the overall
number of switching ports. The 2TF approach addresses this
limitation by introducing the concept of twisting.

In the same way as 2F, 2TF comprises k + m switches, each
equipped with N input ports and N output ports, as shown in
Fig. 2 [13, 14]. The input-output layer has k switches, labeled as
S!, where i ranges from 1 to k. Each switch in this layer connects
to n transmitters, denoted by t;'. withi € [1,k] and j € [1,n], at
one side as well as n receivers, denoted by r;'. with i € [1,k] and

j € [1,n], at the other side. In the intermediate layer, there are m
switches labeled as Sl-z, with i € [1,m]. One side of each switch in
the input-output layer is connected to one side of each switch in
the intermediate layer via v links for incoming connections. The
other side of each switch in the input-output layer is connected
to the other side of each switch in the intermediate layer via v
links for outgoing connections.

Designing 2TF specifies the values of n, k, m, and v to maxi-
mize the switching network size of nk, given a total of a available
N x N switches, where k + m < a [13-17].

—
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Fig. 2. Structure of 2TF.

5. DESIGN FOR THREE-STAGE TWISTED-FOLDED
CLOS NETWORK (3TF)

This section describes an existing design model for 3TF [20].
3F is a variant of a three-stage folded-type Clos structure. This
section focuses on explaining the 3TF design model, whereas we
describe the 3F design model in Appendix A.

A. Structure of 3TF
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Fig. 3. Structure of 3TF.

Fig. 3 shows the 3TF structure consisting of input-output
and intermediate layers [20]. 3TF is composed of k(k’ +m') +
m switches, each equipped with N input and N output ports.
The input-output layer encompasses the first and second stages,
while the intermediate layer constitutes the third stage. The
input-output layer includes k switching-network components,
each with k' + m’ switches, and the intermediate layer contains
m switches. We refer to a switching network component in the
input-output layer as an IOC. The IOCs and third-stage switches
are interconnected following the twisted-folded Clos network
configuration, as are the switches in the first and second stages.
nk’k transmitters and nk’k receivers are connected across all first-
stage switches. The total switching network size for 3TF is given
by nk’k. Silliz refers to the iy th first-stage switch in the i; th IOC,

where i1 € [1,k] and i; € [1,k']. Similarly, 51’211’2 refers to the
ipth second-stage switch in the i1th IOC, where i; € [1,k] and
ip € [1,m']. The ith third-stage switch is denoted as S?, where
i € [1,m]. Transmitters and receivers are denoted by t;l 2 and
rjliz, respectively, with j € [1,n], iy € [1,k'], and i, € [1,k]. The
switch 51111‘2 connects # transmitters and n receivers. Each S! .

111y
is linked to Siz1 ; via v’ outgoing and v’ incoming links, where
2
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Table 2. List of decision variables for designing 3TF, 3F, and
3dF.

Variables | Descriptions

n Natural number variable that is the number of
transmitters or receivers connected to a first-
stage switch.

nﬁ“b Natural number variable that is the number of
ports satisfying the SNB condition in an IOC.

Natural number variable that is the number
of ports satisfying the SNB condition in the
network.

K Natural number variable that is the number of
first-stage switches in an IOC.

k Natural number variable that is the number of
10Cs in the network.

m Natural number variable that is the number of
second-stage switches in an IOC.

m Natural number variable that is the number of
third-stage switches in the network.

v Natural number variable that is the number of
links from (to) a first-stage switch outgoing to
(incoming from) a second-stage switch, respec-
tively.

v Natural number variable that is the number of
links from (to) an IOC outgoing to (incoming
from) a third-stage switch, respectively.

z Natural number variable that is the maximum
number of output (input) ports at a second-
stage switch outgoing to (incoming from) third-
stage switches, respectively.

1 Real number variable that is the upper bound
of blocking probability in each IOC.

i € [Lk], i € [L,K], and i) € [1,m']. Additionally, S7; is
connected to S? through v outgoing and v incoming links, where
i1 € [1,k],ip € [1,m'],and i € [1,m]. The switch Sizliz supports
up to z output ports to the third-stage switches and up to z input
ports from the third-stage switches. The total number of output
ports from each IOC to the third-stage switches is capped at
zm’, and the same applies to the input ports from the third-stage
switches to each IOC.

Table 2 lists the decision variables for designing three-stage
folded Clos variants: 3TF, 3F, and 3dF. We explain the reasoning
behind ordering the decision variables as listed in Table 2. In
the 2TF design model, n and k determine the switching network
size nk, making them the primary decision variables. The vari-
ables m and v define the network structure and are included as
additional decision variables. Based on this, the fundamental
ordering is 1, k, and v. For three-stage folded Clos variants, the
variables n‘l‘Sb and nSSb originate from n, while K corresponds
to k, and m’ corresponds to m, with v’ related to v. We group
decision variables based on their association with n, k, and m.
Within the n-related group, we order n, nrl‘5b, and nE‘Sb sequen-

tially from the terminal stage to the intermediate layer via the

input-output layer. Similarly, within the k-related and m-related
groups, we order k” and k, as well as m’ and m, and v’ and v. The
decision variables z and 7 are placed at the end, following the
order of natural number and real number variables.

B. Formulation of 3TF design model
The DP of 3TF with blocking probability guarantee is given
by:

max nk'k (1a)
s.t. n+ovm <N (1b)
VK +z<N (1c)
vk < N ad)
om < zm’ (1e)
L n
Z ( ) pw(l _ p)nfw S 17 (1f)
w—nﬁ“b-&-l w
2 V?n:flj +1<m (1g)
1—(1-7)
1k’ nk’ , (1h)
X (1_ Z ( ) pw(l _ p)nk —w) <e
w:n;“bJrl w
2| 41 <m (1i)
k(K +m')y+m<a 1y
n<e<l1 (1K)
n, ninb, n%“b, K, ko, 0,m,mzeN a1
7 € RT, (1m)

where IN denotes a set of natural numbers, and R™ denotes a
set of non-negative real numbers. Eq. (1a) serves as the objective
function to maximize the switching network size of 3TF, which
corresponds to maximizing the number of terminals connected
to the input and output ports of the switching network. Eq. (1b)-
Eq. (1d) define the constraints on the number of available ports
for switches in the first, second, and third stages, respectively.
Eq. (1e) ensures that the total number of output (or input) ports
from (or to) an IOC to (or from) third-stage switches is at least
vm. Eq. (1f) demonstrates that the blocking probability in the
first stage is bounded by . Eq. (1g) specifies the SNB condition
in this stage. Similarly, Eq. (1h) shows that the blocking proba-
bility in the third stage is restricted by €, with Eq. (1i) detailing
the corresponding the SNB condition. Eq. (1j) ensures that the
number of switches in the network does not exceed a. Eq. (1k)
defines the relationship between 5 and €, ensuring that 7 is at
most €. Finally, Eq. (11) and Eq. (1m) define the types of decision
variables.

6. PROPOSED DESIGN MODEL FOR THREE-STAGE
FOLDED CLOS NETWORK WITH DECOUPLED FIRST
STAGE (3DF)

A. Structure of 3dF

Fig. 4 shows the 3dF structure consisting of input-output
and intermediate layers. 3dF differs from 3TF and 3F (see Ap-
pendix A) in the first stage, whereas other structures in 3TF,
3F, and 3dF are similar. In contrast, 3dF devises the input and
output layer, decoupling the n x v'm’ and v'm’ x n switching
functions—both originally implemented in a single switch at
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the first stage in 3TF and 3F—into two distinct switches. One
switch is connected to n transmitter on one side and is connected
to m’ switches in the second stage with v links for each. The
other switch is connected to # receivers on one side and is con-
nected m’ switches in the second stage with v links for each. 3dF
comprises k(2k’ + m’) 4+ m switches, each of which has N input
ports and N output ports. The input-output layer corresponds
to the first and second stages, and the intermediate layer corre-
sponds to the third stage. The input-output layer comprises k
switching-network components, each of which, referred to as an
I0C, has 2k’ + m’ switches, and the intermediate layer comprises
m switches.

By decoupling the n x v'm’ and v'm’ x n switching functions
into two distinct sets of switches, the 3dF architecture enhances
the switching network size by allowing independent handling
of input and output OCSes. In contrast, in 3TF, the first-stage
switch simultaneously handles both directions of OCSes, which
can create a bottleneck in switching ports as the number of ter-
minals increases. By separating these functions in 3dF, each
first-stage switch focuses on a specific task—handling OCSes
in one direction—thereby eliminating the switching-port bot-
tleneck and scaling the switching network size.

B. Formulation of 3dF design model
The DP of 3dF with blocking probability guarantee is given
by:

max nk'k (2a)
s.t. n<N (2b)
vm <N (20)

k(2K +m') +m <a (2d)

Eq. (1c) — Eq. (1i), Eq. (1k), Eq. (Im). (2e)

Eq. (2b) and Eq. (2c) in 3dF replaces Eq. (1b) in 3TF. Eq. (2d)
indicates that the number of switches in 3dF does not exceed
a, which also differs from 3F. Other constraints are the same as
those of 3F.

C. Algorithm designing 3dF

To solve the DP of 3dF in Eq. (2a)-Eq. (2e), we apply an algo-
rithm based on an exhaustive search for the integer decision vari-
able, Algorithm 1, which is based on the algorithm developed
for 3TF in [20]. Instead of searching for a feasible solution for
every combination of the natural number decision variables, the
algorithm exhaustively explores the structure with the largest
switching network size in non-increasing order. Once a feasible
solution with a larger switching network size is identified, any
solution with a smaller one is no longer optimal. Therefore, once
a feasible solution is found, it is guaranteed optimal, and the
algorithm terminates. We accelerate this process by ordering
the decision variables to reduce unnecessary searches, which
allows us to efficiently prune the search space by eliminating
combinations that do not satisfy the constraints in the design
problem. The order in which the decision variables are searched
is different from the order in which they are listed in Table 2.
By executing the search in Algorithm 1, we derive the optimal
structure for 3dF. The overall computational time complexity
for solving the DP of 3dF is O(N®a?) if N < a4, and O(N°a°)
otherwise.

Algorithm 1 handles a set of Eq. (1c) and Eq. (1le), and a
set of Eq. (1f), Eq. (1h), and Eq. (1k), eliminating z and 7 as
follows [20]. First, we integrate Eq. (1c) and Eq. (1e) into one
constraint:

oK+ [%ﬂ <N, ®)

where z = f?ﬂ—"ﬂ is determined by v, m, and m’. Second, since the
left-hand side of Eq. (1h) is a non-decreasing function regarding
17, we can get an optimal solution by substituting the smallest
1 satisfying Eq. (1f) into Eq. (1h) and Eq. (1k). Thus, instead of
Eq. (1f), we can use the following relationship:

n n
Y. pr—p)l =1 @

w=n§“b+1 w

Given the nature of the problem, finding the exact optimal
solution requires an exhaustive search, as no alternative ap-
proach has been found to derive the optimal structure while
ensuring optimality. Moreover, we have not identified an ef-
fective method to significantly accelerate this process without
compromising the solution’s optimality. While heuristic or ap-
proximation techniques might be explored in future research
to provide near-optimal solutions with reduced computational
complexity, such approaches would inherently trade off optimal-
ity for computational efficiency, which may not be suitable for
scenarios requiring strict guarantees.

D. Power Management in 3dF

This section describes a power-management example in 3dF.
An OCS connection is established between a transmitter and
a receiver on top-of-rack (ToRs) and aggregation switches in a
data center network, passing through five optical switches, four
optical patch panels between adjacent stages, and optical fibers.
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Algorithm 1. Algorithm to solve DP of 3dF

Input: N,a,p, €
Output: 7, nﬁnb, n%“b, K ko, 0,m,m
1: nk'k_array « [[1,1,1],[1,1,2],...,[N—=1,N —1,N]]

2: Sort in descending order concerning the value of the multiplication of three values in the array with nk’k_array.

3: for nk'k_array do
4 forvdo

5 if Eq. (1d) is satisfied then

6: for ni“b do

7 if Eq. (4) and Eq. (1k) are satisfied then
8 for n;“b do

9 if Eq. (1h) is satisfied then

10: for m do

11: if Eq. (1i) is satisfied then

12: for m’ do

13: if Eq. (2d) is satisfied then

14: for v’ do

15: if Eq. (2b), Eq. (2¢), Eq. (1g), and Eq. (3) are satisfied then

16: return 7, ni“b, nanb, K,kd,0,m',m

Our example assumes that we use a transceiver with a power
budget of 8 dB [44, 45], an optical switch such as a software-
defined optical automatic patch panel with an insertion loss of
at most 1 dB [46], an optical patch panel with an insertion loss of
at most 0.1 dB [47], a fiber with a propagation-loss coefficient of
0.35 dB/km [48], where the total length of optical fibers in a data
center is at most 3 km. The total loss of an OCS connection is
6.45 dB at maximum, which is lower than the 7.0 dB transceiver
budget.

We note that the power-management discussion in this sec-
tion for 3dF also applies to 3TF and 3F, as an OCS connection
between a transmitter and a receiver passes through five optical
switches, four optical patch panels between adjacent stages, and
optical fibers in the same way as 3dF. Due to structural differ-
ences, the number of accommodated terminals differs among
3TF, 3E, and 3dF, leading to variations in the total power con-
sumption of the entire switching network. However, the dis-
cussion in this section focuses on the optical power level per
connection, which remains unaffected by the difference in the
number of terminals. Since each OCS connection involves the
same number of optical components in 3TF, 3F, and 3dF, their
optical power characteristics remain identical.

7. ANALYSIS OF THREE-STAGE FOLDED CLOS VARI-
ANTS

We provide analysis deriving theorems to compare our con-
sidered three-stage folded Clos variants: 3dF, 3TF, and 3F.
fate(N,a,p,€), fsp(N,a,p,€), and f3qr(N,a,p,€) denotes the
switching network size maximized by solving each correspond-
ing DP, respectively.

Theorem 1. Given N, a, p, and € for 3TF and 3F, The switching
network size of 3TF is equal to or larger than that of 3F; we have:

f3tr(N,a,p,€) > f3p(N,a,p,€). 5

Proof. The DP of 3TF in Eq. (1a)-Eq. (1m) differs from that of 3F
in Eq. (22a)-Eq. (22d) in that: constraint Eq. (1b) in 3TF replaces
constraints Eq. (22b) and Eq. (22c) in 3F; other constraints are
the same.

Using Eq. (22b) and Eq. (22¢), we have:

n+o'm < {gJ + {NJ <N, 6)

2 2
which is equivalent to Eq. (1b). Thus, satisfying con-
straints Eq. (22b) and Eq. (22¢) in 3F ensures satisfying con-
straint Eq. (1b) in 3TF. This indicates that all the feasible solu-
tions in 3F are included in those of 3TF, i.e., 3TF has a more
flexible design than 3F. O

Theorem 2. azqg and asyp denotes the number of available switches
for 3dF and 3TF, respectively. We assume that azqg — agrg > N(N —
1). Given N, p, asgg and asrg, and € for 3dF and 3TF, respectively,
the switching network size of 3dF is equal to or larger than that of 3TF;
we have:

f2ar(N, azqr, p,€) > f3re(N, azte, p,€). )

Proof. The DP of 3dF in Eq. (2a)-Eq. (2e) differs from that of 3TF
in Eq. (1a)-Eq. (Im) in that: constraints Eq. (2b), Eq. (2¢), and
Eq. (2d) in 3dF replaces constraints Eq. (1b) and Eq. (1j) in 3TF;
other constraints are the same.

Using Eq. (1b), we have:

n<n+v'm <N (8a)
vm' <n+v'm’ <N, (8b)

leading to satisfying Eq. (2b) and Eq. (2c), respectively. Thus,
satisfying constraint Eq. (1b) in 3TF ensures satisfying con-
straint Eq. (2b) and Eq. (2¢) in 3dF. In addition, since k < N
and kK’ < N — 1, azqr — azrr > N(N — 1) ensures that satisfying
Eq. (1j) in 3TF ensures Eq. (2d) in 3dF. This indicates that, under
the condition of asqg — asrr > N(N — 1), all the feasible solu-
tions in 3TF are included in those of 3dF, i.e., 3dF has a more
flexible design than 3TF. O

Theorem 3. Given N, a, p, and € for 3TF, 3F, and 3dF, where a >
N(4N — 3), the switching network size of 3dF is equal to or larger
than those of 3TF and 3F; we have:

faar(N,a,p,€) > fsre(N,a,p,€) > f3p(N,a,p,e). (9
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Proof. fare(N,a,p,€) > fsp(N,a,p,€) holds by Theorem 1.

Next, we prove fzqr(N,a,p,€) > farp(N,a,p,€) witha >
N(4N — 3). From constraints Eq. (1b)-Eq. (Im) and Eq. (2¢)-
Eq. (2e) of DP for 3TF and 3dF, respectively, we have k < N,
K < N-1,m < N(N—1),and m’ < N. Thus, the left-hand
side of Eq. (1j) is:

k(K +m') +m

IN

N{(N—-1)+N}+N(N-1)
N(3N —2). (10)

The left-hand side of Eq. (2d) is:

k(2K'+m'y+m < N{2(N-1)+N}+N(N-1)
= N(4N -3). (11)

Ifa > N(BN —2) for 3TFand a > N(4N — 3) for 3dF, each value
of a is sufficiently large in Eq. (1j) and Eq. (2d), respectively. Since
a is only used in one constraint, if a is equal to or larger than
the above bound, N(3N — 2) for 3TF or N(4N — 3) for 3dF, the
optimal objective value of DP reaches the upper bound; it cannot
be maximized any more. Thus, we find the upper bound of f3;r
for a > N(4N — 3) and that of f31g fora > N(3N — 2). Given
a > N(4N —3), we have:

fatr(a) = fste(a — N(N - 1)). (12)
With Theorem 2, we prove Theorem 3. O

Theorem 4. Given N, ay, p, and € for 3TF and 3F, when a1 >
N(3N — 2), each solution (k, k', m, m") of DP for 3TF and 3F denotes
(K31, K5rp, Mirp, Myrp) and (k;F,kg’%,m§F, mby), respectively. aj
and ay denote the number of available switches. When

k3t (k3T + m3te) + mzte < a2 < N(BN —2), 13

we have:
fa3te(N, a2, p,€) = farr(N, a1, p, €). (14
When
kg (k35 + m3p) +map < a < N(3N - 2), (15)
we have:
f3r(N, a2, p,€) = f3r(N, a1, p, ). (16)

Proof. As (kKjrp, Kpp, mipp, mipe) and (k3g, Kip, mip, my) are the
solutions of DP for 3TF and 3F, respectively, we have:

f318(N, K3 (k3tp + m5Tg) + it p,€)

= fatr(N, a1, p,€) (17)
f3e(N, k3p (K3g + m3g) + m3g, p,€)
= ng(N,ﬁl, ple)' (18)

Since f3rr(N,az,p,€) and f3r(N,ap, p,€) are non-decreasing
functions with respect to a, in addition to Eq. (17) and Eq. (18),
Theorem 4 is proved. O

Theorem 5. Given N, a1, p, and € for 3dF, when a; > N(4N —3),
the solution (k,k',m, m") of DP denotes (k*, k™, m*,m"). ay and ap
denote the number of available switches. When

K*(2k"™ +m™) + m* < ap < N(4N - 3), (19)

we have:
f3de(N, a2, p,€) = faar(N, a1, p,€), (20)
where f3qr(N, ay, p, €) is defined in Theorem 3.

Proof. As (k*,k'*, m*,m'*) is the solution of DP for 3dF, we have:

faar (N, K™ (2K +m"™) +m", p,€)

= faar(N,a1,p,€). 21
Since f3qr(N, az, p, €) is a non-decreasing function with respect
to a; in addition to Eq. (21), Theorem 5 is proved. O

Theorems 1-5 offer the following insights.

* When comparing 3TF and 3F, Theorem 1 indicates that
choosing 3TF is advantageous regarding the switching net-
work size.

e Studies [20, 21] observed that 3TF encounters a limitation
where its size can no longer expand due to the port limita-
tion of the first-stage switches when the number of available
N x N switches exceeds a certain threshold. In such a case,
Theorem 2 suggests that 3dF can expand the switching net-
work size by increasing the number of available switches
as it relaxes the port limitation of the first-stage switches.

¢ Theorem 3 suggests that, when we have a sufficiently large
number of available switches, 3dF can have a larger switch-
ing network size than 3TF and 3F.

* Theorems 4 and 5 indicate that, for 3TF, 3F, and 3dF, we
find the ranges of a5, which are given by Eq. (13), Eq. (15),
and Eq. (19), respectively. a; indicates the number of avail-
able switches. These ranges determine the upper bound
of the switching network size, f31p, f3r, and f3qg, respec-
tively. From Eq. (13), Eq. (15), and Eq. (19), the corre-
sponding lower limits of a, for 3TF, 3F, and 3dF are given
as kirg(ktp + mire) + m3p, Kip(Ksp + map) + map, and
k*(2k"™ + m"™) + m*, respectively. Then, to achieve the up-
per bound of the switching network size, it is sufficient for
the number of available switches to be at least the corre-
sponding lower limit of a, for 3TF, 3F, and 3dF, respectively.

8. NUMERICAL RESULTS

This section provides a detailed numerical comparison
among three-stage folded Clos variants: 3dF, 3TF [20], and 3F.
For reference, we also present the performance results of 2TF and
2F [14]. Our approach involves implementing algorithms based
on an exhaustive search to determine the network structure for
each model, with the 3dF design model specifically executing
Algorithm 1. These algorithms are implemented in C++ and
run on a hardware platform with an AMD EPYC Rome 7502P
32-core CPU with 128 GB of memory for computation.

We examine a scenario in which a service provider aims
to design a data center network that maximizes the switching
network size while ensuring either an admissible blocking prob-
ability (¢ > 0) or meeting the SNB condition (¢ = 0), given
a specified number of N x N switches. Sections 8.A and 8.B
present performances of network switching size and computa-
tion time, respectively.

A. Network switching size

Fig. 5 illustrates how network switching size depends on N
under the SNB condition (¢ = 0). We compare the switching
network sizes of 3dF, 3TF, 3F, 2TF, and 2F for different values
from 10 to 50, with a = 10000. a is set to a sufficiently large
value across all our examined N in this comparison such that
the restriction of a can be eliminated, whereas we focus on the
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effect of different N. Since we consider the SNB condition, p
does not affect the results. To clarify the tendency of switching
network size for 2TF and 2F, we also show the results using the
logarithmic scale in Fig. 6. Increasing the number of stages from
two to three results in a larger switching network size. 3dF has
a larger network switching size than 3TF and 3F.
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Fig. 5. Dependency of switching network size on N with a =
10000 and € = 0.
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Fig. 6. Dependency of switching network size on N witha =
10000 and € = 0.

We observe the dependency of switching network size on a
with N = 40 and the SNB condition (e = 0), as shown in Fig. 7.
Given the SNB condition, p does not affect the results. We focus
on the behavior of the switching network size for three-stage
variants: 3dF, 3TF, and 3F. In contrast, the switching network
sizes of the two-stage variants, 2TF and 2F, are limited as a
increases compared to the three-stage variants. It is observed
that the switching network size of 3TF is larger than that of 3F
for any value of a, consistent with Theorem 1. As a increases,
the switching network sizes of 3dF, 3TF, and 3F increase with
each value of 4 at maximum. However, we observe that the
switching network size of 3F saturates at 2 = 1999, and that
of 3TF saturates at @ = 2359, whereas the switching network
size of 3dF increases with 2 = 3999 at maximum. We observe
that, for 3TF, 3F, and 3dF, each saturated value of 2 matches
the lower bound of the a, region given by Theorem 4 for 3TF
and 3F and Theorem 5 for 3dF. Theorems 4 and 5 provide the
saturated region of a that achieves the corresponding upper
bound of the switching network size, fp for 3TF and f34g for
3dF, respectively, as observed in Fig. 7. When we compare the

upper bounds of switching network sizes, f3qg, f31p, and f3p of
3dF, 3TF, and 3F, respectively, with a sufficiently large value of
a, we observe that f3gr > f3rp > f3r. This observation follows
from Theorem 3.

03dF03TF o 3F A2TF X 2F

Switching network size

o]
0 | BRHomm K KX X X X Ok XK
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Number of switches, a

Fig. 7. Dependency of switching network size of 3dF on a with
N =40and e = 0.

Fig. 8 depicts the changes in the switching network size of 3dF
when the number of available switches, a, varies with different
values of N under the SNB condition (¢ = 0). As a increases,
the switching network size increases for all values of N. The
larger N is, the larger the switching network size at which 3dF
saturates. With a sufficiently large value of 4, a larger N results in
a larger switching network size. A larger switch size, N, allows
for a 3dF design with more relaxed port constraints, leading to a
larger switching network size.
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Fig. 8. Dependency of switching network size on a with differ-
ent values of N under € = 0.

Fig. 9 shows how the switching network size varies with the
admissible blocking probability € for N = 40, a = 5000, and
p = 0.5. For reference, we also include the switching network
size under the SNB condition (¢ = 0). The 3dF model has a
larger network switching size than other design models across
all tested values of € > 0. For each model, as € increases, the
switching network size also increases. Notably, the difference in
network switching sizes between € = 0 and € = 0.1 for 3dF is
more pronounced than for other design models.

We investigate the switching network size dependent on p
with N = 40, 2 = 4000, and € = 0.001, as shown in Fig. 10. For
reference, we also include the switching network size under the
SNB condition (¢ = 0). As p increases, the switching network
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Fig. 9. Dependency of switching network size on € with N =
40, 2 = 4000, and p = 0.5.

size of each design model becomes large, and the difference from
that of the SNB condition (¢ = 0) becomes large. This is because
the constraint of the blocking probability guarantee gets more
relaxed with a small value of p. The switching network size
of 3dF is larger than those of other design models across our
examined values of p.
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Fig. 10. Dependency of switching network size on p with N =
40, a = 4000, and € = 0.001.

Fig. 11 depicts the changes in the switching network size of
3dF when the admissible blocking probability of € varies with
different values of the request arrival rate of p under N = 40
and a = 4000. For reference, we also include the switching net-
work size under the SNB condition (¢ = 0). A smaller p and a
larger € further relax the constraint in Eq. (1h), expanding the
feasible region of the 3dF structure under the blocking prob-
ability guarantee and resulting in a larger switching network
size. As € increases from 0.001 to 0.1, the switching network
size continues to increase for p = 0.4,0.5,0.6, and 0.7, which
is consistent with the observation in Fig. 9. When p = 0.3, the
switching network size increases as € grows from 0.001 to 0.01.
However, for € > 0.01, the increase in € no longer leads to a
larger switching network size. Under the condition of p = 0.3
and e < 0.1, further relaxation of the constraint in Eq. (1h) does
not contribute to an increase in the switching network size.

B. Computation time

We investigate the computation time dependent on N with
a = 5000 under the SNB condition (e = 0), as Fig. 12. The compu-
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Fig. 11. Dependency of switching size of 3dF on € with differ-
ent values of p under N = 40 and a = 4000.

tation times of the three-stage variants, 3dF, 3TF, and 3F, increase
more rapidly than those of two-stage variants, 2TF and 2F. The
3dF design model requires approximately five days to obtain the
optimal network structure at N = 50. We observe that the com-
putation times for 3dF and 3TF are similar, with no significant
differences. We note that a service provider aims to develop a
data center network that maximizes the switching network size
while ensuring the desired blocking quality before commencing
service. The design process for the network structure is allowed
to extend over a few weeks.
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Fig. 12. Dependency of computation time on N witha =
10000 and € = 0.

Fig. 13 shows the computation time as a function of a with
N = 40 under the SNB condition (¢ = 0). We observe that,
across the examined values of 4, the computation times for the
3dF and 3TF design models are higher than those for other de-
sign models, with similar computation times between 3dF and
3TE. Each three-stage design model has more decision variables
than each two-stage design model. Focusing on the computa-
tion time behavior of the 3dF model as a increases, we observe
that the computation time decreases. A higher a value relaxes
the constraint on the total number of switches being less than
a, making it easier for the algorithm’s conditional branching to
satisfy this requirement. As this condition is more easily met,
the algorithm reaches a solution faster. Additionally, as the num-
ber of for loop iterations required to find the solution increases,
the reduction in computation time due to the increase in a be-
comes more pronounced. Consequently, we observe a decrease
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in computation time for the 3dF design model as a increases.
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Fig. 13. Dependency of computation time on 2 with N = 40
and € = 0.

Fig. 14 depicts the changes in computation time of 3dF when
the number of available switches, 4, varies with different values
of N under the SNB condition (¢ = 0). The larger N is, the
longer the computation time is; a larger N increases the feasible
solution region for designing 3dF. When N = 20,30, and 40, as a
increases, the computation time tends to decrease. This behavior
can be explained in the same way as in Fig. 13. A larger a relaxes
the constraint in Eq. (2d). Relaxing this constraint with a larger
a allows the algorithm to reach a solution faster. In contrast,
when N = 10, as a increases, the computation time increases. In
the case of N = 10, the feasible solution region for designing
3dF is already significantly restricted. Increasing a does not
sufficiently relax the constraint in Eq. (2d) enough to broaden
the feasible region. Instead, the increase in a results in more
possible solutions that need to be checked within the already
narrow space, which leads to longer computation time.
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Fig. 14. Dependency of computation time of 3dF on a with
different values of N under € = 0.

Fig. 15 presents the computation time dependent on € with
N = 40,4 = 4000, and p = 0.5. a is set to a sufficiently large
value. For reference, we also include the computation time un-
der the SNB condition (¢ = 0) for each design model. In the
three-stage variants, the computation time with € > 0 is larger
than that of the SNB condition (¢ = 0). The design with e > 0
includes the extra process to check whether Eq. (4) and Eq. (1k)
are satisfied, whereas that of the SNB condition does not. This
causes a clear difference in computation time between € > 0 and

the SNB condition. The computation times for the three-stage
variants, 3dF, 3TF, and 3F, depend on € when € > 0, but no
clear trend with respect to € is observed for each variant. The
computation time varies depending on how quickly the solution
with the largest switching network size is found under a prede-
termined search order in their respective algorithms. Different
values of € influence their feasible solution regions, leading to
variations in computation time. We observe that the computa-
tion time of 3dF is shorter than that of 3TF. In each algorithm
to design 3dF and 3TF, instead of searching for a feasible so-
lution for every combination of the natural number decision
variables, the algorithm exhaustively explores the structure with
the largest switching network size in non-increasing order. Once
a feasible solution is found, it is guaranteed optimal, and the
algorithm terminates. Since 3dF has a larger switching network
size than 3TF, the structure of 3dF is found faster than that of
3TE. In contrast, the computation time of 3F is shorter than that
of 3dE. Constraint Eq. (22b) in the 3F design is stricter than con-
straint Eq. (2b) in the 3dF design. The possible range of # in 3F
is approximately half that of 3dF. The size of nk’k_array in 3dF
presented in line 1 of Algorithm 1 is reduced to a smaller size
in 3F, which reduces the number of searching interactions. This
results in faster computation in 3F than in 3dF.
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Fig. 15. Dependency of computation time on € with N = 40,
a = 4000, and p = 0.5.

We investigate the dependency of the computation time on
p with N = 40, a = 4000, and € = 0.001, as shown in Fig. 16.
Similar to the trend observed in Fig. 15, the computation time
of 3dF is shorter than that of 3TF across our examined values of
p. We observe the behavior of the computation time for 3dF as
follows. As p gets close to zero, the computation time decreases;
since the switching network size becomes large, Algorithm 1
terminates faster. On the other hand, as p gets close to one, the
computation time also decreases and gets close to that of the SNB
condition (¢ = 0). A large p makes the situation close to the SNB
condition; the constraints with € > 0 checked in Algorithm 1
become close to those of the SNB condition.

Fig. 17 depicts the changes in computation time of 3dF when
the admissible blocking probability of € varies with different
values of the request arrival rate of p under N = 40 and a =
4000. Regarding the impact of the two parameters, € and p,
on the computation time of 3dF, the trends observed in Fig. 17
are consistent with those in Figs. 15 and 16. With respect to
€, the computation time depends on € for different values of p
when € > 0. The trend of the computation-time dependency
on € varies across different values of p. Different values of e
influence their feasible solution regions, leading to variations
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Fig. 16. Dependency of computation time on p with N = 40,
a = 4000, and € = 0.001.

in computation time. With respect to p, the computation time
is highest at p = 0.5 across most of the examined range of €
and decreases as p deviates from 0.5 in either direction. The
underlying reasons for these trends are explained in Figs. 15
and 16.
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Fig. 17. Dependency of computation time of 3dF on € with
different values of p under N = 40 and a = 4000.

9. CONCLUSIONS

This paper proposed a three-stage enhanced folded Clos net-
work (3dF) design model for OCS, ensuring an admissible block-
ing probability to maximize the network switching size. The
proposed design model uses identical switches with the size
N x N. In 3dF, the first- and second-stage switches are combined
into a single, large switch in the input-output layer. Differing
from the 3TF and 3F structures, 3dF adopts a distinct architec-
tural design that decouples the first stage, allowing for a more
balanced distribution of switching functions across the layers.
This restructuring improves network scalability and efficiency
by eliminating a bottleneck in the number of ports in a first-
stage switch. In 3dF, the input-output layer decouples the two
switching functions into two distinct switches. We formulated
the proposed 3dF design model as an optimization problem. To
solve the design problem, we employed an exhaustive search-
based algorithm, which identifies the structure with the largest
switching network size in non-increasing order while ensuring
that specified constraints are satisfied. This study provides a

detailed theoretical analysis of the switching network size for
three-stage folded Clos variants. This type of formal analysis has
not been thoroughly conducted in previous research, offering
our insights into the scalability and structural properties of these
network architectures. Numerical results demonstrated that the
proposed 3dF design model has a larger switching network size
than 3TF and 3F under the SNB condition or a blocking proba-
bility guarantee. The proposed 3dF design model for OCS can
be applied to a data center network that directly links terminals
while preserving blocking quality.

We presented the model designed for OCS-based data center
networks operating at the circuit level rather than the packet
level. Our approach is particularly well-suited for workloads
with stable or predictable traffic patterns, such as those often
encountered in high-performance computing environments. For
instance, as noted in [43], the authors observed that traffic be-
tween aggregation switches in a data center, corresponding to
terminals defined in this paper, tends to be stable, suggesting
that OCS networks can effectively accommodate such traffic.
However, data center networks can exhibit high diversity in
traffic characteristics, such as packet size, interarrival times, and
burstiness. Our model is thus more suitable for applications with
stable traffic patterns, but further research may be needed to
assess its performance for highly variable or bursty workloads.

A. DESIGN FOR THREE-STAGE FOLDED CLOS NET-
WORK (3F)

A. Structure of 3F
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Fig. 18. Structure of 3F.

Fig. 18 shows the 3F structure consisting of input-output and
intermediate layers. Similarly to 3TF described in Section 4.A, 3F
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comprises k(k' + m’) + m switches, each of which has N input
ports and N output ports. The input-output layer corresponds
to the first and second stages, and the intermediate layer corre-
sponds to the third stage. The input-output layer comprises k
switching-network components, each of which, referred to as an
10C, has k’ + m’ switches, and the intermediate layer comprises
m switches. How to connect k’ switches and m’ in an IOC of 3F
is different from that of 3TF.

B. Formulation of 3F desigh model
The DP of 3F with blocking probability guarantee is given by:

max nk'k (22a)
st n< | (22b)
v'm < {%J (22¢)

Eq. (1c) — Eq. (1m). 22d)

Eq. (22a)-Eq. (22d) can be explained in the same way as Eq. (1a)-
Eq. (Im) in 3TE. Eq. (22b) and Eq. (22¢) in 3F replaces Eq. (1b) in
3TF. Other constraints are the same as Eq. (1¢)-Eq. (1m).
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