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Abstract
In the late of 1990s the accelerated expansion of the universe was discovered through

precise measurements of the distances to type-Ia supernovae. To explain this observational
fact, it is needed either the existence of dark energy, which works as repulsive force, in the
general relativity framework, or otherwise modified gravity theory that predicts weaker
gravity on cosmological scales. In such a situation, redshift space distortion (RSD) effects
seen in observed galaxy distribution can be used as an observational powerful tool to test
gravity theories on cosmological scales, because the strength of RSD effects predicted from
different gravity theories differs from each other. Thus, in advance of analysing observed
galaxy data, the systematic uncertainties of RSD test must carefully be examined and
understood, especially for future surveys with large statistics.
In this thesis, I firstly review the gravitational evolution of the density fluctuations and

introduce RSD models in terms of the power spectrum. I will also explain the galaxy (or
halo) bias problem here. Then I summarize our research (Ishikawa et al., 2014) of inves-
tigating the systematic errors on the measurement of structure growth-rate parameter,
fσ8, based on N-body simulations.
In the research, we employed various theoretical RSD models for the two-dimensional

halo power spectrum in redshift space, and estimated the systematic errors on the mea-
surements induced by non-linear evolution of the power spectrum and by the halo bias
with respect to the dark matter distribution. We generated halo catalogues from 40 real-
isations of N-body simulation with 10243 dark matter particles in the box length of 700
h−1Mpc on a side (equivalently, 3.4×108 h−3Mpc3 comoving volume). We considered
hypothetical redshift surveys at three redshifts, z=2, 1.35 and 0.5, and made various halo
catalogues by varying the minimum halo mass threshold in the wide range of 5.0× 1011–
2.0 × 1013 h−1M⊙. We found that the systematic error of fσ8 is greatly reduced down
to ∼ 5 per cent level, when a recently proposed analytical formula of RSD that takes
into account the higher-order coupling between the density and velocity fields is adopted,
with a scale-dependent bias model. Then we discuss the causes of the systematic errors
and their dependence on the halo mass, the redshift and the maximum wavenumber up
to which we used in the analysis. Some implications of using this RSD model for future
surveys are also discussed. In the research we found that if there are only a small number
of modes in the power spectrum, it causes a systematic errors on fσ8 measurements, but
it can be reduced by applying the Wilson-Hilferty approximation to the measured power
spectrum in the likelihood calculation.
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Chapter 1

Introduction

1.1 Accelerated expansion of the universe
In the late 1990s’ precise measurements of the distances to Type-Ia supernovae show
that our universe is expanding acceleratedly, and the cosmological constant Λ (or a time-
varying dark energy term) that works as repulsive force is needed to explain this fact
[1, 2, 3, 4]. As is widely known that the dark energy term obeys the equation of state
p = wρ with w <−1/3 (in particular, w =−1 for the cosmological constant), meanings
that it has negative pressure. Where does it come from? How much does it account for
in the universe? To reveal the nature of dark energy is one of the most important tasks
of modern cosmology.
From the observations of cosmic microwave background (CMB), which is the thermal

radiation emitted omnidirectionally in the universe and up till now has been observed
precisely by satellites (i.e. COBE, WMAP and Planck), it is confirmed that CMB has a
perfect blackbody radiation at an effective temperature of 2.7 K. This strongly supports
the standard big bang theory, in which the universe began about 14 thousand million
years ago and has been expanding ever since. However this theory suffers from two
major problems, namely, the horizon and flatness problems: the universe appears isotropic
beyond the particle horizon, and initial energy density needs to be fine-tuned so nearly
to the critical density. To solve these problems, thereafter, inflation models have been
suggested (e.g., [5]). The inflation universe has a period of increasing its size at an
astonishing rate and naturally predicts a very nearly flat universe at present. However
a flat universe leads to a strange conclusion that the expansion rate of the universe can
be well explained with the energy density of about 30% of materials and 70% of dark
energy. Planck team reported that, assuming the general relativity framework and a
flat universe, baryonic matter, which has gravity and electromagnetic force and one can
observe through luminous flux, accounts for only 4.9%, dark matter (DM) with only
gravitational interaction for 26.8% and a cosmological constant for 68.3% [6]. On the
other hand, many alternative modified gravity theories to explain the observed accelerated
expansion have been suggested (e.g., f(R) gravity [7], DGP brane world [8], Galileon [9])
without introducing the dark energy. Which theory is to be selected as the true nature
of the universe? It should be distinguished by only performing accurate and precise
observation of the universe, e.g., CMB, galaxy clustering, lensing signal. A research field
that draws the true picture of the universe based on the observation data is called as
observational cosmology.
Especially here in this thesis, I focus on the redshift space distortion (RSD) effects seen

in the observed galaxy distribution. Because each of modified gravity theories predicts
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different structure growth rates, RSD can help us distinguish them.

1.2 Redshift space distortion
Over recent decades a number of redshift surveys to make detailed three-dimentional (3D)
maps of the universe have been performed and the universe shows us its inhomogeneous
clusterings, e.g., filament structures of galaxies and structure voids, which are called as the
large scale structure (LSS). In Fig. 1.1, I illustrate the appearance of LSS using a dark halo
catalogue from my simulation. LSS tells us fertile information of the universe including
quantities/properties of matter and dark energy. On large scales of ∼ 100h−1Mpc we
can see baryon acoustic oscilation which is the acoustic feature imprinted in the galaxy
distribution by acoustic waves of photon-baryon plasma at recombination epoch. It can
be used to constrain baryon fraction in the universe and equation of state of dark energy
[10]. On the other hand on small scales (a few – 50h−1Mpc), we can find “redshift space
distortion (RSD)” as explained below.
In producing 3D galaxy maps, there is an inevitable systematic contamination due to

a observing technique: one measures the distance to a galaxy using its redshift that
reflects the universal Hubble flow and the peculiar velocity of the galaxy. Thus the
galaxy positions are shifted from those in real-space along line-of-sight, therefore from
redshift surveys one always get redshift-space distorted galaxy maps. In the linear regime
on large scales, galaxies fall toward the centers of galaxy groups with deep potential
and this squishes galaxy distribution along line-of-sight, as known as “the Kaiser effect”.
Therefore an apparent clustering signal becomes enhanced on these scales. [11] models

粒子数 10243 個、ボックス長：700Mpc/h、WMAP 7yr 

初期条件：CAMB, 2LPTによりdark matter の初期分布を生成、 
L-Gadget 2 を用いて重力進化を計算 

redshift: zini=49、zout=2, 1.35, 0.5 の3つのsnapshot 

質量解像度 = 2.4*1010 Msun/h,  

Mhalo > Mmin＝50 ～1000 *1010 Msun/h を変えてハローを選
択 

100Mpc/h

100Mpc/h

z=1.35
Dark halos

Fig. 1.1. This shows a part of my N-body simulation at redshift z = 1.35. Each individ-

ual point shows a dark matter halo with radius ∝ M
1/3
halo. There can be seen

filamentary dense regions as well as sparse ones.
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Hamilton ’98

large scale (~100 Mpc/h)

small scale (≤ 10 Mpc/h ) line-of-sight

real space (r) redshift space (s)

θ

Kaiser effect: 
    Directional squashing,  
    due to central gravitational potential

Finger of God effect (FoG):  
    Elongation along line-of-sight  
    by virialized motions of galaxies

Fig. 1.2. Schematic view of RSD effects. Filled points in left-side column show galaxies in
real space and thin arrows on them shows galaxy peculiar velocities. Right-side
column shows the images of the observed galaxy distribution in redshift space.

this enhancement in redshift space analytically in terms of the power spectrum, which is
one of the most popular statistics in LSS study, with introducing linear growth rate f
(please see, sections 2.2 and 2.3). Since the formation history of LSS depends on gravity
theories, linear growth rate measurements from redshift surveys give constraints on the
gravity theories. For instance, general relativity in a flat ΛCDM universe gives f = 0.45
at z = 0 in contrast to f = 1 for Einstein-de Sitter universe. On the other hand, on small
scales where the velocity dispersion of galaxies becomes larger than the coherent infall
motions, the clustering signal is smeared out. On such a scale, an elongated feature along
line-of-sight arises, which is called as “Fingers of God (FoG) effect” [12, 13]. In Fig. 1.2,
I draw a schematic RSD view from [14] with some explanation for the Kaiser and FoG
effects.

1.3 Redshift surveys for RSD measurement
A number of measurements of the growth rate have been reported up to z ∼ 0.8 by
using the data from various galaxy surveys (PSCz [15], 2dF [16, 17], 6dF [18] VVDS [19],
WiggleZ [20, 21], VIPERS [22], BOSS [23, 24, 25], and SDSS-II[26]). In addition, though
the statistical significance is not as large as above, an RSD measurement at even higher
redshift z∼3 is also reported [27].
In the near future we expect more RSD measurements at higher redshifts with larger

statistics: Subaru/FastSound project*1 (z ∼ 1.3), which have finished the planed survey

*1 http://www.kusastro.kyoto-u.ac.jp/Fastsound/

http://www.kusastro.kyoto-u.ac.jp/Fastsound/
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Fig. 1.3. Measured fσ8 and their error bars with theoretical predictions from various
gravity theories (see labels in the figure). Theoretical curves are calculated
assuming ΩDE(or ΩΛ) = 0.70 and σ8 = 0.811 cosmology.

and the observed data are under analysis, HETDEX *2 (z ∼ 3), SuMire-PFS*3 (0.7 <
z < 1.4) and space-mission Euclid*4 (z > 0.7), which will cover the whole sky. These
observation will give further constraints on modified gravity theories.
In Fig. 1.3 (plotted by okada-san in FastSound team), I show measured fσ8 values,

which is observable quantity only from galaxy redshift surveys instead of f (see, susbsec-
tion 2.5.2), from various surveys with some theoretical predictions from gravity theories
including ΛCDM universe. (For each modified gravity theory curve, please see [28]). Note
that in the figure an expected constraint from FastSound project is also plotted at z = 1.35
simply positioned on the ΛCDM curve.

1.4 Systematic errors of linear growth rate measurement
In measuring the linear growth rate there are some effects that could result in system-
atic errors on it, e.g., the non-linear evolution of the power spectrum and the galaxy
bias. These must carefully be examined before survey data analysis, in order to keep the
systematic errors smaller than statistical one, especially in advance of future ambitious

*2 http://hetdex.org/
*3 http://sumire.ipmu.jp/
*4 http://www.euclid-ec.org/

http://hetdex.org/
http://sumire.ipmu.jp/
http://www.euclid-ec.org/
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surveys.
To estimate the size of systematic error, mock test by using N-body simulation is

the most steady way in conceivable, though observed galaxies and dark haloes formed in
simulations would not be one-to-one correspondence. There are many investigations in this
direction. [29] demonstrated the importance of non-linear corrections in the growth rate
parameter measurement by using the multipole moment method for the power spectrum
at z∼0.3. A simple step to go beyond the linear-theory formula is to include the FoG effect
on small scales [30, 31, 32, 33, 34]. The presence of any pairwise velocity between galaxies
(or even haloes) results in the FoG damping of the clustering amplitude [see, e.g., 35].
This is often phenomenologically modeled by multiplying a damping factor that reflects
the pairwise velocity distribution function. In [36], it is found that the RSD parameter
β = f/b measured by using this approach has a systematic error of up to 10 per cent for
galaxy-sized haloes in simulated halo catalogues at z=1.
Another step to include the effect of the non-linear evolution is to use analytical redshift-

space formulae of the power spectrum and/or the correlation function (the Fourier counter
part of the power spectrum) for modestly non-linear scales [35, 37, 38, 39, 40, 41, 42]. [43]
shows that an accuracy of 4 per cent is achievable for measurements of f from two-
dimentional (2D) two-point correlation functions, when the TNS formula [37] is applied.
Note that, in these studies the halo bias was treated as a constant free parameter, or the
measured bias from simulation was reincorporated into the model to derive β (or f). How-
ever, in real surveys the true bias cannot be measured and hence it is uncertain whether
the reported accuracies can really be achieved. In addition to these analytical approaches,
there are fully empirical RSD models are suggested based on N-body simulations both in
Fourier and in configuration spaces [44, 45, 46].

1.5 Organization of the thesis
In chapter 2, I firstly explain evolutions of the density fluctuations in the universe and
introduce the power spectrum as a LSS statistic. Then I derive the RSD formula for
2D power spectrum in linear theory, and also review the non-linear models. Chapter 3
describes N-body simulation, halo catalogue generation and the power spectrum measure-
ments for them. Fitting method and analysis results are presented in chapter 4. In this
chapter I will explain the Markov-chain-Monte-Carlo (MCMC) technique with which I
measured linear growth parameter fσ8 and the other parameters. Chapter 5 is voted to
summary of the thesis.
Throughout the thesis, I assume a flat ΛCDM cosmology with the matter density Ωm=

0.272, the baryon density Ωb=0.046, the cosmological constant ΩΛ=0.728, the spectral
index of the primordial fluctuation spectrum ns = 0.97, the amplitude of the density
fluctuation σ8 = 0.81 and the Hubble parameter h= 0.70, which are consistent with the
7-year WMAP results [47].
This thesis is partly supported by collaborators. Dr. Nishimichi provide the code of

subhalo finder subfind in chapter 3. In chapter 4, I used an improved version of the power
spectrum fitting code incorporated with MCMC routine, which was orignally developed
by him and I used the power spectrum templates provided by Assoc. Prof. Taruya. The
other works were created by the author itself.
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Chapter 2

Gravitational evolution of large scale

structure

In this chapter, I review the evolution of the universe and of the density fluctuation in it.
Then I will explain the power spectrum as a statistic for LSS and introduce some RSD
models for the 2D halo power spectrum.

2.1 Evolution of the universe

2.1.1 Cosmological redshift

Assuming that the universe is homogeneous, the metric of such a universe can be written
as

ds2 = −c2dt2 + a(t)2γijdx
idxj (2.1)

where ds2 is a four dimensional distance interval in space-time, c the speed of light, a the
scale factor of the universe and γij the metric for homogeneous isotropic in 3D space. In
the polar coordinates system with (r, θ, ϕ), by taking radial coordinate r as a sphere of
radius r to have surface area of 4πr2, an interval on the surface becomes

dφ2 = dθ2 + sin2 θdϕ2 (2.2)

and then eq. (2.1) is written as

ds2 = −c2dt2 + a(t)2
[

dr2

1−Kr2
+ r2(dθ2 + sin2 θdϕ2)

]
(2.3)

(Robertson-Walker metric) where K is the curvature of the space. When we define a new
geodesic distance along radial direction at present as

dx2 =
dr2

1−Kr2
(2.4)
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and its integral as r = SK(x), radial coordinate r can be expressed as following forms

SK(x) =



sinh
(√

−Kx
)

√
−K

(K < 0, closed)

x (K = 0, flat)

sin
(√

Kx
)

√
K

(K > 0, open)

. (2.5)

With this notation, we can rewirte eq. (2.3) with x as

ds2 = −c2dt2 + a(t)2
[
dx2 + S2

K(x)(dθ2 + sin2 θdϕ2)
]
. (2.6)

Note that in this metric, the physical distance from origin to a coordinate x at time t
becomes a(t)x when we set the scale factor a = 1 at present. This coordinate x is referred
to as comoving distance.
Then let me explain cosmological redshift z, which is induced by the cosmological

expansion, in terms of the scale factor a. Let’s think a situation that an observer at the
origin observes light at t0, which was emitted from x1 at t1. Since light travels along null
geodesics with ds = 0,

cdt = −a(t)dx and x1 =

∫ t0

t1

cdt

a(t)
(2.7)

hold. The minus sign in the first equation means that light travels in the negative direction.
For simplicity one wavelength light is emitted over (t1, t1+δt1) and observed over (t0, t0+
δt0), we get

δt1
a(t1)

=
δt0
a(t0)

. (2.8)

Since wavelength at emitted and observed points are λs = c δt1 and λo = c δt0, respec-
tively, the redshift defined as z = (λo−λs)/λs can be expressed as

z =
δt0 − δt1

δt1
=

a(t0)− a(t1)

a(t1)
. (2.9)

By taking t0 at present and rewrite t1 as t, we get a simple relation between cosmological
redshift and the scale factor as a(t) = 1/(1 + z) and comoving distance x becomes

x =

∫ t0

t

cdt

a(t)
=

∫ 1

a

cda

a2H
=

∫ z

0

cdz

H
(2.10)

where H = ȧ/a is referred to as the Hubble parameter, which is the expansion rate of the

universe and ˙( ) = d/dt.

2.1.2 Friedmann equation and density parameters

The Einstein equation has the form of

Gµν =
8πG

c4
Tµν (2.11)
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where l.h.s. shows the curvature of the time-space, G the gravity constant and Tµν the
Energy-momentum tensor. In the homogenous isotropic universe, this equation can be
reduced to following equations: (

ȧ

a

)2

=
8πG

3c2
ρ− c2K

a2
(2.12)

ä

a
= −4πG

3c2
(ρ+ 3p) (2.13)

and eliminating ä by combining these equations we can get the energy-momentum con-
servation equation as

ρ̇+ 3
ȧ

a
(ρ+ 3p) = 0. (2.14)

Here, eq. (2.12) is called as Friedmann equation.
When the universe is filled with well-known component of matter and radiation,

eq. (2.13) leads ä < 0. Einstein believed that the universe was static and to achieve such
solution he added cosmological constant Λ as follows

Gµν + Λgµν =
8πG

c4
Tµν . (2.15)

In this case, eqs. (2.12) and (2.13) become(
ȧ

a

)2

=
8πG

3c2
− c2K

a2
+

c2Λ

3
(2.16)

ä

a
= −4πG

3c2
(ρ+ 3p) +

c2Λ

3
(2.17)

and setting l.h.s.s of them to be 0, we get static solution as

Λ =
4πG

c4
(ρ+ 3p), K =

4πG

c4
(ρ+ p). (2.18)

Originally the Einstein’s constant is a correction term for space curvature, but we can
think it to be a kind of energy term in r.h.s.. Then Λ as a energy term has following
properties:

ρΛ =
c4Λ

8πG
, pΛ = − c4Λ

8πG
. (2.19)

Let’s think relation between energy density and pressure by using equation of state p =
wρ. Radiation energy density follows ρ ∝ a−4 and then it gives w = 1/3 from eq. (2.14).
As the same manner, matter density with ρ = a−3 and gives w = 0, and cosmological
constant gives w = −1. In general, an energy term with ρ+3p < 0 (equivalently w ≤ −1/3)
can work as repulsive force and it is called as “dark energy”.
Let’s think a cosmological model of the flat matter-only universe (known as Einstein-de

Sitter universe). In this universe, eq. (2.16) leads the energy density of

ρ =
3c2H2

8πG
(2.20)
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and this is called critical density ρcrit. The universe with total energy density over ρc is
open whereas it under ρc is closed. Density parameter is the fraction of an energy com-
ponent compared to ρcrit, e.g., Ωm = ρm/ρcrit for matter and Ωr = ρr/ρcrit for radiation.
In addition, following definitions for curvature and cosmological constant are useful as

ΩK = − c2K

a2H2
, ΩΛ =

c2Λ

3H2
. (2.21)

By using these density parameters, Friedmann eq. (2.16) is represented as

1 = Ωr+Ωm+ΩK+ΩΛ. (2.22)

Note that ΩK<0 (equivalently, Ωtot=Ωr+Ωm+ΩΛ > 1) shows a closed universe, whereas
ΩK > 0 (Ωtot < 1) open universe. The time dependence of the Hubble parameter becomes

H2 = H2
0

(
Ωr0

a4
+

Ωm0

a3
− ΩK0

a2
+ΩΛ0

)
(2.23)

where subscript 0 means values at present.
Then we can describe the time evolution of the size of the universe as follows: In

radiation dominant era, eq. (2.23) is reduced to

H2 = H2
0

Ωr0

a4
, (2.24)

leading a ∝ t1/2. In the same manner, we can get a ∝ t2/3 for matter dominant era and
a ∝ exp

[
H0

√
ΩΛ0 t

]
for cosmological constant dominant era.

2.2 Evolution equation of density fluctuations
Galaxy surveys reveal the existence of LSS in the universe and it is naive that LSS is
formed by its self-gravity. Therefore to describe the evolution of the density fluctuations
is fundamental for understanding LSS correctly and constructing the models of RSD.
The density field should obey following three fundamental equations of fluid motion:

∂ρ

∂t
+∇ · ρv = 0 : continuity (2.25)

∂v

∂t
+ (v ·∇)v = −∇ϕ− ∇p

ρ
: Euler (2.26)

∇2ϕ = 4πGρ : Poisson (2.27)

where ϕ gravity potential (see also [33]). Let me rewrite them in comoving coordinate as
x = r/a where r represents the coordinates in physical system. Then comoving velocity
u becomes

u = ẋ =
v

a
− ȧ

a2
r , (2.28)

here au = v − Hr is called as peculiar velocity. Next, partial derivatives comoving
coordinates become

∇r =
1

a
∇x (2.29)(

∂

∂t

)
r
=

(
∂

∂t

)
x
−Hx ·∇x. (2.30)
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Then, eqs. (2.25) and (2.26) are represented as

∂ρ

∂t
+ 3Hρ+ ρ∇ · u = 0 (2.31)

∂u

∂t
+H(u ·∇)u+ (u ·∇)u = − 1

a2
∇Φ− ∇p

a2ρ
(2.32)

where Φ = ϕ + aäx2/2 is the potential in comoving coordinates, which corresponds that
a stationary object in comoving coordinate system is observed as moving acceleratedly in
physical one except the origin.
Considering the first oder of density perturbation against the homogeneous background

density as ρ = ρ0 + δρ and so on, we can reduce eqs. (2.31) and (2.32) into

∂δ

∂t
+∇ · (1 + δ)u = 0　 (2.33)

∂u

∂t
+ 2Hu− 1

a2
∇Φ− ∇(δp)

a2ρ0
= 0 (2.34)

where δ(x) = δρ/ρ0, and eq. (2.27) in comoving coordinates is

∇2Φ = 4πG(ρ− ρ0) = 4πGρ0δ. (2.35)

Eliminating u and Φ by combining these equations, we get the evolution equation of the
density fluctuation in comoving coordinates:

∂2δ

∂t2
+ 2H

∂δ

∂t
− 4πGρ0δ +

∇2(δp)

a2ρ0
= 0. (2.36)

By using the relation of the pressure fluctuation δp with the sound speed as δp = c2sρ0δ
and performing Fourier transform on the resulting equation, evolution equation in Fourier
space becomes

∂2δ̃

∂t2
+ 2H

∂δ̃

∂t
−
(
4πGρ0 −

c2sk
2

a2

)
δ̃ = 0 (2.37)

where k it the wavenumber. It is worthy to note that, the first term in this equation shows
acceleration of the density fluctuation, the second works as resistance term to it due to
the cosmic expansion and the third shows the effective gravitational force. Therefore
when 4πGρ0 − c2sk

2/a2 > 0, the fluctuation will grow and otherwise it decays. Here the
critical wavenumber kJ = a

√
4πGρ0/cs, which is referred as Jeans wavenumber, or the

corresponding Jeans length as λJ = 2πa/kJ = cs
√

π/Gρ0, indicates the turning scale of
the density fluctuation evolution.

On large scales where pressure term can be negligible (equivalently, enough larger than
the Jeans length) we can rewrite eq. (2.37) as

δ̈ +
2ȧ

a
δ̇ − 4πGρ0δ = 0. (2.38)

Since this equation does not contain any wavenumber, eq. (2.38) holds both in real and in
Fourier spaces and the density fluctuations evolve independent of k. Equation (2.38) can
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be solved analytically and the solutions are known as the growing and decaying modes as

D+ ∝ H

∫
da

a3H3
: growing mode (2.39)

D− ∝ H : decaying mode. (2.40)

and D+ has the exact integral expression as

D+ =
5

2
aΩm

∫ 1

0

(Ωm/x+ΩΛx
2 +ΩK)−3/2dx (2.41)

where the normalization is set by lima→0 D+ = a. Note that a convenient calculation
formula is also known as follows:

D+ ∼ 5

2
aΩm

[
Ω4/7

m − ΩΛ +

(
1 +

Ωm

2

)(
1 +

ΩΛ

70

)]−1

. (2.42)

Next I consider evolution of the velocity field. Taking the rotation of eq. (2.32), we get(
∂

∂t
+H

)
∇× u = 0. (2.43)

This equation means that the rotation of velocity field decays as a−1. Thus with proper
velocity potential Ψ , the velocity field can be expressed as

u = −∇Ψ

aH
. (2.44)

Combining eq. (2.33) and divergence of eq. (2.44), second derivative of velocity potential
becomes

∇2Ψ = a2Hδ̇ = a2H2fδ (2.45)

f =
d lnD

d ln a
=

Ḋ

HD
, D =

D+(t)

D+(t0)
(2.46)

where f is the linear growth rate that relates the density fluctuations with the velocity
field and D the linear growth factor. Thus the linear density field at z is written with D
as

δ(k, z) =
D(z)

D(z = 0)
δ(k, z = 0). (2.47)

The value of linear growth rate f can be evaluated by derivative of D, for ΛCDM
universe it is

f = −1− Ωm

2
+ ΩΛ +

[∫ 1

0

dx

(Ωm/x+ΩΛx2 + 1− ΩK)3/2

]−1

(2.48)

or employing approximate formula:

f ∼ Ω4/7
m +

ΩΛ

70

(
1 +

Ωm

2

)
. (2.49)
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For the case of Einstein-de Sitter universe f = 1 without any time dependence.
By comparing eqs. (2.35) and (2.45), velocity and gravitational potentials are related

as

Ψ =
H2f

4πGρ̄
Φ. (2.50)

thus through easy calculation we can derive following expressions:

Ψ̃(k, t) = −a2H2f

k2
δ̃(k, t) (2.51)

Ψ(x, t) = −a2H2f

4π

∫
d3x′ δ(x

′, t)

|x − x′|
(2.52)

and

ũ(k, t) = aHf
ik

k2
δ̃(k, t) (2.53)

u(x, t) = −aHf

4π

∫
d3x′ x − x′

|x − x′|3
δ(x′, t). (2.54)

2.3 LSS statistics
It is hard to predict density contrast at an arbitrary position δ(x) since the fluctuation is
stochastic quantity. However the correlation of the fluctuations at two points separated a
given distance, named as two point correlation function, or its Fourier partner, the power
spectrum are available to discuss the amplitude fluctuation growth. Note that, although
these are mathematically equivalent statistics, both are used complementary because each
of these has its merits and demerits, e.g., difficulty of including survey geometry effects
and calculation time in measuring these statistics.

2.3.1 Correlation function and power spectrum

Two point correlation function
Two point correlation function is more intuitive quantity than the power spectrum, which
gives how correlation is strong or weak compared to the average. It is defined as the
ensemble average of product of fluctuations at two points separated a given distance:

ξ(r) = ⟨δ(x1)δ(x2)⟩, (2.55)

where r = |x1 −x2|. In terms of number density of observed galaxies, n, and its average,
n̄, the correlation function is also expressed as

⟨n(x1)n(x2)⟩ = n̄2[1 + ξ(r)] (2.56)

If any point has no correlation with all the other points, by definition, correlation function
becomes ξ(r) = 0. Due to gravitational instability, the correlation function has positive
values at small r, and integration of eq. (2.55) over r with fixed x1 becomes∫ ∞

0

dr r2ξ(r) = 0, (2.57)
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since ⟨δ(x)⟩ = 0. From (2.57), there exists rs that ξ(rs) = 0 and this value is called as
correlation length.

Power spectrum
The squared value of the Fourier transform of the density fluctuation δ̃k is called as the
power spectrum:

P (k) = ⟨|δ̃k|
2⟩ (2.58)

and known as a readily handling statistic, since δ̃k grows k-independently. Here, let
me lead relation of the power spectrum with the correlation function. If considering the
ensemble average of the product of different wavevector density fluctuations:

⟨δ̃k δ̃k′⟩ =
1

(2π)6

∫
d3x1d

3x2 ξ(|x1 − x2|)e−ik·x1−ik′·x2

=
1

(2π)6

∫
d3x1d

3x ξ(|x|)e−i(k+k′
)·x1+ik′·x

=
1

(2π)3

∫
d3x ξ(|x|)e−ik′·xδ(3)(k + k′) (2.59)

by using replacement of x = x1 − x2. Integrating both sides over k′, since density fluc-
tuation is real valued function δ̃-k = δ̃∗k holds then l.h.s becomes P (k). We get following
equation

P (k) =
1

(2π)3

∫
d3x ξ(|x|)e−ik·x. (2.60)

This is known as Wiener-Khinchin’s relation.

2.3.2 Evolution of the power spectrum

It is important to understand the initial power spectrum properly because both of the
amplitude and shape of the power spectrum at present strongly reflect those of the initial
power spectrum.
Using eq. (2.47), the linear power spectrum can be written as

Plin(k, z) =
D2(z)

D2(zinit)
Pinit(k) (2.61)

where Pinit(k) is the power spectrum at an appropriate high redshift zinit when the density
fluctuation is enough small. Theoretically Pinit(k) is derived by solving some simultaneous
evolution equations of the density fluctuation including physical processes of gravity in-
teraction, pressure and dissipation. The solution for these equations is called the transfer
function and needs to be found numerically. Fortunately there is a publicly available code
for this calculation “Code for Anisotropies in the Microwave Background”(CAMB, [48]),
and we uses this code to calculate Pinit.
There still exists a freedom of the amplitude of the power spectrum and it is to be

observationally determined. Here the mass fluctuation can related to the power spectrum
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as follows: Concerning a point and the sphere region of a radius R around it, the mass
fluctuation becomes

δM

M
=

3

4πR3

∫
|x|<R

d3x δ(x) =

∫
d3x δ(x)W (x) (2.62)

where M = 4πR3ρ0/3 and W (x) is the top hat window function:

W (x) =
3

4πR3
Θ(R− |x|) (2.63)

Θ(x) =

{
1 (x ≥ 0)
0 (x < 0)

. (2.64)

Then, its dispersion σ2
R is

σ2
R =

⟨(
δM

M

2)⟩
=

∫
d3x1d

3x2 ⟨δ(x1)δ(x2)⟩W (x1)W (x2)

=

∫
d3k P (k)|W̃k|

2 (2.65)

where W̃k is the Fourier transform of the window function, here I use following relation
from eq. (2.59)

⟨δ̃k δ̃k′⟩ = (2π)3δ(3)(k + k′)P (k′). (2.66)

Assuming the isotropic universe, eq. (2.65) can be further reformed as

σ2
R =

∫
k2dk

2π2
P (k)|W̃kR|2 (2.67)

where

W̃kR =
3

(kR)3
[sin(kR)− kR cos(kR)]. (2.68)

Fig. 2.1 shows the behavior of this function, which filters out the power spectrum at
k > R−1. Thus σ2

R is a quantity that reflects the longer than the scale R. It is often used
the value on 8h−1Mpc at z=0, σ8, as a normalization of the power spectrum. Since there
is no theory that predicts σ8 value, this is determined observationally.
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Fig. 2.1. The window function eq. (2.68). One can easily see that this function drops
down abruptly where k > 1/R and this filters out the power spectrum signals
on small scales.

2.4 2D power spectrum in redshift space
As I mentioned in section 1.2 because of peculiar velocities of galaxies, their distribution
distorts along line-of-sight direction. In this section, I explain the power spectrum in
redshift space.

2.4.1 Linear formula of RSD

On large scales of linear region, the positions of haloes (or matter) are shifted along the
line-of-sight coordinate as

s = x+
vz
aH

ẑ (2.69)

under the plane-parallel approximation, where s is the redshift-space coordinate, x the
real-space counterpart, vz = auz peculiar velocity of halo (matter) whereas ẑ denotes the
unit vector along the line of sight. The total number of galaxy number conserves:∫

d3s ns =

∫
d3xnr (2.70)

where ns and nr shows the number density of galaxies in redshift space and in real space,
respectively. Since the averages of these densities are the same, their fluctuations are
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related as

d3s (1 + δs) = d3x (1 + δ) (2.71)

where δs is the density fluctuation in redshift space. Thus we can write this equation as

δs(s) =

∣∣∣∣∂s∂r
∣∣∣∣−1

{1 + δ} − 1 (2.72)

where |∂s/∂r| is the Jacobian. In linear theory, the higher order term of l.h.s. is negligible
and can be replaced with δs(x). Taking the Fourier transform on this equation, we get

δ̃sk = δ̃k − ikz
aH

ṽz (2.73)

and by using eq. (2.53) we get the Kaiser formula:

P s(k, µ) = (1 + βµ2)2Plin(k) (2.74)

where l.h.s. is the 2D power spectrum in redshift space, β RSD parameter defined as
β = f/b, µ = kz/|k| the direction cosine between the wavevector and line-of-sight, and
Plin(k) the linear power spectrum. Hearafter I abbreviate superscript letter “s” on the 2D
power spectrum P (k, µ).

2.4.2 Non-linear RSD model

By using the fact that the Jacobian is written as 1+∇zvz/(aH). The Fourier transform
of eq. (2.72) gives

δs(k) =

∫
d3r

{
δ(r)− ∇zvz(r)

aH(z)

}
ei(kµ vz/H+k·r). (2.75)

Then the exact expression of the Fourier transform is given by squaring eq. (2.75) as:

P s(k) =

∫
d3x eik·x⟨e−ikµ f∆uz

× {δ(r) + f∇zuz(r)} {δ(r′) + f∇zuz(r
′)}

⟩
(2.76)

[35], where x = r − r′, uz(r) = −vz(r)/(aHf) and ∆uz = uz(r)− uz(r
′).

Proper account of the non-linear effect has been discussed with employing perturbative
treatment of the evolutions of the density and velocity fields (see, [35, 49]), and a non-
linear model of Kaiser effect was proposed as

P (k, µ) = Pδδ(k) + 2fµ2 Pδθ(k) + f2µ4 Pθθ : non-linear (2.77)

where Pδδ, Pδθ and Pθθ are the non-linear auto power spectra of density and velocity diver-
gence, θ=∇ · u, and the non-linear cross power spectrum of density-velocity divergence,
respectively. Furthermore [37] derives the higher order correction terms and suggested an
improved prescription for the 2D power spectrum as

P (k, µ) = DFoG(kµ f σv)

×
[
Pδδ(k) + 2 f µ2 Pδθ(k) + f2 µ4Pθθ(k) +A(k, µ; f) +B(k, µ; f)

]
(2.78)
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with

DFoG(x) =

{
exp(−x2) : Eulerian
1/(1 + x2/2)2 : Lorentzian

, (2.79)

A(k, µ; f) = (kµ f)

∫
d3p

(2π)3
pz
p2

{Bσ(p,k − p,−k)−Bσ(p,k,−k − p)} , (2.80)

B(k, µ; f) = (kµ f)2
∫

d3p

(2π)3
F (p)F (k − p) (2.81)

where Bσ is the cross bispectrum defined as⟨
θ(k1)

{
δ(k2) + f

k22z
k22

θ(k2)

}{
δ(k3) + f

k23z
k23

θ(k3)

}⟩
= (2π)3δD(k1 + k2 + k3)Bσ(k1,k2,k3), (2.82)

the Kernel F (p) as

F (p) =
pz
p2

{
Pδθ(p) + f

p2z
p2

Pθθ(p)

}
(2.83)

and σv in the damping function is the 1D velocity dispersion and to be determined by
fitting the model to the N-body simulations. We call this model eq.(2.78) as “the TNS
model”.

2.5 Galaxy/halo bias

2.5.1 Galaxy bias problem

It is widely known that the fluctuation of number density of observed galaxies does not
trace that of background matter distribution, although some relations would be expected
between them. Therefore the power spectrum for observed galaxies cannot be modeled
by or compared with the matter power spectrum straightforwardly and this is known
as galaxy bias problem. Historically, the exist of bias was discovered by [50] through
the work of N-body simulation. They found the slope of the matter correlation function
measured from simulation are not consistent with that of observed galaxies. Note that
their simulation was performed in the Einstein-de Sitter universe with Ωm = 1. Although
a low-Ω universe simulation eases this mismatch more or less, proper treatment of the
bias is still needed as the correlation function (or the power spectrum) to be an amplified
version of that for matter. [51] suggested the high-peak model that bright galaxies exist
at the high peaks in the initial density field and modeled the linear bias as

δgal = bδm, (2.84)

and this can describe observed data well on large scales. In the most simple case one
assumes b as a constant, but in general, the bias is the function of the wavenumber as
b = b(k).
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2.5.2 RSD formulae for halo power spectrum

Combining the galaxy bias, the Kaiser formula eq. (2.74) for the galaxy power spectrum
becomes

Pgal(k, µ) = b2(1 + βµ2)2Plin(k). (2.85)

From redshift survey data, we can measure two independent parameters of bσ8 from the
amplitude of the galaxy power spectrum and RSD parameter β = f/b from anisotropy
of it. Though the galaxy bias would have the scale-dependence, by multiplying these
parameters we can cancel the systematic arising from the uncertainty of the galaxy bias.
Therefore the liner growth parameter fσ8 becomes an observable only from galaxy surveys
(see Fig. 2.2).
[38] extended the TNS model for the halo power spectrum with the assumption of linear

bias and suggested

P s
halo(k, µ)= DFoG(kµ f σv)

×b2
[
Pδδ(k)+2βµ2Pδθ(k)+β2µ4Pθθ(k)+bA(k, µ;β)+b2B(k, µ;β)

]
. (2.86)

wavenumber k

power spectrum ( k1.5P(k))

Plin ∝ σ82

P(k,µ=0) transverse direction 

P(k,µ=1) line-of-sight direction

b2

(1+β)2

Fig. 2.2. Laugh illustration of the relation between 2D halo power spectrum and the
matter power spectrum in the real space for the linear Kaiser RSD view. The
halo power spectrum in transverse direction (black solid line) (equivalently, the
real space halo power spectrum) is the enhanced version of the matter one (black
dotted line) by b2, and the line-of-sight direction halo power spcetrum can be
related with the transverse direction one by RSD parameter β.
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Chapter 3

N-body simulation, mock catalog

generation and power spectrum

measurements
In this chapter I will describe the details of cosmological N-body simulation that we
carried out, and of the power spectrum measurements for matter and haloes. We are
mainly interested in RSD analysis for haloes though, we also analysed the matter power
spectrum because there is no halo bias and it may help us to better understand where
the systematic errors come from in RSD measurements. In addition to this, the subhalo
power spectrum was examined to check if our halo identify algorithm used in this study
is plausible or not.

3.1 N-body simulation with Gadget2

For our N-body simulation, I used the public code for cosmological simulation GADGET2 [52,
53]. In our paper [54], I employed Np=10243 DM particles in a cubic box of 700h−1Mpc
on a side with periodic boundary conditions. This gives the mass resolution (namely,
the mass of one DM particle) of 2.4×1010 h−1M⊙. GADGET2 parameters regarding force
and time integration accuracy are as follows: PMGRID=20483, MaxSizeTimestep=0.03,
MaxRMSDisplacementFac=0.25 and ErrTolForceAcc=0.001. The gravitational softening
length is set to be 4 per cent of the mean inter-particle distance. Note that compared
with the halo power spectrum from higher-mass resolution simulation (i.e., Np = 12803

and 15353), our resolution choice is sufficient to resolve haloes we identified, in which
we assume galaxies exist (please see, Fig. 3.1 in subsection 3.3.1). In addition, Gadget2
parameters are also confirmed to be sufficient for generating halo catalog by comparing
the power spectrum with those from higher-accuracy setting simulations.
We prepared the initial linear power spectrum at redshift zinit = 49 by using code

CAMB which is based on Boltzmann solver code and computes matter transfer function.
Then initial conditions of our simulations were generated using parallel 2LPT code which
uses the second order Lagrangian perturbation theory [55, 56]. We ran a total of 40
realisations with different random seeds to reduce statistical errors on the power spectrum
and investigate the systematic errors on the fσ8 measurements precisely. The snapshots
are dumped at three redshifts z=2, 1.35 and 0.5 for each realisation.
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Table. 3.1. Summary of the halo catalogues. The minimum mass Mmin and the mean halo
mass Mhalo are shown in units of h−1M⊙, and the halo number density nhalo

is shown in h3Mpc−3. The halo bias shows the value of b0σ8/σ8,input, where
b0 and σ8 are the best-fitting parameters by fitting with the TNS+Q-model
bias.)

z=2 z=1.35 z=0.5

Mmin Mhalo nhalo bias Mhalo nhalo bias Mhalo nhalo bias
5.0×1011 1.51×1012 4.52×10−3 2.3 1.92×1012 6.15×10−3 1.7 2.83×1012 7.43×10−3 1.1
1.0×1012 2.65×1012 1.91×10−3 2.6 3.32×1012 2.96×10−3 1.9 4.90×1012 3.77×10−3 1.2
2.0×1012 4.61×1012 7.52×10−4 3.1 5.71×1012 1.28×10−3 2.2 8.36×1012 1.90×10−3 1.4
5.0×1012 9.80×1012 1.80×10−4 3.9 1.19×1013 3.90×10−4 2.7 1.70×1013 7.22×10−4 1.7
1.0×1013 1.74×1013 5.14×10−5 4.7 2.08×1013 1.42×10−4 3.3 2.90×1013 3.30×10−4 1.9
2.0×1013 3.13×1013 1.16×10−5 6.1 3.66×1013 4.43×10−5 4.0 4.96×1013 1.40×10−4 2.3

3.2 Halo identification
Haloes are identified by Friends-of-Friends (FoF) algorithm incorporated in Gadget2. This
algorithm assumes that DM particles separated by less than linking length parameter bF
with respected to mean inter particle separation are hosted in the same halo. We set
this parameter to bF = 0.2, which is the often used value in N-body simulation studies,
and the hosts contain at least 20 linked particles were identified as haloes. By varying
the minimum mass threshold of for haloes in the range of 5.0×1011–2.0×1013 h−1M⊙,
we made six different halo mass catalogues at each redshift. Detailed properties of our
halo catalogues including mean halo masses, Mhalo, and halo number densities, nhalo, are
shown in Table 3.1.
Note that the FoF algorithm can catch unbound DM particles with large velocity by

chance, we found subhaloes from identified haloes by using subhalo finder subfind [57, 58],
which calculates gravitational potential of the particles in a halo and regroups particles
when they are gravitationally bound to each other as subhaloes.. Here we treat a group
consisting more than 10 particle as subhalo, and we call the most massive subhalo in each
halo as central. Although the measured power spectra for central subhaloes are differ from
the halo power spectra by a few per cent level, they gives consistent fσ8 estimates with
FoF haloes within 1 per cent level. Thus we conclude that the FoF algorithm as a halo
identifier is reliable for our purpose.

3.3 Power spectrum measurement

3.3.1 2D power spectrum

Here I explain how to measure the 2D power spectra, Psim(k, µ). To measure the power
spectrum for the simulated matter distribution and for halo catalogues in redshift space, I
used the standard method based on the Fourier transform as follows. Firstly, the positions
of DM particles or haloes are shifted along the line-of-sight coordinate as s=x+vz/(aH)ẑ
under the plane-parallel approximation, where s is the redshift-space coordinates, x the
real-space counterpart, and ẑ the unit vector along the line-of-sight. (Of course, when we
measure the real-space spectrum, we use only x and Psim(k, µ) becomes the 1D isotropic
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power spectrum Psim(k).) Secondly, the shifted positions of matter (or haloes) are assigned
onto regular 12803 grids through the clouds-in-cells (CIC) interpolation scheme. Then, I
calculated the fluctuations of number density δ(s) on each grid and performed discrete
Fourier transform on them with deconvolution of the smoothing kernel of CIC [59, 60, 61].
For the density fluctuation in Fourier space, the power spectrum for a given realisation
can be estimated as

P̂ (k, µ) =
1

Nmode

∑
k

|δk|
2 − Pshot (3.1)

where the summation is taken over Nmode Fourier modes in a (k, µ) bin. Here we choose
the size of bin as ∆k=0.01hMpc−1 for the wavenumber and ∆µ=0.1 for the direction
cosine. In the above equation, Pshot denotes the shot noise term, which arises from
the self-correlation of the individual haloes, and its expected value is the inverse of the
halo number density, n−1

halo. Note that the matter power spectrum estimation, we do not
subtract the shot noise. Strictly speaking, this binned power spectrum can deviate from
the true ensemble average due to the wavenumber discreteness and to the finiteness of the
simulation volume. To overcome these difficulties, finally, we averaged the 40 independent
power spectra as Pave40(k, µ) = ⟨P̂ (k, µ)⟩ for matter and haloes, where the bracket ⟨...⟩
stands for the ensemble average *1.
In Fig. 3.1, I show the measured 2D halo power spectra P̂ (k, µ) at z=1.35 for haloes

with the mass threshold of Mmin =5.0×1011 h−1M⊙. The plot shows the power spectra
at three direction cosine values µ=0.05, 0.55 and 0.95 from bottom to top, respectively,
from different mass resolution simulations (i.e., Np=10243, 12803 and 15363, see labels).
We confirms that our mass resolution employing 10243 particles is efficient to generate
halo catalogues with Mmin≳5.0×1011 h−1M⊙.

*1 The measured power spectra, both real-space P real(k) and redshift-space 2D P (k, µ), are publicly
released in
http://www.kusastro.kyoto-u.ac.jp/~ishikawa/catalogues/

http://www.kusastro.kyoto-u.ac.jp/~ishikawa/catalogues/
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Fig. 3.1. The measured 2D power spectra in redshift space for halo catalogues of Mmin=
5.0×1011 h−1M⊙ at z=1.35. Open, filled and plus (cross, star) symbols show
the power spectra at µ = 0.05, 0.55 and 0.95, respectively. For the same µ
value, three types of points show the power spectra for different mass resolution
simulations with Np = 10243, 12803 and 15363 from left to right, respectively.

Error bars show FKP error estimated as (P̂ +Pshot)/
√
Nmode [62]. All the data

points are on the same k grids but they are slightly shifted horizontally around
the true k values for clarity.
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Chapter 4

Analysis and Results

4.1 Parameter estimation analysis
In this section I explain how do we measure linear growth parameter, fσ8, from the 2D
power spectrum in redshift space. We used four theoretical models for the halo 2D power
spectrum in the study: combinations of two types of analytical models for the 2D power
spectrum with two parametrizations of the halo bias. To estimate the best-fitting model
parameters and statistical errors on them, we employed the Markov-chain-Monte-Carlo
(MCMC) method.

4.1.1 Fitting model and model parameters

In the linear theory, the 2D halo power spectrum in redshift space is modeled as

P (k, µ) = b2(1+βµ2)2Plin(k) (4.1)

[11]. To incorporate the FoG effect arising from halo velocity dispersion, we multiplied
the Lorentzian-type damping function to eq. (4.1):

P (k, µ) = DFoG(kµfσv)×b2(1+βµ2)2Plin(k) (4.2)

where DFoG(x) = 1/(1+ x2/2)2 [31]. Eq. (4.2) is called as “the Kaiser model” hereafter.
We also tested “the TNS model” derived by [37, 38]:

P (k, µ) = DFoG(kµfσv)

× b2
[
Pδδ(k)+2βµ2Pδθ(k)+β2µ4Pθθ(k) + bCA(k, µ;β)+b2CB(k, µ;β)

]
(4.3)

(See also sections 2.4 and 2.5).
For the halo bias, we assumed a linear bias b= δhalo/δm, and tested two bias models:

a constant bias and a empirical “Q-model bias” to allow scale-dependence [17, 38] which
are expressed as

b(k) =

b0 : constant bias

b0

√
1 +Qk2

1 +Ak
: Q-model bias,

(4.4)

where b0, Q and A are fitting parameters.
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To summarize, we tested the following four theoretical models for the 2D halo
power spectrum in redshift space: “Kaiser+constant bias”, “Kaiser+Q-model bias”,
“TNS+constant bias” and “TNS+Q-model bias” in this study. Note that since the TNS
model was originally developed for the non-linear matter power spectrum and expanded
to the halo power spectrum, eq. (4.3) is only valid for the constant halo bias (see [38]).
Therefore there is an inconsistency in incorporating the Q-bias model bias with the
TNS model, nevertheless this is probably the best approach available for the moment.
Assuming that one cannot measure the amplitude of the matter power spectrum from
any galaxy surveys, we treated σ8 as a free parameter in fitting analysis. Eventually, all
the four models include four parameters, f, b0, σv and σ8, and extra two bias parameters,
Q and A for the models embedded with the scale-dependent Q-model bias.
Before analysis we prepare templates for the power spectrum of eqs. (4.1) and (4.3)

at each of the three redshifts with a fiducial (simulation input) cosmological parameters.
In particular, the three non-linear power spectra, Pδδ, Pδθ and Pθθ, are calculated by
using the closure approximation up to the second-order Born approximation, and the
correction terms, CA and CB , are evaluated by the one-loop standard perturbation theory
[63, 64, 37]. Note that σ8, which is not explicit parameter in eqs. (4.1) and (4.3), is dealt
with by re-scaling the template spectra as follows. We replace the density and velocity
spectra as Pab → Pab× (σ8(z)/σ8,input(z))

2 and the correction terms as CA(or CB) →
CA(or CB)×(σ8(z)/σ8,input(z))

4, where σ8,input(z) =D(z)σ8,fid and σ8,fid = 0.81. These
replacements are valid at the leading order, and we expect that the error induced by this
approximated treatment would be small. This procedure significantly saves computing
time to calculate the spectra for a suggested σ8 value in MCMC chains compared to
recalcurate power spectrum templates each by each.

4.1.2 MCMC technique

MCMC is one of the most popular methods based on maximum likelihood estimation to
find the distributions of the model parameters, namely best-fitting values and allowed
regions of them. An MCMC chain, which the method generates, contains a sequence
of parameter sets as samples, therefore the chain itself represents the distributions of
parameters. The following shows how to generate the MCMC chain:

1. Set a start parameter set θ0 (arbitrary).

and iterate 2–4 for each t

2. Generate a candidate parameter set θ̃t+1 for the next sample by pickup a point in
some neighbor region of θt

3. Calculate χ2 values for the sets θt and θ̃t+1.

4. Decide whether or not to accept a candidate with the likelihood ratio defined as
α = P(θ̃t+1)/P(θt) where P(θt) ∝ L(θt) = exp

[
−χ2(θt)/2

]
.

(a) When α≥1, (equivalently, θ̃t+1 is more likely than θt) then accept the candidate

automatically and set θt+1 = θ̃t+1.

(b) Otherwise, accept the candidate with probability α and set θt+1 = θ̃t+1; if the
candidate is rejected, keep θt+1 = θt instead.

After enough steps, the chain should be expected to converge to the desired parameter dis-
tribution. I employed a Gelman-Rubin diagnostic test [65] to check the chain convergence.
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The Gelman-Rubin statistic is defined with using subchain statistics as

R̂ =

(
k − 1

k
W +B

)/
W (4.5)

W =
1

n

n∑
i=1

s2i , B =
1

n− 1

n∑
i=1

(µi − µ̄)2 (4.6)

where k is the subchain length, n the number of subchains, µi and s2i are the average and
unbiased variance of i-th subchain and µ̄ = ⟨µi⟩. (In original paper they suggest using

the square root of eq. (4.5),
√
R̂, is as an estimator.) When the MCMC chain is enough

long, the averages of subchains µi are expected to approach µ̄, therefore the convergence
of the chain can be evaluated by R̂ value. In our analysis, we choose n = 5 and MCMC
chains were generated enough long to pass Gelman-Rubin test with condition R̂ < 1.05
for all the model parameters.

4.1.3 Wilson-Hilferty approximation

In our analysis, we tried to fit the shape of the 2D power spectrum, Psim(k, µ) directly, in
contrast to the analyses using the ratio of the multipole moments [66, 29]. In such a case,
one faces difficulties arising from that there is only a small numbers of Fourier modes in
a (k, µ) bin. The likelihood can be written as L ∝ exp(−χ2/2), with the assumption that
a measured power spectrum P (k, µ) at each bin follows the Gaussian distribution, where
the chi-square χ2 is calculated in the standard manner from the measured and expected
values of P (k, µ) and its standard deviation.
In reality, however, P (k, µ) does not follow the Gaussian but the chi-squared distribution

because it is calculated as squared of Gaussian-distributed density perturbation [60]. In
order to take into account this statistical property in the maximum likelihood estimation,
We apply the Wilson-Hilferty (WH) transformation that converts a χ2 distribution into
an approximate Gaussian [67]. We define a new variable

P ′
sim = (Psim+Pshot)

1/3 , (4.7)

and P ′
sim is expected to approximately obey the Gaussian distribution with a mean of

P ′
true=

[
1− 1

9Nmode

]
(Ptrue+Pshot)

1/3 (4.8)

and a variance of

σ2
P ′ =

1

9Nmode
(Ptrue+Pshot)

2/3 . (4.9)

It should be noted that the power spectrum amplitude directly measured from the simula-
tions, Psim+Pshot, does not exactly obey the chi-squared distribution, because it contains
the shot noise term. However, the WH transformation should be effective only at low-k
where the number of modes in a (k, µ) bin is small, and the shot noise term is relatively
unimportant also at small wavenumbers. Therefore we adopt the above transformation,
expecting that Psim +Pshot approximately obeys a chi-squared distribution. (For the
wavenumbers where the shot noise term becomes comparable with the real-space halo
power spectrum, see Fig. 4.7.)
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After this transformation, we expect that

χ2 =
∑

k<kmax

∑
µ

[P ′
sim(k, µ)− P ′

model(k, µ)]
2

σ2
P ′,model

(4.10)

approximately obeys a chi-squared distribution, with better accuracy than simply using
Psim, where kmax is the upper bound of the range of wavenumbers that we use in fitting,
P ′
model and σP ′

model
are the WH-transformed model power spectrum and its variance given

by eqs. (4.8) and (4.9) with replacing Ptrue by the model power spectrum Pmodel. In our
analyses, we vary kmax from 0.05 to 0.50hMpc−1 at an interval of 0.05hMpc−1.
To see how much the fit is improved by this WH approximation, we will later compare

the results with those obtained using the standard chi-square statistic calculation without
the WH transformation, in which we simply use Psim, Pmodel and a variance of σ2

P =
(Pmodel+Pshot)

2/Nmode [62].
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4.2 linear growth parameter measurement results

4.2.1 matter power spectrum

Before presenting main results using haloes in the next subsection (4.2.2), let me dis-
cuss the robustness of the fσ8 measurement for the 2D matter power spectrum. In this
subsection, I fixed the bias parameters as b0=1, and Q=A=0 in the fitting analysis.
In the upper panel of Fig. 4.1, we show the matter power spectra in real space at z=2,

1.35 and 0.5 from bottom to top, respectively. Three arrows indicate k1% wavenumber
defined as

k21%
6π2

∫ k1%

0

dqPlin(q; z) = C (4.11)

with C = 0.7, up to which the closure theory is expected to be accurate within 1 per cent
level [55, 37]. Actually, we confirmed that the measured power spectra and Pδδ predicted
by the closure theory at k1% agree within ∼ 3 per cent level. A few per cent deviation
arising here may be because of difference in simulation resolution and I think they are
still roughly agreement of the definition of k1% Therefore we use k1% as indicators of a
few per cent accuracy wavenumbers through the paper.
In the lower panel, I show measured fσ8 values normalized by the correct ones assumed

in simulations ((fσ8)input = 0.33, 0.39 and 0.46 at z = 2, 1.35 and 0.5, respectively),
and earned reduced chi-squared values χ2

red for the best-fitting parameter set. We can
find that fσ8 from the Kaiser model (open symbols) is significantly underestimated at
kmax ≳ 0.10hMpc−1 at all the redshifts. On the other hand the TNS model (filled
symbols) gives fσ8 close to the correct one, with systematic errors of less than 4 per cent
up to kmax ∼ 0.30hMpc−1.
As wavenumber increases, χ2

red boosts up quickly away from unity, and the maximum
wavenumber kmax up to which χred ≃ 1 roughly coincides with k1%. From the TNS
model, there are systematic overestimates are seen at kmax = 0.20 and 0.25hMpc−1 at
z = 0.5. There also are underestimates at kmax > 0.15hMpc−1 at z = 2. The origin of
these systematics is rather uncertain. It can be thought that these might arise from sub-
percent uncertainty of the power spectrum prediction by the closure theory, or from the
incompleteness in the RSD modeling of the TNS model. However main interest in this
theses is in halo power spectra, we will leave these problems for future study.
I get these results through MCMC analysis for the averaged power spectrum, Pave40.

Thus, the number of modes in each of the (k, µ) bins is rather large compared with that
in realistic surveys. We therefore examine whether the correct fσ8 could be reconstructed
when P̂ in eq. (3.1) which is measured from each realisation is used in analysis. Here I
will show the fitting results for the power spectrum at z = 1.35 with the TNS model in
Fig. 4.2. In the figure, filled symbols show the averages of 40 the best-fitting fσ8 for each
realisation, with and without applying the WH approximation. The measured fσ8 are
clearly overestimated at small wavenumbers in both cases. I also show the fitting results
for the averaged power spectrum with open symbols. Since the overestimating feature
is greatly reduced for the results for Pave40 that includes a larger number of modes, the
systematic overestimation must be caused by the small number of modes in the measured
power spectrum. Then we compare the results of filled symbols with and without the
WH transformation (magenta triangles and blue circles), and it can be seen that the
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Fig. 4.1. Upper panel: Comparison of the measured matter power spectra from simula-
tions, with the theoretical predictions from the closure theory Pδδ (solid lines),
and from a linear theory Plin (dashed lines), at the three different redshifts.
Arrows indicate the wavenumbers up to which the closure theory is accurate at
1 per cent level (k1%=0.19, 0.27 and 0.34hMpc−1 at z=0.5, 1.35 and 2, respec-
tively). Lower panel: The best-fitting fσ8 with 1-σ error bars and the reduced
chi-squared values by fitting with the Kaiser model (open symbols) and with the
TNS model (filled symbols) as a function of the maximum wavenumber kmax

used in fitting. (All the data points are on the same kmax grids for the different
models and redshifts, but they are slightly shifted horizontally for clarity (see
also Fig. 3.1).
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Fig. 4.2. Systematic errors of the fσ8 measurements by fitting to the matter power spec-
trum Pmatter(k, µ) with the TNS model at z = 1.35. Open symbols and their
error bars show the results from Pave40 (averaged power spectrum of 40 realisa-
tions) and 1-σ statistical errors. Filled symbols show the means of 40 best-fitting
fσ8 values calculated for each realisation, with the errors estimated by the scat-
ter of the fσ8 values of the 40 realisations. Triangles and circles show with and
without applying the Wilson-Hilferty approximation, respectively. All the data
points are slightly shifted horizontally for clarity (see also Fig. 3.1).

WH transformation improves the accuracy of fσ8 estimates. Even after employing the
WH transformation, there still remains a discrepancy at kmax ≲ 0.10hMpc−1, which is
likely to be the limitation of the WH approximation. However, we thing that the WH
transformation is useful to get more accurate fσ8 estimates than those without it, and
always incorporated this technique in MCMC fitting. In the rest of the thesis, we focus
on the results of the MCMC analyses after averaging over 40 power spectra, Pave40, with
applying the WH transformation to reduce the error induced by a small number of modes
in (k, µ) bins.

4.2.2 halo power spectrum

The case of z = 1.35 and Mmin=1.0× 1012 h−1M⊙
Then we analysed the halo 2D power spectra and measured fσ8 with the four RSD models.
As the baseline case, I show the measured fσ8 and χ2

red values from the best-fitting
parameters for the halo catalogues of Mmin=1.0×1012 h−1M⊙ at z=1.35 in Fig. 4.3, as a
function of the maximum wavenumber, kmax. Here and hereafter, when I present results
for a fixed value of kmax, I choose the maximum wavenumber kmax=0.25hMpc−1, which
is close to k1% of the closure theory prediction at z = 1.35, as the baseline value.
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Fig. 4.3. The best-fitting fσ8 with 1-σ error bars and the reduced chi-squared values,
for the halo catalogue of Mmin = 1.0 × 1012 h−1M⊙ at z = 1.35. Data points
show the results of the four different models of the 2D halo power spectrum:
Kaiser+constant bias, Kaiser+Q-model bias, TNS+constant bias, and TNS+Q-
model bias.

All the four models give fσ8 within a few per cent accuracy at kmax ∼ 0.10hMpc−1,
up to which linear theory is sufficiently accurate (see dashed lines in the upper panel of
Fig. 4.1). There can be seen overestimation by more than 1-σ level at kmax=0.05hMpc−1,
but these are likely to be cosmic variances. We have checked this as follows: we split the
40 realisations into two groups that contain 20 realisations in each, and measured fσ8 for
the averaged power spectra of them separately. We confirmed that one of them gives fσ8

consistent with the correct value within 1-σ level. On the other hand, the underestimation
at kmax =0.15hMpc−1 for all the models seem to be systematic errors. It is difficult to
identify the causes of these results, since the measured power spectrum can be fitted pretty
well with reduced chi-squared values of ∼1. I leave this issue for future studies.
Then we investigate the results from the four models one by one. The Kaiser models

again fail to reproduce the correct fσ8 at kmax ≳ 0.25hMpc−1, but this time fσ8 are
overestimated, in contrast to the result for the matter power spectra. Even when the
TNS model is employed, the assumption of the constant bias leads to underestimation
at kmax≳0.20hMpc−1. However, when we use the TNS model with the scale-dependent
Q-model bias, the systematic error is significantly reduced down to 5 per cent level up
to kmax = 0.50hMpc−1. Note that the matter power spectrum is accurate with ∼ 1 per
cent level only up to kmax = 0.27hMpc−1. Thus It is rather surprising that the reduced
χ2 values are ∼ 1 up to kmax∼0.50hMpc−1. This means that the parametrization of the
Q-model bias can absorb the discrepancy between the matter power spectrum and the
closure theory prediction and ∼ 5 per cent level systematic errors of fσ8 can be achievable
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with apparently good fit, which should be kept in mind in future analyses applied on the
real data.
We plot in Fig. 4.4 the four best-fitting model power spectra against the simulation

data measured at three fixed direction cosine of the wavevector, µ=0.05, 0.55 and 0.95.
In Fig. 4.5, the halo bias measured from N-body simulations is presented. For the plot
of the bias from simulation, I plot the mean of the 40 independently-measured biases in
real space as b(k) =

√
Phalo(k)/Pm(k) from each realisation. Errors on them are 1/

√
40

of its standard deviation. For comparison, the best-fitting model bias curves for the four
models b(k)σ8/σ8,input are also shown. These curves are calculated for each model with
best-fitting values of the corresponding parameters, b0, Q,A and σ8, found in the MCMC
chains. The measured bias shows a monotonic increasing trend with the wavenumber.
Note that, in general, the scale-dependence of the halo bias is different for different halo
mass and redshift, and show both increasing and decreasing trends [68, 29, 38].
When the Kaiser model is used, the apparently inverse trend of the the systematic

errors for matter and haloes can be understood as follows. In a fitting to the matter
spectrum, the Kaiser model tries to reproduce the power enhancement arising from the
non-linear evolution at high-k by setting σ8 larger than the input value, because of the
absence of the bias model parameters (see dash-dotted line at µ ∼ 0 in the lower panel of
Fig. 4.4). It is easy to show that, from the Kaiser formula, a systematically lower value
of fσ8 than the input value is favored to reproduce the RSD effect at large µ, when σ8 is
overestimated. In a fitting to the halo spectrum, there are additional degrees of freedom
of the bias parametrization, but the non-linear power enhancement at high-k cannot be
completely absorbed by the constant or Q-model bias. Thus the power enhancement can
also be absorbed to some extent by reducing σv in the FoG damping factor, but Fig. 4.6
indicates that the best-fitting σv is zero for the Kaiser models. The power enhancement
that cannot be absorbed by bias modelings or the FoG parameter favors a larger fσ8 than
the correct value, at the cost of a poor agreement at low-k.
The systematic underestimation of fσ8 when we employ the TNS+constant bias model

might be a result of the discrepancy between the correct bias measured directly from
simulations and the best-fitting constant bias at low-k (k ≲ 0.15hMpc−1, see dashed
line in Fig. 4.5). The bias parameter raised up by the non-linear power enhancement
at high-k causes small fσ8 value than the correct one and larger σv than that from the
TNS+Q-model bias model.
For the TNS+Q-model bias, there remains ∼ 2 per cent discrepancy in bias reconstruc-

tion at k = 0.25hMpc−1 which may be due to imperfectness of the RSD modeling. This
need to be further investigated in future to pursue more accurate modeling of the 2D halo
power spectrum.
In the end of this subsection, I refer about the sizes of statistical errors on measured

fσ8. Compared with those for the Kaiser+constant bias model, we get nearly equal sizes
of errors for the Kaiser+Q-model bias, 1.5–2 times larger errors for the TNS+constant
bias and 2.5 times larger errors for the TNS+Q-model bias. The size of statistical error
becomes generally larger with increasing the number of fitting model parameters because
of the effect of marginalizing, though the size of increase is quantitatively different for
different models because of different ways of parameter degeneracy.

Dependence on z and Mmin

Then we investigate the other halo catalogues at the three redshifts with different min-
imum halo mass thresholds. The results of the fσ8 measurement by fitting with the
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the figure for corresponding models).

TNS+Q-model bias are shown in Fig. 4.7. I firstly focus on the results at kmax ∼ k1%.
In this regime fσ8 measurements with systematic uncertainties of less than∼ 5 per cent
are achieved, except for massive halo catalogues of Mmin ≳ 1013 h−1M⊙ at z=2. These
correspond to highly biased haloes of b0σ8/σ8,input ≳ 4. Therefore we can state that the
TNS+Q-model bias can be used for fσ8 measurements with an accuracy of 5 per cent
if kmax ∼ k1% for the haloes with b ≲ 4. The results of systematic errors of fσ8 are
summarized in Table 4.1.
To investigate the causes of systematic errors for massive halo catalogues, I plot the

2D halo power spectrum and measured bias for the halo catalogue with Mmin = 2.0×
1013 h−1M⊙ at z = 2 with the best-fitting curves from TNS+Q-model bias in Fig. 4.8.
In the figure I show the result for kmax = 0.35hMpc−1. The power spectrum is well
fitted with reduced χ2 values of 1.6. However, in the lower panel we can see poor fit of
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Fig. 4.7. The best-fitting fσ8 and the reduced chi-squared values at z=2, 1.35 and 0.5
from top to bottom, respectively. Different symbols are for the different values
of the minimum halo mass Mmin = 5.0, 10, 20, 50, 100 and 200 in units of
1011 h−1M⊙. Black arrows show the k1% wavenumbers. Cyan, blue, purple
and blown arrows with symbols indicate the wavenumbers where the shot noise
term becomes comparable with the halo power spectrum in real space, for the
catalogues of Mmin=20, 50, 100 and 200, respectively
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Table. 4.1. Summary of the systematic errors of fσ8 measurements from the TNS+Q-
model bias model fitting. Mmin, Mhalo and bias are the same as those in
Table 3.1, and systematic error columns show fσ8/(fσ8)input−1 when we use
the wavenumber range up to kmax ∼k1% (namely, kmax =0.35, 0.25 and 0.20
hMpc−1 at z = 2, 1.35 and 0.5, respectively) in fitting analysis. For clarity,
halo catalogues with systematic errors over 5% are written in red letter.

z=2 z=1.35 z=0.5

Mmin Mhalo bias sys. error Mhalo bias sys. error Mhalo bias sys. error
5.0×1011 1.51×1012 2.3 -2.5% 1.92×1012 1.7 -2.1% 2.83×1012 1.1 -2.6%
1.0×1012 2.65×1012 2.6 -2.2% 3.32×1012 1.9 -1.6% 4.90×1012 1.2 -3.1%
2.0×1012 4.61×1012 3.1 -0.9% 5.71×1012 2.2 -1.6% 8.36×1012 1.4 -2.4%
5.0×1012 9.80×1012 3.9 -1.2% 1.19×1013 2.7 -0.6% 1.70×1013 1.7 -2.9%
1.0×1013 1.74×1013 4.7 -0.1% 2.08×1013 3.3 +0.1% 2.90×1013 1.9 -2.1%
2.0×1013 3.13×1013 6.1 +8.2% 3.66×1013 4.0 +6.1% 4.96×1013 2.3 -0.8%

the reconstructed bias curve to the measured bias. The singularity in the curve at k =
0.27hMpc−1 is due to the negative best-fitting value of bias parameterA. For comparison I
also fitted Q-model bias directly to the measured bias and got almost the same best-fitting
curve with the reconstructed one, suggesting that the strong scale-dependence of the halo
bias for the heavy haloes is hard to be fit with the Q-model bias, and deviation of from
the correct bias may propagate and cause the systematic error in fσ8 measurement. In
addition, the assumption in the TNS+Q-model bias formulation that the scale dependence
of the bias is small should be broken for this case.
The behavior beyond k1% depends on the mass of haloes as well as redshift. In some

cases, a value of fσ8 consistent with its input value is successfully recovered up to much
higher wavenumbers (see e.g., the heaviest halo catalogue at z=0.5, from which we can
measure the correct fσ8 values up to kmax = 0.45hMpc−1). However this result should
be taken with care. This apparently successful recovery of fσ8 is probably because of the
rather flexible functional form of the scale-dependent bias adopted in the analysis. The
parameters A and Q can sometimes absorb the mismatch between the true matter power
spectra and the TNS model beyond k1% without leaving systematics to fσ8 for some
special cases. The situation would probably be quite different when different parameteri-
zations are chosen for b(k). Nevertheless, it is of interest to explore the possibility to add
some more information from higher wavenumbers. Although we, in this paper, employ
only one particular functional form for the scale-dependent bias as well as a constant bias
model, the reproductivity of the growth-rate parameter from high-k modes with different
bias functions is also of interest. We leave further investigations along this line for future
studies.
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Fig. 4.8. Upper panel: The 2D halo power spectrum for Mmin = 2.0×1013 h−1M⊙ halo
catalogue at z=2. The spectrum at three direction cosine values, µ=0.05, 0.55
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to the halo power spectrum, whereas brown one shows the best-fitting curve fit
with Q-model bias directly.
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4.3 Implications for Future Surveys
In this section, we give some implications for future analysis for coming redshift surveys
with large statistics. As seen above, we have demonstrated that we can measure fσ8

with a systematic error of≲ 5 per cent by employing the TNS+Q-model bias, up to the
wavenumber range kmax∼k1% for not strongly biased haloes (i.e., haloes with b ≲4).
Some of expected constraints on the growth rate f(z) for some on-going and planned

surveys are presented in [38] and they are, at 1-σ level, 7.5–3.9 per cent at redshift
z=0.7–1.5 for SuMIRe-PFS, and 5.1 per cent at z=3.0 for HETDEX. Expecting that f
and fσ8 are constrained at the same level, the TNS+Q-model bias achieves lower than or
comparable level systematic error compared to the expected statistical errors from these
surveys.
The space mission Euclid will survey over a redshift range of 0.7 < z < 2.1 and get

redshifts of 50 million galaxies. The number of galaxies in each redshift bin will be more
than one million. Using following empirical estimator for statistical errors,

∆(fσ8)

fσ8
∼ 50√

Ngal

(4.12)

where Ngal is the number of galaxies [19, 69], we can roughly estimate the statistical error
expected from Euclid to be a few per cent level, indicating that we need to further improve
the modeling of RSD in Euclid era.
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Chapter 5

Summary and Conclusion

In this thesis, I investigate the systematic errors on the measurement of linear growth
parameter, fσ8, using RSD. I generated various halo catalogues by using N-body simula-
tions, and analysed by fitting some RSD models to the measured 2D halo power spectrum.
I summarize the thesis below.
In chapter 2, I firstly review the evolution of the universe and of the density fluctuations,

and explain how RSD effects arise. Then I derive the Kaiser formula for the 2D power
spectrum in linear theory and introduce a recently-developed non-linear model, the TNS
model, which including higher-order mode coupling correction terms. I also explain the
treatment of the galaxy (or halo) bias to be incorporated into these models.
I describe the settings of N-body simulation that we have carried out, and the measure-

ment of the power spectra for the generated halo catalogues in chapter 3. I used public
code Gadget2 in the simulations with employing 10243 DM particles in a cubic box with
length of 700h−1Mpc, which gives the mass resolution of 2.4 × 1010 h−1M⊙. The initial
power spectrum was calculated at zini = 49 by CAMB and snapshots were dumped at the
three redshifts, z = 2, 1.35 and 0.5. By using FoF algorithm, I identified haloes from the
simulations and generated various catalogues with different math thresholds (For details
of the catalogues, please see Table. 3.1).
In the section 4.1, I review the RSD models that we tested in this thesis with the

searched parameters in the models. MCMC technique and the Wilson-Hilferty approxi-
mation employed in the fitting analysis are also explained here. The tested RSD models
in this thesis are the combination of two types of RSD modeling as

P (k, µ) =


DFoG(kµfσv)×b2(1+βµ2)2Plin(k) : the Kaiser model

DFoG(kµfσv)×b2
[
Pδδ(k)+2βµ2Pδθ(k)+β2µ4Pθθ(k)

+bCA(k, µ;β)+b2CB(k, µ;β)
]

: the TNS model

with two types of bias parametirzations as

b(k) =


b0 : constant bias

b0

√
1 +Qk2

1 +Ak
: Q-model bias

.

Section 4.2 shows the results of our analysis. For the halo catalogues of Mmin = 1.0×
1011 h−1M⊙ at at z = 1.35, all the four models give fσ8 within a few per cent accuracy
at kmax ∼ 0.10hMpc−1, up to which linear theory is sufficiently accurate. At kmax ≳
0.25hMpc−1 up to which the matter power spectrum prediction from the closure theory
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is expected to be accurate at ∼ 1 per cent level, the Kaiser models overestimate fσ8

compared with the correct one. Also the TNS+constant bias fails to reproduce the correct
value, but in this case this model underestimates fσ8 in contrast to the Kaiser models.
By taking a closer look at the reconstructed model power spectra and biases, I clarify
the causes of these over- and underestimation trends. When we use the TNS model
with the scale-dependent Q-model bias, the systematic error is significantly reduced down
to < 5 per cent level, surprisingly, up to kmax = 0.50hMpc−1. This would mean that
the parametrization of the Q-model bias can absorb the discrepancy between the matter
power spectrum and the closure theory prediction to some extent, which should be kept
in mind in future analyses. Furthermore, from the analysis of the other halo catalogues,
I demonstrate that the TNS model with Q-model bias can be used for fσ8 measurements
within an accuracy of 5 per cent if kmax ∼ k1% for the haloes with b ≲4.
Our RSD model, as stated in section 4.3, achieves lower than or comparable level sys-

tematic error compared to the expected statistical errors from future ground-base surveys,
such as SuMIRe-PFS and HETDEX. However in the Euclid era, about 50 million of red-
shifts of galaxies will be measured by satellite observation will give at a few per cent level
constraint on the linear growth parameter measurement. We need to make further efforts
to improve the modeling of RSD by that era to make the best out of the observation data
and reveal the nature of dark energy even in the slightest bit.
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