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Preface

In ordinary circumstances, gas flows are described by conventional fluid dynamics. In con-
trast, the behavior of a low pressure gas or a gas in a small system, which is important in
aerospace engineering or micro engineering, is not described correctly by conventional fluid
dynamics. This is because the mean free path of gas molecules can be comparable to the
characteristic length of the system, so that the underlying assumption that the gas is very
close to the local equilibrium breaks down due to insufficient intermolecular collisions. The
gas in such a system is called a rarefied gas. The ratio of the mean free path to the char-
acteristic length is a fundamental parameter which represents the degree of gas rarefaction
and is called the Knudsen number.

In order to describe the behavior of a rarefied gas, we should use molecular gas dynamics,
in which the microscopic information is taken into account. The basic physical quantity
in molecular gas dynamics is the velocity distribution function of gas molecules, and the
fundamental equation governing it is the celebrated Boltzmann equation. However, when
we try to solve the Boltzmann equation, we encounter great difficulties since the Boltzmann
equation is an integro-differential equation which contains the complex collision integral.
In particular, it is a formidable task to solve spatially multidimensional boundary-value
problems of the Boltzmann equation, which is of great importance in practical applications.

Fortunately however, when a gas is slightly rarefied, namely the Knudsen number is
small, the behavior of the gas can be investigated by modifying conventional fluid dynamics
appropriately. This means that we do not need to solve the Boltzmann equation directly for
each specific problem that we are interested in. Such an approach is not only of theoretical
but also of practical importance, since the Knudsen number is often small for the gases
in actual micro devices. As to what modification should be applied to conventional fluid
dynamics, there exists a systematic asymptotic theory of the Boltzmann equation established
by Sone. According to it, the overall behavior of the gas is described by fluid-dynamic-type
equations and their appropriate slip and jump boundary conditions (the fluid-dynamic-type
system). Here, slip and jump means that there are differences of velocity (the “slip”) and

temperature (the “jump”) between the gas and body on its surface. A correction to the
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overall solution is required within a thin layer with a few mean-free-path thickness adjacent
to the body surface (the Knudsen-layer correction). Here, the values of the slip and jump
coefficients appearing in the boundary condition and data of the Knudsen-layer correction,
which are required to apply this framework to specific problems, are obtained by solving
spatially one-dimensional half-space problems of the linearized Boltzmann equation which
determine the structure of the Knudsen layer (the Knudsen-layer problems).

In Sone’s asymptotic theory, derived fluid-dynamic-type systems and formulas of the
Knudsen-layer correction are different depending on the considered physical situations. Based
on the size of the deviation from an equilibrium state at rest and the Reynolds number, sit-
uations are classified into ones in which (i) the deviation and the Reynolds number are both
very small, (ii) the deviation is small, while the Reynolds number is the order of unity, and
(iii) the deviation is the order of unity and the Reynolds number is the order of unity or
very large. Results for the situations (i), (ii), and (iii) are summarized respectively as linear
theory, weakly nonlinear theory, and nonlinear theory.

In the present thesis, we consider the linear theory and hereafter call it the generalized
slip-flow theory. Originally, the generalized slip-flow theory was established for steady prob-
lems in the late 1960s and early 1970s, based on the Bhatnagar—Gross—Krook (BGK) model
equation. The Stokes set, its appropriate slip and jump boundary conditions, and formulas
of the Knudsen-layer correction were derived up to the second order in the Knudsen number
expansion. After that, the results were extended to the case of the original Boltzmann equa-
tion. This theory has been successfully applied to various fundamental problems in molecular
gas dynamics and was revealed to be practical. However, the application has been limited
to steady problems. For unsteady problems, analyses of which are as important as those
of steady problems, while the fluid-dynamic-type system and formulas of the Knudsen-layer
correction have been derived up to the first order by Sone, those at the second order, which
draw many researchers’ attention recently, are still unknown.

In the present thesis, we develop the generalized slip-flow theory for unsteady problems
up to the second order. Simultaneously, we complete required numerical data of slip and
jump coefficients and Knudsen-layer correction for the Boltzmann equation, most of which
at the second order have not been available even for steady problems. In fact, the complete

set of required numerical data has been available only for the BGK model. For the original
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Boltzmann equation, a part of the information have been reported in the late 1980s and early
1990s, assuming the hard-sphere molecules. However, difficulties in solving the Knudsen-
layer problems, which could be bypassed for the BGK model, have prevented completing the
data for a long time.

The present thesis is organized as follows. Chapter 1 is devoted to a study of a new
temperature jump occurring in unsteady systems. Chapter 2 is devoted to developing the
generalized slip-flow theory for unsteady problems under a general problem setting. Chapters
3 and 4 are devoted to completing necessary data for the original Boltzmann equation by
solving the Knudsen-layer problems. A more detailed description of these chapters follows.

In Chapter 1, an unsteady problem of a slightly rarefied monatomic gas between two
parallel plates whose temperature grows slowly and linearly in time is considered. This
is motivated by the simulation results which were obtained recently by Radtke, Hadjicon-
stantinou, Takata, and Aoki (RHTA). They solved a problem of a rarefied gas which subjects
to constant volumetric heating by a low variance stochastic method and showed that the
second-order temperature-jump coefficient observed by RHTA is not covered by the gener-
alized slip-flow theory for steady problems. At first, we show that the problem considered
in this chapter is equivalent to the one studied by RHTA. This correspondence between two
problems implies that the temperature jump observed by RHTA is a new one that can occur
in unsteady systems. A systematic asymptotic analysis of the time-dependent problem for
small Knudsen numbers is carried out and the complete fluid-dynamic description, as well as
the related half-space problems that determine the structure of the Knudsen layer and the
coefficients of temperature jump, are obtained. Finally, a numerical solution is presented for
both the BGK model and hard-sphere molecules.

In Chapter 2, we develop the generalized slip-flow theory for unsteady problems under a
general problem setting. This is motivated by the possibility that there might be other new
slip or jump phenomena which do not appear in steady problems other than one observed
in Chapter 1. A time-evolution of a slightly rarefied monatomic gas which is perturbed
slowly and slightly from a reference uniform equilibrium state at rest is investigated on the
basis of the linearized Boltzmann equation. By a systematic asymptotic analysis, fluid-
dynamic-type equations given by a Stokes-type set, their boundary conditions, formulas of

the Knudsen-layer correction, and a series of formulated Knudsen-layer problems up to the
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second order of the Knudsen number are derived. The differences between the obtained
results and the existing theory for steady problems are discussed. In principle, we have to
solve the Knudsen-layer problems to obtain numerical data of slip and jump coefficients and
Knudsen-layer corrections, which is a difficult matter. Fortunately however, if we focus on
obtaining the values of slip and jump coefficients, we can bypass the difficulty by the use of
the theory of symmetry relation developed recently by Takata. Hence, numerical values of
all the slip and jump coefficients are obtained for a hard-sphere gas not by directly solving
the Knudsen-layer problems.

Up to this point, the information of the fluid-dynamic-type system for unsteady problems,
namely, fluid-dynamic-type equations, their appropriate slip and jump boundary condition,
and numerical values of the slip and jump coefficients for a hard-sphere gas are completed.
Based on them, one can investigate the behavior of a slightly rarefied gas in the bulk region.
However, the information of the Knudsen-layer structure, which is necessary to understand
the behavior of the gas near the boundary, is still incomplete. We attempt to complete it.

In Chapter 3, the second-order Knudsen-layer problems, except for the curvature ef-
fect, are solved on the basis of the linearized Boltzmann equation for hard-sphere molecules.
These problems might be handled by the finite-difference method as in the studies conducted
in 1980s and 1990s. Nonetheless, we take a new approach that makes use of the integral
formulation of the Boltzmann equation which is very effective to capture the detailed in-
formation on the solution. The primary motivation of this approach is that the remaining
Knudsen-layer problems, which are related to the curvature effect and left to Chapter 4,
contain a much delicate matter, requiring a new methodology for the numerical analysis.
Numerical data of the Knudsen-layer correction, which are necessary in the application to
the problems with planar boundary, are prepared up to the second order in the Knudsen
number expansion.

In Chapter 4, we tackle the remaining Knudsen-layer problems and the effects of the
boundary curvature on the solutions have been clarified in details. Even though the macro-
scopic quantities are finite and well defined, the velocity distribution function exhibits non-
obvious singularities (i.e., diverges indefinitely) for the molecular velocity tangent to the
boundary. This feature forced us to separate the present study from the previous one in

Chapter 3. Based on the approach devised in Chapter 3, we have developed the numerical



method that handles such a singularity safely, thereby completing the data required in the

generalized slip-flow theory.
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Chapter 1

Parabolic temperature profile and
second-order temperature jump of a slightly
rarefied gas in an unsteady two-surface
problem

1.1 Introduction

The recent development of small-scale devices has renewed interest in microscale or rarefied
gas flows. [1,2,3,4,5,6] In these flows, the Knudsen number, typically defined as the ratio of
the molecular mean free path to the characteristic length scale of the physical system, is no
longer negligibly small, signaling that the conventional continuum description, namely the
Navier—Stokes equation with the no-slip boundary condition (NS system), does not apply.
In such cases, a kinetic approach (Boltzmann system) is appropriate and is typically used.

The connection between the Boltzmann and the NS systems has been studied since
the days of Hilbert, and a number of useful results have been obtained in the limit of
small Knudsen numbers. [7,8,9,10,11,12,13,14,15,16] Specifically, fluid-dynamic-type sets
of equations and appropriate slip and jump boundary conditions for describing the steady
gas behavior in the regime of small Knudsen numbers (the so-called slip flow regime) have
been established [11,12,13] since the late 1960s and early 1970s. For rigorous and complete
descriptions of the general theory of slip flow, the reader is referred to Refs. [2] and [6].
In the present paper, we shed light on a new feature of the jump of temperature that can
occur at the second order of the Knudsen number in unsteady problems. The present work is
motivated by the simulation results recently obtained by Radtke, Hadjiconstantinou, Takata,
and Aoki (RHTA, see Ref. [17]) and is intended to contribute to a growing research topic on
the second-order slip (e.g., Refs. [3,18,19,20,21,22]).

Using a low variance stochastic method [23,24,25,26], RHTA carried out numerical simu-
lations of a slightly rarefied gas bounded by two parallel walls subject to constant volumetric

heating. The parabolic temperature profile associated with the volumetric heating allowed
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them to evaluate the second-order temperature-jump coefficient, which, in the case of the
Bhatnagar—Gross—Krook (BGK) [or Boltzmann—Krook—Welander (BKW)] model [27,28], did
not agree with the one predicted (coefficient ds in Sec. 3.1.5 of Ref. [6]) by the general theory
of slip flow for steady problems (Refs. [11,2,6]).

In order to explain the above observation, in the present paper, we consider a slightly
rarefied gas between two parallel plates whose temperature grows slowly and linearly in
time which, as we show in Sec. 1.2, can be reduced to the problem studied by RHTA. We
subsequently investigate the behavior of the gas by a systematic asymptotic analysis for
small Knudsen numbers (Secs. 1.3 and 1.4). Our results show that, as expected, the reduced
half-space problem that determines the second-order jump of temperature is new and does
not appear in the theory for steady problems. We also perform numerical computations to
determine the second-order temperature-jump coefficient and the structure of the related
Knudsen layer for the BGK model and for hard-sphere molecules (Sec. 1.5). The solution
is compared, not only in the fluid-dynamic region but also in the Knudsen-layer, with the

simulation results that RHTA have obtained by the low variance stochastic method.

1.2 Problem

Consider a rarefied monatomic gas between two parallel plates located at Xy = £D/2
and kept at the same uniform temperature T,,, where X, is the Cartesian space coordinate
(Fig. 1.1). The temperature T, is uniform on the plates and grows slowly and linearly in time
t,ie., T, = To(1 + at), where Ty is a reference temperature and & is a small constant. We
will investigate the behavior of this gas after a long time has passed from some initial state
under the following assumptions: (i) The behavior of the gas is described by the Boltzmann
equation (or its model equation such as the BGK model). (ii) The gas molecules are diffusely
reflected on the plates. (iii) The change of plate temperature during the characteristic time
of heat conduction is small, i.e., a = aty < 1 with 5 ~ pgRD?/), and thus the equation
and boundary condition can be linearized around the reference equilibrium state at rest
with density pp and temperature Ty. Here, py is the average density of the gas, A is the
thermal conductivity, and R is the specific gas constant, i.e., R = k/m with k denoting the

Boltzmann constant and m the mass of a molecule. (iv) The mean free path £, of a molecule
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Figure 1.1: Sketch of the problem.

at the reference state is much shorter than the distance between the plates D, or, in other
words, the Knudsen number Kn = ¢y/D is small. Hereinafter we set the time scale ¢y as
to = D?/ly(TRT,/2)V/2.

Let us denote the time ¢ by tot, the position X; by Dz, the molecular velocity by
(2RTy)"/?¢, and the velocity distribution function by po(2RTp)~*/2[1 + at(|¢> — 2) + ¢|E |
where F is the normalized Maxwellian defined by E(|¢|) = 73/ exp(—|¢|?). By assumption
(iii), ¢ is a small quantity and its higher order contributions will be neglected. Then, ¢ can
be sought as a function of x and ¢ that is even both in (, and (3 and satisfies the follow-

ing (dimensionless) steady inhomogeneous linearized Boltzmann equation and the boundary

condition:
1 5 3
G0u0 = L19] — ca(leP - 3), (1.12)
s=%2vr [ GoBdC, G50, 0= (1.1b)

€120
where 0, = 9/0x, ¢ = (y/7/2)Kn, L is the linearized collision operator, and d¢ = d(1d(2d(s.
For later convenience, we define the macroscopic quantities and their notation here.
The density, flow velocity, temperature, and pressure of the gas are given by po(1 + w),
(2RTH)Y?(u,0,0), To(1 4 at +7), and po(1 + at + P), where py = poRTp, while w, u, 7, and
P are defined by

2 3 2
w=8), u= (), 7= S((CP — 3)8), P=2(¢Pa), (1.2
and the angle brackets denote the following moment:
@) = [ (. Q¢

Note that 7 (more precisely Ty7) is a perturbation of the temperature from the plate tem-

perature. By definition, P = w + 7.



It should be noted that problem (1.1) is equivalent to the constant volumetric heating
problem studied by RHTA.! The present formulation shows that the parabolic temperature
profile obtained in RHTA via a source term in the governing (Boltzmann) equation can
be naturally obtained (no additional source term) by wall temperatures following the time
dependence described above. Therefore, as we show below, the temperature jump observed
here and in the work by RHTA is not covered by the general theory of slip flow [11,2,6] for
steady problems.

The volumetric heating term used in RHTA, —ea(|¢]* — ‘%), leads to a spatially and
temporally constant increase in the gas thermal energy. This heating (or cooling when
a > 0) is similar to the cooling of the granular gas in that it conserves mass and momentum.
However, it is independent of the gas state, in contrast to the granular gas case. It should
also be noted that no essential difference between heating (o < 0) and cooling (o > 0)
exists in the case of RHTA. The constant volumetric heating (cooling) implies a controlled
energy supply (loss) in the gas, which is balanced by the loss (supply) of energy through
the side walls through the heat conduction. In the present time-dependent problem, the
temperature profile is determined by the interplay between the gas inertia and the energy
supply (loss) due to the change of wall temperature. Our formulation shows that, when
measured relative to the time-varying wall temperature, the temperature profile is identical
to the heat addition (loss) case of RHTA.

Because of assumption (iv), € is a small constant. We will investigate the problem (1.1)

by a systematic asymptotic analysis for small e, following Sone’s method [11,2,6].

1.3 Hilbert solution

Putting aside the boundary condition, we seek a moderately varying solution ¢5 (the Hilbert

solution) in a power series of e:

b = Gro + Q1 + G + - . (1.3)

! This work done in Ref. [17] is closely related to the present work. Incidentally, 7 in the present paper is
identical to T' in Ref. [17] when our « is identified with —(2/3)e there.
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Corresponding macroscopic quantities, which we denote by hy (h = P, u, T, w), are also
expanded as

hy = hpo + hgie + hgae + -+ ) (1.4)

where hy,, (m =0, 1,...) is defined by Eq. (1.2) with ¢ being replaced by ¢p,,. Substitution
of Eq. (1.3) into Eq. (1.1a) leads to

Lpwo] = 0, (1.5a)
Llom] = 10:¢no, (1.5b)
Llom] = Goubm +a(lCP —2), (1.50)
Lprm) = GOcPrrm—1, (M > 3). (1.5d)

This is a set of linear integral equations and can be solved from the lowest order, provided

that the following condition is satisfied:

1
(| ¢ | xR.HS. of Eq. (1.5)) =0, (1.6)
Ik
because L[f] = 0 has nontrivial solutions f = 1, (1, (o, (3, [¢]* (the so-called collision

invariants).

1.3.1 Outline of the analysis

The solvability condition (1.6) for Eq. (1.5a) is automatically satisfied, yielding

dro = Pro + 2Gumo + (€7 — g)THO- (1.7)

Let us proceed to Eq. (1.5b). By the substitution of Eq. (1.7), the solvability condition

(1.6) is rewritten as
duHo —0 dPHo

= =0. 1.8
dx " odx (18)
Thus, Eq. (1.5b) is reduced to
5 dTHO
_ 2_Z

yielding
dr HO

5
Om = P+ 2Gum + (|C|2 — =)t — (A Iz

2
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Here A is a function of || defined by

LIGA] = ~G(CP — 2) with {[¢[?4) =0.

Next, we consider Eq. (1.5¢). With the aid of Eq. (1.8), the solvability condition (1.6)

can be rewritten as

dUH1 dPHl

=0 =0 1.10
daj ) dx ) ( a)
5 d2TH0 3
_ = “a= 1.1

where 7, is a constant (namely, the dimensionless thermal conductivity) defined by 7, =
2
L(X) = ={(|¢|"*X).
(X) = = (I 2x)
Thus Eq. (1.5¢) is reduced to

d
£lom] = GG = 3G = 26k = 3IePIA+ 25 | 51 - ) = 3P4

whose solution is

dTHl 6 «

5
¢H2ZPH2+2C1UH2+(|C|2—§)TH2 GA (C1 ——|C| )F—g—Fd (1.11)
V2
Here F' and Fj are functions of || defined by
L[GGF] = GGA,
> 3 1 .
LIF) = ~D(ICP — 2+ SICPA  with (Fi) = 0 and ([°E2) =0

We proceed to Eq. (1.5d) with m = 3. With the aid of Egs. (1.8) and (1.10), the

solvability condition (1.6) can be rewritten as

dqu dPH2
= = 1.12
o =0 = =0, (1.12a)
dQTHl
=0. 1.12b
702 (1.12b)
Then, Eq. (1.5d) simplifies to
5.dr
o 2 ° H2
Llons] = Gl = 5)— =

yielding
dr H2

dx

oms = Pz + 2Gums + (|¢? — §)7'H3 -G A (1.13)

2
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Finally the substitution of this expression reduces the solvability condition (1.6) for

Eq. (1.5d) with m =4 to

dups dPp3
=0 =0 1.14
d"L’ Y d:[j Y ( a)
d27H2
—F=0. 1.14b
002 (1.14b)

If we proceed further, we will obtain for any m > 4

5 ATHm—
OHm :PHm+2<1uHm+<‘C‘2_§)THm_C1A Zm L (1.15)
and
dugm dPxm, AT
Wim _ o &Hm _ S THmo1 () (1.16)

dx dx dax?

1.3.2 Summary

In Sec. 1.3.1, we have obtained a set of fluid-dynamic-type equations for the macroscopic
quantities, namely, Egs. (1.8) and (1.10b) for O(£°); Egs. (1.10a) and (1.12b) for O(e'); and
Egs. (1.12a) and (1.14b) for O(£?), and so on.

Since ¢y is a linearized Maxwellian, it satisfies the boundary condition (1.1b), if we set

1
ugo =0, Tgo =0 onx::I:E. (1.17)

Note that the reference density py is the average density between the plates, so that the
average of perturbed density w, which is related to P and 7 by w = P — 7, should vanish.
Thus, the quantities of O(£°) are obtained from Egs. (1.8), (1.10b), and (1.17) as

3o
52

1 3a 1 9
N — = — (- — P = —
12)7 THO 572(4 x ), HO

«
1072 '

(a”

ugo =0, wgo = —

The above Ty shows that ¢x; is no longer a linearized Maxwellian [see Eq. (1.9)] and
does not satisfy the boundary condition (1.1b). The same is true for ¢go [see Eq. (1.11)].
Thus, by the analysis in Sec. 1.3.1, we cannot determine the gas behavior completely. What
we can see from Egs. (1.10a) and (1.12b) and from Egs. (1.12a) and (1.14b) is that

Pm = ¢, um=c, Tm=cs,
Py = ¢, ups=¢5, Tu2 = Cs,
where ¢; (1 =1,2,...,6) are (undetermined) constants. Note that the linear dependence of

temperature in x vanishes because the temperature should be symmetric in  with respect
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to x = 0. In order to find the solution that satisfies the boundary condition, in Sec. 1.4, we
will introduce a correction in the microscopic boundary-layer (the Knudsen-layer correction)
to the Hilbert solution. The analysis of the correction will determine the constants ¢; and
the structure of the Knudsen layer. If ¢3 and ¢g are nonzero, a jump of temperature at the
first- and second-orders of ¢ exists.

Thanks to the symmetric temperature profile in x, all of 7g,,, Pgm, and ug,, for m > 3
are found to be constant from Egs. (1.14a) and (1.16), and thus the corresponding ¢py,
are reduced to linearized Maxwellians [see Eqgs. (1.13) and (1.15)]. Therefore, if we set
Ugm = Tam = 0, ¢um satisfies the boundary condition (1.1b) at O(e™). Consequently, the
Knudsen-layer correction to be discussed in Sec. 1.4 is not required at the third and higher
order of €. Py, will be determined again by the constraint that the perturbed density

averaged in x should vanish.

1.4 Knudsen-layer correction and the solution for the
entire gap

Because of the symmetry of the problem ¢(x,(1,-) = ¢(—x, —(1,+), it is enough to consider
the correction near the left plate at x = —%. The correction near the right plate is its mirror
image.

We will obtain the solution ¢ in the form of ¢ = ¢y + ¢x, where ¢k is the Knudsen-
layer correction, which is appreciable only in the thin layer adjacent to the left plate [thus,
0.0k = (1/€)O(¢k )] and is O(e) because the correction is not required at the zeroth order.
Corresponding correction to macroscopic quantities will be denoted by hy, i.e., h = hg+hk.
We introduce the stretched coordinate 1 which is defined by n = (z+3) /e near the left plate.

Then, ¢k is the solution of the following problem:

CQ0yox =L[oK], (1.18a)

O =— o — 247 G(¢x +om)EdC, G >0, n=0, (1.18b)
¢1<0

o —0 asn — oo, (1.18c)

where = m. It 1s seen by taking the moment of Eq. (1.18a), 1.e., (Eq. (1.18a)), that
here 0, = 0/0n. 1t i b ki h f Eq. (1.18a), i Eq. (1.18 h

ux = 0 because of the condition (1.18¢). Since u(= uy + ux) = 0 on the plate, we see that

8



uyg = 0 on the plate and obtain

0220520.

Since ¢ = O(e), we expand it as ¢xg = Pg1€ + dxoe + --+ and correspondingly hx
as hx = hgie + hyoe? + -+, where hg,, (m = 1,2,...) is given by Eq. (1.2) with ¢
being replaced by ¢g,,. Actually, as mentioned in the last paragraph of Sec. 1.3.2, the
expansion terminates at O(¢?) in the present problem. Substitution of the expansion of ¢x

into Eq. (1.18) leads to boundary-value problems for ¢x1 and ¢xo. To be more specific, if

we let
3a\ " 6a\
pM = — <g) o1, PP = (g) Pr2, (1.19a)
2 2
3\ ! 6a\
s = — (5—72) cs, B = (5—72> C65 (1.19b)

we obtain the following equations and boundary conditions for 1(®:

Qo = LpW], (i=1,2), (1.20a)

O =10 —2yr [ GyYPEdC, ¢ >0,m=0, (1.20D)
¢1<0

P9 =0 asn— oo, (1.20c)

where

I = —(¢P = 2)8Y + 14,

10 = (¢ = 28 — YE(ICIE) + HICPE) + Fact (G~ SICPIF

The solution of the half-space problem (1.20) exists uniquely and the constant ) (or 3))
is determined uniquely together with the solution ¢ (or ¥(®). [10,29,30,31]

The coefficients —3a/5y, and 6a/5y2 in Eq. (1.19) are the first and second derivatives of
temperature 7y at the left plate. Accordingly, 1) (and thus ¢1) is seen to be the classical
temperature-jump problem, which has been studied by various authors (e.g., Refs. [32,28,
33,34,35,36]). On the other hand, ¥ is the solution of the problem of jump caused by the
second derivative of temperature with respect to x, which is, however, different from the
jump problem caused by the second derivative of temperature predicted by the theory for

steady problems.



The fact that the amount of temperature jump caused by the second derivative of tem-
perature is different depending on whether the problem is unsteady or steady may appear
to be paradoxical. According to the theory for steady flows (Refs. [2] and [6]), the tem-
perature field satisfies the Laplace equation, which reduces to a vanishing second derivative
of temperature (d*7y/dx® = 0, where this 7 is perturbed temperature from a reference
uniform equilibrium state) in one-dimensional problems. In other words, the temperature
jump caused by the second derivatives of temperature does not manifest itself in steady
one-dimensional problems. In contrast, in the present unsteady one-dimensional problem,
Ty satisfies the equation of the form d*7y/dz? = const(# 0) [see Eq. (1.10b)], which is a
one-dimensional version of the Poisson equation, not the Laplace equation. As we have seen,
the non-zero constant in this equation may be thought of as originating from a volumetric
heating source in a steady framework, or, in the unsteady setting, from the time dependence
of plate temperature. In other words, the time dependence of the problem introduces a new
temperature jump caused by the second derivative of temperature. This difference between
steady and unsteady problems is maintained in the general two- and three-dimensional prob-
lems, in which the temperature jump associated with the second derivative of temperature
also appears in steady problems.

Finally, the constants ¢; and ¢4 (namely, Py, and Ppo) as well as Py, for m > 3 are
determined so as to make the perturbed density averaged across the space between the two
plates vanish. This procedure yields the relations wgy = 0, Py = ¢3, wgo = —2 fooo wg1dn,
Pro = cg — who, wygs = —Pyz = —2 fooo wrodn, and wy,, = Py, = 0 for m > 4, thus they
are completely determined after solving Eq. (1.20).

To summarize, the macroscopic quantities are expressed for the entire gap between the
plates by the sum of h = hyo + (hgy + hii1)e + (hgo + hi2)e? + hgze® + - -+, where hg,,
for m > 3 vanishes except for wys and Pgs. We have obtained the following asymptotic

solutions of u, 7, w, and P:

u =0, (1.21a)

__3_0‘{(1_ 2y 4 130 4 oM oW _9[3@ 4 g® 0@ (. Y2

== 5 G+ B+ 000+ 0Vl 2057 + 0P() + 6 (n,))e? .
(1.21Db)



— 2[/ QWdn + Q@ (n_) + QP (n)]e* + 4/ Q@ dn 53}’ (1.21c)
0 0

P=w-+T, (1.21d)

where

Q0 = (39), O = 2((1¢P = 2390, ne = 2~z + ), m- =+ 5).
1.5 Numerical data

Because the problem for ¢! is classical, reliable data for S, QM) and O are available
in the literature. For example, ), QM and 6™ correspond to dy, Q;, and ©; in Ref. [6],
in which data for the BGK (or BKW) model and hard-sphere molecules can be found. Q)
and O are tabulated in Table 1.1 for use in Eq. (1.21) (the data in the table were obtained
in Ref. [35]; the accuracy would be slightly better than those in Ref. [6]). The values of 3
and [} QWdn are

BM =1.30272 (BGK), 2.4001 (hard sphere),

/ QWdn = 0.3230 (BGK), 0.5241 (hard sphere).
0

On the other hand, the problem for 1(® has not been solved, and thus data for 3, Q®),
and ©® are not available. Data for F,; are also not available. In the present section, we
provide these data for the BGK model and hard-sphere molecules to complete our analysis.

The specific form of the linearized collision integral for these cases is the following: for the

BGK model,

£l) = —6+w+ 2+ (1CP — )

and {y = (8RTy/7)"/?/A.po, where A, is a constant such that A.py is the collision frequency

of gas molecules at the reference state; for hard-sphere molecules,

£lé] = —u(I¢)é + / K0(C,€) — Ku(C,€)]6(€)dE,

v(z) = 2\1/§ {exp(—zQ) + (22 + %) /OZ eXp(—yQ)dy} :

_ 1 <o [ —l£12 |€XC’2)
K4(6.8) = e (—IeP + ).
Ky (C.€) = % exp (~[€F)

and £y = [v/2m0?(po/m)]!, where o is the diameter of a molecule.
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Table 1.1: Knudsen-layer functions Q) and ©M.

Hard sphere BGK

n QM —eM n QM —_eM
0.0000 0.5164 0.7378 0.0000  0.3477 0.4492
0.0235 0.4710 0.6766 0.0249 0.3130 0.4101
0.0517 0.4382 0.6314 0.0491 0.2925 0.3860
0.1089 0.3911 0.5655 0.1289 0.2474 0.3314
0.1567 0.3615 0.5234 0.2483  0.2049 0.2779
0.2011  0.3387 0.4906 0.4553  0.1585 0.2175
0.3141 0.2929 0.4241 0.6091 0.1349 0.1860
0.4091 0.2631 0.3805 0.7492 0.1181 0.1633
0.6161 0.2145 0.3085 0.9055 0.1029 0.1425
0.7584 0.1892 0.2707 1.1462 0.0846 0.1173
1.0047 0.1552 0.2198 1.2596  0.0776 0.1076
1.1904 0.1353 0.1899 1.4285 0.0686 0.0950
1.3925 0.1174 0.1632 1.6207  0.0599 0.0830
1.6669 0.0979 0.1342 1.8993  0.0498 0.0688
1.8426  0.0876 0.1190 2.0571 0.0451 0.0621
2.0259 0.0783 0.1053 24552 0.0353 0.0485
2.5490 0.0576 0.0754 2.7963  0.0290 0.0396
3.0422  0.0438 0.0559 3.1895 0.0233 0.0316
3.4872  0.0345 0.0431 3.5835  0.0189 0.0255
4.0281 0.0261 0.0318 3.8977 0.0161 0.0215
5.0001  0.0160 0.0188 4.3903 0.0125 0.0167
6.2778  0.0086 0.0097 5.3111  0.0080 0.0106
8.0709  0.0037 0.0040 6.9386  0.0039 0.0050
10.0635 0.0015 0.0015 10.0712 0.0010 0.0013
16.0206  0.0001 0.0001 16.2166  0.0001 0.0001
21.3140 0.0000 0.0000 25.9527 0.0000 0.0000
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Figure 1.2: Functions A, F', and F};. Solid lines: hard sphere. Dashed lines: BGK.

1.5.1 The functions A, I, F;, and related constant -
In the case of the BGK model, the functions A, F, and Fj; are immediately obtained from
the definition as

A(Cl) = I = 2, F(iel) = 161 + 3. Falleh = (¢l = 5lel” + =),

by which we see 79 = 1. In the case of hard-sphere molecules, they are only known numer-
ically (see Fig. 1.2). Note that only F,; has been computed here; the others are available
in the literature and are shown here for easy reference. The value of +9 for hard-sphere

molecules can also be found in the literature: [2,6] vo = 1.922284066.

1.5.2 The coefficient 5? of the second-order jump

In principle, we have to perform a numerical analysis of the problem (1.20) with i = 2
to obtain the value of 3. However, by the use of the symmetry of the linearized kinetic
equation, we can relate 3(®) to quantities occurring in the half-space problem for /(") thereby
determining 8 without new computation.

We apply the symmetry relation derived in Ref. [37] to the half-space problems (1.20)
for 1M and ®. The basic idea behind the symmetry relation is that a conservative
quantity can be constructed from solutions of two independent problems. (This is a ba-
sic principle that can be naturally extended to time-dependent problems. [38]) We briefly
explain it here. If we multiply Eq. (1.20a) for ¢ by ¢ (5, —¢) and take its moment,
we find that ((;9®(n, =)W (n, ¢)), the “Hux” of the constructed conservative quantity
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(Y@ (n, =)W (n,¢)), is constant in 1 and thus vanishes because of condition (1.20c) at

infinity. Then, by using the condition (1.20b) at n = 0, we obtain

260 = SI(AF) + S L(AF) — (GlFs— 5(¢P = 3 )|

n=0"

To simplify the last term on the right-hand side further, we consider Eq. (1.20a) for 1)
multiplied by Fy — 3(|¢|* — 3¢})F and take its moment. Then we obtain

d 1 2 2 1 . 1 ]‘ 2 2
gy (GilEa = 5 (¢ =3 FI ) =( O LlFs - §<|<;| —3Q)F))
= = 216 — S0) + (A, (1.22)

where we have used the self-adjointness of £ and the definitions of F' and Fy. We can show
that the last term (¢?Aw™M)) vanishes by the result of two integrations with respect to n:
one is Eq. (1.20a) for 1" multiplied by ¢;A and the other is that multiplied by ¢;(|¢|> — %)
Thus, from Eq. (1.22), we obtain

(GlFs= 30¢E =3P, =22 [~ eWay,

and finally arrive at the relation

59 = L lI(AF) + S L(AE)] - [ 0% (1.23)
1575 4 0

In the case of the BGK model, Is(AF) = —9/4, I,(AF;) = —1/3, and [ 0Wdn =
—0.4391. In the case of hard-sphere gas, I5(AF) = —7.4839567, I,(AF,;) = —1.7512934, and
JoT ©Wdn = —0.7184. Thus we obtain

B® = —1.4276 (BGK), —3.1801 (hard sphere). (1.24)

1.5.3 Direct numerical solution of the half-space problem for

In order to obtain 2 and ©®), we carried out a numerical computation of the problem (1.20)
for 1) by a finite-difference method both for the BGK model and hard-sphere molecules.
For the hard-sphere collision integral, we adopted the method first devised in Ref. [32]
and applied later to various fundamental problems, including those for gas mixtures (see
Refs. [39,40,35], and the references therein). In the numerical computation, we seek the

solution ¥@ as a function of 7, (1, and (,(= /(3 + (3), thanks to the spherical symmetry
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Table 1.2: Knudsen-layer functions Q) and ©®.

Hard sphere BGK
n —0®@ e®@ n —0®@ e®@
0.0000  1.4907 2.2601 0.0000 0.6746 1.0347
0.0033  1.4743 2.2335 0.0101  0.6546 1.0045
0.1142  1.2440 1.8550 0.1499 0.5309 0.8105
0.4091 0.9400 1.3584 0.5021  0.3797 0.5703
0.9183 0.6507 0.8994 0.9951 0.2644 0.3889
1.4994  0.4547 0.6019 1.4977 0.1924 0.2777
2.0259 0.3375 0.4318 1.9924 0.1446 0.2054
2.4811 0.2641 0.3291 2.4158 0.1149 0.1611
2.8272  0.2204 0.2696 3.0859 0.0814 0.1121
3.1150  0.1901 0.2292 3.7057  0.0601 0.0816
3.6779 0.1432 0.1684 4.0319 0.0515 0.0694
4.1865 0.1114 0.1284 4.3158 0.0451 0.0604
4.6706  0.0881 0.0997 4.7026  0.0378 0.0502
5.0001  0.0752 0.0842 5.1286  0.0312 0.0412
5.6738  0.0546 0.0599 5.9037 0.0222 0.0289
6.4526  0.0379 0.0408 6.5723  0.0167 0.0215
7.0725 0.0285 0.0302 7.1957 0.0129 0.0164
7.5226  0.0231 0.0243 7.6019 0.0109 0.0138
8.0248 0.0184 0.0192 8.1849  0.0086 0.0108
8.5346  0.0146 0.0151 8.8196  0.0066 0.0083
9.0048 0.0118 0.0121 9.5114  0.0051 0.0063
10.0146 0.0075 0.0076 11.9922 0.0020 0.0024
14.5460 0.0010 0.0010 14.0616 0.0009 0.0011
20.0515 0.0001 0.0001 20.4253 0.0001 0.0001
25.0557  0.0000 0.0000 27.7493 0.0000 0.0000

of L. We have used the grid system in Ref. [39] with more grid points (roughly speaking,
about 50% increase in ¢; and almost double in 7 and ¢,)? and have adopted a third-order
finite-difference scheme as in Ref. [40]. The computation for the BGK model used even more
grid points in ¢; and (.

Figure 1.3 and Table 1.2 show Q) and ©®). In the figure, the profiles of Q) and 6™
are also shown for reference.

The value of 3 was also obtained directly in the computation as

B® = —1.4276 (BGK), —3.1800 (hard sphere). (1.25)

*We have applied to n, (1, and ¢, the grid system for x1, ({*, and (' generated by Egs. (52a)—(53c) of
Ref. [39] with ™ = 1. The present numerical data were obtained by the following setting of grid parameters:
N, =600, N, = 700, Z, = 7,) =5 N; =N, =32, and Np = N, = 36. By the present choice of N, and
N, the n-space is truncated at n ~ 35.
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Figure 1.3: Knudsen-layer functions Q) and ©®. Solid lines: hard sphere. Dashed lines:
BGK. The profiles of Q) and O™ are also shown for reference.

OB o1 02 03 04 03"

Figure 1.4: Profiles of 7/a and w/«a in the right half of the gap between the plates [see
Eq. (1.21)] for e = 0.01, 0.05, and 0.1. Solid lines: hard sphere. Dashed lines: BGK.

The values in Egs. (1.24) and (1.25) agree to four or five digits. This comparison is an
indirect measure of computational accuracy.

In Fig. 1.4 we show the profiles of macroscopic quantities 7 and w of the original two-
surface problem, i.e., Egs. (1.21b) and (1.21c), for ¢ = 0.01, 0.05, and 0.1. The profiles look
highly dependent on the molecular model. This is, however, mainly due to the fact that the
relation between the mean free path of a molecule and the thermal conductivity of the gas
depends on the molecular model. To account for this, we take the thermal conductivity of
the gas as the basic parameter instead of the mean free path, introduce e, = y5¢, and plot
T2/ and wys /v for the same values of e,. The resulting profiles become less dependent on
the molecular model (Fig. 1.5).

Finally in Fig. 1.6 we compare the profile of 7 with that obtained by RHTA (see foot-
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Figure 1.5: Profiles of 77, /a and w7,/ in the right half of the gap between the plates for
g, = 0.01, 0.05, and 0.1. Solid lines: hard sphere. Dashed lines: BGK.

0 0.1 0.2 0.3 0.4 0.5

Figure 1.6: Comparisons of the profiles of 7/a with that obtained by Radtke, Hadjicon-
stantinou, Takata, and Aoki (RHTA) for Kn = 0.05 and 0.1 (hard sphere). Solid lines:
Eq. (1.21b). Open circles: RHTA.

note 1) for Kn = 0.05 and 0.1 for hard-sphere molecules. The two profiles agree quite well;
the difference is not visible in the figure. This is probably due to the fact that our asymptotic

solution (1.21) is valid up to any order of .

1.6 Conclusion

We have investigated the behavior of a slightly rarefied monatomic gas between two parallel
plates whose temperature grows slowly and linearly in time. To be more precise, we studied
the gas behavior that is realized after a long time has passed from some initial state.

We first showed that this problem is equivalent to a boundary-value problem for the
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steady linearized Boltzmann equation with a volumetric heating source, recently studied
by Radtke, Hadjiconstantinou, Takata, and Aoki who focus on the parabolic temperature
profile and related second-order jump. Our formulation gives a natural interpretation to
the heating source and shows that the nonzero second derivative of temperature and related
second-order jump is induced by a mechanism which is not covered by the general theory
of slip flow for steady problems. As a result, naive application of the second-order jump
condition for steady problems to unsteady problems can produce incorrect results. Further
discussion of the differences between the two cases can be found in the article by RHTA.

We also carried out a systematic asymptotic analysis for small Knudsen numbers. Anal-
ysis of the Knudsen-layer correction shows that the second-order jump of temperature is
indeed determined by a new half-space problem which does not occur in the general theory
of slip flow for steady problems (Refs. [2,6,11,13]). This explains why the jump coefficient
observed by RHTA does not agree with any of the jump coefficients in the existing the-
ory. The newly found temperature-jump does not influence the instantaneous heat transfer
to the walls, at least up to the second order in the present one-dimensional problem, be-
cause its associated Knudsen-layer problem for 1/ does not have an inhomogeneous term
in Eq. (1.20a) and thus gives no additional contribution to the heat flow. (The heat flux
to the wall is always equal to the heating/cooling rate integrated over the domain size and
is correctly captured even without knowledge of the first-order slip coefficient.) The the-
oretical treatment presented here can be straightforwardly extended to gas mixtures with
qualitatively similar results.

Finally, we carried out numerical computations to determine the coefficient of the new
second-order temperature jump and the structure of the related Knudsen layer for the BGK
model and hard-sphere molecules. The jump coefficient was also calculated by the use of
a symmetry relation. The values obtained by the two different methods agree within our
estimates of the numerical accuracy of the computations. Moreover, the present asymptotic
solution for the behavior of the gas agrees well with the results that RHTA have obtained
by the low variance stochastic method (Refs. [23,24,25,26]).
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Chapter 2

Asymptotic theory for the time-dependent
behavior of a slightly rarefied gas over a
smooth solid boundary

2.1 Introduction

The connection between the Boltzmann and the fluid-dynamic systems has been studied
since the days of Hilbert, and a number of important results have been obtained in the limit
of small Knudsen numbers (e.g., Refs. [1,2,3,4,5,6,7,8,9,10]). Specifically, fluid-dynamic-type
sets of equations and their appropriate slip and jump boundary conditions for describing the
steady gas behavior in the regime of small Knudsen numbers (the so-called slip flow regime)
have been established [5,6,7] since the late 1960s and early 1970s. For complete descriptions
of the general theory of slip flow for steady problems, the reader is referred to Refs. [11] and
[12]. In the present paper, we extend this theory to unsteady problems in a nondeformable
domain within a linearized framework. To be more precise, we study the gas behavior on
the basis of the linearized Boltzmann equation and a kinetic boundary condition under the
diffusion scaling, thereby obtaining a (Stokes-type) set of fluid-dynamic equations and its
appropriate (slip and jump) boundary conditions up to the second order of the Knudsen
number. The present work is motivated by recent findings in Refs. [13] and [14] on the
second-order temperature jump.

In Ref. [13], a slightly rarefied gas, namely a gas for small Knudsen numbers, bounded
by two parallel walls subject to constant volumetric heating was studied numerically, using
a low variance stochastic method [15]. From the parabolic temperature profile associated
with the volumetric heating, Radtke et al. evaluated the second-order temperature-jump
coeflicient, which, in the case of the Bhatnagar-Gross-Krook (BGK) [or Boltzmann-Krook-
Welander (BKW)] model [16,17], did not agree with the one predicted (coefficient ds in
Sec. 3.1.5 of Ref. [12]) by the general theory of slip flow [5,11,12] for steady problems. Then,

Takata et al. [14] showed that this problem with volumetric heating corresponds to the
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time-evolution problem caused by a change of wall temperature, identified the source of
the observed temperature jump by a systematic asymptotic analysis, and concluded that
this jump is a new one that is not covered by the theory for steady problems. This result
suggests a possibility that there might be other new jump phenomena which do not appear
(or degenerate) in steady problems.

In the present paper, following Sone’s method [5,11,12] originally developed for steady
problems, we carry out a systematic asymptotic analysis of the linearized Boltzmann equa-
tion for small Knudsen numbers up to its second order to reach a comprehensive under-
standing of the general behavior of slightly rarefied gases caused by a slow change of the
surroundings. We also provide the numerical data of all the slip and jump coefficients oc-
curring in the theory for a hard-sphere gas, most of which have not been available in the

literature.

2.2 Problem and assumption

Consider a monatomic rarefied gas around solid bodies of arbitrary smooth shape. There
is no external force. We will investigate the time-dependent behavior of the gas under the
assumptions that (i) the behavior of the gas is described by the Boltzmann equation; (ii)
the gas molecules are reflected on the surface of bodies by a rule of gas-surface interaction
prescribed later in details; (iii) the state of the gas is close to the reference equilibrium state
at rest with density pg and temperature 7y, and accordingly the equation and initial and
boundary conditions can be linearized around that reference state; (iv) the mean free path
o (or time) at the reference state is much shorter than the characteristic length L (or time)
of the problem; (v) the domain under consideration does not deform in time; and (vi) the
time evolution is initiated by a slow change of the surroundings from the reference state.
With a reference time-scale ty, which will be specified later in accordance with assump-
tion (vi), we denote by ot the time, by Lz the spatial position, by (2RT},)'/?¢ the molecular
velocity, and by po(2RT,)~%2(1 + ¢)E the velocity distribution function of molecules, re-
spectively. Here R is the specific gas constant (i.e., R = k/m with k being the Boltzmann
constant and m being the mass of a molecule), E(|¢|) = 7~%/2 exp(—|¢|?), and ¢ is a function

of t, &, and ¢. Then, because of assumption (iii), ¢ satisfies the dimensionless linearized
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Boltzmann equation

2 1
ﬁﬂﬁ[ﬁb]? (2.1)

where 0, = 0/0t, 0; = 0/0x;, the two constants Sh and Kn are the Strouhal and Knudsen

Sh 0y + G0 =

numbers defined by

= —L Kn = é—o
 to(2RTy)Y/?’ L’

Sh
and L is the linearized collision operator, the explicit form of which is given in Sec. 2.9 for
the BGK model and a hard-sphere gas.

The gas molecules are reflected on the surface of bodies by a certain rule of gas-surface
interaction (usually assumed as a linear scattering operation on the velocity distribution
function) that is determined by the thermodynamic state and motion of the surface, once
the gas species and the surface material are specified. If we denote by K the linear scattering

operator that represents the reflection rule on the resting surface at the reference temperature

Ty, the boundary condition for ¢ on the surface is expressed as

O =gwt ]C[¢ - gw]7 Cn > 0, (22)

where (,, = (;n;, n is the normal unit vector to the boundary, pointed to the gas, and gy is

1/2

defined in terms of surface velocity (2RTp)"*u,, and temperature Ty(1 + 7) as

5
Gw = 2Gui + (|C° — §)Tw'

See Sec. 2.9 for the reduction of the boundary condition for the full (nonlinear) Boltzmann
equation to that for the linearized Boltzmann equation (2.2). Hereafter, we generically call
gw (or u;, and 7) the boundary data. Note that u;yn; = 0 because of assumption (v).
Further, u;, = 0 and 7, = 0 at ¢t = 0, because of assumption (vi). The scattering operator
KC is often expressed in terms of the reflection kernel R as

Klol = onim A VR d n ,

where d¢* = d(;d¢;d¢;, and the following fundamental properties are assumed:
1. R(¢*,¢) >0 for(:<0,¢ >0.

2. Impermeability: / R(¢",¢)d¢ =1 for (¢ < 0.

¢n>0
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3. Let ¢ be ¢ = ¢y + ¢;¢; + c4|€|?, where ¢y, ¢;, and ¢4 are independent of ¢. Among such
@, only ¢ = ¢q satisfies the relation ¢ = K[p] for ¢, > 0.

4. Detailed balance:
IGIR(CT, QO E(CT]) = 6l R(=C, —¢)E([¢]),  for (, > 0 and (; < 0.

5. Local isotropy: for any orthogonal transformation matrices l;; (thus, l;l;x = d;;, where

d;; is Kronecker’s delta) that meet the condition n; = l;;n;,
KL (L¢)1(€) = KLA(O]Uis6)-
By assumption (vi), the initial condition is written as

$(0,,¢) = 0. (2.3)

We denote the density, flow velocity, and temperature of the gas by po(1+w), (2RT,)"?u,

and Ty(1 + 7), which are expressed in terms of ¢ as

0= (6), us= (b, 7= 2((1CP ~ D)e), (2.4

where the solid brackets represent the following moment:

<ﬂ=/}maoﬂmw¢

and the range of integration is the whole space of {. Further, we denote the pressure, stress
tensor, and heat-flow vector by po(1+ P), po(di;+ P;), and po(2RT,)/2Q, respectively. They

are defined by
2 5
P = 5(\(!2@, Pij = 2(Ci¢;0), Qi = (G(I¢I” — 3)9), (2.5)

where py = poRTj} is the reference pressure. Note that P = w + 7 by definition, which is the
linearized equation of state.

In the present paper, we are interested in the behavior of the gas caused by a slow
motion and/or small temperature variation of the boundary that may change in time in the
scale of tg ~ poL?/uo [1o is the reference viscosity; see assumption (vi)] as well as by the
corresponding far field deviation from the reference state. This is the time scale that the

diffusive nature of the gas is relevant. In view of the relation of the viscosity to the mean

26



free path, Sh is of O(Kn) and we put £ = Sh = (y/7/2)Kn. Note that ¢ is small because of

assumption (iv). Thus, we rewrite Eq. (2.1) as

206+ GOp = ~L14] (2.6)

and carry out a systematic asymptotic analysis of the initial- and boundary-value problem,
i.e., Egs. (2.6), (2.2), and (2.3), for small . Because we here focus on slow variations (in
time) from the reference equilibrium state [see Eq. (2.3)], the present theory will be developed
exclusively under the above time scaling (2.6). Further comments on the time scale will be
given in Sec. 2.6.2 in the connection with discussions for the time evolution from the initial

state that is different from the reference state.

2.3 Hilbert solution

Putting aside the initial and boundary conditions, we seek a solution ¢y that changes mod-

erately both in @ and ¢ (the Hilbert solution) in a power series of &:
du = Puo + uie + Puoe” + - - .

Corresponding macroscopic quantity hy (h = P, u;, 7, w, Pij, ();) is also expanded as
hu = huo + huie + hipe® + -+ -

where hy,, (m =0, 1,...) is defined by Egs. (2.4) and (2.5) with ¢ being replaced by ¢p,.

Substitution of the expansion into Eq. (2.6) leads to

Llpno] = 0, (2.7a)
Llpm] = ¢:0i¢mo, (2.7b)
Llbws) = Do + GOidbur, (2.7¢)
Loum] = 0idum—2 + GiOidum-1, (m > 3). (2.7d)

This set of linear integral equations can be solved from the lowest order, provided that the

solvability condition

Ot (V1 Ptm—2) + 0i (G sPrm—1) =0, (J=0,...,4),
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or equivalently

Orwim—2 + Oitlipm—1 = 0, (2.8a)
1

O Uitrm—2 + EajPinmq =0, (2.8b)

5

éatTHm—Z — 0t Pim—2 + 0,Qifim—1 = 0, (2.8¢)

(m = 1,2,...) is fulfilled, where ¢i_; = 0 and v; is the collision invariant, i.e., ¥y = 1,
¥; = (;, and 14 = |€|*>. The main objective of this section is to derive a set of fluid-dynamic-
type equations that describes the overall behavior of the gas up to O(g?). To this end, we
perform calculations up to O(g*). The set of fluid-dynamic-type equations will be obtained

as the solvability conditions for the series of integral equations (2.7).

2.3.1 The leading (the zeroth) order
Equation (2.7a) is solved as
PHo = PeHo; (2.9)

where

5
Gettm = Pram + 2Cuimm + ([€)° — §)THm7 (m >0).

Accordingly, the stress tensor and heat-flow vector at this order are given as
Pijwo = Prodij, Qimo = 0. (2.10)
2.3.2 The first order

Since Eq. (2.7b) is an inhomogeneous linear integral equation for ¢y, the inhomogeneous
term should satisfy the solvability condition (2.8) for m = 1, which can be reduced by the
use of Eq. (2.10) to

Oiwino = 0, 0;Po = 0. (2.11)

Under this condition, Eq. (2.7b) can be transformed into
- , 5
Lpm] = GijOiuzmo + G(IC]" — §)ai7'HOa

where (i; = ;¢ — (1/3)[¢|?0i; and fi; = fij + fji — (2/3) fixdi; (therefore fi; = 0), and thus
can be solved as

OH1 = Qe — %CijB(KDaiujHO - Q;A(’CD@‘THO, (2-12)
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where A and B are functions defined in Sec. 2.10. The corresponding stress tensor and
heat-flow vector can be obtained by substitution as

>

Pyjm = P16y — 70iujno, Qimi = —17281'TH0, (2.13)

where 7, and 7, are constants (see Sec. 2.10).

2.3.3 The second order

With the aid of Egs. (2.11) and (2.13), the solvability condition (2.8) for m = 2 is reduced

to
dywno + i = 0, (2.14a)
Oyuimo + %@Pm — %%Aung =0, (2.14b)
Do — ;atPHO - %72A7'H0 =0, (2.14¢)

where A is the Laplacian, i.e., A = 9?. Tt is seen from Egs. (2.14b) and (2.11) that Py is a
harmonic function.

In order to solve Eq. (2.7c), we first transform its right-hand side by using the solvability
conditions (2.11) and (2.14):

Clona] = ( 32006 = 5) = IGPACD ) Ao + 6B + G = 3o

— S (GGGBCH = G+ G + b)) OB — 3G AT
This equation can be solved to yield
1 .
o2 =0errz — 56 B(IC1)ijin — GA(IC])0irmn
+ %((Cifsjk + i + Crdiz) Da(IC]) + CiCjCkD2(|C|)>aiajUkHo
— 5GP (¢ AT — Fa(l¢l) Ao, (215)

where the functions Dy, Dy, F', Fy, and the constant 3 that appears soon later are defined
in Sec. 2.10. By the substitution of Eq. (2.15), the corresponding stress tensor and heat-flow

vector are expressed as

1
Pijmz = Pu20ij — 1Oiujm + 573&3]'7'1{0, (2.16a)
5) 1
Quz = —7720imm + 57 Ao, (2.16b)
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2.3.4 The third and fourth orders

By using Egs. (2.11), (2.14), and (2.16), the solvability condition (2.8) for m = 3 is reduced

to
Orwnt + Ojuinz = 0, (2.17a)
1 1
Opuim + Eaipﬁg - 5’)/1AU2‘H1 =0, (2.17b)
2 1
Oy i1 — 5atPH1 — 572A7'H1 =0, (2.17(3)
where
1
Py = Pz — 6 (7271 — 473) ATno. (2.17d)

In the same way as before, ¢y3 can be solved under the solvability conditions derived
so far. However, we do not need its specific form when examining the solvability condition
for ¢ps. Indeed, as is seen from Eq. (2.8), the information of P;ju3 and Q;ns is enough to
discuss the solvability of Eq. (2.7d) for m = 4. This information can be obtained by using
the self-adjointness of £ and the definitions of A and B in Sec. 2.10. That is, we make a

transformation

Piins — Pusdi; = (2G0m3) = (—L[GjBlons) = —(L{Pus|¢i; B),
Quns = (GG = 2)ms) = (~£1G:AYous) = —(LloslGA),

and use Egs. (2.7d) for m = 3, (2.12), and (2.15). Then, we eventually obtain

- 1 .
Pijus = Pusdij — m0iujnz + %azaﬂm - %@@Pm + 5(%%0 — 296) Ao,
5 13
QiHS = - 17281'7‘1{2 + %Auim — gvuaAfHo,

where 74, Y10, and 17 are constants defined in Sec. 2.10.
By the substitution of the expressions of Pjjus and Q;us, solvability condition (2.8) for

m = 4 is written as

Orwnz + Ojuims = 0, (2.18a)
1 1 1
Opuinz + §8iP§3 - 571AU1‘H2 + 1(71710 — 27) A?uipo = 0, (2.18Db)
2 1 1 13
Oy Tia — g&tpm — 572A7'H2 + E(%% — ?711)A27'H0 =0, (2.18c¢)
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where

. 1 1
PH3 = PHS — 6 (’}/2’)/1 — 4’}/3) ATHl —+ g’ylatPHl. (218d)

This completes the derivation of the set of fluid-dynamic-type equations that describes the

overall behavior of the gas up to O(g?).

2.4 Knudsen-layer analysis

In Sec. 2.3, a set of fluid-dynamic-type equations that describes the overall behavior of the
gas up to O(g?) has been derived. However, we did not take into account the initial and
boundary conditions there.

At the initial instance, the gas is in the reference equilibrium state and u;, = 0 and
Tw = 0. Thus, the Hilbert solution satisfies the initial and boundary conditions. However,
as the time goes on, it becomes non-Maxwellian (except for the leading order) and no longer
satisfies the boundary condition. We have to introduce the so-called Knudsen-layer correction
in the thin layer with the thickness of a few mean free paths in the vicinity of the boundary
(the Knudsen-layer). In the following discussions, for the sake of generality, we expand the
boundary data g, (and thus u;, and 7) in a power series of &1 ¢y = gwo + gwie + -,
Uiy = Uiwo + Uiw1€ + 5 Tw = Two + Twi€ + -+, a0d Gym = 2GUiwm + (|7 — 2)Twm
(m=0,1,2,...).

Since the Hilbert solution is a Maxwellian at the leading order, it can satisfy the boundary

condition (2.2) at the leading order if we put

U;HO = Uiw0, THO = Tw0, (2'19)

on the boundary [see Egs. (2.9) and (2.2)]. Thus the Knudsen-layer correction is required
from the first order. Let us express ¢ as ¢ = ¢y + ¢k, where ¢k is appreciable only in the
thin layer adjacent to the boundary [thus, n;0;,¢x = (1/£)O(¢k)] and is O(g). Corresponding
correction to macroscopic quantities will be denoted by hg, i.e., h = hg + hk. Then, ¢k is

the solution of the following problem:

O + GOiow = ~Llok)
¢K:_¢H+gw+K[¢K+¢H_gw]a Cn>0a7]:0a

ok — 0 asn— oo,
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We introduce a new coordinate system (7, x1, x2), which is stretched in the direction

normal to the boundary:
Ti = Tiw (X1, X2) + enni(X1, X2),

where x;,, is a position on the boundary. As shown in Sec. 2.12,
1
ai = gnzan + (aiX1)wax1 + (aiXQ)waxz + 577(5n3¢X1)wax1 + 577(anaix2)wax2 + s

where (-)y, denotes the value at n = 0 and 0, = n;0;. Since ¢x = O(e), we expand it
in the power series of 1 ¢x = dxie + Prac? + ---. Correspondingly, hi is expanded as
hx = hxie + hxee? + -+ -, where hg,, (m =1, 2,...) is given by Egs. (2.4) and (2.5) with ¢
being replaced by ¢k,,. Substitution of the expansion of ¢k leads to the following series of

boundary-value problems: for m =1,2,...,

Cnan¢Km = E[(me] - [Km7 (220&)
Pxm — 0 asn — oo, (2.20c)

where K[f] = f — K[f] (K1, K, etc. that appear later are defined in the same way),

Ix1 =0, Ixe = (;Di[oxi],

Ixs = (Di[pka] + Oidx1 + UCi((anaiX1)wax1 + (anain)w3x2)¢K1> etc.,

and D; = (0ix1)wOx, + (0ix2)wOy, (see Sec. 2.12). Note that the time dependence of ¢,
occurs only implicitly and the initial condition for ¢k has been discarded, because it is
automatically satisfied. In fact, the results of the following analysis are compatible with the
initial condition, as will be seen below.

We perform the analysis up to O(¢?). In the rest of Sec. 2.4 and in Secs. 2.13-2.15, the
quantities with subscript H [for instance, 9;maon;, O;upmons(8ij — nin;), 9;mo(8;; — nymj) in
Eq. (2.22)] represent their value on the boundary, unless otherwise stated. Hereafter, the

comments on this notation will not be repeated.
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2.4.1 The first order
By the substitution of Eq. (2.12), the boundary condition (2.20b) (m = 1) is reduced to
b1 = — 2KK[(855 — nin) ) (wirm — i) — K¢ (T — Twn) + Klox]
— 2K [Calusnni + K[Cu A0y mon; + K[(85 — niny )G Ald;mio
+ K166 B, G > 0.7 =0,

where we have used that K[1] = 1. The right-hand side can be reduced by the following

three steps:

1. Because the body surface is not permeable, (u;n1+u;k1)n; = 0 at n = 0, but u;xin; =0
is deduced by the integration of Eq. (2.20a) with the condition (2.20c) for m = 1 (the

mass conservation). Thus, u;yin; = 0 at n = 0, and the fourth term vanishes.

2. By the axial symmetry of IC and £ in Sec. 2.11, the last term can be split as

1~ _— —~ _— 1~ _—
§K[QC]‘B]3¢%‘H0 :(5i - nmk)Ck/Cl[CnB]aiujHonj =+ EK[CzB]aiujHOninj

+% ((@k —ning) (05 — njnl)CkClI/C\;[B] + (045 — ninj)k;[B]>ainHo-

3. Because it is a solid body surface, the boundary moves under the constraint of rigid

motion. Therefore, from Eq. (2.19) and the first equation of (2.11), we have
8iujH0(5ik — nlnk)(éj — njnl) == O, ainHonZ‘le == 0,

on the boundary (n = 0), and thus only the first term in the above split survives,

namely

%,E[giCjB]aiu—jHO = (8, — nang) GeKor (G Bldsugmon;.
Therefore, the boundary condition (2.20b) (m = 1) is finally reduced to
dx1 = K[oki1] — 2@/%:[1] (wian — 1) (835 — i) — K¢ (T — Tt
+ K[CaA] Bimaons + GKL[A] 957w0 (855 — mamy)
+ G (G B Bjuron (85 — mimy), - G > 0,1 =0, (2.21)
and thus ¢k, is expressed in terms of three fundamental solutions as
dr1 =01 (1, Gu IS]) Oimons + G (1, G, 1€1) Dytzion(8,5 — miny)

+ G0 (1, Gos [€]) Oa0 (835 — many). (2.22)
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Here ¢§0), ¢§1), and ¢§1) are, respectively, the solutions of the following boundary-value

problems:
G0y = L[31],

o = K[et”] = K[|¢IM & + K[G Al G > 0.7 =0,

¢§°)%0 as 1 — 00.

G0yt = Lafe")],
oV = K [0f"] — 2K (105 + Ka[GuB), G >0, =0,

¢§1)—>0 as 1 — 00.

gnan gl) = £1[¢gl)]7
0% = Ki[9y)] = 2K [1)py” + K [4], o> 0,n =0,

¢§1)—>0 as 1 — 00.

(2.23a)
(2.23b)

(2.23¢)

(2.24a)
(2.24D)

(2.24c)

(2.25a)
(2.25b)

(2.25¢)

It is known [18,19,20,11] that for each of the problems (2.23)-(2.25) there is a unique solution,

and the constants cgo), bgl), and bgl) are determined together with the solutions ¢§0), ¢§1),

and qbél) , respectively.

By the comparison of Eq. (2.21) with Egs. (2.23b), (2.24b), and (2.25b), the boundary

condition for the flow velocity and temperature at O(e) are obtained as

wimn; =0, (Um1 — Wiw1)t = bgl)aiTHOti + bgl)ainHonitp

_ (0
TH1 — Twl = 81‘7_H0nia

while the Knudsen-layer correction at O(e) are obtained from Eq. (2.22) as

WK1 = ng) (77) O0;TaoNi, Tk1 = @§0) (?7) Oi THON: 5

win; = 0, uwgkit; = Yl(l)(n) Oiujmonit; + Yz(l)(??) O;Troti,

where t is an arbitrary tangential unit vector to the boundary and

(2.26)

(2.27)

(2.28)

(2.29)

) = (67), 00 = 2(1¢P ~ D)oy, ¥ () = SUICP ~ o).
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As to the Knudsen-layer corrections to the stress tensor and heat-flow vector, see Sec. 2.13.
There are many reductions for these quantities, because the following relations (the conser-

vation laws) hold:

(o) =0, (o) =0, (GlIeP — )8} =0, (2.30a)
(GaIS* = 1) = 0. (GulIG = €)= 0. (2.30D)

The fundamental solutions ¢§°), ¢§”, and ¢§1) are respectively called the solution of the
temperature-jump, shear-slip (or viscous-slip), and thermal-slip (or thermal creep) problems
in the literature. The above analysis shows that up to O(e) the Knudsen-layer correction
and the slip and jump conditions are the same as those in the steady case, as discussed in
Refs. [11] and [12]. However, this is not the case for higher orders, which will be clarified in
Sec. 2.4.2.

2.4.2 The second order

We now consider the second order. The analysis requires long manipulations, and we show
below only its outline. Key formulas used in the manipulations are summarized in Sec. 2.14.

We first substitute Eq. (2.22) into the definition of Ik, and rewrite it as

Ixs = ;D [<Z5K1] =GD; [Qﬁo) ajTHOnj] + G D; [(5jk - nj”k)@'(bgl) Ok THO

+ GD; [(5jk — njnk)éjaﬁﬁ” 8kulH0nl} .
With the aid of the formulas in Sec. 2.12, the above is eventually reduced to

1 1 -
e :§<|C‘2 - C2)¢él)3iajTHo((5i' - ninj) - Z(|C‘2 - Cﬁ)¢gl)aiajukHonmjnk
+ (I¢)? - Cﬁ)(0<n¢>§°) - Cbgl))zaﬂHom + Q’Cbgo)ajakTHo”k(@' — nin;)

1 _
+ =GOk, <(|C|2 - Cﬁ)@ﬁgl)) Kij O UkHO MR

2
1
+ Ci<§a§n ((’C|2 — () 21)) + ¢§0)> Kij0;THo
1 -
+ §Ci(|C’2 — ()0, &\ FO urmons (855 — many)
1
* §<i(|C|2 — (20, 5" 770 (655 — nam)

+ (QCJ’ - %(!CF — Cﬁ)%) ((% O — 68 KijOkTron

+ [¢§1)3k3ﬁHo + ¢§1)akalupHOnp]<5ik —nng) (65 — nj”l))
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(GGG — 3G+ G+ G (67— )

X K50, &S Oyrro + o, otV Oruprony) (O — niny), (2.31)

where ;; and R are the curvature matrix and mean curvature of the boundary (see Sec. 2.12).

We next substitute Eq. (2.15) into Eq. (2.20b) for m = 2 to reduce the boundary condition
at n = 0. To this end, we use the axial symmetry of K and L (see Sec. 2.11) and the formulas
in Sec. 2.14. After a long manipulation, the boundary condition at n = 0 (¢, > 0) is reduced

to

b1 = = 2GR [1] (wjm2 — wju2) (835 — am;) = K[IC*) (a2 = Twa) + Kl
— 2K (G o + K16 AN — SRICI ~ 32 B
1

— JKIICP = 3¢ B + 26,D1 = 2u(ICI* — 262) D10 Bynomin

+ KIS =3¢ (65 B + F)|0idmo(6;; — miny)
~BORI1CP — 3¢ BIROmaons — KL (ICI? — 3C2)F — Fi Ay
+ GG BlOjurming (6;; — niny) + GIC1[A]0jT (65 — miny)
— KDy + 2 D)0, 0kt (8 — nimg)nymy
+ 26K [, F ]3'3kTHonk(5vzj — niny;)
~ G Ds + 5T ~ 3 Dl Do
— Gk [2D1 + 5 (\C’|2 () Do) RO umon (655 — ninj)
4 (66— 081 = €)65) (3 — mamg) (55— mym)
(/@ ) B + F0wymio — —/CQ (G Da]0, Frumone
+ GV B — ¢.D1)0,0, ulHonq>
b (CiCj - §(|C|2 - CZ)%’)’E;[B]%@NHo”k
— (666 = (G0 + G+ G (S — )
% K[ D]k Otproni Sy — niemy). (2.32)

It should be noted that, with the aid of Eq. (2.31), u;men; on the boundary (n = 0) is
obtained by the integration of (Eq. (2.20a)) from n = 0 to co under the condition (2.20c)
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for m = 2 (the mass conservation) as

U;H2TY; :/ }/2(1) (Z)dZ (QEGiTH()?’Li — @-@-THO((SZ-]- — nmj))
0

1 [ -
0

By substituting the above into Eq. (2.32) and rearranging the terms, it is seen, together with

the form of Eq. (2.31), that we can express the second-order Knudsen-layer correction as

P2 = ¢§O)3¢Tmm + ¢gO)aiajTH0<5z’j —nyn;) + ¢§0)3¢mninjnk
+ Q(;O)Eaﬂ' HO: + ¢é0) 0w + ¢((50)AT HO
+ G0 — ning) (65 gurnny, + 65”0y + 0500 moma
+ Q(;l)azmnknl + ¢é1)ﬁmnk + ¢§;1)E8JT HO)
+ Cz‘fﬁij (¢él)mnk + ¢$1)aj7'H0)
+ (GG — %(\ClQ — (2)0:7) 6 k1O o
+ (66— %(Kl2 =)o) (850 — ) (d — )
x (650 0mio + 05 RDyttpmony, + 688, 0urmony)
(GGG — 3G+ G+ GBS — )
X Kij (O — nkm)( (13)317'H0 + gzﬁ(23)(()lu—pH0np), (2.33)
where gbg-i) (1=0,1,2,3; 5 =1,2,...) on the right-hand side are fundamental solutions that

depend only on 7, ¢,, and || (see Sec. 2.15). In view of their boundary-value problems in

Sec. 2.15, the second-order slip and jump conditions are obtained as

TH2 = Tw2 + cgo)aﬂHlni + Cgo)aiajTHo(éij — nmj) + céo)aﬁjukHonmjnk

+ ciO)EGiTHoni + CéO)aiuiHl + CéO)ATHo, (2.34)

UiH2MY — / Y'Q(l) (Z)dZ (2%0,TH0nZ — @@THO(@J- — nznj))
0

1 [ -
+ 5/ )/1(1) (z)dz aif)jukHonmjnk, (235)
0

Uitat; = Wiwal; + bgl)ainHmitj + bgl)(()ﬂmti + bgl)aiajTHonitj
+ 05" 0.0 umonin ity + S Fhumonit,

+ bél)/iijajukHonkti + b;l)liijaiTHgtj -+ bgl)ﬁﬁm{oti, (236)
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while the Knudsen-layer corrections are obtained as
— 09 o - QD) 0.0 T (8 — nons) - QD (1) 9.9 .
WK2 1 () Omang + Q7 (n) 0:050(635 — many) + Q37 (n) 0:05uknoninni

+ Q0 () BOymaon: + Q) () Ouarn + QF () Ao,

TK2 = @( ( ) GZ-THlni + @go) (77) 8i8jTH0(5ij — nmj) + @go) (77) @ajukHonmjnk

+ 0L (1) ®imoni + O (1) rwam + O (1) Aty
UikaN; = / Y2(1 )dz 2&8 i Tron; — 0;0;Tio (05 — nzn]))
n

o0
/ Y1 2)dz 0;05upnonin iy,
n

l\DI»—

uithi = Yl(l)(n) &ujHlnitj -+ Y( ( )8 ’7'H1t -+ Y ( )8 8 iTHOT; t
+ Y ( ) 8 8 iULHOM; n]tk + Y( )( )EainHonitj

+ Y3 (n) ki Owmonts + Y3 (n) wigOimuaot; + Y3 (n) Foimuaots.

(2.37)

(2.38)

(2.39)

(2.40)

Here some reductions have been made in deriving the expressions for w;xen; by using the

mass conservation law [see Eq. (2.30) and Sec. 2.15]. This completes the analysis of the

Knudsen-layer correction and the slip and jump conditions for the set of fluid-dynamic-type

equations, up to O(g?).

2.5 Summary of the asymptotic analysis

In summary, in Secs. 2.3 and 2.4, we have derived a set of fluid-dynamic-type equations

and its appropriate boundary conditions that describe the overall behavior of the gas up to

O(e?). We repeat the main results below because of their importance.

Leading order

GiPHO = 07

Oiuino = 0,
1 1
Oruino + §aiPH1 — 571AU1‘H0 =0,

2 1
Oy Tro — gatPHO — §V2A7'Ho = 0.
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(2.42a)

(2.42b)

(2.42¢)



First order

where

b.c. U0 = Uiwo,

THO = TwO-

Owwno + Oiuim = 0,
1.1
O + EaiPHz — 571AUiH1 =0,

2 1
Oy — gatPHl - 572A7'H1 =0,

1
P§2 = Pya — 6 (7271 - 473) ATyo.

b.c. uiHlni:O,
T N COF W A O Wy ey
qultz _uzwltz+b2 azTHOtz+b1 azu]Honztja

_ (0)
TH1 = Tw1 + ¢ OiTHON;-

Second order

where

Owwm + Otz = 0,

1. . 1 1
Ouimn + §8iPH3 - 571AU1H2 + 1(71710 - 276)A2U1H0 =0,

2 1 1 13
Oy — gﬁtpm - 572A7_H2 + E(%% - 7711)A27'H0 =0,

. 1 1
Pz = Pus — g (271 — 43) A + 371<9tPH1-

b.c. U2 = / }/é(l)<2)d2(2EalTHonl — ATH[) -+ &@THonmj)
0

1 [ -

+ 5/ }G(l)(Z)dZ 0¢8jukH0nmjnk,
0

UHol; = Uswali + bgl)aiujHlnitj + bgl)aiTHltz‘ + bgl)aiajTHonitj

+ b5 0,0waonin;ty, + by FOumon it
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(2.43a)

(2.43b)

(2.44a)

(2.44b)

(2.44c)

(2.44d)

(2.45a)
(2.45b)

(2.45¢)

(2.46a)

(2.46Db)

(2.46¢)

(2.46d)

(2.47a)



Table 2.1: Correspondence of the notation to Refs. [11] and [12].

present notation in present notation in
notation Refs. [11] and [12] notation Refs. [11] and [12]
@7, 9,6")  (di,,0,) ®57,v3)  di(Ky, 1Yh) — (ag, Yae)
<c§§;,9%§;,@§§;> —~(d3, 23, 03) <b§3,n§3> ~(a1,Ya)
(CSO 7Q3O 7@30 ) (d47947 64) (b51 7)/51 ) (CL )
<c§1>,ﬂil>,@§j> (d5, 25, ©5) <bé1>,Yé1’> ~(a3,Yia)
0 ) (<o, Yo, Ha) (b, Y7") iK1, 3Y1) = (a6, Yao)
(05, V3", HY) (—=Ky, —3vi, Hp) (0, Y8"Y)  —(as, Vas)
by k. 0; 4 b k0ot + b RO Ot 2.47h
+ 6 Hij jukHOnktl+ 7 Rij ZTHOt] + ] R ZTHOt’L) ( : )

_ (0) (0) O a7,
TH2 = Tw2 + C1 @-Tmni — Gy aiGjTHonmj + Cs aiBjUkHonmjnk

+ cflo)Eé?iTHoni + (cq 0 4 c ) AT + c5 ) Uit - (2.47¢)

It should be noted that the above system is closed because it is supplemented by the equation

of state:

PHm:WHm+THm (m:O,l,Q,) (248)

In Sec. 2.3, we also obtained the expressions of the stress tensor Pjju,, and heat-flow
vector Q;u, for m < 3 and the velocity distribution function ¢y, for m < 2 of the Hilbert
solution. Moreover, in Sec. 2.4, we obtained the expressions of the Knudsen-layer corrections
not only to the density wk,,, flow velocity u;k.., and temperature 7k, but also to the stress
tensor Pk, heat-flow vector Qk,, (see Sec. 2.13), and velocity distribution function ¢k,
for m < 2. Their specific forms are not repeated here.

In Table 2.1, we show the correspondence of our notation to that in Refs. [11] and [12],
from which the data of slip and jump coefficients and the table of Knudsen-layer functions
for the BGK model (also a partial data for a hard-sphere gas) are available. Note that the
functions corresponding to H](l) (j=3,4,...,8) and S](-Q) (j =1,2,3,4) listed in Sec. 2.13, as
well as the data of céo), Qéo), and @g)), are not found in Refs. [11] and [12] (see Sec. 2.6.1). In
the case of the diffuse reflection condition, (céo)7 Qéo), @éo)) is equivalent to (4/3)(ds, 2, Og)
in Refs. [11] and [12] for the complete condensation condition.

The constants 7; ~ 711 are all unity in the case of the BGK model, while their values for
a hard—sphere gas are shown in Sec. 2.10. The values of b(l) ~ bél), c§“ ~ CG ; fo

an z for a hard-sphere gas will be provided in Table 2.3 in Sec. 2.
dfo (2)dz fi hard-sphere g ill b ided in Tabl S 7.
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2.6 Discussions

2.6.1 New features

In the fluid-dynamic-type equations, the effect of compressibility manifests itself in the con-
tinuity [Egs. (2.44a) and (2.46a)] and energy [Egs. (2.42¢), (2.44c), and (2.46¢)] equations
as in the case of the steady weakly nonlinear theory. This resemblance has already been
discussed by Sone [12]. In the momentum equation (2.44b) at the first order, the structure
of the equation is unchanged from that of the leading order, thanks to using the modified
pressure. However, in the momentum and energy equations, (2.46b) and (2.46¢), at the
second order, new terms appear as the effect of unsteadiness, namely the double Laplacian
terms of flow velocity and temperature.

In the Knudsen-layer corrections and the slip and jump conditions, the difference from
the steady case appears at the second order as the terms of Oyury; and A7yp in the density,
temperature (wka, Tk2, and 7u2), and diagonal components of the stress tensor Pjjkotit;
(Sec. 2.13). As to the flow velocity, there is no change from the steady case, provided that
0;0;mion;n; in the steady theory is reinterpreted as 0;0;monin; — A7yo . The form of the
heat-flow vector also remains unchanged by the same reinterpretation. It should be noted
that when the physical system reaches the steady state, both Oyury; and A7yo vanish, and
we recover the results of the existing theory for the steady case [11,12].

The appearance of Jyugy; term is a new feature of time-dependent case. However, under
the diffuse reflection boundary condition, the corresponding Knudsen-layer problem for qbéo)
is equivalent to the steady weak evaporation/condensation problem in a half space under the
complete condensation boundary condition. In this sense, the jump coefficient and Knudsen-
layer correction related to éo) are classical. On the other hand, the appearance of Aty term
has an impact that the related Knudsen-layer problem for gbéo) has not occurred in the theory
for steady flows. It is this problem that causes the second-order temperature jump associated

with the parabolic temperature profile in Refs. [13] and [14].

2.6.2 Comments on the initial data

We have discussed a time evolution from the reference equilibrium state by a slow change

of the boundary data. This condition can be relaxed to a time evolution from a solution of
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the steady linearized Boltzmann equation for non-zero boundary data.

On the other hand, if we consider a time evolution from the reference state by a sudden
change of the boundary data (followed by a slow change), the situation becomes a little more
complicated. In the case, the system experiences more rapid change than the present time
scale, and we have to consider first the initial-layer problem and then the acoustic scale of
change. The time evolution in the scale of the present paper comes after these two initial
stages. To be more specific, for 0 < t < &2, the gas remains the initial reference equilibrium
state except for the thin layer adjacent to the boundary. In this layer, the state of the gas
evolves to form the Knudsen layer and pulsive disturbance. The dynamics in this first stage
is purely kinetic. Then, in the next stage, i.e., €2 <t < g, the clear separation into the
Knudsen layer, fluid-dynamic boundary layer with the thickness of /e, and propagating
pulse occurs. The dynamics of this second stage is acoustic as a whole, and the pulse travels
through the domain without perturbing the initial uniform state after its passage. In this
way, the initial state for the evolution after ¢t ~ ¢ is prepared. Then, for ¢t = ¢, the system
obeys the set of equations summarized in Sec. 2.5. This last stage may be considered as
the process that the fluid-dynamic boundary layer which has emerged in the second stage

(e2 <t < ¢e) extends over the entire domain.

2.6.3 How is the gas behavior determined?

In this small section, we discuss the solution process of the system summarized in Sec. 2.5.
The case of open domain and that of closed domain will be treated separately. For simplicity,
we do not consider the fluid—body coupled problem. Hence the boundary data are given and

are not expanded in the power series of ¢.

2.6.3.1 Open domain

In this case, the pressure in a far field is given. Let us denote P(¢,x) in the far field by
Py(t) + Py (t, ). Because of Eq. (2.41), Puo(t,x) = Py(t). Thus, the term 0; Py is known,
and the energy equation (2.42c) is solved for 7350 under the non-jump condition (2.43b) with
the given initial data. Next, u;po and Py are determined from the continuity and momentum
equations (2.42a) and (2.42b) under the non-slip condition (2.43a) with the given initial data

[note that Py; is a harmonic function, which is seen from the divergence of Eq. (2.42b) by
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taking account of Eq. (2.42a)]. In this way, the gas behavior at the leading order has been
determined, together with the pressure at the first order.

The first order is treated in the same way. Because the pressure field Py has already
been determined, the term 0, Py; in Eq. (2.44c¢) is known. Thus, the energy equation (2.44c)
is solved for 7y; under the jump condition (2.45¢) with the given initial data. Since wyg =
Pio — o, the term dywyp in Eq. (2.44a) is now known. Thus w;y; and Pjj, are determined
from the continuity and momentum equations (2.44a) and (2.44b) with the slip and jump
conditions (2.45a) and (2.45b) with the given initial data. The difference from the leading
order case is the effect of compressibility, namely O,wyo, in Eq. (2.44a) and the modified
pressure Pjj, in place of Py in Eq. (2.44b) (note that P, is a solution of the Poisson
equation, not the Laplace equation, in contrast to Pyp). Since the difference between Pys
and Py, is given [see Eq. (2.44d)], the first order quantities and the second order pressure
Pps have been determined.

Finally we proceed to the second order. Since both 79 and Py are known, the energy
equation (2.46¢) is solved for 7o under the jump condition (2.47c¢) with the given initial
data. Since wi = Py — 7m is known, u;e and Fjj5 are determined from the continuity
and momentum equations (2.46a) and (2.46b) with the slip and jump conditions (2.47a) and
(2.47b) with the given initial data. Then, Pys is determined from Eq. (2.46d). In this way,
the second order quantities and the third order pressure Py3 are determined. This completes

the solution procedure up to O(e?).

2.6.3.2 Closed domain

In this case, the total mass of the gas is given. We take the mean density as the reference
po, hence [ pwdx = 0, where D is a domain of the gas. By taking account of the volume

fraction of the Knudsen-layer, we can rewrite this as

/ whodx + 8/ wmde + &2 / (wh2 + wky)dx + -+ = 0. (2.49)
D D D

Thus, [, Puodx = [, mnode. Because of Eq. (2.41), Pyo is independent of = and thus
Puo(t) = [ p THodx /Vp, where Vp is the volume of the domain D. Then, the energy equation

(2.42¢) is rewritten as

21 d
(9t7'H0——

1
—— dx — =7 Ao = 0
5V, dt DTHo T 272 THO )
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which is solved under the non-jump condition (2.43b) and the given initial data. Once
Tho is determined, Py is determined by Pyo(t) = | p Todx/Vp. Next the continuity and
momentum equations (2.42a) and (2.42b) are solved to determine u;zp and Py under the
non-slip condition (2.43a) with the given initial data. Here it should be noted that if we
split Py into two parts: Py = PITH + f p Pmdx /Vp, only PITH is determined and the other
part f p Pmdz /Vp is left unknown. In this sense, in contrast to the open domain case, only
the leading order quantities are determined at this stage.

At the first order, because of Eq. (2.49), f p Paidx = f p TH1dT, and the energy equation
(2.44c¢) is reduced to

21 d 1 2
Oyt — gV_DE/DTHldw - 572A7H1 = gatpgu-

Since the right-hand side is known, this equation is solved for 737 under the jump condition
(2.45¢) with the given initial data. Then Py is also determined by the relation Pg =
Pl + [, Tdx /Vp. Next, the continuity and momentum equations (2.44a) and (2.44b) are
solved for u;y and Pjj, under the slip and jump conditions (2.45a) and (2.45b) with the
given initial data. Here again, if we split Pys into two parts: Pys = PITIQ + f p Padz /Vp and
introduce P, = Ph, — (1/6)(7271 — 473)ATho, only Pil (and thus Pj,) is determined. In
this way, the first order quantities are determined at this stage, with the part f p Piedx/Vp
left unknown.

Finally let us proceed to the second order. Because of Eq. (2.49), [ p Pidx = S (T2 —

wk1)dx and the energy equation (2.46¢) is reduced to

21 d 1
0, - dr — =y, A
tTH2 5V, dt DTHz €T 272 TH2

2 1 1 13
:—a(PT——/ dz) = — (37— 2 m) Ao
50\ e T Dle T 10(’72’73 5 Y11) Ao

Since the right-hand side is known, this equation is solved for 75 under the jump condition
(2.47¢c) with the given initial data. Once 7y2 is obtained, Py is determined by the relation
Py = PITIQ + [ (Tn2 — wk1)dx/Vp. Then, uy, and Py are determined by solving the
continuity and momentum equations (2.46a) and (2.46b) under the slip and jump conditions
(2.47a) and (2.47b) with the given initial data (here again, Pji; is determined only partially

at this stage). This ends the solution process up to O(e?).
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2.7 Data of slip and jump coefficients: Application of
a symmetric relation

As discussed in Ref. [21], by the use of the symmetry of the linearized kinetic equation,
we can find cross relations among the slip and jump coefficients. Some relations among the
first-order slip and jump problems, such as Eq. (2.50) that appears later, have been discussed
by several authors (see, for instance, Refs. [23,24,21]). We refer to the pioneering works by
Waldmann, Kuscer, and their collaborators in this direction of research, which mainly discuss
the entropy production and related Onsager reciprocity relation for rarefied gas flows and
are compiled in Ref. [23]. Here, we use a general direct approach (the symmetric relation)
that has been developed recently in Ref. [21], in order to obtain all the data of the slip and
jump coefficients up to the second order.

The concerned half-space problems are generically written as

CnOn¢” = L(¢%) + 1%,
6" = K[=2¢;(6i — nin)b — [C°e* + ¢° + K[6], (o >0, n =0,

o* — 0 asn— oo,

where the superscript a (and  below) is attached to distinguish the problems. Applying
the symmetric relation in Ref. [21] to the pairs of solutions for this type of problems, we
obtain

(6268 = man B = 1GPEY 6 = 4D+ (Gug® (6° = 50 — [ (167

0

= (G265 = g = [P = g+ (g™ (67 = 5070 — [ U o),

where subscript w denotes the value at n = 0 and f~(-,-,{) = f(-,,—¢). Applying this

relation to problem pairs listed in Table 2.2, we obtain the following identities:

1 /1 e
@”:—@%—/‘Hw@y (2.50)
g 0
©__8 = 0
- %q 2.51
C5 1572(73+/0 1dn), (2.51)
8 15 0
0 = ([G(AF)+—I4(AFd)> - / oV, (2.52)
157, 4 0
== 2 [y, (2.53)
T 0
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Table 2 2 Symmetric relations and derived identities. Here gb

o) — bV ] o = L0 4 o0 gl — g _ gl gD cb(” = ¢V

¢é - ¢7 + ¢3 , and ¢ = Git;.

symmetric derived symmetric
relation identity relation
T T T T
6o vs Goy)  (2.50) Gl vs Ct¢§, )

o vs ¢ (2.51)

Y ovs g (2.52) ) vs by
Got vs ol (2.53) ¢§ ) vs ¢l
Gt vs oy (2.54) Q¢1)VSQ¢W
Ctﬁbgl) VS Ct él) ( ) Ct¢1 Y \E Ct%/

0 vs ¢§9) and GtV vs oV

1 ) 1
b?=z;(£<KWMP—¢ﬂ%PMU—%wBDﬂ—%MBDﬂ

+a«mmﬁ—&xDr%<mP 3¢2) D)\,

- [ = G o ofan)
bél) _ b(l) + b(l)

15 1o
b = — 2200 — [ @ 4 2H ")y
8 ’Yl 0

——/ (¢P - 3>¢n3+¢ 6Oy,
2
O~ 2D | o)

c
3 572
3 4
) = — 20D _ _</ (20 + V)V HY dy + I5(AF)
2 52 Jo

+3 | 0GE = ol — P A ).

8

gE(A(KKMPMU—kMF)

1 [~ _
~5 | P = ol 0, o).

cflo) = — 20&0) +

2
b@ﬂ?ﬂ@%+¥/nﬁwm~—/|qmﬁ B’
0

1
S A

2 o0
bl = — bV 4 plM — B _ 2 / nHO dy.
g4t T Jo

3b1¢£, ¢39 =
(1) 9258/ _

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

The identities (2.51)-(2.61) show that, only from the solutions of the classical first-order

Knudsen-layer problems qb(lo), ¢§1), and ¢§” (and thus clo , b(l), and bgl)), we can determine
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Table 2.3: Data of slip and jump coefficients for the BGK model and hard-sphere (HS)
gas under the diffuse reflection condition. The data with * are obtained by the symmetric
relations (2.51)—(2.61). The data with { are numerically confirmed to meet the symmetric
relations.

BGK HS BGK HS
B 101619 1.2540 A0 1.30272 2.4001
bV 0.38316"  0.64651 ) of —0.4992*
b —0.778371  —1.5846" ) 0.111691 0.0087%[22]
bV —0.76632"  —0.9039* 0 1.82181f 4.6181*
B —0.50000" —0.6601* 0 0.44045 0.4596*[21]
b 0.266321  0.2438* ) —1.42761[14]  —3.18001[14]
b 0267200 044720 [*vVdz  —0.23368 —0.2137
B —0.266930 —0.2336*  [CV,Ydz —0.26693  —0.4782

all the values of the remaining slip and jump coefficients, namely bgl) ~ bél) and céo) ~ céo),

thereby completing the fluid-dynamic system summarized in Sec. 2.5. We list in Table 2.3
the numerical values of slip and jump coefficients which are available in the literature and
newly obtained by the symmetric relations (2.51)—(2.61). For the sake of accuracy in using
(2.51)—(2.61), §°), ¢§1), and (bg) have been recomputed in the present work, and the value
of bgl) is improved at the last digit from that in Refs. [11] and [12].

2.8 Conclusion

We have studied a time-dependent problem of a slightly rarefied monoatomic gas which
is perturbed slowly and slightly from a reference equilibrium state at rest on the basis of
the linearized Boltzmann equation. By a systematic asymptotic analysis, we obtain a set
of fluid-dynamic-type equations and its appropriate boundary conditions that describe the
gas behavior up to the second order of the Knudsen number (or €?). The theory covers
general intermolecular potential and gas—surface interaction laws. The results show that the
compressibility of the gas appears from the leading order in the energy equation and from
the first order in the continuity equation. Although the momentum equation is a Stokes-
type equation with a modified pressure, it contains a double Laplacian of the leading order
flow velocity as a source term at the second order. The energy equation shows a similar
feature at the second order. On the other hand, the slip and jump conditions as well as

the Knudsen-layer corrections are the same as those for time-independent problems up to
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the first order. The difference from the time-independent case appears only at the second
order in the jump condition and associated Knudsen-layer correction as a divergence of the
first-order flow velocity and a Laplacian of the leading-order temperature.

We have also obtained the numerical data of all the slip and jump coefficients for a hard-
sphere gas, most of which have not been available in the literature, by the use of a symmetric

relation for linearized kinetic equations.

2.9 Appendix A: Linearization

Linearization of the nonlinear Boltzmann equation and its kinetic boundary condition can be
done straightforwardly by neglecting the higher orders of the perturbation from the reference
equilibrium state at rest. Because the linearization of the Boltzmann equation is rather
common, we show here only the explicit form of £ for the BGK model and a hard-sphere

gas: for the BGK model,
2 3
LYl = = +w+2Gu; + (¢ = )7,

and the reference mean free path ¢, is given by ¢y = (SRTy/7)"/2/A.po, where A, is a
constant such that A.pg is the collision frequency of gas molecules at the reference state; for

a hard-sphere gas,
£lol = ~v(icho+ [ I1(¢.€) — ka(c. £ de

U(z) = 2—\1/5 [exp(—zQ) + (22 + %) /0 ) exp(—yQ)dy} |

_ 1 <o [ —1€12 ’£X<’2)
€. = oz (P + £255 ).
k(6,6 = Sl (1),

2\/§7T

and £y = [v2m0?(po/m)]~!, where o and m are the diameter and the mass of a molecule.
The above mean free path is related to the viscosity pg at the reference equilibrium state as
o = (/7 /4)y1p0(2RT,) 24y, where ~, is a constant that depends on the molecular model
(see Sec. 2.10).

On the other hand, the process of getting the linearized boundary condition (2.2) is less

common. We will demonstrate it here. Usually, the kinetic boundary condition is assumed
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to be linear (integral) operation on the full velocity distribution function and is written in
the dimensionless form as Ref. [12]
f(¢) = Kp(¢" ¢t ) f(C7)dC™, G >0, (2.62)
¢r<0
where f = (1 + ¢)E and the assumption u;yn; = 0 has been used. The kernel Kp may
change, in general, depending on the material and temperature and velocity of the boundary;,
thus having the arguments ¢t and x. Because the boundary condition (2.62) should be
satisfied with the (dimensionless) Maxwellian M, which is characterized by the velocity and
temperature of the boundary, the following relation holds:
My (¢) = Kp(¢*, ¢ t,x) My (¢)dC*, ¢, > 0. (2.63)
(<0
In the linearized framework, we neglect the higher order terms of the perturbation from
the reference equilibrium state. In the case, the Maxwellian M,, is written as My, = [1 +
gw + c(t,x)]E. If we split the kernel K into the kernel Ky at the reference equilibrium
state at rest and the remainder, the remainder is the perturbation whose higher order terms
can be neglected. Physically, the remainder represents the dependence of the kernel Kz on
the variations of surface temperature and velocity, which are assumed to be small. Then,
subtracting Eq. (2.63) from Eq. (2.62) yields, after the linearization,
(¢ — gw — ) E(IC]) = Ko(C", G 2) (¢ — gw — ) E(IC7])dC™, ¢ > 0. (2.64)
¢ <0
Because Eq. (2.63) is reduced to
E(|¢l) = Ko(¢", &) E(|CT)dC™, G >0,
¢x<0
at the reference equilibrium state, the terms containing ¢ in Eq. (2.64) cancel out each other,
and the expression (2.2) is obtained.

In the above derivation, the dependence of Ky on «x is retained, which implies, for in-
stance, that the accommodation coefficients may change along the boundary due to the
change of material. Consideration of this dependence would be interesting, but here in the
present paper, we assume K| is independent of & along the surface. Thus, the reflection ker-
nel R introduced in Sec. 2.2 is also independent of . Incidentally, as is clear from the above

derivation, Ky(¢*,¢) = (IC]/]Ca])R(C*,¢). In the case of the diffuse reflection condition,
Kol= (IGI/16 )R] = 2v/7|GIE(IC))-
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2.10 Appendix B: Isotropic functions and related con-
stants

We give below the definitions of the isotropic functions A, B, Dy, D,, F, and F,; and

related constants ; (1 = 1,2,3,6,10,11) that have been introduced in the course of analysis.

LIGA(ICN] = —G(I¢* = g), LIGB(ICN] = =2¢;,  LIG F(ICD] = G A€,

L[(Ci0jk + Cjori + Cbij) D1(|€]) 4 CiCiCeD2(I€])] = 71 (Cidjk + (iori + Crdij) — CiCiCGB([€]),

LIFRAC] = ~2(I¢” — 2) + 31¢P AR,

where A, Dy, Dy, and F} respectively satisfy the subsidiary conditions:

(IClPACH) = 0, (3ICPDi(C]) + €I Da(I¢1)) = 0, (Fa(I€])) =0, ([¢[*Fu(l¢])) = 0.

The constants ; are defined by

1 =16(B), 7 =2I(A), v3=I(AB)=>5Is(D1)+ Is(D2) = —2Is(F),

1 3 1
Yo = 516(BD1) + ﬂls(BDz)a Y10 = 516(32)7
4 r1
= o (50(151(A%) +95) + 4Io(AF) + 15L(AF)).

where I,,(X) = (8/15y/7) [~ 2" X (2) exp(—2?)dz. For the BGK model, all 5; are unity and

5) 1 15
A:_F:‘CF_E? B:27 D1:_17 D2:27 Fd:_§<|C|4_5|C‘2+Z)

For a hard-sphere gas, v; are

v = 1.270042427, v = 1.922284066, 5 = 1.947906335, ~¢ = 1.419423836,

Y10 = 1.63607346, 41, = 2.7931173.

2.11 Appendix C: Axial symmetry of operators £ and
K

For any function f((,,|(|), where (, is the component of ¢ in the direction normal to
the boundary, the scattering and collision operators K and L satisfy the following axial

symmetry:

J[(0ij — ming) G f] = (i — miny) G5l f], (2.65)
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S — ninn) (050 = njna) GG f]
= (O — min) (05 — nyna) Qo[ f] + 5[ f1(655 — mainy), (2.66)
S0t = nimu) (85 — njnp) (Org — 1kng)GGpCa f]
= (0 = min) (0p — 1np) (kg — Mk72) GCpCq-Jalf]
+ Qs [f1(0a — ning) (656 — njny)
+ Qs £ — nan) (650 — nymu)
+ Q5[ f1(8i5 — nim) (0 — muemuy), (2.67)

where J = KC and £, and Ji[f], J2[f], ..., J5]f] are functions of ¢, and [{].

Sketch of proof: Equation (2.65) is a direct consequence of Appendix B.4.2 of Ref. [11]
for one suffix case. In order to obtain Egs. (2.66) and (2.67), we apply the results in Ap-
pendix B.4.2 of Ref. [11] for two or three suffixes. Then the manipulation 6y (0, —ning)(d; —
njn;) = 0;; — n;n; reduces the terms of J;3 and J; into the desired form. O
Further, if we multiply Eq. (2.66) by d,;, we have J[(|¢|* — ¢2) f] = (|¢]* — ¢3) L[ f] + 2J5]f].
Thus, subtracting this multiplied by (6;; — n;n;)/2 from Eq. (2.66) leads to

ﬂ«%—mmxd—mmMg—1MP—@m&—mm»ﬂ
= (5 = mame) (05— mym)ai — 5(1C” — Q) (B — mimy) ) L f] (2.68)

If we multiply Eq. (2.67) by ¢z, we have

J1(0a — nin)) G (IC1? = ) f] = (60 — s nl)Cz<(|C|2 — )l f] +4J5[f]>,

and thus obtain

J[(0a = nana) (5 — nymie) (IS — ¢) ]
+ (050 = nma) (O — mani ) G(I€1* = G2 f]
+ [0 = mena) (655 — ning) Q€17 = G2 f]
(8 = nam) 03— mme)G (€12 = G)lf] + 4J5111)
o (0 = mgma) O = mim )G (G2 = G2 LF] + 4J511))
o (0w = )85 — many)G (G2 = Gl + 4J5(11).
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Subtracting this equation divided by 4 from Eq. (2.67) leads to

J[(6i — min) (05 — nymp) (Okg — Ming) GGpCof
1

1 ((52‘1 —ning) Ok — njme) + (850 — njmg) (G — nany,)

+ Okt — mama) (655 — "z‘”j))Cz(|C|2 — ) f]
=(0u — ninl)(éjp - njnp)(ékq - nknq)CleCqJ4[f]

- i((@z — niny) (056 — ngng) + (95 — ngne) (G — niny,)
o+ (B = ) (8 = mimy) ) Gu(CI2 = G2l (2.69)

Formulas (2.68) and (2.69) will be used in Secs. 2.15.3 and 2.15.4, respectively.

2.12 Appendix D: Formulas for curved coordinates
Consider the curved coordinates (1, x1, X2)

T; = xiw(Xla X2) + 577”1‘()(17 X2)7 (2-70)

where x;, represents the surface of body and n; its normal unit vector, pointed to the gas.

Tangential unit vectors 61(»1) and 82(2) along the coordinates x; and y, are given by

(0 _ OnTiv @) _ Dol
' |8X1ww|, ’ ’axsz|

Note that £1) and £® are not necessarily orthogonal to each other, though they are orthog-

onal to m since n;dx;, = 0 by definition.

Take the derivative of Eq. (2.70) with respect to z;:

ij = (95Xx1)0x, iw + (0jX2) Oy i + €(0jm)1i + €N(0jX1)Oxy i + €N(DjX2) Oxy i
= (000|027 + (Ox2) O, |1
+e(0m)n; + en(05x1)0x, i + €n(0jx2) OyyMi-
Then the inner product with the unit vectors n, £1), and €2 gives the relations that
nj = €d;n,
67 = 0x)uldumal + Ox2)ul 0wl (07,
67 = Op)wlo (67 + (0x2)0l0y 2.
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where (--- )y, denotes the value evaluated on the surface (7 = 0). The above relations are

rewritten as

Oin = (1/e)n;, (2.71)
1 A — (Ve e?
1 — (Ve
(05x2)w = Gozal 1 (P (2.73)

and thus 0; is written in the new coordinate system as follows:

8i :ainan + aina)a + 81'X26x2
=(1/e)ni0y + (Oix1)wx, + (Fix2)wOy, + €N(0n0ix1) w0y, + €N(OnDix2)wly, + -+ -,
where 0,, denotes the spatial derivative in the normal direction (in unstretched original

coordinate system).

Next we introduce the curvature matrix of the surface defined by
Kij = (0mg)w = (Oix1)wOy nj + (Oix2)wOyon;-

Note that (0;x1)w and (0;x2)w are tangential to the surface because of Egs. (2.72) and (2.73).
Since m is a unit vector, n;0,,n; = n;0,,n; = 0, so that d,,n,; and J,,n; are tangential to

the surface and can be expressed by a linear combination of £ and £2):

8 1y
Oy = — 8 (U016 = (6P 4+ 210D — () )), (2.74)
1= (6,767)
) - 8X2n7? f(l) g(l) _ g(l)g@) 6(2) 5(2) €(2) . 6(1)5(2) f(l) 275
x2 1Y) 1 (g(l)g(g))2 i[j (4 k)j]+i[j (Cy k)]] (2.75)
— B L

As is obvious from Egs. (2.72)—(2.75), the curvature matrix is symmetric and its operation

on the normal unit results in zero:
/ﬁ)ij = /ﬂ?ji, /iijnj = /‘iijni = 0

Now suppose that x; and y, are orthogonal to each other and denote by ¢ and s the

tangential unit vectors £ and £2) in this case. Then, Eqgs. (2.72)—(2.75) are reduced to

(anQ)W = WL 8X n; = (tiﬁ,(ani)tj -+ (siﬁ,(ani)sj, (Oé = 1, 2)

)
2T

(8jX1)w =

|a><133w| ’
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Thus the curvature matrix is expressed as

sk@ank tkﬁmnk

|0, |

Iiz‘j = Iittitj —+ I{SSZ‘S]‘ + tiSj + S tj,

[ZNE N

where k; and kg4 are the curvature in the directions of ¢ and s respectively:

Ky = (aiX1>W(6x1ni)> Rs = (aiX2>W(aX2ni)7

and the last two terms represent the effect of geodesic torsion. In particular, when y; and
X2 are taken in the principal directions of the surface, s0,,n; = 0 and t,0,,n,=0, so that

the above equation is written as
Rij = lilfigj + RoT;m, (276)

where £ and m are the tangential unit vectors in the principal directions. The above x; and

ko are called the principal curvature. Note that
Kii = Kt + Ks = K1 + Ko = 2K. (2.77)

Thus, the sum of the curvatures in two orthogonal directions are universal, and their average
& = (1/2)(k1 + K2) is called the mean curvature.
With the above preparation, we present some useful formulas related to the differential

operator D;:
D; = (51‘]‘ - ninj)aj|:c:mw = (8iX1)wax1 + (aiX2)wax27 (2-78)

which are listed below:

Di[n;] = (9ix1)wanj + (Oix2)wOyonj = Kij, (2.79)
Dilf(x = @w)] = (65 — nin;)0jla=a, [ (X = @) = (35 — 131)(0; [ )w, (2.80)
Di[f (0, Gu, I€D] = Di[Gil O, | = kij G0k, [ (2.81)
Dildse — nyng] = —king — Ko, (2.82)

These can be proved in order from top to bottom.
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2.13 Appendix E: Knudsen-layer corrections to the
stress tensor and heat-flow vector

We summarize the Knudsen-layer corrections to the stress tensor and heat-flow vector
up to O(e?):
0
Py = I (1) Omaaonac (83 — mamy),

Qikin; =0, Qiit; = Hl(l)(n) Oiujnonit; + Hg(l)(ﬁ) O;Troti,

Pingnitj = / Hgo) (Z)dZ (81-8jTHonitj + mj@-motj),
n

]DZ']'KQTLZ‘TLJ' = —2/ H§0)<2)dz EaiTHoni,
n
Pijxatit; = Hﬁo)(n) O;Tain; + (Héo)(n) - 552) (U)) aiajTH0<5ij - ninj)
1 -
+ (Héo) () + 553(,2)(77) + 5512)(77)) 0;05umonin, N,
+ (I () + / 1 (2)dz — 28 (n)) Tdrmon: + 15 () s
n

+ Héo)@’]) ATHO —+ 289) (T]) /fijtitjﬁkmonk + 2552)(7’]) 8iajTH0titj

+ 25§2) (7]) &@ukmnktitj + 254&2) (77) @-@ukHonitjtk,
PinQtiSj = 2552) (T}) HijtiSjakTHonk + 25%2) (7]) aiajTHotiSj

+ 5352) (77) 8i8jukH0 (tiSj + tjsi)nk + 25&2) (77) 8i3jukH0nitjsk,

Qikan; = ——/ H 1) (2)dz 9,0 ugmonin n
/ H dZ 6 0; THO(5 ninj) - ZEaiTHoTZZ‘),
QiKQti = ( ) 8 u]Hlnlt + H ( ) 8 7'H1t + H(l)( ) &@THOnitj
+ Hil)(ﬁ) 9;0jugmonn;ty, + Hé”(ﬁ) ROujmonit; + Hél)(ﬂ) KijOjuknonkli

+ Hél) (77) RijaiTHotj + Hé(gl) (77) Eaﬂ'Hoti,
where t and s are tangential unit vectors orthogonal to each other and

@) + 60w, S°) = (1< - 2P,
((1SP — ISP — )6,

MI»—NJIOJ
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Here some reductions have been made in deriving the expressions for Pjjxon;t;, Pijkanin;,

and Q;x2n; by the use of the conservation laws of momentum and energy [see Eq. (2.30) and

Sec. 2.15].

2.14 Appendix F: Formulas for quantities on the
boundary

2.14.1 Derivatives of ;g

- 1 —
&ajuiHonj = §8k8juiH0njnmk, (283)
E)ﬁjuiHo(éjk - njnk) == (813juiH0ninl + 2Enzajqu0)(5]k - njnk) + /{kinjajuiHo, (284)
818jukHo(5u — nml)njnk == —2mijnk8juk.H0, (285)

NOpuquo(dir — mimy) (85, — 1jny) (Okg — MANg)

= (mijnl(ékp — ngny) + Kigny (65, — njnp))alupHo. (2.86)

Sketch of proof: To prove Eq. (2.83), decompose w;ng as wno(x) = U;(x) + v;(x), where
Ui(x) is the rigid motion that coincides with that of the body on its surface and v;(x)
is the remainder. Note that J;U; = 0 and d;v; = 0 everywhere and that %nmj = 0,

%(&k —ning) (6 —n;jn) =0, and v; = 0 on the surface. Then

&@-umonj = &-@-vmj = Avjnj = @-c%vjnjnmk + 6l-8kvjnj (6zk - nmk)
= §8i8kvjnmjnk + 8¢8kvjnj(5il — nml)(élk — nmk)

= §8i8kujHonmjnk + Dl [8kvjnj (6lk — nmk)] — Dl [nj (6lk — nmk)]akvj.

The last two terms are further reduced to —(1/2)x;;0;v; + &n;n;0;v; by using the formulas
in Sec. 2.12, which vanishes because of the properties of v; mentioned above.

In order to prove Eq. (2.84), we first make the following transformation

0ijuiro (51 — nyny) = 0,050y — nyny,)
—0,0,01 (6,1 — nym)nany + 00y (S 50 — nyng) (64 — ngmy)
— 00 (655 — ) nane + (D1Dy0: + iD50;) (8 — myme) (St — mamy)
— 0T (S5 — myma)nany + Dild,0s(S 0 — nyng)
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— Dil(d5x — nym)|0jvi + Dil0yv;(0 — nyjm)] — Dil(60 — njm )| 0rv;,

and apply the formulas in Sec. 2.12. Then the last four terms are eventually reduced to
Kikin;0;0; + 2%7%%(5]- — n;ny), which is identical to kg1 ;0;umo + 2RN;0;Uim0(05 — nn)-

Equations (2.85) and (2.86) are easily obtained by the use of the formulas in Sec. 2.12.00

2.14.2 Derivatives of u;y; and

@u—jmnmj = bgl)aﬁku—ﬂ{onmjnk + 2b§1)8i8jTH0nmj + 4bg1)E8jTHonj
— 26 Ao + gaiuim, (2.87)
M(@k - nink)(5jl - nﬂlz)
= () O Fmtirtonom + b5 O tigsion + 265 0,91 mi10) (G — many) (65 — mymy)
- ngl)/‘éijakTHo”k - gamumHl((Sij —nn;), (2.88)

8j7’H1 (51] — ninj) = aijl (51J — nmj) + Cgo) I{ikakTHo + cgo)ajakmonk(éi- — nln]) (289)

Sketch of Proof: To obtain Egs. (2.87)-(2.89), we make use of the first-order slip and
jump conditions (2.45a)—(2.45¢) in addition to the formulas in Sec. 2.12.

Actually, to prove Eq. (2.87), using O;u;n; = 0, we first transform its left-hand side as

- N 2
@umemj = —ainHl (51] — nmj) = —28Z‘UjH1 ((ZJ — ninj) + géijéﬁuml (52J — ninj)
= —282-ujH1(6i — nznk)(éj — njnk) + g@kukm

4
= _2Dk[ujHl (5J — n]nk)] + gakukHl

Then, substitute Eq. (2.45b) and apply the formulas in Sec. 2.12. The desired equation is
obtained after a long but straightforward manipulation.

Equation (2.88) can be proved in the same way. We first transform the left-hand side as

O (Osk, — ngn) (05 — nyny)
2
:(akulHl + 8lukH1)<5z’k - nmk)(fsjz - njnl) - §5k18pupH1(5ik - nmk)(5ﬂ - njnl)
=Dilwm1 (551 — nymy)] — Dyl (050 — njm) wim + Djlugm (S — ning)]
2

— Dj[(0ik — nimy)Jupm — gapUle(@‘j — ning).
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Then, again, apply the formulas in Sec. 2.12, after substituting Eq. (2.45b). The desired
equation is obtained after a long but straightforward manipulation.
Finally, Eq. (2.89) can be easily obtained by first substituting Eq. (2.45c) and then

applying the formulas in Sec. 2.12. O

2.15 Appendix G: Second-order Knudsen-layer prob-
lems

In view of the parity with respect to the tangential component of molecular velocity to the

boundary, the second order Knudsen-layer correction ¢ks can be split into four parts:
0 1 2 3
Ok = By + ks + dica + Dica
each part of which is expressed as follows:

g = ¢§O)aiTH1ni + Qbéo)aiajTHo(% —nn;) + ¢g0)aimnmjnk + ¢510)E3i7'ﬂonz‘

+ ¢é0)8iUiH1 + ¢<(30)A7'H07

s =Gi (¢§1)MW(5U —ning) + 05011 (85 — nang) + 65 0;0kToni (655 — nan;)
+ 68, Fwmo (0 — ning)nyng + oS EO wpmonk (815 — niny) + 85 k10t
+ ngl)liijajTHo + qbél)ﬁajmo(&- — nmj)>,

o :<CiCj - %(K\z - Cﬁ)%’) <¢§2)HijakTHonk + (65 ko
+ 057 0 Dtpmony + 05 0p0uturrtony) (95 — nymy) (6 — mw)),

i =<QCjCk: - i(@j’“ + G0ki + Gy (1€ — CZ))

X Kij (¢§3)317Ho + ¢§3)8lupHOnp> (O — ngny).

Here ¢§i) (1=0,1,2,3 and j = 1,2,...) are functions of 1, ¢,, and || only, which are the

solution of the half-space problems listed in the subsequent subsections.
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2.15.1 Fundamental solutions in gb%

Element qb(lo) is the solution of the temperature jump (2.23). The other elements gb§-0) (7 =

2,3,...,6) are respectively the solution of the following problem:
GO0 = L) - 1, (2.90a)
o\ = K[l + K6+ K[g\”), ¢ >0.n=0, (2.90b)
¢(0) — 0 as 1 — 00, (2.90c)
where

1 =506 = o8, ol =2 [TVt 5GP 3B + F),
1 =~ 2(¢P ~ e

o = / Tz G- V(G 3B — 26 (D~ (1P ~ 26 D),

1O (¢ = (060t = o), ol = =4 [ Vi (e)az G~ G - 36)B
1 <0, g = 3P =3B, 1Y =0, g = 3 (1¢P = 3F + Fa

) .

and c¢;” is a constant to be determined together with the solution gzﬁg-o). It should be noted

that, by taking the (---) moment of Eq. (2.90a) multiplied by 1, (,, and |[¢]* (conservation

laws) and taking into account Egs. (2.30a) and (2.30b), we have the relations that
o) = [ ¥P ) (G = 0. (GlleE - §>¢§’>> - / T HO ()
n
1 [o.¢]
(Gus”) = 5 / ViV ()dz, (Gey”) =0, {(GulI¢P — 5)e8”) / ;!
sy = o [y 2,0 — _ [ 11Oz,
() / (2)dz, (o) / O (2)a
(GalIC = o) = —2 / !
Gy =0, (Gies”) =0, (GalICP — 5>¢é°>> =0,
(k) =0, (G6) = 0, (GalIE = )i =0,

2.15.2 Fundamental solutions in ¢£{1%

Elements ¢§1) and ¢§1) are the solution of the shear-slip (2.24) and thermal-slip (2.25), re-

spectively. Because of Eq. (2.65), the other elements gb§1) (j = 3,4,...,8) are respectively
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the solution of the following problem:

oo = LifolV] - 1Y, (2.91a)
o = —2G 16 + Kol + Kilgl"), G >0,m=0, (2.91b)
gb(l) — 0 as 17— 00, (2.91c)

where

=01, g5) =2G.F, I;) =0, g = ~(D1 + (iD2),
1
:i(ICP ~ (N0, 6, g = =2Di = (¢ = ¢ Dy,
1 1
19 =506, (6P = o), g = —Di - —<|¢|2 - 3Q) Dz,

1
Y =500 (161 = () + 01", g1 =0, S = 5,0, o =0,

[\]

and bg-l) is a constant to be determined together with the solution gb;.l). Again, by taking the
(--+) moment of Eq. (2.91a) multiplied by (|¢]* — ¢?) (momentum conservation) and taking

into account Egs. (2.30a) and (2.30b), we have the relations that

(Ga(IC1? = D)oy = / TNOG)dz (G — ) =0, (GlICP - ey =0,
n
(Gl =)o) =0, (GalICP? = )et)) = / N7 (2)dz,  (Ga(IC]? — oy = 0.

n

2.15.3 Fundamental solutions in ¢%

Thanks to Eq. (2.68), the problem for gbgg) (7 =1,2,3,4) is reduced to

0o = Lol — 117,
¢ = I[0%] + IGo[glV], G > 0,m =0,

¢§-2) — 0 as n — oo,
where

2 —0,00 — o, @ = VB, 1P =g ¢ =B+ F,

1
17 =6V, g5 =8B - Dy, 1P =0, ¢ = —2GDa.
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2.15.4 Fundamental solutions in gb%

Thanks to Eq. (2.69), the problem for ¢§3) (7 =1,2) is reduced to

G = Lo -1,

J
o = Kilo{")+ Kilg]. ¢ >0,n=0,

¢(.3) — 0 as 1 — 00,

where

‘[{3) = aCn §1)7 g§3) = O, 153) = a(ngbgl)? g§3) = _D2-
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Chapter 3

Second-order Knudsen-layer analysis for the
generalized slip-flow theory I

3.1 Introduction

Study on the connection between the kinetic theory and the fluid-dynamics has a long history
[1,2,3] and a number of important results have been obtained for a small or a vanishing limit of
the Knudsen number, e.g., Refs. [4,5,6,7,8,9]. Mathematical studies are developing to include
the argument of boundary condition for the fluid-dynamical equation [10,11,12]. It seems,
however, that they are mainly concerned with the vanishing limit of the Knudsen number and
are not intended to describe the gas rarefaction effect itself. In the meantime, a systematic
asymptotic theory established in the late 1960s and early 1970s [4,5] and developed further
since then [6] provides not only the fluid-dynamic description in the bulk region but also
the slip/jump boundary condition and the non-fluid-like correction in a thin layer adjacent
to the boundary (the Knudsen layer) for small Knudsen numbers. We call the linear case
of this theory the generalized slip-flow theory in the present paper. The generalized slip-
flow theory contains rich information on the gas rarefaction effect, giving a fluid-dynamical
interpretation to various phenomena occurring for small Knudsen numbers. It also motivates
recent studies on time-dependent problems in the framework of the theory [13,14,15].

The theory has been applied to various fundamental problems and is revealed to be
practical. However, such applications have been limited mostly to the studies based on
the Bhatnagar—Gross—Krook (BGK) [or Boltzmann—Krook—Welander (BKW)]| model equa-
tion [16,17]. This is due to lack of numerical data at the second order of the Knudsen number
for the original Boltzmann equation. Some difficulties in numerical analyses, which could
be bypassed for the BGK model, have prevented the preparation of the desired data. Here,
the difficulties do not mean a mere numerical cost but rather mean possible singularities
inherent in the elemental (or component) half-space problems to be solved.

The present paper reports the first part of our recent attempts to prepare the missing
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data that are necessary in applying the theory to specific problems on the basis of the
original Boltzmann equation. Assuming the hard-sphere molecules and the diffuse reflection
boundary condition, we provide the data for the generalized slip-flow theory, up to the second

order of the Knudsen number expansion, except for the curvature effects.

3.2 Generalized slip-flow theory: An outline

3.2.1 Physical setting

We consider a gas around smooth solid bodies which do not change in time their shape and
position under the following assumptions: (i) There is no external force and the behavior
of the gas is described by the Boltzmann equation for monatomic molecules; (ii) The gas
molecules are reflected locally isotropically [6] on the surface of the solid bodies (no net flow
across their surface); (iii) The deviation from the reference equilibrium state at rest with
density po and temperature Tj is so small that the equation and the initial and the boundary
condition can be linearized around that equilibrium state; (iv) The mean free path ¢y of a
molecule at the reference equilibrium state is much smaller than the characteristic length L
of the physical system (i.e., the Knudsen number Kn = (/L < 1); (v) The time evolution
is initiated by a slow change of the surroundings from the reference equilibrium state.

The time scale of the change to in (v) is the same order as that of the viscous and
the thermal diffusion, and we set it as tg = (2//7)(L?/lo\/2RTy), where R is the specific
gas constant (the Boltzmann constant k divided by the mass of a molecule m). In the
actual computations for the Knudsen-layer analysis, we assume the hard-sphere molecules
in (i) and the diffuse reflection boundary condition in (ii). For hard-sphere molecules, ¢o =

[vV2rd2,(po/m)] ", where d,, is the diameter of a molecule.

3.2.2 Resulting framework

The generalized slip-flow theory consists of first considering the overall behavior of the gas
that changes in the scale of the characteristic length (and time) of the system and then
introducing the correction in the vicinity of the boundary. The first part is conducted by the
Hilbert (or Grad—Hilbert) expansion to yield a set of fluid-dynamic equations. The solution

of this set is called the Hilbert part (or solution). The second part is conducted by the
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expansion after rescaling (actually stretching) the spatial coordinate in the direction normal
to the boundary. This yields a set of slip/jump boundary condition and the associated
correction to the fluid-dynamic solution near the boundary. The correction is called the
Knudsen-layer correction, which is the primary concern in the present paper.

Let us denote by Lx; the space coordinates, by tot the time, by po(1+w) the density of the
gas, by (2RTy)"?u; the flow velocity, by To(14-7) the temperature, by po(1+ P) the pressure
with py = poRTy, and by (2RT)" ?us, and Th(1+7) the velocity and the temperature of the
body surface. Since solid bodies change neither the shape nor the position, u;,n; = 0, where
n; is the unit vector normal to the surface, pointed to the gas. We denote the Hilbert part
and the Knudsen-layer correction of the macroscopic quantity h (h = w, u;, 7, P) by hy and
hx, respectively: h = hy + hk. Since the Knudsen number is small, we use ¢ = (y/7/2)Kn
as a small parameter. The Hilbert part and the Knudsen-layer correction are obtained by
a power series expansion in e, which will be denoted as hy = hyo + hme + hue? + - -+ and
hx = hxo + hxi€ + hiee? + - - - . Actually, the expansion of hk starts from O(g), because no
correction to the Hilbert solution is required at O(1).

The resulting set of fluid-dynamic equations, their slip/jump boundary conditions, and
the Knudsen-layer corrections up to the second order of the expansion in € are summarized
as follows: [13]

Fluid-dynamic equations

aanHio _o, (3.1a)
ag;Him .\ awg?l o (3.1b)
3%11;771 %8]?;;“ - %71 82;;?m + i(’h%o - 276)% =0, (3.1c)
ag;m - gaglzm - %7282@7—% + % (7273 - g'Yll) % =0, (3.1d)
P = Pams — é (7271 — 473) az%;g_l + %W%’ (3.1¢)
Paa = Wity + T, (3.1f)

where m = 0, 1,2 and the quantities hy_; and hy_s (h = w, u;, 7, P) should be read as zero.
The ~’s occurring in the equations are positive constants corresponding to the transport

coefficients at the reference state; v’s are all unity for the BGK model, while they are
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respectively v; = 1.270042427, ~, = 1.922284066, v3 = 1.947906335, 7 = 1.419423836,
Y10 = 1.63607346, and ~;; = 2.7931173 for hard-sphere molecules.

Slip /jump boundary condition and the Knudsen-layer correction

[(qum - uzwm)tz:| _ auiHm_ln.t. bgl) aTHm—l bgl)
Uikt or; || 0w ()
627—Hm—2n't‘ by 0 Oujm-—2 ; b\
Owde; 7 Y| Oes ome T [V ()
_OUim—2 bV OUjHm—2 bl
+ zt 2 —+ K; J n tz 6
gz, Y| T ome T Y
OTHm—2 b§” _OTHm-2 bél)
i t; , 3.2
_’_K/] 81,1 J Y7(1)( ) +I€ 81_1 Yg(l)( ) ( a‘)
Uipmni| _ 1 0 3Ume—2n. . I YV (2)dz ]
Uikmni|  20x; Oxp " —fnoo Yl(l)(z)dz_
OTHm—2 O* THm—2 [ (2)dz
2 " n, — (6, — nan 0.2 , 3.2b
N [ " ox; " O0x;0x; (9 = min;) — Yz(l)(z)dz (3:2b)
n
(0) (0)
THm — Twm Cl 05
OTHm—1 0 OUitim—1 0
“rm | = Tp (W) |+ 9P )
TKm ©1"(n) O3 (n)
(0) (0)
827_Hm—2 C()2 827_Hm—2 C(]6
g (0 = nan;) Q%O)(n + 5. Qéo)( )
UL
ey (n) 7 eg’ ()
(0) (0)
c c
0 OUitm—2 3 _OTHm—2 S
S é i T Q%Z))(n) + R L Q%(n , (3.2¢)
©3"(n) Oy (n)

where m = 0,1,2 and fi; = fi; + fji — (2/3) furdi; (8i; is the Kronecker delta). In (3.2),
the quantities with the subscript H or w denote their values at the (dimensionless) surface
position x;, and t; (or n;) is a unit vector tangential (or normal) to the surface at ;. The
quantities with the subscript K depend on 7 as well as x;y, where 7 is the stretched spatial
coordinate normal to the surface at x;, such that the position z; in the Knudsen layer is
expressed by x; = x;, + €nn;. The surface velocity and temperature are also expanded in a

power series of £: hy = hyo + hy1€ + hyoe? + -+ (h = u;, 7). The effect of surface curvature
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occurs through the terms with x’s defined by
_ 1
K= 5(51 + /‘€2), Rij = Kflgigj + Komym;. (33)

Here k1/L and ky/L are the principal curvatures of the boundary, with x; and ks being
taken negative when the corresponding center of curvature lies on the gas side; ¢; and m;
are the direction cosines of the principal directions corresponding to x; and ko respectively.

Many terms degenerate from Egs. (3.1) and (3.2) when m = 0,1. For instance, the
boundary condition at O(1), namely for m = 0, is none other than the non-slip/non-jump
condition; the slip/jump may occur at the first or higher order of €. The reader is referred to
Refs. [6] and [13] for the discussions on the main features of the above system. The system can
be solved from the lowest order to determine the time-dependent behavior of the gas under
the considered situation, provided that the data of the slip/jump coefficients c§°) ~ céo), bgl) ~
bél), I Yl(l)(z)dz, I Y'Q(l)(z)dz and the elemental (or component) Knudsen-layer functions
Q) ~ QP m), 00m) ~ 6% ), Y (n) ~ Y (n) are available. They are obtained by
solving elemental (or component) half-space problems of the linearized Boltzmann equation,

which may be homogeneous or inhomogeneous depending on that component.

3.2.3 Remaining issue

Since the first publication of the generalized slip-flow theory [4,5], the complete set of the
slip/jump coefficients and the associated Knudsen-layer corrections has been available only
for the BGK model. For the original Boltzmann equation, difficulties in directly solving the
component problems have prevented preparing the corresponding data. Even for hard-sphere
molecules under the diffuse reflection condition, the component problems have been tackled
only for the problems of temperature jump (¢, 2 0%, shear slip (b, V"), thermal
slip (bél),YQ(l))7 thermal-stress slip (bgl),%(l)), and thermal inertia due to time evolution
0 o) 18,19,20,21].

Recently, we have succeeded in Ref. [13] to prepare the complete set of slip/jump coef-
ficients up to the second order of € by making use of the theory of symmetry relation [22].
This method is, however, indirect, and the information on the Knudsen-layer structure at

the second order is still far from complete. In the present work, we numerically solve the

component problems at the second order of e. We shall focus on the component problems
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related to (cgo), Qéo), @é‘))), (cg)), ng), @g‘”), (céo), Qéo), @éo)), and (bil), Yf)) only. These prob-
lems might be handled by the finite-difference method as in Ref. [20]. Nevertheless, we take
a new approach that makes use of the integral formulation of the Boltzmann equation, the
formulation that has been effective in the study of singularities [23,24]. The primary moti-
vation of this approach is that the remaining component problems, which are related to the
curvature effect and left to a separate paper, contain a much delicate matter, requiring a

new methodology for the numerical analysis.

3.3 Knudsen-layer problems

Let us denote by (2RTy)*/?¢ the molecular velocity and introduce the notation ¢ = |¢| and
= ¢n;/¢, where —1 < p < 1 and 0 < ¢ < oo. Then, the component problems for the
Knudsen layer admit a similarity solution of three arguments (7, i, () and are reduced to
the following two types of boundary-value problems by assuming the hard-sphere molecules

and the diffuse reflection boundary condition:

99a

ﬂga_n = _V(C)¢a + C[¢o¢] - Ia(% y C)a (343“)
Cba = _0-1(10) - CEXO)CQ + ga(:ua C)v (MC > 07 n= 0)7 (34b)
$a — 0, as n— oo, (3.4c)
and
0
L = G+ Clha] ~ T 1), (3.59)
v = =260 + g5 (. Q). (¢ >0, n=0), (3.5b)
vg — 0, as 1 — oo. (3.5¢)
Here
_ b e I\ [ (e }
Q) = 55 e+ (24 ¢) [ (-]

C is an integral operator acting on a function of ¢ to be defined soon later; and ¢, Z,, gg )
and Ig are given functions. Z, and IBS are supposed to decay fast in 7. The solution ¢, (or
Yg) (e =1,...,6; f=1,...,8) is a function of 7, p, and ¢. It is determined together with

the constants o&) and ¢\’ [or bg)] for every given (Za, ga) [or (Z§,g3)] [25]. The operator C
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is defined by

clol(¢) = / k(C.€) — kalC. E)]0(€)de,

12 € x ¢
h(G8)= frc g <'€' +|£—<|2)’
bic.6)= ¢ f' exp (~[&P)

Thanks to its spherical and axial symmetry, C[¢,] becomes a function of u and ¢ (and 7) for
the function ¢q (1, 1, ¢). On the other hand, C° is defined for functions of y and ¢ (and 7)

through C, making use of its axial symmetry:

(itiCo[a] = C[(it ).

Once the solutions are obtained, Q (n), o (n), and Yﬂ(l)(n) are obtained as their moment:

() = (6a), OV () = SU(C — )6 (3.
Vi) = 220 — s, (37)
where (f) = [ f(&)E(|€])d€¢ with E(z) = 7%/ exp(—2?).

Our present concern is the case a = 2, 3,5 and 8 = 4, for which (Z,, g,) and (Iﬁs , gg ) are

given as

:_C 1 - )¢2(n7 2 C)’ (383“)
92 =2u¢ / e+ 3G = 3B + QL (3.8)
Iy =— 142(1 — 1) (1, 11, ), (3.8¢)

m == [ V)= U -3 B

— SHC[DU(O) ~ (1~ 2)Da(()], (354)
T =0, g5 = —5C*(1 = 357 B(Q), (3:5¢)
I3 =0, g% = ~[Di(Q) + 12Dy (3.0

Here 1)1 and 1) are respectively the solution of the problem (3.5) with

Iig =0, gls = MCB(C), Iég =0, gég = A(C)? (39)
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(the so-called shear-slip and thermal-slip problems [26,6]), and (b, ;") and (5", Y;") are
their associated slip coefficient and Knudsen-layer function, all of which have already been
obtained in Ref. [19]. Hence Z, and Z3 in Eq. (3.8) indeed decay fast in 1. The functions A,

B, F, Dy, and D, of ( are familiar solutions of the following integral equations:

LIGAQ)] = —¢(¢2 —5/2), subsidiary condition: (¢ZA(¢)) = 0,

LG B(O] = —2¢;. LG F (O] = G A(Q),

L[(Ci0jk 4 Ciori + Ckbij) D1(C) 4 GiCiCeD2(C)] = 71(Cidjk + (g + Crdij) — (GG B(C),
subsidiary condition: (5¢2D1(¢) + ¢*Dy(¢)) = 0,

where L[f] = —v(()f + C[f] and ¢ = GG — (1/3)¢%dy;.

3.4 Numerical analysis

As mentioned at the end of Sec. 3.2.3, our numerical method is based on the integral form
of Egs. (3.4) and (3.5).
3.4.1 Integral formulation

Multiplied by E(¢) and integrated with respect to 7, both of the problems (3.4) and (3.5)

are transformed into

(1, 1, ¢) =G (u, ) exp(— =" g/ (s, 1, €) exp(W)ds
/ (s, 1, ¢ exp(%)ds, (u¢ > 0), (3.10a)
v(¢)(s —n)
®(n, p1,¢) = C/ (s,11,0) exp<T)d8
v(Q)(s —n)
b /oo ClI(s. 1 ) exp( ML= ds, (¢ < 0), (3.10)
with
&(n,u, () =0, asn— oo, (3.10¢)
e [T e =D, 0
U(n, 1, ) D O s — 1) (3.10d)
T I(s, p, €) exp( < )ds, (u¢ < 0)



Here, ®, C, I, and G should be read as ® = ¢, F — ¥, C[f] = C[fE'|E, [ = I,E, and
G = (—a&o) — ¢+ ga)E (o = 2,3,5) for problem (3.4), while they should be read as
® = E — U, Clf] = CS|fEYE, [ = IT5E, and G = (~203" + g5)E (8 = 4) for problem
(3.5). Remember that I decays fast in 7, so does W. In the above, the original solution
¢o I or g E is split into the given part ¥ and unknown part ®. The equation for ® is none
other than the integral form of the inhomogeneous Boltzmann equation with C[V] being its
inhomogeneous term. The conditions (3.4c) and (3.5¢) are reduced to Eq. (3.10c), because
U — 0 as 7 — oo. The condition (3.10c) is required, otherwise the constants 0&0), c&o), and
b(ﬂl) are not determined [25].

Since C' is the integral operator, C[f] is mild even if its argument function f is not;
thus the factor of steep variation of ® in (u, () is picked up explicitly in the above integral
form. When ® = ¢ — WU or ¢3F — U, I contains 1), or ¢, the solution of the thermal- or
shear-slip problem. In the case, the steep variation of W in (u,() is, at a glance, less clear
than that of ®. However, since ¢; and 1, are respectively the solution of Eq. (3.5) with
(3.9), we can rewrite ¥ in a way that the factor of steep variation is explicit. Namely, in the

case of & = ¢ — U, U can be written as

V=- 1;—f<{<—2b§” + 95)E(C)nexp(—%)
2 [-aces el (o0, @
V== 12;5 /o:(n — 5)CY2E](s, 1, €) eXP(W)ds, (u¢ < 0), (3.11D)

where C[inE] = CS[ts] E. In the case of ® = ¢3E — U, the above (—2b8") + ¢5) and s are
replaced by —(1/2)(—=26\" + ¢¥) and —(1/2),.

In this way, with the aid of the integral formulation, we can pick up the factor of steep
variation in (u, ¢), which will be advantageous when the detailed information on the velocity

distribution function is required, especially near the boundary.

3.4.2 Plan of numerical computation

In the computation for solving Eq. (3.10), we first prepare the accurate data of C[¥] from
Eq. (3.10d). Then, we abandon the condition (3.10c) and solve Egs. (3.10a) and (3.10b)
with G being replaced by G = (=5 — &% + go)E [or (—2b + 93)E], where & and ¢ (or b)
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are given constants. Let us denote by ® the (numerical) solution that is obtained with this
process. The difference of & and & (or b) from the desired o and ¢ (or bg)) results in the
asymptote of ® such that & — (o) — 5)E + (c,(lo) — ¢)C*E [or 2(b(ﬁl) —b)E] as ) — co. This

property allows us to determine the constants ol and ¢ (or bg)) by

o0 1
~ 5 T
0((10) =0 — 27r/ (¢ - 5)(13(77 — 00, 1, ¢)dpdc,
0 —1
~ 47‘(‘ oo 1 3 -
0=zt / (¢ - 5)@(77 — 00,1, ()dpud,
0 —1

and, in turn, to determine ® by
o= — (6 —5)E — (9 — 3)C2E. [or b =d—2(b) — B)E.]

For the actual computation, we introduce a finite large distance d from the boundary,
beyond which ® may be regarded as that at infinity and ¥ may be discarded because of its
fast decay in 7 (see the first paragraph of Sec. 3.4.1). Then, the problem for ® is reduced to

v(¢)(s —n)
B, 11, ¢) =Gy, Q) exp(— =1 </ (5,11, €) exp(T)dS
/ (s, 14, Q) exp(w)ds, (u¢ > 0), (3.12a)
v(¢)(d —mn)
®(n, p, () =0(d, MC)GXP(—MC )
L cidis ox v(¢)(s —n) .
= [ g emp(HLE—a
C/ (s,p1,C) exp(W)d& (u¢ < 0). (3.12Db)

Accordingly, oo’s in Eq. (3.10d) or (3.11) may be replaced by d because discarding ¥ beyond
d implies discarding I beyond d. All the computations are thus reduced inside a finite region
0 <75 < d. The occurrence of ®(d, —p,¢) on the right-hand side of Eq. (3.12b) comes
from that ®(d, u,¢) = ®(d, —p, ) for d sufficiently large, thanks to its asymptotic form for
n — o0o. We solve the system (3.12) numerically by iteration for a certain fixed value of d.
To be a little more specific, we evaluate C[®] with an initial guess of ® and solve Eq. (3.12a)

first. This gives the data ®(d, —p,¢) in Eq. (3.12b), which allows us to solve Eq. (3.12b)
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next. Then we refine the evaluation of C'[®] with the updated ®, and repeat the same process
until the numerical solution satisfies a criteria of convergence. The appropriateness of the

value of d is judged a posteriori from the result.

3.4.3 Discretization and some details of numerical method

Thanks to the factor E, ® is expected to decay rapidly in ¢. Thus, we truncate the region of
¢ at ¢ = Z(> 0) for a properly chosen constant Z and restrict the computation in the region
—1<u<1,0< ¢ < Z and 0 < np < d. Justification of the chosen value of Z is made
a posteriori again from the resulting solution. Non-uniform discretization is made in order
to capture the possible steep variation of ®. The grid in molecular velocity space (u, () is
arranged two-fold: one is the grid for capturing the milder function C [&D] (and C[V]), while
the other is that for capturing ® (and W) to compute C[®] (and C[¥]) enough accurately.
The latter grid should be finer than the former. In the standard grid system, namely (S1,M1)
in Sec. 3.7.1, we set Z = 5.0 and d = 44.46, and arrange 251 grid points in 7 space; the
two-fold grid in u-¢ space consists of 257 x 141 and 449 x 161 points. More details are found
in Sec. 3.7.1.

For the spatial coordinate n and related integration, we arrange 2N, + 1 grid points, say

n® (i =0,1,...,2N,), in the region 0 < n < d:
0= 1@ < g0 < ... < @) — g (3.13)

The functions ® and U are evaluated on these points. In carrying out the integration with
respect to s in Eq. (3.12), C[®] and C[¥] are interpolated with a piecewise quadratic function

from their data on the grid points {1}.! The related integrals are commonly expressed as

1 . e O =m)
- / ClF)(s.1.¢) exp DL s, (¢ > 0),

R . e 2O =m)
MC/dcm(,u,c) p(AEE= s, (uC < 0),

with F' = ® or U. By the piecewise quadratic interpolation for C[F] in s, T[F] is computed

TF](n, 1, )= (3.14)

as
2N,

TIFI %, 1,¢) =Y Siwl(p QCIFI (0™, 11, ), (3.15)

IThe quadratic interpolation cannot capture a possible logarithmic divergence of the gradient of ® with
respect to u¢ on the boundary for u{ = 0_, which is discussed in Ref. [24]. However, it does capture the
logarithmic divergence of the gradient of the Knudsen-layer functions with respect to 7 (see Ref. [24]), thanks
to the integral formulation. See the last paragraph of Sec. 3.5.2.
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with

s pd
7 / Y7 (s exp<%>ds, (¢ > 0),

Sir (1, Q) = Vo ) (3.16)
Y(s exp—ds, u¢ < 0),
78 / ( e ) ( )
where Y’s are the following locally defined piecewise quadratic functions:
_Z(2T+2) (2r+1) - r
(z<2%_z<2r+z>§§z<2r> z<2r)+1>) (207 <y < 2Cr2),
2z _z(2r 2) _Z(2T‘ 1) re— -
ngr(y> - (z(Q(g—z(QT 2);Ez(2r) z(2r) Dy (2(2 2 <y< Z(2 ))7 (3.17&)
0, otherwise,
— 220 (y—(2r+2) , "
Yz (y) — (Z(2r+(1€_z(2r);€i(2r+l)_Z()2r+2))7 (2(2 ) < y < 2(2 +2))7 (317b)
2t 0, otherwise.

The functional form of S;, can be obtained explicitly, which enables us to perform delicate
analyses with numerically obtained data. With the data C[® ](77(1 i, ¢) and C[W](nD, u, ),
we can obtain ® on the spatial grid points {7}, essentially by the simple summation (3.15).2

As already mentioned in the first paragraph of this section, we prepare the two-fold grid
system for molecular velocity space. As the primary grid, we arrange (4N, +1) x (2N, +1)
points, say (u9,¢®)) (j = =2N,,,...,2N,; k =0,...,2N;) in the region —1 < p < 1 and
0<¢< Z:

p = —pt, (1 <5 <2N,),

which have the enough resolution for the mild function C[F]. Then C[F](n®, u,¢) is re-
covered accurately for any p and ¢ by the piecewise quadratic interpolation of C[F| ;x) =
CF)(n®, u@, ¢*). Hence ®(n, 4, ¢) is obtained by Eq. (3.12) accurately for any p and C.
This applies also to ¥(n®, u, ¢).?

In order to obtain C[F|; j k), we use the numerical kernel method that was first proposed
in Ref. [18]. In this method, the argument function F' is approximated by interpolation from

the discretized data of F', so that a grid finer than the primary one is required for achieving

2In computing ¥, the integrations in Eq. (3.11) with oo being replaced with d are performed in the same
way. In the case, the piecewise quadratic interpolation is applied to C[¢o E].

3The primary grid should also have the enough resolution for C[i); E] and C[¢2E] in Eq. (3.11) for the
accurate computation of W.
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the enough resolution of . Therefore, as the secondary grid, we prepare (4Ny;+1) % (2Ng+1)
points in p-¢ space, say (M® M) (1= —2Ny, ..., 2Ny m=0,...,2N):

0= M(O) < M(l) <l < M(2NM*1) < M(QNM) — 17
MUY = MO (1 <1< 2Ny),
0= 5(0) < 5(1) <l < 5(21\7&) =7
Note that Np; > N, and N¢ > N, and that F(n@, M® M) (for short, to be denoted

by Fji;m) below) on the secondary grid is readily obtained as explained in the previous

paragraph. In the present work, we adopt the piecewise quadratic interpolation for F"

2N¢ 2N,
(n®, M, €) = WZO; Fiam B (M, &) + Fii _1m B, (M, €)], (3.18a)
with
By, (M, €) = Y (M)x[0, 1](=M) Y5 (£)x[0, Z](€), (3.18b)
x[a, 0](y) = { (1) f)(;l:rvijeg > (3.18¢)

and compute C[F](; ;) as

N M
Fli gk Z Z gklmF[ilm] "‘Cjk ng[i,—z,m]), (3.19a)
m=0 1=0
O]:tklm B ]( ) (3.19b)

Note that, as the arguments of functions in Eq. (3.18), we use the integration variables
£(= |€]) and M (= &n; /), in place of ¢ and p, coming from £ in the definition of C or C.
The factor x[0,1](£M) is included in Eq. (3.18b) to reflect that F' can be discontinuous
at M = 0 on the boundary = 0, as will be shown in Sec. 3.5.1. Hence, Fj;;,, and
Fji —1m) in Eq. (3.18a) [and Eq. (3.19a) soon below| should be considered different from each
other, when ¢ = [ = 0. Note that Bfm vanishes for [ < 0 and that the discrimination
between Bﬁm and B, is effective when [ = 0. Accordingly, ka,z,m corresponds to the

integral kernel for the half-range of integration M = 0, and C7;

i kam vanishes for I < 0. The

computation of CF i.e., Eq. (3.19b), can be performed beforehand, independent of the

7.k, Lm?
iteration for solving Eq. (3.12). Incidentally, the integrations for this computation require

careful treatments and some transformations to get rid of the singularity in the kernel k;.
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However, we omit all the details on this issue; the interested reader is referred to Refs. [18]
and [19].

Here are two remarks. (i) As is clear from its form, the collision kernel k1 (¢, &) — k2(¢, &)
is invariant under the transformation (¢, &) — (—¢, —&). The symmetric arrangement of grid
points in p with respect to ;1 = 0 enables the present numerical kernel C’fhl’m to inherit this

property, giving the relation C'; L ikmlm-

kL This reduces the required memory capacity

into half. (ii) If we have adopted a finite-difference method, we would need the secondary
grid for the whole numerical solution process, which implies the size of the numerical kernel
to be of (Ny x N¢)?. The present approach economizes again the memory capacity by a

factor of (N, x N¢)/(Na x Ne).

3.5 Numerical results

The results in the present section are obtained by the standard grid (S1,M1), unless otherwise

stated.

3.5.1 Velocity distribution function

As illustrative examples, we show ¢o F and ¢5 E at four spatial points n = 0, 0.015, 0.58, 3.0
in Figs. 3.1 and 3.2. The former is the case with nonzero ¥ in Eq. (3.10), while the latter
is the case without it (or ¥ = 0). On the boundary n = 0, the discontinuity is commonly
observed along the line u¢ = 0. This line corresponds to the direction of molecular velocity
that is tangential to the boundary. [Remind that the positive (or negative) u¢ corresponds to
the velocity of molecules outgoing from (or incoming onto) the boundary.] The discontinuity
vanishes immediately away from the boundary with keeping the other part almost unchanged.
Accordingly, a continuous but steep variation part in the molecular velocity space appears
near the boundary [see the panel (b) in both figures]. Such a local deformation can be
understood by that the molecules coming from the boundary with small normal velocity
(¢ ~ 0) would travel a long distance in the tangential direction before reaching the position
of interest, thus more likely collide with others first to deform the part u¢ ~ 0. As going
away from the boundary, the distribution becomes milder and tends to vanish with keeping
non-similar form between the positive and the negative u¢ part. The qualitative feature

described above is common in both figures, irrespective of whether or not the inhomogeneous
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Figure 3.1: ¢oF and its contour plots at four spatial points. (a) n = 0, (b) n = 0.015,
(¢) n=0.58, and (d) n = 3.0. In the contour plots, the curves are drawn with the intervals
0.1 in (a) and (b), 0.05 in (c), and 0.01 in (d). The white vertical surface at u¢ = 0 in (a)
shows the discontinuity.

term appears in the problem (3.10).

3.5.2 Slip/jump coefficient and Knudsen-layer function

Slip/jump coefficients are shown in Table 3.1. The data in Ref. [13], which are obtained from
the information about the first-order Knudsen layer by the theory of symmetry relation [22],
are also shown for comparisons. Excellent agreement ensures the consistency of the present
results to the theory.

The Knudsen-layer functions 2’s, ©’s, Y4(1), and Hil) are shown in Fig. 3.3 and Table 3.2
(see Sec. 3.6 for H f)). Corresponding to the behavior of the velocity distribution functions

in 7, they decay fast as 7 — 0o, mostly monotonically except for @éo) and @g‘” (see Table 3.2).
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Figure 3.2: ¢s5F and its contour plots at four spatial points. (a) n = 0, (b) n = 0.015,
(¢) n =0.58, and (d) n = 3.0. In the contour plots the curves are drawn with the intervals
0.02 in (a) and (b), 0.01 in (c), and 0.001 in (d). The white vertical surface at u¢ = 0 in (a)
shows the discontinuity.

From the table, the 90% thickness of the Knudsen layer is seen to be about 3 ~ 3.5 for ng)
and @go), about 2.5 ~ 3 for Hf), and about 1.5 ~ 2 for the others, measured in 7, meaning
about three mean-free-path thickness at most.

One interesting observation could be on the data of céo), Qéo), and @go), as well as on the
corresponding distribution function ¢,. In the case of the BGK model under the diffuse re-
flection boundary condition, the former three all degenerate (or vanish) (see, e.g., Ref. [6]) in
spite of the fact that ¢9 itself does not vanish [see Egs. (3.8a) and (3.8b)]. The present results
demonstrate that such a complete cancellation is not expected and the missing temperature

jump and associated Knudsen layer indeed come out in general.

It is known that the Knudsen-layer function has the singularity nlnn on the boundary
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Table 3.1: Slip/jump coefficients. The data in Ref. [13] obtained by the use of the symmetry
relation are also shown for comparisons.

O 0 0 oy
2 3 5 4
Present results -0.4993 0.00874 0.45957 -0.90393

Symmetry relation [13] -0.4992 0.0087  0.4596  -0.9039

Figure 3.3: Knudsen-layer functions.

n = 0, which is another interest of the present work. This singularity that occurs on a
plane boundary was first found in the study of the Rayleigh problem [27] on the basis of
the BGK model. The same singularity has recently been confirmed to occur on the basis of
the Boltzmann equation for hard-sphere molecules [24]. By the least-squares fitting of the
curve a + bnlnn+ cn to the numerical data near the boundary, we determine the coefficient
b of the singularity n1nn for each Knudsen-layer function. The results are shown in the last
row of Table 3.2. Incidentally, determining these coefficients is really challenging. Indeed,
we could not get them by the finite-difference approach, even with the same computational

size as Ref. [28]. The integral formulation enabled us to do it (see footnote 1).

3.6 Appendix A: Stress and heat flow

The stress tensor and heat-flow vector are also familiar fluid-dynamic quantities that become
necessary, most typically, in computing the momentum and energy exchange with the body

surface. Denoting the former by po(d;; + P;;) and the latter by po(2RTy)Y2Q;, their Hilbert
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Table 3.2: Knudsen-layer functions.

—oD op QU 8P —o® oD Y0 —HD
0.00000  0.07965 0.07610 0.31803  0.04368 0.65823  0.31749 0.62804 0.56938
0.02348  0.07508  0.07019  0.28692  0.04108  0.60555  0.29707  0.58003  0.53685
0.05165  0.07153  0.06590  0.26406  0.03872  0.56413  0.28044  0.54166  0.51032
0.09881  0.06693  0.06064 0.23601  0.03547 051105  0.25858  0.49254  0.47522
0.15009  0.06290  0.05623  0.21276  0.03253  0.46540  0.23928  0.45030  0.44399
0.19315  0.05999  0.05316  0.19673  0.03038  0.43311  0.22536  0.42042 0.42128
0.30336  0.05380  0.04689  0.16463  0.02578  0.36657  0.19580  0.35876  0.37265
0.40911  0.04897  0.04220  0.14146  0.02224 031708  0.17323  0.31279  0.33467
0.58327  0.04252  0.03618  0.11301  0.01763  0.25470  0.14363  0.25459 0.28411
0.79673  0.03628  0.03059  0.08822  0.01340  0.19900  0.11603  0.20221  0.23582
0.98271  0.03187  0.02674 0.07228  0.01059  0.16263  0.09728  0.16769  0.20222
119037 0.02776  0.02323  0.05863  0.00814  0.13118  0.08051  0.13752 0.17148
141884 0.02400  0.02007  0.04715  0.00606  0.10458  0.06582  0.11167 0.14392
158214 0.02170  0.01814  0.04061  0.00488  0.08938  0.05719  0.09672 0.12738
1.84260  0.01856  0.01554  0.03230  0.00340  0.07008  0.04592  0.07747  0.10530
2.02504  0.01667  0.01399  0.02764  0.00259  0.05931  0.03945  0.06657 0.09234
251495  0.01263  0.01067  0.01860  0.00109  0.03855  0.02654  0.04506  0.06560
3.04221  0.00947  0.00807  0.01245  0.00019  0.02469  0.01748  0.03014  0.04586
348717 0.00748  0.00642  0.00901 -0.00022  0.01716  0.01236  0.02171 0.03412
4.06758  0.00554  0.00481  0.00603 -0.00049  0.01082  0.00790  0.01433  0.02336
491724 0.00362  0.00319  0.00345 -0.00059  0.00565  0.00412  0.00795 0.01356
6.06059  0.00207  0.00186  0.00172  -0.00050  0.00245  0.00171  0.00370  0.00662
8.07087  0.00081  0.00074  0.00056 -0.00028  0.00063  0.00034  0.00101 0.00193

10.06348  0.00032  0.00030  0.00020  -0.00013  0.00018  0.00005  0.00029  0.00058

13.81166  0.00006  0.00006 ~ 0.00003  -0.00003 ~ 0.00002  -0.00001  0.00003  0.00006

15.00856  0.00004  0.00003  0.00002  -0.00002  0.00001  -0.00001  0.00002  0.00003

20.05147  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000

25.14669  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000  0.00000
plug”  0.0546 0.0809 0405  0.0153 0584 0207 0546 0338

* The Knudsen-layer function has the singularity n1lnn at n = 0. Tts coefficient is shown in this row.

part and Knudsen-layer correction up to the second order in € are summarized as follows:

and

OUitm—1 1 0?Tam—2

Rm:Pm(Sz_ a3 9 4. > :07]-’27
JH H J m Oarj + 273 827181'3 (m )
5 OTam—1 1  OUpm—2
iHm — — 7277 a3 a9 9 :Oa1)27
Qin 12 D, + 53 912 (m )
387—Hm—1

Pijxim = =" (8;5 — niny ) [0 () + 6 ()], (m =0,1),
2 8xk
Pijkonin; = —3/‘6887;0%/ [ng)(z) + @go)(z)]dz,

i n

3/ 0o OTho NG (0)
Pijkonit; = 5(@”@ +Kijtja—$i>/n [Q17(2) + ©17(2)]dz,
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8qum 1 aTHm 1

Qikmti = Oz, n;t; H( )(77) O H(l)(n)
j (A
827H 2 (1) 8 8uH 2 1
2 4 HY b2ty HY
axla ( ) axz axk n] kiig (77)
_ QUi 1) OUjrm 2 1)
+ R ity Hy () + kiy—g —nxtiHlg (1)
j T
OTHm— OTHm—
+ rigty = HD () + RS2 Y (), (m = 0,1,2), (3.21d)

827-Hm 2

_ 67—Hm 2
QikmMi = iz, ———(0;j —nin;) — 2R ]/ H

10 0u]Hm 2
H =0,1,2). 21
281‘2 8ZE —Fyn jnk/ 07 ) ) (3 e)

Here the quantities with the subscript H in Eq. (3.21) denote their value on the boundary.
The functions A", H", and Hél) have already been obtained in Refs. [19] and [20]. The

present work newly provides the data of H f% which are included in Fig. 3.3 and Table 3.2.

3.7 Appendix B: Data of computations

3.7.1 Grid system

Grid points for spatial coordinate 1 are arranged in the interval [0, d] as

7 =—20In(1 —0.7p") + 1074 —

@ 26(i/2N)!
1+25(i/2N)3

2N (3.22a)

(i=0,1,...,2N,). (3.22D)

The parameters N and N, and the upper bound d(= n®")) for the grids S1, S2, and S3 are
as follows: (N, N,,d) = (100,125,44.46) for S1, (N, N,,d) = (150,188,44.94) for S2, and
(N, N, d) = (100,130, 53.04) for 3.

As to the p and ¢ spaces, subintervals (0, p], (p1, n), and (g, 1] in g and [0, (i, (¢, Cnl,
and ((iy, Z] in ¢ are conveniently introduced for the easy control of grid points near u = 0

and ¢ = 0; the grid points are arranged as

0, (j=0),
1 —tanh (Zsinh(u")), (j=1,...,2Ny),
3
3 — .
(ulf* + (1= m{A20-) " G =2V +1,...,2N,),
—u=D (j==2N,,...,—1),

(3.23a)
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Table 3.3: Grid parameters for u-¢ space.

Common Primary grid Secondary grid
1 M1 Nt N Ny w N Nn Ny w
G r N Nno Ne N w M No N N w
Grid Z (1t M(l) C(l) M) 5(1)
M1 100% 1/125 0 16 64 - 48 64 112 1
10=%  1/10 0 16 70 70 - 10 26 80 80 1
5.0 0.36 1.2x107% 1.6x10~% 24 x 10710 51 x10-10
M2 107%  1/125 0 16 64 - 64 80 128 1
10~ 1/10 0 16 70 70 - 10 26 80 80 1
5.0 0.36 1.2x107% 1.6x10~% 23x 10710 51 x10-10
M3  107%  1/125 0 16 64 - 48 64 112 1
10=%  1/10 0 22 94 94 - 14 36 108 108 1
5.0 0.36 1.2x107% 14x10~% 24 x 10710 3.9x 1010
M4 107%  1/125 0 22 86 - 48 70 134 1
10=%  1/10 0 16 70 70 - 10 26 80 80 1
5.0 0.36 1.1x10~% 1.6x10~% 24 x 10710 51 x10-10
M5 107%  1/125 5 21 69 5/24 53 69 117 53/48
1074 1/10 5 21 75 75 5/24 12 28 82 82 12/10
5.0 0.36 1.8x 1075 1.8x10°° 3.1x10~11 9.3x1012
M6  107*  1/125 0 16 64 - 48 64 112 1
107%  1/10 0 16 73 70 - 10 26 83 80 1
5.8 0.36 1.2x107% 1.6x10~% 24 x 10710 51 x10-10
M7  107%  1/125 0 12 48 - 36 48 84 1
10=%  1/10 0 12 48 48 - 7 19 55 55 1
5.0 0.36 1.3x107% 1.8x107% 2.6x 10710  7.5x 1010
with
- ]—2N —2 . :
(1 - 2NH—2§V1)UI + QNII 2N urr, (] = 2NI + 1, . 72NII)>
IR I | 2 -1
urn = sinh —tanh™ (1 — prq) |, (3.23¢)
T
and
0, (k=0),
¢® =<1 — tanh (3 smh( W), (k=1,...,2Nn), (3.24a)
3.60%) + 1.4(v*)8 (k—2/\f11+1 L 2NE),
with
(269 — o)W (L — 5h=) + o, (B=1,...,2M)),
k) _ k—2M, k—2M\] _
o) = Ul(l—m)Jrvnwl 2}\[, (k—2./\f1+1,...,2j\/’n), (3.24Db)
k—2M]
T+(1_T)2/\/——2/\I/1H’ ( —2./\/[["‘1,,2]\74),
1 (2 _
vpir = sinh ™! (— tanh ™' (1 — Q,H)> , G = 3.6r + 1.4r%. (3.24c)
Y

Note that H(iZNI) = 4, M(ﬁNu) = =+, M(iQNu) = 41, C(2N1) = (, C(2N“) = (i1, and

g(2N¢)

= Z. In Egs. (3.23) and (3.24), the primary grid is supposed. For the secondary grid,

84



Table 3.4: Slip/jump coefficients cgo), céo), céo) , and bfll) obtained by different grids.

Grid cgo) cgo) Céo) bil)

( ) -0.4992519 0.0087359 0.4595723 -0.9039300
( ) -0.4992519 0.0087359 0.4595723 -0.9039300
( ) -0.4992695 0.0087344 0.4595690 -0.9039293
( ) -0.4992535 0.0087370 0.4595721 -0.9039303
(S1,M5) -0.4992519 0.0087359 0.4595723 -0.9039300
( )

( )

( )

( )

-0.4992532  0.0087358 0.4595722 -0.9039301
-0.4991404 0.0087413 0.4595929 -0.9039335
-0.4992531 0.0087359 0.4595723 -0.9039288
-0.4992519 0.0087359 0.4595723 -0.9039300

pd), Ny, ¢ and N¢ should be replaced by MG Ny, €®and N¢, respectively. Although
the common notation is used for Niy, w, Ny, N, and W, they may take different values
between the primary and the secondary grid. The values of grid parameters for the p and ¢

spaces, as well as the resulting values of Z, ¢, ™, ¢, M® and £M), are summarized in

Table 3.3.

3.7.2 Measure of accuracy

The truncation of the ¢ and 7 spaces is justified by checking the ratios F'(d,-,-)/Fnax and
F(:,+,Z)/Fuax, where F' = |poE|, |p3E|, |¢sE|, and |[1p4E| and F.x is the respective maxi-
mum of F' over the all grid points. For the standard grid (S1,M1) computation, the former
and the latter are respectively less than 8.9 x 107 and 1.4 x 107°. The velocity distribution
functions have decayed sufficiently at the truncated point.

The grid dependence of the computed slip/jump coefficients is shown in Table 3.4. The
grid in (-space most affects the results, especially for céo) [compare the results by (S1,M1),
(S1,M3), and (S1,M7), where M3 (or M1) is the grid about twice (or 3/2) as many points as
M7]. The accuracy down to the fourth or fifth decimal place is expected from the table. The
comparisons among (S1,M1), (S3,M1), and (S1,M6) in the table show that the error due to
the truncation of the ¢ and n spaces is almost negligible.

The collision invariants are used to assess the accuracy of the collision integral computa-
tion, which is reduced to check the identities C[(1, u¢,¢*)E] = (1, u(, (*)vE for C = ECE™!
and C[E] = vE for C = ECSE~'. With the standard grid M1, these identities are confirmed
to hold within the error of 9.1 x 1078, 1.7 x 1078, 6.6 x 1078, and 8.9 x 107 respectively,
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while the maximum values of (1, u¢, (*)vE are 0.13, 0.064, and 0.062 respectively.
The mass, momentum, and energy balances offer another measure of accuracy. They are
the following identities that are obtained from Egs. (3.4a) and (3.5a) by the integration in

molecular velocity space after multiplying the collision invariants:

(6 = Doa) = [ B (3.250)
(G0 =~ / TYO )z (1C6)s = (6.

(u¢(¢* — g)¢3> = —% /OO HY (2)dz, (3.25b)
(¢, 1?¢, ) ds) 4 = — (€, *C, uC®)os) (3.25¢)
<#(1 - MQ)C3¢4>+ = —<M(1 - #2)C3¢4>—- (3-25d)

Here () is the half-range integral with respect to the molecular velocity defined by (f(¢{))+ =
(F(Ox[0,1)(£p)). HY and HS" above have already appeared in Eq. (3.21) and are defined
as Hy (n) = (1/2)(C3(¢* = 5/2)(1 — p®)ys) (B = 1,2). With the standard grid (S1,M1), the
identities in Eq. (3.25a) hold within the error of 3.2 x 1078, 8.1 x 1077, and 6.8 x 1077, while
the maxima of their left-hand side are 0.48, 0.11, and 1.3. In the case of Eq. (3.25b), the
error is within 4.3 x 1077, 7.8 x 107%, and 1.3 x 107%, while the maxima of the Lh.s. are
0.11, 0.055, and 0.076. In the case of Eq. (3.25¢), the error is within 6.4 x 1077, 6.3 x 1077,
and 4.7 x 1075, while the maxima of the Lh.s. are 0.085, 0.071, and 0.29. In the case of
Eq. (3.25d), the error is within 3.6 x 107%, while the maximum of the Lh.s. is 0.14.
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Chapter 4

Second-order Knudsen-layer analysis for the
generalized slip-flow theory II: Curvature
effects

4.1 Introduction

Study on the connection between the kinetic theory and the fluid-dynamics has a long history
[1,2,3] and a number of important results have been obtained for a small or a vanishing limit
of the Knudsen number, e.g., Refs. [4,5,6,7,8,9]. A systematic asymptotic theory has been
established in the late 1960s and early 1970s [4,5] and developed further [6] since then. It
provides not only the fluid-dynamic description in the bulk region but also the slip/jump
boundary condition and the non-fluid-like correction in a thin layer adjacent to the boundary
(the Knudsen layer) for small Knudsen numbers. We call the linear case of that theory the
generalized slip-flow theory in the present paper. The generalized slip-flow theory contains
rich information on the gas rarefaction effect, giving a fluid-dynamical interpretation to
various phenomena occurring for small Knudsen numbers. It also motivates recent studies
on time-dependent problems in its framework [10,11,12]. In the meantime, mathematical
studies are also developing to include the argument of boundary condition for the fluid-
dynamical equation [13,14,15].

The generalized slip-flow theory has been applied to various fundamental problems and
was revealed to be practical. However, such applications have been limited mostly to
the studies based on the Bhatnagar—Gross—Krook (BGK) [or Boltzmann—Krook—Welander
(BKW)] model equation [16,17]. This is due to lack of numerical data of the Knudsen layer
at the second order of the Knudsen number for the original Boltzmann equation. We have
recently obtained the required numerical data up to the second-order of the Knudsen number
[18], except for the effects of boundary curvature, assuming the hard-sphere molecules and
the diffuse reflection boundary condition.

In the present paper, we take a step further to complete the full set of numerical data
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that are required in applications up to the second order of the Knudsen number expansion.
They have been missing for nearly a half century in applying the theory to specific problems
on the basis of the original Boltzmann equation. To be a little more specific, we focus on
the effects of curvature of the boundary that manifest themselves at the second order of the
Knudsen number. As will be clarified in the course of analyses, even though the macroscopic
quantities are finite and well defined, the velocity distribution function diverges locally in
the molecular velocity space in approaching or on the boundary. This feature forced us to
separate the present work from the previous one [18]. The local but theoretical drawback
behind the benefit of the expansion will also be discussed. We have developed the numerical
method that handles such a singularity safely to complete the data required in the generalized

slip-flow theory.

4.2 (Generalized slip-flow theory: Outline and present
concern

Let us consider a gas around smooth solid bodies which do not change in time their shape
and position under the following assumptions: (i) There is no external force and the behavior
of the gas is described by the Boltzmann equation for monatomic molecules; (ii) The gas
molecules are reflected locally isotropically [6] on the surface of the solid bodies (no net flow
across their surface); (iii) The deviation from the reference equilibrium state at rest with
density po and temperature Ty is so small that the equation and the initial and the boundary
condition can be linearized around that equilibrium state; (iv) The mean free path ¢, of a
molecule at the reference equilibrium state is much smaller than the characteristic length L
of the physical system (i.e., the Knudsen number Kn = ¢;/L < 1); (v) The time evolution
is initiated by a slow change of the surroundings from the reference equilibrium state.

The time scale of the change t; in (v) is the same order as that of the viscous and
the thermal diffusion, and we set it as ty = (2/v/7)(L?/lo\/2RTy), where R is the specific
gas constant (the Boltzmann constant k divided by the mass of a molecule m). In the
actual computations for the Knudsen-layer analysis, we assume the hard-sphere molecules
in (i) and the diffuse reflection boundary condition in (ii). For hard-sphere molecules, ¢y =

[V27rd?,(po/m)]~", where d,, is the diameter of a molecule.
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The generalized slip-flow theory consists of first considering the overall behavior of the
gas that changes in the scale of the characteristic length (and time) of the system and then
introducing the correction in the vicinity of the boundary. The first part is conducted by the
Hilbert (or Grad-Hilbert) expansion to yield a set of fluid-dynamic equations. The solution
of this set is called the Hilbert part (or solution). The second part is conducted by the
expansion after stretching the spatial coordinate in the direction normal to the boundary.
This yields a set of slip/jump boundary condition and the associated correction to the fluid-
dynamic solution near the boundary. The correction is called the Knudsen-layer correction,
which is the present primary concern.

We shall denote by Lz; the space coordinates, by ot the time, by po(1 + w) the density
of the gas, by (2RT,)"?u; the flow velocity, by Tp(1 + 7) the temperature, by po(1 + P)
the pressure with py = poRTy, and by (2RT})Y?usy, and Ty(1 + 7,) the velocity and the
temperature of the body surface. Since solid bodies change neither the shape nor the position,
u;wn; = 0, where n; is the unit vector normal to the surface, pointed to the gas. We
denote the Hilbert part and the Knudsen-layer correction of the macroscopic quantity h
(h = w, u;, 7, P) by hy and hx, respectively: h = hy + hk. Since the Knudsen number
is small, we use ¢ = (/7/2)Kn as a small parameter. The Hilbert part and the Knudsen-
layer correction are obtained by a power series expansion in ¢, which will be denoted as
hu = huo + hie + haoe® + - -+ and hg = hiko + hkie + hikoe? + - - -. Actually, the expansion
of hi starts from O(e), because no correction to the Hilbert solution is required at O(1).

The resulting set of fluid-dynamic equations, their slip/jump boundary conditions, and
the Knudsen-layer corrections up to the second order of the expansion in € are summarized
as follows: [10]

Fluid-dynamic equations

0 Pro

o 0, (4.1a)
ag;HZm N &037;—1 _0, (4.1b)
azg?m %3{’;3;“ - %71 a?;?m + %(71710 - 276)% =0, (4.1c)
87;?1 - gag};m - %728287—% + % (7273 - g’m) % =0, (4.1d)
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« 1 827—Hm71 1 8PHm,1
PHm+1 = Pamy1 — 6 (7271 - 4’73) W + 5’71 o
J

PHm = WHm T THm, (41f)

(4.1e)

where m = 0,1, 2 and the quantities hy_1 and hy_s (h = w, u;, 7, P) should be read as zero.
The ~’s occurring in the equations are positive constants corresponding to the transport
coefficients at the reference state; +’s are all unity for the BGK model, while they are
respectively v; = 1.270042427, ~, = 1.922284066, v3 = 1.947906335, 76 = 1.419423836,
Y10 = 1.63607346, and ~y; = 2.7931173 for hard-sphere molecules.

Slip /jump boundary condition and the Knudsen-layer correction

[(qum - uzwm)tz:| _ auiHm_ln.t. bgl) + aTHm—l ) bél)
Uikmli or; Y| T 0x [V ()
O Tm—2 ; b;(),l) 0 OUjtm—2 ; bfll)
T R O] I PRI )
_ OUitim—2 b OUjHm—2 b
+ R———n,t; > + Kijj— ngt; &
aflfj J }/5(1)(77) J al’k k Yé(l)( )
aTHme b'(yl) aTHme bél)
+ Ki + K t; R 4.2a
0w, YY) o Y0 (n) (4.2a)
Uipmni| _ 1 O Oujum—2 . I vV (2)dz ]
UkmTi|  20x; Oxp " — vV (2)dz
~ OTHm—2 O Tim—2 I Y(l)(z)dz
2R—— ", — =8y — i 0ot , 4.2b
+ |: Kk 8LL‘Z n 8xzamj ( J n nj) _fn }/2(1)(Z>dz ( )
(0) (0)
THm — Twm 1 Cs
OTHm—1 0 OUitm—1 0
WKm = g Q(%O;(n) + I 9%01(77)
TKm ©1"(n) 5" (n)
(0) (0)
aQTHme 62 827-Hme CG
2L (0;j — nin;) ng)(n) + 9 Qéo)(n)
LioL; 0) i (0)
Oy (n) O (n)
(0) (0)
-_— c c
0 OUitm—2 3 _OTHm—2 S
* Ox; éx Hang Tk ng)(n) T or. Qio)(n) ; (4.2¢)
¢ k (0) Li (0)
©;"(n) )
Pxm = Wkm + T, (4.2d)

where m = 0,1,2 and fi; = fi; + fii — (2/3) furdi; (6;; is the Kronecker delta). In Eq. (4.2),

the quantities with the subscript H or w denote their values at the (dimensionless) surface
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position x;y, and t; (or n;) is a unit vector tangential (or normal) to the surface at x;,. The
quantities with the subscript K depend on 7 as well as x;y, where 7 is the stretched spatial
coordinate normal to the surface at x;, such that the position z; in the Knudsen layer is
expressed by x; = x;y + €nn;. The surface velocity and temperature are also expanded in a
power series of € hy = Ny + Nyw1€ + hwoe? + -+ (h = u;, 7). The effect of surface curvature

occurs through the terms with x’s defined by
1
k= i(fﬁ + Ke), Ky = Kbl + kamym,. (4.3)

Here k1/L and ky/L are the principal curvatures of the boundary, with x; and ky being
taken negative when the corresponding center of curvature lies on the gas side; ¢; and m;
are the direction cosines of the principal directions corresponding to x; and ko respectively.
It is those terms that we are interested in in the present paper.

Many terms degenerate from Egs. (4.1) and (4.2) when m = 0,1. For instance, the
boundary condition at O(1), namely for m = 0, is none other than the non-slip/non-jump
condition; the slip/jump may occur at the first or higher order of €. The reader is referred to
Refs. [6] and [10] for the discussions on the main features of the above system. The system can
be solved from the lowest order to determine the time-dependent behavior of the gas under
the considered situation, provided that the data of the slip/jump coefficients c§°) ~ céo), bgl) ~
bél), I Yl(l)(z)dz, I Yz(l)(z)dz and the elemental (or component) Knudsen-layer functions
ng) (n) ~ Qéo) (n), @50) (n) ~ @éo) (n), Yl(l)(n) ~ Ys(l)(n) are available. They are obtained by
solving elemental (or component) half-space problems of the linearized Boltzmann equation,
which may be homogeneous or inhomogeneous depending on that component.

Since the first publication of the generalized slip-flow theory [4,5], the complete set of the
slip/jump coefficients and the associated Knudsen-layer corrections has been available only
for the BGK model. For the original Boltzmann equation, a part of the information have been
reported in the late 1980s and early 1990s [19,20,21], assuming the hard-sphere molecules
and the diffuse reflection boundary condition. The present work reports the final step of
our attempts that follows these and our recent works [22,10,18]. Thanks to the theory of
symmetry relation [23], we have already obtained the complete set of slip/jump coefficients
up to the second order of € in Ref. [10]. However, the information of the Knudsen-layer

structure is still incomplete, which motivates the present work. As will become clear in the
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sequel, the numerical method developed in Refs. [24,25,18], which is based on the integral
formulation of the Boltzmann equation, is really effective in the study of the Knudsen layer

related to the curvature effects of boundary.

4.3 Knudsen-layer problems

Let us denote by (2RT})*/2¢ the molecular velocity and introduce the notation ¢ = |¢| and
p = ¢n;/C, where —1 < p <1 and 0 < ¢ < oo. Then, the component problems for the
Knudsen layer admit a similarity solution of three arguments (7, i, () and are reduced to
the following two types of boundary-value problems by assuming the hard-sphere molecules

and the diffuse reflection boundary condition:

9¢q

Mca_n = _V(C>¢a + C[¢a] - Ioz<777 22 C)7 (44&)
¢a = =03 =P+ ga(1,¢),  (uC >0, n=0), (4.4b)
Po — 0, as n — oo, (4.4c)
and
0
B = =vlC)s + Cls] = T3, 1. 0) (4.50)
s = =265 + g5 (1,0), (¢ >0, n =0), (4.5b)
g — 0, as n — o0. (4.5¢)
Here

v(C) = % {exp(—&) T (2<+ %) /0 C eXp(—ﬁz)df} ;

C is an integral operator acting on a function of ¢ to be defined soon later; and g,, Z,, gg ,
and Ig are given functions. Z, and Ig are supposed to decay fast in 7. The solution ¢, (or
Yg) (e =1,...,6; =1,...,8) is a function of n, p, and ¢. It is determined together with
the constants o) and ¢ [or bg)] for every given (Zq, ga) [or (Z5,93)] [26]. The operator C

is defined by

Cll(¢) = / k(C.€) — kalC. E)](€)de,

—[€* +

k(€)= € x¢] )

1
ﬁwyg—gyexp< € —¢P?
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I¢ —&|
2V/2m

Thanks to its spherical and axial symmetry, C[¢,] becomes a function of  and ¢ (and 7) for

k2(C,8) =

exp (—[€]?) .

the function ¢, (1, i, ¢). On the other hand, C® is defined for functions of y and ¢ (and 7)

through C, making use of its axial symmetry:

(itiCo[wg] = Cl¢itivg).

Once the solutions are obtained, Q) (n), o (n), Yﬁ(l)(n) occurring in Eq. (4.2) and H él)(n)

in Sec. 4.7 are obtained as their moment:

A1) = (8u), OV (1) = 5 ((¢* ~ 3)6) (4.6)
Vi) = S(C — is), B () = 50— 12)(E — D) (4.7)
where (f) = [ f(&)E(|€])d€ with E(z) = 7%/ exp(—2?).

Our present concern is the case a =4 and =5 ~ 8, for which (Z,, g,) and (IBS , gg ) are

given as

99,

T =C(L = ") 5~ (?7 1,¢) — 31 = ) (n, 1, €),

0= = [V 10 - 30 BO) (4.82)

2,01

S0, 0 = 210 = 3G =D (4Sh)

77 Z%C(l — )

I3 =31~ ) Gt 0.1 €) = i ),

65 =~ Di(Q) — 5C°(1 — 32)Du(0), (1.5¢)
7 =%C(1 — %) (;fj (1, 11, ) = G2 (n, 1, €) + 61(1, 11,€), g7 =0, (4.8d)
I3 Z%C(l — ) gf (n,11,€), g5 = 0. (4.8¢)

Here ¢ is the solution of the problem (4.4) with Z; = 0 and g3 = uCA(¢) (the so-called
temperature-jump problem [19]), while 1); and 15 are respectively the solution of the problem
(4.5) with Z{ = 0, ¢¢ = uCB((), Zy = 0, and g5 = A(() (the so-called shear-slip and
thermal-slip [27,6] problems). The pair (bgl), Yz(l)) is the slip coefficient and Knudsen-layer
function associated with )9, which have already been obtained in Ref. [20]. Note that all
of Zy and Z¢ ~ I3 in Eq. (4.8) indeed decay fast in n because of the fast decay of ¢y, 11,
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and 1. The functions A, B, Dy, and Dy of ( are familiar solutions of the following integral

equations:

L[GAQ)] = —¢(¢* —5/2), subsidiary condition: (¢*A(¢)) =0,
LG B(Q)] = —2G;,
L[(G + Ci0ki + Crdiz) D1(C) + Gi¢iCrD2(C)]
= Y1(Gidjk + GiOki + Crdij) — GGGB(C),
subsidiary condition: (5¢*D;(¢) + ¢*Ds(¢)) =0,

where L[f] = —v(Q)f + C[f] and ; = GG — (1/3)¢%0;.

The essential difficulty which newly appears is that the inhomogeneous term Z, or Ig
contains the derivative of the first order Knudsen-layer solution, i.e., d¢1/0u, 01 /0u, or
Oy /0, because ¢1, 1y, and 1 behave like uCIn|uc| for u¢ ~ —0 on the boundary and
thus their derivatives logarithmically diverge [25]. Our approach to be developed in the
sequel follows the method in Refs. [18] and [25] and, in addition, separates the difficult part

essentially from the others, thereby dealing with the problem safely numerically.

4.4 Numerical analysis and singularity of the solution

Because Egs. (4.4) and (4.5) are linear problems, they can be treated by first decomposing
the sources Z,, (or Ig ) and g, (or gg ) as we like and then superposing the individual results.
In the present section, we shall concentrate on the cases that all the terms without ¢ /0pu,
O /Op, and Oy /Op in those sources are absent. Hence, we drop the subscript a from
Eq. (4.4) and put Z = ¢(1 — p?)d¢1/dp and g = 0, while we put 3 = A, B in Eq. (4.5) with
I5 = C(1 = p*) 01 /Op, T = C(1 — p?)dba/Op, g5 = 0 and g3 = 0. Note that ¢ = %%9-
The remaining parts ¢4 = ¢4 — ¢, Vs = Vs — %¢Aa and ¢ = U7 — %¢B can be handled
without difficulty by the method in our previous paper [18], the explanation of which is

omitted here.
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4.4.1 Integral formulation

Multiplied by F(¢) and integrated with respect to 7, both of the problems (4.4) and (4.5)

are transformed into

¥(0.11.6) =G O exp(~ 1) - [Tl ¢y exp(HLE =
/ (s, 1, Q) exp(%)db‘, (u¢ > 0), (4.9a)
®(n, 1, ¢) = C/ (s, 1, C) eXP(W)dS
e / cwi(s. ) ("= Tas, (g <o), (4.9b)
with

O(n,p, () — 0, asn— oo, (4.9¢)

_LC I(s,11,0) exp(—V(O(SC_ Dyds, (u¢ > 0),
V(n, 1, ¢) = Ml . V(é)é— ) (4.9d)

g | s Qesp(= 0 )ds, (1 <0)

Here, ®, C, I, and G should be read as ® = ¢F — U, C[f] = C[fE'E, [ = ZE, and
G = (—0©@ — O¢HE for problem (4.4), while they should be read as ® = zFE — U,
Clf] = C°[fE7'E, I = I§E, and G = —2b(ﬁl)E for problem (4.5), where 8 = A, B.
Remember that I decays fast in 7, so does W. In the above, the original solution ¢F, 14 F,
or ¥pF is split into the given part ¥ and unknown part ®. The equation for ® is none
other than the integral form of the inhomogeneous Boltzmann equation with C[¥] being its
inhomogeneous term. The conditions (4.4c) and (4.5¢) are reduced to Eq. (4.9¢), because
U — 0 as 7 — oo. The condition (4.9¢) is required, otherwise the constants g ) 19541)
and bg) are not determined [26].

Since C' is the integral operator, C[f] is milder than f. Nevertheless, because of the
singular nature of I considered here, a special attention should be made in the present
analysis. In fact, the most difficult part in the present work is the computation of ¥ and
C[¥], especially their values in approaching the boundary (n — 0).

Using the facts that ¢; is the solution of Eq. (4.4) with Z; = 0, g1 = uCA(¢) and that
1 and vy are the solutions of Eq. (4.5) with Z{ = 0, ¢7 = u¢B((), Z5 =0, g5 = A((), ¥
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can be written as

Oho 1

(1 _ 2 2p, —-22
v=0-n )Q{ (3u | | )MC e
oClh —
< [ -1 P e R s (g > 0), (4100
— — oClh — S, _y|n=s
Rl R e e e e )
n N 2

g

(4.10b)
where h is ¢1E, 1 E, or ¥ F, while hgy its value at n = 0; accordingly C[h] = C[¢]FE
Co[1]E, or C¥[1o) E. Note that C[h] is a function of s, u, and ¢ and that the argument ¢ of
v and E has been omitted just for conciseness in the above. The parts with the underbrace

require a special attention in the computation, which we explain in Sec. 4.4.2.

4.4.2 Singular properties of ¥

Let us introduce the following notation:

Wifl=—(1-p )C—fw O1-L[2e 2, (u¢ > 0), (4.11a)

p¢

Tm—{ T, IR e
(et oo |" ol

The parts with the underbrace in Eq. (4.1

Nf(s, Qe s, (u¢ > 0),
TN (s p, Qe s, (u¢ < 0).
0)

are then written as W hg] and T'[C[h]], respec-

(4.11b)

tively; the equation (4.10) is recast as

U =1 [ho] + T[CIH]] — (1 - M?)g{%_’/ff%e—ﬂ
1 [7OC[h] n—
" |MC| 8/1 | MC } (MC > 0), (4.12a)
_ C(L=pA)C [ oCh i
v IuCI / | ds, (n¢€ < 0). (4.12b)

We consider the behavior of W{hg] and T[C [hﬂ in three limiting processes: (i) n — 0 with
[uCl(> 0) fixed, (ii) [u¢| — 0 with n(> 0) fixed, and (iii) 7, |u¢| — 0 with = = |72|(> 0)
fixed. Note that z — 0 in the limit (i), while z — oo in the limit (ii).
As is clear from its form, Whg| behaves well in the limits (i) and (ii). It grows, however,
in proportion to 77! in the limit (iii). Therefore, W [hy] is singular for u¢ = +0 and n = 0.
As to T[C[h]], we need to pay attention to that, even though C[h] behaves well with

respect to p and (, its derivative in s may diverge logarithmically [25,18] as s — 0. Therefore,
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as in Ref. [25], we put

Clh)(s, 1,€) = alit, ) + bly, C)s s + (41, ), (4.13)

for small s and estimate the behavior of T'[C[h]] for n < 1. Then, for u¢ > 0, we have

VBTICR)] 22 22 . z
m:%e a(u,@)—{(;—i—z—i—l)e [El(z)—lnz—fy]—§

FIG 2+ D~ Uhnn—2(1— ) + (5 +22)e " }b(,0)

{1 = (5 + 2+ Ve helns ), (4.14)

where Ei(z) = p.v. [7__y'e¥dy, (2 > 0) and v is the Euler constant (y = 0.577216...).
Taking into account the properties Ei(z) — v — Inz = O(z) for z < 1 and e *Ei(z) =
2714+ 0(272) for z > 1, we see that all the terms are finite in the limit (i). In the limit (ii),
the part with the underbrace approaches — Inn; thus T[C[h]] grows in proportion to Inn as
n — 0 at u¢ = +0. In the limit (iii), the terms with a and b grow in proportion to n~! and
to Inn, respectively. On the other hand, for u¢ < 0, we have

V3T([C[h]] wie™

- 2fp—1 0l ) =z Z Deralz) - h”l_g[zezEl(Z) — 1]
2y -
+(Inn)e™ (5 + 5 =2+ DL +y) — 297
2
+ Sy Baly) = e — e[y — (1 + w) = - Je'Bu(y)
5 Cw o WP
— 5l =e™) + e (5 +2w)}b(p, )
w? w?
+{1-[14+w+ 7(1 + z) + 7]6_“’}0(#, )
v, [ n—s vin—s —y| =g
— = 1—— Clh wld 4.15
el [0 = Sl O R s, (45)
where Ey(2) = [y e Vdy, (z > 0), w = v|EF] y = 2+ w = [“F[, and 5. is a fixed

positive constant such that 3n < 7, < 1. In the above three limiting processes, w and y
behave respectively as (i) w — y with y(> 0) fixed, (ii) w, y — oo, and (iii) w, y — oo; and
in all cases = and £ are finite. The integral on the last line is seen to be bounded by

w

L,
—w* + 2w + 2)e”“ max C'|h],
17*—77(2 ) n>1 (7]

and always remains finite in those limits. However, because of the properties eE;(z) + v +

Inz = O(zlnz) for < 1 and €’Eq(z) = 271 + O(27?) for & > 1, it is seen that the part
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with the underbrace approaches v + In i| in the limit (i) and grows in proportion to In 7 in
the limit (iii). The limit (i) implies that T'[C[h]] grows with the rate In || as u¢ — —0 on
the boundary n = 0. In the limit (ii), it approaches 1 —1Inn; thus T'[C[h]] grows in proportion
tolnnpasn— 0at u¢ = —

To summarize, ¥ exhibits the singular behavior and may diverge for n, u¢ ~ 0. To be
specific, when u¢ < 0, it diverges with the rate Inn as n — 0 with |:—g\ fixed and with the

rate In|u¢| as u¢ — 0 for n = 0. When u¢ > 0, it diverges with the rate !

as 1 — 0 with
| 2| fixed due to both Whe] and T[C'[h]], especially the contribution from the part a(u, ()

of C[h] for the latter. When pu¢ = +0, it grows with the rate Inn as n — 0.

4.4.3 Influence of the singularity of U on its moments and C[V]

Due to the behavior studied in Sec. 4.4.2, C[V¥] and the moments of ¥ on the boundary
should be considered carefully. We define them as the values in the limit » — 0. Then, a
special attention should be made to the singularity in the limit (iii); the order of the limit
17 — 0 and the integration with respect to p and ( is not allowed to change naively. We have
obtained the following identities, by which the moments of ¥ for n = 0 can be computed

appropriately numerically:

[e'e) 1
li [ P, )W lhold¢ = 2 liny / /<2P<u,<>W[ho]dud<

n—0 ©¢>0

n—0

[e’e) 1
— orlim / / (1— 4 M |—|3 P (1, o, )dpudC

:—W/ —PO(hOOCdC_—w/ —POC 0,40,¢)d¢,  (4.16a)

tiy [ P(s OTICHAC = 2 iy / / Pl Q) lig CTICIHdpdC,  (416D)
tiy [ POs OTICMAC = 2 iy / / CP (1, Q)TIC A dpudC
‘W}#i%n/ /iV" P (. O)a (uo( )Cddc

= [ SP0.gangic=x [ 5—2P<o7<>0[h1<0,o,<>d<, (4.160)
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where P is a regular function of its arguments [see Sec. 4.8 for the derivation of Eq. (4.16)].

Therefore, we have

iy [ P W0, 1, )¢ = 2l / / P, OO, C)dpudC

+7r/ —7> 0, O){C[A)(0,0,¢) — vh(0, +0,O)}dC.  (4.17)

As for C[¥], it can be written in the form

1, 1€ /// €K (M, £,0; 1, O)W (1, M, €)d0dMd,

where 6 is the angle between the projections of & and ¢ onto the plane normal to their
common polar direction (M = pu = 1). The key difference of the above K from P is that
it has a singularity of | — ¢|7'. Fortunately, however, the singularity can be removed by

transformation of integral variables, so that we obtain the identity similar to Eq. (4.17):

o) 1 2m
Cwlo 0 =tin [ [ [ K086 6w M o

=lim / h / N / - K (M, &, 0; 1, O)&20(0, M, €)dodMde

el0

+/0 :ﬂ 263 K(0,&,0;1,0){C[h](0,0,§) — vh(0,40,&) }dOdE.  (4.18)

The required calculation becomes lengthy and we omit it in the present paper.

4.4.4 Discretization and some details of numerical method

Thanks to the factor E, both of ® and ¥ are expected to decay rapidly in ¢, as well as in
1. We thus truncate the (- and n-spaces at ( = Z and n = d for properly chosen positive
constants Z and d and restrict the computation in the region —1 < p < 1,0 < ( < Z,
and 0 < n < d. The chosen values of Z and d are justified a posteriori from the results.
Non-uniform discretization is made for each variables. The grid in molecular velocity space
(1, ¢) is arranged two-fold: one is the grid for capturing the milder function C[®] (and
C[¥]), while the other is that for capturing ® (and ¥) to compute C[®] (and C[¥]) enough
accurately. The latter grid should be finer than the former. In the case of the standard
grid, i.e., (S1,M1) in Ref. [18], we set Z = 5.0 and d = 44.46, and arrange 251 grid points
in 1 space; the two-fold grid in u-¢ space consists of 257 x 141 and 449 x 161 points.! More

details are found in Ref. [18].
1Using the notation appearing soon below, N, =125, N, = 64, N = 70, Npy = 112, and N¢ = 80.
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For the spatial coordinate 7, we arrange 2N, + 1 grid points, say n% (i=0,1,..., 2N,),
in the region 0 < n < d:

As the primary grid for the molecular velocity space, we arrange (4N, + 1) x (2N, + 1)
points, say (u\,¢(®) (j = —2N,,,...,2N,; k =0,...,2N;) in the region —1 < p < 1 and
0<(¢<Z:

= =¥ (1< j<2N),

while, as the secondary grid, we arrange (4Nj; + 1) x (2Ng + 1) points in p-¢ space, say
(MO £t (1= =2Nps, ..., 2Np; m=0,..., 2N):

0=MO « MO ... < pCNu=1) ~ py@NM) — 1,
MUY = MO (1 <1< 2Ny),

0=¢0 <M < < c@N) = 7

Note that Ny, > N, and N¢ > N¢. Once the reliable data of C[¥] are obtained, the solution
method for Eq. (4.9) is the same as that in Ref. [18]. Hence, we explain below how to obtain
U and C[V].

As is obvious from Eq. (4.9), in order to compute ®, the information of C[¥] on all grid
points (n@, ), ¢®)) is required. For 7 with i # 0, C[¥] is computed in the same way
as the computation of C[®], which is based on the piecewise quadratic interpolation of W
in the molecular velocity space (see also Ref. [18]). For n®, however, C[¥] is computed
in accordance with Eq. (4.18) in Sec. 4.4.3, where C[h](0,0,&) is interpolated piecewise
quadratically in £ in the last integral. As to the first integral, the region of integration with
respect to M is truncated from —1 < M < —e with € = 40 to —1 < M < M2 for the
integration of T[C[h]] in ¥ [see Eq. (4.12)]; no truncation is made for the integration of the
reminder U — T'[C[h]]. In both integrations, T[C[h]] or ¥ — T[C]h]] is interpolated piecewise
quadratically both in M and ¢. The truncation causes the error of O(M2 In|M(=2)]),

which can be controlled to be small enough by a proper arrangement of the secondary grid.
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In computing the contribution from ¥ to the Knudsen-layer functions at n = 0, Eq. (4.17)
is treated in the same way.

Finally, we turn to the computation of W. As is clear from the previous paragraph, we
have already handled the divergence of ¥ at n = 0 and do not have to worry about it. When
computing ¥ by Eq. (4.12), we use the following piecewise interpolation with respect to s
for the part T[C[h]] in the range 0 < s < 1?*), where o is a certain small natural number,

[see Eq. (4.13)]:

Ch) (s, pD, ¢W) = a(uD, ¢®) + b(pD, ¢®)sIn s + c(u?, (W)s,

Here the coefficients a, b, and ¢ are determined in such a way that C[h](s,-,-) takes the
values C[h](n®),-,-), C[R)(n®*V,-..), and C[h](n**2) . ) at s = ) nZ+D and pE+2),
As to the remaining part ¥ — T[C[h]] in that range and ¥ in the remaining range, we use
a piecewise quadratic interpolation with respect to s, as in Ref. [18]. The value of n?) is

about 0.1 in all of our computations.

4.5 Numerical results

The results in the present section are obtained by the standard grid (S1,M1) in Ref. [18],
unless otherwise stated. The measure of accuracy of the present computations is given in
Sec. 4.9. Further data, in addition to those covering the results in Refs. [10] and [18], are
available from the Kyoto University Research Information Repository (http://hdl.handle.
net/2433/199811).

4.5.1 Velocity distribution functions

As an illustrative example, we show ¥ FE at three spatial points n = 0.015, 0.58, 3.0 in
Fig. 4.1 and s E at four spatial points n = 0, 0.015, 0.58, 3.0 in Fig. 4.2. It should be
reminded that 15 = 14 4+ 95 (see the first paragraph of Sec. 4.4) and that ¢4 contains a
diverging part at n ~ 0 and u¢ ~ 0, while 15 does not. Due to this fact, the scale of the
vertical axis is changed largely in Fig. 4.1, while it is not changed in Fig. 4.2. In Fig. 4.1,

YA E on the boundary n = 0 is not drawn by the same fact.
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0.02

Figure 4.1: ¥4 E and its contour plots at three spatial points. (a) n = 0.015, (b) n = 0.58,
and (c) n = 3.0. In the contour plots, the curves are drawn with the interval of 1 in (a), 0.04
in (b), and 0.01 in (c).

In Fig. 4.2, the discontinuity is clearly observed along the line u{ = 0 on the boundary
1 = 0, which is the line corresponding to the molecular velocity tangential to the boundary
(see Fig. 4.2a). The discontinuity vanishes immediately away from the boundary with keeping
the other part almost unchanged. Accordingly, a continuous but steep variation appears in
the molecular velocity space near the boundary (see Fig. 4.2b). These features are also
observed in ¢4, g, 17, and the solutions obtained in Ref. [18].

In order to see the singular behavior of the velocity distribution functions more closely,
we show in Fig. 4.3 n¢, na, and niop for small n as a function of pu/n(> 0). It is seen that
the profiles of ng, N4, and nyYp tend to converge individually as n decreases. This confirms
that ¢, ¥4, and ¢ diverge in proportion to n~! for u¢ > 0 in the limit (iii) of Sec. 4.4.2,
due to the corresponding property of the part ¥. Another close observation can be made

for the limit (i) of Sec. 4.4.2 for u¢ < 0. From Eq. (4.15), we see that for |u| < 1

T = 0. < 0.6) = $51(5 =7 = In Tb(0.€) + (0.0 + Ol ).
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(c) n = 0.58

Figure 4.2: 1)sE and its contour plots at four spatial points. (a) n = 0, (b) n = 0.015,
(¢) n =0.58, and (d) n = 3.0. In the contour plots the curves are drawn with the interval of
0.1 in (a) and (b), 0.05 in (c), and 0.005 in (d). The white vertical surface at u¢ = 0 in (a)
shows the discontinuity.

which in turn leads to the following asymptotic behavior:

_ ¢G5 v
201 = 0,10 <0,0) = (Plasy = 7515 =7 = In 777)6(0, ) 4 (0, ¢)]
aC[h 1
- %%«LO’O +—C[¢](0,0,¢), asu /0, (420)

where ¢ = ¢F, YaE, YgFE for h = g1 E, V1 E, o E. Note that b and ¢ depend on h. We
show in Fig. 4.4 the numerical data of p(n = 0, < 0,¢) for small |u| by the solid line.
It is clearly observed that, as p " 0, the numerical solution of ¢F, ¥4 F, or ¥gFE on the
boundary approaches (¢F) sy, (VaE)asy, or (VBE)asy, 1.€., the dashed line. This again shows
that our numerical method works consistently enough to capture the logarithmic divergence

of the solution in || for 1 0 on the boundary discussed in Sec. 4.4.2.
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Figure 4.3: Behavior of ¢, 14, and ¥p for small n. (a) noE vs p/n, (b) naE vs u/n, and
(¢) nypE vs p/n. Three different lines are drawn for each value of ¢ in each panel: the solid
line represents the result for n = 7.3 x 1077, the dashed line that for n = 1.4 x 1074, and the
dash-dotted line that for n = 1.5 x 1072. The dashed line almost agrees with the solid line
and is invisible for ¢ = 0.90. Three lines almost agree with one another and the difference is
invisible for { = 2.1.

wBEv ("Z}BE)asy

20 -15 -10 -5 30 -5 -10 -5 —20 —15 —-10 -5
In(]l) In(|l) In(|l)

P 07

(a) (b) (c)

Figure 4.4: Behavior of ¢F, ¥4 F, and ¥gFE for ; < 0 on the boundary n = 0, with ¢ being
fixed (¢ = 0.90). (a) ¢E, (b) ¥4E, and (c) ¥pE. The solid line represents the numerical
solution of ¢E, ¢4 E, and ¢YpFE, while the dashed line (¢F)usy, (VaE)asy, and (VpE)qsy
predicted theoretically [see Eq. (4.20)].

4.5.2 Slip/jump coefficients and Knudsen-layer functions

Slip/jump coefficients are shown in Table 4.1. The data in Ref. [10], which are obtained from
the information about the first-order Knudsen layer by the theory of symmetry relation [23],
are also shown for comparisons. Excellent agreement ensures the consistency of the present
results to the theory.

The Knudsen-layer functions Qflo), @flo), Y’s, and H’s are shown in Fig. 4.5 and Table 4.2
[see Sec. 4.7 for H’s and Eq. (4.2) for the others|. Corresponding to the behavior of the
velocity distribution functions in 7, they decay fast as n — 0o, mostly monotonically except

for Qflo), @io), and H;l) (see Table 4.2). From the table, the 90% thickness of the Knudsen
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Table 4.1: Slip/jump coefficients. The data in Ref. [10] obtained by the use of the symmetry
relation [23] are also shown for comparisons.

01(10) bgl) bél) bgl) bél)
Present results 4.6180 -0.66012 0.24381 0.44728 -0.23353

Symmetry relation [10] 4.6181 -0.6601  0.2438  0.4472  -0.2336

0.25

Figure 4.5: Knudsen-layer functions. (a) Knudsen-layer functions for ¢4, 15, and g, (b)
those for 14 and ;.

layer is seen to be about 4 ~ 5 for QELO), about 1 ~ 1.5 for @EIO), about 2.5 ~ 3 for Y5(1), Hél),
Y6(1), Hél), and Y7(1), about 0.5 ~ 1 for H§1), and about 6 ~ 7 for Ys(l) and Hél), measured

in n.

4.6 Concluding remarks

In the present paper, we have investigated the curvature effects in the generalized slip-
flow theory [4,5,6], which occur at the second order of the Knudsen number expansion,
and thereby complete the series of data required for its application to practical problems.
This also completes our recent studies on the time-dependent slip-flow theory [10,18] for a
slightly rarefied gas. In the course of analyses, we have also clarified that the curvature
effects induce the local divergence singularity of the velocity distribution function, even
though it is integrable to make macroscopic quantities well defined. We have obtained the
precise information on the singularity and thereby have established a numerical method that
handles it appropriately.

The occurrence of the local divergence above can be understood physically from the
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Table 4.2: Knudsen-layer functions.

n QA(LO) _@A(IO) Y:5(1) _Hs(l) Yé(l) _Hél) _)/7(1) —H;l) Yé(l) —Hél)
0.00000  0.55644 1.64676 0.89334 1.09051 0.26440 0.52114 0.13408 0.55360 0.35551 0.82712
0.02348 0.49619 149739 0.84419 1.03017 0.25697 0.49034 0.12204 0.47299 0.36279 0.85993
0.05165  0.45041 1.38089 0.80432 0.98148 0.24826 0.46490 0.11350 0.41545 0.36798 0.88355
0.09881  0.39296 1.23232 0.75158 0.91763 0.23478 0.43116 0.10319 0.34719 0.37368 0.90999
0.15009  0.34442 1.10501 0.70457 0.86124 0.22146 0.40119 0.09471 0.29286 0.37744 0.92837
0.19315 0.31052 1.01520 0.67030 0.82045 0.21118 0.37946 0.08886  0.25677 0.37929 0.93838
0.27263  0.25885 0.87696 0.61554 0.75576 0.19403 0.34503 0.08000 0.20477 0.38048 0.94786
0.30336  0.24169 0.83072 0.59662 0.73353 0.18795 0.33322 0.07705 0.18834 0.38032 0.94915
0.33632  0.22469 0.78471 0.57748 0.71110 0.18172 0.32133 0.07413 0.17248 0.37985 0.94935
0.40911  0.19136  0.69409 0.53874 0.66587 0.16896 0.29743 0.06838  0.14267 0.37784 0.94624
0.58327 0.12898 0.52281 0.46115 0.57572 0.14297 0.25031 0.05739 0.09170 0.36901 0.92453
0.79673  0.07444 0.37133 0.38637 0.48902 0.11774 0.20590 0.04734 0.05289 0.35324 0.88155
0.98271  0.03963 0.27370 0.33389 0.42799 0.10013 0.17539 0.04054 0.03135 0.33694 0.83648
1.19037  0.01031  0.19072 0.28550 0.37133 0.08407 0.14777 0.03442 0.01549 0.31729 0.78240
1.41884 -0.01360 0.12222 0.24175 0.31957 0.06978 0.12326 0.02899  0.00439 0.29495 0.72169
1.58214 -0.02669  0.08419 0.21530 0.28793 0.06127 0.10867 0.02574 -0.00085 0.27897 0.67881
1.84260 -0.04235 0.03766 0.17973 0.24482 0.05003 0.08934 0.02142 -0.00616 0.25400 0.61276
2.02594 -0.05037 0.01298 0.15869 0.21893 0.04351 0.07807 0.01887 -0.00836 0.23705 0.56858
2.51495 -0.06324 -0.03017 0.11479 0.16369 0.03027 0.05505 0.01361 -0.01064 0.19528 0.46183
2.61756 -0.06476 -0.03612 0.10739 0.15417 0.02809 0.05123 0.01272 -0.01071 0.18722 0.44156
3.04221 -0.06800 -0.05292 0.08182 0.12065 0.02073 0.03824 0.00967 -0.01023 0.15655 0.36544
3.26234 -0.06820 -0.05785 0.07121 0.10643 0.01776 0.03294 0.00841 -0.00969 0.14234 0.33068
3.48717 -0.06766 -0.06096 0.06188 0.09371 0.01519 0.02833 0.00730 -0.00905 0.12897 0.29825
3.94956 -0.06482 -0.06301 0.04651 0.07230 0.01106 0.02086 0.00547 -0.00762 0.10486 0.24051
4.06758 -0.06383 -0.06285 0.04328 0.06769 0.01021 0.01931 0.00509 -0.00726 0.09939 0.22753
5.04166 -0.05361 -0.05575 0.02407 0.03952 0.00534 0.01031 0.00281 -0.00465 0.06326 0.14297
6.06059 -0.04205 -0.04428 0.01321 0.02264 0.00276 0.00543 0.00153 -0.00277 0.03888 0.08708
7.11725 -0.03144 -0.03298 0.00716 0.01276 0.00141 0.00283 0.00082 -0.00158 0.02321 0.05169
8.07087 -0.02364 -0.02459 0.00415 0.00762 0.00078 0.00158 0.00047 -0.00094 0.01447 0.03212

10.06348 -0.01245 -0.01269 0.00135 0.00260 0.00023 0.00048 0.00015 -0.00031 0.00530 0.01175
15.00856 -0.00220 -0.00216 0.00009 0.00018 0.00001 0.00003 0.00001 -0.00002 0.00042 0.00093
20.05147 -0.00034 -0.00033 0.00001 0.00001 0.00000 0.00000 0.00000 0.00000 0.00003 0.00007
25.14669 -0.00005 -0.00005 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
30.05092 -0.00001 -0.00001 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
35.11181  0.00000  0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

viewpoint of the boundary geometry. In the generalized slip-flow theory, the study of the
Knudsen-layer structure is reduced to a series of spatially half-space problems. It implies that
the boundary is approximated as if the boundary were flat at each stage of the analysis. As
a result, the solution at the first order of the Knudsen number is forced to be discontinuous
on the boundary in the tangential direction of molecular velocity, resulting in the divergence
singularity at the second order through the inhomogeneous term. Actually, however, if the
curvature exists, the behavior of that discontinuity dramatically changes. For instance, when
the boundary is the surface of a convex body, that discontinuity exists but propagates into
the gas region in the tangential directions of the boundary. Then, the implicit assumption of

continuous solution in the analysis breaks down. The region with this breakdown, which is
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thinner by one order of the Knudsen number in its thickness, is called the S-layer [6], which
was discovered in Ref. [28] and was recognized later in Ref. [29] as the manifestation of the
discontinuity propagation. The estimate of corrections to the generalized slip-flow theory in
the S-layer can be found in Refs. [29] and [6]. When the boundary is a surface of concave
body, the velocity distribution function becomes continuous even on the boundary. These
facts near the convex/concave boundary illustrate that the flattened boundary treatment in
the asymptotic analysis does not capture the very local structure of the velocity distribution
function, when the curvature exists. Improvement of the local analytical drawback could be

an interesting subject in the mathematical physics.

4.7 Appendix A: Stress and heat flow

The stress tensor and heat-flow vector are also familiar fluid-dynamic quantities that become
necessary, most typically, in computing the momentum and energy exchange with the body
surface. Denoting the former by po(d;; + P;;) and the latter by po(2RTy)Y2Q;, their Hilbert
part hy = hpo+hme+- - - and Knudsen-layer correction hg = hio+hxie+--- (h = P;;, Q;)

up to the second order in ¢ are summarized as follows:

3UiHm—1+1 O T2 (
3xj 273 8x18xj ’

5 OTam—1 1 O*uwmm—o
Qsz - _472 81’1 + 273 8x2 9 (

J

Pijtim = Pamdij — 1 m=0,1,2), (4.21a)

m=0,1,2), (4.21D)

and

3 0T —
Pk = 5= g (05 = ning) 47 01) + O ()], (m = 0,1), (4.222)

OTho
8xz~
7o
Ox;07; am]
8qum 1 OTtim—-1
N Ox; nity H( )(17) + 0x;
0 Oujm—2
ox;, Oxy,

PinQTliTLj = —3k

‘ / 100 + 0(2))d-. (4.22b)

n

a 00
¢ n

aQTHm72

1
iz, nangt H{Y (1)

1
nith:E )(77) +

OUiHm—2 (1) OUjHm—2 (1)
——n;t;Hy i J nit; H
+ K o, () + Kij—5— 0, 6 (1)

aTHme aTHm 2

ox; ox;

+ Kigty Y (n) + & tH (), (m=0,1,2), (4.22d)
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O Tiim—a OTtm—2
. _ H
Qircm; Ox;0x; (0ij = niny) = 25 ox; } /
10 aume—Q > (1)
_ = " =0.1 . 4.
Y nmjnk/n H1 (z)dz, (m=0,1,2) (4.22¢)

Here the quantities with the subscript H in Eq. (4.22) denote their value on the boundary.
The functions H 1(1) ~ H il) have already been obtained in [20,21,18]. The present work newly
provides the data of Hél) ~ Hél), which are included in Fig. 4.5 and Table 4.2.

4.8 Appendix B: Sketch of derivation of Eq. (4.16)
The non-trivial equality in Eq. (4.16a) is

. < 1 Vs -t S
iy [ / 36~ 5 P, ol )i = / P(0,Oho(0, ). (4.23)

n—0 C

Once Eq. (4.23) is proved, the still non-trivial equality in Eq. (4.16¢) is

211m/ / CP(u, O)T[C[R]]dud¢
it [T [ 1 ate, 0 . (120

n—0 n

We show below the outline of the proof for Eqgs. (4.23), (4.24), and (4.16b).

Proof of Eq. (4.23)  We first split the region of integration with respect to u into (0, )
and (6, 1), where 0 < 0 < 11is a constant. Then for the second part, we see that
C4 1 vy E -
| 1/2 e e {(]‘ - ) (ILL’ g)hO(:ua g) - P(Oa C)hO(Oa C)}d/l,dd
U MC
/ [ Sm e ma((P, Ot O + [P0, o0, €)

<5 / ncﬂfre*% max(|P (1, C)ho(js, )] + [P(0, Oho(0, )
0 1
<o [ max(P . Ohol. O]+ [PO.COR0.ODIC 0. as =0,

On the other hand, by applying to P and hy the mean-value theorem with respect to u, we
have
> (4 1own g _m
| 2= = Pem {(1 = 1P, Oho(p, €) — P(0,$)ho(0, ¢) ydudC|
0 v p¢

C41 773—— h 0 0 h/ h h, dd
S/O 1B R P ha(0,0) -+ PO, Ol + PRl + [P
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"¢ / /
< / 0 V|M§|e ¥ max([P"ho(0, Q)| + [P(0, )y )dud¢

0 3
: 6/ C_maX(WD (0, )1 + PO, o) d§+775/ ¢? maX(|77ho| + |P’hg|)d¢
0
— 5/ —maX (1P'ho(0,O)] + [P(0, O)hy|)dC, as g — 0,

where P’ (or hy) is the partial derivative of P (or hgy) with respect to p at u = pup (or pp),
and pp (or pp) is a certain value in the interval [0, u] that depends on p and ¢. Therefore,

we have

') 1 4 n
lim / / (1—uz)c—llﬂ!?’e_m’(u,C)ho(u,C)dudC

n—0 0

n—0

~ Jim / / 52 2P0, )0, C)ddd + O()
= lim €—3 e 7
~tiy [ V<1+ )= P(0.)ha(0,C)dC + 000

n—0 0

— lim %e—%(o,g)ho(o,g)dg+0(5). (4.25)

n—0 0

Now, in the most right-hand side of Eq. (4.25), we can change the order of the limit and

integration, because
3 o0 vn
[ S0 PO.Om0.00 < [ 30— HEPO.Om0.0ldC
<n [ CIP0.0R(0.0)ldC 0, as o0
0

Here, we have used the fact that 0 < z7'(1 — e *7) < n for & > 0. Therefore, we finally

arrive at
3
tiy | / e e E P, ol Odd = [P0, Oha(0,0)dC +O().

In the course of estimates, d is a positive constant, arbitrary as far as smaller than unity;

thus it can be made small as we wish, which proves Eq. (4.23).

Proof of Eq. (4.24) We use the expression (4.13) of C[h] for small  and its consequence
(4.14) for p¢ > 0, namely

v T[C[h]]

1
(1 - MQ)CQ = Ehl(z)a(ﬂa C) + h?(z)b(:uv C) h“? + hs(z)b(l% C) + hQ(Z)C(:u? C))
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1 1
hi(z) = §z36_"‘, ho(z) =1 — (5,22 +z4+1)e”

1 1 D 1
hs(z) = —(§z2 +z+4+1)e*[Ei(z) —lnz — 7] + 27 + 5(1 —e 7)) — (§z2 +2z)e” %

and hy ~ hz are O(2?) for 2 < 1 and O(1) for z > 1 (remember that z = 5¢)- Then,

2 [ [ eparicmaa =2 [ [ S0 - iPe O mEn0

+ ha(2)b(p, ¢) Inm + hs(2)b (%C)‘i‘hz( Je(p, ¢))dpd(. (4.26)

For f(z) that follows the same estimate for both z < 1 and z > 1 as h; ~ hz and for Q(u, ()
that is regular and decays rapidly in ¢, we have

|/t/&1— >mmmwm§/m§mw@MNf|m«

0

oo ~3
<of imwﬂﬂ/ A < [ S max (@l [+l

Therefore, taking the limit n — 0, all the terms, except the first, on the right-hand side of
Eq. (4.26) are seen to vanish. We are left with

1m2/§/CPuC Otlldudc = 21m L [~ [ S (1 2P0 O (2)alu, e,

3
n=07) o V

which is none other than Eq. (4.24).

Proof of Eq. (4.16b)  We use again the expression (4.13) of C[h] for small n and its
consequence (4.15) for u¢ < 0. We first rewrite Eq. (4.15) as

T[C[h“ = [fl (U), n, 77*)@(% C) + f2(27 77)5(#7 C) + f3(w7 Y, W*)b(ﬂa C)

+ a2 ) + folpn G A (4.27
f=— %, (4.28)
fo=Inn— (2 — 1)e"Eu(z) + g[zezEl(z) —1], (4.29)
fi= = (mm)e (G + L — 4 )1+ 9) - 297] - LyeEr(y) — e

ey = (1) — I () + 21— ) — e (Y 2w), (130)
fa=1- (1+w+w72(1+z)+w;)ew, (4.31)



fo== |l / : = DR, s Qe s, (432)

and consider the limit (i) in Sec. 4.4.2 (remember that y = [Z*[ and w = y — z). Then, in

this limit we have

TiCn] = [f1(y; 0,n.)alp, €) + £2(0,0)b(p, €) + f(y, 0,9, 7.)b(1; )
0. 00e11.€) + F(.€. 0.0 S0 = icial,
Here a special attention should be paid to the limit for fy. It yields f5(0,0) = —y —Inv +
In |p¢|. The limits for the others are straightforward. As a result, fu<<073(u, Q)T[C[h]]od¢
converges, because the integrand diverges only at the rate In|u|. Thanks to the regularity
in ¢, the integral is identical to 2 limeo f;° [ P(u, Q)T[C[h]]o¢?dpd(, so that all we have

to do is just to show that

| / P QI = TIOHE] =0, a5 -0 (4.33)

To prove this, we estimate the differences occurring in T'[C[h]] — T[C[h]]o. Firstly,

35—y
Y2 - (1= Lyl

Afl E’aHfl(wﬂ%Tl*) - fl(y70777*)| = 27] n

3oy
y-e n n n, n n n n _u/2
< 1—en? 4 12— D)en?||a| < [Chen? — 1) + Co—enY]|ale/?,  (4.34)
277*! m( m | < (G m ] (
Af35|b||f3(w7zay>77*)_fS(?J707?/a77*)|
2 2,2 2
/Y Dy YT Y n N 3
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Bl )e™{(Z + (L +y) —e [(2n3+ > Tl )1 +y) my]}
5 Y. _ o n
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2 2
Y N Yoy Yy g 0 n
L= P - Lenty — Ze¥en V|l — L|(J1 — Ly +4) — (y+4
5 m! Slen’t — SeVlen 77*|(| m!zﬂr) (y+4)]
n 2 n n
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o o o M
[ =1 my (L y)enBaly) + 5y + 4) (e — L Jlen)e)
<BI[Cr(em? — 1) + CoreirV]e /2, (4.35)
T)x
o 1 U n?
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<|e|[Ca(en? — 1) + Cp—Len-]e /2, (4.36)

s
Afs —!fs 1, G 1) — f5 (1, €, 0,1
el s = 1= G = s(1 = Ly o s
<|Z |3/ Is(1 — gi)(ew —1) —n(1 - g2fuzln)ew|e wc\dsgrgﬁ;w[ I
Sl [ G R 1) (4 e s T
= S+ )R - 1)+ Ly(2 -+ y)er e max 1)
<[Cy(en~? )+Cg—€"* Yle=¥/2 max |C'[h)], (4.37)
S2>Mx

*

where C and Cy are positive constants, common to A f; and Af; ~ Afs, and the arguments

of a(u, C), b(u, (), and c(u, ) are omitted for conciseness. In the above estimates, we have

used that z = (n/n.)y and 0 < n/n. < 1/3(< 1). Therefore, for i = 1, 3 ~ 5, we have

_ 2
Pl A 4 < o [P OIAS S dudC
H¢<0

H¢<0

<on / P, O)(Cylen? — 1| + Cﬂe%y)ewm%dudc
n¢<0 n v

*

o] _ 3 [e’e)
:271'77*/ max \P\%/ (Chlen? — 1| + C’gﬂe"i*y)y*e*yﬂdydc
0 H v Zer n

*

C5 1 201(64 —1)—|—2—7L(02€C +201) _ nav
- 22 ¢

<27r77*/ maX\P\ I
v 77*

12
il |P| [Cu(e® - >e*2<+n<cz+201>1dg

IPI 01( C—1)e % dC +O(n)

127r

12
"o / max|P| (eC —1)e” H d¢

12” /maxym (0590 _ 1)de + 0(n) = O(Vi) = 0, as =0,

where P(u,¢) = max(|al, |b|, ¢, max,s,, |C[h]])|P|. In the last line we have used that there

exist positive constants ¢y and ¢; s.t. ¢o(1+¢) < v(¢) < ¢1(1 4+ (). As to the remaining

Afy =|fa(z,n) — f2(0,0)] = |Inz — (2 — 1)e*Eqy(2) + %z[zezEl(z) — 1]+,

we have, as in the case of Eq. (4.24),

oo +4

9\ 2
/ \P(u,g‘)b(u,g)Am%dC < 27r/ C—maX|P|/ A fodpd¢
n¢<0 0
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Table 4.3: Data for the decay assessment of the velocity distribution function at the edge of
the computational region.

F max |F(-,+, Z)| max |F'(d,-,-)| max |F|

o 4.0 x 10710 6.3 x 10710 2.0

) 3.8 x 1071 5.3 x 10713 1.1

V6B 3.1 x 10711 4.7 x 10712 0.36

U E 4.1 x 1071 4.6 x 10710 0.95

F o maxp [F(n%,-,Z)]  max|F(d,--)| maxi|[F(n®,-,)]
oF 2.6 x 1074 5.2 x 1079 1.7 x 10°
YaE 1.3x107° 8.0 x 10712 1.3 x 10°
YpE 8.7 x 1075 6.5 x 1071 2.8 x 10°

oo 3 B 00 o ~3 ~ 0
= 27r77/ %max\P\(/ 22 A fodz)dC < 27r77/ C—zmax|P|(/ 22 A fodz)dC.
0 s v 0o Vo onw c

07

Then, using the fact that Afs is O(2) for z < 1 and O(In z) for z > 1, we see that the first
and the second term of the following splitting
o0 oM o
/ ZﬁzAdeZ :/ ZQAf2d2+/ 272Af2d,2,
com con conx

are O(Inn) and O(1), respectively. And finally we obtain

2\ 2
[ 1P 0bn 0 =5 g < O 0 a0
pe<

This completes the proof of Eq. (4.33), thus that of Eq. (4.16b).

4.9 Appendix C: Data of computations and measure
of accuracy

For the check of numerical accuracy, besides the grids S1-S3 and M1-M7 in Ref. [18], we
have introduced a new grid S4 for n space, which is defined by setting (N, IV,)) = (200, 250)
in Eq. (B.1) of Ref. [18] and is twice as fine as the standard spatial grid S1.

The truncation of the { and 7 spaces is justified by confirming the sufficient decay of the
velocity distribution function at n = d and ( = Z. Table 4.3 shows the results in the case of
the standard grid (S1,M1), for which d = 44.46 and Z = 5.0. The sufficient decay is actually
observed. One may think that the decay at ( = Z would not be enough for ¢F, Y4 F, and

YpE, when compared with the others. Actually, however, a small extension of Z improves a
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Table 4.4: Slip/jump coefficients cflo) and bél) ~ bg) obtained by different grids.

Grid B bt by e bl
( ) 4.6180185 -0.6601218 0.2438061 0.4472751 -0.2335314
( ) 4.6180185 -0.6601218 0.2438061 0.4472751 -0.2335314
( ) 4.6180492 -0.6601221 0.2438051 0.4472728 -0.2335330
( ) 46180143 -0.6601211 0.2438071 0.4472741 -0.2335313
( ) 4.6180185 -0.6601218 0.2438061 0.4472751 -0.2335314
(S1,M6) 4.6180221 -0.6601220 0.2438061 0.4472750 -0.2335315
( )
( )
( )
( )
( )

4.6178471 -0.6601224 0.2438091 0.4472922 -0.2335224
4.6180153 -0.6601231 0.2438053 0.4472744 -0.2335334
4.6180185 -0.6601218 0.2438061 0.4472750 -0.2335314
4.6180148 -0.6601233 0.2438052 0.4472743 -0.2335337
4.6180455 -0.6601236 0.2438041 0.4472720 -0.2335353

lot. For instance, max;>, |4 E(n¥, -, Z)| improves from 2.6 x 10~* with (S1,M1) to 3.9 x 108
with (S1,M6) (remind that ¢, = ¢4 + ¢), where the arrangement of grid points is common
between M1 and M6 for 0 < ¢ < 5.0 and M6 covers a wider region, i.e., 0 < ¢ < 5.8. As will
be shown below, the difference of the results between (S1,M1) and (S1,M6) is negligible, at
least at the level of the macroscopic quantities like the slip/jump coefficients.

Although the results in Sec. 4.5 are obtained by the splitting of solution explained at the
beginning of Sec. 4.4, we have also solved ¢4 and 15 ~ 15 directly without the splitting. The
results are hardly different from each other. Indeed, the difference of the results between
the two manners in the Knudsen-layer functions is less than 7.9 x 1071% in the case of grid
(S1,M1). Therefore, we have examined the grid dependence of the results by the computation
without splitting only. The grid dependence of the computed slip/jump coefficients is shown
in Table 4.4. The grid in (-space most affects the results, especially for cflo), b(71), and bél)
[compare the results by (S1,M1), (S1,M3), and (S1,M7), where M3 (or M1) is the grid about
twice (or 3/2) as many points as M7]. The accuracy down to the fourth or fifth decimal
place is expected from the table. M2 is the grid that refines M1 only in the range that M
is small. The comparison between (S1,M1) and (S1,M2) in the table shows that M1 is fine
enough for small M. The comparisons among (S1,M1), (S3,M1), and (S1,M6) in the table
show that the error due to the truncation of the ¢ and 7 spaces is almost negligible.

The accuracy of the collision integral computation has already been assessed in Ref. [18]

by checking the identities C[(1, u¢, (*)E] = (1, u¢, ¢*)vE for C = ECE~! and C[E] = vE for
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C = EC°E~!'. With the standard grid M1, these identities are confirmed to hold within the
error of 9.1 x 1078, 1.7 x 107%, 6.6 x 1078, and 8.9 x 10~ respectively, while the maximum
values of (1, u, (*)vE are 0.13, 0.064, and 0.062 respectively. [18]

The mass, momentum, and energy balances offer another measure of accuracy. They are
the following identities that are obtained from Egs. (4.4a) and (4.5a) by the integration in

molecular velocity space after multiplying the collision invariants:

(o = -2 [ Y@z 4oy = -3 [00) + Pz,

(C(C” — D)) = 2 / T Oz, (4.383)
(1 — )Gy = / T109(2) + 00(2)]dz, (4.38h)
(1 = 1))y = — (w1 — ) PYy)—, (i =5,6,8). (4.38¢)

Here (-)4 is the half-range integral with respect to the molecular velocity defined by (f({))+ =
(f(¢)x[0,1](£p)). With the standard grid (S1,M1), the identities in Eq. (4.38a) hold within
the error of 6.0 x 1077, 3.2 x 107, and 5.0 x 1075, while the maxima of their left-hand side
are 0.96, 0.29, and 2.6. In the case of Eq. (4.38b), the error is within 5.1 x 107, while the
maximum of the Lh.s. is 0.29. In the case of Eq. (4.38¢c), the error is within 7.6 x 1077,
3.2x 1075 or 7.2 x 1077 (i = 5,6, or 8), while the maximum of the Lh.s. are 0.27, 0.12, or
0.13 (i = 5,6, or 8).
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Conclusion

In the present thesis, we have developed the generalized slip-flow theory for unsteady prob-
lems, including the complete set of numerical data required in practical applications for the
original Boltzmann equation.

In Chapter 1, the behavior of a slightly rarefied monatomic gas between two parallel
plates whose temperature grows slowly and linearly in time has been investigated. At first,
it has been shown that this problem is equivalent to a boundary-value problem for the
steady linearized Boltzmann equation with a volumetric heating source, recently studied
by Radtke, Hadjiconstantinou, Takata, and Aoki who focus on the parabolic temperature
profile and related second-order jump. Secondly, a systematic asymptotic analysis for small
Knudsen numbers has been carried out. Analysis of the Knudsen-layer correction shows
that the second-order temperature jump is indeed determined by a new half-space problem
which does not occur in the generalized slip-flow theory for steady problems. This means
that the second-order temperature jump considered in this chapter is a new one which can
occur only in unsteady systems and explains why the jump coefficient observed by RHTA
does not agree with any of the jump coefficients in the existing theory. Finally, numerical
computations have been carried out to determine the coefficient of the new second-order
temperature jump and the structure of the related Knudsen layer for the BGK model and
hard-sphere molecules. The jump coefficient was also calculated by the use of the theory of
symmetry relation. The values obtained by the two different methods agree well. Moreover,
the present asymptotic solution for the behavior of the gas agrees well with the results that
RHTA have obtained by the low variance stochastic method.

In Chapter 2, a time-dependent problem of a slightly rarefied monoatomic gas which is
perturbed slowly and slightly from a reference equilibrium state at rest has been studied
on the basis of the linearized Boltzmann equation. By a systematic asymptotic analysis, we
have obtained a set of fluid-dynamic-type equations and its appropriate boundary conditions,
formulas of the Knudsen-layer correction, and a series of formulated Knudsen-layer problems
up to the second order of the Knudsen number. It has been shown that (i) the compressibility

of the gas manifests itself from the leading order in the energy equation and from the first
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order in the continuity equation; (ii) although the momentum equation is the Stokes equation,
it contains a double Laplacian of the leading order flow velocity as a source term at the second
order; (iii) a double Laplacian source term also appears in the energy equation at the second
order; (iv) the slip and jump conditions and the Knudsen-layer correction are the same as
those in the time-independent case up to the first order, and the difference occurs at the
second order in the jump conditions as the terms of the divergence of the first-order flow
velocity and of the Laplacian of the leading-order temperature. Numerical data of all the slip
and jump coefficients for a hard-sphere gas under the diffuse reflection boundary condition,
most of which have not been available, have been completed not by solving the Knudsen-layer
problems but by the use of the theory of symmetric relation.

In Chapter 3, numerical analyses of the second-order Knudsen layer have been carried
out on the basis of the linearized Boltzmann equation for hard-sphere molecules under the
diffuse reflection boundary condition. We have constructed a new approach that makes use
of the integral formulation of the Boltzmann equation, which is effective in dealing with
the singularity of the solution. The spatial singularity of the Knudsen-layer correction on
the boundary has been captured successfully by the approach. The values of slip and jump
coefficients obtained in this computation agree well with those previously obtained by the
use of the theory of symmetric relation. Numerical data of the Knudsen-layer correction,
except for the curvature effects, have been obtained.

In Chapter 4, numerical analyses of the remaining Knudsen-layer problems which are
related to the curvature effects have been conducted. In the course of analyses, it has been
clarified that the curvature effects induce the local divergence singularity of the velocity dis-
tribution function, even though it is integrable to make macroscopic quantities well defined.
We have obtained the precise information on the singularity and thereby have established
a numerical method that handles it appropriately. The values of slip and jump coefficients
obtained in this computation agree well with those previously obtained by the use of the the-
ory of symmetric relation. Numerical data of the Knudsen-layer correction for the curvature
effects have been obtained, thereby the required numerical data in the generalized slip-flow
theory have been completed for the original Boltzmann equation, assuming a hard-sphere

gas and the diffuse reflection boundary condition.
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