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MEASURES ON  Aut(M) 

DANIEL MAX HOFFMANNt 

Instytut Matematyki, Uniwersytet Warszawski 

1. INTRODUCTION 

If a topological group G acts on a compact Hausdorff space X, mathematicians 
often seek to understand the action of the space of measures M (G) on the space 
of measures M(X). To explain this, consider measuresμ E M(G) and v E M(X). 
The action is defined as follows: 

(μ * v)(A) = J幻(A)dμ(g), 
gEG 

where g*v denotes the push-forward of v under the mapping a→g • a, for a E X. 
Specifically, we have g*v(A) = v(g―1(A)) = (g • v)(A) for the induced action of G 
on M(X), where (g • v) = v o g―1. If the action of G on X is tame, it should follow 
that the action of M(G) on M(X) is also tame. We can investigate this problem 
in the model theoretic set-up and therefore we need to describe a measure-theoretic 
framework suitable for us. 
Unfortunately, many sources focus only on locally compact groups or Polish 
groups and since Aut(M) might be not such a group, we need a more general 
approach. For example, if G is a topological group and M(G) is the space of 
regular Borel probability measures on G, sayμ, v E M(G), we want to define the 
convolution μ * v and then equip M (G) with the structure of a semigroup by using 
it. The standard approach is as on page 15 in [2], but as we already mentioned, it 
does not work as the multiplication map m : G x G→G might be not measurable 
in B(G) R B(G) (-/= B(G x G) -this is not the case for separable metric groups, 
see Lemma 1.2 in [2]). We decided to investigate both cases: when G has nice 
topological properties (e.g. Aut(M) for countable model M) and when we have no 
control over the topological properties of G. For the second case, we need to choose 
a proper space of measures to be able to convolute measures. 

2. T-ADDITIVE AND KEISLER MEASURES 

Model theory usually works with regular Borel probability measures, which on 
the space of types turn out to be the Keisler measures (cf. Chapter 7 in [3]). 
By studying [1], we found other class of measures which corresponds to Keilser 
measures, but behaves well under the convolution operation. As [1] is a very com-
prehensive source, we decided to recall some of the definitions and results from it 
here, so the reader will not need to search for them. 
Let T be a topology on X, and let (X,刃，μ)be measure space (i.e. μ takes 
values in [O, oo], μ(0) = 0 andμ is countably additive on disjoint countable families 
of sets). We say that (X, T, ~, μ) is a topological measure space if TこB(X)こど．
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Definition 2.1 (411H in [1]). A quasi-Radon measure space is a topological space 
(X,Tぷ，μ)such that 

(1) (Xぶ，μ)is complete, 
(2) (X,江μ)is locally determined, 
(3) μ is T-additive, 
(4) μ is inner regular with respect to the closed sets, 
(5) μ is effectively locally finite. 

The properties locally determined and effectively locally finite follow automat-
ically if the measure μ is a probability measure, which will be our main focus 
here. The assumption about being a complete measure is quite harmless, as we 
can always pass to the completion of a given measure (cf. 212C in [1]) which pre— 
serves outer regularity (with respect to open sets), inner regularity (with respect to 
closed/compact sets), T-additivity etc. The key property here is the T-additivity: 

Definition 2.2 (411C in [1]). Let (Xぷ，μ)be a measure space and T a topology 
on X. We say that μ is T-additive if whenever Q is a non-empty upwards directed 
family of open sets such that gこ刃 andLJ Q E :E then 

μ(Ug) supμ(G). 
GEg 

Because T-additivity is not a frequently used notion, we start with several facts 
characterizing it and then we show that in the case of a space of types we recover 
the Keisler measures, as expected. For the first example, note that for any topo-
logical space X, the Dirac measures (considered on > =P(X)) are quasi-Radon 
probabilitic measures. Similarly for finite convex combinations of Dirac measures. 

Fact 2.3 (411E in [1]). Let (X, :E, μ) be a measure space, where X is a topological 
space. Ifμ is inner regular with respect to the compact sets thenμ is T-additive. 

By the above fact, we see that ifμ is a Borel probability measure on a compact space 
X such that μ is inner regular with respect to the closed sets, then the completion 
ofμ is a quasi-Radon measure. Not all topological spaces which we want to study 
are compact, thus we provide the next fact for the regular spaces. 

Fact 2.4 (415C in [1]). Let X be a regular topological space. 

(1) Ifμ is a complete, locally determined, effectively locally finite, T-additive 
topological measure on X, inner regular with respect to the Borel sets, then 
it is a quasi-Radon measure. 
(2) Ifμ is an effectively locally finite, T-additive Borel measure on X, then its 
c.l.d. version is a quasi-Radon measure. In particular, ifμ is a T-additive 
Borel probability measure on X then its completion P, (equal to its c.l.d. 
version) is a quasi-Radon measure. 

For a moment, let us work with X being a space of types, so in particular a compact 
regular space. Then the situation can be illustrated as follows (regular means inner 
regular with respect to the compact sets and outer regular with respect to the open 
sets): 

｛ど：三□:r言y}= {B三三三ell;y}三ーにu:：゚□9tn¥}
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For left-to-right inclusion in the equality above, we argue as follows. Since X is 
compact and Hausdorff, closed sets and compact sets coincide. Thus inner regularity 
with respect to the closed sets is indeed inner equality with repsect to the compact 
sets and we obtain T-additivity by Fact 2.3. For the right-to-left inclusion, point (b) 
from Fact 2.4 says that a completion fl of a T-additive Borel probability measure on 
X is a quasi-Radon measure (i.e. the arrow to the last box above), thus μ is inner 
regular with respect to the closed sets. We only need to show the outer regularity 
with respect to the open sets, which follows by: 

Fact 2.5 (412Wb in [11). Let (X,刃，μ)be a measure space, where X is a topological 
space. Assume that there is a countable open cover of X by sets of finite measure. 
The following are equivalent. 
(1) μ is inner regular with respect to the closed sets. 
(2) μ is outer regular with respect to the open sets, 
(3) for any measurable set EこX and E > 0, there are a measurable closed set 
F <;;; E and a measurable open set H 2 E such that μ(H ¥ F) < E. 

恥omthe above, we see that in the case of the space of types, we get back our 
old friends -i.e. Keisler measures. However, let us finally argue that in the case 
of Polish spaces (and Polish groups, which come to our picture as well), regular 
Borel probability measures coincide with T-additive Borel probability measures, 
and completion of any of the latter ones is a probability quasi-Radon measure. 

Fact 2.6 (415D in [11). Let X be a hereditary Lindelof topological space (e.g. sep-
arable metrizable). Ifμ is an effectively locally finite Borel measure on X, then 
its completion is a quasi-Radon measure. In particular, ifμ is a Borel probability 
measure on X then its completion fl is a quasi-Radon probability measure. 

Thus, if X is a Polish space and μ is a (regular or not…)Borel probability 
measure on X then its completion fl is a quasi-Radon measure, henceμ is T-additive. 
Moreover, as every Polish space is a Radon space, all Borel probability measures are 
inner regular with respect to the compact sets, and so outer regular with respect 
to the open sets by Fact 2.5. 
After all of that, we are quite convinced to start to work with T-additive Borel 
probability measures and so, if X is a topological space, let凡(X)denote the set 
of all such measures over X. 

3. CONVOLUTION ACTION FOR T-ADDITIVE MEASURES 

Coming back to the case of a topological group G acting on a topological space X, 
so to a dynamical system (X, G), we are interested in obtaining a discrete dynamical 
system (MT(X),MT(G)). The following fact is one of the main properties of T-
additive measures, which allows us to define the so-called convolution action. 

Fact 3.1 (417B in [1]). Let X1,X2 be topological spaces and let v be a T-additive 
topological measure on X2. For simplicity, assume also that v is a probability mea-
sure. 

(1) If W ~ X1 x X2 is Borel then the map 

X1 3 X→v(W[{x }l) E [O, oo] 
is Borel measurable. 
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(2) For any f E Cb(X1 x X刃，themap 

X1うX1→Jf（三）dv（四）

is continuous. 

Now, we could follow [1] to derive 417C and use it in 444A to define the convo-
lution of two totally finite quasi-Radon measures on a topological group, and then 
note associativity (444B) and state Fubini's formula for that convolution (444C). 
Perhaps, we could also note that the procedure works well for all T-additive totally 
finite Borel measures on a topological group (444E in [1]). The disadvantage of that 
method is that we do not cover the situation of an action of a topological group 
G on a topological space X, i.e. we would still need to define the convolution of 
a T-additive measure on G with a T-additive measure on X, and then check some 
properties. Therefore, we shortly define the last type of convolution, which coin-
cides with the convolution from 444A/444E in [1] for the action of G on itself. We 
start with bringing a result, on which everything is based. 

Fact 3.2 (417D in [1]). Let ((X⑰謬凸））iEI be a finite family of effectively 
locally finite, T-additive topological measure spaces. Then there is a unique Eomplete, 
locally determined, effectively locally finite, T-additive topological measure入onX=
IT Xi, inner regular with respect to the Borel sets, such that 
iEI 

"(rr刈＝Il叫Ai)
iEI iEI 

whenever Ai is open subset of Xi, where i E J. The measure入willbe denoted 
且佑・

Lemma 3.3 (Convolution). Assume that a topological grnup G acts on a topological 
space X via 7f: GxX→X. Let μ E MT  (G) and let v E MT  (X). Then the formula 

(μ * v)(E) := (μ x v)(1r-1[El), 

where EこX is Borel, defines a T-additive Borel prnbability measure on X. 

Prnof. As μ * v is simply a push-forward of the measure μ x v from Fact3.2 it is a 
well-defined (Borel) measure. By the formula from Fact 3.2, we have 

(μ * v)(X) = (μ x v)(G x X) = μ(G) • v(X) = 1. 

Finally, the T-addivity follows easily by definitions. 口

In the assumption of Lemma 3.3, we have moreoever: 

(1) 

(μ * v)(E) = J (g • v)(E)dμ(g) = J v(g―1 E)dμ(g), 
(2) and if X is regular then 

(μ * v)(E) = J μ(E: x)dv(x), 



74 MEASURES ON Aut(M) 

where E: x := {g E GI gx EE}. 
To see the first point, we pass to completions fl and [) of μ and v respectively. 
Then we use Theorem 417Ha in [1] to note that 

(μ * v)(E) = (fl X [)）（戸［El)=j(]_E 01r)(g,x)d(μ x D) 
= J j(]_E o 1r)(g, x)dD(x) dfl(g) = J (J ]_g— 1E(x)dD(x)) 叫g)

= J D(g―1 E)dμ(g) = J v(g―1 E)dμ(g). 
By Proposition 212Fb in [1], the last integral is equal to 

J v(g―1 E)dμ(g) = J (g • v)(E)dμ(g) 
(as g • v = v o g―1). Note that by Corollary 4.3, the function in the last integral is 
Borel measurable, provided X is regular. 
For the second point, we need a refined (in the case of probability measures) 
version of Theorem 417C from [1] and its point (iv). 

Remark 3.4. Let X_ and Y be regular topological spaces, let μ E M7(X) and 
v E M7 (Y), and let入＝μ x v be the product measure as in Fact 3.2. Then for 
every Borel set W C X x Y we have 

(μ x v)(W) = J v(Wx)dμ(x) = J μ(Wりdv(y),
where Wx := {y E YI (x,y) E W} and WY:= {x EX  I (x,y) E W}. 
Prnof. By point (iv) of Theorem 417C from [1], our remark holds in the case of W 
being an open set. Then, then complement we  is closed and we have 

(μ X v)(Wc) = 1 -(μ X v)(W) = 1-J v(W』dμ(x)
= J (1 -v(Wx))dμ(x) = J v(W~)dµ(x), 

and similarly (μ x v) (Wり＝Iμ((W叩）dv(y).Thus our remark holds for both 
the open and the closed sets. 
Since X x Y is regular, Fact 2.4 implies that the completion ofμ x vis a quasi-
Radon measure. Hence, μ x v is inner regular with respect to the closed sets. Let 
W こXx Y be a Borel set now and let E > 0. By Fact 2.5, there exist a closed 
subset F,こW and an open subset H, ;2 W such that (μ x v)(H, ¥ F.』 <E.As 
(Fよこ Wxこ(Hょ， wehave 
(μ x v)(W)―E:::::; (μ x v)(F,):::::; (μ x v)(W):::::; (μ x v)(H』::;:;(μxv)(W)+E.

Again, as (F.よこ Wxこ(H晶 wehave 

fll((Fよ）dμ(x):::::;J v(Wx)dμ(x):::::; J v((Hよ）dμ(x).
By what we proved up to this moment, we conclude that for every E > 0 it is 

(μ X v)(W) -E:::::; J v(Wx)dμ(x)::;:;(μxv)(W)+E, 
and we get that (μ x v)(W) = J v(Wx)dμ(x) for any Borel set W こXxY. The 
other equality if proved in a smillar manner.ロ
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4. CONVOLUTION SEMIGROUP 

Coming back to the action of G on X, which is a regular space, we see that 

(μ * v)(E) = J μ(E: x)dv(x), 
where EこXis a Borel set, follows directly by Remark 3.4. 

Lemma 4.1. Assume that a topological group G acts on a regular topological space 
X via1r: GxX→X. Letμ E M7(G), v E M7(X). Then for any (μ*v)-integrable 
f:X→脱， wehave 

J fd(μ * v) = J J(g • x)d(μ x v)(g, x) = J J J(g • x)dμ(g) dv(x) 

= J J f(g • x)dv(x) dμ(g). 

Proof. The proof of Proposition 444C from [1] can be repeated here. ロ

To show associativity of the convolution of measures, we need one more fact: 

Fact 4.2 (444F in [1]). Let G be a topological group acting on a topological space 
X, and let v be a r5-finite quasi-Radon measure on X. 

(1) G 3 g→ v(gE) E [O, oo] is Borel measureable for any Borel EこX.
(2) If f: X→賊isBorel measurable, then 

Q = {g E GI Jg・ f(x)dv(x) is defined in [-oo,吋｝，

where g • f(x) := f(g―1 • x), is a Borel set, and 

Qぅg→Jg・ f(x)dv(x) E [-oo, oo] 

is Borel measurable 

Corollary 4.3. Let G be a topological group acting on a regular topological space 
X, and let v be a T-additive Borel probability measure on X. Then 

Gぅg→v(gE) = O(gE) 

is Borel measureable for any Borel EこX.

Lemma 4.4. Assume that a topological group G acts on a regular topological space 
X via 1r: G x X→X. Letμげ2E凡 (G)and let v E MT(X). We have 

（四＊四） ＊I/= μ1 *（四＊v).

Moreoverふ＊v= v for the Dirac measureふonthe neutral element 1 of group G. 
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Proof. Let 1r : G x X→X denote the action of G on X, and let E ~ X be a Borel 
set. Now, by applying Lemma 4.1 and previously derived formulas, we get 

((μ1 *四） ＊v)(E) =（伽＊四） Xv)(1r-1[El) 

= J v(g―1 E)d(μ1 *四） （9 →v(g―1 E) is μ1 * μ2-meas. by Cor. 4.3) 

= J J v((gh)-1 E)如(g)如(h)
= J J v(h―l(g―lE))如(g)d四 (h)
= J (/ v(h―l(g―lE))如 (h))伽(g)
= J ((μ2 * v)(g―lE))如(g)
= (μ1 * (μ2 * v))(E). 

The proof of the moreover part is straightforward. 口

Corollary 4.5. If G is a topological group, the set MT(G) equipped with the convo-
lution action on itself forms a semi-group. Moreover, in the case of a Polish group 
G, the set MT(G) with the convolution and equipped with the weak topology (see 
below) forms a Polish semigorup (cf. Proposition 4.3 in [4]). 

Now, we would like to equip MT(X) with a topology, and then show that 
(MT(X),MT(G)) is a discrete dynamical system. We simply follow the standard 
approach here, so if X is a topological space then we equip凡(X)with the weak 
topology, where the basic open sets are of the form 

Q{v E MT(X) I八<!f幽<sふ
i(;n 

where Ji E Cb(X) and ri, Si E艮fori,:;; n. Let us note, that X 3 x→心 EMT(X) 
is an embedding of topological spaces, and X is homeomorphic with its image 
provided Xis normal (e.g. when Xis the space of types Sx(M)). By conv(X) we 
denote the set of finite convex combinations of Dirac measures心withx EX. Let 
us note that if g E G and v E M7(X), then心＊ v= g*v. In particular, if g E G 
and x EX  then c5g *心＝6,心・
We need to show that the map 

冗vi:MT(G) X MT(X)→凡(X),

given by (μ, v)→μ * v is continuous in the second coordinate (i.e. it is jointly-
continuous/continuous if we consider M7(G) with the discrete topology). 

Remark 4.6. The above mapびI{is continuous in the second coordinate. To see 
it, we assume that μ * v belongs to some open basic set, i.e.: 

μ * V E n｛入€凡(X) I T"i < J詞＜ Si}.
i(;n 

Now, define hi : Xx G→恥byhi(x,g) := fi(g •x), where i ~ n. As Ji E Cb(X) and 
the map n: : G x X→X is jointly-continuous, we have that each hi E Cb(X x G). 
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Fact 3.1 implies that the map 

Hi: X 3 x→ Jいx,g)dμ(g)= J以g• x)dμ(g) 

is continuous, thus Hi E Cb(X). Fix some i ~ n and not the that, by Lemma 4.1, 

(ri, Si) 3 J邸(μ* v) = J几dv.

Similarly for any v'E MT(X), if 

v'E.0｛入 EMT(X) I ri < J H幽 <si}
i(;n 

then 

J肛(μ* v') = J疇＇ E(ri,ふ）．

Corollary 4. 7. Let G be a topological group acting on a regular topological space 
X. Then (MT(X),MT(G)) is a discrete dynamical system (perhaps non-compact). 

Proposition 4.8. Let G be a topological group acting on a regular topological 
space X. Assume that MT(X) is compact Hausdorff. Then E(MT(X), conv(G)) = 
E(MT(X),MT(G)). 

Proof. The fact that E(MT(X), conv(G))こE(MT(X),MT(G)) follows from conv(G)こ
MT(G) and definitions. 
Now suppose that 7) E E(MT(X),MT(G)). It suffices to show that for any open 
neighborhood 0こ凡(X)凡 (X)of 7), there exists g = (g1,..., gn) E en such that 
(Av(g) * -) E 0. So fix an open neighborhood O of 7), without loss of generality 0 
looks as follows: 

0 = n{(3EMT(X)凡 (X)I ri < J fid(3(vi) < si}, 
i=l 

for some Ji E Cb(X) and riぶ E屈foreach i ~ n. 
SinceりEE(MT(X), MT(G)), there exists someμ E MT(G) such that (μ* -) E 
0. Note that, similarly as in the proof of Remark 4.6, the maps 

Hi: G 3 g→凡(g)= J以g• x)d叫x)E艮

are continuous (by Fact 3.1) and bounded. By Lemma 4.1, we compute 

(ri,釘）ぅJfid(μ*叫＝JHi(g)dμ(g). 

Consider E > 0 such that for every i ~ n,乃＜ffid(μ＊叫ーEand J fid(µ＊叫＋€ ＜ 
Si. By Fact?? there exists g = (g1,...,gn) E en such that for every i ~ n we have 

J几dµ~E J几dAv(g).
Then 

(ri, Si) 3 J几dAv(g)= J紅（Av(g)* vふ

for every i ~ n and so (Av(g) * -) E 0. 口
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Corollary 4.9. For every T and every MF  T, we have 

E（皿（M),conv(Aut(M)))竺 E（皿（M)，凡(Aut(M))).

We can conclude that for the purpose of doing topological dynamics in model 
theory, there is no need to go outside of the action of the semigroup conv(Aut(M)). 

REFERENCES 

[1] D.H. Fremlin. Measure Theory, vol. 1-5. Broad Fundations. Torres Fremlin, 2010. 
[2] Olav Kallenberg. Probability and Its Applications. Foundations of Modern Probability. 
Springer, 2001. 
[3] Pierre Simon. A Guide to NIP Theories. Lecture Notes in Logic. Cambridge University Press, 
2015. 
[4] Kouji Yano. Infinite convolutions of probability measures on Polish semigroups. Probability 
Surveys, 19:129 -159, 2022. 

tINSTYTUT MATEMATYKI, UNIWERSYTET WARSZAWSKI, WARSZAWA, POLAND 
Email address: daniel.max.hoffmanncgmail. com 


