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Abstract

Since Boolean algebra was introduced into the field of analysis of logic circuits, Boolean
functions have occupied a fundamental position in the field of logic synthesis. In other
words, the researches into methods to represent Boolean functions have become very
important to design of logic circuits. With the recent advance in Very Large-Scale Inte-
gration technology, design of logic circuits grows out of manual control, and therefore, it is
entrusted to automatic Computer-Aided Design systems. The performance of such CAD
systems widely depends on how effective method to manipulate Boolean expressions they
adopt, thus the researches on the representation of Boolean functions are the matters of

weight in the field of VLSI design.

Sum-of-products forms are classical but fundamental idea to represent Boolean func-
tions. Sum-of-products forms are regarded as a special case of Boolean expressions thai
are actualized in a two-level AND-OR structure such as Programmable Logic Array. The
optimization problem of sum-of-products forms is applicable to the optimization of the
sizes of PLAs, and various CAD systems to optimize sum-bﬂproducts forms have been
developed. However, these conventional CAD systems manipulate sum-of-products forms
with linked-list structure, thus several operations between sum-of-products forms con-
sume enormous time and space in these systems. An efficient method to manipulate

sum-of-products forms is desired.

Ringsum-of-products forms weére originally from the mathematical representation of

Boolean functions, and now they are regarded as a special case of Boolean expressions that
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are actualized in a two-level AND-XOR. structure. The researches on the minimization
of ringsum-of-products forms have been developed from a rather theoretical point of view
than that of sum-of-products forms, and several CAD systems to optimize ringsum-of-
pfoducts forms have been developed. However, these CAD systems manipulate ringsum-
of-products forms with Binary Decision Diagrams or their extensions, thus these systems
can manipulate only 2*° of 23" ringsum-of-products forms. It is too powerless, and an
efficient method to represent ringsum-of-products forms is desired.

This thesis proposes Ternary Decision Diagrams as a graph representation method for
both sum-of-products forms and ringsum-of-products forms. This thesis discusses theoret-
ical aspects of Ternary Decision Diagrams, their implementations, and their applications
on logic synthesis. Chapters 2 to 4 discuss about Ternary Decision Diagrams themselves,
chapter 5 discusses the implementation of the Ternary Decision Diagrams Library, and
chapter 6 discusses the applications.

In chapter 2, we define Ternary Decision Diagrams from the mathematical point of
view. Then we discuss how the sets of products are represented on Ternary Decision Dia-
grams. Brief definitions of Binary Decision Diagrams and Quasi-redﬁced Binary Decision
Diagrams are mentioned there.

In chapters 3 and 4, we discuss about the set operations on TDDs, which are essential
operations on sum-of-products forms and ringsum-of-products forms, respectively. Then,
we discuss about combinatorial circuits manipulations on Ternary Decision Diagrams
using the set operations for sum-of-products forms and ringsum-of-products forms. We
also discuss about the conversion between Ternary Decision Diagrams and Binary Decision
Diagrams in the chapter.

In chapter 5, we discuss about the implementation techniques of the Ternary Decision
Diagrams Library. Experimental results to compare the sizes between Ternary Decision
Diagrams and Binary Decision Diagrams are also shown in the chapter.

In chapter 6, we apply Ternary Decision Diagrams for three problems in the field of

logic synthesis. First, we discuss about an effective method to generate prime implicants



on sum-of-products Ternary Decision Diagrams. Second, we discuss about an effective
method to generate neighfunctions on sum-of-products Ternary Decision Diagrams. Third,
we discuss about an effective method to generate an optimized ringsum-of-products forms
with Ternary Decision Diagrams using the set operations for ringsum-of-products forms.

Throughout this thesis, we realize that Ternary Decision Diagrams are very effective
method to manipulate Boolean functions, and that the research on Ternary Decision

Diagrams will contribute the development of the researches into logic synthesis.
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Chapter 1

Introduction

1.1 Background

Since Boolean algebra was introduced into the field of analysis of logic circuits by Naka-
jima, Hanzawa, and Shannon [1, 2], Boolean functions have occupied a fundamental po-
sition in the field of logic synthesis. In other words, the researches into effective methods
to represent Boolean funcﬁons have become very impo;tant to design of logic circuits.
With the recent advance in Very Large-Scale Integration technology, the design of logic
circuits grows out of manual control, and therefore, it is entrusted to automatic Computer-
Aided Design systems. The performance of such CAD systems widely depends on how
effective method to manipulate Boolean functions they adopt, thus the researches on the

representation of Boolean functions are the matters of weight in the field of VLSI design.

Sum-of-products forms {also called cube sets, PLA forms, or two-level AND-OR logics)
are classical but fundamental idea to represent Boolean functions introduced by Quine
[3]. Sum-of-products forms are regarded as a special case of Boolean expressions that are
realized in a two-level AND-OR structure such as Programmable Logic Array [9]. The
optimization problem of sum-of—productgforms [6, 7] is applicable to the optimization

of the sizes of PLAs, and various CAD systems to optimize sum-of-products forms have
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10 , CHAPTER 1. INTRODUCTION

been developed [10, 13, 14, 15]. However, these conventional CAD systems manipulate
sum-of-products forms with linked-list structure, thus several operations between sum-of-
products forms consume enormous time and space in these systems. An efficient method
to mauipuhte sum-of-products forms is desired.

Ringsum-of-products forms (also called Reed-Muller expansions, exclusive-or-sum-of-
products forms, or two-level AND-XOR logics) were originally from the mathematical rep--
resentation of Boolean functions by Reed and Muller [4, 5], and now ringsum-of-products
forms are regarded as a special case of Boolean expressions that are realized in a two-level
AND-XOR structure [8]. The researches on the minimization of ringsum-of-preducts
forms has been developed from a rather theoretical point of view [12, 17] than that of
sum-of-products forms, and several CAD systems to optimize ringsum-of-products forms
have been developed [21, 26, 29]. However, these CAD systems manipulate ringsum-
of-products forms with Birary Decision Diagrams (mentioned later) or their extensions,
thus these systems can manipulate only 2%" of 2% ringsum-of-products forms. It is too
powerless, and an efficient method to manipulate ringsum-of-products forms is desired.

Binary Decision Diagrams were invented by Akers [11]to represent Boolean functions.
Then a very efficient method to manipulate Boolean functions on BDDs was developed
by Bryant [16]. Thereafter, BDDs have become very popul‘ar in the field of VLSI logic
system designs, and have occupied very high position at implementing CAD systems
[18, 19, 26, 31]. However, BDDs represent Boolean functions, and cannot represent sum-
of-products forms or ringsum-of-products forms without some extensions [24, 30]. In other
words, BDDs are rather powerless to represent sets with binate literals, and new idea to
represent sets of products is required.

Ternary Decision Diagrams were first introduced to represent Pseudo Kronecker Ex-
pressions [23, 25], which are subclass of ringsum-of-products forms, and were then used to
manipulate some subclass of sum-of-products forms [28]. Nowadays a very efficient method
to manipulate both sum-of-products forms and ringsum-of-products forms on TDDs has

been proposed by the author [33]. With the method, Ternary Decision Diagrams acquire
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properties:

e to represent sets of products uniquely,

e {0 manipulate sum-of-products forins efiiciently, and

e to manipulate ringsum-of-products forms efficiently.

Furthermore, the operations such as Cartesian products or weak division of sets of prod-
ucts, which are hardly implementable on the conventional CAD systems, are very easily
realized on Ternary Decision Diagrams. The research on Ternary Decision Diagrams will

contribute the development of CAD systems.

1.2 Overview of Thesis

This thesis discusses theoretical aspects of Ternary Decision Diagrams, their implemén-
tations, and their applications on logic synthesis. Chapters 2 to 4 discuss about Ternary
Decision Diagrams themselves, chapter 5 discusses the implementation of the Ternary
Decision Diagrams Library, and chapter 6 discusses the applications.

In chapter 2, we define Ternary Decision Diagrams from the mathematical point of
view. Then, we discuss how the sets of products are represented on Ternary Decision
Diagrams. Both sum-of-products forms and ringsum-of-products forms can be considered
as the sets of products, thus in the chapter we discuss that Ternary Decision Diagrams
uniquely represent these forms. Also in the chapter we mention about the brief definitions
of Binary Decision Diagrams and Quasi-reduced Binary Decision Diagrams.

In chapter 3, we first discuss about the set operations on TDDs, which are essential
operations on sum-of-products forms, including union, Cartesian product, weak division,
intersection, difference, and complement. All of these operations are defined recursively,
and they are very easily implementable. Then, we discuss about combinatorial circuits

manipulations on Ternary Decision Diagrams using the set operations for sum-of-products
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forms. Namely, in the chapter we discuss how we manipulate AND-, OR-, XOR-, and NOT-
sates in the circuits under the sum-of-products Ternary Decision Diagrams. We also
discuss about the conversior between sum-of-products Ternary Decision Diagrams and
Binary Decision Diagrams.

In chapter 4, we first discuss about the set operations on TDDs, which are essential
operations on ringsum-of-products forms, including symmetric difference, ringsum prod-
uct, ringsum weak division, and ringsum complement. All of these operations are defined
recursively, and they are very easily implementable. Then, we discuss about combina-
torial circnits manipulations on Ternary Decision Diagrams using the set operations for
ringsum-of-products forms. In other words, we discuss how we manipulate AND-, XOR-, OR-,
and NOT-gates in the circuits under the ringsum-of-products Ternary Decision Diagrams.
We also discuss about the conversion between ringsum-of-products Ternary Decision Di-
agrams and Binary Decision Diagrams.

. In chapter 5, we discuss about the implementation techniques of the Ternary Deci-
sion Diagrams Library. The real structure of the nodes of Ternary Decision Diagrams is
mentioned, and the effectiveness of the operation-result table is discussed here. Also, we
consider some skillful mechanisms to guarantee canonicals of Ternary Decision Diagrams.
Experimental results to compare the sizes between Ternary Decision Diagrams and Binary
Decision Diagrams are shown in the chapter.

In chapter 6, we apply Ternary Decision Diagrams for three problems in the field
of logic synthesis. First, we discuss about an effective method to generate prime impli-
cants [7] on sum-of-products Ternary Decision Diagrams. The generation of the prime
implicants is a fundamental problem in the field of logic design, and is required at so
many scenes in logic synthesis. Second, we discuss about an effective method to generate
neighfunctions [20] on sum-of-products Ternary Decision Diagrams. The neighfunction
is the sum of implicants which is subsumed by a particular minterm, and is used in a
PLA-optimizer “TACCO” [22]. Third, we discuss about an effective method to generate

an optimized ringsum-of-products forms with Ternary Decision Diagrams using the set
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operations for ringsum-of-products forms. Among the set operations, weak division is the
most significant operation for the optimization.

Chapter 7 concludes this thesis.
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Chapter 2

Preliminaries

2.1 Ternary Decision Diagrams

Ternary Decision Diagrams are direct 3-degree acyclic graphs denoted by an 8-tuple
{V, @, , €0, €1, € X, A); Where @ and |1 are leaf nodes, V is a set of non-leaf nodes,
€0, €1, and ¢, are the edges, i.é. mappings from V to VU{@,}, X={z1,zs, -, 2, } Is a sel.
of variables, and A is the labeling of the non-leaf nodes that is a mapping from V to X;

and TDDs must satisfy following three rules:

i} Variable Ordering Rule (see Figure 2.1)
There exists a total order xs, > zy, > --- > x4, on X such that
eo(V)EV = A(v)>A(&(V)),
eV, ¢ e (vIeV = A(¥)>A(e(v)), and
Q(v)éV = Av)>A(e(v)).
ii) Node Reduction Rule (see Figure 2.2)
YveV, e(v)#[0] v e (v)#0]

iii) Node Unification Rule (see Figure 2.3)
Yy VEV, AV)=A(V) A eo(v)=6(V') A e(v)=e1(v) A efv)=e(v') = v=v'.
We define a set of products represented by a node in TDDs as follows:

15
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(a) illegal TDD (b) legal TDD

Figure 2.1: Variable Ordering Rule on TDDs

1

¥

/AN

0 _ 1

—

(a) illegal TDD (b) legal TDD

Figure 2.2: Node Reduction Rule on TDDs
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o @ represents the empty set @,

o {1]represents the set {1}.

o A non-leaf node v€V represents the union of the following three sets; the set of the

logical product of A(v) and every product in the set represented by ¢o(v), the set of

the logical product of A(v) and every product in the set represented by ¢,(v), and
the set represented by e.(v).

It is sure on this definition that any two different nodes in TDDs represent two different
sets of products, and that any set of products can be represented by its corresponding
node in TDDs. In other words, nodes of TDDs are canonical for sets of preducts. Figure
2.4 shows an example of sets of products represented by nodes in TDDs. In the rest of
this thesis, we think of @, {1}, {Z7}, and {z;} (2;€X) as basic sets that are given in TDDs
from the beginning.

In the next chapter, we regard that TDDs represent sum-of-products forms by sets
of products. In chapter 4, separately from chapter 3, we regard that TDDs represent

ringsum-of-products forms by sets of products.

2.2 Binary Decision Diagrams

Binary Decision Diagrams [11, 16] are direct 2-degree acyclic graphs denoted by a
7-tuple (V, @, , €0, €1, X, A); where @ and |1| are leaf nodes, V is a set of non-leaf
nodes, € and €, are the edges, i.e. mappings from V to VU{@,}, X={z1,2, - 2, } I8 2
set of variables, and X is the labeling of the non-leaf nodes that is a mapping from V to

X; and BDDs must satisfy following three rules:

i) Variable Ordering Rule

There exists a total order zy, > zy, > - -- > Ty, on X such that
eo(v)EV = Mv)>A(ep(v)) and
ei(v)eV = A(v)>A(er(v)).

YveV
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foRRo . 07
kot
7N

.0 ' 1

(a) illegal TDD (b) legal TDD

Figure 2.3: Node Unification Rule on TDDs

{z1Tzm3, T2, T223}

O@w
1

{1}

Figure 2.4: Sets of products represented in TDDs
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ii) Node Reduction Rule
VeV, ep(v)Fe(v).

iii) Node Unification Rule
vV EV, AV)=AV) A eg(v)=eo(v) A er(v)=e (V) = v=v

We define a Boolean function represented by a node in BDDs as follows:
o @ represents the Boolean function 0 (so-called inconsistency).
. represents the Boolean function 1 (so-called tautology).

e A non-leaf node veV represents the logical sum of the following two Boolean func-

tions; the logical product of A(v) and the Boolean function represented by eg(v),

and the logical product of A(v) and the Boolean function represented by €;(v).

It is sure on this definition that any two different nodes in BDDs represent two different
Boolean functions, and that any Boolean function can be represented by its corresponding

node in BDDs. In other words, nodes of BDDs are canonical for Boolean functions.

2.3 Quasi-reduced Binary Decision Diagrams

Quasi-reduced Binary Decision Diagrams [32] are direct 2-degree acyclic graphs
denoted by a 7-tuple (V, @, , €0, €1, X, A); where @ and are leal nodes, V is
a set of non-leaf nodes, ¢; and ¢; are the edges, 1.e. mappings from V to VU{@,},
X={w1,22, - -,Zu } 1s a set of variables, and X is the labeling of the non-leaf nodes that is

a mapping from V to X; and QBDDs must satisfy following two ruies:

i) Strong Variable Ordering Rule

There exists a total order zg, > x4, > -+ > x4, on X such that
AMV)=zg, (i # n) = Meo(v))=A(e1(v))=2s,,, and
A(v)=z, = 6(v), er(v)e{[0] [1]}

Yvev,
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ii) Node Unification Rule
v, eV, A(V)=AV) A eo(v)=¢6(v') A e(v)=€ (V') = v=v".

We define a Boolean function represented by a node in QBDDs as follows:
. @ represents the Boolean function 0 (so-called inconsistency).
e |1!represents the Boolean function 1 (so-called tautology).

e A non-leaf node veV represents the logical sum of the following two Boolean func-

tions; the logical product of A{v) and the Boolean function represented by eo(v),

and the logical product of A(v) and the Boolean function represented by €;(v).

It is sure on this definition that any two different nodes in QBDDs represent two different
Boolean functions, and that any Boolean function can be represented by its corresponding

node in QBDDs. In other words, nodes of QBDDs are canonical for Boolean functions.



Chapter 3

Sum-of-Products Operations on

TDDs

3.1 Imntroduction

When a set of products is given, it can be regarded either as a sum-of-products form or
as a ringsum-of-products form. For example, the set {z,T2z3, @2, Tzx3} can be regarded
either as x1T723+T2+To23 OF as 172230z, OT2z3. Hence, when we represent a set of
products in TDDs, we carry out different operations on TDDs according as our view of

the set, namely, the sum-of-products form or the ringsum-of-products form.

In this chapter, we regard that Ternary Decision Diagrams represent sum-of-products
forms by sets of products. In other words, all TDDs appearing in this chapter are for sum-
of-products forms, and all set operations are defined as they are used on operations on
sum-of-products forms. Figure 3.1 shows an example of sum-of-products forms represented
by TDD.

~We conjecture all procedures mentioned in this chapter have worst case time complex-
ity O(|R|) where |R]| is the worst size of resulting TDDs, assuming that the operation at

each node requires constant time and that the same operation is never computed twice

21



22 CHAPTER 3. SUM-OF-PRODUCTS OPERATIONS ON TDDS

using the operation-result table [16].

3.2 Sum-of-Products Operations

Here we consider essential operations on TDDs in which we represent sum-of-products
forms. In other words, we think about “addition,” “multiplication,” and “logical not” in

the field of sum-of-products forms.

3.2.1 Addition of SOP Forms

In this section, we consider “addition” of two sum-of-products forms. Namely we consider
how to realize, for example, “z,+Z7z3 added to x,ToT3+T2+ T35 gives T,TT3+T2+T2z3+
Ziz3” on Ternary Decision Diagrams.

The set operator union, denoted by U, can actualize the addition of two sum-of-
products forms. For example, {21T323, 22, Tz23JU{z2, Tiza}={z1Toxs, o, Tox3, TiT3}
can be regarded 28 (21T223+T2+T273)+H(22+T123)=T1T223+ T2+ Taxa+T123. We can re-
alize the procedure for the operator U on TDDs as shown in Figure 3.2. The procedure
is mainly based on the following formula (where the forms A to F include neither Z; nor
z;, and T;A .denotes the set consisting of the products of Z; and all elements in A):

(ZT:AUz;BUC)U(Z;:DUz; EUF)=T;( AUD)Uz;( BUE)U(CUF)

and it terminates when it reaches to the leaf nodes, where the rules PUB=P, fUQ=Q, and

{1}u{1}={1} are used.

3.2.2 Multiplication of SOP Forms

Here we consider “multiplication” of two sum-of-products forms. Namely we consider how
to realize, for example, “z,Zz223+22+Zz2; multiplied by z,+73 gives T,Tox3+T,To+T2%3"

on Ternary Decision Diagrams.
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The set operator Cartesian product, denoted by x, can actualize the multiplication
of two sum-of-products {orms. For example, {x1T2z3, T, Toza} x {21, T3} ={T1F2T3, T122,
x,%3} can be regarded as (z,T3x3+224+T323) (31 4T3) =1, T313+2, Lo +22T3. We can realize
the procedure for the operator x on TDDs as shown in Figure 3.3. The procedure is based

on the following formula:

(Z:AUz;BUC) x (Z:DUz,EUF )=
ZH{(AxD)U(A XF)U(CxD))Uzi((BXE)U(BX F)U{CxE))U(Cx F)

and it terminates when it reaches to the leaf nodes, where the rules Px®=0 and P x {1}=P
are used.

Then we consider an inverse operation for the multiplication of sum-of-products forms.
In other words, we consider “division” on the field of sum-of-products forms.

In order to make the “division” one-valued, we define a set operation named weak

division, denoted by /, as described below:

When sets of products P and Q are given, the quotient R=P/Q is the maximum

set that satisfies RxQCP, where R does not include variables appeared in Q.

For example, {z1Taz3, T2, Tazz}/{1, z1}={Faz;}. We can realize the procedure for the
operator / on TDDs as shown in Figure 3.4. The procedure is based on the following

formula (N denotes the intersection of sets of products):
(#;AUz;BUC)/(Z:DUz,EUF)=(A/D)n(B/E)N(C/F)
when D#% or E#Q. Otherwise we use the formula
(T:AUz;BUC) /F=Z;(A/F)Uz;(B/F)U(C/F) .

The procedure terminates when the rule P/@=co or P/{1}=P is used, where co means
the universal set which satisfies coNR=R for any set R.
In order to implement the weak division procedure, we need the set operation inter-

section, denoted by N, on TDDs. The procedure for the operator N on TDDs (shown in
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Figure 3.5) is similar to the one for U save that its termination rules are PN@=0, INQ=0,

and {1}nN{1}={1}.
Lastly, we consider getting a remainder after a weak division. In other words, after

Z\ T2+ 22+ T5xy divided by 14z, gives the quotient Zzz3, we should think how to get

the remainder z,.
The set operator difference, denoted by —, is suitable for the purpose, since we can get
the remainder with P—((P/Q)xQ) as a set of products. The procedure for the operator

— on TDDs (shown in Figure 3.6) is similar to the one for U save that its termination

rules are P—@=P, §—Q=0, and {1}—{1}=0.

3.2.3 Logical Not of SOP Forms

When a sum-of-products form F is given, we often need a “logical not” sum-of-products

form F' of F which satisfies:

¢ F added to F’ gives a sum-of-products form of the Boolean function 1, and
¢ F multiplied by F' gives the sum-of-products form of the Boolean function 0.

Here we define an unary set operation complement, denoted by ™, to get one of such
“logical not” sum-of-products form as a set of products. Figure 3.7 shows the procedure
for the operator — on TDDs. The procedure is based on the following formula:
(Z:AUz;BUC)=(z;UA)(£UB)C=73(AC)Uz;(BC)U(ABC)=
T;( AUC)Uz;(BUC)U(AUBUC)

and it terminates when it reaches to the leaf nodes, where the rules §={1} and {1}=0 are

used.
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3.3 Combinatorial Circuits Manipulation Using SOP-
TDDs

In this section, we mention about the method to generate representation of outputs of
all gates in combinatorial circuits under the sum-of-products Ternary Decision Diagrams.
Here we assume that the circuits consist of 2-input AND-gates, 2-input OR-gates, 2-input
X0R-gates, and l-input NOT-gates. We also assume that primary inputs are represented by

given sets of {z;}.

i} 2-input AND-gate
When a 2-input AND-gate, whose inputs are represented in sum-of-products forms
P and Q, is given, we generate Px{Q for its output as shown in Figufe 3.8. For
example, when the two inputs of an AND-gate are represented in z1Taz3+z2+T32;
and z,+7T3, its output results in z,Zz23+z;T2+22%3. TDDs actualize this operation

as the Cartesian product procedure mentioned in the previous section.

ii) 2-input OR-gate
When a 2-input OR-gate, whose inputs are represented in sum-of-products forms P
and Q, is given, we generate PUQ for its output as shown in Figure 3.9. For example,
when the two inputs of an OR-gate are represented in z,72T3+Z2+T373 and zo+Tyz3,
its output results in z,Zzz3+32+Tz23+T123. TDDs actualize this operation as the

union procedure mentioned in the previous section.

iii) 2-input XOR-gate
When a 2-input XOR-gate, whose inputs are represented in sum-of-products forms P
and Q, is given, we generate (PUQ)X(ISUQ) for one of the sum-of-products forms
of its output as shown in Figure 3.10. For example, when the two inputs of an
XOR-gate are represented in z;T323+T2+Z223 and 2247173, its output results in

To+T Lo T3+T] Z3T3+E] Tz T3-+21T2 Ta. TDDs actualize this operation as the combi-
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nation of the complement procedure, the union procedure, and the Cartesian product

procedure mentioned in the previous section.

iv) NOT-gate
When a NOT-gate, whose input is represented in sum-of-products form P, is given, we
generate P for its output as shown in Figure 3.11. For example, when the input of a
NOT-gate is represented in x,+7723, its output results in 2,72 +71 T2 T3 +T2 T3. TDDs

actualize this operation as the complement procedure mentioned in the previous

section.

3.4 Conversion between SOP-TDDs and BDDs

In this section, we consider a method to convert a Binary Decision Diagram into a sum-
of-products Ternary Decision Diagram which represents the same Boolean function rep-
resented by the BDD, vice versa.

When a Binary Decision Diagram is given, we can obtain a sum-of-products Ternary
Decision Diagram which represents the same Boolean function represented by the given
BDD, adding @-directed x-edges to all non-leaf nodes of the BDD. For example, the Bi-
nary Decision Diagram in Figure 3.12(a) is given, we can obtain the Ternary Decision Dia-
gram in (b). They both represent the same Boolean function ZT1z.Z3+37 T3 +2 153 T3-+21Ta.
This is Eecause all the products, which we can derive from all paths from the top node to
in a Binary Decision Diagram, are disjointed with one another. Thefefore, the Boolean
function represented by the BDD is regarded as the sum of the products, and it is easily
represented by the SOP-TDD whose 0-edges and 1-edges constitutes the same graph of
the BDD and whose x-edges direct @ ,

Inversely, when a sum-of-products Ternary Decision Diagram is given, we can obtain
a Binary Decision Diagram which represents the same Boolean function represented by

the given SOP-TDD, as follows: .
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Step.1 Generate Ternary Decision Diagram which represents the set of minterms,
where the sum of the minterms expresses the same Boolean function as the
given SOP-TDD. In order to generate such “sum-of-minterms” TDD Q from

the given SOP-TDD P, we use Shannon Expansion as described below:
Q = {:C—I) Il}X{E, mZ}X Tt X{—:B_'l:a $11}XP .

Step.2 Remove nodes whose 0-edge and 1-edge point the same node. In order to
renove ;-labeled ones of such “redundant” nodes from the Ternary Decision
Diagram @ and obtain the new Ternary Decision Diagram Q’, we use the

following formula:
Q = QUQ/{z:, z: ) —(QN{T, =) x{z5, =:} .

We can remove all nodes whose 0-edge and 1-edge point the same node by

applying the formula on all variables (z; to z,).
Step.3 Remove all x-edges.

For example, the sum-of-products Ternary Decision Diagram in Figure 3.13(a) is given,
first we can obtain the sum-of-minterms Ternary Decision Diagram in (b), second the
“irredundant” sum-of-products Ternary Decision Diagram in (c), and last the Binary
Decision Diagram in (d). The SOP-TDD in (a) represents ZjT3+z122+T3, the SOM-
TDD in (b) represents I T3 Ta+T1 Tax3+T122T3+21%3 T3+T129T3+ 112223, the TDD in
(c) and the BDD in (d) represent Tiz,T3-+T1 T2+21T2 T3+2122. They all represent the
same Boolean function.

We emphasize here that the conversions, especially steps 1 and 2, can be realized

within the procedures for sum-of-products Ternary Decision Diagrams.
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I : 1$2$3+xz+zo T3

T et - PEC ! .
0
1

l a:gzs\ $2+$2ma
7 1

T3 .
\ r 1

0 1

, Figure 3.1: Sum-of-products forms represented in TDDs
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P Q PUQ

/>®@/>€>§\

(a) A(node of P)=A(node of Q)
P PuQ

/>®<\/\/><><\

b) Mnode of P)>A(node of Q)
Q PUQ

/\MM

Mnode of P)<A(node of Q)

Figure 3.2: Procedure to compute PUQ
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Q PxQ

/\/>®<\/>@<\

(c) A(node of P)<A(node of Q)

Figure 3.3: Procedure to compute PxQ
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P/Q

A/D
n
B/E
N
C/F

A(node of P)=A(node of Q)
P P/Q

0

7 TN

/>®<\A

b) A(node of P)>A(node of Q)
Q

AR o

A(node of P)<A(node of Q)

Figure 3.4: Procedure to compute P/Q
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Q

(a) A(node of P)=A(node of Q)

pay

]

SR

(b) AM(node of P)>A(node of Q)
Q

A
/>é><\/\

A(node of P)<A(node of Q)

Figure 3.5: Procedure to compute PNQ
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/>é>@/\

A(node of P)>M(node of Q)
Q

A/><E><\/\

c) AMnode of P)<A(node of Q)

Figure 3.6: Procedure to compute P—Q
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|

Figure 3.7: Procedure to compute P

P_
Q- P xQ

Figure 3.8: AND-gate manipulation on SOP-TDDs

sl

PuU

Q Q

Figure 3.9: OR-gate manipulation on SOP-TDDs

g:)D(PUQ)x(iﬁUQ)

Figure 3.10: XOR-gate manipulation on SOP-TDDs

P{>c»'15

Figure 3.11: NOT-gate manipulation on SOP-TDDs
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(a) given BDD (b) SOP-TDD

Figure 3.12: Convert BDD into SOP-TDD
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170 01 170 01
0| 1 0 1
(¢) “irredundant” SOP-TDD (d) BDD

Figure 3.13: Convert SOP-TDD into BDD



Chapter 4

Ringsum-of-Products Operations on

TDDs

4.1 Introduction

When a set of products is given, it can be regarded either as a ringsum-of-products
form or as a sum-of-products form. In this chapter, we regard that Ternary Decision
Diagrams represent ringsum-of-products forms by sets of products. In other words, all
TDDs appearing in this chapter are for ringsum-of-products formms, and all set operations
are defined as they are used on operations on ringsum-of-products forms. Figure 4.1 shows

an example of ringsum-of-products forms represented by TDD.

We conjecture all procedures mentioned in this chapter have worst case time complex-
ity O(|R|) where |R| is the worst size of resulting TDDs, assuming that the operation at
each node requires constant time and that the same operation is never computed twice
using the operation-result table [16]. .7

37
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4.2 Ringsum-of-Products Operations

Here we consider essential operations on TDDs in which we represent ringsum-of-products

forms. In other words, we think about “addition,” “multiplication,” and “logical not” in

the field of ringsum-of-products forms.

4.2.1 Addition of ROP Forms

In this section, we consider “addition” of two ringsum-of-products forms. Namely we con-
sider how to realize, for example, “z.®FTz; added to 2, To23 Pz PTox3 gives ,T223DT2T3D
T1z3” on Ternary Decision Diagrams. |
The set operator symmetric difference, denoted by &, can actualize the addition of
two ringsum-of-products forms. For example, {z,T3x3, 2, Toz3}D{as, Fiza}={z1T2z3,
TaT3, Tiza} can be regarded as (7133730 0T273)B(T.0T123) =11 T2 BFax, DT 1zy. We
can realize the procedure for the operator @ on TDDs as shown in Figure 4.2. The

procedure is mainly based on the following formula:
(ZiA@z,BoC)d(T;Ddz,EGF ) =7;( A®D )@ z:(BOE)B(CHF)

and it terminates when it reaches to the leaf nodes, where the rules P@@=P, ipQ=Q,

and {1}&{1}=0 are used.

4.2.2 Multiplication of ROP Forms

Here we consider “multiplication” of two ringsum-of-products forms. Namely we consider
how to realize, for example, “z)T523@T,®T;2; multiplied by z,®73 gives z;2.9z,%3” on
Ternary Decision Diagrams.

We define a set operator‘ringsum product, denoted by ®, to actualize the mul-
tiplication of two ringsum-of-products forms. ‘Na,mely,.we define the operator ® which
satisfies, for example, {z,T5z3, 24, T22;}@{21, T3}={T120, 23Z3}. This example can be

regarded as (:1:1?.95:1:369:1:26955:2:3)(mleaﬁ)zmlmg@mgfg from the ringsum-of-products form
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point of view. The procedure for the operator ® on TDDs is similar to the one for x save
that @ is used to sum up three internal products instead of U as shown in Figure 4.3. The

procedure is based on the following formula:

(Z:A®zBoC)Q (T D@z, EGF)=
7i((A®D)®(AQF)®(COD))z.((BRE)®(BOF)®(COE))®(CRF)

and it terminates when it reaches to the leaf nodes, where the rules P@@=0 and Pa{1}=P
are used.
Then we consider an inverse operation for the multiplication of ringsum-of-products
forms. In other words, we consider “division” on the field of ringsum-of-products forms.
In order to make the “division” one-valued, we define a set operation named ringsum

weak division, denoted by @, as described below:

When sets of products P and Q are given, the quotient R=P®Q is the maxi-

mum set that satisfies RQQCP, where R does not include variables appeared
in Q.

For example, {T1%723, T2, Toza}@{1, z1}={F2z3}. In the fact, however, this operator @
is the same as the operator / mentioned in the previous chapter, since R®Q is equal to
RxQ when R does not include variables appeared in Q. Thus in tﬁe rest of this thesis we
use the weak division operator / for the “division” of ringsum-of-preducts form. Figure
4.4 shows the procedure for the operator / on TDDs. The procedure terminates when
the rule P/@=co or P/{1}=P is used, where co means the universal sei which satisfies
coNR=R for any set R.

Lastly, we consider getting a remainder after a weak division on the field of ringsum-of-
products forms. In other words, after z,%32;@x2DTT; divided by 1dx; gives the quotient
T3, we should think how to get the remainder . '

The set operator symmetric difference @, mentioned in the previous section, is suitable

for the purpose since we can get the remainder with P@((P/Q)@Q) as a set of products.

The procedure for the.operator @ on TDDs is shown in Figure 4.2..
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4.2.3 Logical Not of ROP Forms

When a ringsum-of-products form F is given, we often need a “logical not” ringsum-of-

products form F’ of F which satisfies:

o F added to F’ gives a ringsum-of-products form of the Boolean function 1, and
¢ F multiplied by F’ gives a ringsum-of-products form of the Boolean function 0.

Here we define an unary set operation ringsum complement, dencted by 7, to get one
of such “logical not” ringsum-of-products form which is represented by a set of products.

Figure 4.5 shows a procedure for the operator = on TDDs. The procedure is based on

the following formulae:
(7;Az,B8C)=T;A0z;BHC
(Z:®7:B0C)=2BaC
(TABz,0C)=E;A0C

and it terminates when it reaches to the leaf nodes, where the rules ﬁ:{ 1} and {’f}:ﬂ are

used.

4.3 Combinatorial Circuits Manipulation Using ROP-
TDDs

In this section, we mention about the method to generate representation of outputs of all
gates in combinatorial circuits under the ringsum-of-products Ternary Decision Diagrams.
Here we assume that the circuits consist of 2-input AND-gates, 2-input OR-gates, 2-input
X0R-gates, and 1-input NOT-gates. We also assume that primary inputs are represented by

given sets of {;}. So in this section,

i) 2-input AND-gate

When a 2-input AND-gate, whose inputs are represented in ringsum-of-products forms
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P and Q,is given, we generate P®Q for its output as shown in Figure 4.6. For
example, when the two inputs of an AND-gate are represented in z,T503PT2BTrx;
and x,973, its output results in z;2.®z,T3. TDDs actualize this operation as the

ringsum product procedure mentioned in the previous section.

2-input OR-gate

When a 2-input OR-gate, whose inputs are represented in ringsmn-oﬂproducts forms
P and Q, is given, we generate ?E;TQ for one of the ringsum-of-products forms of its
output as shown in Figure 4.7. For example, when the two inputs of an OR-gate are
represented in x,Z523®T-PT2x3 and z1PT3 its output results in Ty T3 T30T: T3P 1.

TDDs actualize this operation as the combination of the ringsum complement pro-

cedure and the ringsum product procedure mentioned in the previous section.

2-input X0R-gate

When a 2-input X0R-gate, whose inputs are represented in ringsum-of-products forms
P and Q, is given, we generate P®Q for its output as shown in Figure 4.8. For
example, when the two inputs of an XOR-gate are represented in z,To2;®x.HTrx3 and
ZoBT1zs its output results in z,F75:0T32:BT123. TDDs actualize this operation as

the symmetric difference procedure mentioned in the previous section.

NOT-gate

When a NOT-gate, whose input is represented in ringsum-of-products form P, is given,
we generate P for its output as shown in Figure 4.9. For example, when the input
of a NOT-gate is represented in £,Z2239z2@T2T3, 1ts output results in &, Tz3BT3 T3.
TDDs actualize this operation as the ringsum complement procedure mentioned in

the previous section.
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4.4 Conversion between ROP-TDDs and BDDs

In this section, we consider a method to convert a Binary Decision Diagram into a ringsum-
of-products Ternary Decision Diagram which represents the same Boolean function rep-
resented by the BDD, vice versa.

When a Binary Decision Diagram is given, we can obtain a ringsum-of-products
Ternary Decision Diagram which represents the same Boolean function represented by the
given BD‘D, adding @-directed x-edges to all non-leaf nodes of the BDD. For example, the
Binary Decision Diagram in Figure 4.10{a) is given, we can obtain the Ternary Decision Di-
agram in (b). They both represent the same Boolean function T12, 7307 T2B7,T> T30T 1 Z5.
This is because all the products, which we can derive from all paths from the top node to
in a Binary Decision Diagram, are disjointed with one another. Therefore, the Boolean
function represented by the BDD is regarded as the ringsum of the products, and it is eas-
ily represented by the ROP-TDD whose 0-edges and 1-edges constitutes the same graph
of the BDD and whose *-edges direct @

Inversely, when a ringsum-of-products Ternary Decision Diagram is given, we can
obtain a Binary Decision Diagram which represents the same Boolean function represented

by the given ROP-TDD, as follows:

-Step.l Generate Ternary Decision Diagram which represents the set of minterms,
where the ringsum of the minterms expresses the same Boolean function as
the given ROP-TDD. In order to generate such “ringsum-of-minterms” TDD
Q from the given ROP-TDD P, we use Shannon-Davio Expansion as described

below:
Q = {':E_]_', $1}®{-’E_2, CU;)_}@ T ®{T;1 mn}@’P -

Step.2 Remove nodes whose 0-edge and l-edge point the same node. In order to

remove z;-labeled ones of such “redundant” nodes from the Ternary Decision
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Diagram Q and obtain the new Ternary Decision Diagram @', we use the

following formula:

Q = Qe(Q/{m, z}o{m, =, 1}) .

We can remove all nodes whose 0-edge and 1-edge point the same node by

applying the formula on all variables (z; to z,,).

Step.3 Remove all -edges.

For example, the ringsum-of-products Ternary Decision Diagram in Figure 4.11(a) is given,
first we can obtain the ringsum-of-minterms Ternary Decision Diagram in (b), second the
“irredundant” ringsum-of-products Ternary Decision Diagram in (c), and last the Binary
Decision Diagram in (d). The ROP-TDD in {a) represents T1z3PT22391, the ROM-
TDD in (b) represents F7 T3 T3DT] T2 3BT L2 T3P T3 T3D2122T30 12223, the TDD in
(c) and the BDD in (d) represent Tz T3BT] T2@x1%2 T3®riz2. They all re’present the
same Boolean function.

We emphasize here that the conversions, especially steps 1 and 2, can be realized

within the procedures for ringsum-of-products Ternary Decision Diagrams.
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Z1T2Z3 DT BT2T3

Figure 4.1: Ringsum-of-products forms represented in TDDs
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P Q PEBQ

(a) A(node of P)=A(node of Q)
P P@Q

/\/>®<\

b) A(node of P)>A(node of Q)
Q PGBQ

A/)%/W\

A(node of P)<A(node of Q)

Figure 4.2: Procedure to compute PGQ
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/><3><\0®@

(a) AM(node of P)=A(node of Q)

0

NN

b) A(node of P)>A(node of Q)

P®

N

CeD CeF

(c) A(node of P)<A(node of Q)

O

Figure 4.3: Procedure to compute PRQ
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P/Q
, A/D
n
B/E
(2l
C/F

A(node of P)=XA(node of Q)
P P/Q

/>®<&/\M<\

b) A{node of P)>A(node of Q)
Q

AR

A(node of P)<A(node of Q)

Figure 4.4: Procedure to compute P/Q
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/>®<\M

(a) A={1} or B={1}
!} ?

a *
1

/>®@/>®<\

b) A#{1} and Ba_é{l} N

Figure 4.5: Procedure to compute P

P_
oo HP®Q

Figure 4.6: AND-gate manipulation on ROP-TDDs

Figure 4.7: OR-gate manipulation on ROP-TDDs
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o _reoa

Figure 4.8: X0R-gate manipulation on ROP-TDDs

Figure 4.9: NOT-gate manipulation on ROP-TDDs

(a) given BDD (b) ROP-TDD

Figure 4.10: Convert BDD into ROP-TDD
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(a) given ROP-TDD (b) ROM-TDD
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N

&) @
|

of

PN N

0 1 0 1

(c) “irredundant” ROP-TDD (d) BDD

Figure 4.11: Convert ROP-TDD into BDD



Chapter 5

Implementation Techniques

5.1 Introduction

The procedures mentioned in chapters 3 and 4 have been implemented under UNIX C. The
implemented Ternary Decision Diagram Library consists of 13 user-accessible routines, 3
internal routines, one user-accessible header file, and omne internal header file. In this

chapter, we discuss about the implementation of the Terna,fy Decision Diagram Library.

5.2 Structure of Nodes

In the Ternary Decision Diagram Library, the non-leaf node structure struct tdd.struct,

or shortly tdd, is defined as follows:

typedef struct tdd_struct{
struct tdd_struct *tdd_zero_edge;
struct tdd_struct *tdd_one_edge;
struct fdd_struct *tdd_asterisk_edge;
int tdd_in_counter;
int tdd_timestamp;

al
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o
&%

unsigned int tdd_variable;

struct tdd_struct *tdd_hashlink;

} tdd;

The elements tdd.zero_edge, tdd_one edge, tdd_asterisk_edge, and tdd_variable store
particular values of the 0-edge, the 1-edge, the x-edge, and the variable (z;) ‘of the non-leaf
node of Ternary Decision Diagrams, respectively. The four valt-les make a hashed-key-
number for each non-leaf node, and tdd_hashlink is used for synonyms. tdd_in_counter
counts the number of incoming edges to the node. When tdd_in_counter goes to zero,
the node is considere‘d. unused and wﬂl be reused to reprééént a.n.loth'er set of prbd-
ucts. tdd_timestamp counts up how many times the node is reused. The functions
of tdd_in_counter and tdd_timestamp are mentioned in section 5.5 in detaﬂ.

The leaf nodes [0] and [1] are defined as constants shown below: " .

#define TDDEMPTY ((tdd*)1)
#define TDD1SET ((tdd=)3)

where TDDEMPTY means @ and TDD1SET means {1}. The universal set co is defined as
#define TDDUNIV ((tdd*)2)

for the division by 0.

. These definitions are all in the user-accessible header file named “tdd.h”.

5.3 Structure of Operation-Result Table

In order to avoid calculating the same operation twice or more, we use operation-result

table which stores the result of the set operations on Ternary Decision Diagrams. For ex-

is constructed by the operation {z7 73, T1Tatz3 } X {T1 T2 T3, T T3Z3, T1Z2T3, T1ToZ3,
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T3, £1%3Ta, 17273, T,T223} by tddprod (mentioned in section 5.4) as shown in Fig-

3l

T
ure 5.1, the construction of {T7 %3 T3, T Faz3, T1%2T3, Z1T5 T3, 12073, T1TaZ3} will never
occur for the operation {F]T3, T17e+z3}x{T1T2T;, TyTazy, TiLaZ3, T1Z2T3, T1T3 T3,
Z,XT3T3, T1ToT3, :cl.rg:ca} while tddprod only increments the tdd_in_counter of the top
node of the TDD down below in Figure 5.1 and returns the top node. This is because the

operation-result table memorizes that

In the Ternary Decision Diagram Library, the operation-result table structure struct

tdd_calc_tables_struct is defined as follows:

struct tdd_calc_tables_struct{
tdd *tdd_left_arg;
int tdd_left_timestamp;
tdd *tdd_right_arg;
int tdd_right_timestamp;
tdd *tdd_answer_arg;
int tdd_answer_timestamp;
tdd **tdd_calc_identifier;
s

The elements tdd left_arg and tdd_right_arg point the argument nodes of opera-
tions, and tdd. left_timestamp and tdd.right_timestamp store their tdd_timestamps.
tdd_calc_identifier stores the proper value to distinguish the set operations, namely
union, Cartesian product, weak division, intersection, difference, complement, symmetric
difference, ringsum product, and ringsum complement. tdd_answer_arg points the re- |
sult node of the operation, and tdd_answer_timestamp stores its tdd_timestamp. This

definition is in the internal header file named “tdd_internal.h”.
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Figure 5.1: Same Operation Never Occurs Twice . -
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5.4 User-Accessible Routines

To obtain basic sets {Z;} and {z;}, the Ternary Decision Diagram Library has two routines:

tdd *tddnlit(unsigned int i)

tdd *tddplit(unsigned int i)

tddnlit returns the set {Z;} and tddplit returns {z;}.

To increment and decrement tdd_in_counter of a non-leaf node, we use

tdd *tdddup(tdd *p)
int tddfree(tdd *p)

respectively. tdddup returns the argument itself, and tddfree returns the error number.
tdddup is considered as the duplication of the non-leaf node, and tddfree as the disposal.
tdddup and tddfree do nothing when the argument is @ or {1}.

The Ternary Decision Diagram Library includes nine routines for the nine set oper-
ations, namely union, Cartesian product, weak division, intersection, difference, comple-

ment, symmetric difference, ringsum product, and ringsum complement:

tdd *tddunion(tdd *p,tdd *q)
tdd *tddprod(tdd *p,tdd *q)

tdd *tddwdiv(tdd *p,tdd *q)

tdd *tddinter(tdd *p,tdd *q)
tdd *tdddiff(tdd *p,tdd *q)

tdd *tddcmpl(tdd *p)

tdd *tddsdiff(tdd *p,tdd *q)
tdd *tddrprod(tdd *p,tdd *q)
tdd *tddrcmpl(tdd *p)

All these routines are implemented along the procedures mentioned in chapters 3 and 4,
and they use the operation-result table to avoid calculating the same operation twice or

more. For example, we discuss about the case when tddunion is called to obtain PUQ.
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Step.1 “Normalize” the operation for PUQ. Here “normalize” means that P and Q are
swapped when Q has a smaller hashed-key-number than P. Of course, tddwdiv

and tdddiff do not “normalize” their operations, and tddcmpl and tddrcmpl

cannot do.

Step.2 Check the termination of the procedure. In other words, check whether P is
equal to @ or whether Q is equal to {1}. (0 has the smallest hashed-key-number
and {1} has the second smallest. They have no synonyms.) If so, call tdddup

with Q to return it as the result.

Step.3 Check the operation-result table for the result of PUQ. When found, call

tdddup with the result to return it.

Step.4 Perform the calculation along the procedure mentioned in chapter 3. Namely,
call tddunion three times for the operations of 0-edges, 1-edges,‘and *-edges,
then call tdd_make node (mentioned in section 5.5) to make a new node R

whose edges point the result of the above three tddunions.

Step.5 Register “The result of PUQ is R” on the opefatiomresult table. Also register
“The result of P—R is #” and “The result of Q—R is §” on the operation-result

table. Then return R as the result.

In tddsdiff, when P@Q=R is registered on the operation-result table, Q@R=P and
P@R=Q are also registered. In tddcmpl the registration of P=Q is followed by the
registration of PxQ=0. Also in tddrcmpl P=Q by P®Q=9.

5.5 Internal Routines

The Ternary Decision Diagram Library has three internal routines:
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tdd *tdd_make_node(tdd *p,tdd *q,tdd *r,unsigned int i)
void tdd_calc_reg(tdd *p,tdd *q,tdd **c,tdd *r)
tdd *tdd_calc_find(tdd *p,tdd *q,tdd **c)

tdd_make node makes the non-leaf node whose 0-edge, l-edge, *-edge, and variable are
p, qQ, T, and x;, respectively. If such node already exists, tdd_make node only calls
tdddup with the node to satisfy Node Unification Rule mentioned in chapter 2. Oth-
erwise, tdd make_node finds an unused node, whose tdd_in_counter is equal to 0, from
the hashed node table and use it for the new node with incrementing its tdd_timestamp.
If the unused node is a reused node, whose tdd_timestamp was not 0, tdd_make_node calls
tddfree to dispose the nodes pointed by its 0-edge, 1-edge, and *-edge before the reuse.

In order to satisfy Node Reduction Rule mentioned in chapter 2, tdd_make node first
checks whether both p and q are equal to §§ before the procedures mentioned above. If so,
tdd_make_node only calls tdddup with r.

tdd_calc reg registers “The result of popq is r” on the operation-result table, where
¢ indicates a proper value for the operation op. Inversely, tdd_calc_find returns “The

result of popq” when the operation is formerly performanced.

5.6 Experimental Results

In order to check out the performance of the implemented Ternary Decision Diagram
Library, the sizes (i.e. the numbers of non-leaf nodes) of Ternary Decision Diagrams
and Binary Decision Diagrams have been compared using several circuits from IWLS’93
Benchmark Set [27).

Table 5.1 shows the numbers of non-leaf nodes to represent the outputs of the circuits
used in Ternary Decision Diagrams or Binary Decision Diagrams, when they are made
straightly along the circuit descriptions in the Benchmark Set. The sizes of quasi-reduced

Binary Decision Diagrams are shown for reference. Any of Ternary Decision Diagrams and
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Table 5.1: Sizes of TDDs and BDDs

TDDs
circuits || gop | ROP QBDDs | BDDs

bi 8 8 11 8
b9 3290 | 241 1505 277
c8 270 | 143 627 219
cc 106 85 325 102
cu 119 | 70 239 138
i1 47 66 228 64
i2 268 | 282 599 273
i3 132 | 132 743 132
i4 204 | T80 3643 420
i5 797 | 1230 | 10894 | 1026
i6 151 | 148 8532 222
i7 217 ) 210 | 17547 485
i8 3463 | 1458 | 68621 | 5619
ig 402 | 370 | 11444 | 1159
x1 667 | 1548 | 7025 2004
x2 || 39 49 66 44
x3 3824 | 1060 | 25636 | 2433
x4 707 | 566 | 10142 944
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Binary Decision Diagrams has been made within 10 second CPU time on a SiliconGraphics
INDY Workstation.

When representing sum-of-products forms, 12 out of 18 Ternary Decision Diagrans are
smaller than their corresponding Binary Decision Diagrams, and the size of Ternary Deci-
sion Diagrams is 83% of the size of Binary Decision Diagrams on the average. When rep-
resenting ringsum-of-products forms, 11 out of 18 Ternary Decision Diagrams are smaller
than their corresponding Binary Decision Diagrams, and the size of Ternary Decision
Diagrams is 85% of the size of Binary Decision Diagrams on the average. We need
28 bytes/node for Ternary Decision Diagrams and 24 bytes/node for Binary Decision
Diagrams on the implementation here, so we can say that Ternary Decision Diagrams
representing sum-of-products forms are smaller than Binary Decision Diagrams and that
Ternary Decision Diagrams representing ringsum-of-products forms are not larger than
Binary Decision Diagrams, even when we do not optimize the sizes of forms and do not

care about the variable orderings on Ternary Decision Diagrams.
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Chapter 6

Applications for Logic Synthesis

6.1 Generating Prime Implicants by TDDs

Prime implicants {7] are the implicants of a given Boolean function, which do not subsume
any other implicants. The prime implicants are used to obtain the minimum sum-of-
products of the given Boolean function. In this section, we discuss about the method to

generate the prime implicants using sum-of-products Ternary Decision Diagrams.

When a Boolean function is given in a sum-of-products form, we can generate the

sum-of-prime-implicants form of the given function as follows [7]:'
Step.1 Generate the sum-of-minterms form of the given function.
Step.2 Generate all implicants of the given function.
Step.3 Remove implicants which subsume other implicants.
Along these steps, we discuss about the generation of the prime implicants with sum-of-

products Ternary Decision Diagrams in the following subsections.

61
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6.1.1 Generating Sum-of-Minterms TDDs

When an n-variable Boolean function f is given in a sum-of-products form P, we can

generate the sum-of-minterms form Q of f by Shannon Expansion:
Q = {I_la $1}X{$_2, $2}>< e X{ZB_,,_', .."Cn}XP

as mentioned in section 3.4. For example, when T122T3+21Z324+F123+2123T4+T2 T3 T4 1S

given as P for f, we can obtain the sum-of-minterms form 72,73 T34+ T122T3T4+21T3 T3Ta+

x,T3 F3 Tg of the given Boolean function f.
We can easily implement this procedure under Ternary Decision Diagrams, because we

can actualize the set operation Cartesian product appeared in the expansion on Ternary

Decision Diagrams as we discussed in chapter 3.

6.1.2 Generating All Implicants on TDDs

When an n-variable Boolean function f is given in its sum-of-minterms form Q, we can

generate the sum-of-all-implicants form R of f by combining the minterms as shown below:

R:=Q
for ¢:=1 to n begin
R:=RU{R/{z;, =:})

end
This procedure is mainly based on the fact that:
(R/{z, z:})3p iff R3Z;p and Roz;p.

It is correspond to the combining of two implicants Z;p and z;p into an implicant p.
As an example of the execution of this procedure, we show the transition of the set R in
Figure 6.1 when T72.%3 T3+ 21 12T 04 +21 15 T3L4+T122T304+T1 T3T3T4+2T1 TaT3Tq+T1T2T3Ta+

T1Z223%4 +T1T2T3T4+T1T203F4+T1 To T3 T4+21T3 T3 T4 is given for fas Q. After the exe-
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cution, we have obtained the sum-of-all-implicants form Z{z,2T3 T4+ T122T324+21T2 T3+

T3ZT4+T1 T2 T+ T122T5+T1T2Ty +T1T2 Ty+T1 T4 +T) T2z +HT 10203+ L1 2223+ 132 T3+T1 23+
T122+T2 Z4 of the given Boolean function f.

We can easily implement this procedure under Ternary Decision Diagrams, because
we can actualize the set operations appeared in this procedure, namely union and weak

division, on Ternary Decision Diagrams as we discussed in chapter 3.

6.1.3 Removing Redundant Implicants on TDDs

When an n-variable Boolean function f is given in its sum-of-all-implicants form R, we can
generate the sum-of-all-prime-implicants form S of f by removing redundant implicants

as shown below:

S:=R
for 2:=1 to n begin
S:=5—(R/{zZ, =:}x {73, z.})

end
This procedure is mainly based on the fact that:
(R/{%:, =:})2p iff R5T;p and Raz;p.

When R2Z;p and R3z;p, R should include an implicant which is subsumed by Z;p and
z;p since R consists of all implicants of f. Thus Z;p and x;p can be removed from S.

As an example of the execution of this procedure, we show the transition of the set S in
Figure 6.2 when T12,T3 T4+ T122F324+T1 T2 T34+ T122T3 04+ T T2T3T4+T1 TaZaTa+T1To23T5+

T1T2TaTy+T1T2T3Ta+2122T3T4+ 12 T3 ﬂ'ﬁ'ﬂlfﬁfﬁ-fz+$2$_3$4+$_2$3m+$2$3$_4+:_65$_3$—4+

T1T3T4+21T3T4+T1T3 T4+T1T3T4+2 T3Ty+T3T4+T1 $_2..531+-a?—1$2-ﬂ+ﬂ$2$4+$ 1Z2 T4+T1 T4+

!

1 Z2Z3+T1L2T3+T122T3+T1Te T3+T123+E1T2+T2 T is given for f as R. After the exe-
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cution, we have obtained the sum-of-all-prime-implicants form z:Zzzi+2z1T3z4+T3T4+
T Ta+21%3 T3+ Z123+T1T2+T2 T of the giver Boolean function f.

We can easily implement this procedure under Ternary Decision Diagrams, because
we can actualize the set operations appeared in this procedure, namely difference, weak

division, and Cartesian product, on Ternary Decision Diagrams as we discussed in chapter

3.

6.2 Representing Neighfunction on TDDs

Neighfunction [20] is & Boolean function, which is defined: as the sum of prime implicants
which are subsumed bya particula.r minterm The neighfunction is used to optimize sumn-
of-products forms especxaﬂy to find essential and quasi-essential prime implicants in a,-
PLA- optumzer “TACCO” [22] In this sectlon we discuss about the method to generate

the neighfunction using sum-of-products Ternary Decision Diagrams.

6.2.1 Neighfunction and Its Property

When a Boolean function fand a minterm p which satisfy f-p = p are given, f, is the

neighfunction of p in fiff
Ycs.t. cis aprime implicant of fc-p=p & f, c=c

For example, when the function fis given as a Karnaugh map in Figure 6.3 and the
given minterm p is T1z>T3%4, the neighfunction f, is the function described in Figure 6.4.
Here we consider the property of the neighfunction Ip Let p denote the “literal-
inverted” minterm of a minterm p (for example, when p is T1T2T3Ts, P IS T1T223T1).
When a minterm ¢ whiéh satisfies f-¢ = 0 is given, the neighfunction fp has the property

that

fp- ¢ =0, where ¢ is the minimum product which satisfies ¢+ p = p and ¢ - qg=gq.



6.3. GENERATING OPTIMIZED ROPS ON TDDS 65

For example, when the given Boolean function fis as a Karnaugh map in Figure 6.3
and the given minterms p and q are Tyz,T3z4 and Ty T T34 respectively, the neighfunction
fp should be disjointed from Z7 as shown in Figure 6.5.

Following to this property, we can easily say that f, is disjointed from the product of

literals which are included only in g but not in p.

6.2.2 Generating Neighfunction on TDDs

When a Boolean function fis given in a sum-of-products form P, and a minterm p which
satisfies f - p = p is given in the set of literals {6;, 62, -, 8, } included in p, we can
generate a sum-of-products form Q of the neighfunction f, as follows:

Q:=P
for 1:=1 to n begin
Q:=QU(Q/{8:})

end

Q:=Q
As an example of the execution of this procedure, we show the _tra,nsition of the
‘ Set Q in Figure 6.6 when T{22T3+71T3T4+T123+3123F1+T3 T3 Tg 1S 'gi-\}ell‘ for fand {77,
Ta, T3, T4} is given for p. After the execution, we have got the sum-of-products form
Z1T2+T122T3T4+2,T314 which represents the neighfunction shown in Figure 6.4.
We can easily implement this procedure under Ternary Decision Diagrams, because we
can actualize the set operations appeared in this procedure, namely complement, union,

and weak division, on Ternary Decision Diagrams as we discussed in chapter 3.

6.3 Generating Optimized ROPs on TDDs

In this section, we discuss how we describe optimization techniques for ringsum-of-products

forms under the set operations on Ternary Decision Diagrams. Here we consider the
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ringsum-of-products Ternary Decision Diagrams, thus available operations are symmetric

difference, ringsum product, weak division, and ringsum complement as we discussed in

chapter 4.

6.3.1 ROPs Optimization Techniques

There are four categories of the optimization techniques for ringsum-of-products forms,
so-called MERGE, RESHAPE, EXPAND, and REDUCE. In ROPs optimizers nowadays,
such as presented in [29], we apply these techniques one by one to ringsum-of-products

forms, and reduce the number of products in the forms. -

i) MERGE

t®T—1, 2P1—T, TO®l—z.

ii) RESHAPE

T 3BT —T2;DT;, T:8T; -TiDz;, T:7;BT—T; T;01;, 2:0T; - T:BT;.

iii) EXPAND
T:Z;DT; T; 2 T:0T;, Tir; BT ~T:Dz;, 7:2;8Ti—.T;01, Tiz;0z; - T T;P1,

T T2z 01, T T;07, - Tiz; O1.

iv) REDUCE
T DT ;=22 DT T;, T;BT; —T;2;02:7;, T, T;Pl—xiz; DT, T; T;01—Tiz; P,

T,%;$1 — 1, 7;87;, Tir;9l -7, T; Pz

Here we note that any of these operations does not change the Boolean function which
the ringsum-of-products form expresses, and that the operations in EXPAND have their
corresponding inverse operations in REDUCE.

We consider the optimization of T1T2T324 D21 T324P 21T m_aw_4®w_1w_4@:n_l:cge}m3$—4 showﬁ
in Figure 6.7 as an example of the application of these techniques for ringsum-of-products

forms.
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6.3.2 ROPs Optimization Techniques on TDDs

Now we discuss how we realize the optimization techniquesin the categories, MERGE, RE-
SHAPE, EXPAND, and REDUCE, by the set operations on ringsum-of-products Ternary

Decision Diagrams. In the following, we denote P as a ringsum-of-products form which is

required to be optimized.

1)

MERGE

tPT—1 is realized as P:=Pa(P/{z, T})®{z, T, 1}).
@17 is realized as P:=P@(P/{z, 1}®{z, T, 1}).
T®1-—z is realized as P:=P@(P/{T, 1}®{z, T, 1}).

RESHAPE

T T; T — Tz, PT; is realized as P:=P®(P/{z;7;, T:}Q{x:T;, T3, Tizj, T;}).
z;®T;—~T;Dz; is realized as P:=P®(P/{z:, T;}@{z:, T7, T, 2;}).
T:2;BT;—T; T,P; is realized as P:=P®(P/{z;z;, T, }®{z:z;, T, T T;, z;}).
T T; Pz — o2, ®T; is realized as P:=P@(P/{FT;, «;}@{z:iz;, T3, Ti T, 2;})-
z;@T; > I;DT; is realized as P:=P@(P/{z;, z;}®{z;, =;, TH, T;}).
T;PT; — TPz, is realized as P :=P®(P/{zﬁ, Z;}®{ i, 25, Tiy 5 })-

EXPAND

T:2;@T; T;—, Dz, is realized as P:=P®(P/{ziz;, T T;}@{z:iz;, T T, zi, ;}).
Tz Qe T; — TP is realized as P:=P®(P/{Zir;, z.;7;}®{Tiz;, ¢.T;, T, z;})
T2; DT —;T;91 is realized as P:=P@(P/{z;z;, T}@{z:ix;, T, 2,77, 1}).

T2 BT, —T; T;®1 is realized as P:=P®(P/{Tz;, =:}@{Tiz;, =:, T T, 1}).

T, T;DT;— z;T;B1 is realized as P:=P@(P/{z.7;, T} ®{z.T;, T, miz;, 1}).

T, T; 0z, —T;z;®1 is realized as P:=P®(P/{Z; 75, 2:}®{% T;, =i, Tix;, 1}).

REDUCE
z;®T;—T;T;DT; T; is realized as P:=P&(P/{z;, z;}®{z:, z;, zizj, T T;}).

T;0T;—T,z;O,T; is realized as P:=P@(P/{T;, 2;}®{T, =;, Tiz;, L7 }).
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z;T;01—z;2;®F; 1s realized as P:=P®(P/{zT;, 1}®{z:ZF;, 1, z:z;, Zi}).
T; 7,01 —T;z;@¢; is realized as P:=P@(P/{Z;T;, 1}®{ZiT;, 1, Tiz;, z:}).
:c,-mjeel-—n;ciaT;@:c—,- is realized as P:=P&(P/{z:z;, 1}®{§:,~:c,-, 1, z,T;, Ti}).

T, @1 T®u; is realized as P:=P@(P/{ziz;, 1}&{Tz;, 1, T, z:}).

Abcording to this realization, Ternary Decision Diagrams can actualize any of the
ROPs optimization techniques by the set operations, which are symmetric difference, weak
division, and ringsum product. Figure 6.8 shows an example to optimize ﬁ:&:ﬂ‘g@@mlﬁm
BT, T3 T4 DT T4 PT1T3DT3T1 by the sét 6pera.tions under Ternary Decision Diagrams.

In this example, the number of produci;s is reduced from 6 to 4 with 18 set operations.
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Jr:=q

{T122T3 T3, T1L2T3%4, ©1T2 T3Ly, T102T3%4, Ty ToL3Ta, T1 L2L3Ty, T102%3T5, T1T2TaTy,
1757373, zlmom3$4, Ey T2 T3%4, £1T2 T3 54}

URr:=RU®R/{z, 2:})

{Z122T3 T4, TiwaT3%a, T1T2 T324, T122T384, 1 E2T3Tq, E1 B283%4, T1L223Ta, T1L2T3T g,

T1T2237T7, T)ToZ3Tq, T1 L2 T3 Ta, 1Tz T3 T4, T2T3L4, T2T3ZT4, T2T3T4, L2 T2 T3T4}

JR:=RUR/{=z, 22))

{Z102%3 T1, T1%2T3%4, 152 Taks, T102T384; T1 Ta23Ta, T1 T3T3Ta, T1L2T3Ta, T1L2T3%4,

T1T2T3%y, T1T2L3T4, Ty L3 3 T4, T1T3 T3 T4, ToT3%y, TaL3Ts, TaT3T4, 3 T4,

3 L4;

g

£1Z3Ty, T1Z3%4, T123T4, T1Z3T4, TaTa}

~U«R:=RU(R/{E§, z3})

{ZF1%2T3 Ty, T1T2Ta2a, 172 Tale, T1T2F3T4, T1 T3T3T4, T1 2T3T4, T122T2%3, T1T2Taly,

w[

Z1T923Ty, T1X2T3Ty, T1 T T3 T4, L1372 373 T, ToT3T4, TaZ3Tq, L2T3Ta, L2 I3 Ta, L1 T3 La,
T1T3T4, T1Z3T4, T123Tyg, T123Ty, T3T4, Ty T Ty, £1T2%3, T\ 22Ty, £1T2 Ts, I1 T4, T2 Tq

I R:=RUR/(z3, =.})

{F129T3 Tg, T122T3T4, L1537 T3Ta, T1T2T3T4, T1 T2C3Tq, T1 ToZ3Ty, F1T2L3T4, T1T2T3%y,

1T3T3T4, T12203%4, T1 T3 T3 Td, T175 T3 Tq, L2830, TaTa¥a, LoT3TH,

T1%3T4, T1%3T4, T103%a, L1T3%a, LaZa, L1 T3 Lq, T1%2Za, T122T4, Ty

Sz
3]
ey
8
o
=
=
2
8
w

35—15132-3;—3, !I?_]:xgﬂ);;, ml@ﬁ} T1Z3, T1Z2, $—2-_$—4_}

Figure 6.1: Generating all implicants
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~U«S:=R

{Z{22T3 Tq, T1C2T3L4, T1T3 Tals, T122T3T4, T1 T223T4, T1 T2L3T4, T12223Ty, T12283%4,

T1T2T3T4, £122T3Tq, T1 Tz 23 Z4, L1T2 T3 Tq, L2T3Ly, T223T4, TaT3Tsa, T2 T3 T4, T1 23 L4,

T1T3%4, T1Z3T4, T1L3Ts, T123Zg, L3Tg, T1 T2 Tq, L1224, T1T2T4, T1T2 Ty, T1 Tg, T1 T2T3,
37—1132?1?—5, ﬁﬂ:g.’ﬂ";, 531-5537_3, -:5—13:31 EIQ:Z, -j—iﬁ}

Us:=s—(R/{z5, 21} x{z7, 21})

{Z12273 71, T1T3 T3y, T122T5%4, T1 TaLaLs, T2T3T4, T2037a, T223%3, T2 T3 Za, 21 T3 T4,

T1Z3%4, T1T3%4, T3Ty, T1Z2Tq, T1Z2Z4, T1 T4, L1 T2Z3, T122T3, T1823, £1T2 T3, 123, T182,
T3 334}

ils-—s -/ mz}x{mz, i

T1Zg, T2 934}

‘U’S ~(R/{zs, ws}x{ws, $3}

{22T324, 1324, T1T3%T4, T3Tq, -'_73—1—50234, T1 %y, £1T3 T3, T123, T1T2, T2 T4}

Us:=5—(R/175, va} x{a7, 24})

{1}2111_3334, $1ﬁ$4: 33—1‘23 33_133_4, $1-$_2'$_3, ?L‘_l—x& 3}_15‘:2, 33_2.'27_4}

Figure 6.2: Removing redundant implicants
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T3ly
T1Z2 660 01 11 10

oof{ 1011

oLy 1 (1 ]1}1

11{0 {11011

w|p1(1(0]1

Figure 6.3: Given Boolean function f

Taly
T1To 00 01 11 10

w0} 0}101]0

or; 11 )1]1

1110;1 1010

0010070

Figure 6.4: Neighfunction frr, 7,
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T3ly

Wk To] 1)

oif1{1]1]1 -

11 1
W T

Figure 6.5: Property of Neighfunction
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~U«Q:=15
{Z1Z3 T3zy, T13324, T1T3T3Tq, T1T2T3T4, Z1ToT3 T}
- a=quaiEhn
{Z1 T3 T374, T2 Taa, $1$3i_‘4, T1T2L3T4, T1T2T3Ty, T1T2T3 T4}
Ja:=qu(Q/{z))
{T1 T2 T34, Ta Tay, T1Z3L4, 11_1_@_2_33334, T1T2TITy, T1Z2T3 T, L1753 T4}
Ja:=qu(a/iz))
3 T34, T1 Tola, Tz TaTa, Tala, T123T4, T1T323L4, T1T2Z38y, T122T5 Tg, T122%1,
| ©TT, 01T
Ja:=qu(Q/{z.))
{71 T2 Tawy, TT T2 T3, Ty Ty, T Tz, T2 Tala, T T3, T2T4, Lo, T1T3T4, 173, T1T2%3T4,
T1T2T3, T1T2T3Ts, 10283, T1T2T3 Ty, T1T9%4, 2173 Ty, L1754} |

Ya=a

{ZT120, T1Z2T324, T2T324}

Figure 6.6: Generating neighfunction
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T T2 T3T4 0217324 DT{ T3 T3 T4DT1 TaOT1T3DTIT1

2 T3Z4DT3T4DT1T2 T3 TyDT) T4DT 172D T3T4

U RESHAPE (51 73002:77 — =730 1)

Ry

Tz T324DT32407173 T3 T4DT, T2 DT3 Z4DT123

I MERGE (w0777 — )

&y

T1 T2 T3T4DT1 T2 T3 T4DT1T4DT123DT3

{JREDUCE (sim 55 5700027 — 010575 53000, 2073)
T1 T2 T34 BT1 T3 DT3B 21223 T4DT1 23T4

U-EXPAND (2123 T4BT T3 — T1TaT4DT3)
T; T2 T34 DT3P T122T3 TaDT1 2324 DT3

UMERGE (2075 — 1)

T1 T3 T324BT122T3 TaDx1237,D1

Figure 6.7: Optimization of ROP
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{T122T324, T1T324, T1T2 T3 £4, T1 T4, T1T3, TT4}
UP:=P@(P /{z12s, 21)0{Fi20, 7, 7775, 1})

T3 TaTy, T3%s, L1757 T3 T4, 1 Za, T1L3, T3T3}
P =Pe(P/{z, za}o1m, o o1, ))
T3 TaT4, T3T4, T172 T3 T4, T17%4, T3 Ta, Z1Z3}
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{
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Figure 6.8: Optimization of ROP on TDDs
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Chapter 7
Conclusion |

In this thesis we have discussed theoretlcal aspects of Ternary DeClSIOH Dlagrams thelr‘ '

implementations under UNIX C, and their apphca.tlons on 10g1c sy11t11e51s ’

In chapter 2 we have deﬁned Ternary Dec151on Diagrams from the ma,thema,tlcalL
point of view. We have discussed the three rules, such as Vana.ble Ordering Rule, No,dg.
Reduction Rule, and Node Unification Rule, to make Ternary Decision Diagrams canonical
for éets of products. We have mentioned about the brief definitions of Binary Dc&__cision

Diagrams and Quasi-reduced Binary Decision Diagrams in the chapter.

In chapters 3 and 4, we have discussed about Ternary Decision Diagrams, where we
regard TDDs representing sum—of-proclucts forms and ringsum-of-products forms, respec- -
tively. We have defined 9 recursive procedures to actualize the essential set operations on
sum-of-products forms and ringsum-of-products forms, such as the -procedure for union,
the .procedurel for symmetric difference, the procedure for Cartesian product, the proce-
dure for ringsum product, the procedure for weak division, the procedure for ihtersectiou,‘
the procedure for difference, the procedure for complement, and the procedure for ringsum
complement. We have discussed the manipulations of combinatorial circuits on sum-of-
products TDDs and ringsum-of-products TDDs. AND-, OR-, XOR- and NOT-gates in the .

circuits are directly manipulated by the procedures for the essential set operations. We
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have also discussed how we convert Ternary Decision Diagrams to Binary Decision Di-
agrams, vice versa. We emphasize here that the conversions can be realized within the
procedures for Ternary Decision Diagrams.

In chapter 5, we have discussed about the implementation techniques of the Ternary
Decision Diagrams Library under UNIX C. 22 routines and two header files compose the
Ternary Decision Diagrams Library, and they are the fruit of many effective}teclmiﬁtieé.
The experimental result shown in this chapter indicates the size of Ternary Decision
Diagrams is smaller than the size of Binary Decision Diagrams on the average, so Ternary
Decision Diagrams save memory usage to store Boolean functions..

Iﬁ chapter 6, we have discussed how we use Ternary Decision Diagrams for three ap-
plications in the field of logic synthesis. First, we have discussed about the method to
generate all prime mmplicants of a given Boolean function on sum-of-products Ternary
Decision Diagrams. We have materialized the procedure to generate prime implicants in
three blocks, na.meiy, fhe block to generate sum-of-minterms Ternary Decision Diagrams,
the block to generate all implicants on Ternary Decision Diagrams, ‘a_nd the block to re-
move redundant implicants on Ternary Decision Diagrams. Second, we have discussed
about the method to generate neighfunctions on sum-of-products Ternary Decision Di-
agrams. We have actualized the proceduré to generate neighfﬁnctions using the set ob-
erations implemented on Ternary Decision Diagrams, including the operations of weak
division, union, and complement. Third, we have discussed how we describe optimization
techniques for ringsum-of-products forms, such as MERGE, RESHAPE, EXPAND, and
REDUCE, under the set operations on Ternary Decision Diagrams.

Throughout this thesis, we have realized that Ternary Decision Diagrams have enor-
mous activity on the field of VLSI design. We have got to know the effectiveness of weak
division, which is already implemented on Ternary Decision Diagrams, through this dis-
cussion to apply Ternary Decision Diagrams for the problems on logic synthesis. The
implemented Ternary Decision Diagram Library is very portable and convenient to used

in CAD systems. The research on Ternary Decision Diagrams will contribute the devel-



opment of the researches into logic synthesis.
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