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On the spatial decay ofkincompressible viscous fluid

motion past objects

Tokyo University Ryﬁichi Mizumachi

1. Introduction
The purpose of this paper is to investigate the decay rate of the
solutions of the Navier-Stokes equations (1.1) w.r.t. space

variables:

I
(@]

(1.1) %t u - vAau+ (uv)u + grad p =

div u =0 in Qq = «Lx (0,T)

u(x,t) > U  as Xt —> =0

We suppose 4) is an exterior domain in RB, P94) 1s sufficiently
smooth, and for convenlence, £N° contains the origin of the co-
ordinate system. We also suppose Uwx 1s a constant vector. With an

appropriate change of variables,(l.1) is transformed into

Il
(@]

(1.2) ‘J v - v+ (VvIIV+ % v+ grad p

1]
(@]

div v in QT .

1 v(x,t) —> 0 as Xl => o
We consider (1.2) under suitable initial and boundary conditions:

(1.3) v( ,0) = v

) 0
1 is smooth.

v ‘220.;
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On the decay rate of the stationary solutions of (1.2), R.Finn

earned many important results. And K.I.Babenko finally obtained

the conclusion : every stationary solution that has finite
Dirichlet norm {Sjryvlg dx }1/2 decays satisfying
Q.
. N -1
fv(x)) £ C'ix (1 +s.) 58y = X - X,
with some constant C' . We apply his method in this paper

As to the non-stationary solutions, G.H.Knightly [ 8J[ 9] and J.
Bemelmans [ 2 ] considerd the decay problem and constracted the
solutions that have certain decay properties.

Here we are concerned mainly in the decay rate of every classical
solution that satisfies quv7v(x,t)l2 dx £ C ; 0st=T. We

prove the following two theorems.

Theorem 1. Let v be a classical solution of (1.2),(1.3) in QT
( T<®) such that
(1) vv er0,m; L2(0)) ,
(11)  jvyx)= ¢ [XIMR for some A ,C > 0
Then there exists a constant C' depending on T and v such that

(1.1) | vix,t)] < cr jx "mn(2,2)

for all (x,t) € Qnp

Remark. If we assume the additional condition _gmy(x,t)«n dx
=0 ( 0£t2T ) , then the exponent of x| in (1.4) is improved
as -min(3, A)

Remark. We can also prove the same decay of "local mean" of
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a weak solution v if v ¢ LS(O,T; LY ()) with r>3, s<s, 3/r +
2/¢< 1 . Spatial regularity and uﬁiqueness theorem are known in

this class of solutions. But "mean decay" can be shown independently.

Theorem 2. Let v be a classical solution of (1.2) , (1.3) in
QA (Ts+). Assume:
. . 0 2
(1) vve L (0,75 L°(C0)) ,
(i1) vy =v_+ v 3 V 1s a stationary solution of (1.2)
0 ] ao s
with finite Dirichlet norm,
> Vao satisfies
. -2
Vg (X)L £ C ix1
In the case T =20 ye further assume:
(i11) v e ﬁu(O,M; LY(.)) for some r< 3 ,
(1) Japdrte, = 0

Then there exists a constant C' depending on v such that
oy -1 -1 :
[v(x,t)i £ C' x| (1 + SX) for all (x,t) € Q-
Remark. Both C and C' are used to express various constants.
Generally we use C for gilven or such constants that are determined
by some norms of v, while C' expresses constants which can't be
explicitly given with such data.

As an application, we show the following

Corollary. The global solution of (1.2),(1.3) which J.Heywood

and K.Masuda constructed converges to the stationary solution like
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ix) 7 (1 sx)—l £71/12 *&  por every t>e  if the initial data
decays suitablly.
Remark . See Heywood [61,[ 7] and Masuda [11]. This solution

satisfies the assumptions of Theorem 2, and satisfis

-1/4

(1.5) Jvi(x,t) - vs(x)l < Ct for all (x,t) € Qe ,

(1.6) I Vv( ,t) - Vv < ¢t V% for a1l o<t

sl 120

We depend on these facts.

2. Preliminaries
2.1 Fundamental solution
The fundamental solution tensor E of the linearized system of

equations associated with (1.2) i.e.

(2.1) | %v - Lv + Vv + grad p = 0,
div v = 0
is given by the following definitions:
(2.2) {7 (x,t) = (M'Wt)_3/2 exp(-{x-tel\,g/ut) , ey =(1,0,0).
. ' ~2

(2.3) B (x,t) = §..T(x,8) + 1/4m ‘%x‘-axs M (x-y,t) 137" ay,
i ij ; TR
Q (x,8) = - /0w §(6) B (1/1x1) .

To justify this , first we observe
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(Fp- o+ %) 1Tx,0) =00 3(¢)
But then formal calculus shows

) i») i .
<‘6t_ AT éx-l )Eij~‘X,t) + %ZiQi(X,t)

274 ' =
/;)%Eij(x,t) 0

|
o
-

( The same index in a term means to take the sum of the terms with

that index 1 to 3. )

2.2 Estimates of E
The construction of the fundamental solution tensor E ,and also
the following lemma 1 , is owing to Solonnikov [jlﬂ. The detailed

proof of lemma 2 and 3 1is omitted here, but they are elementary.

Lemma 1. The following inequalities hold with some constants C.

(2.5) 1B GuB)ISC (tF I - tey? )T

(2.5) IvE;;(x,p)lsc (& +1x - tel|2 )72

Lemma 2. The following estimates hold independently of t,

2 y-1_ -
) 1 1

(2.6) (t+]x - te < cjrxl"l( 1+s ) if (xl21,

1
L w2 i .
1x{ . if xil.
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Lemma 3. For all p>1, there exists a constants C such that

2=

(2.7) L (t + |x - tellg >—p it = ¢ le-p+1/2 é 14+ SX)—p+l/2

J
\ if ixixl,

2p+2

1xy if (xi< 1

We also need the following elementary

Lemma 4. For all A>0, there exists a constant C such that

- . - N2
(2.8) S‘LF(X—y,t) iyl dy = ¢ (t + §x - te1\2 )=
2.3 1Integral representation
The integral representation for smooth solutions of (1.2),(1.3) is
given by Knightly [8 ]1,[9 1. This representation is valid for even
weak solutions. As we are here concerned with the classical solution

, we don't demonstrate it. The representation formula is

(2.9) v = L[v] + N[v] ,

(2.10) LIv] = T0v,] + I0vgl + S 0v] + Z,0v],
(2.11)  I;0vyl(x,e) = §, 07 (x-y, ) vo(y) dy ,
(2.12) T,lvg1(x,t) =§3&K(X-y,t> vo(¥)rny, ay

where ny is the normal vector of L. at y ,and

(2.13)  K(x,t) = 140 y{ [T(x-2,8) 127t az

LS
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+
(2.14) > 1[V]i(X’t) =$°dij { L Eij(X—y,t—T) (—p(Y,T)Jj_J'

Sl
) - e
) - E..

+ 43yj Eik>] o = EqgVingg

- Eijvjvknyk } dy

(2.15) 5 ,lvly(x,e) = -1/kn Yxy (mTH v Lbrn dy

t
(2.16) N[v] (x,t) = 50 S& % vy By (x-3,8-10) vy (v, v (y,T)

dy dtT

2.4 On N[v]

Proposition 1. The operator fi(t) defined by

£y :or = | E(xy,t) fy) ay

is a bounded operator L) = LP(JL), the norm of which is

-1/2 -3/20 (1 -3/20

smaller than C ( t s where 1/r = 1/q - 1/,

C is independant of t

Proof. The Fourier transform of E 1s expressed as
; 3 ) = {13 %32 /1eif
FCFox Byt (3) = =13, (d ) - 3,3/ )

exp (—tl?l2 - V-1t ?1 )

Its 3 derivatives can be evaluated by the following inequality

with the polynomials D, and Ay of order [of :
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(V.

T F(TEC e € e[ pu(8157) + q (£11))

[ £

exp (=t i5%)
Hence

i§1§2§3llﬂrl ?XQ;EE(VEK £))(3)| sc ( ¢TL/2 =372

+ t-1/2 -3/20° +&)/2

By virtue of the theorem of Marcinkiewicz - Mikhlin - Lizorkin, the

last inequality implies proposition 1. . /77
In this paper, we only use the proposition 1 in the case o= ¢ |

Proposition 2. If yv &€ L (0,T; L2(JL)) , then

N[v] € L (0,T; L3(JL))

Proof. By virtue of the imbedding theorem of Sobolev, v & L (0,T:

6

L-(AE)) . ‘Apply prop.l with r = 3, O-= ., Then the proof is

completed . _ {//

2.5 A theorem of R.Finn.

The following theorem is owing to R.Finn

Theorem ( R.Finn ) . Let v(x) satisfy the following

inequality with some constant C

[vEOL S ciTh (14 s )T 4 WvIcx)

3
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where
N[vI(x) =j&§(x—y) (v(y)I? ay ,
and & satisfies
B (x) = c | 1x1732 (14 5 )73/ if il

L er2 if \xv<¢ 1

Then, if v decays as follows:

(v(x)l < crx1— % for some C> 0, o »1/2 , and all x ,
v really decays more strongly' , that is, satisfying

-1 -1

| v(x)l £ Cix| (1 + SX) for some C >0 and all x

We use this theorem for ¢ (x) =jl‘VE(x,t)[ dt
(]

2.6 A basic lemma
The following lemma is based on the argument of Babenko [ 1] .Both

theorem 1 and 2 are proved 'as appl:_'Lcations of this lemma. We give

a simpler proof.

Lemma (K.I.Babenko). Let () be a function such that
(1) P(R) = 0 for all sufficiently large R,
(i1) P(R) >0 as R o9,

(iii) +there are constants Cys C2,o<>0, g>1 such that for all

aufficiently large R the following inequality holds:
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< 9 : 5
(2.17) ¢ (R) £ CR + C,{ F(R/2) |

Then, for all ¢ >0 , there exists - Rg such that

if R > R¢ ,
P(R) S (cy +€) R

Proof. Let M= ( %" o )7MEL ang et Ry = max

sup { R; $(R)Z M} + 1, ( 2c,/m ) |,

Induction shows 4‘(2mR1)3§ 27 for all integer m and all
Rl s Rl €L Rl’ 2R1).
Next we choose R, such that
= - olf 4 BB o~ . _ &
R, C, KU 2 <& ;3 K= M(2R,)
Now if =

R 2 max( 2R, §2) , then

¥ (R) £ C.R™™ + c,( K (r/2)~%F

(c; +E) R /17

3. Proof of theorem 1

It is clear that L[v] satisfies

(3.1) LIv](x,t) < cOixi™ M+ 1x172 )

with a constant depending on T and for all (x,t) € Qg

To estimate N[v], let us define for fixed x and R,

dhg = {vedh; 1x-y1< R}, £y = DNy
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Now let
+ \
N [v1(x,t) = j g VE(x-y,t-10) v(y,T) v(y,© dydc ; k = 1,2
k o iy
so that N[v] = Nifv] + No[v] . It is easy to show

(3.2) N [vI(x,8)[S ¢ (1 + )3 sup vyl 2
[X-yI< R, 0<t

>

| < 3 | 2. 53
(3:3)  INMLvIC,nl £ ¢ 1+ 6)° sup |Ive SONL300y ] TR

By proposition 2, (3.3) implies
(3.1)  [W,[vI(x,0)] = ¢ (1 + t)3 RT3

Let R =Ixt/2 in (3.1), (3.2), (3.4). Togethet with (2.9),those

inequalities imply

A 2

(3.5) | vi(x,t)| < Cl((xr +1x\ 7 Fix T3y 4 sup i \v(y,T)\}g .

Ivizix¥e, 0<ist

Take sup of both sides of (3.5) over { (x,t); (x12R, OstiT}::S

R,T?
obtaining
. sup | v(x, = xi + sup | v(x, »
(3.6) v(x,0) £ o RN o v (x, 01} 2
SR,T Sr/2,T
Hence we can apply Babenko's lemma to sup | v(x,t)| =9 (R) ,
S

concluding R,T
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sup {v(x,8) < ( ¢y +€) B RN

Sg,T

for large R and therefore, for all x ,t,
-min(2,A) /77

5v(x,t)§_§ C' 1 x\

4  Proof of theorem 2

It i1s easy to show wunder assumptions of theorem 2 that

(4.1) | LIv](x,t)| € Cix) 7

(1 +s )7t
X
Let us define this time
2 2.1/2 1
511=51Q{X;(X1 +X2)/ >Rj,
4_.,12 =<flﬂ['xg le]>R} \1_,(211 N

;1—2_‘3 =Li/)_ \ (Z!,llu L—Qz)

Let Nk[v] be defined in the same way as in the preceding - section,

so that N{v] = Nl[v] + Nz[v] + N3[v] this time. Calculation
shows
o0 L1y
(h.2) N IvI(x,e)l = ﬂ {j | VE(x-y,t-0|F dy§ P at
o L g

<

} {2
( , 0,2
ojgft\“ v ” L q(L{l)ﬂ
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. } 2
0<T <t SOl L2q (2 )j 2

c 27 3P supliv(
2
o290

A

st v

]NEEV](X,t)l < ¢glt 3/ep
~1

E [ 17EGey,5-01P ay | VP ax

(o] ‘ﬂ‘3

+ supliv( SOl 2a(,,)2

0T L~
JIE(X—y,t—T)ldy aTesup  (v(y,T)1°
B’ézﬂj s Tt

(4.3)

hB)  NgIvICx, 1) | S

1+¢€

<
+
‘é‘l 13‘1_3
< . ' 1-¢ :
< ¢ supliv( SOl a(1-2) 0y sup |v(y,T)|
0<T<t e, 08T
for every ¢ >0 in (4.4) and every p ; p>3/2 in (L4.2) ~~v (4.L4),
Let qQ =r/2 in (4.2) and (4.3) , (1-¢) a=7r in (4.4),
so that
(4.5) | N[v1(x,e)|[Sc ( RY ~ &/ 4 gl/2 - 3/7,
, 1+¢
+ C sup |v(y, |
yéﬂ‘ga Ost<t
Now let R =ixl/212 so that y€4Ly implies [x-y|gix(/2
Then, from (4.1) and (L.5),
(4.6) | v(x,8)| £ Cpxl™ + ¢, sup (v(y, O 1T E
iylzixv2, 0st<t

where -&X = 1/2 - 3/r < -=-1/2

13
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By virtue of assumption (iv) and theorem 1, [v(X,t)1 >0 as [X|—>e

uniformly in 0g ¢t Hence essentially the same argument as at

the end of the preceding section lead us to

.7y [vix,eis ez ™

By Finn's theorem, (4.7) implies
-1

vix,t)l £ C x| (1 + SX)_1 . /77

5 Proof of corollary

Let vy =V - v . ( See the remark after corollary.) We define

N[f,gl(x,t) = ﬁz jﬂLVE(x—y,t-"C) f(y. O g(yv,‘U dy dT
Then A is represented as follows:
(5.1) vy = L{v] + N[vd,vd] + N[Vd,vs] + N[vs,vd]
We have already. seen

(5.2) | va(x,t)|

[IA

¢ minixl™ @ s, o7 {

(5.3) 1w (o)l S crixi™ (s )7

(5.2) can be replaced by
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(5.8 [vglx,t)] = o 7B T2 (14 5 )71/2

We state a lemma to go further, but don't prove it.

Lemma. For every p ; p>» 1 , and & ; A> 0 , there exists a

constant C such that

T

(5.5) I L0x,8) = ) Tt +x-(6-T ey 2} P ar
=0 272 kP Y2 (14 5 )P Y2 ipixna,
1 =% x| 2P *2 1fx1<1.
Then, from (5.2), (5.3), (5.4), we get
(5.6) |vgGx,e)) < o v i Thar s )7,
and by this and (5.2),
(5.7) | vglx,e)l € o o708 7325712 gy y71/2
This improves (5.4) . Repeated argument proves
(5.8)  |vy(x,e)| £ or 6T gy g 7t
instead of (5.6) , which ends the proof . /77
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