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Precise construction of fundamental solutions for
degenerate operators and their applications

By

Chisato IwASAKI*

§1. Introduction

In this note we give the precise form of the fundamental solution for the Fokker-
Planck operator and that for degenerate operators of Grushin type according to C.Iwasaki
[11] and W.Bauer-K.Furutani-C.Iwasaki [1], [2].

For the Fokker-Planck operator the fundamental solution is constructed as a pseudo-
differential operator. We give the precise form of symbol which is useful if one wants to
obtain good estimates. In this note we apply the exact form to get the eigenfunction
expansion in case the potential is quadratic.

Operators of Grushin type are typical degenerate operators and there are many
study on these operators. Our aim is to obtain the exact form of the fundamental
solution of operator

P, =— (Am + |£13|2kAz) .

Py, is reduced to some suitable operator @ ¢ . We obtain the fundamental solution for
the heat equation for @ ¢, using the modified Bessel function. This part is essential in
our study. This method can be applied to construct the inverse of the Kohn-Laplacian.

Both topics are based on the exact form of the fundamental solution of heat equation
stated as Theorem 3.2 in this note.

In section 2 we introduce pseudo-differential operators of Weyl symbol. The results
on the fundamental solution of degenerate parabolic operators are stated in section 3.
Section 4-section 6 are devoted to the Fokker-Planck operator. The results of [1] on
operators of Grushin type are stated in section 7. We give a rough sketch of the proof
in section 8. In the last section we state the results on the Kohn-Laplacian according
to [2].
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8 2. Pseudo-differential operators of Weyl symbol

We use pseudo-differential operators of Weyl symbol in this note.

Definition 2.1.  For a symbol p(z,§) € S7%(R™")(0 < 6 < p < 1,6 < 1) we
define a pseudo-differential operator P = p*(x, D) on R" is defined as follows:

Pu(z) =p"“(z, D)u(z)
=0s— (2m)™" /Rn o ei(m_y)fp (m ;_ y,f) u(y)dydg.

It holds that a product of p“(z, D)q"“(x, D) is also a pseudo-differential operator
of symbol (p oy, q)(z,&). Moreover we have the following expansion formula:

[Expansion]
ItpeSrs g€ 83, then for any N we have
N-1 o
Powq= )Y (5,705 (p.@) + v (p, ),
§=0
here
i (D" () ©) m—(p-8)i
la|+|Bl=j
rv(p.q) € S5 PN (m=my + mo).

We note that
oj(p,q) = (—1)’0;(q,p) for any j

and
1
o1(p,q) =< JVp,Vq >, o2(p,q) = —§tr(JHpJHq)a

where J is a 2n X 2n matrix

0171 0 0 0 0
J p— :t — ... — — « . e [ .
(—IO) ) Vp <ax1p7 5axnp7 a€1p7 76£np>
H, is the Hesse matrix :

H. — ama:cp araﬁp
P 6583;]7 6&8&]3 ‘

8§ 3. Fundamental solution for degenerate parabolic operators

A.Melin[13] had shown that

Re(Pu,u) > dl|ullt,,—1)/> = Cllull§ (5> 0)
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is equivalent to the following Condition (A) for its symbol p(z,&) € S7(R").
Condition (A)

and there exists a constant ¢ > 0 such that
1
Re (pm—l(xag)) + 51}1'4—(14)(1[:,5) Z C|£|m_1 on Ea

where ¥ = {(z,£) € R" X R" : p,(2,§) = 0}, A(x,§) = A=1iJH,, , trT(A) is the sum
of positive eigenvalues of A.

Now we have the following theorem for the fundamental solution e¥(¢;x, D) for
degenerate parabolic operator, which is a pseudo-differenttail operator with parameter
t, that is,

T e“(t;x, D)+ p“(x,D)e"(t;2,D) =0 in (0,T) x R",

e (0;z,D) = 1.

Theorem 3.1.  ( C.Iwasaki-N.Iwasaki [9], [10]) Suppose p(x,§) € ST(R™) sat-
isfies condition (A). Then we can construct e(t;x,§) € S?/2’1/2 such that S™°(t > 0)
and satisfies the following condition :

For any positive integer N

N-1
e(t;x, &) — Zejt:vﬁesl_/g/fﬂ,
7=0

eo(t; z, &) = ePti®:8), ej(t;z,§) €S i/2

1/2,1/27
where
1 At
o(t;x,§) = —pmt — Pm—1t — §tr (log (cosh (7)>)
it?
o < G(AL/2)IVpm, Vm >,

G(z) = (1 — 2z~ 'tanhz)/z.

We note that eg(t;x,€) is the symbol of the fundamental solution if p(x,§) is a

quadratic function.

Theorem 3.2.  If p(x,§) is a polynomial with respect
X =t (2,¢) € R? x RY such that

1
= (X, HX) +i(X, po) +.
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Then E(t) = e“(t;x, D) is given

e—bt

e(t:z,€) = T [—i{(J tanh(At/2)X, X)

+t(J tanh(At/2)(At/2) "1 X, Jpo) + g(JG(At/Z)JpO, Jp@}}

- ()

8§4. The Fokker-Planck operators

with 2d x 2d matrix A = iJH,

We construct the fundamental solution for the Fokker-Planck (Kramers) operator
(See : B.Helffer and F.Nier [8] , H.Riskin [14]).

2
P:v.am—(amV(x)).aU—Aﬁ%_g

=Xo+ Y _bib; (z,vER),
j=1

where

XO =0~ 833 — (GxV(x)) : &,, bj == &,j + %’Uj.

We note that the fundamental solution for the Kolmogorov operator is obtained

easily.

Remark.  (The Kolmogorov Operator) Let P be an operator as follows:
S R NN
P = — — = —.
Zv] oxj; 24~ dv?
J=1 Jg=1"J

Then the fundamental solution E(t) = e (t;x,v, D,, D,) is a pseudo-differential oper-
ator with a symbol

¢ , ¢3
c(ti,0,6,9) = eap |~ v 6t = 1€,

8§ 5. The symbol of the fundamental solution of the Fokker-Planck
operator

The Fokker-Planck operator is a pseudo-differential operator of symbol p(z,v,&, p)
given by
v _n

o(P) = p(a,v.6,p) = i((0,€) = 0.V (). p)) + o + 5~ = 5.
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If V(z) = a- 2+ 3(ex,z) with a symmentric matrix e, we can apply Theorem 3.2
taking d = 2n, X =t (z,v,&, p) and the 4n x 4n matrix A of the form

0—I, 0 0 0
e 0 02 0 n
A= nl = R
00 0 —c bo 0 2
0—%I,1, 0 a

Then we have the exact form of the symbol of the fundamental solution:

Theorem 5.1.  (C.Iwasaki [11])
(I) If V(z) = a - x, we have

e(t; x?”?é’? p)
_ <1—|—e_t
- 2

>7n exp[—Z tanh(t/2) (|p|* + [v/2[?)
—2(t/2 — tanh(t/2)) (|¢]* + |a/2[?)
~2itanh(t/2) ({v,€) — {a, p))]

(ID)Ifn =1 and V(z) = uz* + az(p # 0), we have
e(t;z,v,€, p) = C(t) exp[—26(t; 2,0, p)]
with C(t) and ¢(t) which are defined as follow depending on the constant .

o(t) = Fi(t) (|p]* + |v/2]?)
+F(t) (1€]* + |px + af?/4)
+iF3(t) (<U>£> - <:ux + CL,,O)) :

(II-1) If pp # %, set

1

(5.1) )\1:%(1+6), Yo = 5(1-0).

Then we have
-1 -1
C)=4(1+e ™) (1+e7)

Fi(t) = 5 (Mgnt/2) = dagluat/2)).

Faft) = 5 (509012 - 1-o(ut/2).

Fat) = 1 (9nt/2) ~ g0t/2)
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with g(x) = tanhx. Here
1 1
d=+/1—4p (—oo<,u§1), 0 =1\/4p—1 ).
(II-2) If p = 1, we have

C(t)=4(1+e7"?)72,

Fl(t) = tanh(t/4) + #é/él)’
Fy(t) =4 (tanh(t/4) _ coslﬁgﬁ) ,
Fyt) = —

2 cosh”(t/4)

We note that the following behavior hold in any case.

1 1
Fy(t) = 5t + O(t?), Fy(t) = ﬂt?’ + O(t%),

Fi(t) >0, Fy(t)>0.

§6. The eigenvalues of the operator P

In this section we show the eigenfunction expansion of Fokker-Planck operator by
the assertion Theorem 5.1 and the following key lemma.

Lemma 6.1.  (the key Lemma) If the symbol of a pseudo-differential of the form

e(x,&) = h(x,&)g(x, &), then the kernel of the pseudo-differential operator E = e (x, D)

s given by
— i(z—2a')- CE-’-II
m =t e >fe( : ,5>d5

r . N T
= (Ev _Zaq> g <Ea Q> |r:x+x’,q:x—m’,

() = a1 [ 0% (5.8)

In our case we choose g = g(z,v,§, p) in Lemma 6.1 as follows:
(DIf p > 0, we take

where

g = lim e(t;z,v,&,p).
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Then
§ = (w00,
where
0(e,0) = (L2 exp 2 002 4 e+ 272)

(IDIf p < 0, we take

Then )
g =Pz, v, v),
where 5\/__ 12
bla,w) = (25 “) exp{—ZUQ + - (nr +a)’—v(pa + a)},
D, v) = <‘5\;?) v exp{—%vQ + ﬁ(mﬂ Fa) ol + o)}
with

0=+/1—4pu.

We obtain the following expansions of the kernel K (¢; (x,v), (z/,v")) of the funda-
mental solution corresponding to the constant u.

[y

§6.1. In case pu= 3

Definition 6.2.

1 1
M = ﬁ(bv a;), N = E(bv + ay)
bmalayw) = PN M0, k>0,

vl VE!

Onk(z,0) = Yp_pr(z,v), 0<k<n.

n
By the statement of the following theorem {gonk}k are the set of orthogonal
=0

generalized eigenfunctions whose eigenvalue is n/2.

Theorem 6.3. (1)

n
Py, k(z,0) = §gpn’k($,v) +VEk(n—k+ 1)pnr—1(z,v)

(2)

<90m,k7 SDn,£> - 5m,n5k,£
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(3)
K(t; (z,v), (', 0"))

o n I+ k)!
:Ze t/z(kzo - Z gln_g B

n=0

son,e<x,v>son,e+k<x',v'>)

§6.2. Incasep>0, pu+#1i

Let A1 and A are constants defined in (5.1).

Definition 6.4.

ur +a v
(6.1) @z =0p+—5—, by=0+3,
1 1
(62) M)\ = %(\/va - ﬁax), \/_(\/va + ﬁam),
*\n ((__ *\k
k(2 0) ((MxZT)' )" ( J\%) ) O, v),
*\n *\k
i) = BT (0

By the statement of the following theorem

—

wn,k} are the set of eigenfunctions
whose eigenvalue is A\in + Aqok.

Theorem 6.5. (1)

Pipy, 1 (z,0) = (An + Aek)p i (2, 0)

(2)
(Vs ™) = O
(3)
K(t; (a,v), (', "))
LY ey g ()
n1,n2=0

§6.3. In case u<0

Let A\ and Ao are constants defined in (5.1). ay, b,, My and N, are operators
defined as (6.1) and (6.2).
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Definition 6.6.

(M, ) )™ (=Mx,))"
Vn! VE!

(N2,))" (Npg))*
Vil VR

wn,k(xﬂj) = w(%v)»

P (@, 0) = (z,v).

¢
By the statement of the following theorem {1/Jn k} are the set of eigenfunctions
whose eigenvalue is \yn + [A2|(k + 1).

Theorem 6.7. (1)
Py, i (z,0) = (Ain+ [A2|(k + 1)) ¥ ik (x, v)
(2)
(@i ©™) = SO0
(3)

K(t; (xv U), (xla UI))

oo

= D e mHelle Dy, (@ 0)g o)

ni,n2 =0

§ 7. Operators of Grushin type and the precise form of their inverse

We will show a way of construction of the fundamental solution to the following
degenerate operator: This is the typical model which is degenerate of order 2k(k € N):

reRY (N>2), zeR’

M.I. Visik and V.V. Grushin [15] studied operators of polynomial coefficients which
are degenerate on submanifold. They researched hypoellipticity, local solvability and
estimates of operators of this form.

If £ =1, we can apply Theorem 3.2 as follows:
Choosing X =t (z,&) € RN x RY, pg = b =0 and (2N) x (2N) matrix

()
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we have the symbol of the fundamental solution e¢(¢; z, £) with parameter ¢ € R* as
1

ec(t;z, &) = et cosh (A1) exp (—i(J tanh(At/2) X, X))

_ (m)Nexp{—%ﬂxw s |€|2)}-

The kernel K¢(t, z, z") of pseudo-differential operator e¢ (t; z, D) with symbol e¢(t; z, §)

is given by
2 712
+ |2']
Ke(t,x,2') = <] {— th(2|cl) !
<l :
smh2icfn) ~ " >}

Then we have

e Mo(w,2) =

i(z—z’)~§K t / " Ndcdz' dz
o7 Lo (b, ) (a!, 2 )G

We obtain the exact form for of the inverse of Pj.

Theorem 7.1.  (W.Bauer-K.Furutani-C.Iwasaki [1]) Suppose (x,z) # (2',2") €
RY x R*.
(1) If £ = 2q, then

kE+1

(o)™ (@, 2), (2, 2)) = 5 —Fynn(8,7).

(IIf £ = 2q — 1, then

(Po) Y ((z, 2), (2, 2))) = \2/_3 /Boo Fq,k,N(U#Y)\/ul_—BdU-

Here

v =l

1
p=3 {|~"3\2(k+1) + [/ PEED 4 (k4 1)%]2 — z’]2} :

—(k+1)* 0

qg—1
Fopn(u,y) = (T%) Fien(u,y) (¢2>2),

1 Uy — U

Fyen(u,v) = ox= ;
|SN- (WA — Y fuy 4 —2 <z, 2 >}N/2
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where
ws = ug(u,7) = (et /uZ —72) /05D

and |S™| is the volume of n-dimensional sphere.

Remark. Incase ¢ =2
k+1

(Pr) ' ((z,2), (2',2)) = o Fipn(B,7)-
F = L F = L
1,0,N(Baf}/) - ’(.’L‘,Z) _ (.’IJ/,Z/)’N7 1,1,N(677) - p(p 9 < iI?,.fC/ >)N/2’
where

p= V(P + PP+ 4] =P,

The singularity of operator Fy i n(3,7) near the diagonal set is as follows:

_2k4N

Remark. (1)If z =2’ =0, then Fy  v(B,7) ~ |z — 2| #1 .
(2)If z — 2’ = 0, then we have

22|V (2 40,2 £0),

F V)
1.k,N (53,7) x|~ (V+2R) (5 = ().

We can show that (Py)~!((x,2),(2,2")) is local L' and Py is an essentially self
adjoint operator.

§ 8. Sketch of proof

In this note we restrict ourselves to N = 2. See [1] for general case.
If we choose the polar coordinate x = (r,6), then we have

# 10 10

2k
Bo= = (Bt ol T4:) = - <ﬁ+iar 2 oo

+ r%AZ)

for a nonnegative integer k.

Proposition 8.1. Set 7 =1, b=k + 1. Then we have

0? 1 02 1
+__+_AZ)

9
p.— _ 222/ [ 9 o
F r o2 T For 2202 2

1
7

—p22-2/bQ), .
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Then (P)~! is given by

(P 1)) = (@) 0 gy o F

where

F(r,0,2) = f(r,0,z).

Set operator @y ¢ with parameter ¢ as follows :

0?2 10 1 9% 1 .,
Qb’c__(ﬁJrrarJrWW_b_qu)

(7 >0,0<6<2m).

Then

(Qv) ' F(F,2) = % /R ET(@Qu) )70, 2)dz

We reduce our problem to construction of (Qp¢)~!.

Now consider to obtain the fundamental solution of the initial problem:

(§t+ng> US(t)=0 (t>0,7>0,0<6<2n),

Set

92 10 21 1
Qb,c(n)z—( -

i ERE b—zl<'2) (ne2)

We will construct the fundamental solution US(¢) for Qp ¢ (n):

(gt + Qpc(n )) USt)=0 (t>0,7>0),
Us(0)=1.

The following proposition is one of the key proposition.

Proposition 8.2.  US(t) has the kernel function U§(t, 7, R)
~ 1 1 2
Ug(t,f,R) = —exp{ 4t(~2—|—R2) |C‘ }I|n/b (TR> s

(b=Fk-+1)

where 1,,(z) is the modified Bessel function of order p.
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For the proof of Proposition 8.2 we use the fact .J, (v/Ar) is the eigen function with
eigenvalue \:
0?2 10 2
- <w + ;a - T’_Z) J,/(\/XT) = )\Jy(\/XT)

and Weber’s second exponential integral (See [16]), that is

/ h exp(=At)J, (VAr)J,(VAR)dA

—lex _r2+R2 I @
— P At v\ )

By Proposition 8.2 the inverse of Q¢ is obtained as

= 1 ~ = D in(0—w
@ = [ U= o [T s Ry
0 0 nez

Finally we have the following expression:
(Qp)~! is an integral operator with kernel

(Qb)_1<(7:7 07 Z)? (Rv w, Z/)) =

1 , , ) ‘
= = i(z2—2")-C iy = in(0—w)
(27T> /Ré /0 ° > Us(t,7, R)dtdCe .

nez

We have the assertion of Theorem 7.1 by calculation of the right hand side of the above

equation using the following formula of the modified Bessel function.

1 cotim z cosh w—pw
I,(z) = 9 e dw.

—T

89. Application to the Kohn-Laplacian model

Let M be a complex manifold with boundary. Consider Dolbeault complex on M
with 0-Neumann problem. It is well-known that -Neumann problem is not a coercive
boundary value problem. This problem can be reduced to problem on a degenerate
operator on the boudary 0M (J.J.Kohn and H.Rossi [12]).

The Kohn-Laplacian is the following form:

0 _ 0 0
7 =—+imz|z]*" 2= 7= —imz|z|" %

0z 0s’ 0z 0s’
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Ay = —%(ZZ +27) — %A[Z, 7
_1(62 10 1 09?

2

0
) + mr2m72

+ 9500

o " rar T o
0

0 : -
_m27,4m 2 +zm2)\r2m 2 7

0s2 s’

where m e N, A e C(—1 <R < 1).
The case m = 1 corresponds M is strongly pseudoconvex (the Levi form is positive
definite).

If we set
z=rcosf+irsinf, 7=r", then A, =m?F>2/™Q,

where

e

tnasas a2 T s

Q_ a2+12+1a_2 1 02 ~282
N oF2  FOF  m2i2 002

Using the similar argument to the previous section, we have the inverse (Q)~! con-

structed an integral operator with kernel

(@)~ ((7”98 (R,w,s"))

z(s s')o o in(0— w)
(5- / / > Ug(t, 7, R)dtdoe

nez

where U7 (t,7, R) is the kernel of the fundamental solution U7 (t) of the following equa-

tion:

(% + Qa(n)) UZ(t)=0 (7 >0,t>0),

Here , )
170 10 n* 1 9 9 n
Qg(n)_4<8F2+f&F—m2f2)+ra — At

We have the following assertion for UZ (t).

Proposition 9.1.  UZ(t) has the kernel function UZ (t,7, R)

v - 2 20 207 R
Ut 7, ) = sinh(cot) L fm (sinh(at))

X exp {—a coth(ot) (P2 + R2) + (A + %)Ut} .



FUNDAMENTAL SOLUTIONS FOR DEGENERATE OPERATORS 169

The following argument is a hint of the proof of Proposition 9.1. If £ = 1, the
kernel K (t,x,2’) is of the form

2 7112
Kc(tw,a:’) :27TS+12|C|15) exp{—|§| COth(ﬂﬂt}M
<] ,
2 RQ
g ] o2l
{IrR
+ m cos(0 — w)}
= KC(Tae;R; w)

for x = (r,0),2' = (R,w). We can show for n € Z

2
Ke(r,0; R,w)e™ dw
0
€] r? + R?
S| - —|¢| coth(2|¢|t
i P —Iclcoth2ldln
SIrR i
L, | ———— | "".
g (sinh<2|<\t> ‘
By the similar method in the previous section we have
Theorem 9.2.  (W.Bauer-K. Furutani-C.Iwasaki [2])
AJlADN
AT () = 5 DI (2000, 750,

with -
I()\7 (278)7 (ZI7S/)) - / e ! F(t7P7P7’y)dt
0
Here ‘ l ‘ /‘ ]
= — 2m /12m . o z m z m _ o
A= {0epm 1P +its -} = EEEE P S
and t t 2
F(t)=F(t,P,P;vy) = g;;()_g;z() m/ _
where
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Corollary 9.3. (1) Ifz=0 or 2/ =0, then

Al N 1 T AN
A «Z”*”Z’S)>"an%Aychwwz)(Eﬂ) ‘
(IT) If m =1, then

—1 / / 1 T Pl '
A9 ) = gt o) (1)

(III) (cf. P. Greiner [7]) If m =2 and A = 0, then
Ay ((z,8), (2, )
1/2, 50 A1/25, )
sy {arceos (AN L, i () £ (—209)

S%M%’ Zf (Z/7S/) = (_Za 8)7

zkzéﬂM%“H%Wﬂ+ﬂs—§” (m € N),

1 m . - m
P, :=§{|zm—z’ ?+i(s—s +2Im (2™2'"))}  (m€N).
By the fact that F'(t) satisfies

FO(t) =

we get

Theorem 9.4. A}' admits a meromorphic extension from Re (\) € (—1,1) to

the complex plane with at most simple poles in the set P defined in

P:{i(r+%>:j:QLZ~}.

The corresponding residues with j = 0,1,2,--- are given by
- 25\ _ (A/ADTE e b B
Res AL A= —-1- 21 = - FY(0; P, P
_ 2 (A/[AD2™ 0.
Res AL A=1+28 = - F9(0, P, P).
In particular,
1 1
AL =1} = S
Res { A } 2mm2A 1 - P’
1 1
Res {A;l,A = 1} =

Comm2A 1- P
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