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Precise construction of fundamental solutions for

degenerate operators and their applications

By

Chisato IWASAKI*

§1. Introduction

In this note we give the precise form of the fundamental solution for the Fokker‐

Planck operator and that for degenerate operators of Grushin type according to C.Iwasaki

[11] and W.Bauer‐K.Furutani‐C.Iwasaki [1], [2].
For the Fokker‐Planck operator the fundamental solution is constructed as a pseudo‐

differential operator. We give the precise form of symbol which is useful if one wants to

obtain good estimates. In this note we apply the exact form to get the eigenfunction
expansion in case the potential is quadratic.

Operators of Grushin type are typical degenerate operators and there are many

study on these operators. Our aim is to obtain the exact form of the fundamental

solution of operator

 P_{k}=-(\triangle_{x}+|x|^{2k}\triangle_{z})

 P_{k} is reduced to some suitable operator  Q_{b,\zeta} . We obtain the fundamental solution for
the heat equation for  Q_{b,\zeta} , using the modified Bessel function. This part is essential in
our study. This method can be applied to construct the inverse of the Kohn‐Laplacian.

Both topics are based on the exact form of the fundamental solution of heat equation
stated as Theorem 3.2 in this note.

In section 2 we introduce pseudo‐differential operators of Weyl symbol. The results

on the fundamental solution of degenerate parabolic operators are stated in section 3.

Section 4‐section 6 are devoted to the Fokker‐Planck operator. The results of [1] on
operators of Grushin type are stated in section 7. We give a rough sketch of the proo

in section 8. In the last section we state the results on the Kohn‐Laplacian according

to [2].
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§2. Pseudo‐differential operators of Weyl symbol

We use pseudo‐differential operators of Weyl symbol in this note.

Definition 2.1. For a symbol  p(x, \xi)  \in  S^{m_{\delta}}(\mathbb{R}^{n})(0 \leq \delta \leq \rho \leq 1, \delta < 1) we

define a pseudo‐differential operator  P=p^{w}(x, D) on  \mathbb{R}^{n} is defined as follows:

Pu  (x)=p^{w}(x, D)u(x)

 =Os-(2 \pi)^{-n} \mathbb{R}^{n}\cross \mathbb{R}^{n}e^{i(x-y)\cdot\xi}p(\frac{x
+y}{2}, \xi)u(y)dyd\xi.
It holds that a product of  p^{w}(x, D)q^{w}(x, D) is also a pseudo‐differential operator

of symbol  (p\circ_{w}q)(x, \xi) . Moreover we have the following expansion formula:

[Expansion]
If  p\in S_{\rho,\delta}^{m_{1}}  q\in S_{\rho,\delta}^{m_{2}} , then for any  N we have

 p o_{w}q=\sum_{=0}^{N-1}(\frac{1}{2i})^{j}\sigma_{j}(p, q)+r_{N}(p, q) ,

where

  \sigma_{j}(p, q)=\sum_{|\alpha|+|\beta|=}. \frac{(-1)^{|\beta|}}
{\alpha!\beta!}p_{(\beta)}^{(\alpha)}(x, \xi)q_{(\alpha)}^{(\beta)}(x, \xi) \in 
S_{\rho,\delta}^{m-(\rho-\delta)j},
 r_{N}(p, q)  \in S_{\rho,\delta}^{m-(\rho-\delta)}  (m=m_{1}+m_{2}) .

We note that

 \sigma\cdot(p, q)  =(-1)^{j}\sigma\cdot(q, p) for any  j

and

  \sigma_{1}(p, q)=<J\nabla p, \nabla q>, \sigma_{2}(p, q)=-\frac{1}{2}tr(JH_{p}
JH_{q}) ,

where  J is a  2n\cross 2n matrix

 J=  (\begin{array}{l}
I0
-I0
\end{array}) , \nabla p=^{t} (\frac{\partial}{\partial x_{1}}p, \cdots 
\frac{\partial}{\partial x_{n}}p, \frac{\partial}{\partial\xi_{1}}p, \cdots 
\frac{\partial}{\partial\xi_{n}}p)
 H_{p} is the Hesse matrix :

 H_{p}= (\begin{array}{ll}
\partial_{x}\partial_{x}p   \partial_{x}\partial_{\xi}p
\partial_{\xi}\partial_{x}p   \partial_{\xi}\partial_{\xi}p
\end{array})

:

§3. Fundamental solution for degenerate parabolic operators

A.Melin[13] had shown that

 {\rm Re} (  Pu ,  u )  \geq\delta\Vert u\Vert_{(m-1)/2}^{2}-C\Vert u\Vert_{0}^{2}  (\delta>0)
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is equivalent to the following Condition (A) for its symbol  p(x, \xi)  \in S_{1,0}^{m} (Rn).
Condition (A)

 p_{m}(x, \xi) \geq 0

and there exists a constant  c>0 such that

 {\rm Re}(p_{m-1}(x,  \xi))+\frac{1}{2}tr^{+}(A)(x, \xi)  \geq c|\xi|^{m-1} on  \Sigma,

where  \Sigma=\{(x, \xi) \in \mathbb{R}^{n} \cross \mathbb{R}^{n} : p_{m}(x, \xi) =0\}
,  A(x, \xi)=A=iJH_{p_{m}},  tr^{+}(A) is the sum

of positive eigenvalues of  A.

Now we have the following theorem for the fundamental solution  e^{w}(t;x, D) for

degenerate parabolic operator, which is a pseudo‐differenttail operator with parameter
 t , that is,

  \frac{d}{dt}e^{w}(t;x, D)+p^{w}(x, D)e^{w}(t;x, D)=0 i  n  (0, T)  \cross \mathbb{R}^{n},

 e^{w}(0;x, D)=I.

Theorem 3.1. (C. Iwasaki‐N. Iwasaki [9], [10]) Suppose  p(x, \xi)  \in S_{1,0}^{m}(\mathbb{R}^{n}) sat‐
isfies condition (A) . Then we can construct  e(t;x, \xi)  \in  S_{1/2,1/2}^{0} such that  -\infty(t > 0)
and satisfies the following condition:

For any positive integer  N

 e(t;x,  \xi)-\sum_{j=0}^{N-1}e\cdot(t;x, \xi) \in 1/2,1/2-N/2,
 e_{0}(t;x, \xi) = e^{\varphi(t;x,\xi)}, e_{j}(t; x, \xi) \in -j/21/2, 1/2’

where

  \varphi(t;x, \xi)=-p_{m}t-p_{m-1}t-\frac{1}{2} tr  ( \log(\cosh(\frac{At}{2})))
 + \frac{it^{2}}{4} <G(At/2)J\nabla p_{m}, \nabla p_{m} >,

 G(x)=(1-x^{-1}\tanh x)/x.

We note that  e_{0}(t;x, \xi) is the symbol of the fundamental solution if  p(x, \xi) is a

quadratic function.

Theorem 3.2. If  p(x, \xi) is a polynomial with respect
 X=^{t}  (x, \xi)  \in \mathbb{R}^{d}\cross \mathbb{R}^{d} such that

 p=  \frac{1}{2}\langle X, HX\rangle+i\langle X, p_{0}\rangle+b.



 C158 HISATO Iwasaki

Then  E(t)  =e^{w}(t;x, D) is give

  e(t;x,  \xi)= \frac{e^{-bt}}{\sqrt{\det\cosh(At/2)}}\exp[-i\{\langle J\tanh(At
/2)X, X\rangle
 +t \langle J\tanh(At/2)(At/2)^{-1}X, Jp_{0}\rangle+\frac{t^{2}}{4}\langle JG(At
/2)Jp_{0}, Jp_{0}\rangle\}]

with  2d\cross 2d matrix  A=iJH,

 J= (\begin{array}{l}
0I
-I0
\end{array})
§4. The Fokker‐Planck operators

We construct the fundamental solution for the Fokker‐Planck (Kramers) operator
(See : B.Helffer and F.Nier [8] , H.Riskin [14]).

 P=v\cdot\partial_{x}-  (\partial_{x}V(x)) .   \partial_{v}-\triangle_{v}+\frac{|v|^{2}}{4}-\frac{n}{2}

 =X_{0}+ \sum_{j=1}^{n}b_{j}^{*}b_{j} (x, v\in \mathbb{R}^{n}) ,

where

 X_{0}=v \cdot\partial_{x}- (\partial_{x}V(x)) \partial_{v}, b_{j} =\partial_{v_
{j}} +\frac{1}{2}v_{j}.
We note that the fundamental solution for the Kolmogorov operator is obtained

easily.

Remark. (The Kolmogorov Operator) Let  P be an operator as follows:

 P= \sum_{=1}^{n}v_{j}\frac{\partial}{\partial x_{j}}-\frac{1}{2}\sum_{=1}^{n}
\frac{\partial^{2}}{\partial v_{j}^{2}}.
Then the fundamental solution  E(t)  =e^{w}(t;x, v, D_{x}, D_{v}) is a pseudo‐differential oper‐

ator with a symbol

 e(t;x, v,  \xi, \rho)=exp [-\frac{t}{2}|\rho|^{2}-iv\cdot\xi t-\frac{t^{3}}{24}
|\xi|^{2}].
§5. The symbol of the fundamental solution of the Fokker‐Planck

operator

The Fokker‐Planck operator is a pseudo‐differential operator of symbol  p(x, v, \xi, \rho)
given by

  \sigma(P)=p(x, v, \xi, \rho)=i(\langle v, \xi\rangle-\langle\partial_{x}V(x), 
\rho\rangle) +|\rho|^{2}+\frac{|v|^{2}}{4}-\frac{n}{2}.
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If  V(x)  =a \cdot x+\frac{1}{2}\langle\epsilon x,   x\rangle with a symmentric matrix  \epsilon , we can apply Theorem 3.2

taking  d=2n,  X=^{t}  (x, v, \xi, \rho) and the  4n\cross 4n matrix  A of the form

 A=  (\begin{array}{llll}
0   -I_{n}   0   0
\epsilon   0   0   2iI_{n}
0   0   0   -\epsilon
 0-\frac{i}{2}I_{n}      I_{n}   0
\end{array}) , p_{0}=- (\begin{array}{l}
0
0
0
a
\end{array}) , b=-\frac{n}{2}.
Then we have the exact form of the symbol of the fundamental solution:

Theorem 5.1. (C.Iwasaki [11])
(I) If  V(x)=a\cdot x , we have

 e(t;x, v, \xi, \rho)

 = ( \frac{1+e^{-t}}{2})^{-n}\exp[-2\tanh(t/2)(|\rho|^{2}+|v/2|^{2})
 -2(t/2-\tanh(t/2))(|\xi|^{2}+|a/2|^{2})

 -2i\tanh(t/2)(\langle v, \xi\rangle-\langle a, \rho\rangle)].
 (II)Ifn=1 and  V(x)=   \frac{1}{2}\mu x^{2}+ax(\mu\neq 0) , we have

 e(t;x, v, \xi, \rho)=C(t)\exp[-2\phi(t;x, v, \xi, \rho)]

with  C(t) and  \phi(t) which are defined as follow depending on the constant  \mu.

 \phi(t)=F_{1}(t)(|\rho|^{2}+|v/2|^{2})
 +F_{2}(t)(|\xi|^{2}+|\mu x+a|^{2}/4)
 +iF_{3}(t)(\langle v, \xi\rangle-\langle\mu x+a, \rho\rangle) .

(II‐1) If  \mu\neq   \frac{1}{4} , set

(5.1)   \lambda_{1} = \frac{1}{2}(1+\delta) ,

Then we have

 \lambda_{2}  =   \frac{1}{2}(1-\delta) .

 )_{\ovalbox{\tt\small REJECT}_{1}}
 C(t)=4(1+e^{-\lambda_{1}t})^{-1}(1+e^{-\lambda_{2}t})^{-1},

 F_{1}(t)= \frac{1}{\lambda_{1}-\lambda_{2}}(\lambda_{1}g(\lambda_{1}t/2)-
\lambda_{2}g(\lambda_{2}t/2)) ,

 F_{2}(t)= \frac{1}{\lambda_{1}-\lambda_{2}}(\frac{1}{\lambda_{2}}g(\lambda_{2}t
/2)- \frac{1}{\lambda_{1}}g(\lambda_{1}t/2)) ,

F3  (t)= \frac{1}{\lambda_{1}-\lambda_{2}}(g(\lambda_{1}t/2)-g(\lambda_{2}t/2))
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with  g(x)=\tanh x . Here

  \delta=\sqrt{1-4\mu} (-\infty<\mu\leq \frac{1}{4}) , \delta=i\sqrt{4\mu-1} 
(\mu> \frac{1}{4}) .

(II‐2) If  \mu=   \frac{1}{4} , we hav

 C(t)=4(1+e^{-t/2})^{-2},

 F_{1}(t)= \tanh(t/4)+\frac{t/4}{\cosh^{2}(t/4)},
 F_{2}(t)=4( \tanh(t/4)-\frac{t/4}{\cosh^{2}(t/4)}) ,

 F_{3}(t)= \frac{t}{2\cosh^{2}(t/4)}.
We note that the following behavior hold in any case.

 F_{1}(t)=   \frac{1}{2}t+O (  t3),  F_{2}(t)=   \frac{1}{24}t^{3}+O (  t5),

 F_{1}(t) \geq 0, F_{2}(t) \geq 0.

§6. The eigenvalues of the operator  P

In this section we show the eigenfunction expansion of Fokker‐Planck operator by

the assertion Theorem 5.1 and the following key lemma.

Lemma 6.1. (the key Lemma) If the symbol of a pseudo‐di erential of the for
 e(x, \xi)=h(x, \xi)  (x, \xi) , then the kernel of the pseudo‐di erential operator  E=e^{w}(x, D)
is given by

 (2 \pi)^{-d} R^{d}e^{i(x-x')\cdot\xi}e(\frac{x+x'}{2}, \xi)d\xi
 =h( \frac{r}{2}, -i\partial_{q}) \sim(\frac{r}{2}, q) |_{r=x+x',q=x-x'},

where

  \sim(\frac{r}{2}, q) =(2\pi)^{-d} R^{d}e^{iq\cdot\xi}g(\frac{r}{2}, \xi)d\xi.
In our case we choose  g=g(x, v, \xi, \rho) in Lemma 6.1 as follows:

(I)If  \mu>0 , we take

 = \lim_{tarrow\infty}e(t;x, v, \xi, \rho) .
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Then

 \sim=\psi(x, v)\psi(x', v') ,

where

  \psi(x, v)=(\frac{\mu}{2\pi})^{1/2}\exp[-\frac{1}{4}\{v^{2}+\mu(x+\frac{a}
{\mu})^{2}\}].
(II)If  \mu<0 , we take

 g= \lim_{tarrow\infty}\{e^{|\lambda_{2}|t}e(t;x, v, \xi, \rho)\}.
Then

 \tilde{g}=\psi(x, v)\tilde{\psi}(x', v') ,

where

  \psi(x, v)= (\frac{\delta-\mu}{2\pi})^{1/2}\exp\{-\frac{\delta}{4}v^{2}+\frac{
\delta}{4\mu}(\mu x+a)^{2}-v(\mu x+a)\},
  \tilde{\psi}(x, v)= (\frac{\delta-\mu}{2\pi})^{1/2}\exp\{-\frac{\delta}{4}
v^{2}+\frac{\delta}{4\mu}(\mu x+a)^{2}+v(\mu x+a)\}

with

 \delta=\sqrt{1-4\mu}.

We obtain the following expansions of the kernel  K(t;(x, v), (x', v')) of the funda‐

mental solution corresponding to the constant  \mu.

§6.1. In case  \mu=   \frac{1}{4}
Definition 6.2.

 a_{x}=2 \partial_{x}+\frac{x}{4}+a, b_{v}=\partial_{v}+\frac{v}{2},
 M=   \frac{1}{2} (  b_{v} —ax),  N=   \frac{1}{2}(b_{v}+a_{x})

  \psi_{m,k}(x, v)= \frac{(*)^{m}}{m!}\frac{(N^{*})^{k}}{k!}\psi(x, v) , m\geq 
0, k\geq 0,
 \varphi_{n,k}(x, v)=\psi_{n-k,k}(x, v) , 0\leq k\leq n.

By the statement of the following theorem  \{\varphi_{n,k}\}_{k=0}^{n} are the set of orthogonal

generalized eigenfunctions whose eigenvalue is  n/2.

Theorem 6.3. (1)

 P \varphi_{n,k}(x, v)= \frac{n}{2}\varphi_{n,k}(x, v)+\sqrt{k(n-k+1)}
\varphi_{n,k-1}(x, v)
(2)

 \langle\varphi_{m,k}, \varphi_{n,\ell}\rangle=\delta_{m,n}\delta_{k,\ell}
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(3)

 K(t;(x, v), (x^{;}, v'))

 = \sum_{n=0}^{\infty}e^{-nt/2}(\sum_{k=0}^{n}\frac{(-t)^{k}}{k!}\sum_{\ell=0}
^{n-k}\sqrt{\frac{(n-\ell)!(\ell+k)!}{\ell!(n-\ell-k)!}}
 \varphi_{n,\ell}(x, v)\varphi_{n,\ell+k}(x', v'))

§6.2. In case  \mu>0,  \mu\neq   \frac{1}{4}

Let  \lambda_{1} and  \lambda_{2} are constants defined in (5.1).

Definition 6.4.

(6.1)  a_{x}= \partial_{x}+\frac{\mu x+a}{2}, b_{v}=\partial_{v}+\frac{v}{2},

(6.2)  M_{\lambda}=  \frac{1}{\delta}( \lambda b_{v}-\frac{1}{\lambda}a_{x}) , 
N_{\lambda}=\frac{1}{\delta}( \lambda b_{v}+\frac{1}{\lambda}a_{x}) ,

  \psi_{n,k}(x, v)= \frac{((M_{\lambda_{1}})^{*})^{n}}{n!}\frac{((-
M_{\lambda_{2}})^{*})^{k}}{k!}\psi(x, v) ,

  \psi^{n,k}(x, v)= \frac{((N_{\lambda_{1}})^{*})^{n}}{n!}\frac{((N_{\lambda_{2}
})^{*})^{k}}{k!}\psi(x, v) .

By the statement of the following theorem  \{\psi_{n,k}\} are the set of eigenfunctions

whose eigenvalue is  \lambda_{1}n+\lambda_{2}k.

Theorem 6.5. (1)

 P\psi_{n,k}(x, v)=(\lambda_{1}n+\lambda_{2}k)\psi_{n,k}(x, v)

(2)
 \langle\psi_{m,k}, \psi^{n,\ell}\rangle=\delta_{m,n}\delta_{k,\ell}

(3)

 K(t;(x, v), (x', v'))

 = \sum_{n_{1},n_{2}=0}^{\infty}e^{-(\lambda_{1}n_{1}+\lambda_{2}n_{2})t}
\psi_{n_{1},n_{2}}(x, v)\psi^{n_{1},n_{2}}(x', v')
§6.3. In case  \mu<0

Let  \lambda_{1} and  \lambda_{2} are constants defined in (5.1).  a_{x},  b_{v},  M_{\lambda} and  N_{\lambda} are operators
defined as (6.1) and (6.2).
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Definition 6.6.

  \psi_{n,k}(x, v)= \frac{((M_{\lambda_{1}})^{*})^{n}}{n!}\frac{(-
M_{|\lambda_{2}|})^{k}}{k!}\psi(x, v) ,

  \psi^{n,k}(x, v)= \frac{((N_{\lambda_{1}})^{*})^{n}}{n!}\frac{(N_{|\lambda_{2}
|})^{k}}{k!}\tilde{\psi}(x, v) .

By the statement of the following theorem  \{\psi_{n,k}\} are the set of eigenfunctions

whose eigenvalue is  \lambda_{1}n+|\lambda_{2}|(k+1) .

Theorem 6.7. (1)

 P\psi_{n,k}(x, v)=(\lambda_{1}n+|\lambda_{2}|(k+1))\psi_{n,k}(x, v)

(2)
 \langle\psi_{m,k}, \psi^{n,\ell}\rangle =\delta_{m,n}\delta_{k,\ell}

(3)

 K(t;(x, v), (x', v'))

 = \sum_{n_{1},n_{2}=0}^{\infty}e^{-(\lambda_{1}n_{1}+|\lambda_{2}|(n_{2}+1))t}
\psi_{n_{1},n_{2}}(x, v)\psi^{n_{1},n_{2}}(x', v')

§7. Operators of Grushin type and the precise form of their inverse

We will show a way of construction of the fundamental solution to the following

degenerate operator: This is the typical model which is degenerate of order  2k(k\in \mathbb{N}) :

 P_{k}=-(\triangle_{x}+|x|^{2k}\triangle_{z})

 x\in \mathbb{R}^{N} (N\geq 2) , z\in \mathbb{R}^{\ell}

M.I. Visik and V.V. Grushin [15] studied operators of polynomial coefficients which
are degenerate on submanifold. They researched hypoellipticity, local solvability and

estimates of operators of this form.

If  k=1 , we can apply Theorem 3.2 as follows:

Choosing  X=^{t}  (x, \xi)  \in \mathbb{R}^{N}  \cross \mathbb{R}^{N},  p_{0}=b=0 and  (2N)  \cross  (2N) matrix

 H=2(\begin{array}{l}
|\zeta|^{2}0
0
\end{array}) ,
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we have the symbol of the fundamental solution  e_{\zeta}(t;x, \xi) with parameter  \zeta\in \mathbb{R}^{\ell} as

 e_{\zeta}(t;x,  \xi)= \frac{1}{\sqrt{\det\cosh(At/2)}}\exp(-i\langle 
J\tanh(At/2)X, X\rangle)
 = ( \frac{1}{\cosh(|\zeta|t)}) \exp\{-\frac{\tanh(|\zeta|t)}{|\zeta|}(|x|^{2}
|\zeta|^{2}+|\xi|^{2})\}.

The kernel  K_{\zeta}(t, x, x') of pseudo‐differential operator  e_{\zeta}^{w}(t;x, D) with symbol  e_{\zeta}(t;x, \xi)
is given by

 K_{\zeta}(t, x, x')=  \frac{|\zeta|}{2\pi\sinh(2|\zeta|t)}\exp\{-
|\zeta|\coth(2|\zeta|t)\frac{|x|^{2}+|x'|^{2}}{2}
 + \frac{|\zeta|}{\sinh(2|\zeta|t)} <x, x'>\}.

Then we have

 e^{-tP_{1}} (x, z)=  \frac{1}{(2\pi)^{\ell}} \mathbb{R}^{2\ell+N}e^{i(z-z')
\cdot\zeta}K_{\zeta}(t, x, x') (x', z')d\zeta dx'dz'

We obtain the exact form for of the inverse of  P_{k}.

Theorem 7.1. (W. Bauer‐K. Furutani‐C’. Iwasaki [1]) Suppose  (x, z)  \neq  (x', z')  \in

 \mathbb{R}^{N}  \cross \mathbb{R}^{\ell}.

(I) If  \ell=2q , the

 (P_{k})^{-1}((x, z), (x', z'))=  \frac{k+1}{2\pi}F_{q,k,N}(\beta, \gamma) .

 (II)If\ell=2q-1 , the

 (P_{k})^{-1}((x, z), (x', z'))=  \frac{2}{2\pi}
Here

  \beta^{\infty}F_{q,k,N}(u, \gamma)\frac{1}{\sqrt{u-\beta}}du.

 \gamma=|x|^{k+1}|x'|^{k+1},

  \beta=\frac{1}{2}\{|x|^{2(k+1)}+|x'|^{2(k+1)}+(k+1)^{2}|z-z'|^{2}\},

 F_{q,k,N}(u,  \gamma) = (\frac{-(k+1)^{2}}{2\pi}\frac{\partial}{\partial u})^{q
-1}F_{1,k,N}(u, \gamma) (q\geq 2) ,

 F_{1,k,N}(u,  \gamma) = \frac{1}{|S^{N-1}|}\frac{u_{+}-u_{-}}{(u_{+}^{k+1}-u_{-
}^{k+1})\{u_{+}+u_{-}-2<x,x'>\}^{N/2}},
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where

 u\pm=u\pm(u, \gamma)=(u\pm\sqrt{u^{2}-\gamma^{2}})^{1/(k+1)}

and  |S^{n}| is the volume of  n‐dimensional sphere.

Remark. In case  \ell=2

 (P_{k})^{-1}((x, z), (x', z'))=  \frac{k+1}{2\pi}F_{1,k,N}(\beta, \gamma) .

 F_{1,0,N}( \beta, \gamma)= \frac{1}{|(x,z)-(x',z')|^{N}}, F_{1,1,N}(\beta, 
\gamma)= \frac{1}{\rho(\rho-2<x,x'>)^{N/2}},
where

 \rho=\sqrt{(|x|^{2}+|x'|^{2})^{2}+4|z-z'|^{2}}.

The singularity of operator  F_{1,k,N}(\beta, \gamma) near the diagonal set is as follows:

Remark. (1)  Ifx=x'=0 , then   F_{1,k,N}(\beta, \gamma)\sim  |z-z'|^{-\frac{2k+N}{k+1}}
(2)  Ifz-z'=0 , then we have

  F_{1,k,N}(\beta, \gamma)\sim  \{\begin{array}{ll}
|x-x'|^{-N}   (x\neq 0, x'\neq 0) ,
|x|^{-(N+2k)}   (x'=0) .
\end{array}
We can show that  (P_{k})^{-1}((x, z), (x', z')) is local  L^{1} and  P_{k} is an essentially sel

adjoint operator.

§8. Sketch of proo

In this note we restrict ourselves to  N=2 . See [1] for general case.

If we choose the polar coordinate  x=(r, \theta) , then we have

 P_{k}=-( \triangle_{x}+|x|^{2k}\triangle_{z}) =- (\frac{\partial^{2}}{\partial 
r^{2}}+\frac{1}{r}\frac{\partial}{\partial r}+\frac{1}{r^{2}}\frac{\partial^{2}}
{\partial\theta^{2}}+r^{2k}\triangle_{z})
for a nonnegative integer  k.

Proposition 8.1. Set  \tilde{r}=r^{b},  b=k+1 . Then we hav

 P_{k}=-b^{2} \tilde{r}^{2-2/b} (\frac{\partial^{2}}{\partial\tilde{r}^{2}}+-
\sim\frac{\partial}{\partial\tilde{r}}1+\frac{1}{b^{2}\tilde{r}^{2}}
\frac{\partial^{2}}{\partial\theta^{2}}+\frac{1}{b^{2}}\triangle_{z})
 =b^{2}\tilde{r}^{2-2/b}Q_{b}.
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Then  (P_{k})^{-1} is given by

 ((P_{k})^{-1}f)(r)=(Q_{b})^{-1} \circ\frac{1}{b^{2}\tilde{r}^{2-2/b}}\circ F,
where

 F(\tilde{r}, \theta, z)=f(r, \theta, z) .

Set operator  Q_{b,\zeta} with parameter  \zeta as follows :

 Q_{b,\zeta}=- ( \frac{\partial^{2}}{\partial\tilde{r}^{2}}+-\sim\frac{\partial}
{\partial\tilde{r}}1+\frac{1}{b^{2}\tilde{r}^{2}}\frac{\partial^{2}}
{\partial\theta^{2}}-\frac{1}{b^{2}}|\zeta|^{2})
 (\tilde{r}>0,0\leq\theta<2\pi) .

Then

 (Q_{b})^{-1}F( \tilde{r}, z)= \frac{1}{2\pi} \mathbb{R}^{\ell}e^{i(z-z')
\cdot\zeta}((Q_{b,\zeta})^{-1}F)(\tilde{r}, \theta, z')dz'd\zeta.
We reduce our problem to construction of  (Q_{b,\zeta})^{-1}.

Now consider to obtain the fundamental solution of the initial problem:

 ( \frac{\partial}{\partial t}+Q_{b,\zeta})U^{\zeta}(t)=0 (t>0,\tilde{r}>0,0\leq
\theta<2\pi) ,

 U^{\zeta}(0)=I.

Set

 Q_{b,\zeta}(n)=- ( \frac{\partial^{2}}{\partial\tilde{r}^{2}}+-
\sim\frac{\partial}{\partial\tilde{r}}-\frac{n^{2}}{b^{2}}\frac{1}{\sim 2}-\frac
{1}{b^{2}}1|\zeta|^{2}) (n\in \mathbb{Z}) .

We will construct the fundamental solution  U_{n}^{\zeta}(t) for  Q_{b,\zeta}(n) :

 ( \frac{\partial}{\partial t}+Q_{b,\zeta}(n))U_{n}^{\zeta}(t)=0 (t>0,\tilde{r}
>0) ,

 U_{n}^{\zeta}(0)=I.

The following proposition is one of the key proposition.

Proposition 8.2.  U_{n}^{\zeta}(t) has the kernel function  U_{n}^{\zeta}(t,\tilde{r},\tilde{R})

 U_{n}^{\zeta}(t, \tilde{r},\tilde{R})= \frac{1}{2t}\exp\{-\frac{1}{4t}
(\tilde{r}^{2}+\tilde{R}^{2})-\frac{t|\zeta|^{2}}{b^{2}}\}I_{|n|/b} (_{\overline
{2t}}^{\sim}\sim) ,

 (b=k+1)

where  I  (z) is the modified Bessel function of order  \mu.
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For the proof of Proposition 8.2 we use the fact  J_{v}  ( \lambda r) is the eigen function with

eigenvalue  \lambda :

 - ( \frac{\partial^{2}}{\partial r^{2}}+\frac{1}{r}\frac{\partial}{\partial r}-
\frac{v^{2}}{r^{2}})J_{v}( \lambda r)=\lambda J_{v}( \lambda r)
and Weber’s second exponential integral (See [16]), that is

 \infty

 \exp(-\lambda t)J_{v}(\lambda r)J_{v}( \lambda R)d\lambda
 0

 =  \frac{1}{t}\exp(-\frac{r^{2}+R^{2}}{4t})I (\frac{rR}{2t})
By Proposition 8.2 the inverse of  Q_{b,\zeta} is obtained as

 (Q_{b,\zeta})^{-1} = \infty U^{\zeta}(t)dt= \underline{1} 2 \pi 0^{\infty}\sum_{n\in \mathbb{Z}}U_{n}^{\zeta}(t,\tilde{r},\tilde{R})
dte^{in(\theta-\omega)}. 0

Finally we have the following expression:

 (Q_{b})^{-1} is an integral operator with kernel

 (Q_{b})^{-1}((\tilde{r}, \theta, z), (\tilde{R}, \omega, z'))=

 = ( \frac{1}{2\pi})^{\ell+1} \mathbb{R}^{\ell} 0^{\infty}e^{i(z-z')\cdot\zeta}
\sum_{n\in \mathbb{Z}}U_{n}^{\zeta}(t,\tilde{r},\tilde{R})dtd\zeta e^{in(\theta-
\omega)}.
We have the assertion of Theorem 7.1 by calculation of the right hand side of the above

equation using the following formula o) the modified Bessel function.

 I_{\mu}(z)= ( \frac{1}{2\pi i}) \infty-i\pi\infty+i\pi e^{z\cosh w-\mu w}dw.

§9. Application to the Kohn‐Laplacian model

Let  M be a complex manifold with boundary. Consider Dolbeault complex on

with  \overline{\partial}‐Neumann problem. It is well‐known that  \overline{\partial}‐Neumann problem is not a coercive

boundary value problem. This problem can be reduced to problem on a degenerate

operator on the boudary  \partial M (J.J.Kohn and H.Rossi [12]).

The Kohn‐Laplacian is the following form:

 Z=  \frac{\partial}{\partial z}+im\overline{z}|z|^{2m-2}\frac{\partial}
{\partial s}, \overline{Z}= \frac{\partial}{\partial\overline{z}}-imz|z|^{2m-2}
\frac{\partial}{\partial s},
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 \triangle_{\lambda}  =--   \frac{1}{2}  (Z\overline{Z} + \overline{z}Z) —   \frac{1}{2}\lambda[Z, \overline{Z}]
 = - \frac{1}{4} (\frac{\partial^{2}}{\partial r^{2}} + \frac{1}{r}
\frac{\partial}{\partial r} + \frac{1}{r^{2}}\frac{\partial^{2}}{\partial\theta^
{2}}) + mr^{2m-2}\frac{\partial^{2}}{\partial s\partial\theta}

 2 4m-2 \partial^{2} -m r  \overline{\partial s^{2}} + im^{2}\lambda r^{2m-2}\frac{\partial}
{\partial s},
where  m\in \mathbb{N},  \lambda\in \mathbb{C}  (-1<\Re\lambda< 1) .

The case  m=1 corresponds  M is strongly pseudoconvex (the Levi form is positive
definite).

If we set

 z=r\cos\theta+ir\sin\theta,  \sim=r^{m} , then  \triangle_{\lambda}=m^{2}\tilde{r}^{2-2/m}Q,

where

 Q=- \frac{1}{4} (\frac{\partial^{2}}{\partial\tilde{r}^{2}}+-
\sim\frac{\partial}{\partial\tilde{r}}1+\frac{1}{m^{2}\tilde{r}^{2}}
\frac{\partial^{2}}{\partial\theta^{2}}) +\frac{1}{m}\frac{\partial^{2}}
{\partial s\partial\theta}-\tilde{r}^{2}\frac{\partial^{2}}{\partial s^{2}}+
i\lambda\frac{\partial}{\partial s}.
Using the similar argument to the previous section, we have the inverse  (Q)^{-1} con‐

structed an integral operator with kernel

 (Q)^{-1}((\tilde{r}, \theta, s), (\tilde{R}, \omega, s'))

 =( \frac{1}{2\pi})^{2} \mathbb{R} 0^{\infty}e^{i(s-s')\sigma}\sum_{n\in \mathbb
{Z}}U_{n}^{\sigma}(t,\tilde{r},\tilde{R})dtd\sigma e^{in(\theta-\omega)},
where  U_{n}^{\sigma}(t,\tilde{r},\tilde{R}) is the kernel of the fundamental solution  U_{n}^{\sigma}(t) of the following equa‐
tion:

 ( \frac{\partial}{\partial t}+Q_{\sigma}(n))U_{n}^{\sigma}(t)=0 (\tilde{r}>0, 
t>0) ,

 U_{n}^{\sigma}(0)=I.

Here

 Q_{\sigma}(n)=  \frac{1}{4} (\frac{\partial^{2}}{\partial\tilde{r}^{2}}+-
1\sim\frac{\partial}{\partial\tilde{r}}-\frac{n^{2}}{m^{2}}\frac{1}{\sim 2}) +
\tilde{r}^{2}\sigma^{2}-(\lambda+\frac{n}{m})\sigma.
We have the following assertion for  U_{n}^{\sigma}(t) .

Proposition 9.1.  U_{n}^{\sigma}(t) has the kernel function  U_{n}^{\sigma}(t,\tilde{r},\tilde{R})

 U_{n}^{\sigma}(t, \tilde{r},\tilde{R})= \frac{2\sigma}{\sinh(\sigma t)}
I_{|n|/m} (\frac{2\sigma\tilde{r}^{\sim}}{\sinh(\sigma t)})
  \cross\exp\{-\sigma\coth(\sigma t)(\tilde{r}^{2}+\tilde{R}^{2})+(\lambda+\frac
{n}{m})\sigma t\} :
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The following argument is a hint of the proof of Proposition 9.1. If  k  =  1 , the
kernel  K_{\zeta}(t, x, x') is of the form

 K_{\zeta}(t, x, x')= \frac{|\zeta|}{2\pi\sinh(2|\zeta|t)}\exp\{-|\zeta|\coth(2|
\zeta|t)\frac{|x|^{2}+|x'|^{2}}{2}
 + \frac{|\zeta|}{\sinh(2|\zeta|t)} <x, x'>\}

 = \frac{\zeta}{2\pi\sinh(2|\zeta|t)}\exp\{-|\zeta|\coth(2|\zeta|t)\frac{r^{2}+
R^{2}}{2}
 + \frac{|\zeta|rR}{\sinh(2|\zeta|t)}\cos(\theta-\omega)\}
 =K_{\zeta}(r, \theta;R, \omega)

for  x=(r, \theta) ,  x'=(R, \omega) . We can show for  n\in \mathbb{Z}

  2\pi

  K_{\zeta}(r, \theta;R, \omega)e^{in\omega}d\omega
 0

 = \frac{|\zeta|}{\sinh(2|j)}\exp\{-|\zeta|\coth(2|\zeta|t)\frac{r^{2}+R^{2}}{2}
\}
  \cross I_{n} (\frac{|\zeta|rR}{\sinh(2|\zeta|t)})e^{in\theta}

By the similar method in the previous section we have

Theorem 9.2. (W.Bauer‐K.Furutani‐C.Iwasaki [2])

  \triangle_{\lambda}^{-1}((z, s), (z', s'))= \frac{(A/|A|)^{\lambda}}{2m\pi^{2}
|A|}I(\lambda;(z, s), (z', s')) ,

with
 \infty

 I(\lambda;(z, s), (z', s'))= t^{\frac{m\lambda+1}{2}-1}\cdot F(t, P, 
\overline{P};\gamma)dt.
 0

Here

 A=  \frac{1}{2}\{(|z|^{2m}+|z'|^{2m})+i(s-s')\}, \gamma= \frac{|z|^{m}|z'|^{m}}
{|A|}, P= \frac{Z\mathcal{Z}'}{\overline{A}^{1/m}}
and

 F(t)=F(t, P,  \overline{P};\gamma) := \frac{g+(t)-g_{-}(t)}{g_{+}^{m}(t)-g_{-}^
{m}(t)} \frac{m/2}{g+(t)+g_{-}(t)-(\}P+\overline{P})},
where

 g \pm(t)=g\pm(t;\gamma) := \{\frac{1+t^{m}}{2}\pm\sqrt{\frac{(1+t^{m})^{2}}{4}-
\gamma^{2}t^{m}}\}^{\frac{1}{7m}}
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Corollary 9.3. (I) If  z=0 or  z'=0 , the

  \triangle_{\lambda}^{-1}((z, s), (z', s')) = \frac{1}{4m\pi^{2}|A|}\frac{\pi}{
\cos(\lambda\pi/2)}(\frac{A}{|A|})^{\lambda}
(II) If  m=1 , the

  \triangle_{\lambda}^{-1}((z, s), (z', s')) = \frac{1}{4\pi^{2}|P_{1}|}
\frac{\pi}{\cos(\lambda\pi/2)} (\frac{P_{1}}{|P_{1}|})^{\lambda}
(III) (cf. P. Greiner [7]) If  m=2 and  \lambda=0 , the

 \triangle_{0}^{-1}((z, s), (z', s'))

 =\{\begin{array}{ll}
\frac{1}{4\pi^{2}|P_{2}|}\{\arccos(-\frac{A^{1/2}z^{-}z'+\overline{A}^{1/2}
\overline{z}z')}{|z|^{2}|z|^{2}+|A|})\},   if (z', s')\neq(-z, s)
\frac{1}{8\pi^{2}}\frac{1}{|A|},   if (z', s')=(-z, s) ,
\end{array}
 A := \frac{1}{2}\{(|z|^{2m}+|z'|^{2m})+i(s-s')\} (m\in \mathbb{N}) ,

 P_{m} := \frac{1}{2}\{|z^{m}-z^{\prime m}|^{2}+i (s-s'+2{\rm Im} (z^{m}
\overline{z}^{\prime^{m}}))\} (m\in \mathbb{N}) .

By the fact that  F(t) satisfies

 F^{(\ell)}(t)=  \{\begin{array}{ll}
O(t^{-m-\ell})   as tarrow 1,
O(1)   as tarrow 0,
\end{array}
we get

Theorem 9.4.  \triangle_{\lambda}^{-1} admits a meromorphic extension from  {\rm Re} (  \lambda )  \in  (-1,1) to
the complex plane with at most simple poles in the set  \mathcal{P} defined  i

P.:  =   \{\pm (1+\frac{2}{m}) .: j=0, 1, 2, \}.
The corresponding residues with  =0 , 1, 2,  \cdots are given by

 {\rm Res}   \{\triangle_{\lambda}^{-1}, \lambda=-1-\frac{2j}{m}\}  =   \frac{(A/|A|)^{-1-2j/m}}{m^{2}\pi^{2}j!|A|} .  F^{(j)}(0;P, \overline{P}) ,

 {\rm Res}   \{\triangle_{\lambda}^{-1}, \lambda=1+\frac{2j}{m}\}  =- \frac{(A/|A|)^{1.+2j/m}}{m^{2}\pi^{2}!|A|} .  F^{(j)}(0;\overline{P}, P) .

In particular,

 {\rm Res}  \{\triangle_{\lambda}^{-1}, \lambda=-1\}=   \frac{1}{2m\pi^{2}A} .   \frac{1}{1-\overline{P}},
 {\rm Res}  \{\triangle_{\lambda}^{-1}, \lambda=1\}  =- \frac{1}{2m\pi^{2}\overline{A}} .   \frac{1}{1-P}.
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