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Local well-posedness and parabolic smoothing effect
of fifth order dispersive equations on the torus

By

Kotaro T'SUGAWA*

Abstract

The paper is announcement of the result obtained in [23]. We consider the Cauchy problem
of fifth order dispersive equations with polynomial type nonlinearities depending on u, d,u, 02u
and 02w under the periodic boundary condition. We show the following results. When the non-
linear term is non-parabolic resonance type, we have the local well-posedness on (—7',7"). On
the other hand, when the nonlinear term is parabolic resonance type, the local well-posedness
holds with a smoothing effect only on either [0,7") or (—T, 0] and nonexistence result holds on
the other time interval.

§1. Introduction and Main theorems

The paper is announcement of the result obtained in [23]. In Section 1, we will
present main theorems obtained in [23]. In Section 2, we mention the modified energy,
the energy inequality and the proof of it, which include main idea in this paper. In
Section 3, we mention an estimate for the difference of two solutions. In Section 4, we
prove the main theorems by the estimates in Sections 2 and 3. The argument in Sections
3 and 4 is an application of the energy method with Bona-Smith’s approximation (see
[2], [10]) , which do not include new idea. In the present paper, we treat only simplified
case. For full results, see [23].

We consider the Cauchy problem of fifth order dispersive equations on T(:= R/27):

(1.1) 0y + 2)u(t,x) = N(03u, 0%u, Opu, ), (t,x) € (=T,T) x T,
(1.2) u(0,) = ¢(),
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where the initial data ¢, the unknown function u are real valued. We assume that the
nonlinear term N is as follows:

(1.3) N (03w, 0%u, Opu, u) = ZNj (w), N;(u) = X\;(02u)% (8%u)" ()i u

where \; € R,jo € N,a;,bj,¢j,d; € NU{0} and p; := a; +b; + ¢; +d; > 2. Put
Pmaz = MaxXi<;j<j, Pj.- In the present paper, we are interested in the case of initial
data being sufficiently smooth. Therefore, we assume sg is a sufficiently large constant
depending only on p,,., and consider only the case s € N, s > sg and ¢ € H*(T). The
case of initial data having low regularity is studied in the forthcoming paper ([14]) by
Kato and the author. Here, we define a functional Py (f) to categorize the nonlinear

terms.

Definition 1.1. Put

Jo

Ajb; , _ e rd

=3P Palh) = 2 [ @ @20 @ty Y do.
j=1

We say that N is non-parabolic resonance type if Py = 0, namely, Py (f) = 0 for any

f € C°°(T). Otherwise, we say N is parabolic resonance type.

Remark that

—Nw W, W1, W dx
27?/8w2 3wz, w1, o) (w3 s02.01,00) = (93 £,02 .00 .)

Now, we state our main results.

Theorem 1.2 (L.W.P. for non-parabolic resonance type). Let Py =0, s € N
and s > sg. Then, we have the followings.
(existence) Let ¢ € H*(T). Then, there exist a time T = T(||¢| g=0) > 0 and a solution
to (1.1)~(1.2) on (—T,T) satisfying u € C((—=1.,T); H*(T)).
(uniqueness) Let T > 0, ui,ug € L>®((=T,T); H*°(T)) be solutions to (1.1)-(1.2) on
(=T,T). Then, ui(t) = us(t) onte (=1,T).
(continuous dependence on initial data) Assume that {¢7}jen C H*(T),p € H*(T)
satisfy ||¢? — @|lgs — 0 as j — oo. Let u/ (resp. u) be the solution obtained above
with initial data @7 (resp. ) and T = T(||¢|lms0). Then ||u? —ul| o (—7,r);ms) = 0 as
Jj — 0.

Theorem 1.3 (L.W.P. for parabolic resonance type). Let Py # 0, s € N and
s > sg. Then, we have the followings.
(existence) Let ¢ € H*(T) and Pn(p) > 0 (resp. Pn(¢) < 0). Then, there exist a
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time T' =T (Pn(¥), ||¢llzs0) > 0 and a solution to (1.1)—(1.2) on [0,T) (resp. (—T,0])
satisfying uw € C([0,T7); H*(T)) N C*>((0,T) x T) and Pn(u(t)) > Pn(v)/2 on [0,T)
(resp. uw € C((=T,0]; H*(T))nC*>®((=T,0) x T) and Pn(u(t)) < Pn(¢)/2 on (=T,0]).
(uniqueness) Let T > 0, uy,us € L>([0,T); H*°(T)) (resp. u1,us € L ((—T,0]; H*°(T)))
be solutions to (1.1)~(1.2) and Pn(ui(t)) > 0 on [0,T) (resp. Pn(u1(t)) <0 on (=T,0]).
Then, ui(t) = us(t) ont € [0,T) (resp. t € (—T,0]).

(continuous dependence on initial data) Assume that {@’};en C H5(T),p € H*(T) sat-
isfy Pn(p) > 0 (resp. Pn(¢) <0)) and ||¢? — ¢|lgs — 0 as j — oo. Let u? (resp. u) be
the solution obtained above with initial data ¢’ (resp. @) and T = T(Pn(p),|©|z0).
Then |Ju? — || goo (jo,1); 1= (1)) = O (resp. |[u? — | poo (10015 (1)) = 0) as j — oc.

Theorem 1.4 (non existence for parabolic resonance type). Let Py # 0, ¢ €
H?®(T) \ C°°(T) and Pn(¢) < 0 (resp. Pn(¢) > 0). Then, for any small T > 0,
there does not exist any solution to (1.1)—(1.2) on [0,T) (resp. (—T,0]) satisfying u €
C([0, T); H*(T)) (resp. u € C((~T,0); H*(T))).

Remark. Theorem 1.2 is a typical result for dispersive equations in the following
sense: they can be solved on both positive and negative time intervals and the regularity
of the solution is same as that of initial data. Theorems 1.3 and 1.4 are typical results
for parabolic equations in the following sense: they can be solved on either positive or
negative time interval with strong smoothing effect and they are ill-posed on the other
time interval. Since (1.1) are semilinear dispersive equations, Theorem 1.2 is a natural
result. On the other hand, Theorems 1.3 and 1.4 are somewhat surprising. These
theorems mean that when the nonlinear term is parabolic resonance type, the nonlinear
term cannot be treated as a perturbation of the linear part and the effect by the second

derivative in the nonlinear part is dominant.

Finally, we mention known results for related problems. For the case of ©z € R,
there are many results related to fifth order dispersive equations ([4], [5], [11], [12], [13],
[15], [16], [17], [22]). In [16], Kenig, Ponce and Vega consider the following (2j + 1) st
order dispersive equations:

(0 + 0% ) = N(0¥u,...,0.u,u).

Employing the gauge transformation introduced by Hayashi [7], Hayashi and Ozawa [8],
[9] and the smoothing effect for the linear part:

. 2j+1
109 %" @l o2 S llepllz2,

they proved the local well-posedness on (=T, T) in H*! (R)NH*2(R; 2% dz) for sufficiently
large integers s1, sSo. The result means that the local solution is controlled by the linear
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part of the equation in the case z € R unlike the parabolic resonance type in the case
x € T. In [12], Kwon proved the local well-posedness of

(1.4) (0s + 02 u = c10,ud?u + coud>u

in H*(R) for s > 5/2. The standard energy estimate gives only the following:
d
(1.5) ZOzulFe S 02ull|03u(t) 2 +‘/8muai+1u3;+lud:c
R

for s € N. It is the main difficulty in this problem that the last term can not be estimated
by [|w(t)||=. To overcome the difficulty, Kwon introduced the following modified energy:

(1.6) EX(u(t)) :== || D*u(t) |32 + lu(t)||32 + Cs /Ru(t)DS_28xu(t)DS_28xu(t),

where D := F. Y1¢|F,. The last term is the correction term and used to cancel out the
last term in (1.5).

For the case of x € T, the linear part does not have the smoothing effect and only
a few results are known. In [18], Saut proved the existence of solutions to nonlinear
(27 + 1) order dispersive equations which have Hamiltonian structure. In [19], Schwarz
Jr. proved the existence and the uniqueness to the equations in the KdV hierarchy. Since
the equations in the KdV hierarchy have Hamilton structures, the class of equations
treated in [18] is larger than that in [19]. Both results require some special structure to
the nonlinear terms and nonlinearities of parabolic resonance type are excluded, that is
to say only the case of Py = 0 is treated in [18] and [19]. As far as the author knows,

no result exist for nonlinearities having no structure when x € T.

§ 2. Main idea and outline of the proof

We use the energy method with Bona-Smith’s approximation to show main theo-
rems. In this method, so called energy inequality and an estimate of the difference of
two solutions play an important role. Therefore, we focus on them. In this section, we
present the energy inequality and the outline of the proof of it, which include the main
idea in the paper.

[10] is a good book to study the energy method with Bona-Smith’s approximation.
In this book, the energy method is applied to the KdV equation. The nonlinear term
of it depends only on u and J,u. In our problem, the nonlinear term depends not only
on u, dzu, but also on 9%u and d3u. Therefore, the standard energy method does not
work. To overcome this difficulty, we use the modified energy introduced by Kwon in
[12], which is mentioned in Section 1 (see also Segata [20]). The right-hand side of (1.4)
includes only two terms. So, the correction term of (1.6) is not so complicated. However,



FIFTH ORDER DISPERSIVE EQUATIONS 181

it seems difficult to construct the correction term corresponding to the nonlinear term
of (1.1) because it is so complicated. In our proof, we first use the Fourier transform.
Next, we extract resonance parts which have loss of derivatives. Finally, we construct
the correction term of the modified energy to cancel out the resonance parts by using
the normal form reduction. See [1], [3], [6] and [21] for the normal form reduction. In
this way, we have the following modified energy for (1.1):

s 2s(p;—1)+2
Ey(u) := ||a u||L2+||u||Lz+Zc|| 35—

7j=1
(2.1) . .
(ikp,)* " (ikp,+1)° ' My R, -
z (k1)
+Z Z @(pg)(k(pa H k)
Jj=1 @) eZ(pj) =1
Here, we give some notations used in (2.1). Put Z%) := {(ky, -+, kp, kp1) € ZPH! | ky +
k2+"'+kp+]_ :O}- Put
p+1
(2.2) W) (k) .= —szl for kP = (ky,... ky kps1) € ZPTL.

Note that ®®) (EP)) = i(ky + -+ k,)® —i 37_, kP on ZP). Put

a a+b a+b+c
(2.3) Dape = [J6k)?* ] Gk)* ] (ko).
=1 l=a+1 l=a+b+1

For an integer p > 2 and a real number h > 0, we put

1, when min{|k,|'/", [kps1 |} > Cmax{|ky], ..., |ky_1|},

(2.4) M®D) (K®)) =
i 0, otherwise,

1, when k1 + -+ kp—1 #0,

(2.5) MEL(kP) =
vz 0, when ky + -+ kyp_1 =0,

where C' > 0 is a sufficiently large constant. Put
D
hj = 1]%;%};0 {7] —|— Saj —|— 2[)] —+ Cj — 2,2},

MNR,j = Ml(ﬁi]h)J MJ(\;ID%))‘]' <(S - 3/2)aji(k1 +o kpjfl)Daj*Lbjmj + bjDajybj717€j>'

Remark.  Note that (2.1) is real valued. Since wu is real valued, it follows that
a(k;) = u(—k;) = U(—k;). Obviously, My ; (k1)) = Myg j(—k®)) and @) (k(P:)) =
PP; )(—E(pﬂ')). Thus, computing the complex conjugate of the correction term of (2.1),
we can easily check that.



182 KOTARO TSUGAWA

Remark. By the presence of @(p)(l;(p)) and Lemma 2.3 below, the last term of
(2.1) can be controlled by the sum of the other terms. Therefore, we have

2s maz_1+2
(2.6) Eo(u) ~ Jull3. + uf 270",

The following estimate is the energy estimate, which is the main estimate in the
present paper.

Theorem 2.1.  Assume that r := (25 + 1)(Pmaa — 1)/2,5 € N and s > sg. Let
u be a sufficiently smooth solution to (1.1)—(1.2) on [0,T). Then, for any t € [0,T), it
follows that

%Es(u(t)) + Py (u) 03 w72 S Bs(u(t)(1 + Esy (u(t)))"

Before we prove Theorem 2.1, we give some lemmas. The following lemma is the

(2.7)

Gagliardo-Nirenberg inequality for periodic functions. For the proof, see Section 2 in
[19].

Lemma 2.2.  Assume that integers | and m satisfy 0 < I < m — 1 and a real
number p satisfies 2 < p < oo. Put a = (I +1/2—1/p)/m. Then, we have
1A= N0 FlIg2y  (when 1 <1 <m—1),

105 fllee < -
=10 FllF2 + I ez, (whenl=0),

for any f € H™. Especially, |0, fllre < 11l 1l 3o

The following lemma plays an important role to recover the derivative loss by using

an effect of oscillation. The proof follows from a direct calculation.

Lemma 2.3. Let p > 2, h > 5/4 and |k,|'/" > Cmaxi<i<p_1{|ki|} for suffi-
ciently large C = C(p) > 0. Then,

OO ED)] 2 [kl + -+ Byt ~ B[+ +
on k@® € Z(()p).

Main idea of the proof of Theorem 2.1. One of the key points is how we get
the second term in the left-hand side of (2.7), which plays an important role to get
the smoothing effect. The other key point is why we need the correction term of the
modified energy (2.1). From the both points of view, %u is important. Therefore, we
explain the idea of the proof only for the following simple example instead of (1.1):

(2.8) (0 + O2)u(t, z) = uP~10%u.
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In this case,

1
N =u""'%u,  Py(u)= _/Up_ldx,
27T T
and
S 2s 1 +2
&<>|wwm+wm+cnu@
(2.9 by TR MG Y
B @) (k@) 2
(K1, kp+1)€Zép) =1

by the definition (2.1), where we omitted the index j since 1 < j < jg and jpo = 1.
Namely, p := p; and M g) )h = My (p 1) . Calculating the L? product of the linear part of
(2.8) and 9%%u, by integration by parts, we have

—1)* d
(@0 + 2,02 = I orue) .

Calculating the L? product of the nonlinear term and 9%%u, by integration by parts and
the Leibniz rule, we have

(WP~ 03w, 07" u) =(=1)*" 107~ (uP ™' 9Fu), 7 u)
=(—1)5"HuP o5, 05T ) + Oy (0, (uP ™) 05w, 05T u)
+ C (02 (uP~ 105 u, 05T u) + (the latter terms)

By integration by parts,
(the 2nd term) /(9 (uP ™10 u0 M u dx
:—/3 (uP™10,{(03u)?} da
_ _78 /T 92(uP ) (92u)? da,

which include at most s-th derivative of u. Thus, we have |(the 2nd term)| < |Jul|%. [|u]|5ee-
(the 3rd term) = C /T O2(uP~ 10 tudi T u da
= —C4 /T@I (92(uP~ )0 M) dSu da,
which include at most s-th derivative of u. Thus, we have |(the 3rd term)| < |Jul|%. |[ul/%ree.-

By the Gagliardo-Nirenberg inequality, the latter terms also satisfy the same estimate.
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For the 1st term, we have
(the 1st term) =(—1)* "' Py (w) |03 ulj2.

1
+ (1) N (w = — / uPtdz) 95 u, 95 ).
2 T

(2.10)

Here, we get the second term of (2.7) from the first term of (2.10). Below, we will get
the correction term of the modified energy (2.9) from the second term of (2.10). By

Plancherel’s theorem,

1
- —/up_l dz) 05 u, 95 )
T

27

((u™!
p+1
— S My 7 (iky)** (ikp g1 )T Hut ki)
(K1yenkipy1)EZP)
p+1
= > My My 7(iky)* ™ (ikpsr )T T ] ACE 1)
(K1 senkopy1)€ZP) =1

p+1
+ Y (U= M) Myz(iky) (k)™ [ it k)
(K1, kp+1)€Zép) =1
T+ 11

When (k1,...,kpt1) € supp{(1 — Mp)}, there exist j < p — 1 such that |k;| 2 |k,| +
uHHso Now, we apply the

|kpt1]. Therefore, we can easily show that |I1] < ||ul|%.
normal form reduction to I. Put v(t, k;) := eitk? u(t, k). Then, by differentiation by
parts

p+1

I = Z tq)(p)MHMNz(Zk ) ) S+ H t k?l

(k1,eskpy1)€ZP)
s+1 P+l

d e My My 7 (iky) ™ (ikyi1)
_a i otk
dt< 2. oI U o l)>
(kl ..... kp+1)€Z(()p)

Z etcb(p)MHMNZ(Z.kp) ’Lk/‘ +1 s+1 d ﬁ t k
— - o(
o) (K %
(k1yeeskpi1) €L
=, + 1.
We use 0(t, ki) = '™ G(t, k;) again. Then,
s—|—1 p+1

_d My My 7 (iky)* ' (ikp11)
lo= E( Z @(pl))(k(p ’ Hu bk )

(k1yeeoskopy1)€ZP)
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Here we got the correction term of the modified energy (2.9). By (2.8), we have
%v(t ki) = eithi (%ﬂ(t, i) + (i)t ) )
= ¢ (0, + O )ult, k),

— itk =1 920(t. k
= ey 2u(t, k),

which include the second derivative. We substitute it for I,. The symbol (ik,)* ! (ikp41)5T
includes two derivatives loss. Therefore, I, includes 2+ 2 = 4 derivatives loss. However,
by Lemma 2.3, we have |®®)| > |k,|* ~ |ky11]*. Therefore, the 4 derivatives loss can

2p—2
ullgeo™

be recovered by ®(P) in I,. Consequently, we get [I| < |lul|%.
Collecting the obtained results, we conclude

d MH hMNz(Zk? ) )
u(t, k) )
X @(p)(k@) H :
(kl ..... kp+1)€Z(<)p)
o+ P ()95l |
2p—2 r
S Nl (lullfro + lullF0®) S Nullfr 1+ lulFeo) S Es(u)(1+ By ()"
Since the correction term is real valued by Remark 2, we have

(2.11)

L jozut) 2 +

2dt

d /1 Mg p My 7 (iky)* ik )+ B
T Qopuz.+ Y, MmedlveW)” W)™ Traq 1))

(k1,...,kp+1)ez(()13) Q)(p)(k(p)) ey

+ Py (u)[|05+ w17
N ES(U)(l + Es, (u»r

Since sq is sufﬁciently large and s > sp, we can easily show

(2.12) <||uHL2 + Cllull 7577 S Bu(w) (1 + By (w))"

by the Sobolev embeddmg and (2.6). Here, we used the assumption r = (25 +1)(pmaz —
1)/2. From (2.11) and (2.12), we conclude (2.7). O

§3. Estimate of the difference of two solutions

For the proof of the uniqueness and the continuous dependence, we need an estimate
of the difference of two solutions. In this section we present it. For s > 0, we put

1
Fy(u1,uz) := §||3¢f~uo||2L2
p;j—1

Jo (ikp-)s+1(ikp-+1)s+1MNRj
: e =0 (kp. o (kp, 1 (),
+Z Z O ®s) (k(rs)) uo(kyp, )uo(kp,+1) 11:[1 uy (k)

(3.1)

Jj=1 k(pJ)EZ(pJ)
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where ug = u; — ug. See (2.2)—(2.5), for the definitions of the Fourier multipliers
@) (K®)), D, mMg’)h, M](\Y%.

< 1. Then, by the presence of ®(P3)

~Y

Remark.  Assume that ||uy||gso + ||uz|| g0
and Lemma 2.3, the second term of (3.1) can be controlled by the first term and we
obtain

(3.2) Fu(ur,us) ~ 05|22

Proposition 3.1.  Let s > 0. Assume that uy,ug € L([0,T) : H%"5(T))
satisfy (1.1) ont € [0,T). Then, it follows that

%FS(Ul(t); us(t)) + P (uy (8))[1057 (ur (8) — ua(t)) |72
(3.3) S Fa(un(8),ua () (1 + [lug (0) 5 pmaxteo.sr + 12 ()| Fmaxteg.er)
+Fo(ua (8), ua () [z (8) [ 3-0+01

X (1 + Hul(t)”szax{sO,s} _|_ HU/Q(t)Hilmax{so’s})(pmax_g)/z‘

(Pmax—1)/2

ontel0,T).

Outline of the proof. In the same manner as the proof of Theorem 2.1, we explain
the idea of the proof only for the simple case (2.8). Since jo = 1,a1 = 0,b; = 1,A\; = 1,
by the definition (3.1), we have

1
Fy(ui,u) = §H3§U0||%2+

(3.4) (ikp) >+ (kg )T MLF ), MY,
Z @(p)(E(p)) 7 Uy (ky) - ur (kp—1)uo(kp)uo(kpt1)
(K1yenkipy1)EZP)
where ug := u; — us and we omitted the index j. Calculating the L? product of

02%(uy — uo) and the difference of the linear parts of (2.8) for u; and us, by integration
by parts, we have
(-1)° d

(@ + 00 (ur = ua), 077 (w1 — u2)) = ~———

107 uo (6)1Z--

Calculating the L? product of 8%°(u; —ug) and the difference of the nonlinear terms for
u1 and us, we have
-1 _
(Wh 0%y — uh " Puy, 0%° (ug — ug))
—1/4s—1,, p—1 —1
(=110 (uy™ dgur — ub™ Oguz), 07 uo)
(=1~ 9wy — b 05 g, 95 o)

+ C (0, (W03 Uy — B (uh )O3 ug, O ug) + - -

(3.5)
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Here, we used integration by parts and the Leibniz rule. As we see in the proof of
Theorem 2.1, the most difficult term to estimate is the first term. Therefore, we omit
the proof of the estimate for the other terms and consider only the first term here.
(the first term) =(—1)*" (a2 95 (ug — ug), 05 ug)
+ (=1 (™ = ub )5 ua, 05 o)
=I+1I.
Since
I =(=1)"""Py(us(t))|03 uo ()1 22
+ (=1 = P (ua(1)))05 o, 95+ o),
in the same manner as (2.10), we obtain the second term of the left-hand side of (3.3),

the second term of (3.4) and error terms which are bounded by the first term of the
right-hand side of (3.3). Since

p—2
UII)_l — up_l = Up Z (—l)muﬁ)_Q_mugl,
m=0
by integration by parts,
p—2
1S Y [((@puo)uf ™ ™ ug 95 ua, O uo)|
m=0
(3.6) +H (o0 (uh g 95 us), D uo))|
p—2
=Y o + Ty .
m=0

When s = 0 or 1, it is easy to check that I, ,, is bounded by the first term of the
right-hand side of (3.3). When s > 2, by the Gagliardo-Nirenberg inequality, we have

Iam S 1070l 2 ]|0suol 2 105 izl Loe (Jlua ll poe + [luzllLe)P~

141 1—1 _ 1—1 1 _
S 105wl 1Y ol 1a 21053 23/ 2 Dy |12 05w |15 (fua |l o + | e )22

Since |z 1/ s|y|1 =1/ < |22 + |y|?, we have

1—|—1/8||a;u2||1/8

|05uol| V)l g + llusll ) (luol| g2 ]| @5 H3/2+3/26=1)

1-1
UQHLQ) /s

S N0zuoll L (lua | grmaxtoo oy + w2l grmaxtoo 1) + luol|Z2lualzeseo--

Therefore, I1, ,,, is bounded by the right-hand side of (3.3) from (3.2). In the same

manner,

Iy S Nluollcz 03uol 2 lluzll mreve (lunl 2 + lluzll2)P~2,
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which is bounded by the right-hand side of (3.3). O

§4. Proof of the main theorems

In this section, we give the outline of the proof of Theorems 1.2, 1.3 and 1.4. Here,
we introduce the following smoothing operator.

Definition 4.1. Forn € (0,1],s >0, f € H®, we put
Ty.sF (k) = exp(—n(1 + |k|*)*/?) f (k).

For the proof of the following lemma, see Lemma 6.4 in [10].

Lemma 4.2. Let 0 < j < s, 0 <1 and f € H*(T). Then, J,.f € H>*(T)

satisfies

| Jn,sf = fllzs =0 (n—0),
s f = Fllrre=s S 07N sy Wnsflas—s S e,
[ Tns fllerere S 075 fl| e

The approximation argument used in (Step 3) and (Step 4) below was introduced
by Bona-Smith in [2]. First, we give the proof of Theorem 1.2. By time reversibility,
we only need to consider positive time interval [0, 7).

(The outline of the proof of Theorem 1.2).
(Step 1) We consider the following regularized problem:

(4.1) (0 — €08 + )uc(t,x) = N(3ue, 0%ue, Opue,u.), (t,z) € [0,T) x T,
(4.2) ue(0,-) = () € H*(T),

where e € (0,1] and s > s¢. By the parabolic smoothing effect of —£9% and the standard
fixed point argument, we have the local well-posedness of (4.1)—(4.2) and the solution
is in C*°((0,7:) x T) where T, satisfies T, = 400 or liminf; ,7 ||u:(t)||gs = oo (See

Section 6.1 in [10]). In the same manner as the proof of Theorem 2.1, we have

%ES(“E(O) + Pry (ue(1))10; ue (1)][72 S Es(u()) (1 + Esy (us(t)))",

where 7 := (25 + 1)(p — 1)/2 and the implicit constant does not depend on . Recall

(4.3)

that Py = 0 and apply the Gronwall inequality to (4.3) with s = sg. Then, we have
the following a priori estimate:
1+ By, (¢)

(4.4) sup B, (ue(t)) < g < 14 Eso(9)
0st<T (1= CTro(1+ Esy(9))7)
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where T' = T'(Es, () = T(||@llm#0) and 79 := (2s0 + 1)(p — 1)/2. Combining (4.3) and
(4.4), we have

q
dt

Therefore, by the Gronwall inequality, we have the following a priori estimate:

Es(us(t)) S Es(u(t)(1 + Es ()"

sup B (ue(t)) < B () exp{C(1 + Eso(9))"T'} < 2E4(p)

for sufficiently small 7" = T'(r, Es,(p)) = T'(s, Es,(¢)). Iterating this argument, we
obtain

sup Es(uc(t)) < C(s, Eso (0)) Es(#)

0<t<T
Therefore, by (2.6),
28(Pmax—1)+2
(45) s llue®li < Cls Boy (D)l + Il 157 70%) = Ko(p).

Therefore, T' < T, and the solution u. exists on [0,7"). By (4.1), (4.5) and the Sobolev
inequality, we also have

(4.6) Sup 10eue (B)1F7e—s < (1 [lue (@) F=)P7ee S (1+ K(p))Prmes.

Let ¢ — 0. Then, by the standard limiting argument with (4.5) and (4.6), we have a
solution u to (1.1)—(1.2) such that

(4.7) sup_[[u(t)l|7- < Ks(p).
0<t<T

(Step 2) By Proposition 3.1 with s = 0 and the Gronwall inequality, we have

sup Fo(u1(t), uz(t))

0<t<T

< Fo(u1(0),u2(0)) exp (CT(1 + ||U1||2Loo([0,T):Hso) + ||u2HZLoo({o,T):Hso))(pm”_l)/2> =0,

which yields the uniqueness on [0, 7).

(Step 3) Fix s > sg. We will prove the persistence of regularity, that is u €
C([0,T) : H*(T)). Let ¢, := Jysp € H®(T). By (Step 1), we have the solution
u, € L>([0,7); H*(T)) to (1.1) with initial data ¢,, and

(4.8) sup ||uy ()50 < Ko(y)
<t<

0<t<T

for any o such that sy < o. Note that

<4~9) Ks—j(@n) N Ks—j(SO)a Ks—l—l(‘Pn) S 77_2l/sKs(80)
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for 0 < j < s and 0 <[ by Lemma 4.2. Moreover, we can take T = T'(||¢y| gs0) ~
T(|lellzrs0) since || op || mso ~ ||¢|| 0 by Lemma 4.2. Let 0 < " < n < 1. By Proposition
3.1 with uy := w,y, ug := u,, (4.8) and (4.9), it follows that

d !/

EFo(un(t),un(t)) < Fo(un (1), ty (1)) (1 + K (ip)) Proox=1/2,

Therefore, by the Gronwall inequality, (3.2) and Lemma 4.2,

sup |uy(t) — wy (8)|72 ~ sup  Fo(uy(t), u)(t))
(4.10) 0<t<T 0<t<T

S Folens o) ~ llon — e llie S llon — @l + [l — on 32 S nllellze

where T' = T'(||¢|| =0 ). By Proposition 3.1 with u; 1= w,, us := u,, (4.8) and (4.9), it
follows that
d
—F t () < F, t (N (1 + K (Pmax—1)/2
+F (uy (1), ())7* TV K (0) (14 K (p)) P2,
Combining (4.10) and (4.11), we obtain

(012) Py (1), (1) S (Bt (0) i (1) + 760 07) (14 () s,

By the Gronwall inequality and (3.2),

sup (|05 (uy () — wy (1) |72 ~  sup  Fy(uy(t), uy (1))
(4.13) 0<t<T" 0<t<T"

S Fy(pn, o) + 0?7500 105 (0, — @) [|72 + 2705 50 (n — 0)

where 7" depends on K (), that is to say 7" = T"(||¢||gs). From (4.10) and (4.13),
we conclude u, is a Cauchy sequence in C([0,7") : H*(T)). The limit u is a solution
to (1.1)—(1.2). Thus, by the uniqueness, the solution u obtained in (Step 1) is equal to
Uoo and in C([0,T") : H*(T)). Tterating this argument, we can extend the time interval
of the persistence result from [0,7") to [0,7T) since we have a priori estimate (4.7).

(Step 4) We will show the continuous dependence on initial data. In the same
manner as (Step 3), we only need to show it on [0,7"). Let @] := J, s¢7, ¢y := Jy s
and uj, (resp. uy) be the solution to (1.1) with initial data @) (resp. ¢y). By taking
7 — 0in (4.10) and (4.13),

@iy sl = u@l S rPllel + lon el +r2e

In the same manner,

sup |l (t) = w? ()| S w2197 1 Fe + o) — @ Fe + 704/,
0<t<T"
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Since

16}, = @7 llme S W ns(@? = @)llae + llon = ellas + o = & |l ae
S e = el +llog — ollae,

we have
sup [l (£) — u? ()13
(4.15) Ost=T"
S P llelEs + l¢7 — ell3s + llon — @llF +nPlemsoth/s,

By Proposition 3.1 with u; := u, ug := u,, in the same manner as (4.10), we have

sup lul () — uy(t)||72 ~ sup Fo(ul)(t), uy(t))
(4.16) 0<t<T 0<t<T

S Fo(@d,en) ~ 0 — enll3e S I’ — ¢ll3e.

By Proposition 3.1 with u; := u%, Ug 1= Uy, it follows that
d ; ; _
Sy s un(t),un(8)) S Fi(ug (t), ug (8)) (1 + K (p))Pmex =172
+Fo () (8), un (0)* T K (0) (14 Ky () Pmex=/2,
Inserting (4.16) into it, we have

i S (0), 00 ()

S (Bl (8),ug (1) + o7 — @l om0t V5) (14 K (i) P2

on [0,T). Applying the Gronwall inequaity, we obtain

sup |05 (ul) () = uy ()72 ~  sup  Fy(ul) (), uy(t))
0<t<T" o<t<T!

(4.18) 2(—so+1)/s

SJ Fs(SD‘%aSDn) + ||Q0‘7 - QOH%QU
~ 03008 = e)li72 + lI¢ = @ll7an? ot/
By (4.16) and (4.18), we conclude

(4.19) sup Hu%(t) — (D) ge < (1 +n0T/5)|07 — o ge.

0<t<T"
Here we take j = j(n) such that j — oo and n(=50+t1/5||w/ — ||grs — 0 as n — 0. From
(4.14), (4.15) and (4.19), we conclude

sup |u? (t) — u(t)| us
0<t<T"

S Sup lu? (8) = w ()|l e + 1wy () = wq ()]s + lun(t) = w(t)llz= — 0 (7 — 0).
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O

Next, we mention the outline of the proof of Theorem 1.3 briefly. The differences
between Theorem 1.3 and Theorem 1.2 on [0,7") are only the condition Py (y) > 0 and
the parabolic smoothing effect u € C*°((0,7) x T). Py (u(t)) is continuous function if u
is sufficiently smooth. Therefore, roughly speaking, we have Py(u(t)) > Pn()/2 > 0
for sufficiently small interval [0, 7). By using the second term of (2.7), we obtain a bound
not only for ||u(t)||z= but also for fg Pn (u(t))]|05T u(t')]|2, dt’ in (4.7). Therefore, we
obtain u(t) € H*™! a.e. t € (0,T). For any § € (0,T), we choose 0 < t; < §(1 —271)
such that u(t;) € H*T1. We repeat the same argument with initial time ¢;. Then, we
have u(t) € H*%? a.e. t € (t1,T). Wechooset; <ty < -+ < t, < §(1—27™) and iterate
this argument to obtain u(t) € H*T™+Y(T) on t € (t,,,T), that includes u(t) € C>°(T)
ont € (0,T). Since we can choose any small 6 > 0, we conclude u(t) € C*°(T) on
t € (0,7). By (1.1), we also have u(t) € C*°((0,T) x T). Note that we used the fact
that T' depends only on ||¢||gs0 and does not depend ||¢||g= in this argument.

Finally, we mention the proof of Theorem 1.4 We prove it by contradiction. Assume
p € H%(T) \ C=(T), Pn(y) < 0 and there exist a solution v € C([0,7"); H*°(T)). We
take sufficiently small ¢y > 0. Then, we have Py (u(ty)) < 0since Py (u(t)) is continuous.
We apply Theorem 1.3. Then we obtain a backward solution on (tg — 7", to] with initial
data u(tp). Since T"" = T"(||u(to)||m=0) and ||u(to)||g=0 ~ ||¢|lmg=0, We can choose
sufficiently small to satisfying 0 € (tg — T"”,tg]. Therefore, by the parabolic smoothing
effect in Theorem 1.3, we conclude that the solution is in C*°((tg — 7", to] x T). It
contradicts to the uniqueness and u(0) = ¢ ¢ C>(T).
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