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Abstract

The p-adic Langlands program is a series of conjectures about relations between p-
adic Banach representations of reductive groups and p-adic Galois representations. From
now, sufficient results are obtained only in the case of GL3(Q,) for the p-adic Langlands
program. One of the main problems in the p-adic Langlands program is to reconstruct
differential geometric lost data from Weil-Deligne representations in the classical local
Langlands correspondence. In the case of crystalline (or semistable) representations, the
lost data is highly related to triangulations of the associated (¢, I')-modules. We treat
problems about crystalline representation valued in general p-adic reductive groups in the
first three parts of this thesis. In the last part of this thesis, we concentrate locally analytic
subspace of completed cohomology groups of unitary Shimura curves, which is considered
to give a candidate of the locally analytic version of the p-adic Langlands correspondence
for GLo(K).

In this thesis, we study crystalline representations valued in p-adic reductive groups
and locally analytic completed cohomology of Shimura varieties. In the first part, we show
the existence of a crystalline lift of a semisimple G-valued mod p Galois representation
with regular Hodge-Tate weights with a fixed abelianization. This result is based on
the preprint [2]. In the second part, we introduce trianguline deformation spaces for
GSp,,, and show Zariski density of the crystalline points on the rigid generic fiber of the
framed deformation space of GSp,,-valued mod p Galois representations for irreducible
components with a regular crystalline point. This result is based on the preprint [1]. We
also calculate the dimension of each locus of Emerton-Gee stacks for GSp,,, and show the
more general Zariski density result for GSp,,,. In the last part, we show the existence
of isomorphisms between locally analytic completed cohomology and cohomology of flag
varieties with coefficients of locally analytic sections induced from Hodge—Tate period maps
for Shimura varieties of Hodge type. This result is based on the preprint [3].
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CHAPTER 1

Introduction

1.1. Outline of this thesis

In this thesis, we study some topics around the p-adic Langlands program. Especially,
we focus on

(1) Crystalline representations valued in p-adic reductive groups,
(2) Locally analytic completed cohomology of Shimura varieties.

In Chapter 2, for a finite extension K/Q, and a split reductive group G over Oy, for
a finite extension L/K, let p: Galg — G(kz) be a continuous quasi-semisimple mod p
G-valued representation of the absolute Galois group Galg. Let p*® be the abelianization
of p and fix a crystalline lift ¢ of p*”. We show the existence of a crystalline lift p of p
with regular Hodge-Tate weights such that the abelianization of p coincides with ¥. We
also show analogous results in the case that GG is a quasi-split tame group and p: Galg —
LG(FP) is a semisimple mod p L-parameter. These theorems are generalizations of those
of Lin and Bockle-Iyengar—Paskunas.

In the first part of Chapter 3, we introduce trianguline deformation spaces Xy,i(p) for
a GSp,,,-valued residual representation p: Galg — GSp,, (k), where k is a finite field of
characteristic p > 0 and Galg is the absolute Galois group of a finite extension K/Q,,
and study their properties. We show Zariski density of the crystalline points on the rigid
generic fiber X; of the framed deformation space of p under some conditions. In the
last part of Chapter 3, we calculate the dimension of each locus of Emerton-Gee stacks
for GSp,,,. Then we show Zariski density of the crystalline points on the rigid generic
fiber X5 of the framed deformation space of a GSp,,-valued mod p Galois representation
p: Galg — GSp,,,(kr), under a more general condition than that in Chapter 3.

In Chapter 4, for Shimura varieties of Hodge type, we show that there are natural iso-
morphisms between locally analytic complete cohomology groups and cohomology groups
for flag varieties with coefficient which is given by their perfectoid covers. This result is a
generalization of that of Pan for modular curves and Qiu-Su for unitary Shimura curves.

1.2. Crystalline lifts of semisimple GG-valued Galois representations with fixed
determinant

Let p be a prime number and K/Q, be a finite extension with its ring of integers O,
Galg = Gal(K/K) be the absolute Galois group of K, L/K be a sufficiently large finite
extension with its ring of integers Op. Let mg, my, be the maximal ideals of O, Oy, and
k, k1, be the residue fields of O, O, respectively. Let C, be the p-adic completion of K.

For a reductive group G over Oy, a continuous G-valued representation

p: Galg — G(L)

is Hodge—Tate (resp. crystalline, potentially crystalline) if for any algebraic L-
representation 7: G — GL(V), the composite 7op is a Hodge—Tate (resp. crystalline, poten-
tially crystalline) representation. For a Hodge-Tate G-valued representation p: Galyx —
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2 1. INTRODUCTION

G(L), we say that p has regular Hodge-Tate weights if for each o € Homg, (L, C,), the
associated cocharacter HT (p)? of Gc, is regular, that is, not killed by any root of Gc,
(see Definition 2.2.6). Let G be the abelianization of GG. The composite of p with
G(L) — G*(L) is written as p*®. We call it the abelianization of p.

A continuous representation

p: Galg — G(Oy)

is said to be Hodge—Tate (resp. crystalline, potentially crystalline) if the composite Galx LN
G(Or) <= G(L) is Hodge-Tate (resp. crystalline, potentially crystalline).

From here, let G be a connected split reductive group over Op, and let T' be a maximal
torus of G. We say p: Galg — G(kp) is quasi-semisimple if there exists a maximal torus
T’ of Gy, = G ®o, ki such that p(Igx) C T'(kr) and p(Galk) C Neg, (T")(kp), where
I C Galg denotes the inertia subgroup and NGEL (T") denotes the normalizer of 7" in
Gy, -
The first main theorem of this paper is as follows:

Theorem 1.2.1 (Theorem 2.3.6). Let p: Galgy — G(kr) be a quasi-semisimple
G-valued representation such that p(Ix) C T(kp) and p(Galg) C Ng(T)(kp). Let
PP Galg — G* (k) be the composite of p and the natural map G(kr) — G* (k). Let
V: Galg — G*(Op) be a crystalline lift of p*®. Then there exist a finite extension L'/L
and a crystalline lift p: Galx — G(Op/) of p with regular Hodge—Tate weights such that
0P = 1. Moreover, if we do not require that the crystalline lift p has reqular Hodge—Tate
weights, L'/ L can be taken to be a finite unramified extension.

Theorem 1.2.1 is a generalization of the results of Lin [58, Theorem 5, Theorem 6] and
Bockle-Tyengar—Paskunas [20, Proposition 2.6].

We also prove analogous results of Theorem 1.2.1 for potentially crystalline lifts of
semisimple mod p L-parameters for quasi-split tame groups over K. Let GG be a connected
quasi-split reductive group over K. We assume that G is tame, that is, G splits over a tame
Galois extension E of K. Write G for the Langlands dual group of G and G = G x Galg
for the L-group of G.

The second main theorem of this paper is as follows:

Theorem 1.2.2 (Theorem 2.4.5). Let p: Galy — LG(F,) be a semisimple mod p
L-parameter in the sense of [60, Definition 3.2.5]. Fiz a maximal torus S of G such that
p factors through S(F,) (see Theorem 2.4.3). Leti: G* — S be a right inverse of the
composite S — G — G*. For A = F; or Z; and an L-parameter T: Galg — LS(A), write
72 for the composite of T and the map *S(A) — LG (A) induced by the map i and we set
= p*. Let : Galg — LG (Z,) be a potentially crystalline lift of 1. Then p admits
a potentially crystalline lift p: Galg — YG(Z,) which has regular Hodge—Tate weights and
satisfies p* = ).

The existence of crystalline lifts with fixed determinant in the case of G = GL,, is
proved by Bockle-Tyengar—Pasgkunas [20, Proposition 2.6, Proposition 2.7]. In the paper,
they first proved the case where p: Galg — GL,,(F,) is absolutely irreducible and the
general case is deduced from the former case using the geometry of the Emerton—Gee
stacks. Also, Lin [58, Theorem 5, Theorem 6] showed the existence of crystalline lifts with
regular Hodge—Tate weights of quasi-semisimple mod p G-valued representations when
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G is a split reductive group over Ok (see [60, Theorem 5.3.1] for semisimple mod p L-
parameters for quasi-split tame groups). In this paper, we combine the methods of [20]
and [58], [60] to prove the existence of crystalline lifts of 7 with fixed abelianization.

The strategies of the proofs of Theorem 1.2.1 and Theorem 1.2.2 are based on Lin’s
strategies in [58] and [60], respectively, where the existence of crystalline lifts of semisim-
ple mod p G-valued representations is shown. In order to control the abelianizations of
crystalline lifts, we use the calculations of abelianizations of Galois representations via the
reciprocity map of local class field theory as in the work of Bockle-Iyengar—Paskunas [20].

1.3. Zariski density of crystalline points on GSp,,,-valued local deformation
rings

In Chapter 3, we will show the following theorem:

Theorem 1.3.1 (Theorem 3.14.1). Let X eq-crys be the subset of the points which is
crystalline with reqular Hodge-Tate weights in %g. If p> 3, then Xicg-crys s Zariski dense
in X3

We note that the special case of Theorem 1.3.1 when p = 2 will be shown. The
main ingredient of the argument under the condition of p = 2 is in Section 3.11. For a
fixed representation p: Galgx — GL,,(k), Emerton-Gee [39] has shown the existence of
a crystalline lift p: Galx — GL,,(L) for general p.

In the case of GL,,-valued representations, Zariski density of crystalline point on the
rigid analytic space X5 that is the rigid generic fiber of the framed deformation space of p
has been considered. This problem was solved by Chenevier [25], Nakamura [68], Iyengar
[48] and Bockle-Iyengar—Paskunas [20] in the general case.

1.3.1. Outline of the proof. Fix p: Galx — GSp,, (kL) from here. Theorem 1.3.1 is
an analog in the case of the universal framed deformation rings for G-valued representations
p studied by Balaji [4] for G = GSp,,,.

As a weaker form of Theorem 1.3.1, we will show the following proposition in advance:

Proposition 1.3.2 (Proposition 3.10.2). The Zariski closure %reg_crys is a union of
irreducible components of X5.

In [68], Nakamura has constructed the local eigenvarieties for calculating dimension of
a smooth point of i«eg-crys in each irreducible component 3 C X; and proved the assertion
analogous to the case of GL,,. However, we can use the method of [18] showing the
accumulation property around the benign points on the trianguline deformation spaces
instead. We also need to show the dimension is the same as that of X5.

We introduce (¢, [')-modules with GSp,,-structures (more generally, (¢,I')-modules
with G-structures) over Robba rings R, and construct trianguline deformation spaces
Xui(p) for GSp,, and morphisms X,i(p) = X5.

If G is a split algebraic group and 7' is a split maximal torus of G, let W(G,T) =
Na(T)/Ce(T) be the Weyl group. Fix an algebraic embedding r: G — GL,, of regular
type (Definition 3.5.5). Let ry(Derys(D)) = (Derys(D)) (7).

The correspondence of triangulations of D and refinements of De,ys(D) for crystalline
(¢, I')-modules D is generalized as follows:

Proposition 1.3.3 (Proposition 3.7.1). Let D be a crystalline frameable (p,T")-
module with G-structure over Ry. Assume the Frobenius action on r.(Deys(D)) has m
distinct eigenvalues in Ko ®q, L. Then there is a bijection from the set of triangulations of
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D to that of refinements of Derys(D). Moreover, if there is a refinement of Deyys(D), there
ezists exactly #W (G, T) refinements of Deys(D).

By Proposition 1.3.3 and the accumulation property of Xi,i(p), replacing L by its finite
extension, we may take a unique irreducible component 2),, in X;(p) which maps in 3 for
each element w of the Weyl group of GSp,,,. Let P,, be the triangulation of D associated to
w and Xp, (resp. Xpp,) be the (trianguline) deformation functor with the tangent space
TXp (resp. T Xpp,). Then the maximality of the dimension of each 3 is reduced to prove
the following surjectivity:

Corollary 1.3.4 (Corollary 3.8.14). Let D be a crystalline (p,T')-module with

GSpy, -structure over Ry, such that D 1is p-generic with reqular Hodge-Tate type and assume
that there exists a noncritical refinement of Depys(D). Then the map

b 1xXpp, —TXp
weW (GSp,y,,T)

1S surjective.

In the GL,, case, Corollary 1.3.4 is solved by Chenevier [26, Theorem 3.19] for K = Q,
and noncritical D, Nakamura [67, Theorem 2.62] for general K and noncritical D and
Hellmann—Margerin—Schraen [45, Theorem 3.11] for general conditions. In [26] and [67],
the problem is shown by studying the subspace of crystalline deformations and induction
on m. In [45], it is shown by studying the deformation functors of trianguline almost de
Rham L ®q, Bjy-representations and their local models constructed in [18]. However, it
seems that the direct generalizations of these methods do not work in the case of GSp,,,. We
reprove the GL,,-analog [45, Theorem 3.11] and show Corollary 1.3.4 explicitly calculating
a basis corresponds to each w € W(GSp,,,T') in section 3.8.

Let p: Galxy — GSp,,,(kz) be a continuous Galois representation and RﬁD be the uni-
versal framed deformation ring constructed by Balaji [4]. Write X7 = Spf(R7)"® for the
rigid generic fiber of Spf(R7)" as constructed in [51, Definition 7.1.3]..

In Chapter 2, the author showed the theorem for connected split reductive G-valued
semisimple representations. Zariski density of crystalline points on an irreducible compo-
nent of %% which has a crystalline point are shown in Chapter 3 using the geometry of the
trianguline deformation space of GSp,,. Therefore, when p is semisimple, the assertion of
Theorem 1.3.1 follows by the results of the two chapters.

In the general case, we also plan to show that each component of %? has a crystalline
point. By the result of Paskinas—Quast [70], it suffices to show that any representation p
has a crystalline lift with fixed abelianizations.

To prove Theorem 1.3.1 for reducible GSp,,,-valued representations p, we calculate the
dimension of each locus of the Emerton—Gee stacks Xk asp, red for GSp,,, constructed in
[59].

Theorem 1.3.5 (Theorem 3.13.1). Leta: Galg — GL,(F,) be an irreducible Galois
representation. The locus of T € Xk asp,, red Such that dime Homga, (@, i4(T)) > r is of
dimension at most

oo
donr = [K: Q,n* — <§ —3 + 1) :

The proof of Theorem 1.3.5 is based on the argument of [61, §10].
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1.4. Locally analytic completed cohomology of Shimura varieties of Hodge
type

Let p be a prime number and C,, be the completion of an algebraic closure of Q,. In this
paper, we relate the locally analytic completed cohomology of Shimura varieties of Hodge
type to certain cohomology of flag varieties. We also study 7-locally analytic completed
cohomology of unitary Shimura curves as the special case.

1.4.1. Main results for Shimura varieties of Hodge type. Let (G,X) be a
Shimura datum of Hodge type. For neat open subgroups K, C G(Q,) and K? C G(A>?P),
let Shic,x» be the attached Shimura variety and Sh = Shig!;, be its toroidal compacti-
fication under a fixed cone decomposition, which are seen to be rigid spaces over C,. For
a sufficiently small K?, let Sh%} be the perfectoid Shimura variety constructed in [54,
Proposition 6.1] and 7jef: ShY% — % (¢ be the Hodge-Tate period map to a flag variety
F U (cf. [83, Theorem IV.1.1]).

In this paper, we will study locally analytic subspaces of completed cohomology groups
of Shimura varieties of Hodge type

H'(K?, E) = limlim H}, (Shi, », Op) ®o,, E,
s Kp

H{(K?, E) = limlim H, (Shig, k», Or) ©o,, E
s Kp
where K, runs over compact open subsets of G(Q,). Then we relate them to certain
cohomology groups of flag varieties.
Let D = Shi i»\Shi, x» be the normal crossing divisor in Shig! ;. We can write D =
UaE ; Dk, .o for a finite set I such that each Dy, , is irreducible and Dy, p == Nuer Dk, q
is a smooth divisor for each subset I’ C I. Let tx, 2 Dk, p — Sh}?iKp denote the closed

immersion. Write Oy for the pro-Kummer étale sheaf of completed (bounded) functions
on Dg, . We let

fgh = ker (@Sh — @ LKp7a,*(/9\a> )

acl

Let Shig ., be the analytic site on the perfectoid Shimura variety Shi}. Let Og» =

71'%_?%7*((55}1‘ Shﬁ?é,an) and Zyp = Wﬁf%’*(fgﬂ Shﬁé’%,an) be sheaves of topological algebras on the

flag variety .Z/( in analytic topology. Let 0%, C Og» and )2, C Zx» be subsheaves of
locally analytic sections.

Theorem 1.4.1 (Theorem 4.5.9). For any i > 0 and a neat compact open subgroup
KP C G(A™P), there are natural G(Q,)-equivariant isomorphisms

(ﬁi(Kp>Qp)®QpCp>la = Hi(gzgm OII%P%
(HAK?,Q,)®q,Cp)* = H'(F,, Ti,)

Remark 1.4.2. Theorem 1.4.1 has been proved in the case of the modular curve in
[69, Theorem 4.4.6] and in the case of unitary Shimura curves in [73, §3.5].

1.4.2. Main results for unitary Shimura curves. Next, suppose that (G, X) is a
Shimura datum which gives a unitary Shimura curve defined over a totally real number
field F' # Q. Let p be a fixed place on F' over p. Let £/Q, be a finite extension such that
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each set X, = Homg, (F},, ) where @; is a place of F' over p has [F|, : Qp] elements.
Fix a place p = @ of F' over p and an embedding 7: F, — E in X,. We can write
G(Qp) = GLo(F,) x G(QY) where G(QF) be a p-adic Lie group. We let

K = K KYK? C GLy(F,) x G(QF) x G(A™®?)

be a compact open subgroup.
Similarly we define completed cohomology of unitary Shimura curves as

H'(K®, E) = limlim H, (Shi, kv, Op) ®oy, F,
s Kg

on which GLy(F,,) acts.
We can also consider completed cohomology H'(K?, E) of KP-level. Write Shg» for the
infinite level perfectoid unitary Shimura curve and mgr: Shgr — I%p be the Hodge-Tate

period map. Let Ogr g = TurOsh,p.p and O}{;{% be the 7-locally analytic subsheaf of
Okvr,g. We can similarly define OTK_@{%.
Theorem 1.4.3 (Theorem 4.5.12). There is natural G(Q,)-equivariant isomor-
phisms N
(H'(K¥, B)&g,C,)" ™ = H'(FL,, 07515 = H'(F L, 01)%).

Remark 1.4.4. We note that Theorem 1.4.3 is proved in [73, §3.5] in more general
settings, but we give another proof of this theorem. There are analogous results [69,
Theorem 4.4.6] for the modular curve, [77, Theorem 6.2.6] for analytic cohomology of
general infinite level Shimura varieties.

1.4.3. Outline of the proof. Let i be the Hodge cocharacter associated with a fixed
element h: Resc/r Gy — G(R) in X. A parabolic Lie subalgebra p, C g := Lie(Gg,) is
naturally attached to pu.

Our argument uses the embeddings of perfectoid Shimura varieties of Hodge type to per-
fectoid Siegel modular varieties. Since the anticanonical tower of Siegel modular varieties
has Tate’s normalized traces by [83, Theorem I11.2.36], we will verify that the following
proposition in the first part of Section 4.5.

Let (GSpy,(Qp), D) be a Siegel Shimura datum and fix a closed immersion of Shimura
data of Hodge type (G, X) — (GSpy,(Q,), D). Fix a sufficiently small compact open
subgroup K, K?" C GSp,,(A>) such that K; K*’ N G(A®) = K,K?. Let J = ;?gm, be a
toroidal compactification of the associated Siegel modular variety as a rigid space over C,.
For a sufficiently small open subspace U’ C ), we can attach an open affinoid perfectoid
subspace Shi% (U') C Shi%;.

We will compare local sections on perfectoid Siegel modular varieties and on perfectoid
Shimura varieties of Hodge type in Section 4.5. In the section, we use the detailed argument
in geometric Sen theory in [76].

We will also show a relation between completed cohomology of Shmura curves of K-
level and those of K¥®-level, making use of the proof of [77, Theorem 6.2.6] and certain
spectral sequences proved in the paper (Corollary 4.4.5).

1.5. Notation

For a group G and a subset S C GG, we write Ng(S) for the normalizer of S in G' and
Cq(9) for the centralizer of S in G. For a finite extension L/F of fields, let Ny, p: L* — F*
denote the norm map.
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Let p be a prime number. Let K be a finite extension of @, and K; be the maximal
unramified subextension of @, in K. We fix an algebraic closure @p of Q,. Let C, be the
p-adic completion of @p. We write ¢, for a m-th roots of unity. Let K, = K((») and
Ko =, Kn. Let k be the residue field of K, k" be the residue field K, and K{ = W (k').
We write I' := Gal(K,,/K). Let L be a sufficiently large finite extension of K such that
K splits in L and k; be the residue field of L and ¥ := Homg, (K, L). Let Galg be
the absolute Galois group of K. Let Wx be the Weil group of K. For a finite Galois
extension E/K, let Wg,/ i == Wi /W, where W is the closure of the derived subgroup
Wge of Wg, be the relative Weil group as defined in [87]. Let e: Galx — Z} be the
p-adic cyclotomic character. Let [k be the inertia subgroup of Galg. We fix a uniformizer
wg € Ok and normalize the reciprocity isomorphism recg: K* — W;l(b of local class field
theory such that wyg is mapped to the geometric Frobenius automorphism. Let B,,, U,,,
T, be respectively the standard upper Borel subgroup, its unipotent radical and the split
maximal torus of GL,, for m > 1.

If G is a group scheme over a ring A, let Rep ,(G) denote the full subcategory of the
category of G 4-modules whose objects are finite free A-modules (cf. [49, §1.2.7]). We write
I, = diag(1,...,1) for the identity matrix of size m. Let &, be the symmetric group of
degree m for m € Z-;. We have the natural isomorphism &,, = W(GL,,,T,,). For an
(mxm)-matrix (a;;);; € My, (A), we write “(a;;); ; for the transpose of (a;;); ;. For a scheme
or a rigid space X and its point = € X, let k(z) be the residue field of x. We define the
sign of Hodge-Tate weights of de Rham representations such that the Hodge-Tate weight
of the p-adic cyclotomic character is +1.

Let Cp (resp. Co,) be the category of local artinian L-algebra (resp. local artinian
O_-algebra) with residue field isomorphic to L (resp. kr), and for an A in ob(Cr) (resp,
ob(Cp,)) let m,y denote its maximal ideal and ¢4: A — L (resp. ¢4: A — kr) denote
the natural reduction map. For a functor F': C;, — Set, let T'F' denote the tangent space
ker(F(L[e]) — F(L)) of F.

For a scheme or a rigid space X, we write Bun(X) for the category of locally free
sheaves on the structure sheaf Ox. For an Ox-algebra Ay, we define Bun(Ay) as the
category of locally free Ax-modules. For a point x € X, let k, be the residue field at the
point .

For a commutative ring R, let R[¢] be the R-algebra naturally isomorphic to R[T]/(T?)
via € — T. We write M[e] .= M ®pg R[¢] for the R[e]-module base changed from M by
the inclusion R — R[e]. For a group scheme G over a commutative ring R, let Lieg(G) =
ker(G(R[e]) — G(R)) be the Lie module over R. Throughout the thesis, a “torsor” means
a torsor in the étale topology over a scheme or a rigid space.

For an algebraic group G over a complete discrete valuation ring R, write G for the
derived subgroup of G in [32, Theorem 5.3.1], which is the same as the classical definition
G = [G, G] in the case that R is a field. Let G := G//G9, which is representable by a
group scheme by [49, Part I, 5.6 (9)]. Write X*(G) := Hompg(G, G,, r) for the character
group of G. For a torus T over Spec R, we also write X, (1) := Hompg(G,, g, T") for the
cocharacter group of 7.

Let A be a commutative topological R-algebra. We equip G(A) with the topology due to
Grothendieck (cf. [31, Proposition 2.1]). For a continuous representation p: Galx — G(A),
let p**: Galg — G*(A) be the composite of p with the abelianization map G(A) —
G (A).
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For a perfect F,-algebra R, let W(R) be the ring of Witt vectors of R. Let Mat,x; be
the algebraic group of (a x b)-matrices, which is isomorphic to G2.

For a ring A, write M, (A) for the ring of n X n-matrix and A* for the subgroup of
invertible elements in A. For a matrix M, let M?" be the transpose of M. Let 7 =
[t prime Ze and ZP = [],,,Z¢ Let A Dbe the ring of adeles and A% be the ring of adeles
outside of S for a finite set S of places on Q.

For a finite extension L/Q,, let O be the ring of integers in L and wj, be a fixed
uniformizer in Op,. Let C be the field of complex numbers and C, be the completion of the
algebraic closure of ,. For a global field F' and a place v on I, let F, be the completion
of F' at v. In this case, write O, = Op, and w, = wg,.

For a field extension L/K and a scheme X over Spec K, let X, = X Xgpec x Spec L be
the base change. Let GL,, SL, be the general linear group and the special linear group
respectively. They are algebraic groups over SpecZ. Let Set, (resp. (Sch/S), Repp(G))
be the category of sets (resp. schemes over S for a scheme S, finite dimensional algebraic
F-representations of G for a field F' and an algebraic group G over F'). For a representation
W of a group G, let WV be the contragredient of W.



CHAPTER 2

Crystalline lifts of semisimple G-valued Galois representations
with fixed determinant

2.1. Introduction

In this chapter, we show the existence of crystalline lifts of semisimple Galois repre-
sentations valued in connected split reductive groups over rings of p-adic integers, whose
determinant coincide with a fixed one.

In Section 2.2, we explain an argument for lifting of maximal split tori-valued represen-
tations of inertia groups to representations of whole Galois groups valued in normalizers
of tori. In Section 2.3, we show the existence of crystalline lifts of semisimple G-valued
Galois representations with fixed determinant. In Section 2.4, we show the existence of
potentially crystalline lifts of semisimple L-parameters with fixed determinant.

2.2. Crystalline extensions to normalizers of tori

In this section, let G be a connected split reductive group over O, and T' be a maximal
torus of G, i.e., T be a fiberwise maximal and split Op-torus (cf. [32, Definition 3.2.1]).

We recall the notation of [58, §4]. Let ®x € Galg be a lift of a topological generator
of Galg /Ix = Z. Let W(G,T) be the Weyl group scheme of (G, T). For the ease of
notation, write W(G,T') for the group W(G,T)(Or) = W(G, T)(kr), which is a subgroup
of the finite group W (G, T)(L).

Let M7 erys, 1, denote the set of continuous 7'(Oy,)-valued representations I — T'(Op,) of
the inertia group I, which can be extended to a crystalline representation Galyx — T'(Oy)
for some finite unramified extension K’/ K inside @p. Let Mry, denote the set of continuous
mod wy, representations Iy — T'(kr) of I.

Both Mr crys, and My, are naturally equipped with the structures of Z[W(G,T))]-
modules defined by wv = (6 — wv(c)w™?) for w € W(G,T) and v € Mr sy (or
v € Mry,). Similarly, they are naturally equipped with the structures of Z[Galx /Ix]-
modules defined by av = (0 — v(atoa)) for a € Galx and v € My cys 1, (or v € Mry, ).

Definition 2.2.1. (1) A continuous G-valued representation p: Galx — G(kz)
is said to be G-irreducible if it does not factor through any P(ky) C G(ky) where
P is a parabolic subgroup of Gy, .

(2) A subgroup I' C G(kz) is said to be G-completely reducible if for any parabolic
subgroup P of Gy, such that I' C P(kg), there exists a Levi subgroup L C P
such that I' € L(kz). We also say that a continuous G-valued representation
p: Galg — G(kp) is G-completely reducible if the image of 5 is G-completely
reducible.

(3) We say p: Galx — G(ky) is quasi-semisimple if there exists a maximal torus 7"
of Gy, such that p(Ix) C T'(k.) and p(Galk) C Ney, (T")(kp).

9



10 2. CRYSTALLINE LIFTS WITH FIXED DETERMINANT

Note that a G-irreducible continuous G-valued representation Galx — G(kz) is G-
completely reducible.

Theorem 2.2.2. If a continuous G-valued representation Galg — G(kg) is G-
completely reducible, then p is quasi-semisimple.

PROOF. See [58, Theorem 4]. O

For showing the main theorem, we will reduce to the case where p: Galx — G(kp) is
G-irreducible. By Theorem 2.2.2, it suffices to consider the existence of a lift p: Galx —
Ng(T)(Oy) of p satisfying p(®x) = w™! for an element w € Ng(T)(Oy).

In the following, we generalize Lin’s argument in [58, §4] to the case that p(®g) is
not of finite order and the homomorphism Z — G(Op), 1 — p(Pg) can be topologically

extended to a homomorphism Z — G (Or).

Definition 2.2.3. For a Hausdorff topological group G, we say that a homomorphism
Z — G, 1 — g is extendable if it can be extended to a (unique) continuous homomorphism
7 — Q.

Lemma 2.2.4. Let ¢ be a prime number, m be a positive integer, G be a locally profinite
group, and g € G.

(1) If limg_ oo " = e, the homomorphism Z — G, 1+ g is extendable.
(2) The homomorphism 1 — g is extendable if and only if the homomorphism 1 +— g™
15 extendable.

ProOOF. (1) The homomorphism Z — G, 1 +— ¢ can be extended to Z; — G because
there exists a system {U,};>; of neighborhoods of the unity e € G, where each U; is a
profinite open subgroup of G. Then (1) follows by taking the composite of the projection
7 —» Zy with a map Z, — G.

(2) The “only if” part is obvious. If 1 — ¢™ is extendable, there exists a continuous
homomorphism ]/”\’: mZ — G which extends mZ — G, that is the restriction of f: Z —
G, 1+ g. For each a € [0,m — 1], the map

flra+mZ— G, a+mb»—>f(a)f’(mb)

a

is continuous. Since {a + mZ | a € [0,m — 1]} is an open covering of 7, the map
Uecfo,m—1) fa: Z — G is a continuous homomorphism which extends f. O

We prove the following lemma, which is proved by Lin [58, Lemma 4] when w has finite
order.

Lemma 2.2.5. Let (: Ng(T) — W(G,T) be the quotient map.

(1) Let v: Ix — T(OL) be a continuous representation such that v € My crys. For an
element w € Ng(T)(OL), the representation v extends to a continuous represen-
tation p: Galg — Ng(T)(Op) satisfying p(Px) = w™ and p|r, = v if and only
if

(NS ker(A]\4T,crys,L w MT,crys,L>-

(2) Let v: I — T'(kr) be a continuous representation such that © € Mry,. For an
element W € Ng(T)(kL), the representation U extends to a continuous represen-
tation p: Galxy — Ng(T)(kr) satisfying p(®x) = w ' and p|;, = U if and only
if

(()R1-10PK
ey

U E ker(MT,kL MT’]%).
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PROOF. (1) Assume that v € ker({(w) ® 1 —1® ®x: Mreysr — Mreyss). By [58,
Lemma 4], the representation v extends to a representation v': Wy = I xZ — Ng(T)(OL)
such that v'(®x) = w™! and v'|;,, = v. So it suffices to show that v’ extends to a continuous
representation of the absolute Galois group Galg, which is homeomorphic to the profinite
set I X 7.

Since the centralizer C(T) is the maximal torus 7" and the Weyl group W(G,T) is
finite, there exists a positive integer m such that w™ € T(Op). Fix an isomorphism
10T = G%OL. Then there is also a positive integer m’ such that the j-th component of
i(w™') € (0%)is in 1+ my, for every 1 < j < d. Then limy_,so(w™ )?* =1 in T(OL).
The limit also exists and equals to 1 since T(Op) is a closed subset of T(Op). So 1 + w™™
and then 1 — w is extendable by Lemma 2.2.4. The “only if” part is obvious.

(2) See [58, Lemma 4 (2)]. O

We recall the notion of labeled Hodge-Tate cocharacters following [58, §6 Definition
3].

Definition 2.2.6. Let G be a reductive group over L.

(1) For a Hodge-Tate G-valued representation p: Galx — G(L), there is a cochar-
acter HT (p)?: Gy, c, — G, associated with p for each o € X = Homg, (L, C,)
by Tannakian theory (cf. [58, Definition 3]). The labeled Hodge—Tate cocharacter
associated with p is defined by

HT(p) = (HT(p) )oes, € [ X.(Ge,).

oEX],

(2) A cocharacter of G, is said to be regular if it is not fixed by the action of each
root of G, with respect to a maximal torus of Gi¢, which contains the image of
the cocharacter. For a Hodge-Tate G-valued representation p: Galx — G(L), we
say that p has regular Hodge—Tate weights if for each ¢ € ¥, the cocharacter
HT (p)° of G, is regular.

We note that the terminology “colabeled Hodge—Tate cocharacter” is used in [58, §5.1]
instead of “labeled Hodge—Tate cocharacter” in this thesis.

2.3. Crystalline lifts of quasi-semisimple representations with fixed
abelianizations

We prove the first main theorem in this section. In addition to Lin’s argument [58,
Proposition 2, Theorem 6], we use the calculation of the norms of Galois characters due
to Bockle-Tyengar—Paskunas [20, Lemma 2.1] in order to construct a crystalline lift with
a fixed abelianization.

We use the notations in Section 2.2. In particular, let G' be a connected split reductive
group over Op and T C G be a maximal split Op-torus. We call the homomorphism
K* — O3 defined by wg — 1, Of 3 a — a the fundamental character (of K ), and the
composite of the fundamental character with the reduction map Oj — k* the mod wg
fundamental character (of K ). Write wg : K* — Oj, for the fundamental character of K.
Note that the fundamental character is the continuous character of K* associated with the
Lubin—Tate character, which is a crystalline character Galx — Oj.. Let unr(c): K* — O3
be the unramified character which sends the uniformizer wy to an element ¢ € 0. We
recall basic properties of crystalline characters of Galg.
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Lemma 2.3.1. The continuous character K* — O} associated with a crystalline char-
acter Galg — Oj can be written as the twist of unr(c) for an element ¢ € O; with a
homomorphism x +— [],. _, o(wk(x))* where ay € Z for each o € Homg, (K, L).

PROOF. Since a homomorphism Resg g, G x — Resy g, G, of Qp-tori comes from
IL,. x_ 0% for a, € Z, the lemma follows from [30, Proposition B.4]. O

Lemma 2.3.2. Let f := [k; : k] and Ky be an unramified extension of K of degree
f. Let G be a connected split reductive group over K and T C G be a K-split maximal
torus. Let M oo 1 C Mrperys,r be the ZIW (G, T)] @ Z[Galg [ Ix]-submodule which consists
of continuous T(Op)-valued representations of Ik that can be extended to a continuous
representation Galg, — T(OL). Then the natural reduction map M% L — Mpy, is
surjective.

crys,

PROOF. The group Mry, is generated by the mod wg, fundamental character. Since
it lifts to the fundamental character of Ky which extends to a crystalline character of Galg,
(i.e. the Lubin-Tate character of Galg, ), the assertion follows. O

We will construct a regular crystalline lift from a crystalline lift by twisting a crystalline
lift which has sufficiently generic Hodge-Tate weights and the trivial abelianization. Such
a lift is constructed by local class field theory and the following lemma:

Lemma 2.3.3. Consider the map
w—1: X, (T) = X.(T), x+— ad(w)(x) - x*
for every non-trivial element w € W(G,T). Let X**: X (T) — X,.(G*™) be the homo-
morphism of the cocharacter groups induced by the composite T — G — G*. Then the
property
(Ry) : the rank of ker(X™)/(ker(X?®) Nker(w — 1)) is positive
is satisfied for every non-trivial element w € W(G,T).

PROOF. Let Z be the center of G and G* := G/Z be the adjoint group of G. Let
X.(G*) be the image of X, (T) by the natural map X,(7T') — Hom(G,,, G*). There exists
a natural isomorphism

X.(T) ©7Q = (X.(2) ®2 Q) ® (X.(G™) ®7 Q)

since the composite Z < G — G is an isogeny.

The center and the adjoint group of G is trivial and the Weyl group of G is naturally
identified to that of G®. Therefore, the lemma follows from the case where the center of
G is trivial. In this case, each non-trivial element w € W(G,T) of the Weyl group acts
non-trivially on X, (7"). Thus the lemma follows. O

Let (X*(T), R, X.(T), R") be the root datum of (G,T). The following result is well-
known.

Lemma 2.3.4. Let a € X*(T) be an algebraic character of T. Then « is the restriction
of an algebraic character of G if and only if (o, ¥) =0 for any ¥ € R".

PROOF. See [49, Part II, 1.18 (3)]. O

Lemma 2.3.5. The composite T — G — G* has a right inverse, that is, there exists
a homomorphism G® — T such that the composite G® — T — G is the identity.
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PROOF. Since the composite T — G — G2 is surjective, the induced map X*(G**) —
X*(T) is injective. Let M := im(X*(G?) — X*(T)). It suffices to show that the quotient
X*(T)/M is torsion-free.

The set M consists of those elements a € X*(T') such that (a, ) = 0 for any 8¥ € R
by Lemma 2.3.4.

Let a € X*(T) which satisfies na € M for an integer n. Then we have (na, ) = 0
for any ¥ € RY. Since (na, 5¥) = n{a, V), we have (a, 8¥) = 0 for any ¥ € RY. Hence
a € M. This shows that X*(T")/M is torsion-free, and the assertion follows. O

We prove the first main theorem of this paper.

Theorem 2.3.6. Let G be a connected split reductive group over Op and T be a split
mazximal torus of G over Oy,

Let p: Galg — G(kr) be a quasi-semisimple G-valued representation such that p(Ix) C
T(ky) and p(Galg) C Ng(T)(kr). Let p*: Galg — G (kr) be the abelianization of p
and ¥: Galg — G®(Op) be a crystalline lift of p*. Then there exist a finite extension
L'/L and a crystalline lift p: Galg — G(Op) with reqular Hodge—Tate weights such that
pab — 1/)

Moreover, if we do not require that the crystalline lift p has reqular Hodge—Tate weights,
L'/ L can be taken to be a finite unramified extension.

ProOF. Step 1.

First, we introduce the notations of [58, Proposition 2| needed in the proof of the
theorem. We naturally consider My cyys 1 and My, as Z[W (G, T)]®Z]|Galk /Ik]-modules.
For an element 7 € W(G,T), write

. TRI-1RP K
MT,T,crys,L = ker(MT,crys,L ? MT,crys,L)a
. TR1I—1RP K
MTJ,k‘L = ker(MT,k’L MTJ‘I)

for subgroups of Mp crys 1, and Mry, .

From here, let 7 € W(G,T) be the image of p(®%') by the quotient map
¢: Ne(T)(kr) — W(G,T). Then we have p|;, € My, .

Let f = [kr : k] and K; be an unramified extension of K of degree f. We may assume
that L is sufficiently large so that 7/ = 1 by replacing L with a finite unramified extension.
We take a finite unramified extension L'/L such that L’ contains all embeddings K — @p
for f € Z>1. We put

-1
== Z ® (IJ{(_I_Z.
1=0

Let MP o C Mpeysz be the ZIW (G, T)] ® Z[Galg /Ix]-submodule which consists of
continuous 7'(Op)-valued representations of I that can be extended to a continuous rep-
resentation Galg, — T(Or). We put Mp_ ., = M2 .. N Mpzeys . Note that the
natural reduction map M3 ..., — Mgy, is surjective by Lemma 2.3.2.

Since (1 ® 1)Y = (1 ® ®x)f = id on both Mz ysr and Mry,, we have an injection

EMP rys — M3, So we have the following maps:

T,crys,L*
=240 0
‘-’MT,Crys,L — MT,T,crys,L — MT7T7CYYS7L - MT,T,’?L'
It follows that the composite of the maps is the same as the composite of the natural
surjection EMp, .. ; — EMrpy, and the natural isomorphism

:MT,k'L = MT,T,kL
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in the proof of [58, Proposition 2]. Thus the composite ZMp, ... ;, = Mr -, is surjective.

Step 2.

Next, we prove the existence of crystalline lifts with fixed abelianizations. Fix isomor-
phisms G% x Gd = G% x T" 2 T for a split torus 7" by Lemma 2.3.5.

For A = ki, or Op, and a continuous representation r: H — T(A) of a locally profinite
group H, we write r;: H — G,,(A) = A* for the i-th component of r via the isomorphism
Gl x G& = T for each i € [1,dy + dy].

Let p' € My, be a continuous representation such that Zp' is mapped to p|;, by the
natural isomorphism ZMpy, = My, in Step 1. We construct an element p' € M3,
as follows:

crys,L’

e For dy+1 <i < dy+dy, as T(Op)-valued representations, take p; € Mg ..
be mapped to 7; by the surjection M@ ... — Mg, k, (see Lemma 2.3.2).

o For 1 <i < dp, let ¢;: Galg — OF be the i-th component of 1. The character
Yi: K* — OF associated with 1; may be written as the twist of an unramified
character unr(c;) with z — [[, . -, ; o(wk ()%, where ¢; € O}, a,; € Z for each
o € Homg, (K, L) by Lemma 2.3.1. We may assume K; # K. Then there exist
distinct integers by; (s € Homg, (K, L)) such that the character

1, to

0: Ok, = Op, x> H 5(a)Pe

s€Homg, (K¢,L")

satisfies the following conditions by [20, Lemma 2.5].
— The integers b, ; (s € Homg, (K¢, L')) are pairwise distinct.
— The character ¢ lifts the character O — k7, associated with the composite

of I, — I and 7.
— O(x) = i(x) for all z € OF.
Let p;: Ik — O;, be the composite of the following maps

rec !

A | R PR
]K:]Kf%WKf_» Ky E\Kf

\ ‘L/*7

Then the continuous T'(Of)-valued representation p' € My ... 1, constructed as above
satisfies the following properties:

e The image of p' by the surjection M. ..o 1, — Mpy,, is 7.
e The abelianization p: Ix — G*(Oy/) is extendable to a crystalline representa-
tion ¢': Galg, — G**(OL/) such that 1|y, is the same as the composite

,w/
rech ab |WKf

Wic — Wi 0% K oy |G — L5 Wb s GP(O).

Let R and ZR’ be the T'(Op/)-valued crystalline representations Galg, — T(Op)
extended from p' and Zp' respectively as above. By the calculation in the proof of [20,
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Lemma 2.1], we have

(ER)™(reck,(v) = [[  RB*(oreck,(y)o)
o€Gal(K;/K)

= JI RB*™eck, (o)

oeGal(K;/K)

- R’ab(reCKf (NHle/K(y)))
— ¢|WK(reCK(Nme/K(y))))
= ¢|fo (rec, (y))

forany y € K. Here, the first equality follows from the fact that each 7% acts trivially on the

abelianization p'*, the fourth equality follows from the second bullet of the properties of the

representation p' € My, and the last equality follows from Nmy . /x orecl}i = recy' o\

crys,L’»
by local class field theory, where A: Wf(l; — Wab is induced by the inclusion Wy ;= Wk.
So we have (ER’)ab|WKf = ¢|Wz<f7 and by continuity (ZR')* = w|Gale. Moreover, it

follows that the image of Zp’ by the surjection ZMp, .. ;v — Mprk,, is 20 = Plr, by the
construction.

Let w € Ng(T)(Opr/) be an element which is a lift of the element p(®x)~'. We may
assume that the image of w by the composite Ng(T)(Op) — G(Op) — G*(O) is
Y (®x)~! by the assumption of the existence of a right inverse of the map 7' — G=.

Since EMP s v C M}, rysps» there exists a continuous representation p: Galg —
Ne(T)(Or) C G(Oy) such that p[Gale = ZR’ and p* = ¢ by Lemma 2.2.5 (1) where w

is taken as above. Then p is a crystalline lift of p satisfying p*” = 9. But the Hodge Tate
weights of p are not necessarily regular.

Step 3.

Finally, we show the existence of a crystalline lift with fixed abelianization which has
regular Hodge-Tate weights. We prove it by an argument of Lin [58, Lemma 12, Theorem
6.

Let ¢: T'— G be the embedding and fix embeddings Ky C L' C C,. For constructing
such a crystalline lift with regular Hodge—Tate weights, we first show the existence of a
crystalline representation t: Galy, — T(OL) satisfying the following properties for each
o € Homg,(L,C,):

o HT(i(t))” is regular if o[, coincides with the fixed embedding K; — C,.
e HT(i(t))? is the trivial cocharacter if o[k, does not coincide with the fixed em-
bedding Ky — C,.
e %" is trivial.
The existence of such ¢ is reduced to show ker(X2?) ¢ Uwew (. ey ker(w — 1) by
considering powers of the fundamental character of Ky for each coordinate of T'(Op/) =
(O3,)%Td1 (see the proof of [58, Lemma 12]). In fact, let

€ ker(X2P)\ U ker(w-1)
weW (G, T)\{e}
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Then the composite

—1
rec g

a * * AU CL’(L)
Wi, - Wi, ?ﬁ K; < L* 2 Gu(L') = T(L)
extends to a required crystalline representation ¢: Galg, — T'(L'). The assertion follows
from Lemma 2.3.3.

For such ¢, let vy € M. be the composite of the following maps

crys, L’

tlrg

I = IKf —> T(OL/)

Then we have v§> = 1. For a sufficiently large positive integer M, the representation v’

v-(Zwg)MN | where v = p|;,. and N is the cardinality of k%, satisfies v/*” = (- (HUO)MN)ab =
v* and v’ = 9. Since v, Zvg € EM} .o ;o C MJ_ ... 1/, the representation v’ extends to a
continuous representation p”: Galxy — G(Oy/), which is a crystalline lift of p by K, C L’
and [58, Corollary 2. We have p"*"|;, = p®|; by the construction. So replacing L'
with a finite extension, there is an unramified representation u: Galxy — Z(Op/) whose
composite with the map Z(Op/) —> G (Op) is (p"*P) L+ p*P since Z — G2P is an isogeny
of algebraic tori. Then p., == up” is a crystalline lift of p which satisfies preg = p*P =)
by the construction. In addition, the representation p..; has regular Hodge-Tate weights
since for each o € Homg, (L', C,), there exists an integer i € [0, f — 1] and an element

o' € Homg, (L', Cp) such that o = o’ o I and
HT (Zv0)” = 77HT (vp)7 77"
by the calculation in the proof of [58, Theorem 6]. O

2.4. Potentially crystalline lifts of semisimple L-parameters with fixed
abelianizations

In this section, we also prove the existence of potentially crystalline lifts with a fixed po-
tentially crystalline abelianization of semisimple mod p L-parameters for connected quasi-
split tame groups.

First, we recall the definitions of L-groups and L-parameters following [60, §2, §3]. Let
K/Q, be a finite extension and G be a connected quasi-split reductive group over K. Fix a
K-pinning (B, T, {X4}) of G. The pinned group (G, B, T,{X.}) has a dual pinned group

(G B T {Y,}) defined over Z. Let E C K be a splitting field of G, which is a finite Galois
extension over K. The Galois action on the based root datum induces a Galois action
Gal(E/K) — Aut(G, B, T, {Y,}). Write G := G x Galg (see [21] and [88, §1.1] for more
details). Write £{x} = Galy for the L-group of the trivial group.

Definition 2.4.1 (cf. [60, Definition 3.1.1, Definition 3.1.3]). Let G, H be connected
reductive groups over K and GG, H be their Langlands dual groups.

(1) For a finite ring A, a group homomorphism
G(A) x Gal(E/K) — H(A) x Gal(E/K)

is said to be an L-homomorphism (with A-coefficients) if each element g x o €
G(A) x Gal(E/K) is sent to h x 0 € H(A) x Gal(E/K).
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(2) For a finite ring A, a group homomorphism
G(A) 3 Wy — H(A) x Wik
is said to be an L-homomorphism (with A-coefficients) if each element g X o €

G(A) x Gal(E/K) is sent to h x o € H(A) x Gal(E/K).

(3) For a finite ring A, a group homomorphism

G(A) x Galg = “G(A) — "H(A) = H(A) x Galg

is said to be an L-homomorphism (with A-coefficients) if each element g x o €
G(A) x Galg is sent to h x 0 € H(A) x Galg, and there exists an open subgroup
I' C Galg such that 1 x 0 € G(A) x Galg is sent to 1 x 0 € H(A) x Galg for
every o € I'.

(4) An L-parameter (of Galg (resp. Gal(E/K), Wg/k) for G with A-coefficients) is

an L-homomorphism
Galg ~ H“{x}(A) — *G(A),
(resp. Gal(E/K) — G(A) x Gal(E/K), Wy — G(A) x Wg/x),

defined up to G (A)-conjugacy. Note that an L-parameter can be considered as an
LG(A)-valued Galois representation Galg — “G(A).

(5) For a profinite ring R, an L-parameter (for G with R-coefficients) is a compatible
system of L-parameters Galg — “G(A), where A is a finite quotient of R.

(6) For A =k, or Z,, an L-parameter (for G with A-coefficients) is the composite of
an L-parameter Galg — “G(A’) for a finitely generated Z,-algebra A’ C A and
the inclusion “G(A4’) — LG(A).

Definition 2.4.2 (cf. [60, Definition 5.1.1]). Let A C Z, be a discrete valuation
ring. For a connected quasi-split reductive group G over K which splits over a finite

Galois extension E/K, an L-parameter p: Galx — G(A) x Gal(E/K) is said to be crys-
talline (resp. potentially crystalline) if for some closed embeddings of algebraic groups

G x Galg/g — GLg for some d > 1, the composite Galg — CAJ(A) x Gal(FE/K) — GL4(A)
is crystalline (resp. potentially crystalline).

An L-parameter p: Galg — LG(F,) is said to be semisimple if p is semisimple in the
sense of [60, Definition 3.2.5].

The following Langlands—Shelstad factorizations of semisimple L-parameters are shown
in [60].

Theorem 2.4.3 ([60, Theorem 3.4.1]). For a semisimple L-parameter p: Galg —
LG(F,), there exists a tame K-torus S of G and a canonical L-homomorphism *j LSF,, —

LGFP such that p factors through ;.

For a semisimple L-parameter p: Galx — LG(FP), we fix a tame K-torus S C G
satisfying the condition of Theorem 2.4.3 in the assertion of Theorem 2.4.5.
For A =Z, or F,, note that the module

Hclont(WE/Kv X*(TE> Xz A*) (resp‘Hclont(GalK7 X*(TE) Xz, A*))
is naturally bijective to the set of @(A)—conjugacy classes of L-parameters

Wik — G(A) x Wy (vesp. Galg — YG(A) x Gal).
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We also use the p-adic local Langlands correspondence for tori with divisible coefficients.

Theorem 2.4.4 ([13]). For a K-torus T with splitting field E, which is a finite Ga-
lois extension over K, and a divisible abelian topological group D, there exists a natural
1somorphism

Hl

cont

(We/k, X*(Tg) ®z D) = Homeow (T(K), D).
Write Ty =T X, E. Then the following natural maps

*

HY o (Galg, X*(Tg) @7 F,) — HY o (Weyk, X*(Tp) @2, F,),

*

H,oi(Galg, X*(Ti) @2 Z,) = Hioe (Wi, X*(Ti) ®2. Z,)
are also isomorphisms.

PROOF. For the first isomorphism, see [13], [60, Theorem 4.3.1]. Let A be a finite
discrete ring. Then the set of L-homomorphisms Wg/x — T(A) x Wg/k is naturally

bijective to the set of L-homomorphisms Wy — T(A) x Wi since W acts trivially on T.

By [60, Lemma 3.1.2 (2), (4)], an L-homomorphism Wy — T(A) x Wy naturally
corresponds to an L-parameter Galg — “G(A). So we have an isomorphism

(241) Hclont(GalK, X*(TE) ®Z A*) l> Hclont(WE/K7 X*(TE> ®Z A*)

By taking limits of the isomorphisms (2.4.1) for finite discrete coefficients A, we have an
isomorphism

(2.4.2) Heone(Galge, X*(Tr) @7 Of) = Heoe(Wiyie, X*(Tr) @2 OF)

for each finite extension E/Q,.

Finally, to obtain the last isomorphism of the theorem by taking colimits of (2.4.2), it
suffices to show that the image of each continuous representation Galx — “G(Z,) (resp.
Wgik — @(Zp) X WgyK) is included in *G(O) (resp. G(Op) % Wik ) for a finite extension
OL/Z,. The assertions are shown by the following Baire category argument.

For the continuous representation p: Galg — LG(Z,), we have

p(Galg) = | J (p(Galx) N*G(OL)),
Or/Zyp

where O /Z, runs over finite extensions. By Baire category theorem, there exists a fi-
nite extension Of,/Z, such that the closure p(Galg) N G(Or) contains an open subset of
LG(Z,), so that the index

Ip(Galg): p(Galg) N p(Galg) NEG(Oy)|

is finite. Thus there exists a finite extension O, /Oy, such that p(Galx) C “G(Oy).

The case of Wg/x — @(Zp) X Wk is similar by the above argument replacing Galg
with the image of Iy — Wx — Wg/k. O

For a K-torus S and an L-parameter p: Galg — LS(F,), let [p]: Galx — LS(Z,)
be the L-parameter induced by the isomorphisms in Theorem 2.4.4 for D = F; and the
Teichmiiller character F, — Z (C W(IF,)*) from p.

Theorem 2.4.5. Let G be a connected quasi-split tame group over K and p: Galg —

LG(F,) be a semisimple mod p L-parameter. Fiz a tame K-torus S of G such that p factors
through LS(F,). Leti: G* — S be a right inverse of the composite S — G — G=P.
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For A = F; or Z; and an L-parameter 7: Galg — LS(A), write 7 for the composite
of T and the map *S(A) — LG*(A) induced by the map i and we set 1 = p*®.

Let ¢: Galg — LG*(Z,) be a potentially crystalline lift of . Then 7 admits a poten-
tially crystalline lift p: Galg — LG(ZP) which has reqular Hodge—Tate weights and satisfies
P =1

PRrROOF. Let E be a finite Galois extension of K such that the image of p is contained
in LG(E), S splits over E, ¥|qal, is crystalline, the character Galy — k* associated with
the mod wg fundamental character is trivial on Galg. We fix an embedding F < K and
a uniformizer wg € E.

For a K-torus T which splits over E, let Nmg/g: T(£) — T(K) be the norm map
induced by Nmpg/x: Resp/xkTp — T, where T = S xg E. By Theorem 2.4.4 and [60,
Proposition 4.3.3], we have the following commutative diagram

* —

HE(G™) —=> Homeons(G*(K), Z,)) — Homeon (S(K), Z) <—— HE(S)

p

l"GalE J{‘ONIHE/K i‘ONmE/K l'lGalE

* —

HE(G™) —=> Homeou (G (E), Zy) — Homeout (S(E), Z,) < HE(S)

R

where Hi(—) = H:  (Galg, X*(— xx K) ®z Z;).

By the existence of the right inverse of the map S — G, we have S =~ G2 x &'
for some K-torus S’. Let pg: Galx — LS(F,) be the £S'(F,)-component of p. Then
[pg]: Galg — £S'(Z,) is a potentially crystalline L-parameter with its reduction pg since
its image is finite. Let

= (0, [pe]) € Hi(G™) ® Hy (') = Hi(S).

It follows that p is a potentially crystalline lift of 7 and we have p'*® = 1 by the construc-
tion.

Note that Gal(E/K) acts on X,(Sg) = X*(Sg). For a character z € X*(Sg), let
Xz: S(E) — Z; be the composite of a character z(F): S(F) — E*, the fundamental
character E* — 0%, and a fixed inclusion Op — ZZ.

By Step 3 of the proof of Theorem 2.3.6, there exists a cocharacter x € X*(§ £) which
is regular, i.e., not killed by any roots of S , and the trivial abelianization.

It follows that for any o € Gal(E/K), the cocharacter o -z € X*(§E) is also regular,
and the L-parameter corresponding to X, = Xz|s(x) has regular Hodge-Tate weights by
[60, Lemma 5.2.6].

Then p'p"", where p” € HL(S) is the potentially crystalline representation corre-
sponding to ., has regular Hodge—Tate weights for a sufficiently large integer M. The

L-parameter p/p""[7"]~™ is what we want. O






CHAPTER 3

Zariski density of crystalline points on GSp,,-valued local
deformation rings

3.1. Introduction

In this chapter, we prove that the subspaces of crystalline points in universal framed
deformation spaces of GSp,,-valued mod p Galois representations are Zariski dense, under
some conditions.

The content of the first half of this chapter is based on the paper [1]. In Section
3.3, we recall the notation of (¢, I')-modules over Robba rings and their fundamental
properties. In Section 3.4, we extend the argument of (framed) (¢, I')-modules to G-valued
ones, following Lee [56] for G = GSp,, and Lin [59] in the general case. In Section
3.5, we introduce the notion of (¢, I')-modules with G-structures over general bases. In
Section 3.6, we introduce trianguline deformation spaces for GSp,,,. In Section 3.7, we
show the correspondence between triangulations of D, (p) and refinements of De,ys(p) for
G-valued crystalline representations p. In Section 3.8, we explicitly calculate the tangent
spaces of deformation functors of Dyi.(p). In Section 3.9 we prove locally irreducibility and
accumulation property of the trianguline deformation spaces for GSp,,,, which generalizes
the result of Breuil-Hellmann—Schraen [18]. In Section 3.10, we prove the main theorem
for irreducible components with a regular crystalline point.

The goal in the latter part of this chapter is to weaken the assumption for the theorem
stated in the first part. In Section 3.11 we find sufficient conditions for the existence of
crystalline lifts from partial lifts of GSp,,-valued mod p Galois representations for p = 2.
In Section 3.13, we calculate the dimension of the Emerton-Gee stacks for GSp,,, following
the method of Lin [61]. In Section 3.14, we prove the main theorem of this chapter.

3.2. Notation

In the following two chapters, we adopt a notation of general symplectic groups GSp,,,
as follows: Let GSp,, be the split reductive group over Z defined by

GSp,,,(R) = {g € GLa,(R) | *gJg = sim(g)J for some sim(g) € R*}

for any commutative ring R, where J is defined by x = (z;;);; in GLg, such that z;; =
sgn(j —4) if i +j = 2n + 1 and otherwise x;; = 0. There is the natural morphism
rstd: GSpg, — GLag, of the group scheme over Z given by the definition. We define
the standard Borel subgroup as B = GSp,, NBs, and the standard maximal split torus
T = GSp,,, NTs, of GSp,,, embedding GSp,,, into GLy,, by rgq. We fix the isomorphism
T = G™ such that (¢y,...,t,41) € GUM 2 T is sent to the element

(t1, oty b sty oyt 1) € Top

by the embedding T' — T5,.
21
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3.3. (¢,I')-modules over Robba rings

We introduce the sheaf of relative Robba rings Rx for a rigid analytic spaces X over
Q,. See also [53, §2, §6] and [46, §2]. Let X denote a rigid space over Q,. We write Uk
for the unit open disc over a p-adic field K’ and Uy, C Ugs denotes the admissible open
subspace of points of absolute value > r for some r € p2N[0,1). For an r as above, we
write R’y for the sheaf

XDU~TWU xU,x,00xu_,,)
0

and we write Rx for the sheaf J,.,R%. This sheaf of rings is endowed with a continuous
Ox-linear ring homomorphism ¢: Ry — Rx and a continuous Ox-linear action of the
group I' (See [43, §6.1]).

If X = Sp(A) for an affinoid algebra over Q,, we write R4 = I'(Rsp(a), Org,,,) for
the Robba ring with coefficient A. The ring R is not noetherian, but a Bézout domain
(cf. e.g. [8, Proposition 1.1.1]). Let M C R} be a Rr-submodule, the module

M= :={m e R} | 3f € R\{0}, fm € M} = (M @z, Frac(Rz)) N R}

is called the saturation of M and we say that M is saturated if M** = M or, which is the
same, if R} /M is torsion free (cf. [6, §2.2.3]).

Let X be a scheme or a rigid space over Q,. A K-filtered ¢-module over X or a filtered
p-module over X if the p-adic field K is understood is a coherent Ox ®q, Ko-module F
that is locally on X finite free together with an id ® @-linear automorphism ®: F — F
and a decreasing filtration on Fi = F ®g, K by Ox ®q, K-submodules that are locally
on X direct summands as Ox-modules.

A (¢, I')-module over Rx consists of an R x-module D that is Zariski locally on X finite
free over Rx together with a ¢-linear isomorphism ¢: D — D and a semi-linear ['-action
commuting with ¢. We write ®Fx(X) (resp. ®Fk,,,(X)) for the category of K-filtered
¢-modules (resp. K-filtered p-modules of rank m) over X. We also write ®T'(Rx) (resp.
OI',,(Rx)) for the category of (¢, ')-modules (resp. (¢, I')-modules of rank m) over Rx.

Let X be a rigid space defined over L. We associate to a K-filtered p-module F over
X of rank 1, a (¢, I')-module Rx(F) over X as follows. First we assume X is an affinoid
Sp(A4). By [53, Lemma 6.2.3], there exists a uniquely determined

(a, (k;)r) € T(X,0%) x Z*

such that
F = Fa;(kr)r) = Fa R Ko®q,0x F((kr)r)

such that F, is a unique free rank one Ox ®q, Ko-module on which OFo: @l gt via the
multiplication with a ® 1, the graded module of F, i is concentrated on degree 0, the
underlying p-module structure of F((k;),) is trivial, and

Ox (i =—k,)
for all 7 € ¥ = Homg, (K, L). If F = F, for some a € I'(X, O% ), we define
Rx(Fo) =F, Q0o ®q, Ko Rx

where ¢ acts diagonally and I' acts on the second factor. Let 0: K* — I'(X,Ox)* be a
continuous character. We can write § = ;02 such that 51\0;( = 1 and ¢y extends to a

(" (F((kr)r)) ®oxeq, Kider Ox = {
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character of Galg. Then we set
Rx(6) = Rx(Fsi(wx)) Orx Frig(02)-

The construction of Rx(d) is well-defined and the multiplication of characters §: K* —
I'(X, Ox) corresponds to the tensor product of (¢, I')-modules.

For an embedding 7 € ¥, we also write 7: K* — L* for the restriction of 7 to K*. It
follows that R.(7) is a (¢, I')-submodule of the trivial one R, by [53, Example 6.2.6, (2)].
Since Ry, is a Bézout domain, there exists an element ¢, € R generating the submodule
R(7). Using the notations, we write

RX(‘F((]{:T)T)) = (H ti‘r> 'RX - 7—'\)'X [%}

TEX
with actions of ¢ and I' inherited from R x [ } Finally we define
Rx(F) = Rx(Fa)@rx Rx (F((kr)-)).

For a general X, the constructions § — Rx(9) and F +— Rx(F) are valid by gluing locally
on X. In the case X = Sp(L), we note that the construction is compatible with the
d = Rx(0) via the functors De,ys and Vs of Fontaine.

The functor Homeon (Of, G (—)) from the category of rigid spaces over Q, to the
category of abelian groups is representable by the rigid generic fiber of Spf(Z,[[O%]]).
Let W denote this rigid space, it is called the weight space of K. We define T as the
functor that associate a rigid space X with the abelian group Homeon (K*, G, (X)). Tt is
also representable by a rigid space which we denote by 7. There is a natural restriction
T — W and T is identified with G,, x W by 6 — (6(wk),6|oz.). Note that the set
of isomorphism classes of (p,I')-modules over Ry, is naturally bijective to T (L) by [53,
Theorem 6.2.14, (i)]. For (k;); € [].. k.1 Z, let 6((k;);): K* — L* denote the character
2= [ 7(2)"

Let A denote the maximal p-torsion subgroup of I'. For a (¢, ')-module D, we define
a Herr complex C*(D) as

7B (p-1)

(90_17’7/_1) DA EB DA DA)

(D*
where 7' is a topological generator of I'/A and the first term is of degree 0. Write H*(D)
for i-th cohomology of the complex C*(D) for i € [0,2]. We also write € for the composition
eorecg: K* — L* of the p-adic cyclotomic character € and recg, which is the same as

Nk /g, - INkyg,| = 0((L,..., 1)) - |6((L,..., 1))].
Lemma 3.3.1. For a6 € T(L), then

(1) H°(RL(8)) # 0 if and only if § = 6((—k;),) for some (k:); € [1,. ko Z>0-
(2) H*(RL(8)) # 0 if and only if § =€ - 6((k;);) for some (k;)r € [].. ks Z>o0-

(3) dimp(H(RL(9)) = [K: Q,) if and only if & # 6((—k;),) and § # €-6((k,),) for
all (kr)r € [1,Z>o.
PROOF. See [53, Proposition 6.2.8]. O

Corollary 3.3.2. Let §: K* — L* be a continuous character. Then a non-zero (p,T)-
submodule of R1(0) is of the form (], cxtv )R 1(6) where k, > 0.

PROOF. See [53, Corollary 6.2.9]. O
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We write Treg C T for the set of regular characters, which is the set of 6 € 7 such that
d 7£ 6((_kT)T) and o 7£ €- 5((k7)7> for all (kT)T € HTZZO-

For an integer d > 0, let 7,2, C T denote the set of regular parameters (é,. .., 04) € T*
such that 0;/0; € Treg for i < j. Note that T2, # (Treg)”

A character § € T(A) is algebraic of weight (k.), if 6 = §((k,),) for (k;), € Z*. We
say that & € T(A) is locally algebraic of weight (k.), for some (k.), € Z~ if 6 @ 6((—k,),)
becomes trivial after restricting to some open subgroup of O7.

A point § = (81, ...,04) € T4A) is algebraic (vesp. locally algebraic) if the i-th factor ;
of § is algebraic (resp. locally algebraic) for ¢ € [1,d]. The (locally) algebraicity of elements
of W¥(A) is similarly defined.

Lemma 3.3.3. Let 6 = (01,...,04) € T4 (X) for a rigid space X over L. If D is a

successive extension of Rx(8;) which are ordered by §, then H*(D) is a locally free Ox-
module of rank d[K: Q,)].

PROOF. See [46, Proposition 2.3]. O

3.4. Framed (p,')-modules with G-structures

3.4.1. Framed (¢, I')-modules with G-structures over Robba rings. Let A be
an affinoid algebra over @, and R4 be the Robba ring with coefficient A. We introduce
frameable (¢, ')-modules with G-structures over R4 defined in [59, §9.2]. Let G be an
algebraic group over K. We fix a faithful algebraic embedding G — GL(V) over K and

choose a trivialization by: V = G™. Write Viy for V @p (=). Let T% be the trivial
G-torsor over R 4 defined by

(3.4.1) R+ {trivializations b: Vz = R®™ | b= g o by for some g € G(R)}.

Write p*Vgz, for Ra®, =, Vr,, Where ¢ acts on the first factor, and ¢*by: p* Vg, — Rfm
for the trivialization which sends 1 ® by '(e;) to e;, where {ey, ..., e,,} is the standard basis
for G™. Similarly as above, write T% % for trivial G-torsor over R 4 defined by

(3.4.2) R~ {trivializations b : ¢*Vg — R®™ | b= g o ©*b, for some g € G(R)}.

The cases of T7"% for v € I' are the same as above. Let f: Vr, — Vz, be a p-semilinear
morphism, Under the condition of by o (¢* f) € T¥ %, the association b+ bo (p* f) defines
a morphism 7% — T%% of G-torsor. Let f also denote the last G-torsor morphism and
/v, denote the morphism G, — Gg, of trivial G-torsors induced by f and the fixed
trivializations by, ¢*by. Let I, be the identity matrix (ei|es|---|en) € GL(G]') and we
put [fle, == fo,(Im). Then we have the following lemma.

Lemma 3.4.1. For a p-semilinear map f: Vg, = Vr,, a y-semilinear map g: Vg, —
Vr, forv €T, and h € G(R,),

[f 0 gloy = [flnoP([9]66)
[g o f]bo = [g]bof)/([f]lm%
[flhove = h[flooe(h) .

PROOF. See [59, Lemma 9.2.1, Lemma 9.2.2]. We note that g (resp. f) does not need
to be y-semilinear (resp. ¢-semilinear) in the first (resp. second) equation. O
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Definition 3.4.2. We define framed (p,I')-modules with G-structures over R 4 as data
([6],[7] | v € T) of coordinate matrices of G(R4) C GL,,(R4) such that [¢]p([y]) =

[Y]7([¢]) for any v € T and
F—)G(RA)7 v ['y]

are continuous homomorphism.

3.4.2. Framed (p,[')-modules with G-structures over Fontaine rings. Let A be
a Zy-algebra. We introduce frameable (¢, I')-modules with G-structures over the Fontaine
ring A4, which is defined in [59, §9.2]. We note that the argument of this section is
essentially the same as in Section 3.4.1, in which the case over Robba rings. Let G be
an algebraic group over K. We fix a faithful algebraic embedding G — GL(V) over K

and choose a trivialization by: V —» Gm™. Write V(_) for V ®p (—). Let T% be the trivial
G-torsor over A 4 defined by

(3.4.3) R — {trivializations b: Vi — R®™ | b= g o by for some g € G(R)},

where R runs over A y-algebras. Write ¢*V, , for Ay®, 4,Va,, where ¢ acts on the first
factor, and ¢*by: ©*Vi, — Af’im for the trivialization which sends 1 ® b, 1(e,~) to e;, where
{e1,...,en} is the standard basis for GP™. Similarly as above, write T%¢ % for trivial
G-torsor over A 4 defined by

(3.4.4) R+ {trivializations b : ¢*Vz — R®™ | b= g o ¢*by for some g € G(R)}.

The cases of T7"% for v € I" are the same as above. Let f: V4, — Vi, be a p-semilinear
morphism, Under the condition of by o (¢* f) € T¥ % the association b+ bo (p* f) defines
a morphism 7% — T%™% of G-torsor. Let f also denote the last G-torsor morphism and
/v, denote the morphism G,, — Gj, of trivial G-torsors induced by f and the fixed
trivializations by, ¢*by. Let I, be the identity matrix (ei|es|---|en) € GL(G]') and we
put [fle, == fo,(Im). Then we have the following lemma.

Lemma 3.4.3 ([59, Lemma 9.2.1, Lemma 9.2.2]). For a p-semilinear map f: Vi, —
Vi, ay-semilinear map g: Va, — Va, fory €T and h € G(A,),

[f Og]bo = [f]bo(p([g]bo)’
[g © f]bo = [g]bo’y([f]bo)w

[flhobe = R flogp(R) ™.
Let G be an algebraic group over K.

Definition 3.4.4. We define framed (¢,1')-modules with G-structures over A, or
framed (@, T")-modules with G-structures when A is obvious as data ([¢],[y] | v € ') of
coordinate matrices of G(A4) C GL(AS™) such that [¢]p([v]) = [v]7([¢]) for any v € T
and

I'= G(Aa), v+ D]
are continuous homomorphism. A G-torsor with semilinear (¢, I")-structure which is iso-
morphic to a framed (¢, ')-modules with G-structures is called frameable (¢,1")-modules
with G-structures.

By the associations (3.4.3), (3.4.4) and their subsequent argument, it is also possible
that framed (¢, I")-modules with G-structures are constructed as geometric torsors natu-
rally included in (¢, I')-modules with GL(V')-structures. [59, Lemma 9.2.3] shows that the
two pairs ([¢], [v] | v € ') and ([¢], [y]' | ¥ € T") are equivalent (as frameable (¢, I')-modules
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with G-structures) if and only if there exists h € G(A4) such that [¢] = hl¢]'¢(h)~! and
[v] = hly]y(h)~! for any v € T'. Let ®T'¢(A,4) denote the category of frameable (¢, T)-
modules with G-structures over Ay4.

3.5. (¢, I')-modules with G-structures

In this section, we introduce the Tannakian formalism to define (¢, I')-modules with
G-structures over general bases.

3.5.1. (¢,I')-modules with G-structures over general bases. Before defining gen-
eral (¢, ')-modules with G-structures, we review Tannakian formalism over schemes or
rigid spaces.

Lemma 3.5.1. For a scheme or a rigid space X over K, the category of G-torsors over
X is naturally equivalent to the category of exact tensor functors Repy(G) — Bun(X).

PROOF. The case of schemes is [57, Theorem 2.5.2]. For rigid spaces, the proof of
[85, Theorem 19.5.2] is applied in the case that Repy(G) = Repg(G) is defined over
K. Since the set of quasi-compact admissible opens of X is naturally bijective to that of
quasi-compact opens of the associated adic space X!, the Lemma follows. 0

Let ®I'(R4) (resp. the category of ®I',,(R4)) denote the category of finite projective
(p,I')-modules (resp. finite projective (¢, I")-modules of rank m) over R 4.

Definition 3.5.2. Let X be a rigid space. We define a (¢, I')-module with G-structure
over Rx as a exact tensor functor Repy(G) — ®I'(Rx) whose underlying fiber functor
Repk (G) — Bun(Ry) is associated with a geometric étale G-torsor which is étale locally
on X trivial by the equivalence of Lemma 3.5.1. For an affinoid algebra A over K, (p,I')-
modules with G-structures over R4 are similarly defined.

Morphisms between (i, I')-modules with G-structures over a fixed Ry or R 4 are natural
transformations of the exact tensor functors.

We note that (¢, I')-modules with G-structures over R 4 can be seen as geometric torsors
over R4 with semilinear (¢, I')-actions. A (¢, [')-module with G-structure which is isomor-
phic to a framed (¢, I')-modules with G-structures is called a frameable (p,I")-modules
with G-structures. Let ®T'¢(R4) denote the category of frameable (¢, I')-modules with
G-structures over R4, which is a full subcategory of the category of (¢, ')-modules with
G-structures over R 4.

[59, Lemma 9.2.3] shows that the two pairs ([¢],[y] | v+ € TI') is isomorphic to
([¢],[7] | v € T) (as frameable (p,T')-modules with G-structures) if and only if there
exists h € G(R4) such that [¢] = hl¢]'¢(h)~" and [y] = h[y]'y(h)™" for any v € T.

Let P be a parabolic subgroup of GG. There exists the Levi decomposition P = U x L
where U is the unipotent radical and L is the Levi subgroup. Write ad: L — GL(U) for
the adjoint action. We assume that U is abelian and fix an isomorphism b: U = G]'. When
([¢],[v] | v € T) € ®T'p(R), write [¢] = [¢v][¢r] and [y] = [yuv][yz] for the factors of Levi
decompositions. By abuse of notation, write adj_j for the matrix bo ad;_job~' € GL(G").

Lemma 3.5.3. We have
(adig,),adpy,) | v €T) € ob(®lercr)(Ra))-

PRrOOF. It follows adjg ¢(adpy) = adpyy(ady) by [59, Lemma 9.4.2]. Since the con-
jugate actions are continuous homomorphisms, adf, for v € I' induce a continuous homo-
morphism I' — GL(RY™). O
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For a framed (¢, I')-module with GL,,-structure ([¢], [7] | v € I'), we define the framed
Herr complex C*(adj4,],ad},,) | v €T) as

Al —1 A [A]1—1 ’_ my—1 A/ —1_

where v is a topological generator in I'/A. This complex is naturally isomorphic to the Herr
complex C*(D) where D is a frameable (¢, ')-module with G-structure that corresponds

to ([¢], ] [y €T).

Lemma 3.5.4. For a framed (o, ')-module with L-structure ([¢r], [vz] | v € T'), the
A-module of the extension classes of ([¢r],[yL] | ¥ € ') to a framed (p,I')-module with
P-structure is naturally isomorphic to the module H*(C*(ady,),adp,) | v € T)).

PROOF. We set
H' = H'(C*(adjy,},adp,) | v €T)),
Z' = ker(C'(adjy,},adp,) | v €T)) = C*(ad,), adp,; | v €1))).

There is an injective homomorphism L — P, which induces a framed (¢, I')-module with
P-structure ([¢°], [y°] | v € T) from ([¢z], [y2] | v €T).

Each element x € Z! naturally gives a (o, ')-module with P-structure ([¢.], [v.] | 7 €
I'). We construct a natural map

Z' — M, s (The isomorphism class of ([¢"][¢.], [7°][7.] | ¥ € T)),
We can easily check that the above map induces a bijection H' = M. 0

3.5.2. Embeddings of regular type and spaces of Borel extensions. For the
natural immersion 7' C G, fix an isomorphism T = G¢. We write Tz for the parameter
space T¢ = Homeoy (K*, G2 (—)) = Homeon (K*,T(—)). Similarly define Wy and the
restriction 7r — Wr as in Section 3.3.

We say that an element 0 in T7(A) or Wr(A) for A € Cp is algebraic (resp. locally
algebraic) if the corresponding object in T is algebraic (resp. locally algebraic).

Definition 3.5.5. We define embeddings of (G, B,T) of reqular type as faithful alge-
braic embedding ¢: G — GL,, such that the following conditions are satisfied:

(1) 7 induces a morphism (G, B,T') — (GL,,, By, 1)) and G N B, = B.

(2) The inverse image of 7;7i under the composite Tr — Tr,, = T™, where the last
isomorphism is induced by the fixed T2 G¢ | is Zariski open and Zariski dense in
Tr.

(3) There are lift homomorphisms ¢: W(G,T) — Ng(T') and /: W(GL,,, T5,,) —
N, (T),) such that (io)(W(G,T)) C J/(W(GL,,, T),)). In this case, the embed-
ding i induces a natural inclusion of Weyl groups W(G,T) — W(GL,,, T,,) and
we see W(G,T) as the subgroup of W(GL,,, T),).

(4) For the sets A(B) = A(G,B,T) = {ai,...,a}, A(By,) = A(GL,,, By, Th,) of
simple roots of (G, B, T'), (GLy,, By, Trn), there is a partition A(B,,) = AL - LA,
such that the subgroup Wa, C W(GL,,, T,,) associated with A; C A(B,,) contains
the nontrivial symmetry s; in Wi,y C W(G,T).

(5) There exists a sequence §) = Iy C I} C --- C Iy = A(B) of subsets of A(B)
such that the unipotent radical U+1 of Lz NP = L (L1+1 N U;) is abelian for
i €{0,.. — 1}, where P is the parabohc subgroup of GL,, associated with the

subset Ii C A( ) C A(By,) and P; = U; x L; is the Levi decomposition.
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A split reductive group (G, B,T) is called of regular type if it has an embedding of regular
type.

Example 3.5.6. Let us consider the case G = GSp,,,, B is the standard Borel subgroup
and T is the maximal split torus. Recall that we have fixed an isomorphism 7" = G™!
in Section 3.2. Then the standard representation rgq: GSp,, — GLa, is regular type.
The lifts W(GSp,,,T) — Nasp,, (T)) and W(GLy,,T:n) — New,,(Thn) which send each
element to a symplectic permutation matrix induces the injection of the Weyl groups
W(GSps,,, T') — W (GLay,, To,) = Say,. As the subgroup of G, W(GSp,,,, T') is generated
by

{(1,2)(2n — 1,2n),(2,3)(2n —2,2n—1),...,(n—L,n)(n+ 1,n+2),(n,n + 1) }.
Lemma 3.5.7. Under the situation of Definition 3.5.5, we have f’z NG =PF,.

PROOF. Since there exists compatible lift homomorphisms ¢: W(G,T) — Ng(T) and
/' W(GL,, T,,) — Nau, (Th,) by the assumption, the lemma follows from the Bruhat
decomposition. O

The following lemma is often used in the paper.

Lemma 3.5.8. Let R be a commutative ring and G be a reductive group scheme over
R. For any R-Levi subgroup of a parabolic R-subgroup of G, the natural map

HY(R,L) — H'(R, P)
15 bijective.
PROOF. See [42, XXVI, Corollaire 2.3]. O

Lemma 3.5.9. Let us naturally see Rx as the scheme Rx — X. Let P be a parabolic
subgroup and P = U x L be the Levi decomposition. Then any extension of a geometric
étale L-torsor over Ry which is Zariski (resp. étale) locally on X trivial to a geometric
étale P-torsor over Rx is Zariski (resp. étale) locally on X trivial.

Proor. This follows from Lemma 3.5.8. O

Let (G,B,T) be a split reductive group of regular type and fix an embedding
(G,B,T) = (GL,, By, T),) of regular type. We write Tr,e for the inverse image of
Treg under the composite Tr — Tr,, = T™. We set p; to be the composite of the fixed
isomorphism 7' = G% and the i-th projection G¢ — G,,.

Let D be a (¢, I')-module with G-structure over Rx. Let P: Repy(B) — PI'(Rx) be
a (¢,T')-module with B-structure. Write P x? T x?i G,,,: Repg(G,,) — ®T(Rx) be the
composite of P and the restriction Repy(G,,) — Repg(B) induced by B — T = G% 2%
Gy, which can be naturally associated with a classical rank one (¢, I')-module R x(d;) for
some 6; € T(X). If the composite of P with the restriction Repy(G) — Repg(B) is
identical to D, we call P a triangulation (with the parameter 6 = (d1,...,0q)) of D.

If G = GSp,,, triangulations of an object in ®I'ggsp, (Ra) for an affinoid Qp-algebra A
can be translated into those of the associated rank 2n (¢, ')-module which are preserved
by the symplectic form.

A (p,I')-module with G-structure D which admits such a triangulation P is said to
be trianguline (with the parameter § = (01,...,04)). When G = GL,, for m € Zs,
the notations are compatible with those of (¢, ')-modules of rank m. We consider the
functor S that assigns to a rigid space X over L the isomorphism classes of quadruples
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(D,P,o,v = (v1,...,v4)), where D is a (¢, ')-module with G-structure over Ry, P is a
triangulation of D, § € Tryes and

vi: P xBT xP G, = Ry (6;)
is a trivialization.

Proposition 3.5.10. For a split reductive group (G, B,T) and a fivzed embedding G —
GL,, of regular type, the functor S is representable by a rigid space and the map S — T yeg
is smooth of relative dimension [K: Qp)(dim B — dim T').

ProOOF. Since the embedding G — GL,, is of regular type, there is a natural inclusion
A(B) C A(By,) of the sets of simple roots and a sequence ) = Iy C I; C -+ C Iy = A(B)
such that the unipotent radical U+1 of Li 1N P, = Ly(Li.1NU;) is abelian for i € 0,5 —1].
It also induce an injection of Weyl groups W(G,T) — W(GL,,,T,,). Write P; for the
parabolic subgroup of G associated with the subset I; C A(B). We have é NG = P; by
Lemma 3.5.7. Thus, the unipotent radical U/, of Li11 N P; = L;(Li+1 N U;) is also abelian
and we have a natural immersion Uj,, — (7{ +1- Then we will successively consider the
space of extensions of (¢, I')-modules with L; N B-structures to that of (¢, I')-modules with
Liy1 N B-structures for each i € [0,s — 1].

For each i € [0, s — 1], we write S;;1 for isomorphism classes of quadruples (D, P,d,v =
(v1,...,vq)), where D is a L;41 N B-torsor over Ry, P is a triangulation of D, § € T req
and

Vit P xB T xP G, = Rx(6))

is a trivialization. Note that S, = S.

We assume that S; is representable by a rigid space X; for some i € [1,s — 1]. Let
gt(vi; L;H — GL([Z’H) (resp. adZJr1 L;., — GL(U/,,)) be the adjoint map where LZJrl
(resp. Lj,,) is the Levi subgroup of Lis1 N P (vesp. Liy1 N P;). We also write Dy (resp.
D) for the induced (¢, I')-module with GL((Z’H) structure (resp. (¢, I')-module with
GL(U/ +1) -structure) over Ry, from the universal (¢, I")-module with L; N P,_;-structure
Y; by audZ +1 (resp. ad;, ). Note that U! ;.1 and U, are isomorphic to direct sums of finite
copies of G,. Let r; be an integer such that Uj, ; = GJ'.

The (¢, T')-module lN)l-H admits a triangulation, which is defined over K, with parameter
in 7;§g. So considering the intersection of D, and the triangulation of lN)iH, here D;,; also
admits a triangulation with parameter in 7;§g. It follows that the extension classes of the
universal (¢, I')-module with L; N B-structure Y; to (¢, I')-modules with L; ;N B-structures
are classified by the locally free sheaf H'(D;y1) of rank r;[K: Q,] on X; by Lemma 3.3.3,
Lemma 3.5.4, and Lemma 3.5.9. According to the Tate-duality ([53, Theorem 4.4.5]), we
find that

MXi = (gjxt%zxi (RX“ Di+1)
is also locally free Ox,-module of rank r;[K: Q,]. We may put
Siy1 = SpecX/_(Sym' MX();

where Spec is the relative spectrum in the sense of [29, 2.2]. Tt follows that the morphism

S — T reg i smooth of relative dimension [K : Q,](dim B —dim T') from the construction.
0
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3.5.3. (p,I')-modules with GSp,,-structures. In the last part of this section, we
show some properties of (¢, I')-modules with G-structures in the case of G = GSp,,,.

We will associate representations p: Galx — GSp,,(A) with framed (¢, I')-module
with G-structure over R 4.

Lemma 3.5.11. There is an equivalence of groupoids

P Galg — GLa,(A), x: Galgy — GL1(A), }

{p: Galx — GSpy,(4)} — {(P L X @) a2 PV (@®@y) toa=—1

PROOF. See [56, Lemma 4.1.2]. O

Similarly, we obtain the equivalence for framed (¢, I')-modules with G-structures.

Lemma 3.5.12. There is an equivalence of groupoids

D € ob(®I'y,(R4)), § € ob(®I'\(RA)), } ‘

®Lesy,, (Ra) = {(D’(S’ VN D= (D) ©6 (@) toa= -1

Then we construct a symplectic version of the functor Dy, (cf. [53, Theorem 2.2.17])
as the composition of the following functors:

/ Drig /
(:0: GalK — GSan(A)) = (p ,X,Oé) — (Drig(p )7 Drig(X)7Drig<a))a

where the first map is from Lemma 3.5.11. By the equivalence of groupoids in Lemma
3.5.12, (Drig(p'), Drig(x), Drig(r)) determines functorially the equivalence class of frameable
(¢, I')-modules with GSp,,,-structures over R4. Fix a quasi-inverse of the equivalence in
Lemma 3.5.12 and let D,i,(p) denote the image of (Dyig(p"), Diig(X), Drig(cr)) by the functor.

Lemma 3.5.13. There exists a fully faithful and exact functor
{p: Galg = GSp,,(A)} = Plasp,, (Ra) (p: Galg — GSpy,(A)) = Diig(p)

from the category of continuous homomorphisms p: Galxy — GSp,, (A) to the category
of frameable (p,1")-modules with GSp,,-structures over Ru. It also commutes with base
change in A.

Proor. Existence of a functor follows by the above argument. It follows that the
functor is fully faithful, exact and commuting with base changes by [53, Theorem 2.2.17].
OJ

Lemma 3.5.14. For an object D € ob(®T'gsy, (Ra)), which is sent to (D, d,a) by
the equivalence of groupoids in Lemma 3.5.12, there is a natural bijection from the set of
triangulations of D to the set of triangulations of D

,PI:(EOI:OCElC"'CEQn:Iﬁ)
such that a sends P to the triangulation of DY
PV = (DY, =0C Dy, ,C---CDY=D).

Proor. This follows from the construction of the equivalence of groupoids in Lemma
3.5.12. .
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3.6. Trianguline deformation spaces for GSp,,

In this section, we introduce trianguline deformation spaces for GSp,,, and show their
fundamental properties.

Let T" C GSp,, denote the standard maxmal split torus. We fix a representation
p: Galg — GSp,y, (k). Then there exists the universal framed deformation ring Rj;
which pro-represents the functor from A € Cp, to the set of continuous representations
pa: Galg — GSp,,(A) such that p is the composition

Galg 2 GSp,, (A) 245 GSp,, (k1)

for example by [4, Theorem 1.3.6]. We call the local ring R5 the universal framed deforma-
tion ring of p. We write X5 for the rigid analytic space over L, which is the rigid generic
fiber of the universal framed deformation space Spf(R;) of p. We define Uy,;i(p) as the set of
points (x,0) € X5 X Trreg such that for the representation p,: Galxy — GSp,, (L), which
is associated with a point = € X5, its framed (¢, I')-module with GSp,,-structure D,iq(ps)
is trianguline with the parameter § € Tz req-

Definition 3.6.1. Let Xi,;(p) denote the Zariski closure of Uyi(p) in X5 x Tp. We
add the structure of the reduced closed analytic subvariety ([14, 9.5.3 Proposition 4]) of
X5 x Tr to Xi(p). We call the rigid space Xi,i(p) the trianguline deformation space of p.

We write w’ for the morphism Xy;(p) — 77, which is the composition of the inclusion
Xui(p) — X5 x Tr and the second projection. We also write w for the composition of w’
and the restriction 77 — Wr.

Theorem 3.6.2. Assume that p has a crystalline lift.

(1) The rigid space Xi(p) is equidimensional of dimension
2n® +n+ 1+ [K: Q))(n* +n+1).

(2) The subset Uy;i(p) is Zariski open and Zariski dense in Xi(p).
(3) The open subspace Uyi(p) is smooth over Q, and the restriction of W' to Uwi(p) is
smooth morphism.

PRrooOF. This follows by the same argument of [16, Théoreme 2.6]. We will explain the
proof of (1) in detail.

Let S be the rigid space as in Proposition 3.5.10. For a positive integer m > 1, let
S, be the rigid space as in the proof of [16, Théoréeme 2.6]. Considering the pushout by
the standard representation rsq: GSp,, — GLa, and the symplectic similitude character
Tsm: GSpsy, — G, we have the natural injection sgq: & — Sa, and the natural map
Seml - S — 31.

Let 2™ C S, be the admissible subspace in the sense of [44, Theorem 1.2]. It is the
maximal open adic subspace of S, with the property that there exists a vector bundle V),
on §2m and a family of Galois representation Gx — Auto,,,, (V) such that Dyig(V) is the

preimage of the universal (¢, ')-module of S,, by the map 2™ — S, .

Let S2m = 5.1 (S3dm) N s L (S24™) be the open subspace of S. The subspace Sum is
nonempty by considering the point associated with the tensor product of a crystalline lift
of p from the assumption and a sufficiently generic crystalline similitude character.

There exist the natural GSp,, -torsor SZ2dm — Sadm " which is constructed from Vs,

and V; by Lemma 3.5.12. Then the action of Gx on sections of 2™ is defined by a

adm
m
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continuous homomorphism

Pt Gic = GSpy, (D(S7, Ogoaam ).

Because Gx is compact and topologically finitely generated, the subset of points of SZ-adm

which factor via the inclusion
GSpay,, (T(ST*M™, 0L am)) C GSPay,, (T(STM™, O g0 0w )

is a nonempty open admissible subspace of S724m. Let S”(p) C S724™ be the admissible
open subspace of points € SZ24™ such that p, reduces to p modulo the maximal ideal of
the local ring at € SY29™_ This subspace is nonempty by the assumption of the existence
of a crystalline lift of p.

Let X = Xui(p) and &y,...,02,: K* — T(X,0x)* be the induced continuous
cocharacters. Let Dy be the universal (¢, I')-module with GSp,,-structure and Dy =
Dy x95P2n GLy, be the pushout, which is seen to be a (¢, ')-module of rank 2n.

By [53, Corollary 6.3.10], there exist

e A rigid space X’ and a projective surjective morphism f: X' — X.

e For 1 <i < 2n, line bundles £; on X', Rx-modules M; which is killed by a power
of t, and analytic closed subsets Z; C X’ which does not contain any irreducible
components of X' N

e An increasing filtration Fil, of (¢, ')-submodules of Dx such that for 1 <i < 2n
there are isomorphisms

0— gr, Dy — Rx:(8)) @ L; — M; — 0,
where 15X/ = f*ﬁx and each 0] is the composite of §; and the natural map
F(X, OX)* — F(X/,Oxl)*.

Let U C X' be the intersection of the complements of | J, Z; in X’ and the preimage of
Trres C Tr via X' — X — Tp. The subspace U is a Zariski dense in X’. Moreover, the

pullback Dy of the (¢, I')-module with GSp,,,-structure Dy via the composite U — X' ER
X has a natural induced triangulation by Lemma 3.5.14.

Then by the argument of the proof of [16, Théoreme 2.6 (i)], we may construct a
Zariski open and Zariski dense subspace V € X and a G™M-torsor V® — V such that
dim V" = dim S"(p).

Let k: S87(p) — Trreg be the composite

S7(p) = S™Im 5 S% 5 S = Tr e,

where the last map is the smooth projection in Proposition 3.5.10. The relative dimensions
of the second and the last map are 2n® + n + 1 and [K: Q,n* by Proposition 3.5.10,
respectively. Since 77 is smooth of dimension (n + 1) + [K: Q,](n + 1), we have

dim S (p) = 2n% + 2n + 2 + [K: Q,J(n® + n + 1).
Therefore, we have
dim Xi(p) = dim X =2n* +2n + 2+ [K: Q,)(n* +n+1) — (n+ 1)
=2+ n+1+[K:Q))(n*+n+1).
We omit the proofs of (2) and (3). O
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3.7. Triangulations and refinements

In this section, we show some properties of triangulations of D and refinements of
Dys(D) for a (¢,I')-module with G-structure D.

First, we introduce the notation of crystalline (¢, I')-modules over Robba rings (cf. [45,
§3.3]). There exists a left exact functor De,ys from the category of (¢, I')-modules over R,
to the category of K-filtered ¢-modules over L, which is defined by Deys(D) == (D [1])F.
We say that a (¢, I")-module D over Ry is crystalline if dimy, Deys(D) = rankg, D. Note
that for a crystalline representation p: Galx — GL(V'), the module Dy, (p) is crystalline

and there is an isomorphism

DcryS(P) = (Bcrys ®Q, V)GalK = DcryS(Drig(p)>

by [7, Théoreme 3.6]. Let D be a crystalline (¢,I')-module. There exists a bijection
between saturated sub-(¢, I')-modules D’ and ¢-stable sub- L®q, Ko-modules F of Dy (D)
by the same argument of [6, §2.4.2]. The explicit construction of the bijection and its inverse
are as follows:
D' Duys(D') = (D' [L])", Fes (RL[Y]-F)ND.
A refinement of a K-filtered p-module F of rank m over L is a filtration F,
Fo=0CFHC - CFn=F

of F such that each F;, which is free of rank i, is a L ®q, Ko-submodule stable under ¢.
Consequently, there is a bijection

P = (Di)OSiSm = Dcrys(P) = (Dcrys(Di))OSiﬁm

between the set of (classical) triangulations of D and the set of refinements of De,ys(D) for
crystalline D.

Let (G, B,T) be a split reductive group of regular type over K and fix an algebraic
embedding r: G — GL,, of regular type. We say that a (¢, I')-module with G-structure
w: Repg(G) — PI'(Ry) is crystalline (resp. semistable) if w(V') is crystalline for some
faithful representation r: G — GL(V), equivalently for any faithful representation r: G —
GL(V) by [57, Theorem C.1.7]. Let D be a crystalline (resp. semistable) (¢, I')-module
with G-structure Repy (G) — ®I'(Ry). Since D,y is exact on its restriction to the category
of crystalline (¢, I')-modules, the composition

Repy (G) — OL(Ry) 225 dFy(L)
is also an exact tensor functor. Write Dg,ys(D) for the composition functor and

7e(Derys (D)) = (Derys(D))(r)-

Though the underlying G-torsor of the Dgys(D) is not in general a trivial torsor over
Ky ®q, L, it becomes trivial after replacing K and L by a sufficiently large finite extension.
A refinement B of Deys(D) is a sub-B-torsor of Deys(D) over Ky ®q, L which is invariant
under the Frobenius action ¢.

Proposition 3.7.1. Let D be a crystalline frameable (p,T')-module with G-structure
over Ry. Assume the Frobenius action o0 @l on 1, (Deys(D)) has m distinct eigenvalues
in L. Then there is a bijection from the set of triangulations of D to that of refinements
of Derys(D). Moreover, if there is a refinement of Deyys(D), there exists exactly #W (G, T)
refinements of Depys(D).
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PROOF. Recall that a triangulation P of D can be seen as an exact tensor functor
wp: Repg(B) — ®I'(RL) whose composition with the restriction Repy(G) — Repg(B)
is identical to D. We construct a map from the set of triangulations of D to that of
refinements of Deyys(D) as wp — wp 0 Depys.

We construct an inverse. By Lemma 3.5.8, we may assume that the underlying G-torsor
of Deyys(D) is trivial. A refinement of De,ys(D) gives a (classical) refinement of 7, (Deyys(D))
and it induces a (classical) triangulation of r,(D) by the classical correspondence between
triangulations and refinements. It suffices to show that the triangulation is isomorphic to
the form r,(P) for some unique triangulation P of D.

For a commutative K-algebra A, there is the map G(A)/B(A) — (G/B)(A) induced
from the exact sequence of pointed sets

1 — B(A) = G(A) — (G/B)(A) — H'(A, B)

by [24, §1.2.2], where G/B is the flag variety of (G, B,T). Assume that A is a Bézout
domain. Since the Picard group of A is trivial, it follows H'(A, B) & H'(A,T) = 1 by
Lemma 3.5.8 and the map G(A)/B(A) — (G/B)(A) is bijective. In particular, we have
G(R1)/B(R;) = (G/B)(Ry) and G(Ry, [}])/B(R. [1]) = (G/B)(Ry, [1]). The faithful
representation 7 induces the proper morphism G/B — GL,, /By, of the flag varieties over
K. Tt is a monomorphism of fppf-sheaves by the definition of r and also a monomorphism
of schemes. So it is a closed immersion by [52, Tag 04XV]. The variety G/B is smooth
and then reduced as well. Then, there exists a unique dotted arrow such that the diagram

Spec (Rr, [1]) - G/B

P
-
—~
—~
—
—~

Spec(Ryp) GL,, /B,

is commutative because the RHS map is a closed immersion. Thus, the first part of the
proposition is shown.

We now proceed to show the last part of the proposition. For an algebraic group H,
the notation H® denotes the set of Ky ®gq, L-valued points of H for the sake of brevity. We
may assume that De.ys(D) is a trivial G-torsor over Ky ®q, L and fix an isomorphism of
G-torsors Deyys(D) = G(Ko®q, L). We have a natural morphism of Bruhat decompositions

(3.7.1) || BwB°-» || BlwB),
weW (G,T) wEW (GLm,Thm)

compatible with the embedding G — GL,, and the inclusion of Weyl groups in Definition
3.5.5 (3). The set of triangulations of r,(D) is written by

{th?n | we W(GL,,, Trn)}

for an element h € GL,,. Therefore, if there exist a refinement gB for some g € GG, the set
of refinements of De,(D) is exactly

{gwB® | w e W(G,T)}
by the existence of the map (3.7.1). O

Remark 3.7.2. The correspondence between triangulations and refinements in Propo-
sition 3.7.1 can be shown without the assumption on the Frobenius action.
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Besides, in the case of G = GSp,,,, after replacing K and L with sufficient large finite
extensions, there exists a refinement of De,ys(D) under the condition of Proposition 3.7.1

due to triangulation of an element M € GSp,,(Q,) by an element U € GSp,,(Q,).
Let D be a (¢, ')-module over Ry, of rank m. If D is crystalline, we write
F = Deyys(D),
Fi = Days(D) i = Derys(D) ®k, K,

Frr =Tk Okag, L L, and

Fil* == (Fil');ez = (Fil' Fx)iez
for the Hodge filtration on Fx and gr’ := Fil’ / Fil"™'. For a refinement

Fo=(Fo=0CF C---CFpn=F)
of F, we associate it with an ordering

(@1, m) € (Ko &g, L)*™

of the eigenvalues of ®¥0: @l on F such that the formula
det(T — @t ) = T(T — ),
j=1
holds and
k= (k1,. . krm)s € (Z%™)"

such that the quotient Fr .;/Frkri-1, where Fg,.; = F; QKowg, L, L, of the filtered
modules over L has the non-zero graded quotient in degree —k,; for any 7 € ¥ and
1 <7 <'m, taking into account multiplicities. We call k the Hodge-Tate type of D. We say
that a Hodge-Tate type k is regular if k;1, ..., k., are distinct for all 7 € 3. We say that
a Hodge-Tate type k (resp. a parameter (z %71 ... z7Fm) v € Wy, (L)® ) is strictly
dominant if all these sequences of integers k. 1,...,k,, for 7 € ¥ are strictly decreasing.

We recall the notion of noncriticality of refinements in the regular crystalline case.
Take k to be strictly dominant and let D be a rank m crystalline (¢, I')-module which
has a regular Hodge-Tate type (kr1,...,krm)r € (Z®™)*. Let F, be a refinement of
F = Deys(D) and Fil* be the Hodge filtration of F ®, K. We say the refinement F, is
noncritical if

(L ®KO®QPL77'|KO E) D (L ®KO®QPL,T Fil_kT’i) =1L ®KO®QPL,T -FK

is satisfied for each 7 € ¥ and 1 < ¢ < m. Similarly we may define the noncriticality of
triangulation of D by the correspondence of triangulations and refinements.
If k = (k;);. ks € Z%, let 2¥ € T(L) denote the character

Z H 7(2)k
reHom(K,L)
where z € K*. For
k = (kri)i<i<mr: kL € (ZEBm)Z,
let 2% € T™(L) also denote the character

(21, s 2m) — H (2

1<i<m
T€Hom(K,L)
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where (21,. .., 2zy,) € (K*)™. We write unr(a) for the character K* — A* which sends O3,
to 1 and wg to a for an L-algebra A and a € A*. By the argument of [6, Proposition 2.4,1]
and [17, Lemma 2.1], we have the following lemma.

Lemma 3.7.3. For a crystalline (¢, ')-module D over Ry, of rank m and a refinement
of Derys(D), the corresponding triangulation of D has a parameter (91, ...,0,,) such that
§; = ZXunr(yp;) where (v;); and k; are constructed above.

We introduce a notion of G-valued strictly dominance. We identify Wr (resp. 7r)
with W? (resp. T9) by the fixed isomorphism G D T = G¢, of algebraic tori. Let D be
a crystalline frameable (¢, I')-module with G-structure and D = r.(D) be the pushout
of D by the faithful representation r: G — GL,, of regular type. We assume that the
underlying G-torsor of De.y(D) is trivial and Deys(D) has a regular Hodge-Tate type.
Note that the first assumption is satisfied if D is trianguline. Recall that there is the
natural map Wpr — Wr, .

Definition 3.7.4. (1) A parameter z := (2 %1 ... 27Fnd) o € Wp(L))* (resp.
(kriy. o krd)res € (Z9¥) is said to be strictly dominant if the image of x by the
natural map (Wr(L))* — (Wr,, (L))* is strictly dominant.

(2) For a (¢,I')-module with G-structure D, r refinement of D.(D) is said to be
noncritical if the pushout of the refinement by r: G — GL,, is a noncritical
refinement of 7, (Derys(D)) = Derys(D).

(3) For a continuous representation p: Galx — GL,, (k) or p: Galg — GSp,, (k), we
say a point x = (p,0) € Xui(p) is strictly dominant if w(x) is strictly dominant.

Remark 3.7.5. The notions of strictly dominance and noncriticality in Definition
3.7.4 may be defined not to be depend on faithful representations r: G — GL,,. However,
we adopt the definition depending r and considering (¢, I')-module with G-structures as
classical (¢, I')-modules. We remark the definition is different from that not depending on
r.

Example 3.7.6. In the case of G = GSp,,, and 7' is the maximal split torus of GSp,,,,
the inclusion of tori T' — T, induced by the standard representation GSp,, — GLo,
determines that strictly dominant parameters are the form (z=%n1 ... z7Frnt1) o € WE
such that k;1 > --- > k;,, and 2k.,, > k., for all 7 € 3.

Let p: Gk — GSp,, (kL) be a continuous representation. By the isomorphism Tr =
T by the isomorphism 7' = G™*! in Section 3.2, we identify the two spaces with each
other. We call a point = (p, (61,...,0n+1)) € Xui(p) saturated if there exists a triangu-
lation of the (¢, I')-module with GSp,,,-structure D;;q(p) with parameter (01, ..., dp41).

Lemma 3.7.7. Let p: Gk — GSpy, (kL) be a GSp,, (kL)-valued representation and
x = (r,(01,...,0n11)) € Xui(p) be a strictly dominant point with w(zx) = & for some
k = (k;i)1<i<cni1rex € (Z")2. For each 7 € 3, assume that

kri—krivy1 > [K: Ko|val(01(wk) -+ - 6i(wk)) for 1 <i<n-—1, and
2k’7—7n — kT,n—l-l > [K K()] Val(51(wK) s 5l(wK)),
where val(—) is the function of p-adic values. Then x is saturated and semistable. More-

over, if (61,...,0n+1) € Trreg, then v is crystalline strictly dominant noncritical.

PROOF. Let & := (01,...,0n,0 6,41, ...,60,41) be the image of § by the natural map
Tr — T*" induced by the standard representation GSp,,, — GLa,.
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The composite r: Gx — GLa,(k;) of p and the map GSp,,, (k) — GLa,(k,) is saturated
and semistable. Moreover, if Se ’Ezg, then r is crystalline strictly dominant noncritical by
[17, Lemma 2.10].

By Proposition 3.7.1 and symplectic diagonalization (Remark 3.7.2), the lemma follows
in the case of p as well as r. 0J

3.8. Explicit calculation of the tangent spaces of deformation functors

In this section, we calculate the dimensions of deformation functors of some crystalline
(p,I')-modules with GSp,,,-structures.

At first, we prove the additive version of the reconstruction theorem (|65, Theorem
11.2]). Let G be an affine algebraic monoid over a field k£ and R be a k-algebra. For
a free module Vi over R, each element Y € Lier(GL(Vg)) induces an endomorphism of
the R-module Vj by the natural isomorphism Liez(GL(Vg)) = Endg (V). We also write
Y': Vg — Vg for the induced endomorphism by Y € Lieg(GL(Vg)). Let X € (Lieg(G))(R).
For every finite-dimensional algebraic k-representation ry: G — GL(V) of G, we have
an R-linear map Ay = (Lieg(rvr))(X): Vi — Vg. These maps satisfy the following
conditions:

(C1) For all finite-dimensional representations V', W,
Mew =Av @141 Aw.

(C2) If we write 1 for the 1-dimensional trivial representation of G, induced A\;: k — k
is the zero map.
(C3) For all G-equivariant maps u: V — W,

)\WouR:uRo/\V.
We write G = G Xgpec(r) Spec(R) and Vi ==V @ R from here.
Lemma 3.8.1. Let G be an affine algebraic monoid over a field k and R be a k-
algebra. Suppose that we are given an R-linear map Ay : Vg — Vg for every finite-
dimensional algebraic k-representation rv: G — GL(V) of G. If the family (A\v)y sat-

isfies the conditions (C1), (C2), (C3) above, there exists a unique X € Liegr(Gr) such that
Av = ((Liegr(rv,r))(X): VR — Vg) for all V.

ProOOF. The conditions (C1), (C2), (C3) are satisfied for the uniquely induced
Av: Vg — Vg from the enlarged family of filtered unions V of the finite-dimensional
representations. We set A := I'(G,Og). Considering A as a k-vector space, the regular
representation 74: G — GL(A) is a filtered union of its finite-dimensional subrepresenta-
tion by [65, Proposition 4.6]. We write Aq: A — A for the k-linear map induced from

TA.
By the condition (C1) and (C3), the diagram

A@pA-—"T> A
)\A®1+1®>\Ai lAA
A A—— A,

where m is the multiplication structure of the monoid G, is commutative, so that r4 is an
element of the module Derg(A, A) of k-derivations. We also have the natural isomorphism

v: Liex(G) = Derg(A, A)
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of k-vector spaces by [65, Proposition 12.23, Proposition 12.24].

For an element X € Lieg(Gg) and a finite-dimensional algebraic representation
Av: G — GL(V), here X gives an element X, € GL(Vg[e]). Writing 0X for the com-
position

Ve = Ve ® Vg gVR@EVR—»EVR;VR,
The element X is sent to 0X € Endg(Vg) by Lieg(GL(Vg)) — Endz(Vz). We may see
that the composition

LieR(GR) — LIGR(GL(AR)) = EndR(VR)

is the same as the composition of tx and the inclusion Derg(Ag, Agr) C Endg(Vg). Then
there exists X € Lieg(Gr) such that Ay = (Lieg(rar))(X).

For each finite-dimensional algebraic k-representation ry: G — GL(V), taking V; for
the underlying vector space of V' that has the trivial G-action, there exists an injection
iV — Vy® A of k-vector spaces with G-actions by [65, Proposition 4.9]. In the diagram

V—>Vy®A

)‘V l i)\VO(XJA

Ay is also the endomorphism corresponding to the element (Lieg(rvg))(X) €
Lieg(GL(Vg)) by the conditions (C1), (C2), (C3). Then the existence of X € Lieg(Gg) fol-
lows. The uniqueness of X follows from considering Ay,g4 for a finite-dimensional faithful
representation ry : G — GL(W) and its underlying k-vector space Wj. 0J

Let G be an affine algebraic group over a field & and X = Spec(R) be a k-scheme. We
recall the notation of exact tensor filtrations of the exact tensor functors w: Repy(G) —
Bun(X) (cf. [78], [12, §2.7]). An ezact tensor filtration of w is the data of decreasing
filtrations (Fil*(w(V)))y for each V' € Repg(G) such that the following condition are
satisfied:

(1) the filtrations are functorial in V.
(2) the filtrations are tensor compatible, in the sense that

Fil"w(V @y V) = > (FilPw(V) ®o, Fil'w(V') C w(V) @0, w(V).
ptg=n
(3) For the 1-dimensional trivial representation 1 € Repy(G) one has Fil"(w(1)) =
w(l) if n <0 and Fil"(w(1)) =0if n > 1.
(4) The associated functor from Rep,(G) to the category of Z-graded objects of
Bun(X) is exact.

For an exact tensor functor w: Repy(G) — Bun(X) and a morphism Y — X of affine
schemes, let wy : Repy(G) — Bun(Y) be the composition of w and the base change functor
Bun(X) — Bun(Y). If Y = Spec(R) for a commutative ring R, we write wp = wy.

Definition 3.8.2. Let w,n: Repg(G) = Bun(X) be exact tensor functors. Then
Hom®(w, n) is the presheaf on affine schemes Spec(R) over X given by

Ho_m®(SpeC(R)) = Hom®(wR7 nR)a

where Hom® is the set of natural transformations of functors which preserves tensor prod-
ucts. Let Aut®(w) be the presheaf of groups of invertible sections of Hom® (w, w).
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We define two subfunctors of Aut®(w) dependent on a fixed exact tensor filtration Fil®
of w. We remark that the notation Fil® in this section is used in the different way from in
the section 3.7 where it is used in the sense of decreasing filtrations on ¢-modules.

Definition 3.8.3. Let Fil® be a fixed exact tensor filtration of w.
(1) Let Ppye = Auti o (w) be the functor on R-algebras such that

R — {\ € Aut®(w)(R) | AFil"w(V)) C Fil"w(V) for all V € Repg(G) and n € Z}.
(2) Let Upys = Aute (w) be the functor on R-algebras such that
R {\ € Awt®(w)(R) | (A=id)(Fil"w(V)) C Fil"*'w(V) for all V € Repy(G) and n € Z}.
Let X — X be the G-torsor corresponding to w.
Proposition 3.8.4. (1) The functor Aut®(w) is representable by the X-group

scheme Autg(X), which is a form of G xj X.
(2) The functors Pgye and Ugye are representable by closed subschemes of Aut(;()?)
and they are smooth if G 1s.
(3) If X = Spec(R), we have
(a) Lieg Pye = Fil®(Lieg Aut®(w)) and
(b) Lieg Upye = Fil'(Lieg Aut®(w)).

PROOF. See [78, Chapter IV, 2.1.4.1], [12, Corollary 2.7.3] and its following argument.
[

Let ad(X) = Lieg Aut®(w). For a parabolic subgroup P of Autg(X), let adp(X) =
Fil’(Lieg Aut®(w)) for an exact tensor filtration Fil® such that Pgye = P. For a (p,I')-
module with G-structure D over R, and its triangulation P, we define adp(D) = adp(D)
where P is the subgroup of Autg(D) which preserves P C D. If D is frameable, adp(D) C
Autg(D) = Gg, is a Borel subgroup of Ggr, and is a conjugate of the standard Borel
subgroup Bg, C Gg,.

We define the trianguline deformation functors of a frameable (¢, [')-module with G-
structure D (associated to a triangulation P of D)

XD,XD"/)Z CL — Set
as follows. For an object A € Cp, let Xp p(A) be the set of isomorphism classes of triples
(Da,Pa,m) where D4 is a frameable (p,I')-module with G-structure over R4, P4 is a
triangulation of Dy and m: Dy ®4 L — D is an isomorphism of (¢, T')-module with G-
structure over Ry, such that m(P4) = P. Let Xp(A) be the set of isomorphism classes of
(DA, 7'(') .

Lemma 3.8.5. There is a natural isomorphism
(1) TXp = Xp(Lle]) = H'(ad(D)).
(2) TXpp = Xpr(Lle]) = H'(adp(D)).
ProoF. We fix a framing ([¢],[7] | ¥ € I') of D. For each algebraic representation
r: G — GL(V), the pushout r,(D) is then the framed (¢, T')-module ([¢v],[yv] | ¥ € T)

of rank dim V. For algebraic representations r: G — GL(V), r': G — GL(V"), lifts of the
(¢, I')-modules r.(D) and (D) over Lle| are the form

([¢v +€-0¢v], [w +e-0w] |y €T),
([pvr +€-0bvi], [ywr +e- O] |y €T),
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where 0y, 0yy € End(V) and 0¢y-, 0yyr € End(V”).
Then for the pushout (r @ r).(D) of D by r@7r": G — GL(V @ V'), ¢vgy: and yyey
is written as follows:

¢V®V’ = ¢V ® ¢V/ —|— € - (ad)v ® 1 + 1 ®a¢v/)’
YWev = @y +e- (0w @1+ 1® Oyyr).

By Lemma 3.8.1, functorial parameters d¢y, Ovyy for all V. € Repy(G) is just given by
an element of Lieg, (D). The isomorphisms of the lemma follows by the proof of [26,
Proposition 3.6, (ii)]. O

From here we consider the case of G = GL,, over k = K. For k = (k,),ex € Z*, write
tk = [Les thr € Ry, [%] We calculate bases that give each triangulation associated with
the elements of the Weyl group and transformation matrices between them.

Let D be a (¢,I')-module over R, of rank m. We assume that D is crystalline and
D¢;ys(D) has m distinct Frobenius eigenvalues. Then fixing a refinement F, = Fiqe of
Dys(D), we associate the elements w € W(GL,,,T,,) = &,, of the Weyl group with a
refinement F,, o of Dgys(D) as follows: Take a sequence ¢, ..., ¢y, of Frobenius eigenval-

ues of Deys(D) and its corresponding eigenvector xy,...,2,,. Then a refinement F, . of
Derys(D) is defined as

0C (Iw(l)) - (Iw(l)a xw(2)) c---C (xw(l)a SR 7xw(m)) = Dcrys(D)a

where w: {1,...,m} — {1,...,m} is the corresponding function to w € W(GL,,,T},)
by W(GL,, T;n) = &,, — Aut({1,...,m}). Write P, for the corresponding trian-
gulation of D to F,. by Proposition 3.7.1 and P = Pygq. Write z,; = x4 and
Fuwi=(Twi,-.,Tui) C Days(D) for i € [0,m] and w € W(GL,,, T;y,).

We also write D,,; := (]-"w,i O Keg, L R [H) N D. For elements y,...,y, € D and a
triangulation P of D, we call (y1,...,yn) a basis of P if the filtration

Oc(yl)c(ylayQ)CC(ylavym):D

is a triangulation of D and the same as P. By the classical correspondence between
triangulations and refinements, for i € [1,m| and w € W(GL,,, T},,), we have the following
commutative diagram:

0~ (Duiet [§])" = (Dus [7])" — ((Dui/ D) [§])” —0

O — Dcrys(Dw,i—l) — Dcrys(Dw,i) - Dcrys(Dw,i/Dw,i—l) — 0

00— Dy, [%] D, ; [ﬂ (Duw,i/Duw,i-1) [%] ——0
0 D;,ifl ﬁw,i Dw,i/Dw,ifl 07

where the horizontal maps form exact sequences, the vertical maps between the second row
and the third row are the inclusions — <— R Ko®q, L Ry [ﬂ) and the bottom vertical

maps are the inclusions — — (— ®x, R [1]).
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Moreover, the bottom right module D, ;/Dy ;-1 is the rank 1 (¢,T')-module that is
generated by (t*@iz,,; mod D, ;1) over Ry, for some (Ky1,...,Kym) € (Z*)™. Let U, C
GL,,, be the subgroup of lower triangular unipotent matrices. Then there exists a matrix
W, = (Uw,ij)ij € Uy, (R [7]) such that {x Ty, m ) Where

w 1’ e e ey
t(:pfw Lo Toyn) = Wt (Tw 1, s Tuwm)

is a basis of P, when we see zi,;, T,; to be column vectors relative to a fixed basis of
D, [] and set t,, = diag(t®1, ... t*m) by Lemma 3.7.3.

For w,w" € W(GL,,, T)n), Write Ay = (aw7w/7,~7j)i7j e GL,, (RL [%]) for a transforma-
tion matrix from the basis of P, to that of P,,. Note that u, and a,,s is not unique
in GLy, (R [1]) but is unique in U, (RL)\GL (R [1]) /Un(RL). A matrix a,, is
written in the form u,/t,wt  u ! where w € W(GLm, Tm) = Nav,,(Tw)/Car,, (Tr,) is the
matrix associated with the element of the Weyl group. For 1 < i < j < m, we call an
element w € W(GLy,,, Tr,) = &,y is of type (i,7) if w(l) =1forl <iorj<lI, w( ) = j and
w(j) = ¢ as an element of &, = Aut({1,...,m}). Let M;;(A) be the addltlve abelian
group of (i X j)-matrices with coefficients in A.

Lemma 3.8.6. For an element o € W(GL,,,T,) of type (i,7) and w,w’ €
W (GL,,, T},,) such that wo = w', we may take a, v as the form

Iy O-DxG—i+1)  OG—1)x(m—j)
Ny 0 ay, . 0(j—i+1)x (m—j)
Otm—j)x(i-1)  Om—j)x(j—i+1) I

where 'y € GL;j_i11(Rr) and 0y € M_ii1yxG-1)(R1). Moreover, writing

(zk“”l unt(Qew1), - - -, ZKwm unt(@wm)), (zkwﬂl unr (@ 1), - - ,zkw’vm unt(@wm)),

for the parameters associated to the triangulations Py, Pus, and when we write &'y, v =

/ _ k "—k s
(aw,w’,a,ﬁ)aﬁE[lJ—i-‘rl} we have aw w1, j—i+1 At

Proor. By the classical correspondence between triangulations and refinements,
Dy = Dy for I <iorj <l So the first part is shown.

For the last part, since matrices u,, t,,w are in U, diag(GLZ 1, GL; - Z+1,GLm ), it
suffices to calculate the middle (j —i + 1) x (j — ¢ 4+ 1)-matrix a/ Write u,, t,,, w’ for

w,w’* w? Cw?

the factors of the middle (j — ¢+ 1) x (j — @ + 1)-matrices of u,, t,,, w. We have

a,/w’,w/ - u;/t;/w/tglugl
0 Otx(mezy  t5wi—kurs
— 14/ —1
=Uy | Om-2)x1  *m-2)x(m-2) Om-2)x1 | Uy
tkw,j_kw’,i le( 2 0
O1x(m—2) thwi—ku X
= (m— 2)><1 *(m—2)x(m—2) F(m-2)x1 ufw_
tka ’LU/ , *IX( 2) k
*1x(m—2) thwi—Kur 5
= 2)x1  F(m—2)x(m—2) F(m—-2)x1
*1x (m—2) *
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Definition 3.8.7. (1) We say that a crystalline (¢,I")-module D of rank m is
p-generic if the Frobenius ¢ = qﬁ[KU: @) on Deyys(D) has m distinct eigenvalues
(01, pm) in L and g5t # plfo: @l for i # j.

(2) We say that a crystalline (p,I')-module D with a regular Hodge-Tate type is
noncritical if a trianguline parameter associated with each refinement of Dy,ys(D)
is noncritical.

(3) We say that a crystalline (¢, I')-module D is benign if D has a regular Hodge-Tate
type, noncritical and (p-generic.

Remark 3.8.8. In [48, Definition 5.5], p-genericity is defined as the definition above
excluding only the last condition. However, we use the definition in [45, §3.3] for the
simplification of the notation.

Lemma 3.8.9. Let D be a rank m trianguline (p,1')-module and P be a triangulation
of D that has the parameter (8y,...,0,) such that §; = 2% unr(y;) for k = (ky, ..., k) €
(Z¥)™ and i € [1,m], D' be a rank m (p,T)-submodule of D, P’ be the triangulation of
D' induced from P and (0},...,8)) be the parameter of P' such that & = 2% unr(y;) for
K =(,,...,k,) € (Z*)™ and i € [1,m)].

Write S(D', D, P) C {1,...,m} for the subset of element | € {1,...,m} such that §, #
§). For each i € S(D' C D, P), assume that ; ¢ {1,p" 0 @1} and max(k;,1— k] ) > 0
for all 7 € ¥. Then the induced map H'(D') — HY (D) of the first cohomology modules is
surjective.

Proor. Let D;/D; 4 and (D; N D")/(D;—y N D’) for i € [1,m]. Since D is triangu-
line with parameter (6y,...,d,,) and D" is a submodule of D, it suffices to show that
HY (R (6))) — HY(R(;)) is surjective as §, &’ are p-generic and the snake lemma.

If i ¢ S(D' C D,P), we obtain dim, H'(Rp(z%§)) = dimy H'(R.(5)) by Lemma
3.3.1. Then the surjectivity of the map H'(Rz(d!)) — H*(R(;)) is reduced to show that
HO(RL(8;)/tRL(8)) = 0 for i € S(D' C D,P) and k" := k — k' € ZZ, by the long
exact sequence. It is reduced to show HO(tX"Rp(8;)/t "R (6;)) = 0 for all 7 € ¥ and
k" € Z%, such that k; , + k. # 0, as well by dévissage. This follows from that k;, > 0

= T

for all 7 € ¥ and [53, Lemma 6.2.12]. O
From here, we make the following assumption:

Assumption 3.8.10. There is an element w € W(GL,,,T,,) such that the triangula-
tion P, has a noncritical parameter.

Note that Assumption 3.8.10 is satisfied whenever K = Q,.

From now, we replace the triangulation P with the P,, in Assumption 3.8.10. We take a
basis (y1,...,Ym), ¥i € D fori € [1,m] of Piq. Let (ea,3)a,8e[1,m) be the associated standard
basis of ad(D) with the basis (y1,...,ym) of D. Let a,, = ajq. Then we may translate
adp, (D) for w € W(GL,,,T,,) in terms of the standard basis. We have

adp(D) = (eap | 1 < B <a<m) = by Cad(D),
adp, (D) = a, (b7).

Let 0,; € W(GL,,,T5,) = &,, be the (i, j)-transposition for 1 < i,j < m, i # j and

J
W' C W(GLy,, T),) be the subset of 0, ;. For a,b € ad(D), we write ad(a)(b) := aba™'.
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Lemma 3.8.11. Let D’ be the image of the map
P adp, (D) —ad(D)
wGW(GLm,Tm)

of (¢, I')-modules over Ry. Then under Assumption 3.8.10, the saturation of D' C ad(D)
is ad(D). Moreover, the inclusion of (p,I")-modules D' C ad(D) satisfies the conditions in
Lemma 3.8.9.

PrROOF. We prove the assertion for the map
P adp, (D) — ad(D)
weW’
instead. As a;, € GL;_;11(Rp), there exists h = h(7,4,j) € 0,7 — i] such that a;; =
&)1, 11 € Rr\t-Ry, for each 7 € ¥ and fix such h(7,4,7) for 7 € Y and 1 <i < j <m.
The element ad(ay, ;)(€j,it+h,) is of the form
961'7]‘ mod <60¢75 ’ 1 S a S i) .] S 6 S i? (0475) 7é (Zaj»

Kiq.i—Ko, . Kid,i—ko, - j+1
where 8 € (t; " R\ (t, 77 R) by Lemma 3.8.6.
Then we can show that the saturation of the composition of the map in the assertion
and the projection from D into

br;=(eas | 1<, B<m, B—-a<l)

is b;J for 1 <1 < m — 1 by induction. When [ = m — 1, it is just as the assertion of the
lemma. The last part of the Lemma follows by the fact that (¢,) + () = Ry, for 7 # 7/
and Corollary 3.3.2. O

We reprove [45, Theorem 3.11] under Assumption 3.8.10.

Proposition 3.8.12. Let D be a p-generic rank m crystalline (o, 1")-module of reqular
Hodge-Tate type. Then under Assumption 3.8.10, the map

@ TXD,pw — TXD
wEW (GLy,, Thn)
18 surjective.
PROOF. Let D’ be the image of the map
GB adp, (D) — ad(D).
weW (GLy, Trm)

Then the inclusion D’ C ad(D) satisfies the condition of Lemma 3.8.9 by Lemma 3.8.11 and
we have H(D') = H'(ad(D)). We also obtain that H*(E) = 0 for all (¢, T')-submodules
F of the trianguline (p, I')-module ad(D) because of the H? of the trianguline parameter
of ad(D) is 0 by the p-genericity of D and the right exactness of H?.

Let

D" := ker EB adp, (D) — ad(D)
wEW (GLp,Tim)
It follows that the map

H P adp.(D)]| — H'(ad(D))

U}EW(GLm 7T}n)
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is surjective by the long exact sequence associated with the exact sequence

0—D"— @ adp, (D) — D" — 0

WEW (GLn,Trm)
of (p,T')-modules over Ry, and H?(D") = 0. The result follows by Lemma 3.8.5, (1). O

From here we consider the case of G = GSp,,, over k = K. We write B C GSp,,, for
the standard Borel subgroup and 7" C B for the maximal split torus. Let D be a frameable
(p,I')-module with GSp,,,-structure over R and P be a triangulation of D.

Let 7gq: GSpy, — GLs, denote the standard representation of GSp,,. It is the
embedding of regular type. Let k € (Z¥)* be a strictly dominant regular Hodge-
Tate type such that there is a character A € X*(T) over L such that the element
Tstax(A) € X*(To,) = (Z%)*" is k.

We write D = rgq.(D). We assume that D is crystalline, D is ¢-generic with regular
Hodge-Tate type k and there exists a refinement of Dey(D). Moreover, we assume that
there is a triangulation P which has a noncritical parameter and fix such Py = P.

For the corresponding refinement P = Piq of Derys(D) to P, we associate the elements
w € W(GSpy,,T) of the Weyl group with a refinement 9, of D¢ys(D) and write P,
for the corresponding triangulation of D by Proposition 3.7.1. We also write P, for the
induced triangulation of D from the triangulation P, of D. It follows that adp, (D) =
ad(D) Nadp, (D) by Proposition 3.8.4, (3) and GSp,,, NBs, = B.

Since we have the natural injective map W (GSp,,,T) < W(GLgy, T,) of the Weyl
groups, we have to show Lemma 3.8.11 restricting W (GLa,, Ta,) to W (GSp,,,, T') for ob-
taining a result of Proposition 3.8.12 in case of GSp,,,.

Lemma 3.8.13. The saturation of the image of the map
P adp,(D)— ad(D)
weW(GSp2n7T)

of (¢, I")-modules over Ry, is ad(D). Moreover, this embedding of (p,')-modules satisfies
the conditions in Lemma 3.8.9.

PRrOOF. By the above argument, the map in the assertion is the same as
& (ad(D) Nadp, (D)) — ad(D).
wEW(GSPQH,T)CW(GL2n7T2n)
Let I, be the image of the map. Calculating
a‘d(agi,ja2n+l—j,2n+1—i)(ej,i - e2n+17i,2n+17j)

for 1 <i < j < n instead of ad(a,, ,)(e;;) for 1 <i < j <n in the proof of Lemma 3.8.11,
we may view g, contains the opposite Siegel parabolic submodule

P = (*”" O”X”) Nad(D).

*nxn  Fnxn
Then, in a similar way considering ad(a, ,,,)(p~), we have
(€nmt1sClnt1 — €nanti—t | L € [L,n —1]) C Lt
Finally considering

ad(aok,ngn+l,2n+l—k)(<6n7n+1’ €i,n+1 — En2n+1-1 | l e [L n— 1]>)a
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we have
(O"X" *”") nad(D) C I
OTLXTL OTZX?’L sat-
Consequently, we obtain Iy = ad(D). For the last part, additionally calculating the
images of adp, (D) — ad(D) for ¢ = o.ont1-c, ¢ € [1,n] as in Lemma 3.8.11, we can
check that the embedding of (y, I')-modules satisfies the conditions in Lemma 3.8.9 by the
constructions and the calculations above. 0

Corollary 3.8.14. Let D be a crystalline (¢,I")-module with GSp,,-structure over

Ry such that D is p-generic with reqular Hodge-Tate type and assume that there exists a
noncritical refinement of Deys(D). Then the map

b 71X, - TXp
weW (GSpy,,,T")

1S surjective.

PROOF. The map of (¢, I')-modules with GSp,,,-structures

P adp, (D) —ad(D)
wEW (GSpo,,,T)
in the Lemma 3.8.13 satisfies the condition of Lemma 3.8.9 by its construction. Thus the
result follows by Lemma 3.8.9. OJ

3.9. Locally irreducibility and accumulation property

In this section, we prove locally irreducibility and accumulation property of the trian-
guline deformation spaces for GSp,,,.

3.9.1. Almost de Rham representations with G-structures. Let us recall the
notations in [18, §3]. Let Bgr, Bjy be the usual de Rham period rings of Fontaine with
the Galg-action and the natural topology and all finite type modules over these rings are
endowed with the natural topology (cf. [41, §3.2]). Let Repp, (Galk) (resp. Repp+ (Galk)

denote the category of Bgr-representations (resp. Bji-representations) of Galy (cf. [41,
§3]). Let W be an object of Repp, . (Galg). It follows that 1W contains a Bjy-lattice stable
under Galg. We say that W is almost de Rham if it contains a Galg-stable B:{R—lattice W+
such that the Sen weights of the C-representation W+ /tW™ are all in Z (cf. [41, §3.7]).

Let B;)LdR be the algebra Bj;[log(t)] and Bpar = Bir ® Bt B;dR. The group Galg
acts on these algebras as g(log(t)) = log(t) + log(e(g)). Let vp ., be the unique Byr-
derivation of Byer such that vp . (log(t)) = —1, which preserves the subalgebra Bj C
Bpar. We set Dyar(W) = (Bpar ®p,, W)C%, which is a finite dimensional K-vector
space of dimension < dimp,, W. It follows that W is almost de Rham if and only if
dimg Dpar(W) = dimp,, W by [41, Théorem 4.1 (2)].

We say that W is de Rham if dimg W% = dimp,, W. If W is de Rham, W is
also almost de Rham. We write Rep, g (Galg) for the category of almost de Rham Bgygr-
representations, which is a Tannakian subcategory of Repg, . (Galk) and is stable under
kernel, cokernel and extensions (cf. [41, §3.7]).

Let A be a finite dimensional Q,-algebra. An A ®q, Bar-representations of Galg is a
Bar-representation W of Galg together with a morphism of Q,-algebras

A— EndRedeR(GalK)<W)
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which makes W a finite free A ®q, Bagr-module. Let Rep,q, 5 . (Galg) be the category

of A ®q, Bar-representations of Galgx. We similarly define A ®q, B, -representations of
Galg and their category Rep Ao BjR(GalK)- We say that an A ®q, Bar-representation of

Galg is almost de Rham if the underlying Bggr-representation is. Write Rep g 4(Galg)
for the category of almost de Rham representations of Galg.

Let (G, B,T) be a split reductive group of regular type over K. For an abelian tensor
category A, let G-A denote the category of exact tensor functors w: Repy(G) — A.
For a exact tensor functor F': A — A’ between abelian tensor categories, we also write
F: G-A — G-A the induced functor. An A ®q, Bar-representation with G-structure of
Galk is an object of G—RepA@)QdeR(GalK) and a A®q, K -representation with G-structure of

G, is an object of G—RepA%pK(GG). We say that w € ob(G- RepA®QdeR(GalK)) is almost

de Rham if w(V') is almost de Rham for all V' € Repg(G). Write G-Rep 4 4(Galg) for
the category of almost de Rham A ®q, Bar-representations with G-structures of Galg.

Lemma 3.9.1. The functor Dyar tnduces an equivalence of categories between G-

RedeR’A(GalK) and G-RepA®QpK(Ga).
PRrROOF. This follows from [18, Lemma 3.1.4] and Tannakian formalism. 0

3.9.2. Trianguline deformation functors of almost de Rham representations
with G-structures. Fix an almost L ®q, Bgr-representation with G-structure W. A
triangulation Py, of W is a B-torsor Repy (B) — RepL®QdeR(GalK) such that the compo-
sition with Repy (G) — Repy(B) is the same as the W. We assume that the underlying
G-torsor over L ®q, K of Dyqr(W) is trivial replacing K, L with sufficiently large finite
extensions if necessary. Let wy: Repg(G) — Bun(L ®q, K') be the standard fiber functor.

We also fix an isomorphism a: wg — Dpar(W).

Definition 3.9.2. (1) Let Xy be the groupoid over Cy, as follows:

e The objects of Xy (A) are pairs (Wy,ta) where A is an object of Cr, Wy is
an object of G-Rep,qr 4(Galg) and 14: Wa x4 L = W.

e A morphism (Wy,14) = (War,14/) isamap A — A’ in Cy, and an isomorphism
Wy @4 A" = Wy compatible with the morphisms ¢4, ¢4

(2) Let Xy, be the groupoid over Cy, as follows:

e The objects of Xy}, (A) are (Wy,ta,a) with (Wa,ta) an object of Xy (A)

and a4 wg ®g, A such that the following diagram commutes:

1®a
wst P, A —% Dpar(W4) ®4 L

ok

Wgt ®Qp A Dde(W).

e A morphism (Wy,ta,04) — (War,tar,aa) is a morphism (Wa,ta) —
(War,tar) in Xy such that the following diagram commutes:

1R
(wt @, A) @4 A’ —= Dpar(Wa) @4 A’

v

Wst ®Qp (

IR
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(3) For a fixed triangulation Py, of W, let Xy p,, be the groupoid over Cy, as follows:
e The objects of Xy p,, (A) are (Wa, Pw.a,ta) where (Wy,4) is an object of
Xw(A) and Py 4 is a triangulation of W, such that ¢4 induces an isomor-
phism Pwa®@aL = Pw .
e The morphisms are the morphisms in Xy which induce an isomorphism
Pw.a®a A S Pw. ar.
(4) For a fixed triangulation Py of W, let Xyjp = Xwp, Xxy Xy

We set an algebraic group G over L as
G = Spec L Xspee, Reskg, (GLn k) = (GL,.1)*.

Similarly we define B, T'. Let g, b, t be the Lie algebra over L of respectively G, B, T
For a finite Q,-algebra A, we write g(A4) := gQ,A and do the same for b, t. Let g be the
L-scheme defined by

§:={(9B.¥) € (G/B) x glad(g™")y € b} C (G/B) x g.

We write ¢q: g — g for the Grothendieck’s simultaneous resolution of singularities, which
is defined by (¢B, 1) — 1. Let X be the L-scheme defined by

X =0%,8={(01B.9:8,¢) € (G/B) x (G/B) x glad(g; ")y € b,ad(g, )¢ € b},
where the fiber product is taken by the map gq.

Lemma 3.9.3. Let E be a field of characteristic 0 and A be a finite dimensional Q,,-
algebra. There is a natural bijection between the set of homomorphisms of A-group schemes
Gaa — G4 and the set of nilpotent elements of Liea(Ga).

Moreover, the full subcategory of the objects, whose underlying torsor are trivial, of
G-Rep4(G,) is equivalent to the category of the pair (G a,va) where vy € Liea(Ga) is a
nilpotent element.

PRrooOF. This follows from the preceding argument of [18, Proposition 3.1.1], the con-
struction of a quasi-inverse of the equivalence in Lemma 3.9.1 (cf. [18, Corollary 3.1.2])
and Lemma 3.8.1. O

Let W be an almost de Rham L ®q, Bqr-representation with G-structure and Py be
a triangulation of W. If (W4, 14) is an object of Xy (A) for A € Cp, let vy, = vp_p(wa)
denote the nilpotent endomorphism of D,qr(W4) corresponding by Lemma 3.9.3 to the
action of G,, which is given by Lemma 3.9.1. If (Wa, 14, ) is an object of X7}, (A4), we
define Ny, € g(A) as the matrix of a;' o vy, o s in the canonical basis of wy. In the
case A = L, we simply write Ny = Ny, .

Let g (resp. t) denote the completion of g (resp. t) at the point Ny € g(L) (resp. 0 € t).
Note that the set of triangulations of wg 4: Repy(G) = Repyq o By (Galg) is bijective to

the subset of elements of {gBg™" | g € w5 (A ®q, Bar)}, where wf®™ is the underlying
scheme of wy naturally isomorphic to the group scheme G Agg, which are invariant in
the action of Galg.

It is also bijective to the subset of elements of (G/B)(A ®q, Bar), which are invariant
1

Bgr >

in the action of Galg, by gBg~' — ¢gB. let g denote the completion of g at the point
(a Y (Pw), Nw) € g(L), where o' (Py,) € (G/B)(L) is the object corresponding to the
triangulation Py. If A € Cp, we similarly define a'(Py.4) for triangulations Py of
Dp,ar(Dy). For a groupoid X over Cp, let | X| denote the associated functor with X.
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Corollary 3.9.4. (1) The groupoid Xy, over Cy, is pro-representable and the func-
tor
(WA, LA, aA) — NWA
induces an isomorphism between Xy, and g.
(2) The groupoid XS/,PW over Cr, is pro-representable and the functor

(Pw,a, Wa,ta,aa) = (a;' (Pw,a), Nw,)

induces an isomorphism between XVDVPW and g.

PROOF. In the case of G = GL,,, we have Xy = |Xy| and Xy = |Xyp | by
the preceding argument of [18, Corollary 3.6]. For a general GG, considering the pushout
r«(D) of D by a faithful representation G — GL,,, we also have the similar two equations as
above. Then the two pro-representabilities follows from Lemma 3.8.1 and Lemma 3.9.1. [

3.9.3. Formally smoothness of the functor Wyr. Let A be a finite dimensional
Q,-algebra. For an object M of ®T (RA [ﬂ) and a R 4-lattice D of M stable under ¢, T',
there exists covariant functors

Wik ®L(Ra) — RepA®Qde+R(Ga1K) D — W(D)
WdR: @F(RA [%]) — RepA®QdeR(GalK) M — WdR(M),

which are induced from the functors in the case of A = Q, in [8, Proposition 2.2.6 (2)],
constructed by [18, Lemma 3.3.5].

Let M be an object of G-®I'(R4 [1]) and D be an object of G-®I'(R 4) whose composi-
tion with the base change functor ®I'(R4) — ®T'(R4 [1]) of (,I')-modules is isomorphic
to M. It follows that the functors

Wik G-OT'(R4) — G- RepA®@ij{R(GalK)
War: G-®I'(R4 [1]) — G- Rep s, by (Galk),

are induced by ones constructed above since Wi is an exact tensor functor, that is seen
by the construction. Since Bjy is a complete discrete valuation ring whose residue field
is algebraically closed and Wyr(M) is defined over Bj; as Wyr = Wi ® st Bar, the

underlying torsors of the objects Wi (D) and War(M) are trivial by [24, Proposition
6.1.1).

We define a (¢, [')-module with G-structure M over R 4 [ﬂ, its triangulation Py, and
its parameter, and when A = L the groupoid X p,, of deformations over Cy, in the same
way as those over R4 for an affinoid algebra A over Q,, especially in the case of A is an
object of C;. Note that a parameter of a fixed triangulation over R 4 [%] is not unique.

Let 7y be the Zariski open subspace of the rigid space T, which is the complement of
the characters 2%¢# where k € Z*, and T be the Zariski open subspace of the rigid space
T4, which is the complement of the characters (1, ...,d4) such that 5i(5J-_1 € To for i # .
For a fixed embedding r: G — GL,, of regular type, we define 77 be the inverse image of
Ty" € T™ by the map Tp — Tr,, = T™.

Let M be a trianguline (¢, I')-module with G-structure over Ry, [ } P be a triangu-
lation of M with a parameter ¢ := (6;)ic(1,q € (01, -.,0a) € T4 W == War(M), Pw be the
induced triangulation Wygr(M). Arguing as [18, Corollary 3.3.9], we obtain a morphism
of groupoids over Cy: R

XM,’PM — 7&” X’{XW,PW-
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Proposition 3.9.5. Assume the parameter § is locally algebraic and in Tro. Then the
morphism
X./\/I,PM — 7&” X'{XW,PW
of groupoids over Cy, is formally smooth.

PROOF. Let A — A’ be a surjective map in Cr, x4 = (Mar, Pr,,, mar) be an object
of Xypu(A'), yar = (04, War,Pw,,,tar) be its image in (72” Xt Xwpy )(A). Let ya =
(04, Wa, Pw,,ta) be an object of (7A:;” X7 Xw,py, )(A) such that §, = § 5 modulo ker(A —
A and A" @4 (Wa, Pw,,ta) = (I/VA/,PWA,,LA/). We prove that there exists an object
ra4 = (Ma,Pm,,ma) in Xpp,,(A) whose image in X p,,(A4’) is z4 and whose image in
(775” X7 Xw.py, ) (A) is isomorphic to y4.

" Since the embedding G — GL,, is of regular type, we use the notations and the
constructions in Proposition 3.5.10. By induction on i € [0,s — 1], we will construct
(p,I')-modules with L;; N B-structures M 4,11, which are the parabolic extensions of the
(p,I')-module with L; N B-structure M4 ;, which is already known by the assumption and
compatible with isomorphisms A" ®4 Fa; = Far; and Wyr(Ma,;) = Wy, where Wy ; is
the i successive parabolic extension of the T-torsor Py, xB T given by the assumption.

By the assumption of the induction, i successive parabolic extensions of Py, xZ T
Pw, xP T, Py, xP T and Ppy,, xP T are given by respectively Wa;, War;, Ma,; and
My ;. For each i € [1,s — 1], there exist objects Maug i, Mad ari, Waa.a; and Wag a4, in
each category and the corresponding (7 4+ 1)-th extension classes are respectively written
as follows:

. 1
FE, = EXtRepA®Q BdR(GalK)(A ®Qp BdRa Wad,A,i)a
P
. 1
FE = EXtRepA/®Q BdR(Galk)(Al ®Qp BdRa Wad,A/,i)a
P

Tt L .
Ey = EXtCDF(RA/ [%]) (RA [t} 7Mad,A ,z)a
where Waq 4 @4 A" = Wagari, Magai ®a A" = Mag ari, War(Magai) = Waaa and
War(Maa,ari) = Waa.ari and the parameter of Py, . is in T7o(A’). There is the map

1 1 |
EXt@p(RA[%D (RA [t} >Mad,A,z) — Fy X Es

induced by Wyr X (B®4 1). Then it suffices to prove the map is surjective and this follows
by the argument of [18, Theorem 3.4.4]. O

3.9.4. Locally irreducibility and accumulation property. From this section, let
B, T denote the standard Borel subgroup and the standard maximal split torus of GSp,,,
again. Let p: Galg — GSp,, (kL) be a GSp,,,-valued representation. We assume that p has
a crystalline lift in this subsection. We may similarly do the arguments of [18, §3] in the
case of GSp,,,, using the results of [18, §2] and Tannakian formalism. Especially, we note
the GSp,,,-variant of [18, Corollary 3.7.10]. We say a crystalline frameable (¢, I')-module
with GSp,,,-structure D is benign if rsq..(D) is benign.

Proposition 3.9.6. Let © = (p,d) be a point of Xi(p) such that Diyig(p) is benign.
Then the rigid space Xui(p) is normal, irreducible and Cohen-Macaulay at x.

Proposition 3.9.7. Let x = (p,0) € Xui(p) be a crystalline point such that
Diig(rsta«(p)) is @-generic with reqular Hodge-Tate type and assume that there exists a
refinement of Deyys(D), then the morphism w': X (p) — Tr is flat in a neighborhood of x.
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PRrROOF. This is shown by Theorem 3.6.2, Proposition 3.9.5, [18, Proposition 3.5.1,
Corollary 3.5.9, Corollary 3.7.8] in the G = GSp,,, case, which are similarly shown with
Tannakian formalism, and the proof of [18, Proposition 4.1.1]. U

We introduce accumulation property for Xi,i(p) (cf. [17, Definition 2.11] or [18, Defi-
nition 4.1.3]).

Definition 3.9.8. Let x = (p,d) € Xui(p) such that w(x) is algebraic. We say that
Xii(p) satisfies the accumulation property if the set of the points (p/,8') € Xui(p) such
that p’ is benign accumulate at x in X,;(p) in the sense of [6, §3.3.1].

Proposition 3.9.9. Let © = (p,d) € Xui(p) be a crystalline point such that
Drig (7sta,+()) 1s @-generic with reqular Hodge-Tate type and assume that w(x) is algebraic.
Then Xii(p) satisfies the accumulation property at x.

PROOF. We may show the assertion by the proof of [18, Proposition 4.1.4] from Lemma
3.7.7 and Proposition 3.9.7. ([l

3.10. Zariski density theorem for irreducible components which has a regular
crystalline point

Let G = GSp,,, and B, T be respectively the standard Borel subgroup and the stan-
dard maximal split torus of GSp,,,. Let p: Galg — GSp,, (kL) be a continuous GSp,,,-
representation. Let k € (Z*)?" be a strictly dominant regular Hodge-Tate type such that
there is a character A € X*(T) over L such that the element r4q.(\) € X*(Ty,) = (Z¥)*
is k.

There is a quotient RE .. of Rs, corresponding Zariski closed subspace XX .. C X5
consists of the crystalline GSp,,,-representations with Hodge-Tate type k by [4, Proposition
3.0.9].

Lemma 3.10.1. Let x be a point of %lﬁ‘ycrys and U be an admissible open neighborhood

of x. Then there exists a point z € U whose corresponding representation is benign.

PROOF. We will prove étale locally. There exists an étale morphism U’ := Sp(R) —
whose image contains x such that

Dcrys(VR> = ((R®Qchrys> ®R VR>GalK

is a finite free Ky ®g, R-module and an isomorphism Dar(Vr) = K ®k, Derys(Vr) which
are compatible with base changes, where V5 is the restriction to U’ of the universal framed
deformation of p by [10, Corollary 6.3.3], [25, Corollary 3.19] and Tannakian formalism.
So it suffices to construct a deformation of the GSp,,, (k. )-representation p, on L such that
D (p.) satisfies ¢-genericity and noncriticality for any z € U Xy U’ because R%[l /p] is

%k

perys

an integral domain, which follows by [4, Proposition 4.1.5]. That is done by constructing
an appropriate lift of K-filtered ¢-module Deys(p.) over L on Lle] € C; by Tannakian
formalism and the construction after Lemma 3.7.3 since weak admissibility of K-filtered
p-modules over L is preserved by deformations on A € Cp, and that is done by the proof
of [68, Lemma 4.2]. O

Proposition 3.10.2. The Zariski closure ?reg_crys of the following subset of X5:
Xieg-crys = {2 € X5 | py is crystalline with regular Hodge-Tate type}

is a union of irreducible components of X5.
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PROOF. We may follow the proof of [48, Proposition 5.10]. Let 3 be an irreducible
component of the Zariski closure ?reg_crys of Xieg-arys- Endowing the closed subsets of X5
with the reduced closed structures ([14, 9.5.3, Proposition 4]), the complement 4l := 3\ 3ging
of the singular locus 3gne C 3 is an admissible open in 3.

We may pick a smooth point x € i with the corresponding representation p,: Galgx —
GSp,, (k(z)), and we may also assume that p, is benign by Lemma 3.10.1. To see that
x is also smooth, we have to show that H?(Galk,ad(Dyig(pz))) = 0. Then it suffices to
show H?(ad(Dyig(rsta«(pz)))) = 0 since ad(Dyig(p,)) is a saturated (¢, T')-submodule of
ad(Dyig(rsta,«(pz))), and this follows from the argument in the first half part of the proof
of [48, Proposition 5.10] by the y-genericity of Dyig(7std,«(pz))-

The irreducible set 3 is contained in a unique irreducible component of X;. So the
assertion is reduced to the surjectivity of the injection

1,3 = T,X5

of the tangent spaces.

Recall that the triangulations of D,is(p,) are exactly parametrized by w € W(GSp,,,T')
by Proposition 3.7.1, and we write them as P,. Each pair (z,P,) defines a point y,, €
Xui(p). Replace L with the field of definition k(x) of z, which is a finite extension of L.
Let P, [%] denote the induced triangulation of the (¢, [')-module with GSp,,-structure
Diig(pz) ®r, Ri [%] over Ry, [%] from the base change by Ry, — Ry, [%]

Write &, for the usual functor of framed deformations over Cr, of continuous p: Galg —
GSpy, (L), which is pro-represented by R,. We define

XD,M = XD XXD[L] X

Xpm = Xpm Xx, Xp

D[z

as an GSp,,-analogue of the groupoids over Cj, constructed in [18, §3.5, §3.6] for a tri-
angulation M of Dy (p) [+]. Note that there is the natural monomorphism of groupoids
XDJ)w — XD,PM[%]'
Since Dyig(7sta«(pz)) is benign, it follows that 9] Xt (B = RP 17 is an integral domain
wit
by arguing [18, Theorem 3.6.2 (i), Corollary 3.7.8] (see also [48, Proposition 5.7]) with
Tannakian formalism and Proposition 3.9.6.

It follows that there is a unique irreducible component 2),, of X,;(p), which contains y,,.
Let X, be the subset of points of (p/,d") € Xi(p) such that p’ is benign. By Proposition
3.9.9, there exists an affinoid neighborhood 4, of y, such that &, N X, is dense in I,,.
Then 4, N X N, is dense in U, NY,,, which is Zariski open and Zariski dense in 2),,,
so X N, is dense in Q),,. Then the image of ), by the natural projection

Xui(p) = X5 %1 Tr = %5
is an irreducible component U of &5. So we get the maps
@ (Xpww[%o = P T, T3 TVET(A,)
weW (GSp,y,,T) weW (GSp,y,, T')

The map is compatible with the forgetful maps pr Pult] — X,,. By the definition of

X, p B and that X, — X, is formally smooth, there exists a finite dimensional vector
Trlmw | ¢ “ .
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space V over L and the above sequence of the maps factors as

S Tty D (T(X.np)ev)

wEW(GSpng) weW(GSp2n1T)
- T(X,,)eV=T(X,)

where the middle map is defined by ) T(m,) @ idy for each projection m, to the w-
component. By Corollary 3.8.14, >~ T'(m,) is surjective, so T, 3 — 1,0 is an isomorphism.
O

3.11. Partial lifts and their partial extensions

In this section, we extend the argument of partial lifts and partial extension to the case
that p is any prime, including the case of p = 2.

3.11.1. Quadratic functions and parabolic subgroups. We first recall the defi-
nition of quadratic functions, which is used in this section, especially over a field of char-
acteristic 2.

Definition 3.11.1. For a ring R and R-modules M and N, a quadratic function (over
R) is a function ¢: M — N such that the following two conditions hold:

(1) q(ax) = a’q(z) for all a € R.
(2) The function M x M — N, (z,y) — q(x +y) — q(x) — q(y) is bilinear.

A quadratic form (over R) is a quadratic function (over R) whose target is free of rank
one.

Note that if M is free and N = R is free of rank one, a function ¢: M — R is a quadratic
form if and only if there is a (not necessarily symmetry) bilinear function b: M x M — R.
Let a, b, ¢, m be positive integers such that a + b+ ¢ = m. We assume that a = c. Let

GL, *
P={( 0 GL, =x |,
0 0 GL.

which is a parabolic subgroup of GL,,. Write P = U x L where U is the unipotent radical
and L is a Levi subgroup of P and ad: L — Aut(U) for the conjugate action. We have the
upper central series 1 C U C U where

I, 0 =
vl =wul=(0 I, 0
0 0 I

Let U2 := U/U%". There is the natural isomorphism of schemes
U = Mat,«, ® Matyy. © Mat,x.

which induces the isomorphisms of abelian group schemes U® 22 Matg,y, @ Matyy. and
Uder = Mat,y.. Write ad': L — Aut(U*) and ad’: L — Aut(U%") for the conjugate
actions induced from ad.
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3.11.2. Structures of the cup products for parabolic extensions. From here
on, for the sake of simplicity, frameable (¢, I')-modules ([¢],[y] | ¥ € T') will be denoted as
([¢],[7]). Fix a Galois representation 7: Galx — M(F,) and its lift 7: Galx — M(Z,).
and fix a frameable (¢, I')-module with L-structure ([¢1], [yL]), which represents the associ-
ated (p, I')-module to 7. Let ([¢1], [11]) be a frameable (¢, I')-module with P/U%-structure
which lits (2], [12]) and write [¢n] = [6r][6h] and (] = )] where [65], ] € U™
Fix isomorphisms b;: U** = GP*1 and U = GP% of algebraic groups. Then we write
adf;] for the matrix b; o adff] ob; ' € GL(G®%) for i € {0,1}. Let V be a vector space over

K and s,t € GL(V ®k A4). We define a framed Herr complex Cp...(s,t) as

sop—1,toy—1)
—_—

C;Ierr<87t) = [V K AA (

and write

) (toy—1)@(1—s0p

(V &k Ax) @ (V @k Ay LV @K Al

HI/L;IGIT(S7 t) = Z;Ierr(57 t)/BIi-Ierr(SJ t)
for the i-th cohomology of Cf,,(s,t) for i € [0,2]. We have natural isomorphisms

Hi(GalK7 Uab) = Hﬁerr(ad[1¢L]7 adl )7

[vz]
H'(Galg, U) = Hyy,, (ad),,j,ad, )

for i € [0,2] by [39, Theorem 5.1.29]. We set A(s,t) = ~vy(s) 't 'sp(t) when (s,t) be a
(¢, T')-module with P-structure. For an element « € Cf;.(s,t) for an integer i, write [/
for the image of o in Hy,,, (s, t).

Lemma 3.11.2. For an element € H}{err(ad[lm], ad[lm), write for ([¢1], [71]) the natu-

rally associated frameable (o, T')-module with P/U -structure to 3, which lifts ([¢r)], [vL])-
Let [¢o] and [yo] be elements of P(A4) which are lifts of respectively [¢1] and [v1]. Then
the map

Q: HI%Ierr<ad[1¢L}? ad[lfyL]> - HI%Ierr(ad?qu]a ad?rﬂ])? B = )‘([¢0]7 [PYO])
s well-defined.

ProoOF. To see the map is well-defined, it suffices to show that the images of
A[¢o], o)) € Chenlady,,j adf, ;) in HE,(ad), ) ad), ) does not depend on a choice of
lifts ([¢o], [v0]) of ([#1],[11]). This follows by the equation in the definition of A and that
A[¢o], [Y0]) = 0 mod U obtained from the commutativity of [¢;] and [y;], and that U9er
is abelian and a center of U (also cf. [59, Lemma 9.4.1]). O

Lemma 3.11.3. The map

. 1 1 1 2 0 0
Q : HHerr(ad[¢>L]7 ad['yL}) — HHerr<ad[d>L}’ ad[’YL]>

is a quadratic function over A.

PROOF. We take a frameable (¢, ')-module with P/U9%"-structure ([¢1], [11]), which
lifts ([¢r], [vL])- Let

([(blUL [fyl{/]) S ZI%Ierr(ad[lzﬁL]’ ad[l’YL})

be a cocycle which represents ([¢1], [11]). Note that [¢1] = [or][¢f] and [y1] = [v][vd]-
Let ([pp.4], [¢p2]) (resp. ([v(a)s [v2])) be the corresponding element in Mat,y;(Aa) @
Matpx.(Aa) to [¢f] (resp. [v]) via the isomorphism

U = Mat,xp ® Matyse .
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We take bases {z1,...,2aw}, {21,...,2.} of the free A -modules Mat,yp(A4),
Mataxp(Aa) and write [p1],. .., [dg], [¢1]s -, [dp) and [vi], ..., [vae), (0] 1) for

the corresponding factors of [¢f], [v5]. Since there is the natural inclusion of schemes
i: P/U% — P, which is a section of the quotient P — P/U%" we take the section

9] = i((1]), [0) = i((n]) of (1], [y ]- Since A(¢z,72) = 1, we have
Aol o)) = 11651 ™ ady o+ (DA17) ad oy (161 D13

Then the factors in the upper right (a X c¢)-submatrices of the products are the form

ab be
D (Faall01]) + Sralbil) + D_(fo, (101 + £,

where fyi, fri, f; and f! . are A-linear functions Ay — A4. So the lemma follows by
Lemma 3.11.2. U

We fix a Galois representation
7 = diag(Ta, T, 7c) : Galg — L(F,)
as well as a lift
7 = diag(7,, 7, 7e): Galg — L(Z),)

of 7 which are associated to the (p,T')-modules with L-structures ([¢,],[7,]) and
([pL], [ye])- Let

U: Héerr(ad[l¢L], ad[lm]) X HHerr(ad[¢L], ad[ln]) — H%err(ad?m], ad%ﬂ)

be the cup product over Zp, defined as

(z,y) = Qz +y) — Qx) — Qy).
We assume that dimg H?(Galg, Mat,x.(F,)) = 1.

Definition 3.11.4. A partial extension of 7 is a continuous group homomorphism
p': Galg — (P/U%)(Z,) extending 7. The set of equivalence classes of partial extensions
of 7 are in natural bijection with H'(Galy, U*(Z,)).

Let pp: Galg — P(F,) be a continuous group homomorphism. A partial lift of pp is
a continuous group homomorphism p': Galyx — (P/U%)(Z,) which lifts pp mod U9,

Lemma 3.11.5. Let A be Z, or F,. A partial extension p': Galg — (P/U)(A) of a
continuous homomorphism T4: Galg: L(A) extends to a full extension p: Galg — P(A)
if and only if Q(B) = 0 where 3 € H'(Galg,U?(A)) is the cohomology class corresponding
to p'.

Proor. Let ([¢r],[vz]) be a framed (¢, ')-module with L-structure over A, which
represents the associated (o, T')-module to 74. Let H} ([¢z],[vz]) be the equivalence
classes of all extensions of ([¢r], [yL]) to a framed (p,T')-module with P-structure.

We define 73 ([¢r], [v2]) as the set of elements

((l’o, yO)? (l‘l, yl)) S CI}Ierr<ad0¢L adhL]> SZ CI}Ierr<ad[1¢L}7 ad[lyL]>

such that d(z1,y1) = 0 and d(zo,y0) + Q((z1,71)) = 0. Then there exists a surjective
map Zi.. ([0], [72]) = Hien([#12], [72]) by the argument of Lemma 3.11.2. So the lemma
follows. O



3.11. PARTIAL LIFTS AND THEIR PARTIAL EXTENSIONS 55

3.11.3. Classical actions on the Galois cohomologies. Let A = {1,j} be the
finite group with two elements. Toward an application to the GSp,,,-valued representations
and etc., we introduce the classical actions of A in [61, Definition 6.2].

Definition 3.11.6. An action of A on each H'(Gal, U?(A)) and H?(Galg, U (A))
is said to be classical if the following conditions hold:

(1) jHl(GalK, Mataxb) C Hl(GalK, Matbxc),
(2) jHl(GalK, Mathc) C Hl(GalK, Mataxb),
(3) The action of A is compatible with the cup products.

Example 3.11.7. Let G = GSp,,,. The maximal proper Levi subgroups of G are of
the form GLj X GSpy(,_sy or GL,, and set

Mk — GLk X GSpQ(n—k) (1 S k< n)
GL, (k=n)
for 1 <k <n. Let

GLr Matyy 2n—2k) Matyxx
Py, = GSpy, N GLop—2r  Mat(zn_op)xk

be the corresponding parabolic subgroup of G to M. Let Uy be the unipotent radical of
P.

Set Q. = ]”_k>. Define an action of A = {1,j} on
“—dn—k
Matyx (2n—2k) X Mat (2, —2k)xk by

iz, y) = (Y, U'z)  (2,y) € Matyyom—r) X Matam_k)xk
jz = tz z € Matg g

Then the induced actions of A on H(Galg, U**(A)) and H?(Galg, U (A)) is classical.

For a classical action A in the above definition, write
Q% H'(Galg, U™ (A))® — H*(Galg, U (A))

for the restriction of the quadratic function Q: H'(Galg, U (A)) — H?*(Galg, U (A))
defined in Lemma 3.11.2.

Lemma 3.11.8. If A is a Fy-algebra, the map
Q% : H'(Galg,U™(A))» — H*(Galg, U (A))
15 Frobenius semilinear.

PROOF. Since Q(z,0) = Q(0,y) 0 for
H'(Galg, Mat,yp) by Lemma 3.11.5, (z,y) — Q((z,
Hl(GalK,Mataxb),

r € H'(Galg,Mat,y,) and y €
y)) is a bilinear. Then for z,2’ €

((z +
=Q((z, A(x)) +Q((fr, (1” )+ Q((=', Alz)) + Q((«, Az))
=Q((z, A(z)) + Q((«', A(z")) +2Q((x, A())

=Q((z, A(z)) + Q((«', A(a"))

by the classicality of the action A. We also have o?Q((z, A(z)) = Q((ax, aA(z)) for a € A
since () is a quadratic function. ([l
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3.12. Existence of crystalline lifts from partial lifts

In this section, we prove the existence of crystalline lifts from partial lifts under Property
SSD (see Condition 3.12.1). We define the following map

&, HY(Galg, U™ (Z,))> — H*(Galg, U (F,))

induced by Q* and the surjection Zp —» Fp.

Note that if the Levi-factor p,, of the representation p is written by diag(py, ..., p)
when G is embedded in a GL,, such that each p; is irreducible and p; # p; for i # j, the
map Q4 is surjective because H?(Galy, U (Z,)) = H*(Galg, U (F,)) = 0.

Let G be a connected split reductive group over K, P C G be a parabolic subgroup and
P = U % L be the Levi decomposition. Write Xk . yeq for the reduced Emerton-Gee stacks
for L defined in [59]. We introduce the property SSD (Sufficiently Small Dimension) in
[61, Introduction].

Condition 3.12.1 (Property SSD for G). Write X, C Xj L rea for the scheme-
theoretical closure of the locus

{z | dimg H*(Galg, U (F,)) > s}.

For any L obtained as a Levi subgroup of G as above, dim X, + s < [K: Q,]|dim L/By,
where By, is a Borel subgroup of L.

Definition 3.12.2. Let p: Galgy — GSp,,(F,) be a continuous representation. We
say that p is Q2 4-surjective if it satisfies one of the following conditions:

(1) p is elliptic.

(2) p factors through a maximal parabolic subgroup P C GSp,, whose Levi subgroup
is isomorphic to GLx X GSpy,,_) (and fix an isomorphism), there is a crystalline
lift diag(pa, pp, pc) of the Levi component diag(p,, s, p.) of p, where p,, p. are
irreducible, and there is a sufficiently large integer n such that (Apa, py, A\~ pe),
where \ = Z,(n) with trivial reduction, is regular crystalline and the corresponding
map

&0 HY(Galg, U™(Z,))* — H*(Galg, U (F,)),
constructed after Lemma 3.11.8 is surjective.

Remark 3.12.3. If p # 2, any continuous representation Galg — GSp,,, (F,) is Q2 4-
surjective by the argument of [61, §6, §8].

Theorem 3.12.4. For each integer n > 1, assume that Property SSD for G = GSp,,

holds. Letp: Galx — GSp,,(IF,) be a continuous representation whose similitude character
is 1 Galg — F; and . Galg — Z; be a crystalline lift of 1. Assume that p is Q% -
surjective. Then p admits a crystalline lift p which has the abelianization ¥ and regular
Hodge-Tate weights.

PrOOF. Note that the abelianization of a GSp,,,-valued representation is its similitude
character. By Theorem 2.3.6, we may assume that p is not elliptic. There exists the
maximal proper Levi subgroup of the form M = GLg X GSpy(,_y) C GSp,, and the
corresponding parabolic subgroup

GLy,  Matkx(2n—2k) Mat
P, = GSp2n N GLay,—2k Mat(2n—2k)><k
GL
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which p factors through and that p is a Heisenberg-type extension, i.e. a representation
such that dimg H?(Galg,gr’ LieU(F,)) < 1 as in [61, Definition 5.1], of a continuous

representation p,,: Galgx — M (F,) for some k € [1,n]. Write

Pa B
v = Py
Pe

such that p,: Galx — GSpy(,_y) (F,) has the similitude character ¢ and
Po: Galg — GLi(F,), p.=¢"p,": Galg — GLi(F,)

are irreducible.
By the assumption and Theorem 2.3.6, p, admits a crystalline lift

po: Galg — GSpy(,_p)(Zy)

with similitude character ¥. Let p,: Galg — GLg(Z,) be a crystalline lift and set p. =
Yot

By replacing (pa, pp, pe) with (Apa, pp, A"'p.) for a sufficiently large n and A\ = Z,(n)
with trivial reduction, we may assume

H'(Galg, LieU(Q,)) = H.y(Galg, Lie U(Q,)).

Then the theorem follows by the argument of the proof of [39, Theorem 6.3.2], Lemma
3.11.5 and the last argument of the proof of [61, Theorem 8.5].
O

Remark 3.12.5. The Property SSD for G = GSp,,, will be proved in the section 3.13.

3.13. Dimension calculations of the Emerton—Gee stacks for GSp,,

In this section, we calculate the dimensions of the Emerton-Gee stacks Xk asp, . red
defined in [59] along with the method of [61, §10]. Let P be a condition of F,-points in a
moduli stack. We mean a “locus” of P in the moduli stack the scheme-theoretic closure of
the scheme-theoretic image of all families whose F,-points satisfy P. See also [62] and the
proof of [61, Theorem 2] for the contents of this subsection.

We prove the following theorem, that is stronger than Property SSD (Condition 3.12.1)
for GSp,,,.

Let 59 X K, GSpy, red — XK,GLonred D€ the map of stacks induced by the standard repre-
sentation GSp,,, — GLs,. In this section, we often think of GSp,,-valued representations
embedded in GLy, by the standard representation.

Theorem 3.13.1. Let @: Galg — GL,(F,) be an irreducible Galois representation.

The locus of T € Xk asp,,red Such that dime Homga, (@, %Y(T)) > r is of dimension at

most
r? T
d2'n7r = [K @p]n2 — <5 — 5 + 1) .

We write X3 for the locus considered in Theorem 3.13.1.
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3.13.1. The semisimple loci. It suffices to check the case of 2n = ra for considering
the elliptic locus of XZ . We have the following lemma.

Lemma 3.13.2. If the image of diag(@(—1),...,@(—1)) is in GSp,,(F,), the semisim-
2
ple locus of XEZ@T has dimension at most — % — g + 1 ). If otherwise, the elliptic locus
15 empty.

Proor. This follows because the dimension of the group of automorphisms of the
Galois representation diag(a(—1),...,@(—1)), which is seen to be valued in GSp,,, is 1 if
C T 0
2 2 .

_3.13.2. Reduction to the maximally non-split parabolic loci. Let ¢: Galx —
IF; be a character.

r = 1 otherwise at least dim GSpQ,ng >

Lemma 3.13.3. The dimension of ngT 15 at most day, ., or equal to the dimension of
the locus of

a(—1)%" * *
d(@’ (1)

where T: Galx — GSpPy(,_qr) (F,) is a continuous representation.
Proor. It suffices to show the following inequalities
—k2 + don—okrar—aky, < donr,

Aon—2kya—ksaks T Ahsaks < Aon—2kia,r—2k

under the conditions of ky, ko, k3 € Z>¢, 2k1 + ko + k3 = r < n/a and 2|ak; and they follow
by the proof of [61, Lemma 10.6]. O

3.13.3. The maximally non-split parabolic loci. Let M, be the Levi subgroup
of GSp,,,, P be the corresponding parabolic subgroup of GSp,,, and Uy be the unipotent
radical of P for 1 < k <n as in Example 3.11.7.

We introduce some notations. Let A be a reduced finite type F,-algebra and Spec A —
XK M., rea De a morphism. By replacing A by its scheme-theoretically surjective cover, we
may assume Spec A — X .., red 1S basic in the sense of [59, Definition 10.1.2]. Set

X4 = Spec A,

Ya = Spec A Xay 1y oo XK Prajuder

Za=Spec A X xp 1 oy XK Pry-
These spaces are algebraic stacks by [59, Proposition 10.1.8].

Write Y, Z§ for the coarse moduli sheaves of respectively Y4, Z4 and W, for the
scheme-theoretic image of Z§ in Y. Let ¢ be the codimension of W, in Y.

Lemma 3.13.4. In the above situation, we assume Spec A is irreducible and each

x € (Spec A)(F,) corresponds to a representation

a(-1)= .
(Y (1))*"

such that T € Xfé:;@s\)(gfjr)@”l for an s > 0.
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Write dx for the dimension of the scheme-theoretic image of Xa — Xk r,qred and dz
Jor the dimension of the scheme-theoretic image of Za — Xk Gsp,, red- Then we have

dz <dx +rs—c+[K: Q) <m(n—2m)+w>

. { ) (ga(1) =
0 (ya’(1) #
dX S d2n—2ra,s - T2-
PrOOF. We have
dim Z§ < dim X4 — ¢ + rank H'(Galg, U?) + rank H' (Galg, U)

ra

by the definitions. Then the lemma follows by the argument of the proof of [61, Lemma

1
10.8]. Note that dim Uy, = ra(n — 2ra) + % -
PROOF OF THEOREM 3.13.1. We need to show dz < dap, for all 0 < s < n—ar
a

suffices to prove

(3.13.1) rs — rir=1) + o T ; i < [K: Q) (—a2r2 + (n - 1) ar) +c

2 2 2

by Lemma 3.13.4. The LHS of (3.13.1) is a quadratic polynomial in s and achieves max-
imum at s = r + 1/2. Since s only takes integral values, we may assume s = r. So the
equation (3.13.1) is reduced to

1 1 1
(3.13.2) —r’ 4+ —r < [K: Q) —a P+ n—=)ar)+e
2 2 2
: 1 I
The RHS of (3.13.2) is at least 57‘2 + 57 since [K:Q,)>1,a>1and n > 1. O

3.14. Zariski density of crystalline points

In this section, we prove the main theorem of this chapter.

We fix a continuous representation p: Galg — GSp,,(F,). Let R; be the framed
universal deformation ring over the ring of integer O := O of a sufficiently large finite
extension L/K and write X; = (Spf R;)"¢ for the rigid generic fiber of Spf R;. Let
= pip (K) denote the group of p-power roots of unity in K.

Theorem 3.14.1. Let X,eg.crys be the subset of reqular crystalline points in X5. If
(1) p>3, or
(2) p=2 and p is Q%4-surjective,
then Xieg-crys 15 Zariski dense in X5.
PROOF. Let p"™V: Galg — GSp,,(R;) be the universal representation. Let 1 be the
composite
Galg “— GSpy,(Rp) = (Rp)",

where the last map is the similitude character. Replacing L with its finite extension if
necessary, we may take and fix a homomorphism O[u] — Ry as constructed in [70, §15.2].
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Since O[u] [1} > L., o0- L, we get decompositions

P
1 1 1 1
wlp)= Tl wf]- T s
X: p—O* x: p—O*
where R% = R; Qopy O and RY = R Qo O for each homomorphism of groups
x: p— O
By [70, Theorem 1.2], there is a natural bijection between the set of irreducible com-
ponents of Spec I; and those of Spec Ry;. Then it follows that the irreducible components
of X5 are given by the rigid generic fiber XX of Spf R} for x: u — O* by [28, Theorem
2.3.1].
By Proposition 3.10.2, the Zariski closure of S, is a union of irreducible components
of X;. Note that if p > 3, any continuous representation Galg — GSp,,(F,) is Q%4-
surjective (cf. Remark 3.12.3). When the assumption of the theorem is satisfied, each
irreducible component of X; has a point, which is crystalline with regular Hodge-Tate
weight, by Theorem 3.12.4 and Theorem 3.13.1. Then the assertion follows. U



CHAPTER 4

Locally analytic completed cohomology of Shimura varieties of
Hodge type

4.1. Introduction

In this chapter, we study locally analytic subrepresentations of completed cohomology
of Shimura varieties of Hodge type.

In Section 4.2, we recall the notation of Shimura varieties of Hodge type and their special
case, unitary Shimura varieties. In Section 4.3, we recall the construction of the Hodge-Tate
period map associated with general Shimura varieties. In Section 4.4, we slightly generalize
the result of Camargo [77, Theorem 1.1.8] in the case of J-locally analytic cohomology with
coefficient of local systems attached to p-adic algebraic representations of reductive groups.
In Section 4.5, we will compare the local sections on perfectoid Siegel modular varieties
and on perfectoid Shimura varieties of Hodge type. We also prove the locally analyticity
of perfectoid covers of general Shimura varieties of Hodge type generalizing the method of
Pan [69, §3.5, §3.6, §4.2]. From them, we will deduce the main theorem.

4.2. Shimura varieties of Hogde type and unitary Shimura curves

4.2.1. Generalities of Shimura varieties. Let G be a reductive group over Q and
(G, X) a Shimura datum (e.g. see [64, Definition 5.5]). Let F/Q be the reflex field of
(G, X).

A natural projective system Shg(C) of complex manifolds over C indexed by open
compact subgroups K C G(A™) is associated with the datum (G, X'), which is defined by

Shi (C) = GQ\(X x (G(A%)/K)).

Let Shx denote the canonical model of Shx(C) over Spec F.

Let Z be the center of G and Z. C Z its maximal (Q-anisotropic torus which is R-split.
Let G¢ := G/Z.. For any subgroup H of G(A), let H¢ denote the image of H in G°.

Given neat open compact subgroups K; C Ky C G(A*) where K7 is a normal subgroup
of Ky, the induced map Shy, — Shg, of Shimura varieties is Galois finite étale with Galois
group K§/K¥.

For a Shimura variety Shy and an auxiliary K-admissible cone decomposition %, let
Shig'y denote the toroidal compactification as in [72] (see also [40] for an algebraic con-
struction in the Siegel modular varieties). When the choice of the cone decomposition will
not be important, we write Shie" = Shi?’y,. A cone decomposition ¥ can be taken as follows
and assume the conditions are always satisfied:

(1) ¥ is a smooth cone decomposition relative to K so that the toroidal compactifica-

tion ShY" is smooth, projective with boundary divisor given by normal crossings
([72, Theorem 9.21]).

61
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(2) The divisor of boundary Dy := Sh'®\ Shg is a union D = User Dk o of finite
irreducible smooth divisors and U,ecr Dk 4 is also a smooth divisor for any subset
I' C I ([72, Proposition 9.20]).

4.2.2. Shimura varieties of Hodge type. We introduce the notation of the Siegel
modular varieties and Shimura varieties of Hodge type (cf. [83], etc.). Fix an integer g > 1.
Let (V,%) be a symplectic space of dimension 2¢g over Q, that is, V' is a vector space of
dimension 2g over Q and ¢: V x V — Q is a non-degenerate skew-symmetric bilinear
form. Note that (V%) is (non-canonically) isomorphic to the standard symplectic space
(Vag, tay), which is, Vo, :== Q% and 1) is the standard symplectic pairing defined by

g

Y((ar,. .. ag,01,...,0g), (a), ... a,,by, ..., b)) = Z(aib; — ayb;).

i=1

We fix the self-dual lattice Va7 = Z?9. Let GSpy, /Z be the group of symplectic
similitudes of Va, 7. Note that the definition of “GSp,,” is slightly different from that of
“GSp,,” in the last two chapters. For an integer m > 1, we define the following congruence
subgroups of GSp,,(Z,)

*

Co(p™) = {fy € GSp2g(Zp) | v = (0 :) mod p™, dety =1 mod pm} ,
m 1 X m
Iy (p™) = {V € GSpyy(Zp) | v= (0 1) mod p }

tom) = {7 € Gm, @) |7 = g ) mod " |

where the all blocks has size g x g.

A Shimura datum (G, D) is said to be of Hodge type if it admits a closed embedding
(G, D) = (GSpy,, DGSPQQ) into the group of symplectic similitude group GSp,, with Dgsy,,
given by the Siegel upper half space. The associated variety Shx with (G, D) of Hodge
type and a compact open subgroup K C G(A*) is called a Shimura variety of Hodge type.

4.2.3. Unitary Shimura curves. We introduce the notation of the unitary Shimura
curves handled within the paper (cf. [33], [23], [35]). Let F' be a totally real number field
of finite degree dp := [F': Q] > 1. Let B be a quaternion algebra over F. We assume that
there is a unique real place 7o, where B splits.

Let £ be a quadratic imaginary extension of Q and F = F' - €. Let ¢: F — F be the
conjugation induced by that of £. Fix an embedding u.,: £ — C and write uc: F — C for
the unique embedding such that uc|r = 7o and ucle = tee. Let D = B®p F. Let [+ [
denote the tensor product of the canonical involution of B and the conjugation c: F — F.
Let § € D be a invertible and symmetric (i.e. 0 = §) element and set [* := §~*[§. The map
[ — [* is an involution of second kind on D.

Write V' for the underlying Q-vector space of D, which is equipped with the action of
D @z D defined by (d; ®ds) -v = dyvds for any dy,dy € D and v € V. Choose an element
a € F that is non-zero and imaginary (i.e. @ = —«). We define a pairing ¢: V x V — F
as

Y(v,w) = trrg(atrp,r(véw®))
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for v,w € V. It is an alternating and non-degenerate form and the following equation is
verified:
Y(lv,w) = P(v, "w).

For any Q-algebra R, regard elements g € D ®g R as D-linear R-endomorphisms
v~ vg of V ®g R. Let G be the algebraic group such that G(R) is the subgroup of the
multiplicative group (D°° ®q R)* which satisfies g € G(R) if and only if there exists an
element r € R* such that

U(vg,wg) = ri(v, w)
for any v,w € V ®q R.

Let S := Resc/r(Gyn). Let u: S — Ggr be the homomorphism defined in [23, §2.1.3].
The map p defines the G(R)-conjugation class X of homomorphisms S — Gg, which is
identified with the Poincaré upper half plane. Then the composition of h and the embedding
Gr — GL(Vg) defines a Hodge structure of type {(—1,0), (0, —1)} (cf. [23, §2.2.4]). In
other words, the map induced a closed immersion (G, X) < (GSp(V,), D) where D is
given by the Siegel upper half space and so (G, X) is a Shimura data of Hodge type.

A natural projective system Shg(C) of curves over C indexed by open compact sub-
groups K C G(A™) is associated with the data (G, X) as in Section 4.2.1. The curve
Mk (C) admits a proper smooth canonical model over the reflex field F via the embedding
uc: F — C.

Fix a place p of F' over p. Write p; = @, 09, ..., s for the places of F' over p. Assume
that p decomposes in £ and B splits at p; for all place p; of F' over p. Fix isomorphisms
D ®q F,, = Ms(F},) for each place p; of F' over p and an embedding A\: & — Q,, which
corresponds to a place of £ over p. Let Op be an order of D which is stable by the
involution [ + [*. We have the following decomposition

D ®Q Qp = (D ®5,>\ Qp) D (D ®5,)\oc Qp)
o (H M2(Fm)> ® (H MQ(FpZ.)> =: (H Dgi) ® (H D@-)
pilp pilp wilp pilp
and similarly we have
Op ®zZ, = | | (O} @ Op ).
pilp
We assume the following condition on A:

e The ring Op; (resp. Op- ) is a maximal order in D (resp. D) and the ring

Op;. is identified with M3(Op,,) via the composite Op- — Dg = My(F,) for

all places ;|p.

Let 6;171 S OD@- (resp. e;f € (’)D@_) be the element which is identified with ((1) 8)

00 . . . ~ +,k . —,k\* —

. - 2 ). = k = 1, 2.
(resp (O 1)) via the isomorphism Op- — M>(OF,,). Set ef; (e;;") for k= 1,2
For any Op ®y Z,-module A, we have the following decomposition

A=l ea) =[G e Al en e A?)
pilp oilp
= [T (A oalleael)

pilp
o€X,
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where A2 k— = el *A is an Op, -module.
For any Q algebra R, we have the isomorphisms

G(R) = {(r.g) € R* x (D" ®q R)" | gg" =}
= {(r,9) € R x (D &g R)* | gg" =}
functorial in R, where the first map is the natural isomorphism by the definition of G and
the second map is defined by
R* x (D® ®g R)* = R* x (D ®q R)*,
(r,9) = (rg7h).

Thus, we have an isomorphism

(421) GQP :) Gm,Qp X H ReSFm/Qp GLQva
pilp

of algebraic groups over @, by the above condition on A\. We also set

G(Q) = Q) x [] GLa(F,,) € G(Qy),
piFp

G(A®9) = G(QF) x G(A™P) C G(A™).

We fix a finite extension £/Q, such that | Homg, (F},,, E)| = [F}, : Q] for all i € [1,s] and
write X, = Homg, (Fy,, E).

We fix an embedding 7: F, — E in X, and a lattice Vz C V where 9 induces a perfect
duality. Let V5 == V7 ®z 7.

Theorem 4.2.1. Suppose that K C G(A>) is a neat subgroup. Then the curve Shy , ==
Shx x 7 F,, is represented by a functor (Sch / Spec F,,) — Set, which associates each scheme
S over Spec F,, with the set of isomorphism classes of the data (A,t,0, @) where

(1) A is an abelian scheme of relative dimension 4dp over S, with an action of Op
via v: Op — Endg(A) (Note that ¢ induces a natural Op ®z Q,-module structure
on Lie(A)) which satisfies the following two conditions:

(a) Here Lie(A)" is a locally free Og-module of rank 1, where F, acts via the
structural morphism.
(b) 0: A — AV is a polarization of A where the associated Rosati involution sends
(y) to u(v7).
(2) Let T(A) == (Iim A[n]) ®2 Q. Here @ is a modulo K class of

a: Ve = f(A)
which are Op-linear symplectic isomorphisms local on the étale topology on S.

PROOF. See [33, Théoreme 4.19], [23, §2.3], and also [35, §3.1.1]. O

4.3. The Hodge-Tate period map

We fix an isomorphism C = C,,. In this section, we recall the construction of the Hodge-
Tate period maps of general Shimura varieties using (logarithmic) p-adic Riemann-Hilbert
correspondence.
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4.3.1. Log adic spaces. We recall the notation of Kummer-étale sites on log adic
spaces ([36], [37]).

Let X be a log smooth adic space ([37, Definition 3.1.1]) over Spa(k, k™), where (k, k™)
is a non-archimedean extension of (Q,,Z,). We endow X with the log structure induced
by a normal crossing divisor D C X ([37, Example 2.3.17]). Let X5, Xiet, Xproket denote
the analytic, Kummer-étale and pro-Kummer étale sites of X respectively ([37, Definition
4.1.16, Definition 5.1.2]). If D is empty, Xye and Xoxe are the same as the (pro-)étale
sites Xg and Xpoer 0f X as in [82] respectively. Log perfectoid affinoids ([37, Definition
5.3.1]) forms a basis of X ket by [37, Proposition 5.3.12]. We also write Ox for the inverse
images to Xkt 0f the structure sheaf.

For a topological abelian group V', let V denote the pro-Kummer étale sheaf defined as

V((Spa(R, Rt), M)) = Homey (| Spa(R, BT)|, V)

for each log affinoid perfectoid object (Spa(R, R*), M) in X ke ([37, Definition 5.3.1}),
where | Spa(R, R")| denotes the underlying topological space of Spa(R, RT). When V' = Z,
or Qp, write Z, .= Z, and Q, = Q .

—P
Let O%, Ox, B v, Bar.x, OB 10p.x7 OBar.log,x; etc. be the period sheaves on X s
or Xproket as in [36, §2.2].

4.3.2. The Hodge-Tate period map for Shimura varieties of Hodge type. In
this subsection, we use the notation in Section 4.2.1. Fix a Shimura datum (G, X) of
Hodge type. Let u be the G(C)-conjugacy class of Hodge cocharacters (defined over F)
attached to X, which gives rise to associated subgroups P,, N,, M, of G and a flag
variety F1, = G/P, over Spec F (cf. [22, §2.1], [77, §3.1]). Let .#/{, denote the adic space
attached to Fl, Xgpec 7 Spec C,,.

We recall the notation of G-equivariant Lie algebroids (cf. [5, §3], [69, §4.2.6], [77,
§3.2]). Let g, g%, p,, n, and m, be the Lie algebras of G, G¢, P,, N,, and M, respectively.
Let g° = Oy, ® g. We also have a natural filtration n), C p), C m; depending on y and
set m)) = p) /n)).

Let Shx = Shkc, denote the adic space over Spa(C,, Oc,) attached to Shgc, =
Shi Xspec 7 Spec Cy, (cf. [47]). We also let Shig" = Shi'c ~ denote the adic space attached
to the toroidal compactification. It is seen as a log adic space with log structure defined
by the normal crossing divisor of the boundary.

Suppose that K = K,K? for some open compact subgroups K, C G(Q,) and K? C
G(A>P). Let l'glK Shg, kv, where K, C G(Q,) lies on open compact subgroups, be
the infinite level Shli)mura variety considered as an object in Skg,x» pross. Assume K is
neat. Then we can take the same smooth cone decomposition 3 relative to K = K K?
for all sufficiently small K, C K, ([72, Corollary 9.33]) which is also compatible with
an closed embedding ¢: (G, X) < (GSpygy, Dasp,,) of the Shimura data ([54, Proposition

tor

4.10]). Assume that such X is taken. Then consider also hm  Shig r» to be an object in
Sh}?; KP prokét*

Theorem 4.3.1. For any neat compact open subgroup KP C G(A*P) C G(A*>) con-
tained in the level-N -subgroup

{7 € Gsng(ip) |v=1 mod N}
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of Gsp2g(2p) for some N > 3 prime to p, there exist perfectoid spaces Shy» and Shi2%
such that

tor tor

Sh/Kp ~ @Sh}(p[{p and Sth ~ @SthKp,
Ky Kp

where “~” is referred to (84, Definition 2.4.1]. Moreover, the closed embedding of Shimura
data v induces natural closed immersions of perfectoid spaces

Sth — :);[(/107 and Sh}?; — y;?/rp

where K" C GSp,,(A™) is a neat compact open subgroup such that K" N G(A>) =
K? and Vi, Vi be the perfectoid Siegel modular variety of level K'' and its toroidal
compactification.

PROOF. The proof is similar to that of [83, Theorem IV.1.1] and [54, Proposition
6.1]. 0

Write Sh = Shi'y,. Let V be an object in Repg (G°). The object V' naturally
induces an étale local system V; (resp. Kummer étale local system Vig, on Sh (resp. Sh'")
(see [63, §4.2] and [36, §5.2]). Let Vet denote the associated pro-Kummer étale local
system by [37, Lemma 6.3.3]. It is de Rham in the sense of [77, Definition 2.2.1] by
[36, Theorem 5.3.1]. We note that the pullback of Vjks by the natural map of sites
Shir prokét — Shi, ke proké s the constant pro-Kummer étale sheaf V' defined in Section
4.3.1.

Proposition 4.3.2. (1) For KP C G(A*") which satisfies the condition in The-
orem 4.3.1, there exists a natural G(Q,)-equivariant map of adic spaces

7T1t{°{1: Sh}?fy — FU,,

which is functorial in Shimura data.
(2) There exists a basis B of open affinoid subsets of F{ stable under finite intersec-
tions and each V € B has the following properties:
(a) Its preimage Uy, = Wff%’fl(V) is affinoid perfectoid.
(b) Uy is the preimage of an affinoid subset Uk, C Sh}?ZKp for sufficiently small
compact open subgroup K, C G(A>).
(¢) The map ligK; H*(Ug, OSht}?IZKP) — H(U, Ositer ) has dense image.

PRrROOF. The proof of (1) is similar to [15, Theorem 4.40] and [77, Theorem 4.2.1]. We
explain the detailed argument. For each object U = Spa(R, R") in U, and an object V in
Repg, (G°), we have a natural identification

H°(U, Viproker ®q, 63h) =V ®q, R,

where the tensor product of the left hand side is taken in the category of pro-Kummer
étale presheaves of rings over the presheaf associated with Q,.

On the other hand, the pro-Kummer étale local system Ve is de Rham, i.e., there
is a filtered log-connection

1®
(VdR,loga Vlogv Fil )
and an isomorphism of pro-Kummer étale sheaves

Virokét @0, OBdr,log.sn = Var,log ®0s, OBdR,log,sh

on Sh by [36, Theorem 5.3.1] compatible with connections and filtrations.
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Then the Hodge-Tate filtration defined by
Fil_; (Viroker ®a, Osn) == (M N Fi¥ M®) /(Fil' M N Fill M°)
of Virokét ®q, @Sh, where
M = Virokst @z, BIR,Sh and M == (Vir,log ®0g, OBji_R,log,Sh>VIog:O

is compatible with the Hodge filtration Fil* on Vig 1o by [77, Lemma 2.2.3] (see also [15,
§4.4.38]). So we obtain an increasing p-filtration on V' ®q, R and this induces the map
7igk in this proposition.

The all construction in the proof is G(Q,)-equivariant by the moduli interpretation of
Siegel modular varieties (cf. [40, §1], [83, §IIL.3]). The functoriality of #{f} in Shimura
data follows by the construction and Tannakian formalism. Then we have proved (1).

For (2), see [83, Theorem IV.1.1]. O

Remark 4.3.3. By considering pro-Kummer étale sites on infinite level Shimura vari-
eties instead of perfectoid Shimura varieties of Hodge type in Theorem 4.3.1, it is possible
to construct Hodge-Tate period maps for general Shimura varieties ([77, Theorem 4.2.1]).

tor

We call the map iy the Hodge-Tate period map. We write myyp: Shgr — F{,, for
the restriction of 7ff to Shi». Note that the construction produces the same Hodge-Tate
period map as the previously constructed one for Shimura varieties of Hodge type using
minimal compactifications instead of toroidal compactifications ([83, Theorem IV.1.1], [22,

Theorem 2.1.3]).

4.3.3. Flag varieties associated with unitary Shimura curves. At the end of
this section, we make an observation about flag varieties associated with unitary Shimura

curves. Let (G, X) be as in Section 4.2.3 and Shy is the associated unitary Shimura curve
of level K = K,K? C G(Q,) x G(A>*?). Fix an embedding 7: F,, — E. We let

£: A — (Shg)r.p = Shi Xgpec 7 Spec Fy, Xgpec 1, Spec E

be the universal abelian variety for the moduli interpretation of the unitary Shimura curve

in Theorem 4.2.1. Then R'c,E defines a rank two FE-local system on Shg ¢, which

is isomorphic to the E-local system Vg4 corresponds to the standard representation

GLy(F,) — GL(Via) over E via the embedding 7. The local system R'c.F is de Rham and

the associated filtered module with integrable connection is given by R'e,(Q% Jshx B0, E)

with the Hodge filtration and the Gauss-Manin connection by [82, Theorem 1.10].
Consider the exact sequence

(4.3.1) 0= Q% shp), p — B a0, » = B'eOa =0,

T, T,

which defines the Hodge-Tate filtration of the rank two vector bundle ng*Q;t /(Shic)s. s OVET
(ShK)T,E'
Proposition 4.3.4. Let p;|p and 0 € &,,.
(1) Unless p; = p and 0 = 7, the O(gny), ,-module (Rle*QL/(ShK)T,E);;}U is locally free
of rank two and naturally isomorphic to the Osny), -module (Rla*OA);;}U.
(2) If p; = p and o = T, the induced maps
0= (exQssng)n o — (R s m)or — (R'e04)57 =0

is exact sequence of locally free Oy, ,-modules. The rank of second and fourth
term is one and the third term is rank two.
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PROOF. See [35, Proposition 3.3.2]. O

Recall that a closed immersion (G, X) < (GSp(V, ), D) to a Siegel data is given by
the element h: S — Gg in X. Then it follows the exact sequence (4.3.1) naturally comes
from the exact sequences from de Rham cohomology of the universal abelian variety of the
Siegel modular variety attached with (GSp(V,v), D).

Proposition 4.3.5. The flag variety Flg g over E associated with the unitary Shimura
curve is isomorphic to GLy g /B = PL, where Bg is the standard Borel subgroup of GL2 5.

PROOF. Since the completed colimit along K, — 1 gives the Hodge-Tate filtration
defining the Hodge-Tate period map of the infinite level perfectoid Siegel modular variety,
it follows that the subgroup

Gum.E XspecE ( H ReSFm/Qp GLZ(Fpi))E X Spec E H GLy g C Gg
PiFP ot
stabilizes the Hodge-Tate filtration by Proposition 4.3.4 (1). On the other hand, the E-
vector space fo;l is identified with the contragredient of the standard representation of
GLs(E). Let B C GLy(E) be the Borel subgroup which stabilizes the standard representa-
tion. So a subgroup of B stabilizes the Hodge-Tate filtration by Proposition 4.3.4 (2). The
closed immersion of the Shimura data induces a closed immersion G /P < GSp(V, %)/ P,
where P C G is a parabolic subgroup and P C GSp(V,)q, is the Siegel parabolic sub-
group. In particular, Gg/P is proper over F, so just the Borel subgroup B C GLy(E) is
the stabilizer of the whole Hodge-Tate filtration. 0

The exact sequence obtained by tensoring (4.3.1) with @(ShK)T,E produces a Hodge-
Tate period map murg: Shge — F{,, which is compatible with the Hodge-Tate pe-
riod map 7y GSp(Vith) of the Siegel modular variety via the closed immersion (G, X) —

(GSp(V, 1), D) of the Shimura data by Proposition 4.3.2.

4.4. J-locally analytic completed cohomology of unitary Shimura curves

We recall the notion of J-locally analytic actions of p-adic Lie groups and slightly
generalize the results in [69] and [77] to the case of J-locally analytic vectors in the
completed cohomology of unitary Shimura curves.

4.4.1. J-Locally analytic vectors. Let ¥, = Homg,(F,, F) and J C X,. Let
G be a p-adic Lie group of dimension d. Then there exists a compact open subgroup
Go C G which is a uniform pro-p group (cf. e.g., [74, §4.1.1]). Consequently, there exist
g1, ---,94 € Go such that the map

d
c: Zyy — Go, (1, 2q) = g1t - gy°

is a homeomorphism. Fix such c¢. Let G,, == gg’” ={g”" | g € Go} for n > 1. It follows that
{G.}n forms a fundamental system of open compact subgroups of the identity element in

. )
Let F|, be the p-adic field as in Section 4.2.3 and G an algebraic group over O, = OF,.

From here, let G := Reso,/z, G and we also see G as a p-adic Lie group. Let g be the Lie
algebra of G over F|,, which can be also naturally seen to be the Lie algebra of Gy over Q,.
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We have a decomposition

g ><Spech SPGCOE :> |_| ga’7 and g E l> H 9o,

GGEp G'EEKJ

where G, = G Xgpec0, Spec Op and g, =g ®@p, E. Write G; =[], %, 97 = [I,c; 9o,
and g7 =[], 9o

Let B be a Banach space over E. Let C**(G,, B) denote the E-vector space of (Q,-
Janalytic functions from G, to B (cf. [80, §2], in which B-valued locally (Q,-)analytic
functions are deﬁned) We equip the space C**(G,,, B) with a norm || — ||g, defined by
| fllg, = SuDwene |[p"by||, where by are coefficient when the element f € C*(G,, B) is
expanded by the coordinates 1, ..., x4 as

(3717"'7'%‘d)'_> Z bkm’fl".xfld

k=(k1,....kq)ENd

for some by € B such that p"*lb, — 0 as |k| — 0.

Let I, J be a subset of ¥, such that I N J = (. A function f € C*(G,, B) is said
to be G, r-smooth G, j-analytic if it is invariant under the action of G, ; and the action of
g ® E factors through g; (cf. [86, Définition, 2.1]). If I = 0, we say G, s-analytic instead
of G, g-smooth G, j-analytic.

Let C9w7=a(G, B) (resp. C9ni—smGns=an(G B)) denote the E-vector subspace of
C*(G,, B) generated by G,, j-analytic functions (resp. G, ;-smooth G, j-analytic functions).
The subspace are closed (cf. [86, Lemme 2.5]), so it has the natural structure of Banach
subspace induced from C*(G,,, B). There is a natural isomorphism of Banach spaces

an,j—sm,gn,.l—an(grw E)@EB = an’I_sm’gn’J_an(gna B)7

which preserves the norms.

We extend the definition of the spaces of (Q,-)locally analytic vectors ([80, §2]) and its
LA-acyclicity (cf. [69, Definition 2.2.1] and also [74, Definition 4.40]) to J-locally analytic
case.

Definition 4.4.1. For a positive integer n > 1, a Banach space B equipped with a
continuous action of G, and a subset J C X,

(1) An element b € B is said to be G, ;-smooth G, j-analytic if b is in the image of
the evaluation map at the identity element CY9ni=smGns-an(G BY9n — B Let
BYn.1—smGns—an — B denote the subspace of Gy, r-smooth G, j-analytic vectors.

(2) The space of J-locally analytic vectors in B is the subspace B7™12 =
UNZntN=J —an Tt is stable under the G-action and independent of the choice
of Gy and n.

(3) For i > 0, the i-th J-locally analytic cohomology of B is defined by

RZSQ{]( ) 13 Cont(gN7 B&’EECQN’Jian(gNa E))

We say B is £ -acyclic if R'€A;(B) = 0 for i > 1. We often say J = Q, instead of
J =%, If J=Q,, we say £-acyclic instead of £LAs_-acyclic.

Note that £2-acyclicity can be also defined for Banach spaces with continuous G,-
actions when n > 1.

In the case of J = Q, (in other words, if “J —an” = “an”), the following theorem is
well-known.
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Theorem 4.4.2. Any admissible Q,-Banach representation B of a p-adic Lie group is
LA-acyclic (in the sense of (69, Definition 2.2.1]).

PROOF. See [81, Theorem 7.1] (and also [69, Theorem 2.2.3], [77, Proposition 2.3.1]).
U

For a later purpose, we need to introduce the derived version of £2(, using the condensed
settings as in [74]. We use the notation of [74, §4]. For h > 0, we can attach a rigid analytic
group G™ such that Gy € G (Q,) as in [74, Definition 4.7] or [75, Definition 2.1.2]. Note
that (Ggh)—smooth Gf]h)—analytic functions on G can be similarly defined in the case of
p-adic Lie groups and let

Cv((}r(lh)—sm,GfIh)—an((G;(h)7 E) C C«Gflh)—an((G;(h)7 E)

denote the subspace of Ggh)—smooth Ggh)—analytic functions. We can consider the subalge-
bra of Gﬁh)—smooth Ggh)—allalytic functions (cf. [86, Example 2.3|)

cer—smE () By ¢ ¢%om(G) B) = C*(GW), E).

The subalgebra C’Ggh)*sm’GSh)*an(G(h), E) is also an affinoid ring, and so it provides a natural
analytic ring that we write C’Ggh)*sm’GSh)*a“(G(h),E).. For an object C' in the category
D(Enm[Gy)) of solid Gy-modules, we define the derived Ggh) -smooth Ggh)—analytic vectors of
C

CRE -G = o RHom gy (B, (C7CF =55 =0(G"), B) @1 C)., )
as an object in D(FEm[G]), where the action of G is induced by the %y-action. See [74,
Remark 4.23, Definition 4.24] for the notation of (—),, for I C {1,2,3}. We set

+
CRG(Ih)—sm,G(Jh ) _an — R lim CRGgh)—sm,GE;LI)—an
h'<h
We also define the derived J-locally analytic vectors of C'
_ . (h)_ ) () _
CPI=12 .= hocolim CFCr 2 = hocolim CFCs —an
h—o0 h—o00

as a homotopy colimit in D(Fm[Gy]). We also set

RGg. 1 —sm,J—la : R(G(h)—sm RG(h)—an : RG(h+)—sn1 RG(h+)—an
(4.4.1) ¢TSI = hocolim C1 s = hocolim C***1 HE .
h— o0 h—00

We note that if the underlying topological module of B = B[0] in D(Em[Go]) is a Banach

space, we have
HO(BRJ—la) — ROEQ[J(B) — BJ_la.

In the remaining of this subsection, suppose that G be a p-adic Lie group such that
G = G x G" for p-adic Lie groups G’,G”. For a Banach E-representation B of G, Let us
define a subspace of G'-locally analytic vectors (resp. G”-locally analytic vectors) BY ~12
(resp. BY"712) as the subspace of elements in B killed by the Lie algebra Lie(G”) (resp.
Lie(G")).

For h > 0, let G'™ and G/ ") he the rigid analytic groups associated with G, and
similarly define G” ) and G""") as before. Let G\, Gy be uniform pro-p subgroups of G,
G" respectively, with Gy = G x Gy. For (H,Ho) = (G',G;) or (G",G(), let Dy(Ho, OF)
and D) (Ho, E) denote the (condensed) distribution algebras as defined in [74, Definition
4.12]. We also set DM (H,, E) = limg, D) (Hy, E). We may also define the spaces of
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derived G- (locally) analytic vectors CF* 12" (resp. derived GY-(locally) analytic vectors
CRan” ORI of an object C' in D(Em[Go)).

The following lemma is obtained by the same argument of the proof of [74, Theorem
4.36 (1)].

Lemma 4.4.3. Let V' be an object z'n D(Em) and C be an object in D(Em[Go]). We

naturally extend the action of G| on D (go E) to Gy = G| x G so that G acts trivially.
There is a natural quasi-isomorphism in D(Em[Go))

1" + / +
RHom py(g, (D" Gy, ) ®feq V.C) = RHom(V, CHE"" /em & e
We will use the following proposition in the later.

Proposition 4.4.4. For an object C in D(Em|Go|), there exists a natural quasi-
1somorphism

RHOH]E-[%,](E’ CRla) o C’Rgff—sm,la’.
where RGY — sm, la’ is defined as the equation (4.4.1).

PROOF. The proof is similar to that of [74, Theorem 5.3]. By [74, Remark 4.13], we
have a natural isomorphism

D(h)(g(l)vE) QFEn D(h)( OvE) D, (Go, ).

By the isomorphism and taking —®gg D(r)(Go, E) to the quasi-isomorphism in Kohlhaase’s
theorem [74, Theorem 5.8|, we have a quasi-isomorphism

Or @5, wigy) Dy (Gos E) = Dy (G, B).
By taking colimits, we also have
(4.4.2) Op ®6, aloy] D" (Gy, E) = D")(G), E).

We now compute

+
RHomE. [gél] (E, CR(G(h )_an)

= RHom gy, (E, RHom gy (D™ (Go, E), C)) ([74, Theorem 4.36])
= RHom gy, (F ®§. 61 D" (Gy, E), C) (tensor-Hom adjunction)
=~ RHom g6, (D" (Gy, E), C) (44.2)
= CRG//(hﬂfsm’Gl(hﬂ*an (Lemma 4.4.3).

Then the natural quasi-isomorphism of the lemma is obtained by taking the homotopy
colimit of the obtained quasi-isomorphism along h — oo. 0

Corollary 4.4.5. Let V' be a solid Em[Go|-module. There is a spectral sequence of solid
K -vector spaces

By = Bxtiy gy (B, HI (V1)) = B (v 796mi),

ProoF. This follows from Proposition 4.4.4. ([l
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4.4.2. Completed cohomology of unitary Shimura curves. From here, we use
the notation of GG in Section 4.2.3.
Let K = GL2(O,,) C GLy(F},) and K, ,, be its congruence subgroup

10
Ky = {7 € GLy(F,) | v = (0 1) mod wm}

for m > 1. Let K, K¥ = KfKP? be a compact open subgroup of GLy(F,,), G(A*¥) =
G(QF) x G(A>P) respectively.

Recall that for an object W in Repy(G*©), we have attached a K,-equivariant étale
(resp. Kummer étale) E-local system Wy, (resp. Wig) on She (resp. Shi% ), base chang-
ing to £/Q, the argument in Section 4.3.2. Let W, be a Og-lattice of W which is sta-
ble by K§ and Wy (resp. Wyke) be the associated étale (resp. pro-étale) sheaves. Let
JKyxét: Sh ke s — Sh'}?; K prokét be the natural morphism of sites. We have natural
isomorphisms jx ke« Woee = Woker and j}}p’kétWO’két = Wy by the construction. Note
that we also have a quasi-isomorphism

Rjk, et Wos/mg) = (Woke /@ )[0]

for m > 1 by [37, Theorem 4.6.1].
Let us recall the (completed) étale cohomology of unitary Shimura curves. For each
integer i > 0, let (cf. [38, §2.1.1], [77, Definition 6.1.1])

Hy(K®, W) = lim im H, o (Shic e, Wo et/ ),
K, s

Hi(K®, W) = lim i Hf, (Shic, ko, Wo s/ }),
K@

Hi(K® W) = H{(K®, W,) ®0, E,
Hi(K®, Wo)p = H{(K?, W) ®0, E,

where ? € {0, ¢} and K, runs over compact open subgroups of GLy(F},) which stabilizes
Wo. Let

Hi(KY, W) = lim H}(K¥, W),
Wo

Hi(K?, W) = lim Hy(K®, Wo),
Wo

where Wy runs over Op-lattices of W stable by K. The p-adic Lie group GLy(F,) naturally
acts on these modules.

For a general Og-lattice Wy C W, we can similarly define (completed) étale cohomology
with W-coefficients H(K?, W,), H'(K?,W,), and so on, taking towers of Shimura varieties
of level Kz,> C K,, instead of level K ; C K,. We may also consider the space of J-
locally analytic vectors of the completed cohomology where J C {2} U| |, X, and z is the
symbol which corresponds to the continuous representation of the component of similitudes
G C G(Qp). It Jisof the form | |;c iy g X (vesp. {2HUlic jicpn o) Z)» We may define the
terminology “J’-locally analytic” (resp. “({z}UJ’)-locally analytic”) and (derived) J-locally
analytic vectors as in Section 4.4.1. Moreover, if J = {o'} for an element o € {2}U[ |, X,
we call o-locally analytic instead of {o}-locally analytic. Note that H'(K?,W;) is (Q,-
)Jocally analytic if and only if ({2} U ||, X,,)-locally analytic. For a while, we consider
completed cohomology Hi(KP, —) rather than Hi(K*, —). The advantage of using them is
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that they can be embedded in the completed cohomology of Siegel modular varieties, this
argument is treated in Section 4.5.

By Corollary 4.4.5 and the proof of [38, Theorem 1.1.13] (see also [73, Corollary 2.2.11]),
we have the analogous assertion for admissible Banach representations.

Proposition 4.4.6. For a subset J C {z} U|,, Xp, and an admissible Banach rep-
resentation V of G over E, we have

VRJfla — RF(gJ, VRla)

Definition 4.4.7. Let j: Shgr < Sh'% be an open immersion of perfectoid
Shimura varieties. For a pro-Kummer étale Opg-local system A on Shiw prost, let jiA =
Rlim_j (A/w$;) be the (derived) p-adic completion of the extension by zero of the pro-

Kummer étale local systems A /w3, over Shir proct-

Proposition 4.4.8. Let A = Woproket 07 Woproket/@-  The objects in the derived
category of Og-local systems

RPprokét (Shig;, A) and RFprokét (Shgg;7 ]'A)

are represented by bounded complexes of admissible K, -representations.
In particular,

Hpi)rokét (Sh?g’? A) and H}irokét (Sh&?;?j'A)
are admissible Ky-representations for i > 0.

PrOOF. The pullback of the pro-Kummer étale sheaf A by the map of sites
S prokét — Sh}?; K7 prokér 18 the constant pro-Kummer étale sheaf Wy associated with
Wy, which is equipped with the G-action. So we have a quasi-isomorphism

RT okt (SR, A) = lim RT kg (S h}?; xr> Wo)
Ky

by [37, Proposition 5.1.6]. Then, the proof is similar to [77, Theorem 6.1.6]. O
Corollary 4.4.9. For i > 0, we have natural K,-equivariant isomorphisms

' (Sh?fn WO,Prokét) = ﬁi<KP7 Wo’pmkét)’

prokét

HY ot (SR, W0 proker) = ﬁZ(K”, Wo prokét)-

prokét

PROOF. By Proposition 4.4.8, the proof is similar to [77, Corollary 6.1.7]. O

4.4.3. Comparison between J-locally analytic completed cohomology and
the cohomology of perfectoid unitary Shimura curves. In this subsection and the
next section, we will use the terminology of geometric Sen theory in [76]. In this subsection,
we suppose one of the following two conditions on (G, X), E, and J:

Condition 4.4.10. (1) (G,X) is a Shimura data as in Section 4.2.3, E/Q, is
a finite extension such that |Homg,(F,, E)| = [F,, : Q] for each @;|p, and
Je{z UL, Zor-

(2) (G,X) is a Shimura data of Hodge type (Section 4.2.2), E = Q,, and J = Q,.

The following argument is based on [77, §6.2] (in which the case of general Shimura
varieties and its Q,-locally analytic completed cohomology is treated, considering the pro-
Kummer étale sites on infinite level Shimura varieties).
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Let W be an object in Repz(G€) and Wy be its Op-lattice. As in the previous section,
for each compact open subgroup K,K? C G(Q,) x G(A*P), let Sh = Shg,k» denote the
rigidification of the Shimura variety over C, associated with the datum (G, X). Also let
Shig re» be a toroidal compactification of Shi,k» over Spa(C,, Oc,). Note that in the case
of unitary Shimura curves, they are compact and so we can assume that Shg, gr = S h}?; Kp-

Let D = Shi i»\Shi, x» be the normal crossing divisor in Shig! ;. We can write D =
UaE ; Dk, .o for a finite set I such that each Dy, , is irreducible and Dy, i := Naer Dk, q 18
a smooth divisor for each subset I’ C I. For a level KZ’, C K,, let DK{aJ’ = Dg, XSh??;Kp
Sh}%}: x, and let vyt Dy o Sh}?}z v denote the closed immersion. Write Oy for the
pro-Kummer étale sheaf of completed (bounded) functions on Dy, i, endowed with the

induced log structure. Let fD be the kernel of the map of pro-Kummer étale sheaves

:/Z\-Sh = ker <65h — @ LKpa(L*@a) .

ael
Let mg,: Shgr — Shg,kx» denote the natural projection. The map 7, is a pro-étale
Galois covering with Galois group
K = K,K"/(K KpﬂZ(Q) KP).

Similarly let m2": Shi, — Shi i, be the natural projection. Set d = dim Shy,r». For
n>1an mteger, let

T, = Spa(C,(T*#), O, (T*#)) and D := Spa(C,(S=), Oc, (S7)).
and T :=T; and D :=D;. Write T, := l&nn T,, and D, := I&nn D
We assume the following conditions on (U, V):

Condition 4.4.11. For open subspaces U C Sh}?;m, and V C #Y,,

(1) The Oy, (V)-sheaves nj) and g°°/n)), where g° := Lie G , and g*°, n) = n7* are
constructed as in Section 4.3.2, are finite free.

(2) The compact open subgroup K, C G(Q,) stabilizes V.

(3) 7'('}?:71<U ) C mn N (V) is an affinoid perfectoid space.

(4) U admits a toric chart, i.e., there is a map U — T¢ x D?~¢ for some e € [0, d] that
factors as a composite of a finite étale map and a rational localization.

(5) U has the log structure obtained from U — T¢ x D? ¢ by pullback.

Note that such U covers the whole Shi" r, by Proposition 4.3.2 (2) and [37, Corollary
3.11]. For an object U’ in Upyoket, let U}, be the space Dy x g, U and U = W;?;’il(U) xy U’
with the induced log structures. Let U, = U X(pexpi-c) (T}, X De), Uy = @n U,
and Up = lim Upn. Let I' = Z% (resp. T'; = ZM0{etlwdil) be the pro-Kummer étale
Galois group of T¢ x D¢ — T¢ x D¢ (vesp. Usop — Up). Write I' :== T', x I and
I'p=Tp,xI" asa product of its prime-to-p part and its pro-p-Sylow subgroup Note

that Up , Up , Us, and U, are log affinoid perfect01d in the sense of [37, Definition 5.3.1].
Let g := Lie G¢ with its dimension g := dimg, g.

Lemma 4.4.12. Fori > 0, I' C I and a pro-Kummer étale @Ir—module F which is a
colimit of relative locally analytic ON Banach sheaves, there is a natural isomorphism

Hirokét(UI'751'®@p‘F> = Hi(ﬂﬁ, 61'(ﬁpw,zl)®pr)KPXT1/,p,

p
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where nO acts on J-locally cmalytic pro-Kummer étale E-local systems on @Shtor via the
(n° |5htor of the pullback of the vector bundle n on F1,

tor,*
#) (—> proket
into the constant sheaf g

natural embeddmg THT
prokét |ShKP

Proor. We follow the argument of Step 1 and Step 2 of the proof in [77, Proposition

6.2.8]. There is an equivalence of topoi U 1 proét = UONO 1 prokes DY [37, Lemma 5.3.8]. So

by [82, Lemma 4.12] and the definition of ON relative locally analytic pro-Kummer étale
Op-module, we have

Rrprokét(ﬁoo,l’af) OI’( 00]')®Q F.

By the above equality and that (N]OO’  — Up is a pro-Kummer étale lN(p x I'p-torsor,
there is a quasi-isomorphism

RT ekt (Urr, Op@g,F) = Rl o (K x Tty Opr(Use, 1)@, F (Use,11))-

Since I'¥, is a prime-to-p profinite group, we have quasi-isomorphisms

RT cont (K % T11, Op (Une 1) 8, F (Uso,11))
= chont(lN( X FI’ D chont(F?u 6[’([700 I’)&x\)@pf(ﬁoo,]’)))
= chont(K X F[/p, O[/(U oo 1/)®pr)

We use geometric Sen theory to translate cohomology of the obtained complex into Sen
operator cohomology. The triple (Op(U s ), Kp X T'p pp, pry), where pr, == K X Tpp —
'y, is the projection, is a (strongly decomposable) Sen theory in the sense of [76, Definition
2.2.6].

By the assumption, we can attach a (geometric) Sen operator

0r: F — F ®q, Lie(K, x T'1r,,)"
for F ([76, Definition 2.5.3]) and the geometric Sen operator of Shir ([76, Proposition
3.2.6))
Osn = Oshyr : Osi ® (Lie G)prores — Osn(—1) @og, Qs (log).
Then for ¢ > 0, we have
H* (K X F]/p, O[/(U 0o 1/)®Q .F) HZ(QJ:, O[/(U oo 1/)®Q .F)KPXFI'
Z((ggh, O[/(UpooJ/)@Qp./—")KpXFﬂ’p

= Hi(ng, @p((’jpoo’I/)@pr)KpXF[/m’

IIZ

where the first isomorphism is from [76, Proposition 2.5.4, Remark 2.5.8], the second
isomorphism is from [76, Theorem 3.3.2 (5)], and the last isomorphism is from the com-
putation of gy, ([77, Theorem 5.2.5]). O

We recall [75, Definition 2.1.2]. Let $1,...,$, be a basis of g over Q,. For h > 0,
the exponential of the Z,-lattice £y, generated by {phﬁk}k defines an affinoid group Gh

isomorphic to a closed polydisc of dimension g, and let Gy, = Upsn Grr. Let G

the rigid analytic group containing I~( as deﬁned in loc. cit. (applying in the case of

G = K) for h € Qs¢. For G = Gh,Gh,G( K,, the spaces C'7(G, B) of J-locally
analytic functions G — B for an E-Banach space B is defined as in Section 4.4.1. Let
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C772(G, E) prokst = C771%(G, E) be the pro-Kummer étale sheaf. Let C771(g, E) prorat =
@Kp Ojila<Kpa E)prokét'

Lemma 4.4.13. For I' C I, the sheaf @p@\)@pckh(f(p,E)pmkét is a colimit of ON

relative locally analytic pro-Kummer étale Banach Op-modules. In particular, this sheaf
satisfies the conditions of Lemma 4.4.12.

PROOF. We can write as C’J_la([?p, E) prokst = liglh C7=(GW | ) prokes (see [75, Defi-
nition 2.1.10]). For each h > 0, the inclusion C%~2*(G" E) c C@~=2(GW, E) ok is a
closed embedding of ON relative locally analytic Banach spaces. 0

Set A = @p(ffpw,ﬂ). We write

ABo,CT (G, B)prorar = limy (ABg, ling C7~(K,, B)progee) 7™,
KP

K/ CKp
where K is a compact open subgroup of K, for the subspace of smooth vectors.

Lemma 4.4.14. There is a quasi-isomorphism
RT(n),, AR, C” (8, E)proket) = lim (ARo()O(X]) @, E),
r—00

where O(X]) and {X! },s0 is a shrinking system of closed polydiscs of the same dimension
over V.

PrROOF. We follow the argument of Step 3 and Step 4 of the proof of [77, Proposition
6.2.8]. The case of (1) in Condition 4.4.10, the lemma follows from loc. cit., so we may
assume the condition (2). Recall that

(4.4.3) or=00E=3x [ obm.= [[ s

aEI_lm‘p o, UE{Z}UI_lpilp Lo,

where 35 = Lie G,, g, so we can write

EE - H gE,au

ae{z}uupilp Lo,

where gg, is a quotient of gg, and set

ﬁJ,E = HaEa

oed

We also let
n,gp=n,QFK=ng,,

where 7 € ¥ is the fixed place and ng, C gg, is a one dimensional unipotent subalgebra,
by Proposition 4.3.4 and its following argument. Let 9 be a generator of ng . Also let
g" =0z, @9 and gy = Oz, @ G-

Recall that each element of the set {z} U |—|m|p >, corresponds to each component
of the direct product decomposition of g, = [], g%, in (4.4.3). For each o € J\{7},
let {D10,--..Dg,0}, Where each g, > 0 is an integer, be a basis of g}, over the fixed
V.c #, If e J, foran integer g, > 0, we also let {Q1.+,...,9,. -} be aset of elements
in g%, , such that Y1 ,,...,Yy, -, and N generates gy, .
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For r > 0, we can construct an affinoid rigid space X, over Vg isomorphic to a polydisc
of dimension ¢ from the basis

{ {P"Ds.o, D" Moea\(r}, 12529, (T € J)

0" Ds.0toes, 1<s<g, (t¢J)

by the exponential map (see also Step 3. in the proof of [77, Proposition 6.2.8] for the
detail).

Let §§er = s, Xj, be the Stein space. For each r > 0, we fix a compact open
subgroup K,(r) C K, such that X, and XJ,T (also O(X,) and O(}ngﬁ-)) are stable by the
(continuous) actions of left multiplications of Kj(r). Let X/, be the rigid space constructed
from {p"Ys.0, 0" Foes\(r}, 1<s<g, as above. Note that dimX/;, +1 = dim X, if 7 € J and
otherwise X/, = X,

By the construction and [86, Example 2.3], we can write

(444) A@QPCJ_la(ga E)prokét - hﬂ A@)O(V)O(XJ,T) ®Qp E = hﬂ A®O(V)O(XJ,T) ®Qp Ea

r—00 r—00

where the tensor product of the third term is projective tensor product of Fréchet spaces.
Then we have a quasi-isomorphism

RT (0%, ABoinO(Xy,) ®q, E) = ABownO(X)),) ®q, E

by the same argument of [77, Lemma 6.2.9]. The quasi-isomorphism and the equation
(4.4.4) proves the lemma. O

Definition 4.4.15. (1) Let Sh¥; ,, denote the analytic site of the perfectoid space
Shi?,. We call an open subspace U C Sh%}, rational if it is the pullback of a
ratlonal open subspace at finite level. We may similarly define an analytic site
D 1,an of the adic space Do 1 := D, 1 X 51 S R (This space is a perfectoid space
such that D o Il ™ @Kp DKp,p by the last part of the proof of [54, Proposition
6.1]) and its rational open subspaces.

(2) Write 6Sh,an for the sheaf of topological rings restricting the sheaf @Sh on the site
Shproket to the site Sh&??am We may similarly define sheaves fghm on Sh%,aﬁ
and (51/7“ on Do 7 an-

(3) Let Oé;lg C @Sh’E@n = @Sh’an ®q, £ denote a sub-(pre)sheaf on Shig; ,, such
that for each rational open subspace U C Sh'%,

Oél:,lg‘( ) lgl OSh E an(U)Kp’U’J_an
Ky u
where K,y = Hoe{z}uup S K, v, runs over open subgroups of K, (as a p-
adic Lie subgroup) which stabilizes U. We may similarly define sub-(pre)sheaves
oy éa c Op Ean = Or.an ®q, £ on Dy pran and IéhlE C Isnp an = Tsh.an ®q, £
on S }?27%

Since taking J-locally analytic vectors is left exact, Oé;}g, O‘I],jEla, and ISJ,ZIEE* satisfies
the gluing condition on rational open subspaces (cf. [77, Lemma 6.2.2]). In the following,

we let Oé;lg, O{,_éa denote the associated sheaves.
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Proposition 4.4.16. For a sufficient small compact open subgroup K, C G(Q,) and
each open subspace U C Sht[?;Kp in Condition 4.4.11, there are natural quasi-isomorphisms

R proket (U, LKP,I’,*(//)\I’@QPCJ?M(R]M E) prokeét) = O}]/Téa(ﬁ?;’fl([f) N Doo,r)
and a long exact sequence
0= Zg, p(mie, (U) = Oz is(miey ™ (U) = -+ = Ogyli(mi ™ (U) N D) = 0.

Proor. This follows by Lemma 4.4.12, Lemma 4.4.13, Lemma 4.4.14, and the remain-
ing part of the proof of [77, Proposition 6.2.8]. O

Proposition 4.4.17. There are the following natural G(Q,)-equivariant quasi-
isomorphisms of derived solid C,-vector spaces

(1) (RUproia(Shigh, Or) 8z, C,) ™7 = RL.(Shigh, OF 7).
(2) (RUproee(SHigh, iOp) &7, Cp) 1% = RUo, (Shigh, T 12),
where RT,, is the right derived functors of taking global sections in the analytic topology.
Proor. This follows by Proposition 4.4.16 and the proof of [77, Theorem 6.2.6]. [
Write H! = H'R[,,.
Corollary 4.4.18. For i > 0, there are natural G(Q,)-equivariant isomorphisms
(H'(K?, B)@0,C,)" 2 Hy, (S, O, p).
(HA(K?, B)@0,C,)" 2 H,, (Shi. T8, ).
PROOF. This follows by Theorem 4.4.2, Corollary 4.4.9, and Proposition 4.4.17, and
the construction of Hi(K?, W) for ? € {0, c}. O
4.4.4. The case of H! of unitary Shimura curves. In this subsection, we assume

Condition 4.4.10 (1) on (G, X), E, and J.

Proposition 4.4.19. For any subset J € {2} U], g, there is a natural G(Q,)-
equivariant isomorphism

(H'(K?, B)&q,Cy)’ ™™ 2 HL,(Shics, 0% 5).
PROOF. By Proposition 4.4.17 (1), it suffices to show an isomorphism
H'((RT proket (Shicr, E)®g, €)% %) 2 (HY (K7, E)®q,C,)" .
By spectral sequence, we may reduce to show
H*(H°(K?, W)®g,C,)" ™ = 0.

Since the representation H°(K?, E) of G(Q,) is admissible by [38, Theorem 2.1.5], it
suffices to show

HO

cont

H2

cont

(ngHz(ﬁo(Kp>E)®QpCp)Rla) =0, and
(o7, H'(H'(K”, E)&g,C,)"™™) = 0

by Proposition 4.4.6. Then the two vanishings of the cohomology follow by Theorem
4.4.2. O
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For a subset ¢ C {2} U[1,s], let

Gf = H Gk,
ke 7

where G, = Gy, and G; = Resp, g, GLa(F,) fori € [1,s]. Let #" = ({z}U[1,s])\ 7.
Let 3 == Lie Z, g), = Lie(Gy) for k € {z} U[1, s], and gy := Lie(G(QY)) be the Lie algebras
over Q,. We characterize H Y(K¥ E) as the subspace of 2-locally analytic vectors in
H'(K? E) by the method of [38].
Lemma 4.4.20. For each object W in Repy(G°), we have
Extle (WY, (H'(K?, E)®q,C,)* ) = 0.

PrROOF. Recall that o = p. We may assume that W is a finite dimensional simple
algebraic representation of G because any finite dimensional algebraic representation of a
connected reductive group over a field of characteristic 0 is semisimple. By the classification
of simple algebraic representations of reductive groups (see e.g., [49] and also [86, §2.2]),

we write
W= W
ke{z}U[1,s]
where W, is a simple algebraic representation of Gy g. Write 3; g for the center of g, .
Let 35 = @ke{z}u[lys]jkaE be the center of gg and s = @k_e[l’s}ﬁ[Q’E. Since the 0-th

completed cohomology H O(KP, E) is the E-vector space of the profinite set of connected
component of infinite level unitary Shimura curves isomorphic to the tensor product of
a finite dimensional trivial representation of G(FE) and Ceons(Z,;, E) where G acts on the
profinite set via the reduced norm, the subgroup J[,; 4 SL2(E) C G(E) trivially acts on
H(K? E).

Then by Kiinneth formula (cf. the proof of [38, Proposition 4.3.1]), for an integer i, we
have an isomorphism

P (Ext{ (B, (HU(K”, E)®q,C,)" ™) ®p Ext}(W", )

a+b=i
= Exty, (WY, (H(K?, B)8q,C,)" ™)
where x g is the central character of the representation W. The module
Extf(E(x "), (H'(K?, E)@q,C,) ™)

vanishes by that 3 is a direct sum of one dimensional Lie algebras and Hochschild-Serre
spectral sequence.
Then by Kiinneth formula again, we have

P & Exty (W), E) > Exti(WY, E).
ay+-tas=i ke[l,s] ’
Thus we may reduce to show for each k € [2,s] and i = 1 or 2,
(4.4.5) Extl, (WY, (H(K?, E)&q,C,)" ™) = 0.

The vanishings of (4.4.5) follows by the similar argument of [38, Proposition 4.3.1, Corol-
lary 4.3.2]. O
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Proposition 4.4.21. There is a natural G(A™)-equivariant isomorphism

(H' (K7, W)@q,C,)" " = lim (A (KK, W)Bq,C,)".
KF

where K¥ runs over compact open subgroups of G(QY).

PROOF. By the same argument of [38, Corollary 2.2.18], we have a spectral sequence

By’ = Extle (WY, (H(K?, B)&q,C,)" ™) = lim(H" (KPK§, W)8g,C,)"™.
Ky

Then the proposition follows from Lemma 4.4.20 in the case of W = E. 0
Corollary 4.4.22. There is a natural G(A>)-equivariant isomorphism

(H'(K?,W)q,C,)" ™ = lim(H' (KPK§, W)®q,C,)" ™,
KK’

where K runs over compact open subgroups of G(@fj).

Proor. This follows by taking 7 — la of the isomorphism in Proposition 4.4.21. O

4.5. Sheaves of locally analytic sections

In this section, we will show that locally analytic vectors for the action of G(Q,)
(not GLy(F,)) in completed cohomology of unitary Shimura curves comes from locally
analytic completed cohomology of Siegel modular varieties. As a consequence, we give
a description of completed cohomology of K#-level in terms of cohomology of sheaves of
locally analytic sections on K¥-level unitary Shimura curve. Let (GSpQQ,DGsp%) be a
Shimura data which gives a Siegel modular variety in Section 4.2.2. For a compact open
subgroup K = K,K? C GSp,,(A™), let Vi be the associated Siegel modular variety with

(Gsp2g7 DGSPQQ ) :

4.5.1. Surjectivity of the maps of locally analytic sections. We recall the con-
struction of Hodge-Tate period map in Proposition 4.3.2, in the case of Siegel modular vari-
eties (cf. [83, §II1.3]). Let f: Ax — Yk be the universal abelian variety as for the moduli
interpretation of X' (cf. [40, §1]). The standard representation GSpy, g, — GL(Vita) =
GLan g, defines a Q,-local system Viiq pross On the pro-étale site Vi prost- The local system
is naturally isomorphic to R'f,Q,. On the other hand, Vyr is naturally isomorphic to the
relative de Rham cohomology of Ag /YVk. This is a rank 2¢g vector bundle on Vg equipped
with a (decreasing) Hodge filtration Fil* and Gauss-Manin connection V.

Let V52" be a toroidal compactification of Yg. Similarly, we have a @Q,-local system
Vitd, prokét OLL y;grpmkét and the corresponding vector bundle Vg 1o on V2" equipped with a
logarithmic connection Vio,. The graded components of Vg 1o vanish except in degree 0
or 1, and we have an exact sequence
(4.5.1)

0— gI‘O(VHRJOg) XRo Oy}?r(—l) — 0

%) %) 1
yior Oy;gr — ‘/std,prokét ®@p Oy;gr — gr (%R,log) Ko

by [82, Proposition 7.9].

Let Vi ~ l'gle }?:Kp be a perfectoid space constructed by Theorem 4.3.1. Since

tor
YK

Vit proket 18 trivialized on Yi&, we have an exact sequence

(4.5.2) 0= gr’(Var,og) ®o

. . ) .
yior Oyter = Vita @ Oyrer — 81 (Var log) @010 Oyter (—1) = 0
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of vector bundles from (4.5.1). Fix a Hodge cocharacter fi: G,, — GSp,, ¢ defined over

Q, attached to an element h € X and let .#{; be the associated rigid space with Fl¢, :=

G/ Py Xspecq, Spec C,. The position
et (Vik tog) ©0y10r Oyper C Vata o, Oy

ytor
in the exact sequence (4.5.2) induces the GSp,,(Q,)-equivariant Hodge-Tate period map

tor ., tor ar .
hr: Y — F

as constructed in Proposition 4.3.2.

Fix a Q,-valued point co € F{;, a point oo € Vi which is mapped to oo by 75, and
a symplectic basis {ey, ..., e} € Via such that {e; ®1,...,e,®1} generates gr’(Vig 1og) @
{0}, where {o0} — ytor is the closed immersion of perfectoid spaces. Taking global
sections of (4.5.2), we have an exact sequence

0 = HO(Vi&, e (Var o) ®g, Oyeor) = HO(ViSh, Vara @, Oyeor)
(4.5.3) — H(Viir, gr' (Var1og) @3, Oypror) — 0

since HY(V%, or (%R,log)(@@p @ytor) = 0 by the almost purity theorem [37, Theorem 5.4.3].
We also write e, ..., eq, for the images of ey ® 1,..., €35 ® 1 by the third map of (4.5.3).

Let (G, X) be as in Section 4.2.2 and fix a Hodge cocharacter pi: G,, — G¢ defined over
F. Let v: (G,X) <= (GSpyy, Dasp,,) be a closed embedding of Shimura data such that
the Hodge cocharacters p and i are compatible by the embedding. Let K? C G(A™P) C
G(A>) be a neat compact open subgroup which satisfies the condition of Theorem 4.3.1.
Let ¢: F{, — F{; be the closed immersion of the flag varieties induced by ¢.

We recall the construction of perfectoid Shimura varieties of Hodge type Sh'%,. Let
K K" C GSp,,(A*) be a sufficiently small compact open subgroup such that K,K? =
K;Kp’ NG(A®). Let Y = y}%fK,p and U’ C Y be an open subspace such that there exist
an open subspace V' C F{; where (U', V') satisfies Condition 4.4.11, U’ C B where B
is as in Proposition 4.3.2 and V = i~}(V') C .#{; is non-empty. Let WK,K,p e, —
y;gg gr and TRt Shi — Sh e, be the natural projections. For any open subgroup
K?" C GSpy,(A*®?) which satisfies the condition of Theorem 4.3.1, the open subspace

Vi, (U') = ;?,r’[;,lp(U') is affinoid perfectoid (cf. [83, Theorem III.3.18]) and we write
o (U') = Spa(SKp/ St,). Tt follows that
(4.5.4) (U') = Jim s (U') = Spa(Ske, Sin),

KPCKP' CGSpy, (A®)

where S}, is the p-adic completion of hﬂmcm/ St . is affinoid perfectoid.

Kp"
For any sufficient small compact open subgroup K,K?" C GSp,,(A>) with K,K? =
K, K?' N G(A>), a closed immersion

obtained by the base Change of the closed immersion 7 K Kv' Shter Kykr < Vi K is defined
by some ideal I C Sg» by [33, Proposition 1.15], and is affinoid perfectoid by (83, Lemma

11.2.2]. We write
(45.5) (V8 s, S ) (U) = S0 R 0 )
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Then we can write

(45.6)  SHEU) = lim (V& Xy Sh o) (U') = Spa(Riw, Rf,) C Shig

K, KPCKP'
as an affinoid open perfectoid subspace, where R}, is the p-adic completion of

lig RKP,K;KP’-
K}, KPCKP'

The open subspaces Shi%, (U’) covers the whole Sh;. Then we have the closed immersions
of perfectoid spaces in: Sht,?f, — Vi and de Shtor (U') — Yier(U’). We note that the
construction of Sh%} is compatible with the method of [77] by the last part of the proof
of [54, Proposition 6.1].

Let i: F(, — Z{; be the closed immersion of the flag varieties induced by ¢, p, .
The map ¢ is compatible with the Hodge-Tate period maps by Proposition 4.3.2.

For each compact open subgroup KK P C GSpy, (A*) which gives a closed immersion
iyt ShE e = y;?ng,, let jr kv y;gng,\Sh?er — y;g},pr, be the open immersion.
We have an exact sequence of Kummer étale sheaves

0 = Jrrxr Z)p® — L[p° = igy e «L[p° — 0

for each integer s > 0 by [55, Lemma 2.1.5] and that the cone decompositions which define
the toroidal compactifications are compatibly taken. Taking a derived limit, we have an
exact sequence of Kummer étale sheaves

0— jKéKP',!Zp — Zp — iKZ/,Kp',*Zp — 0.

Tensoring with Oxyror . /p°, we have an exact sequence of Kummer étale sheaves
KK
. S S - S
0— jKI’,Kp/,!Zp ®Zp Oy;%r)Kp//p — Oy;gng//p — ZKZ’,KP’,*OSh}?;Kp /p — 0

by [37, Lemma 4.5.7]. Taking a derived limit and inverting p, we have an exact sequence
of pro-Kummer étale sheaves

(457) 0— Iy;?;KP’ — Oy;?;KP’ — ZK{,KP’,*OSh}‘{);Kp — 0
T w15 o S
where Iyﬁf;fmﬂ = ms Jry e Ly @z, Oy;?;pr,/p . We let

GSpy,(Qp)—la or (77 . %) or 71/ 24(Qp)—la
0y (Vir(U") = Oy (Vi (U")) 5P @),
OSi(LQp) la(Shtor (U/)) OSh (Shtor ( ))G(Qp)—l

Proposition 4.5.1. The G(Q,)-equivariant map

GS 2g(@p)_la or p)—la or /
0, (VI (U")) — 053~ (Shtes (U"))

induced from taking locally analytic vectors of the completed colimit of third maps of the
exact sequence (4.5.7) z's surjective. The map remains to be surjective when the source is

restricted to OGSpZ" (@)= (y;g};,( ).
Moreover, for a Lie subalgebra by C g, if an element in the source is h-smooth, ils image
in the target is h-smooth.
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PROOF. We rewrite Y as YV = Vg and let KZ’)KP’ C K;,/Kp// C GSpy, (A®) be a
compact open subgroup as in (4.5.6). Note that for the open subspace V = i~1(V’) C
F 1, the pair (i, .,»(U’), V) also satisfies Condition 4.4.11. We use the argument of the

p

proof of part (2) of [77, Proposition 6.2.8].
Let U }(, o = U Xy Vi k. We have an injection and an isomorphism
~ as
H Uiy s Oy s 8, OO @K B ) — OF7 &7 (s (1)),

(45.8)  H(iggy (V") Osn®q, ¥ (K, B) o) = O™ ™ (Shig (U")),
where I?p is a certain quotient of K, and I?]’D = K, by Proposition 4.4.16 and the compat-
ibility of i, i, with the Hodge Tate period maps.

Retake toric charts of i, Ky » iep(U') and U’ such that the following diagram commutes:

y / d—e!
K’KP (UK’KP) > T x D~

(4.5.9) l

/ e d—e
KL K?' Te x D¢,

where d’ > d, ¢ > e, and the right vertical map is the product of the natural projections
to first e (resp. d — e) coordinates. We may assume to take toric charts compatibly with
choices of K)K?. We note that ZK//KP,,(U/> I_(}Kp (U}(,Kp )

/-\_/

/ /
Then we can construct affinoid perfectoid covers U KL K poo and 7 K,, o (U ) of U KK

and 7, U’) with Galois groups [?; x I, and [?p x I', respectively as in Sectlon 4.4.3,

K//Kp// (
which are compatible with the map ¢ KK

We have an injection and an isomorphism

: N (TT S p—sm, T GSpa,(Qp)—la or
ling (O (Ugey o e ) B O(X3)) Ko =T s Q52 &7 yior (),
T—00

(4510) 1w Osuliigypeon (V) )BomO(X,)) vty = 053 (Shigh (U")),
T—00

where {X/},50 and {X,},s0 are shrinking system of closed polydiscs over V' and V' re-
spectively (We consider the case of Q,-coefficient and Q,-locally analytic subspaces in this
proposition, nevertheless the same proof of Lemma 4.4.14 works) by Lemma 4.4.12, Lemma
4.4.13, Lemma 4.4.14, and the isomorphisms (4.5.8).

By the detailed construction of {X!},<¢ and {X,},s0 in the proof of Lemma 4.4.14, we
have a natural surjection O(X]) — O(X,), so we obtain a surjection for r > 0

A

—_—
~

ling Oy (U o ) | B0 O(X;) = Osnlirgy oo (U”)

K,K?'

)®ow)O(X,),

where (—)" denotes taking p-adic completions. Then it suffices to show that the restriction
for any (or, some) K K,

—_—

Oy (Ut v ) B0 O(X,) = Ol oo (U ’)pw)®0(v>(9(xr)

amounts to be surjective after taking locally analytic vectors.



84 4. LOCALLY ANALYTIC COMPLETED COHOMOLOGY

Let Ags ko oo = Oy ;%Kp,’poo) and B, = Ogh(if_(i,Kp,,(U’) ). Write Ags o prn =

pOO
FH xp"Ty SHxpT ce
A e o and By, = B PP for a positive integer n and compact open subgroups
r b

H' C K, (or I~(I’,) and H C K, (or }?p). Let

sy = Oy(Ug gear o) @00 O(X)),

./—'-7/., = (/Q\Sh(i[_(zq(p”(U/)poo)&\)o(vl)o(x;)’

fr = @Sh(i[_(i/](?” (U/)poo )@O(V)O<X'r‘)

For each r > 0, there exist open compact subgroups I?I’J(r) C I?Z’) and K,(r) = [?I’J(r) N
G(Q,) C K, such that Frer rewr 18 [?;(r)—stable and F, is K, (r)-stable.

We can take Q,-ON bases {v}, }x of O(X]), and {v; } of O(X,) which contains {v}, }x
as a subset. Then by [76, Theorem 2.4.3, Remark 2.5.2], there is a compact open subgroup
H'(r) x p"I', € K,(r) x I', such that Fy., ../,

Definition 2.4.1], it is called Sen module) to an ON Banach [~(I’,(r) x 1" -representation
Sty (Frer gerr ) OVEr AK; ke m(r), and F and F,. admit unique decompletions to an
P b

admits a unique decompletion (in [76,

T

ON Banach H(r) x p"I'j-representations Sg(yn(F,) and Sy n(Fr) over By, where
H(r) = H'(r) N Ky(r). Note that the maps A kv 1r(r)n — Brr)n is surjective by the
construction.

The uniqueness of the decompletions ([76, Theorem 2.4.3]) yields
SH(’I‘),H(F;,) o~ SH/(T)JL(‘F;(;KP’,T)@AH/(T)WBH(T),’H

- SH’(M:”(‘F;(Z’)KP’,T) ®AH/ BH(T),n

(r)n
and then we have a surjection Sp/()n(F.) = Su@n(F,). We also have a surjection
Steyn(FY) = Suyn(Fr) since the decompletions preserves surjectivity by [76, Proposi-

tion 2.5.4]. So we have a surjection

(4.5.11) SH/(r),n(]:}(Ing',r) - SH(r),n(]:r)

as the composite of the two surjections. Since the Sen operators of ' and F are trivial by
the construction, the action of K (r) x I', (resp. K,(r) x T'y) on Sy n(Fi gor ) (TSP
LK,

SH(ryn(Fr)) is smooth. Write I', = I', x I' by the compatibility of toric charts (4.5.9), and
extend the I',-action on Sy .(F;) to a I'-action by the trivial action of I'). The group
[, acts on the surjective map (4.5.11) via a finite quotient. Thus, taking I} invariant of
(4.5.11) and the colimit along r — oo, we have a surjection

iy Spro(r)n(Ficy geor, ) 7 = 1 Sy ()"

r—r00 T—00
By the definition of decompletions and the equations (4.5.10), the colimit along n — oo

and H(r) — 1 of the surjection is the same as that induced from the third map of the
exact sequence (4.5.7). The last claim follows from the construction. O

Let g, pu, P, My, i is the Lie algebras as defined in Section 4.3.2. Let p,, = Lie(Py).

Since the locus of points 2 € .#{,, such that n ,Np, , # 0 is non-empty Zariski closed in
F L, we need to argue with the localized Sen modules for proving the following proposition
by the method of the proof of Proposition 4.5.1.
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Proposition 4.5.2. The G(Q,)-equivariant map
(45.12) Oy TV U)Pr — 06 (Shig UN)

induced from the third map of the exact sequence (4.5.7) is surjective. Moreover, for a
Lie subalgebra h C g, if an element in the source is h-smooth, its image in the target is
h-smooth.

PRrROOF. The proof is similar to Lemma 4.4.14 and Proposition 4.5.1. We just explain
different points of the proof.

Instead of the whole space of locally analytic functions Cla<m, Q,), we use the sub-
space of pg-smooth functions (of Q,-coefficients)

Cla,pﬁ—sm@%,(@p) — hg Cla,PﬁﬂK;—sm<}?[/”@p) - C’la(gfs\/pgg,@p).
K!,CGSpy, (Qyp)
We let (LHS) and (RHS) be the source and the target of the map (4.5.12) respectively and
set

GSpgy(Qp)—la or S apg—sm/ T

M = HO(u), O3 @) (Vg (1)) B0, O~ (G5ay. Q)
GSpy, (Qp)—la or N ap,—sm/

H o= HO (S, O, (Shigs (1)), O (g2, Q).

By Lemma 4.4.12, we have isomorphisms (LHS) & #/%»*™» and (RHS) = #5»*» Since
(LHS) and (RHS) are Oz, (V')-module, it suffices to show for each classical point x € V7,
the localized map (LHS), — (RHS), is surjective.

Note that localizations commute with taking (Lie algebra) cohomology. We obtain the
analog of Lemma 4.4.14 for the localizations of the p;-(or p,-) invariant subspaces in the
same way and it follows that the localized maps H!, — H, are surjective. So we can follow
the argument of Proposition 4.5.1. O

Corollary 4.5.3. Suppose that v, , Np),, = 0 for each point x € V =i~ (V'). If an
element f € Og,st)_la(Shtlgﬁ,(U’)) is annihilated by p,, then f is annihilated by g, that is,
f is fized by an open subgroup of G(Q,).

PROOF. First we consider the case of Siegel modular varieties. In this case, the argu-
ment of [69, Remark 4.3.4] works.

By using the action of the element <€ (1)> € GSpy,(Q,), where each block is of size

g X g, we may assume that W?f’_l(U ') is a rational open subset of some e-neighborhood
of the anticanonical locus X;‘(p:)(e)a in [83, §III.2] for some € € (0,1/2). The element
f is annihilated by an open congruence subgroup I of the Siegel parabolic subgroup
of GSpy,(Q,) by the assumption. We may assume [o(p™) C K] and let U’6 be the
preimage of Uj sgoe I X*{](E)a' By [83, Corollary I11.2.23], there is a Tate’s normalized
6) to sections of finite levels. Then f is fixed by some open subgroup
of GSp,,(Q,) by the proof of [11, Théoreme 3.2] or [69, Lemma 3.2.5].

In the case of general Shimura varieties of Hodge type, the claim follows from the Siegel
case and Proposition 4.5.2. O

trace from O 5, (e (UL,

Remark 4.5.4. Corollary 4.5.3 can be also obtained by geometric Sen theory of
Shimura varieties. By [77, Theorem 5.2.5], the image of the geometric Sen operator is

generated by n). Then by [76, Corollary 3.4.6], the action of n, on OS,(LQ”)_la vanishes. So
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ioaeach (U, V) in our settings, p, ® Oz, and ng generates g® O gy, , and thus the corollary
ollows.

Proposition 4.5.5. For each element s € OGSPQQ(QP) 18L( o (U)

ficiently small compact open subgroup K, C K, and ¢},... ¢ € OGSpZQ(Qp)_Ia( o (U),
+ 9lgtl) g(g+1

, there exists a suf-

where | is the dimension g* + 1 of the Siegel pambolzc subgroup of GSp,, such that

l

s = Z c(kl,...,kl)He'fi

k17~~1kl€Z20 =1

with c(ki, ... ki) € HO(U', Oyier ) and c(ky, ... ki) = 0 as 3o ki = oo.

PROOF. We may assume n2 Np2 = 0 on U’ by the GSp,,(Q,)-action on F¢; and
shrinking U’ if necessary. We use the method of [71, §4] and [73, Theorem 3.4.5] and the
notation in the proof of Proposition 4.5.1.

Let G, for n € Z>( be Lie subgroups constructed as in the beginning of Section 4.4.1.
Write P, := P; N G,.

By the assumption, we can see the module H°(n%, O(X])) as a l?;(r)—module for each
r > 0. By the construction of X!, we may assume that there is a natural isomorphism

(4.5.13) lim C* (P, Qp) = lim O(X).

Let | = ¢* + @ + 1. We can choose functions ej,...,e; € C*(P;,Q,) such that
C*™(Py,Q,) = Qp(eq, ..., e) and {e;}1<i<; generates a finite dimensional representation of
P; as in the proof of [73, Theorem 3.4.5].

~H'xp"T"

Let Ay = 63}([7/ ) and Apy,, = Ax”" " for each open subgroup H'(r) x p"I', C
l?l’, x I, Let F| = Oy(U )®O(V/)O(X'T) and SH/(,,),n(]-"T)Nbe the unique decompletion of
F,. for a sufficiently small open subgroup H'(r) x p"I', C K, x I',. Note that we have
(4514) ./—';/n - SH/(T),"I('F;)@AH/(T)WAP%'

For i € [1,l], the image of e; by the composite of the natural map C**(P;,Q,) —
lim C*(Pn,Q,) and the isomorphism (4.5.13) is in the image of the natural injection

OX) — lim O(X!) by the construction. Write e;, for the corresponding element in
OX) to e;.

Write 1®e;, = Zj S5, ® fijr where s; 5, € Spriyn(Fy) and fi j, € Ay by the equation
(4.5.14). Since {e;,}1<i<; generates a finite dimensional representation of H'(r) x p"I',
the summation Z Sijr ® fijr is of finite term.

Choose f;;, € IEH/ Apr  which is sufficiently close to A . Then the element

=i Sijr ® fi;, is sufficiently closed to 3, sij» ® fi ;. Thus we have
Fl= Apoler, ... e)) = Ayl ... €)

Taking H'(r) x p"I',-invariant, we have
(4.5.15) AH/(r),n<€/1, R ,62) = SH’(r),n(JT';/«)

by the construction of €], ..., €.
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Since the Sen operator of F/ is trivial, we have

JTJ H’ ,Lie(T"

1& St m(F7)
for each open subgroup H' C I? ' Taking K , x I' -invariant, we have an identification
(4.5.16) O P2 @) (ptor 771y — lgf’ T = = lny Sy (7 FI)RoxTy,

The proposition follows from (4.5.15) and (4.5.16). O

4.5.2. Locally analyticity of perfectoid Shimura varieties. In this subsection,
we introduce an ad hoc definition of Faltings extensions for Shimura varieties of Hodge type
and locally analyticity of their perfectoid covers. We will show that any Shimura varieties
of Hodge type admits a cover by open affinoid subspaces over which the perfectoid cover
is locally analytic. This is a generalization of [69, §3.5, §3.6, §4.2].

We use the notation in the previous section. Let B := @Sh(ﬁ ) and By = (igh(ﬁpoo).
Fix an isomorphism I'), = Zg. We consider the following unipotent representation of I', on

W= Qi

1 A
r,= Z;l — GL441(Qp), 7= Ay =(ay1,...,0y4) = (0 17) .

The representation defines the exact sequence

0—Q, =W —=Q!—o.

Tensoring the exact sequence with B, and take I',-invariants with respect to the diagonal
actions, we have an exact sequence

(4.5.17) 0 = B — (Ba ®g, W) — B? — 0.

For i € [1,d], let 7; € I, be the corresponding element to the i-th fundamental vector
e; € Z;f. By the similar argument of [69, Proposition 3.5.3|, we have

Proposition 4.5.6. The following conditions are equivalent:

(1) The sequence (4.5.17) remains exact after taking Go-analytic vectors for some uni-
form pro-p subgroup Gy of G(Q,).

(2) The sequence (4.5.17) remains exact after taking G(Q,)-locally analytic vectors of
each term. _

(3) There exist G(Q,)-locally analytic vectors z1, ..., 24 € By such that v;(z;) = z;—1

and Yi(z;) = 2 if i # .

We say that Uis a locally analytic covering of U if one of the conditions in Proposition
4.5.6 holds.

Proposition 4.5.7. The topological G-module B is LA-acyclic if and only if Uis a
locally analytic covering of U.

PROOF. The “only if” part is clear. The argument of the “if” part is similar to [69,
§3.6]. First we have a natural isomorphism

(4518) cont(g'm B®Qpcan(gn7 @p)) cont(r (Em)gn_an)
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for i,m > 0 by the almost purity theorem (cf. [69, Lemma 3.6.4]) and we have an isomor-
phism (cf. [69, §3.6.5])

RZ’QQ[(E) = hﬂ H(l;ont<rp7 (EOO)(QH karp)fan).
n,k

We can take locally analytic vectors z1,..., 24 € B, as in Proposition 4.5.6 (3) by the

E((gn xpFT'p)—an

assumption. Note that each z; is in By Let Bfn — lim . For each

J € [1,d], consider the complex

€, = (Batm 27 Fain
where the first term is of degree 0. Then each C; has trivial H' by the argument of [69,
§3.6.7].
The cohomology group (4.5.18) can be computed using the tensor product complex
®;l:1 C;, which is the Koszul complex attached to the I'j-action on B2fn Then its

vanishing for ¢ > 1 follows from each H'(C;) = 0 and degenerating of Kiinneth spectral
sequence. O

Proposition 4.5.8. The pro-Kummer étale cover Uis a locally analytic covering of
U.

PROOF. Let f: U — T¢ x D?¢ denote the fixed toric chart of U and T; be the i-
th coordinate of T¢ x D9=¢ for i € [1,d]. By [36, Proposition 2.3.15, Corollary 2.4.2],

identifying B? with B®p Q¢ (log) sending e; to f*(%5) for i € [1,¢] and e; to f*(dlogT;)

for i € [e 4+ 1,d], the exact sequence (4.5.17) is naturally isomorphic to the section on U
(which is also exact by the almost purity theorem) of the exact sequence

(4519) 0— 65h — grl OBdR,log,Sh(_l) — 63h(—1) ®05h Q}Sh(log) — O,
where ng is induced from the graded quotient of the log derivation
Vieg: OBar.sn — OBar.sn ®os, L5, (10g)

by Griffiths transversality.

Let G-QCoh(Fl,c,) be the category of quasi-coherent sheaves on Fl,c, and
G-Oz¢,-mod be the category of G-equivariant Oz, -modules. Let m: G¢, — Fl,¢c, be
the natural quotient map and the functor (cf. [77, Proposition 3.1.1])

W: Repe, (Puc,) = G-QCoh(Fl,c,), W= (V= (O(x (V) @, W)er),

where P, ¢, acts on O(7~!(V)) as the right regular representation and V C Fl, ¢, is an
open subset. The algebraic group G, acts on each W(W) as the left regular representation
on (the translations of) O(7=1(V)). We write W9 for the composite of W with the natural
functor G-QCoh(Fl, c,) = G-Oz,-mod.

By [77, Theorem 5.1.4], the exact sequence (4.5.19) is naturally isomorphic to

(4.5.20) 0 — Osp, — T (W (O(NO=)) — g™ (nY) — 0,

where the notation O(NS)=" is given in [77, §3.3], in particular, it is a finite dimensional

algebraic representation of P, ¢,, and the third map is obtained from taking (mpy oWV2d)(—)

on the quotient map O(N;)=' — gr, (O(N5)).
Recall that an open subset V' C .#¥, can be taken such that Condition 4.4.11 is
satisfied. We may assume that V' is contained in the subspace of .#¢, which comes from
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an affine open subspace V C Fl, ¢,. Here O(77(V)) ®c, O(NS)=", so W(O(NS)=H)(V) =
(O(771(V)) ®¢, O(NE)<H)Fecr is an algebraic (and so analytic) representation of an open
subgroup of G(Q,). The module W(O(N)=")(V) is also finite projective over O(V) by
that the map 7: G¢, — Fl, ¢, is faithfully flat and descent of finite projective modules via
the map 7.

Then we have equalities

(4.5.21) T (W (O(N2) =) (U) = W(O(NS)=H (V) BomO(U)
= W(O(NS=H(V) @ow) OU).

Since the functor W is exact (cf. [77, Proposition 3.1.1]), the map of algebraic representa-
tions

(4.5.22) W(O(NSZH (V) = ni%Y(V)

“w

obtained from taking W on the quotient map O(NS)=" — gr;(O(N5))) is surjective. So
the exact sequence gained by taking sections on U of (4.5.20) remains exact by taking
locally analytic vectors since tensoring the surjective map (4.5.22) with O(U)® remains to
be surjective. Thus Uis a locally analytic covering of U. 0

4.5.3. Proof of the main theorem. We prove the main theorem using the results
obtained in the section. For a sufficiently small compact open subgroup K? C G(A>?P),
let Og» = Wffr{w,*<@5h|5h}<p) and Zgp = W%?{w’*(igh‘gh}({p) be sheaves of topological algebras
on Z/, in analytic topology. Let O%, C Og» and 71, C Zg» be subsheaves of locally
analytic sections as in Definition 4.4.15.

Theorem 4.5.9. For any i > 0 and a neat compact open subgroup KP C G(A>P),
there are natural G(Q,)-equivariant isomorphisms

(H'(K”,Q,)8q,C,)" = H'(FL(,,O),),
(HZ(Kpan)@)QpCp)la = Hi<§€uyzgp)

Proor. This follows from Proposition 4.5.1, Proposition 4.5.5, Proposition 4.5.7,
Proposition 4.5.8, [83, Theorem IV.2.1], and the argument of the proof of [69, Theorem
4.4.6]. U

4.5.4. The case of unitary Shimura curves. In the last subsection, we observe
T-locally analytic vectors in completed cohomology of unitary Shimura curves using the
method which has been developed until the previous subsection.

Let (G, X) be a Shimura data which gives a unitary Shimura curve as in Section 4.2.3.
Since unitary Shimura curves are compact and we want to focus on the unitary Shimura
curves, write U = i;éKp,(U’), Shgr = Sh'2,, and U := Shi2,(U’). We now explicitly write
down the sections

O (Shicn (U)) = H(Shio (U), Og, ).
by the method of expansions along Borel subalgebras as in [69, §4.3]. Recall the exact

sequence of vector bundles on Sh = Shig = Shg, k»

(45.23) 0= (©ysn,0)or ™ = (R, p)pr ™ = (R'e.0a) 17 0,
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which is the rigidified version of the exact sequence in Proposition 4.3.4 (2). Taking the
colimit along K, — 1 and the completion, we have an exact sequence of vector bundles on
ShKP,proét

(4.5.24) 0=V =V, ®g, Oshy = V' =0,

which is naturally embedded in the exact sequence (4.5.2). Note that ij;l is isomorphic
to the standard representation of GLy(F},) (and fix such an isomorphism), and V° and V!
are vector bundles defined over Sh = Shi, k» and of rank 1.

Let {e1,ea} denote the basis of the standard representation Vp}’l of GLy(F,,). Taking
global sections of (4.5.24) on Shkr, we have an exact sequence

(4.5.25) 0— HO(Sth, VO) — H0<Sth, Vp;’_l ®@p 63th7E) — HO(Sth, Vl) —0

by the almost purity theorem [37, Theorem 5.4.3]. Fix a generator v € H°(Shg», V')
and the induced isomorphism H°(Shgr, Osp,p.p) = H°(Shir, V') by v. We equip with
the induced norm in HY(Shg»r, V') from the Banach algebra H°(Shgr, Osp,, ) by the
above isomorphism. Recall that the flag variety .# ¢, associated with a Hodge cocharacter
attached to (G, X) is given by the filtration defined by the exact sequence (4.5.25) as
observed in Section 4.3.3. Fix a C,-point co € Shg» such that the point myr(co) C F¢,
corresponds to the filtration (e;) C V.

We also write ey, e5 for the image of e; ® 1, ea ® 1 by the third map of (4.5.25). Since
the Hodge-Tate period map 7wyr: Shgr — ﬁ ?,, is GLo(F},)-equivariant, we may assume
that e; generates HY(Shg», V') over Shi»(U) by the action of some element in GLo(F},).
Let = z—f € 63h(Sth(U)).

By the decomposition of Gg, (4.2.1) and the argument of connected components of
Shimura varieties,

}NIO(KP,E) Sy C’(O;, E)@IIKI Qg C?
where I be the ideal class group of Ok and C¥ is an admissible representation of GG, on
which GLo p) acts trivially (see also [38, §4.2] for the case of the modular curve). Let
t € H'(Shgr, Ogpp) = HO(K?, E)®q,C, be an element given by Wil @1 e H(K?, E)
where w, = T|Og : O < I is the restriction of the embedding 7 € . Note that e;, es,
x, t are T-locally analytic sections by the construction.

Recall that U is taken to be in B in Proposition 4.3.2. Fix a uniform pro-p group
Go C K, and let G, C Gy be a subgroup defined in Section 4.4.1. For each integer n > 0,
let Ug, C Shg, k» be the preimage of U. Let r(—1) = 0 and we can find

(1) An integer r(n) > r(n — 1).

(2) An element z, € H°(Ug,,,,, OShgr(n)K7> such that |[z — zu[lg,, < p™" in
HY(U,Osh,.p)-

(3) An element ¢, € HO(ShgT(n)Kp,OShgr(n)Kp’E‘) such that [[t — t,[g, ., < p™" in
HO(Sth,Ogth). B

(4) An element ey, € H(Ug,, , V1) such that |le; — e1allg,,, < p~" in H(U, V).

for each integer n > 0 by [69, Lemma 2.1.5].
We define O%(U){x,e1,t} C Og;};(Sth(U)) to be the subset of elements f which can

be written as . B}
j
_ o € b
1= 3 e (s () ) (1 ()
1,5,k>0 ’ ’
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such that CET]L)k € H°(Ug,,.,) OShgr(n)Kp,E) for integers 7, j, k > 0 and ||¢; ;|| < p—DEHI+R O
holds for some uniform constant C”. It is a Banach algebra over C, with norm
. n n—1)(i+i+k
| flln = 'S‘%Eoucg’j?k(f)p( 1) (i+j+ )H
7’7]7 -

Proposition 4.5.10. For any positive integer m > 0, there exists a positive integer n
and a natural continuous embeddings of Banach spaces

05 5(Shieo (U)Fm =" C Op(U){w, €1, 8} € OF, 5 (Shicn (U)) %™
In particular, there is a natural isomorphism of topological vector spaces

livy OF,%(Shi ()7~ = ling O (U) {1, 1}.

PROOF. This follows from Corollary 4.5.3 and the argument of [69, §4.3]. O

Let K¥ := KPK} for some compact open subgroup K} C G(@g). For an object W in
Repp(G°), let Okrw = mur+Osh,p w- In the case of unitary Shimura curves, there exists
perfectoid unitary Shimura curves of level K¥.

Theorem 4.5.11 ([50, Theorem 3.3.3] (and also e.g. [73, Theorem 3.2.1])). If K¢
is sufficiently small, there exists a unique perfectoid space Shyge over Spa(C,, Oc,) such
that

Shico ~ lim Shicorc,.
KP

where K, runs over all compact open subgroup of G(Qy,). The space Shie is a pro-étale
K-torsor over Shier,. Moreover, there exists a Hodge-Tate period map

THT,p " ShK@ — ﬁg‘u
which is compatible with Tyt and satisfies the similar properties in Proposition 4.3.2.

We define Ogeow = mur«Oshy,. Note that the analog of Proposition 4.5.10 in the
case of K¥-level perfectoid unitary Shimura curves can be verified in the same way. For a
subset J C {z} U], ¥, we can define J-locally analytic subsheaves 0}7{;}% C Orrw

and O}](;{?,V C Oke,w as in Definition 4.4.15.
Theorem 4.5.12. There is natural G(Q,)-equivariant isomorphisms
(H(K®, E)®q,C,) " = H'(F L, O55) "% = HY(F L, O ).

PROOF. Initially, we show the first isomorphism. We claim that there is a natural
G(Q,)-equivariant isomorphism

H;,\(Shier, Ogy ) = H'(F L, Oy )

for i > 0. It follows that there exists an affinoid open cover {U;}; of Sh such that each
W}i(Ui) is a locally analytic covering of U; in the sense of [69, Definition 3.5.4] by the argu-
ment of [69, Corollary 4.2.3] and the Kodaira-Spencer isomorphisms for unitary Shimura
curves (cf. [34, §4], [35, §3.3.1.3]). Then the claim follows by Proposition 4.5.10 the first
part of the proof of [69, Theorem 4.4.6].

By Proposition 4.4.19, we have a natural G(Q,)-equivariant isomorphism

(H'(K?, E)®q,C,)" ™ = Hy, (Shir, O, 1)
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Then it suffices to construct natural G(Q,)-equivariant isomorphisms
(H'(K?, E)®q,C,) "™ = (H'(K*, E)®q,C,)" ™™
The first isomorphism follows from Corollary 4.4.22 and that
liny (1 (K"K, B)&, C,) ™
KKJ

is a smooth GLy(F},)-representation by the degeneration of spectral sequence.

Next we show the second isomorphism. Take an open cover |J, V; = #/{, in analytic
topology, where Then each section 0}(;1,%(‘/;) is a smooth K J-representation by Proposition
4.5.10. So there is a spectral sequence

By = HY(K. HY(F 4, 05'y) = H (1, Ofly)

degenerating at Eg _term and the second isomorphism follows from this. U
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