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Abstract

The p-adic Langlands program is a series of conjectures about relations between p-
adic Banach representations of reductive groups and p-adic Galois representations. From
now, sufficient results are obtained only in the case of GL2(Qp) for the p-adic Langlands
program. One of the main problems in the p-adic Langlands program is to reconstruct
differential geometric lost data from Weil-Deligne representations in the classical local
Langlands correspondence. In the case of crystalline (or semistable) representations, the
lost data is highly related to triangulations of the associated (ϕ,Γ)-modules. We treat
problems about crystalline representation valued in general p-adic reductive groups in the
first three parts of this thesis. In the last part of this thesis, we concentrate locally analytic
subspace of completed cohomology groups of unitary Shimura curves, which is considered
to give a candidate of the locally analytic version of the p-adic Langlands correspondence
for GL2(K).

In this thesis, we study crystalline representations valued in p-adic reductive groups
and locally analytic completed cohomology of Shimura varieties. In the first part, we show
the existence of a crystalline lift of a semisimple G-valued mod p Galois representation
with regular Hodge–Tate weights with a fixed abelianization. This result is based on
the preprint [2]. In the second part, we introduce trianguline deformation spaces for
GSp2n and show Zariski density of the crystalline points on the rigid generic fiber of the
framed deformation space of GSp2n-valued mod p Galois representations for irreducible
components with a regular crystalline point. This result is based on the preprint [1]. We
also calculate the dimension of each locus of Emerton–Gee stacks for GSp2n and show the
more general Zariski density result for GSp2n. In the last part, we show the existence
of isomorphisms between locally analytic completed cohomology and cohomology of flag
varieties with coefficients of locally analytic sections induced from Hodge–Tate period maps
for Shimura varieties of Hodge type. This result is based on the preprint [3].
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CHAPTER 1

Introduction

1.1. Outline of this thesis

In this thesis, we study some topics around the p-adic Langlands program. Especially,
we focus on

(1) Crystalline representations valued in p-adic reductive groups,
(2) Locally analytic completed cohomology of Shimura varieties.

In Chapter 2, for a finite extension K/Qp and a split reductive group G over OL for

a finite extension L/K, let ρ : GalK → G(kL) be a continuous quasi-semisimple mod p
G-valued representation of the absolute Galois group GalK . Let ρ

ab be the abelianization
of ρ and fix a crystalline lift ψ of ρab. We show the existence of a crystalline lift ρ of ρ
with regular Hodge–Tate weights such that the abelianization of ρ coincides with ψ. We
also show analogous results in the case that G is a quasi-split tame group and ρ : GalK →
LG(Fp) is a semisimple mod p L-parameter. These theorems are generalizations of those
of Lin and Böckle–Iyengar–Paškūnas.

In the first part of Chapter 3, we introduce trianguline deformation spaces Xtri(ρ) for
a GSp2n-valued residual representation ρ : GalK → GSp2n(k), where k is a finite field of
characteristic p > 0 and GalK is the absolute Galois group of a finite extension K/Qp,
and study their properties. We show Zariski density of the crystalline points on the rigid
generic fiber Xρ of the framed deformation space of ρ under some conditions. In the
last part of Chapter 3, we calculate the dimension of each locus of Emerton–Gee stacks
for GSp2n. Then we show Zariski density of the crystalline points on the rigid generic
fiber Xρ of the framed deformation space of a GSp2n-valued mod p Galois representation
ρ : GalK → GSp2n(kL), under a more general condition than that in Chapter 3.

In Chapter 4, for Shimura varieties of Hodge type, we show that there are natural iso-
morphisms between locally analytic complete cohomology groups and cohomology groups
for flag varieties with coefficient which is given by their perfectoid covers. This result is a
generalization of that of Pan for modular curves and Qiu-Su for unitary Shimura curves.

1.2. Crystalline lifts of semisimple G-valued Galois representations with fixed
determinant

Let p be a prime number and K/Qp be a finite extension with its ring of integers OK ,
GalK := Gal(K/K) be the absolute Galois group of K, L/K be a sufficiently large finite
extension with its ring of integers OL. Let mK , mL be the maximal ideals of OK , OL, and
k, kL be the residue fields of OK , OL, respectively. Let Cp be the p-adic completion of K.

For a reductive group G over OL, a continuous G-valued representation

ρ : GalK → G(L)

is Hodge–Tate (resp. crystalline, potentially crystalline) if for any algebraic L-
representation τ : G→ GL(V ), the composite τ◦ρ is a Hodge–Tate (resp. crystalline, poten-
tially crystalline) representation. For a Hodge–Tate G-valued representation ρ : GalK →

1



2 1. INTRODUCTION

G(L), we say that ρ has regular Hodge–Tate weights if for each σ ∈ HomQp(L,Cp), the
associated cocharacter HT (ρ)σ of GCp is regular, that is, not killed by any root of GCp

(see Definition 2.2.6). Let Gab be the abelianization of G. The composite of ρ with
G(L)→ Gab(L) is written as ρab. We call it the abelianization of ρ.

A continuous representation

ρ : GalK → G(OL)

is said to be Hodge–Tate (resp. crystalline, potentially crystalline) if the composite GalK
ρ−→

G(OL) ↪→ G(L) is Hodge–Tate (resp. crystalline, potentially crystalline).
From here, let G be a connected split reductive group over OL and let T be a maximal

torus of G. We say ρ : GalK → G(kL) is quasi-semisimple if there exists a maximal torus
T ′ of GkL

:= G ⊗OK
kL such that ρ(IK) ⊂ T ′(kL) and ρ(GalK) ⊂ NGkL

(T ′)(kL), where

IK ⊂ GalK denotes the inertia subgroup and NGkL
(T ′) denotes the normalizer of T ′ in

GkL
.
The first main theorem of this paper is as follows:

Theorem 1.2.1 (Theorem 2.3.6). Let ρ : GalK → G(kL) be a quasi-semisimple
G-valued representation such that ρ(IK) ⊂ T (kL) and ρ(GalK) ⊂ NG(T )(kL). Let
ρab : GalK → Gab(kL) be the composite of ρ and the natural map G(kL) → Gab(kL). Let
ψ : GalK → Gab(OL) be a crystalline lift of ρab. Then there exist a finite extension L′/L
and a crystalline lift ρ : GalK → G(OL′) of ρ with regular Hodge–Tate weights such that
ρab = ψ. Moreover, if we do not require that the crystalline lift ρ has regular Hodge–Tate
weights, L′/L can be taken to be a finite unramified extension.

Theorem 1.2.1 is a generalization of the results of Lin [58, Theorem 5, Theorem 6] and
Böckle–Iyengar–Paškūnas [20, Proposition 2.6].

We also prove analogous results of Theorem 1.2.1 for potentially crystalline lifts of
semisimple mod p L-parameters for quasi-split tame groups over K. Let G be a connected
quasi-split reductive group over K. We assume that G is tame, that is, G splits over a tame

Galois extension E of K. Write Ĝ for the Langlands dual group of G and LG = ĜoGalK
for the L-group of G.

The second main theorem of this paper is as follows:

Theorem 1.2.2 (Theorem 2.4.5). Let ρ : GalK → LG(Fp) be a semisimple mod p
L-parameter in the sense of [60, Definition 3.2.5]. Fix a maximal torus S of G such that
ρ factors through LS(Fp) (see Theorem 2.4.3). Let i : Gab → S be a right inverse of the

composite S ↪→ G↠ Gab. For A = F∗
p or Z

∗
p and an L-parameter τ : GalK → LS(A), write

τ ab for the composite of τ and the map LS(A)→ LGab(A) induced by the map i and we set
ψ := ρab. Let ψ : GalK → LGab(Zp) be a potentially crystalline lift of ψ. Then ρ admits

a potentially crystalline lift ρ : GalK → LG(Zp) which has regular Hodge–Tate weights and
satisfies ρab = ψ.

The existence of crystalline lifts with fixed determinant in the case of G = GLm is
proved by Böckle–Iyengar–Paškūnas [20, Proposition 2.6, Proposition 2.7]. In the paper,
they first proved the case where ρ : GalK → GLm(Fp) is absolutely irreducible and the
general case is deduced from the former case using the geometry of the Emerton–Gee
stacks. Also, Lin [58, Theorem 5, Theorem 6] showed the existence of crystalline lifts with
regular Hodge–Tate weights of quasi-semisimple mod p G-valued representations when
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G is a split reductive group over OK (see [60, Theorem 5.3.1] for semisimple mod p L-
parameters for quasi-split tame groups). In this paper, we combine the methods of [20]
and [58], [60] to prove the existence of crystalline lifts of ρ with fixed abelianization.

The strategies of the proofs of Theorem 1.2.1 and Theorem 1.2.2 are based on Lin’s
strategies in [58] and [60], respectively, where the existence of crystalline lifts of semisim-
ple mod p G-valued representations is shown. In order to control the abelianizations of
crystalline lifts, we use the calculations of abelianizations of Galois representations via the
reciprocity map of local class field theory as in the work of Böckle–Iyengar–Paškūnas [20].

1.3. Zariski density of crystalline points on GSp2n-valued local deformation
rings

In Chapter 3, we will show the following theorem:

Theorem 1.3.1 (Theorem 3.14.1). Let Xreg - crys be the subset of the points which is
crystalline with regular Hodge-Tate weights in X2

ρ . If p ≥ 3, then Xreg - crys is Zariski dense
in X2

ρ .

We note that the special case of Theorem 1.3.1 when p = 2 will be shown. The
main ingredient of the argument under the condition of p = 2 is in Section 3.11. For a
fixed representation ρ : GalK → GLm(kL), Emerton–Gee [39] has shown the existence of
a crystalline lift ρ : GalK → GLm(L) for general ρ.

In the case of GLm-valued representations, Zariski density of crystalline point on the
rigid analytic space Xρ that is the rigid generic fiber of the framed deformation space of ρ
has been considered. This problem was solved by Chenevier [25], Nakamura [68], Iyengar
[48] and Böckle–Iyengar–Paškūnas [20] in the general case.

1.3.1. Outline of the proof. Fix ρ : GalK → GSp2n(kL) from here. Theorem 1.3.1 is
an analog in the case of the universal framed deformation rings for G-valued representations
ρ studied by Balaji [4] for G = GSp2n.

As a weaker form of Theorem 1.3.1, we will show the following proposition in advance:

Proposition 1.3.2 (Proposition 3.10.2). The Zariski closure Xreg - crys is a union of
irreducible components of Xρ.

In [68], Nakamura has constructed the local eigenvarieties for calculating dimension of
a smooth point of Xreg - crys in each irreducible component Z ⊂ Xρ and proved the assertion
analogous to the case of GLm. However, we can use the method of [18] showing the
accumulation property around the benign points on the trianguline deformation spaces
instead. We also need to show the dimension is the same as that of Xρ.

We introduce (ϕ,Γ)-modules with GSp2n-structures (more generally, (ϕ,Γ)-modules
with G-structures) over Robba rings RL and construct trianguline deformation spaces
Xtri(ρ) for GSp2n and morphisms Xtri(ρ)→ Xρ.

If G is a split algebraic group and T is a split maximal torus of G, let W (G, T ) :=
NG(T )/CG(T ) be the Weyl group. Fix an algebraic embedding r : G → GLm of regular
type (Definition 3.5.5). Let r∗(Dcrys(D)) := (Dcrys(D))(r).

The correspondence of triangulations of D and refinements of Dcrys(D) for crystalline
(ϕ,Γ)-modules D is generalized as follows:

Proposition 1.3.3 (Proposition 3.7.1). Let D be a crystalline frameable (ϕ,Γ)-
module with G-structure over RL. Assume the Frobenius action on r∗(Dcrys(D)) has m
distinct eigenvalues in K0⊗Qp L. Then there is a bijection from the set of triangulations of
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D to that of refinements of Dcrys(D). Moreover, if there is a refinement of Dcrys(D), there
exists exactly #W (G, T ) refinements of Dcrys(D).

By Proposition 1.3.3 and the accumulation property of Xtri(ρ), replacing L by its finite
extension, we may take a unique irreducible component Yw in Xtri(ρ) which maps in Z for
each element w of the Weyl group of GSp2n. Let Pw be the triangulation of D associated to
w and XD, (resp. XD,Pw) be the (trianguline) deformation functor with the tangent space
TXD (resp. TXD,Pw). Then the maximality of the dimension of each Z is reduced to prove
the following surjectivity:

Corollary 1.3.4 (Corollary 3.8.14). Let D be a crystalline (ϕ,Γ)-module with

GSp2n-structure over RL such that D̃ is ϕ-generic with regular Hodge-Tate type and assume
that there exists a noncritical refinement of Dcrys(D). Then the map⊕

w∈W (GSp2n,T )

TXD,Pw → TXD

is surjective.

In the GLm case, Corollary 1.3.4 is solved by Chenevier [26, Theorem 3.19] for K = Qp

and noncritical D, Nakamura [67, Theorem 2.62] for general K and noncritical D and
Hellmann–Margerin–Schraen [45, Theorem 3.11] for general conditions. In [26] and [67],
the problem is shown by studying the subspace of crystalline deformations and induction
on m. In [45], it is shown by studying the deformation functors of trianguline almost de
Rham L ⊗Qp B

+
dR-representations and their local models constructed in [18]. However, it

seems that the direct generalizations of these methods do not work in the case of GSp2n. We
reprove the GLm-analog [45, Theorem 3.11] and show Corollary 1.3.4 explicitly calculating
a basis corresponds to each w ∈ W (GSp2n, T ) in section 3.8.

Let ρ : GalK → GSp2n(kL) be a continuous Galois representation and R2
ρ be the uni-

versal framed deformation ring constructed by Balaji [4]. Write X2
ρ := Spf(R2

ρ )
rig for the

rigid generic fiber of Spf(R2
ρ )

rig as constructed in [51, Definition 7.1.3]..
In Chapter 2, the author showed the theorem for connected split reductive G-valued

semisimple representations. Zariski density of crystalline points on an irreducible compo-
nent of X2

ρ which has a crystalline point are shown in Chapter 3 using the geometry of the
trianguline deformation space of GSp2n. Therefore, when ρ is semisimple, the assertion of
Theorem 1.3.1 follows by the results of the two chapters.

In the general case, we also plan to show that each component of X2
ρ has a crystalline

point. By the result of Paškūnas–Quast [70], it suffices to show that any representation ρ
has a crystalline lift with fixed abelianizations.

To prove Theorem 1.3.1 for reducible GSp2n-valued representations ρ, we calculate the
dimension of each locus of the Emerton–Gee stacks XK,GSp2n,red for GSp2n constructed in
[59].

Theorem 1.3.5 (Theorem 3.13.1). Let α : GalK → GLa(Fp) be an irreducible Galois
representation. The locus of x ∈ XK,GSp2n,red such that dimFp

HomGalK (α, i
std(x)) ≥ r is of

dimension at most

d2n,r := [K : Qp]n
2 −

(
r2

2
− r

2
+ 1

)
.

The proof of Theorem 1.3.5 is based on the argument of [61, §10].
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1.4. Locally analytic completed cohomology of Shimura varieties of Hodge
type

Let p be a prime number and Cp be the completion of an algebraic closure of Qp. In this
paper, we relate the locally analytic completed cohomology of Shimura varieties of Hodge
type to certain cohomology of flag varieties. We also study τ -locally analytic completed
cohomology of unitary Shimura curves as the special case.

1.4.1. Main results for Shimura varieties of Hodge type. Let (G,X) be a
Shimura datum of Hodge type. For neat open subgroups Kp ⊂ G(Qp) and K

p ⊂ G(A∞,p),
let ShKpKp be the attached Shimura variety and Sh := ShtorKpKp be its toroidal compacti-
fication under a fixed cone decomposition, which are seen to be rigid spaces over Cp. For
a sufficiently small Kp, let ShtorKp be the perfectoid Shimura variety constructed in [54,
Proposition 6.1] and πtor

HT : ShtorKp → F ` be the Hodge-Tate period map to a flag variety
F ` (cf. [83, Theorem IV.1.1]).

In this paper, we will study locally analytic subspaces of completed cohomology groups
of Shimura varieties of Hodge type

H̃ i(Kp, E) := lim←−
s

lim−→
Kp

H i
ét(ShKpKp ,OE)⊗OE

E,

H̃ i
c(K

p, E) := lim←−
s

lim−→
Kp

H i
ét,c(ShKpKp ,OE)⊗OE

E

where Kp runs over compact open subsets of G(Qp). Then we relate them to certain
cohomology groups of flag varieties.

Let D := ShtorKpKp\ShKpKp be the normal crossing divisor in ShtorKpKp . We can write D =⋃
a∈I DKp,a for a finite set I such that each DKp,a is irreducible and DKp,I′ := ∩a∈I′DKp,a

is a smooth divisor for each subset I ′ ⊂ I. Let ιKp,I′ : DKp,I′ ↪→ ShtorK′
pK

p denote the closed

immersion. Write ÔI′ for the pro-Kummer étale sheaf of completed (bounded) functions
on DKp,I′ . We let

ÎSh := ker

(
ÔSh →

⊕
a∈I

ιKp,a,∗Ôa

)
.

Let ShtorKp,an be the analytic site on the perfectoid Shimura variety ShtorKp . Let OKp :=

πtor
HT,∗(ÔSh|Shtor

Kp,an
) and IKp := πtor

HT,∗(ÎSh|ShtorKp,an
) be sheaves of topological algebras on the

flag variety F ` in analytic topology. Let Ola
Kp ⊂ OKp and I laKp ⊂ IKp be subsheaves of

locally analytic sections.

Theorem 1.4.1 (Theorem 4.5.9). For any i ≥ 0 and a neat compact open subgroup
Kp ⊂ G(A∞,p), there are natural G(Qp)-equivariant isomorphisms

(H̃ i(Kp,Qp)⊗̂QpCp)
la ∼= H i(F `µ,Ola

Kp),

(H̃ i
c(K

p,Qp)⊗̂QpCp)
la ∼= H i(F `µ, I laKp)

Remark 1.4.2. Theorem 1.4.1 has been proved in the case of the modular curve in
[69, Theorem 4.4.6] and in the case of unitary Shimura curves in [73, §3.5].

1.4.2. Main results for unitary Shimura curves. Next, suppose that (G,X) is a
Shimura datum which gives a unitary Shimura curve defined over a totally real number
field F 6= Q. Let ℘ be a fixed place on F over p. Let E/Qp be a finite extension such that
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each set Σ℘i
:= HomQp(F℘i

, E) where ℘i is a place of F over p has [F℘i
: Qp] elements.

Fix a place ℘ = ℘1 of F over p and an embedding τ : F℘ ↪→ E in Σ℘. We can write
G(Qp) = GL2(F℘)×G(Q℘

p ) where G(Q℘
p ) be a p-adic Lie group. We let

K = K℘K
℘
pK

p ⊂ GL2(F℘)×G(Q℘
p )×G(A∞,p)

be a compact open subgroup.
Similarly we define completed cohomology of unitary Shimura curves as

H̃ i(K℘, E) := lim←−
s

lim−→
K℘

H i
ét(ShK℘K℘ ,OE)⊗OE

E,

on which GL2(F℘) acts.

We can also consider completed cohomology H̃ i(Kp, E) of Kp-level. Write ShKp for the
infinite level perfectoid unitary Shimura curve and πHT : ShKp → P1

Cp
be the Hodge-Tate

period map. Let OKp,E := πHT,∗OShKp ,E and Oτ−la
Kp,E be the τ -locally analytic subsheaf of

OKp,E. We can similarly define Oτ−la
K℘,E.

Theorem 1.4.3 (Theorem 4.5.12). There is natural G(Qp)-equivariant isomor-
phisms

(H̃1(K℘, E)⊗̂QpCp)
τ−la ∼= H1(F `µ,Oτ−la

Kp,E)
K℘

p ∼= H1(F `µ,Oτ−la
K℘,E).

Remark 1.4.4. We note that Theorem 1.4.3 is proved in [73, §3.5] in more general
settings, but we give another proof of this theorem. There are analogous results [69,
Theorem 4.4.6] for the modular curve, [77, Theorem 6.2.6] for analytic cohomology of
general infinite level Shimura varieties.

1.4.3. Outline of the proof. Let µ be the Hodge cocharacter associated with a fixed
element h : ResC/R Gm,C → G(R) in X. A parabolic Lie subalgebra pµ ⊂ g := Lie(GQp) is
naturally attached to µ.

Our argument uses the embeddings of perfectoid Shimura varieties of Hodge type to per-
fectoid Siegel modular varieties. Since the anticanonical tower of Siegel modular varieties
has Tate’s normalized traces by [83, Theorem III.2.36], we will verify that the following
proposition in the first part of Section 4.5.

Let (GSp2g(Qp), D) be a Siegel Shimura datum and fix a closed immersion of Shimura
data of Hodge type (G,X) ↪→ (GSp2g(Qp), D). Fix a sufficiently small compact open
subgroup K ′

pK
p′ ⊂ GSp2g(A∞) such that K ′

pK
p′ ∩G(A∞) = KpK

p. Let Y := Ytor
K′

pK
p′ be a

toroidal compactification of the associated Siegel modular variety as a rigid space over Cp.
For a sufficiently small open subspace U ′ ⊂ Y , we can attach an open affinoid perfectoid
subspace ShtorKp(U ′) ⊂ ShtorKp .

We will compare local sections on perfectoid Siegel modular varieties and on perfectoid
Shimura varieties of Hodge type in Section 4.5. In the section, we use the detailed argument
in geometric Sen theory in [76].

We will also show a relation between completed cohomology of Shmura curves of Kp-
level and those of K℘-level, making use of the proof of [77, Theorem 6.2.6] and certain
spectral sequences proved in the paper (Corollary 4.4.5).

1.5. Notation

For a group G and a subset S ⊂ G, we write NG(S) for the normalizer of S in G and
CG(S) for the centralizer of S in G. For a finite extension L/F of fields, let NL/F : L

∗ → F ∗

denote the norm map.
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Let p be a prime number. Let K be a finite extension of Qp and K0 be the maximal

unramified subextension of Qp in K. We fix an algebraic closure Qp of Qp. Let Cp be the

p-adic completion of Qp. We write ζm for a m-th roots of unity. Let Kn := K(ζpn) and
K∞ :=

⋃
nKn. Let k be the residue field of K, k′ be the residue field K∞ and K ′

0 := W (k′).
We write Γ := Gal(K∞/K). Let L be a sufficiently large finite extension of K such that
K splits in L and kL be the residue field of L and Σ := HomQp(K,L). Let GalK be
the absolute Galois group of K. Let WK be the Weil group of K. For a finite Galois

extension E/K, let WE/K := WK/W der
E , where W der

E is the closure of the derived subgroup
W der
E of WE, be the relative Weil group as defined in [87]. Let ε : GalK → Z∗

p be the
p-adic cyclotomic character. Let IK be the inertia subgroup of GalK . We fix a uniformizer
$K ∈ OK and normalize the reciprocity isomorphism recK : K∗ → W ab

K of local class field
theory such that $K is mapped to the geometric Frobenius automorphism. Let Bm, Um,
Tm be respectively the standard upper Borel subgroup, its unipotent radical and the split
maximal torus of GLm for m ≥ 1.

If G is a group scheme over a ring A, let RepA(G) denote the full subcategory of the
category of GA-modules whose objects are finite free A-modules (cf. [49, §I.2.7]). We write
Im = diag(1, . . . , 1) for the identity matrix of size m. Let Sm be the symmetric group of
degree m for m ∈ Z≥1. We have the natural isomorphism Sm

∼= W (GLm, Tm). For an
(m×m)-matrix (aij)i,j ∈Mm(A), we write

t(aij)i,j for the transpose of (aij)i,j. For a scheme
or a rigid space X and its point x ∈ X, let k(x) be the residue field of x. We define the
sign of Hodge-Tate weights of de Rham representations such that the Hodge-Tate weight
of the p-adic cyclotomic character is +1.

Let CL (resp. COL
) be the category of local artinian L-algebra (resp. local artinian

OL-algebra) with residue field isomorphic to L (resp. kL), and for an A in ob(CL) (resp,
ob(COL

)) let mA denote its maximal ideal and φA : A → L (resp. φA : A → kL) denote
the natural reduction map. For a functor F : CL → Set, let TF denote the tangent space
ker(F (L[ε])→ F (L)) of F .

For a scheme or a rigid space X, we write Bun(X) for the category of locally free
sheaves on the structure sheaf OX . For an OX-algebra AX , we define Bun(AX) as the
category of locally free AX-modules. For a point x ∈ X, let kx be the residue field at the
point x.

For a commutative ring R, let R[ε] be the R-algebra naturally isomorphic to R[T ]/(T 2)
via ε 7→ T . We write M [ε] := M ⊗R R[ε] for the R[ε]-module base changed from M by
the inclusion R→ R[ε]. For a group scheme G over a commutative ring R, let LieR(G) :=
ker(G(R[ε])→ G(R)) be the Lie module over R. Throughout the thesis, a “torsor” means
a torsor in the étale topology over a scheme or a rigid space.

For an algebraic group G over a complete discrete valuation ring R, write Gder for the
derived subgroup of G in [32, Theorem 5.3.1], which is the same as the classical definition
Gder = [G,G] in the case that R is a field. Let Gab := G/Gder, which is representable by a
group scheme by [49, Part I, 5.6 (9)]. Write X∗(G) := HomR(G,Gm,R) for the character
group of G. For a torus T over SpecR, we also write X∗(T ) := HomR(Gm,R, T ) for the
cocharacter group of T .

Let A be a commutative topological R-algebra. We equip G(A) with the topology due to
Grothendieck (cf. [31, Proposition 2.1]). For a continuous representation ρ : GalK → G(A),
let ρab : GalK → Gab(A) be the composite of ρ with the abelianization map G(A) →
Gab(A).
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For a perfect Fp-algebra R, let W (R) be the ring of Witt vectors of R. Let Mata×b be
the algebraic group of (a× b)-matrices, which is isomorphic to Gab

a .
For a ring A, write Mn(A) for the ring of n × n-matrix and A× for the subgroup of

invertible elements in A. For a matrix M , let M t be the transpose of M . Let Ẑ :=∏
`:prime Z` and Ẑp :=

∏
`̸=p Z` Let A be the ring of adeles and AS be the ring of adeles

outside of S for a finite set S of places on Q.
For a finite extension L/Qp, let OL be the ring of integers in L and $L be a fixed

uniformizer in OL. Let C be the field of complex numbers and Cp be the completion of the
algebraic closure of Qp. For a global field F and a place v on F , let Fv be the completion
of F at v. In this case, write Ov := OFv and $v := $Fv .

For a field extension L/K and a scheme X over SpecK, let XL := X ×SpecK SpecL be
the base change. Let GLn, SLn be the general linear group and the special linear group
respectively. They are algebraic groups over SpecZ. Let Set, (resp. (Sch /S), RepF (G))
be the category of sets (resp. schemes over S for a scheme S, finite dimensional algebraic
F -representations of G for a field F and an algebraic group G over F ). For a representation
W of a group G, let W∨ be the contragredient of W .



CHAPTER 2

Crystalline lifts of semisimple G-valued Galois representations
with fixed determinant

2.1. Introduction

In this chapter, we show the existence of crystalline lifts of semisimple Galois repre-
sentations valued in connected split reductive groups over rings of p-adic integers, whose
determinant coincide with a fixed one.

In Section 2.2, we explain an argument for lifting of maximal split tori-valued represen-
tations of inertia groups to representations of whole Galois groups valued in normalizers
of tori. In Section 2.3, we show the existence of crystalline lifts of semisimple G-valued
Galois representations with fixed determinant. In Section 2.4, we show the existence of
potentially crystalline lifts of semisimple L-parameters with fixed determinant.

2.2. Crystalline extensions to normalizers of tori

In this section, let G be a connected split reductive group over OL and T be a maximal
torus of G, i.e., T be a fiberwise maximal and split OL-torus (cf. [32, Definition 3.2.1]).

We recall the notation of [58, §4]. Let ΦK ∈ GalK be a lift of a topological generator

of GalK /IK ∼= Ẑ. Let W (G, T ) be the Weyl group scheme of (G, T ). For the ease of
notation, write W (G, T ) for the group W (G, T )(OL) ∼= W (G, T )(kL), which is a subgroup
of the finite group W (G, T )(L).

LetMT,crys,L denote the set of continuous T (OL)-valued representations IK → T (OL) of
the inertia group IK , which can be extended to a crystalline representation GalK′ → T (OL)
for some finite unramified extensionK ′/K insideQp. LetMT,kL denote the set of continuous
mod $L representations IK → T (kL) of IK .

Both MT,crys,L and MT,kL are naturally equipped with the structures of Z[W (G, T )]-
modules defined by wv := (σ 7→ wv(σ)w−1) for w ∈ W (G, T ) and v ∈ MT,crys,L (or
v ∈ MT,kL). Similarly, they are naturally equipped with the structures of Z[GalK /IK ]-
modules defined by αv := (σ 7→ v(α−1σα)) for α ∈ GalK and v ∈MT,crys,L (or v ∈MT,kL).

Definition 2.2.1. (1) A continuous G-valued representation ρ : GalK → G(kL)
is said to be G-irreducible if it does not factor through any P (kL) ⊂ G(kL) where
P is a parabolic subgroup of GkL

.

(2) A subgroup Γ ⊂ G(kL) is said to be G-completely reducible if for any parabolic
subgroup P of GkL

such that Γ ⊂ P (kL), there exists a Levi subgroup L ⊂ P

such that Γ ⊂ L(kL). We also say that a continuous G-valued representation
ρ : GalK → G(kL) is G-completely reducible if the image of ρ is G-completely
reducible.

(3) We say ρ : GalK → G(kL) is quasi-semisimple if there exists a maximal torus T ′

of GkL
such that ρ(IK) ⊂ T ′(kL) and ρ(GalK) ⊂ NGkL

(T ′)(kL).

9



10 2. CRYSTALLINE LIFTS WITH FIXED DETERMINANT

Note that a G-irreducible continuous G-valued representation GalK → G(kL) is G-
completely reducible.

Theorem 2.2.2. If a continuous G-valued representation GalK → G(kL) is G-
completely reducible, then ρ is quasi-semisimple.

Proof. See [58, Theorem 4]. □
For showing the main theorem, we will reduce to the case where ρ : GalK → G(kL) is

G-irreducible. By Theorem 2.2.2, it suffices to consider the existence of a lift ρ : GalK →
NG(T )(OL) of ρ satisfying ρ(ΦK) = w−1 for an element w ∈ NG(T )(OL).

In the following, we generalize Lin’s argument in [58, §4] to the case that ρ(ΦK) is
not of finite order and the homomorphism Z → G(OL), 1 7→ ρ(ΦK) can be topologically

extended to a homomorphism Ẑ→ G(OL).
Definition 2.2.3. For a Hausdorff topological group G, we say that a homomorphism

Z→ G, 1 7→ g is extendable if it can be extended to a (unique) continuous homomorphism

Ẑ→ G.

Lemma 2.2.4. Let ` be a prime number, m be a positive integer, G be a locally profinite
group, and g ∈ G.

(1) If limk→∞ g`
k
= e, the homomorphism Z→ G, 1 7→ g is extendable.

(2) The homomorphism 1 7→ g is extendable if and only if the homomorphism 1 7→ gm

is extendable.

Proof. (1) The homomorphism Z → G, 1 7→ g can be extended to Z` → G because
there exists a system {Ui}i≥1 of neighborhoods of the unity e ∈ G, where each Ui is a
profinite open subgroup of G. Then (1) follows by taking the composite of the projection

Ẑ ↠ Z` with a map Z` → G.
(2) The “only if” part is obvious. If 1 7→ gm is extendable, there exists a continuous

homomorphism f̂ ′ : mẐ → G which extends mZ → G, that is the restriction of f : Z →
G, 1 7→ g. For each a ∈ [0,m− 1], the map

f̂ ′
a : a+mẐ→ G, a+mb 7→ f(a)f̂ ′(mb)

is continuous. Since {a + mẐ | a ∈ [0,m − 1]} is an open covering of Ẑ, the map⊔
a∈[0,m−1] f̂

′
a : Ẑ→ G is a continuous homomorphism which extends f . □

We prove the following lemma, which is proved by Lin [58, Lemma 4] when w has finite
order.

Lemma 2.2.5. Let ζ : NG(T )→ W (G, T ) be the quotient map.

(1) Let v : IK → T (OL) be a continuous representation such that v ∈ MT,crys. For an
element w ∈ NG(T )(OL), the representation v extends to a continuous represen-
tation ρ : GalK → NG(T )(OL) satisfying ρ(ΦK) = w−1 and ρ|IK = v if and only
if

v ∈ ker(MT,crys,L
ζ(w)⊗1−1⊗ΦK−−−−−−−−−→ MT,crys,L).

(2) Let v : IK → T (kL) be a continuous representation such that v ∈ MT,kL. For an
element w ∈ NG(T )(kL), the representation v extends to a continuous represen-
tation ρ : GalK → NG(T )(kL) satisfying ρ(ΦK) = w−1 and ρ|IK = v if and only
if

v ∈ ker(MT,kL

ζ(w)⊗1−1⊗ΦK−−−−−−−−−→ MT,kL).
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Proof. (1) Assume that v ∈ ker(ζ(w) ⊗ 1 − 1 ⊗ ΦK : MT,crys,L → MT,crys,L). By [58,
Lemma 4], the representation v extends to a representation v′ : WK

∼= IKoZ→ NG(T )(OL)
such that v′(ΦK) = w−1 and v′|IK = v. So it suffices to show that v′ extends to a continuous
representation of the absolute Galois group GalK , which is homeomorphic to the profinite

set IK × Ẑ.
Since the centralizer CG(T ) is the maximal torus T and the Weyl group W (G, T ) is

finite, there exists a positive integer m such that wm ∈ T (OL). Fix an isomorphism
i : T ∼= Gd

m,OL
. Then there is also a positive integer m′ such that the j-th component of

i(wmm
′
) ∈ (O∗

L)
d is in 1 + mL for every 1 ≤ j ≤ d. Then limk→∞(wmm

′
)p

k
= 1 in T (OL).

The limit also exists and equals to 1 since T (OL) is a closed subset of T (OL). So 1 7→ wmm
′

and then 1 7→ w is extendable by Lemma 2.2.4. The “only if” part is obvious.
(2) See [58, Lemma 4 (2)]. □

We recall the notion of labeled Hodge–Tate cocharacters following [58, §6 Definition
3].

Definition 2.2.6. Let G be a reductive group over L.

(1) For a Hodge–Tate G-valued representation ρ : GalK → G(L), there is a cochar-
acter HT (ρ)σ : Gm,Cp → GCp associated with ρ for each σ ∈ ΣL = HomQp(L,Cp)
by Tannakian theory (cf. [58, Definition 3]). The labeled Hodge–Tate cocharacter
associated with ρ is defined by

HT (ρ) := (HT (ρ)σ)σ∈ΣL
∈
∏
σ∈ΣL

X∗(GCp).

(2) A cocharacter of GCp is said to be regular if it is not fixed by the action of each
root of GCp with respect to a maximal torus of GCp which contains the image of
the cocharacter. For a Hodge–Tate G-valued representation ρ : GalK → G(L), we
say that ρ has regular Hodge–Tate weights if for each σ ∈ ΣL, the cocharacter
HT (ρ)σ of GCp is regular.

We note that the terminology “colabeled Hodge–Tate cocharacter” is used in [58, §5.1]
instead of “labeled Hodge–Tate cocharacter” in this thesis.

2.3. Crystalline lifts of quasi-semisimple representations with fixed
abelianizations

We prove the first main theorem in this section. In addition to Lin’s argument [58,
Proposition 2, Theorem 6], we use the calculation of the norms of Galois characters due
to Böckle–Iyengar–Paškūnas [20, Lemma 2.1] in order to construct a crystalline lift with
a fixed abelianization.

We use the notations in Section 2.2. In particular, let G be a connected split reductive
group over OL and T ⊂ G be a maximal split OL-torus. We call the homomorphism
K∗ → O∗

K defined by $K 7→ 1, O∗
K 3 a 7→ a the fundamental character (of K), and the

composite of the fundamental character with the reduction map O∗
K ↠ k∗ the mod $K

fundamental character (of K). Write ωK : K∗ → O∗
K for the fundamental character of K.

Note that the fundamental character is the continuous character of K∗ associated with the
Lubin–Tate character, which is a crystalline character GalK → O∗

K . Let unr(c) : K
∗ → O∗

L

be the unramified character which sends the uniformizer $K to an element c ∈ O∗
L. We

recall basic properties of crystalline characters of GalK .
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Lemma 2.3.1. The continuous character K∗ → O∗
L associated with a crystalline char-

acter GalK → O∗
L can be written as the twist of unr(c) for an element c ∈ O∗

L with a
homomorphism x 7→

∏
σ : K→L σ(ωK(x))

aσ where aσ ∈ Z for each σ ∈ HomQp(K,L).

Proof. Since a homomorphism ResK/Qp Gm,K → ResL/Qp Gm,L of Qp-tori comes from∏
σ : K→L σ

aσ for aσ ∈ Z, the lemma follows from [30, Proposition B.4]. □
Lemma 2.3.2. Let f := [kL : k] and Kf be an unramified extension of K of degree

f . Let G be a connected split reductive group over K and T ⊂ G be a K-split maximal
torus. Let M0

T,crys,L ⊂MT,crys,L be the Z[W (G, T )]⊗Z[GalK /IK ]-submodule which consists
of continuous T (OL)-valued representations of IK that can be extended to a continuous
representation GalKf

→ T (OL). Then the natural reduction map M0
T,crys,L → MT,kL is

surjective.

Proof. The group MT,kL is generated by the mod $Kf
fundamental character. Since

it lifts to the fundamental character of Kf which extends to a crystalline character of GalKf

(i.e. the Lubin–Tate character of GalKf
), the assertion follows. □

We will construct a regular crystalline lift from a crystalline lift by twisting a crystalline
lift which has sufficiently generic Hodge–Tate weights and the trivial abelianization. Such
a lift is constructed by local class field theory and the following lemma:

Lemma 2.3.3. Consider the map

w − 1: X∗(T )→ X∗(T ), χ 7→ ad(w)(χ) · χ−1

for every non-trivial element w ∈ W (G, T ). Let Xab
∗ : X∗(T ) → X∗(G

ab) be the homo-
morphism of the cocharacter groups induced by the composite T ↪→ G ↠ Gab. Then the
property

(Rw) : the rank of ker(Xab
∗ )/(ker(Xab

∗ ) ∩ ker(w − 1)) is positive

is satisfied for every non-trivial element w ∈ W (G, T ).

Proof. Let Z be the center of G and Gad := G/Z be the adjoint group of G. Let
X∗(G

ad) be the image of X∗(T ) by the natural map X∗(T )→ Hom(Gm, G
ad). There exists

a natural isomorphism

X∗(T )⊗Z Q ∼= (X∗(Z)⊗Z Q)⊕ (X∗(G
ad)⊗Z Q)

since the composite Z ↪→ G↠ Gab is an isogeny.
The center and the adjoint group of Gad is trivial and the Weyl group of G is naturally

identified to that of Gad. Therefore, the lemma follows from the case where the center of
G is trivial. In this case, each non-trivial element w ∈ W (G, T ) of the Weyl group acts
non-trivially on X∗(T ). Thus the lemma follows. □

Let (X∗(T ), R,X∗(T ), R
∨) be the root datum of (G, T ). The following result is well-

known.

Lemma 2.3.4. Let α ∈ X∗(T ) be an algebraic character of T . Then α is the restriction
of an algebraic character of G if and only if 〈α, β∨〉 = 0 for any β∨ ∈ R∨.

Proof. See [49, Part II, 1.18 (3)]. □
Lemma 2.3.5. The composite T ↪→ G→ Gab has a right inverse, that is, there exists

a homomorphism Gab → T such that the composite Gab → T → Gab is the identity.
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Proof. Since the composite T ↪→ G→ Gab is surjective, the induced map X∗(Gab)→
X∗(T ) is injective. Let M := im(X∗(Gab)→ X∗(T )). It suffices to show that the quotient
X∗(T )/M is torsion-free.

The setM consists of those elements α ∈ X∗(T ) such that 〈α, β∨〉 = 0 for any β∨ ∈ R∨

by Lemma 2.3.4.
Let α ∈ X∗(T ) which satisfies nα ∈ M for an integer n. Then we have 〈nα, β∨〉 = 0

for any β∨ ∈ R∨. Since 〈nα, β∨〉 = n〈α, β∨〉, we have 〈α, β∨〉 = 0 for any β∨ ∈ R∨. Hence
α ∈M . This shows that X∗(T )/M is torsion-free, and the assertion follows. □

We prove the first main theorem of this paper.

Theorem 2.3.6. Let G be a connected split reductive group over OL and T be a split
maximal torus of G over OL.

Let ρ : GalK → G(kL) be a quasi-semisimple G-valued representation such that ρ(IK) ⊂
T (kL) and ρ(GalK) ⊂ NG(T )(kL). Let ρab : GalK → Gab(kL) be the abelianization of ρ
and ψ : GalK → Gab(OL) be a crystalline lift of ρab. Then there exist a finite extension
L′/L and a crystalline lift ρ : GalK → G(OL′) with regular Hodge–Tate weights such that
ρab = ψ.

Moreover, if we do not require that the crystalline lift ρ has regular Hodge–Tate weights,
L′/L can be taken to be a finite unramified extension.

Proof. Step 1.
First, we introduce the notations of [58, Proposition 2] needed in the proof of the

theorem. We naturally considerMT,crys,L andMT,kL as Z[W (G, T )]⊗Z[GalK /IK ]-modules.
For an element τ ∈ W (G, T ), write

MT,τ,crys,L := ker(MT,crys,L
τ⊗1−1⊗ΦK−−−−−−−→MT,crys,L),

MT,τ,kL := ker(MT,kL

τ⊗1−1⊗ΦK−−−−−−−→MT,kL)

for subgroups of MT,crys,L and MT,kL .
From here, let τ ∈ W (G, T ) be the image of ρ(Φ−1

K ) by the quotient map
ζ : NG(T )(kL)→ W (G, T ). Then we have ρ|IK ∈MT,τ,kL .

Let f := [kL : k] and Kf be an unramified extension of K of degree f . We may assume
that L is sufficiently large so that τ f = 1 by replacing L with a finite unramified extension.
We take a finite unramified extension L′/L such that L′ contains all embeddings Kf ↪→ Qp

for f ∈ Z≥1. We put

Ξ :=

f−1∑
i=0

τ i ⊗ Φf−1−i
K .

Let M0
T,crys,L ⊂ MT,crys,L be the Z[W (G, T )] ⊗ Z[GalK /IK ]-submodule which consists of

continuous T (OL)-valued representations of IK that can be extended to a continuous rep-
resentation GalKf

→ T (OL). We put M0
T,τ,crys,L := M0

T,crys,L ∩MT,τ,crys,L. Note that the

natural reduction map M0
T,crys,L →MT,kL is surjective by Lemma 2.3.2.

Since (τ ⊗ 1)f = (1 ⊗ ΦK)
f = id on both MT,crys,L and MT,kL , we have an injection

ΞM0
T,crys ↪→M0

T,τ,crys,L. So we have the following maps:

ΞM0
T,crys,L ↪→M0

T,τ,crys,L ↪→MT,τ,crys,L →MT,τ,kL .

It follows that the composite of the maps is the same as the composite of the natural
surjection ΞM0

T,crys,L → ΞMT,kL and the natural isomorphism

ΞMT,kL
∼= MT,τ,kL
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in the proof of [58, Proposition 2]. Thus the composite ΞM0
T,crys,L →MT,τ,kL is surjective.

Step 2.
Next, we prove the existence of crystalline lifts with fixed abelianizations. Fix isomor-

phisms Gd0
m ×Gd1

m
∼= Gab × T ′ ∼= T for a split torus T ′ by Lemma 2.3.5.

For A = kL or OL and a continuous representation r : H → T (A) of a locally profinite
group H, we write ri : H → Gm(A) = A∗ for the i-th component of r via the isomorphism
Gd0
m ×Gd1

m
∼= T for each i ∈ [1, d0 + d1].

Let ρ′ ∈ MT,kL be a continuous representation such that Ξρ′ is mapped to ρ|IK by the
natural isomorphism ΞMT,kL

∼= MT,τ,kL in Step 1. We construct an element ρ′ ∈ M0
T,crys,L′

as follows:

• For d0 + 1 ≤ i ≤ d0 + d1, as T (OL)-valued representations, take ρ′i ∈M0
Gm,crys,L

to

be mapped to ρ′i by the surjection M0
Gm,crys,L

→MGm,kL (see Lemma 2.3.2).
• For 1 ≤ i ≤ d0, let ψi : GalK → O∗

L be the i-th component of ψ. The character
ψ′
i : K

∗ → O∗
L associated with ψi may be written as the twist of an unramified

character unr(ci) with x 7→
∏

σ : K→L σ(ωK(x))
aσ,i , where ci ∈ O∗

L, aσ,i ∈ Z for each
σ ∈ HomQp(K,L) by Lemma 2.3.1. We may assume Kf 6= K. Then there exist
distinct integers bs,i (s ∈ HomQp(Kf , L

′)) such that the character

θ : O∗
Kf
→ O∗

L′ , x 7→
∏

s∈HomQp (Kf ,L′)

s(x)bs,i

satisfies the following conditions by [20, Lemma 2.5].
– The integers bs,i (s ∈ HomQp(Kf , L

′)) are pairwise distinct.
– The character θ lifts the character O∗

Kf
→ k∗L associated with the composite

of IKf

=−→ IK and ρ′i.
– θ(x) = ψ′

i(x) for all x ∈ O∗
K .

Let ρ′i : IK → O∗
L′ be the composite of the following maps

IK = IKf
↪→ WKf

↠ W ab
Kf

rec−1
Kf−−−→∼= K∗

f

∏
s : Kf→L′ s(ωKf

(−))bs,i

−−−−−−−−−−−−−−→ L′∗,

Then the continuous T (OL′)-valued representation ρ′ ∈M0
T,crys,L′ constructed as above

satisfies the following properties:

• The image of ρ′ by the surjection M0
T,crys,L′ →MT,kL′ is ρ

′.

• The abelianization ρ′ab : IK → Gab(OL′) is extendable to a crystalline representa-
tion ψ′ : GalKf

→ Gab(OL′) such that ψ|WK
is the same as the composite

WK ↠ W ab
K

rec−1
K−−−→∼= K∗ ↪→ K∗

f

recKf−−−→∼= W ab
Kf

ψ′|WKf−−−−→ Gab(OL′).

Let R′ and ΞR′ be the T (OL′)-valued crystalline representations GalKf
→ T (OL′)

extended from ρ′ and Ξρ′ respectively as above. By the calculation in the proof of [20,
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Lemma 2.1], we have

(ΞR′)ab(recKf
(y)) =

∏
σ∈Gal(Kf/K)

R′ab(σ recKf
(y)σ−1)

=
∏

σ∈Gal(Kf/K)

R′ab(recKf
(σ(y)))

= R′ab(recKf
(NmKf/K(y)))

= ψ|WK
(recK(NmKf/K(y))))

= ψ|WKf
(recKf

(y))

for any y ∈ K∗
f . Here, the first equality follows from the fact that each τ i acts trivially on the

abelianization ρ′ab, the fourth equality follows from the second bullet of the properties of the
representation ρ′ ∈M0

T,crys,L′ , and the last equality follows from NmKf/K ◦ rec
−1
Kf

= rec−1
K ◦λ

by local class field theory, where λ : W ab
Kf
→ W ab

K is induced by the inclusion WKf
↪→ WK .

So we have (ΞR′)ab|WKf
= ψ|WKf

, and by continuity (ΞR′)ab = ψ|GalKf
. Moreover, it

follows that the image of Ξρ′ by the surjection ΞM0
T,crys,L′ → MT,τ,kL′ is Ξρ

′ = ρ|IK by the
construction.

Let w ∈ NG(T )(OL′) be an element which is a lift of the element ρ(ΦK)
−1. We may

assume that the image of w by the composite NG(T )(OL′) ↪→ G(OL′) → Gab(OL′) is
ψ(ΦK)

−1 by the assumption of the existence of a right inverse of the map T → Gab.
Since ΞM0

T,crys,L′ ⊂ M0
T,τ,crys,L′ , there exists a continuous representation ρ : GalK →

NG(T )(OL′) ⊂ G(OL′) such that ρ|GalKf
= ΞR′ and ρab = ψ by Lemma 2.2.5 (1) where w

is taken as above. Then ρ is a crystalline lift of ρ satisfying ρab = ψ. But the Hodge–Tate
weights of ρ are not necessarily regular.

Step 3.
Finally, we show the existence of a crystalline lift with fixed abelianization which has

regular Hodge–Tate weights. We prove it by an argument of Lin [58, Lemma 12, Theorem
6].

Let i : T ↪→ G be the embedding and fix embeddings Kf ⊂ L′ ⊂ Cp. For constructing
such a crystalline lift with regular Hodge–Tate weights, we first show the existence of a
crystalline representation t : GalKf

→ T (OL′) satisfying the following properties for each
σ ∈ HomQp(L,Cp):

• HT (i(t))σ is regular if σ|Kf
coincides with the fixed embedding Kf ↪→ Cp.

• HT (i(t))σ is the trivial cocharacter if σ|Kf
does not coincide with the fixed em-

bedding Kf ↪→ Cp.
• tab is trivial.

The existence of such t is reduced to show ker(Xab
∗ ) 6⊂

⋃
w∈W (G,T )\{e} ker(w − 1) by

considering powers of the fundamental character of Kf for each coordinate of T (OL′) ∼=
(O∗

L′)d0+d1 (see the proof of [58, Lemma 12]). In fact, let

x ∈ ker(Xab
∗ )\

 ⋃
w∈W (G,T )\{e}

ker(w − 1)

 .
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Then the composite

WKf
↠ W ab

Kf

rec−1
Kf−−−→∼= K∗

f ↪→ L∗ ∼= Gm(L
′)

x(L)−−→ T (L′)

extends to a required crystalline representation t : GalKf
→ T (L′). The assertion follows

from Lemma 2.3.3.
For such t, let v0 ∈M0

T,crys,L′ be the composite of the following maps

IK = IKf

t|IKf−−−→ T (OL′).

Then we have vab0 = 1. For a sufficiently large positive integer M , the representation v′ :=

v·(Ξv0)MN , where v := ρ|IK and N is the cardinality of k∗L′ , satisfies v′
ab = (v·(Ξv0)MN)ab =

vab and v′ = v. Since v,Ξv0 ∈ ΞM0
T,crys,L′ ⊂ M0

T,τ,crys,L′ , the representation v′ extends to a
continuous representation ρ′′ : GalK → G(OL′), which is a crystalline lift of ρ by Kf ⊂ L′

and [58, Corollary 2]. We have ρ′′ab|IK = ρab|IK by the construction. So replacing L′

with a finite extension, there is an unramified representation u : GalK → Z(OL′) whose
composite with the map Z(OL′)→ Gab(OL′) is (ρ′′ ab)−1 · ρab since Z → Gab is an isogeny
of algebraic tori. Then ρreg := uρ′′ is a crystalline lift of ρ which satisfies ρabreg = ρab = ψ
by the construction. In addition, the representation ρreg has regular Hodge–Tate weights
since for each σ ∈ HomQp(L

′,Cp), there exists an integer i ∈ [0, f − 1] and an element

σ′ ∈ HomKf
(L′,Cp) such that σ = σ′ ◦ Φf−1−i

K and

HT (Ξv0)σ = τ iHT (v0)σ
′
τ−i

by the calculation in the proof of [58, Theorem 6]. □

2.4. Potentially crystalline lifts of semisimple L-parameters with fixed
abelianizations

In this section, we also prove the existence of potentially crystalline lifts with a fixed po-
tentially crystalline abelianization of semisimple mod p L-parameters for connected quasi-
split tame groups.

First, we recall the definitions of L-groups and L-parameters following [60, §2, §3]. Let
K/Qp be a finite extension and G be a connected quasi-split reductive group over K. Fix a
K-pinning (B, T, {Xα}) of G. The pinned group (G,B, T, {Xα}) has a dual pinned group

(Ĝ, B̂, T̂ , {Yα}) defined over Z. Let E ⊂ K be a splitting field of G, which is a finite Galois
extension over K. The Galois action on the based root datum induces a Galois action
Gal(E/K)→ Aut(Ĝ, B̂, T̂ , {Yα}). Write LG := ĜoGalK (see [21] and [88, §1.1] for more
details). Write L{∗} ∼= GalK for the L-group of the trivial group.

Definition 2.4.1 (cf. [60, Definition 3.1.1, Definition 3.1.3]). Let G, H be connected

reductive groups over K and Ĝ, Ĥ be their Langlands dual groups.

(1) For a finite ring A, a group homomorphism

Ĝ(A)oGal(E/K)→ Ĥ(A)oGal(E/K)

is said to be an L-homomorphism (with A-coefficients) if each element g × σ ∈
Ĝ(A)oGal(E/K) is sent to h× σ ∈ Ĥ(A)oGal(E/K).
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(2) For a finite ring A, a group homomorphism

Ĝ(A)oWE/K → Ĥ(A)oWE/K

is said to be an L-homomorphism (with A-coefficients) if each element g × σ ∈
Ĝ(A)oGal(E/K) is sent to h× σ ∈ Ĥ(A)oGal(E/K).

(3) For a finite ring A, a group homomorphism

Ĝ(A)oGalK = LG(A)→ LH(A) = Ĥ(A)oGalK

is said to be an L-homomorphism (with A-coefficients) if each element g × σ ∈
Ĝ(A)oGalK is sent to h× σ ∈ Ĥ(A)oGalK , and there exists an open subgroup

Γ ⊂ GalK such that 1 × σ ∈ Ĝ(A) o GalK is sent to 1 × σ ∈ Ĥ(A) o GalK for
every σ ∈ Γ.

(4) An L-parameter (of GalK (resp. Gal(E/K), WE/K) for G with A-coefficients) is
an L-homomorphism

GalK ' L{∗}(A)→ LG(A),

(resp. Gal(E/K)→ Ĝ(A)oGal(E/K), WE/K → Ĝ(A)oWE/K),

defined up to Ĝ(A)-conjugacy. Note that an L-parameter can be considered as an
LG(A)-valued Galois representation GalK → LG(A).

(5) For a profinite ring R, an L-parameter (for G with R-coefficients) is a compatible
system of L-parameters GalK → LG(A), where A is a finite quotient of R.

(6) For A = kL or Zp, an L-parameter (for G with A-coefficients) is the composite of
an L-parameter GalK → LG(A′) for a finitely generated Zp-algebra A′ ⊂ A and
the inclusion LG(A′) ↪→ LG(A).

Definition 2.4.2 (cf. [60, Definition 5.1.1]). Let Λ ⊂ Zp be a discrete valuation
ring. For a connected quasi-split reductive group G over K which splits over a finite

Galois extension E/K, an L-parameter ρ : GalK → Ĝ(Λ) o Gal(E/K) is said to be crys-
talline (resp. potentially crystalline) if for some closed embeddings of algebraic groups

ĜoGalE/K ↪→ GLd for some d ≥ 1, the composite GalK → Ĝ(Λ)oGal(E/K)→ GLd(Λ)
is crystalline (resp. potentially crystalline).

An L-parameter ρ : GalK → LG(Fp) is said to be semisimple if ρ is semisimple in the
sense of [60, Definition 3.2.5].

The following Langlands–Shelstad factorizations of semisimple L-parameters are shown
in [60].

Theorem 2.4.3 ([60, Theorem 3.4.1]). For a semisimple L-parameter ρ : GalK →
LG(Fp), there exists a tame K-torus S of G and a canonical L-homomorphism Lj : LSFp

→
LGFp

such that ρ factors through Lj.

For a semisimple L-parameter ρ : GalK → LG(Fp), we fix a tame K-torus S ⊂ G
satisfying the condition of Theorem 2.4.3 in the assertion of Theorem 2.4.5.

For A = Zp or Fp, note that the module

H1
cont(WE/K , X

∗(TE)⊗Z A
∗) (resp.H1

cont(GalK , X
∗(TE)⊗Z A

∗))

is naturally bijective to the set of Ĝ(A)-conjugacy classes of L-parameters

WE/K → Ĝ(A)oWE/K (resp.GalK → LG(A)oGalK).
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We also use the p-adic local Langlands correspondence for tori with divisible coefficients.

Theorem 2.4.4 ([13]). For a K-torus T with splitting field E, which is a finite Ga-
lois extension over K, and a divisible abelian topological group D, there exists a natural
isomorphism

H1
cont(WE/K , X

∗(TE)⊗Z D)
∼−→ Homcont(T (K), D).

Write TE := T ×K E. Then the following natural maps

H1
cont(GalK , X

∗(TE)⊗Z F
∗
p)→ H1

cont(WE/K , X
∗(TE)⊗Z F

∗
p),

H1
cont(GalK , X

∗(TE)⊗Z Z
∗
p)→ H1

cont(WE/K , X
∗(TE)⊗Z Z

∗
p)

are also isomorphisms.

Proof. For the first isomorphism, see [13], [60, Theorem 4.3.1]. Let A be a finite

discrete ring. Then the set of L-homomorphisms WE/K → T̂ (A) o WE/K is naturally

bijective to the set of L-homomorphisms WK → T̂ (A)oWK since WE acts trivially on T̂ .

By [60, Lemma 3.1.2 (2), (4)], an L-homomorphism WK → T̂ (A) o WK naturally
corresponds to an L-parameter GalK → LG(A). So we have an isomorphism

(2.4.1) H1
cont(GalK , X

∗(TE)⊗Z A
∗)

∼−→ H1
cont(WE/K , X

∗(TE)⊗Z A
∗)

By taking limits of the isomorphisms (2.4.1) for finite discrete coefficients A, we have an
isomorphism

(2.4.2) H1
cont(GalK , X

∗(TE)⊗Z O∗
E)

∼−→ H1
cont(WE/K , X

∗(TE)⊗Z O∗
E)

for each finite extension E/Qp.
Finally, to obtain the last isomorphism of the theorem by taking colimits of (2.4.2), it

suffices to show that the image of each continuous representation GalK → LG(Zp) (resp.
WE/K → Ĝ(Zp)oWE/K) is included in LG(OL) (resp. Ĝ(OL)oWE/K) for a finite extension
OL/Zp. The assertions are shown by the following Baire category argument.

For the continuous representation ρ : GalK → LG(Zp), we have

ρ(GalK) =
⋃

OL/Zp

(ρ(GalK) ∩ LG(OL)),

where OL/Zp runs over finite extensions. By Baire category theorem, there exists a fi-

nite extension OL/Zp such that the closure ρ(GalK) ∩ LG(OL) contains an open subset of
LG(Zp), so that the index

|ρ(GalK) : ρ(GalK) ∩ ρ(GalK) ∩ LG(OL)|
is finite. Thus there exists a finite extension OL′/OL such that ρ(GalK) ⊂ LG(OL′).

The case of WE/K → Ĝ(Zp)oWE/K is similar by the above argument replacing GalK
with the image of IK ↪→ WK → WE/K . □

For a K-torus S and an L-parameter ρ : GalK → LS(Fp), let [ρ] : GalK → LS(Zp)
be the L-parameter induced by the isomorphisms in Theorem 2.4.4 for D = F∗

p and the

Teichmüller character F∗
p ↪→ Z∗

p(⊂ W (Fp)∗) from ρ.

Theorem 2.4.5. Let G be a connected quasi-split tame group over K and ρ : GalK →
LG(Fp) be a semisimple mod p L-parameter. Fix a tame K-torus S of G such that ρ factors

through LS(Fp). Let i : Gab → S be a right inverse of the composite S ↪→ G↠ Gab.
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For A = F∗
p or Z∗

p and an L-parameter τ : GalK → LS(A), write τ ab for the composite

of τ and the map LS(A)→ LGab(A) induced by the map i and we set ψ := ρab.
Let ψ : GalK → LGab(Zp) be a potentially crystalline lift of ψ. Then ρ admits a poten-

tially crystalline lift ρ : GalK → LG(Zp) which has regular Hodge–Tate weights and satisfies
ρab = ψ.

Proof. Let E be a finite Galois extension of K such that the image of ρ is contained
in LG(E), S splits over E, ψ|GalE is crystalline, the character GalK → k∗ associated with
the mod $K fundamental character is trivial on GalE. We fix an embedding E ↪→ K and
a uniformizer $E ∈ E.

For a K-torus T which splits over E, let NmE/K : T (E) → T (K) be the norm map
induced by NmE/K : ResE/KTE → T , where TE := S ×K E. By Theorem 2.4.4 and [60,
Proposition 4.3.3], we have the following commutative diagram

H1
K(G

ab)
∼= //

-|GalE

��

Homcont(G
ab(K),Z∗

p) //

-◦NmE/K

��

Homcont(S(K),Z∗
p)

-◦NmE/K

��

H1
K(S)

-|GalE

��

∼=oo

H1
E(G

ab)
∼= // Homcont(G

ab(E),Z∗
p) // Homcont(S(E),Z

∗
p) H1

E(S)
∼=oo

where H1
K(−) := H1

cont(GalK , X
∗(−×K K)⊗Z Z

∗
p).

By the existence of the right inverse of the map S → Gab, we have S ∼= Gab × S ′

for some K-torus S ′. Let ρS′ : GalK → LS ′(Fp) be the LS ′(Fp)-component of ρ. Then

[ρS′ ] : GalK → LS ′(Zp) is a potentially crystalline L-parameter with its reduction ρS′ since
its image is finite. Let

ρ′ := (ψ, [ρS′ ]) ∈ H1
K(G

ab)⊕H1
K(S

′) ∼= H1
K(S).

It follows that ρ′ is a potentially crystalline lift of ρ and we have ρ′ab = ψ by the construc-
tion.

Note that Gal(E/K) acts on X∗(ŜE) = X∗(SE). For a character x ∈ X∗(SE), let

χ̃x : S(E) → Z∗
p be the composite of a character x(E) : S(E) → E∗, the fundamental

character E∗ → O∗
E, and a fixed inclusion O∗

E ↪→ Z∗
p.

By Step 3 of the proof of Theorem 2.3.6, there exists a cocharacter x ∈ X∗(ŜE) which

is regular, i.e., not killed by any roots of ŜE, and the trivial abelianization.

It follows that for any σ ∈ Gal(E/K), the cocharacter σ · x ∈ X∗(ŜE) is also regular,
and the L-parameter corresponding to χx := χ̃x|S(K) has regular Hodge–Tate weights by
[60, Lemma 5.2.6].

Then ρ′ρ′′M , where ρ′′ ∈ H1
K(S) is the potentially crystalline representation corre-

sponding to χx, has regular Hodge–Tate weights for a sufficiently large integer M . The
L-parameter ρ′ρ′′M [ρ′′]−M is what we want. □





CHAPTER 3

Zariski density of crystalline points on GSp2n-valued local
deformation rings

3.1. Introduction

In this chapter, we prove that the subspaces of crystalline points in universal framed
deformation spaces of GSp2n-valued mod p Galois representations are Zariski dense, under
some conditions.

The content of the first half of this chapter is based on the paper [1]. In Section
3.3, we recall the notation of (ϕ,Γ)-modules over Robba rings and their fundamental
properties. In Section 3.4, we extend the argument of (framed) (ϕ,Γ)-modules to G-valued
ones, following Lee [56] for G = GSp2n and Lin [59] in the general case. In Section
3.5, we introduce the notion of (ϕ,Γ)-modules with G-structures over general bases. In
Section 3.6, we introduce trianguline deformation spaces for GSp2n. In Section 3.7, we
show the correspondence between triangulations of Drig(ρ) and refinements of Dcrys(ρ) for
G-valued crystalline representations ρ. In Section 3.8, we explicitly calculate the tangent
spaces of deformation functors of Drig(ρ). In Section 3.9 we prove locally irreducibility and
accumulation property of the trianguline deformation spaces for GSp2n, which generalizes
the result of Breuil–Hellmann–Schraen [18]. In Section 3.10, we prove the main theorem
for irreducible components with a regular crystalline point.

The goal in the latter part of this chapter is to weaken the assumption for the theorem
stated in the first part. In Section 3.11 we find sufficient conditions for the existence of
crystalline lifts from partial lifts of GSp2n-valued mod p Galois representations for p = 2.
In Section 3.13, we calculate the dimension of the Emerton–Gee stacks for GSp2n following
the method of Lin [61]. In Section 3.14, we prove the main theorem of this chapter.

3.2. Notation

In the following two chapters, we adopt a notation of general symplectic groups GSp2n

as follows: Let GSp2n be the split reductive group over Z defined by

GSp2n(R) = {g ∈ GL2n(R) | tgJg = sim(g)J for some sim(g) ∈ R∗}

for any commutative ring R, where J is defined by x = (xij)i,j in GL2n such that xij =
sgn(j − i) if i + j = 2n + 1 and otherwise xij = 0. There is the natural morphism
rstd : GSp2n → GL2n of the group scheme over Z given by the definition. We define
the standard Borel subgroup as B = GSp2n ∩B2n and the standard maximal split torus
T = GSp2n ∩T2n of GSp2n, embedding GSp2n into GL2n by rstd. We fix the isomorphism
T ∼= Gn+1

m such that (t1, . . . , tn+1) ∈ Gn+1
m
∼= T is sent to the element

(t1, . . . , tn, t
−1
n tn+1, . . . , t

−1
1 tn+1) ∈ T2n

by the embedding T → T2n.

21
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3.3. (ϕ,Γ)-modules over Robba rings

We introduce the sheaf of relative Robba rings RX for a rigid analytic spaces X over
Qp. See also [53, §2, §6] and [46, §2]. Let X denote a rigid space over Qp. We write UK′

for the unit open disc over a p-adic field K ′ and UK′,r ⊂ UK′ denotes the admissible open
subspace of points of absolute value ≥ r for some r ∈ pQ ∩ [0, 1). For an r as above, we
write Rr

X for the sheaf

X ⊃ U 7→ Γ(U × Ur,K′
0
,OU×Ur,K′

0
)

and we write RX for the sheaf
⋃
r>0Rr

X . This sheaf of rings is endowed with a continuous
OX-linear ring homomorphism ϕ : RX → RX and a continuous OX-linear action of the
group Γ (See [43, §6.1]).

If X = Sp(A) for an affinoid algebra over Qp, we write RA := Γ(RSp(A),ORSp(A)
) for

the Robba ring with coefficient A. The ring RL is not noetherian, but a Bézout domain
(cf. e.g. [8, Proposition 1.1.1]). Let M ⊂ Rn

L be a RL-submodule, the module

M sat := {m ∈ Rn
L | ∃f ∈ RL\{0}, fm ∈M} = (M ⊗RL

Frac(RL)) ∩Rn
L

is called the saturation of M and we say that M is saturated if M sat =M or, which is the
same, if Rn

L/M is torsion free (cf. [6, §2.2.3]).
Let X be a scheme or a rigid space over Qp. A K-filtered ϕ-module over X or a filtered

ϕ-module over X if the p-adic field K is understood is a coherent OX ⊗Qp K0-module F
that is locally on X finite free together with an id ⊗ ϕ-linear automorphism Φ: F → F
and a decreasing filtration on FK := F ⊗K0 K by OX ⊗Qp K-submodules that are locally
on X direct summands as OX-modules.

A (ϕ,Γ)-module over RX consists of an RX-module D that is Zariski locally on X finite
free over RX together with a ϕ-linear isomorphism φ : D → D and a semi-linear Γ-action
commuting with φ. We write ΦFK(X) (resp. ΦFK,m(X)) for the category of K-filtered
ϕ-modules (resp. K-filtered ϕ-modules of rank m) over X. We also write ΦΓ(RX) (resp.
ΦΓm(RX)) for the category of (ϕ,Γ)-modules (resp. (ϕ,Γ)-modules of rank m) over RX .

Let X be a rigid space defined over L. We associate to a K-filtered ϕ-module F over
X of rank 1, a (ϕ,Γ)-module RX(F) over X as follows. First we assume X is an affinoid
Sp(A). By [53, Lemma 6.2.3], there exists a uniquely determined

(a, (kτ )τ ) ∈ Γ(X,O∗
X)× ZΣ

such that

F ∼= F(a; (kτ )τ ) := Fa ⊗K0⊗QpOX
F((kτ )τ )

such that Fa is a unique free rank one OX ⊗Qp K0-module on which Φ[K0 : Qp] act via the
multiplication with a ⊗ 1, the graded module of Fa,K is concentrated on degree 0, the
underlying ϕ-module structure of F((kτ )τ ) is trivial, and

(gri(F((kτ )τ ))⊗OX⊗QpK,id⊗τ OX ∼=

{
0 (i 6= −kτ )
OX (i = −kτ )

for all τ ∈ Σ = HomQp(K,L). If F = Fa for some a ∈ Γ(X,O∗
X), we define

RX(Fa) := Fa ⊗OX⊗QpK0 RX

where ϕ acts diagonally and Γ acts on the second factor. Let δ : K∗ → Γ(X,OX)∗ be a
continuous character. We can write δ = δ1δ2 such that δ1|O∗

K
= 1 and δ2 extends to a
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character of GalK . Then we set

RX(δ) := RX(Fδ1($K))⊗RX
Frig(δ2).

The construction of RX(δ) is well-defined and the multiplication of characters δ : K∗ →
Γ(X,OX) corresponds to the tensor product of (ϕ,Γ)-modules.

For an embedding τ ∈ Σ, we also write τ : K∗ → L∗ for the restriction of τ to K∗. It
follows that RL(τ) is a (ϕ,Γ)-submodule of the trivial one RL by [53, Example 6.2.6, (2)].
Since RL is a Bézout domain, there exists an element tτ ∈ RL generating the submodule
RL(τ). Using the notations, we write

RX(F((kτ )τ )) :=

(∏
τ∈Σ

tkττ

)
· RX ⊂ RX

[
1
t

]
with actions of ϕ and Γ inherited from RX

[
1
t

]
. Finally we define

RX(F) := RX(Fa)⊗RX
RX(F((kτ )τ )).

For a general X, the constructions δ 7→ RX(δ) and F 7→ RX(F) are valid by gluing locally
on X. In the case X = Sp(L), we note that the construction is compatible with the
δ 7→ RX(δ) via the functors Dcrys and Vcrys of Fontaine.

The functor Homcont(O∗
K ,Gm(−)) from the category of rigid spaces over Qp to the

category of abelian groups is representable by the rigid generic fiber of Spf(Zp[[O∗
K ]]).

Let W denote this rigid space, it is called the weight space of K. We define T as the
functor that associate a rigid space X with the abelian group Homcont(K

∗,Gm(X)). It is
also representable by a rigid space which we denote by T . There is a natural restriction
T → W and T is identified with Gm × W by δ → (δ($K), δ|O∗

K
). Note that the set

of isomorphism classes of (ϕ,Γ)-modules over RL is naturally bijective to T (L) by [53,
Theorem 6.2.14, (i)]. For (kτ )τ ∈

∏
τ : K↪→LZ, let δ((kτ )τ ) : K∗ → L∗ denote the character

z 7→
∏

τ τ(z)
kτ .

Let ∆ denote the maximal p-torsion subgroup of Γ. For a (ϕ,Γ)-module D, we define
a Herr complex C•(D) as

(D∆ (ϕ−1,γ′−1)−−−−−−→ D∆ ⊕D∆ (1−γ′)⊕(ϕ−1)−−−−−−−−→ D∆)

where γ′ is a topological generator of Γ/∆ and the first term is of degree 0. Write H i(D)
for i-th cohomology of the complex C•(D) for i ∈ [0, 2]. We also write ε for the composition
ε ◦ recK : K∗ → L∗ of the p-adic cyclotomic character ε and recK , which is the same as
NK/Qp · |NK/Qp | = δ((1, . . . , 1)) · |δ((1, . . . , 1))|.

Lemma 3.3.1. For a δ ∈ T (L), then
(1) H0(RL(δ)) 6= 0 if and only if δ = δ((−kτ )τ ) for some (kτ )τ ∈

∏
τ : K↪→LZ≥0.

(2) H2(RL(δ)) 6= 0 if and only if δ = ε · δ((kτ )τ ) for some (kτ )τ ∈
∏

τ : K↪→LZ≥0.
(3) dimL(H

1(RL(δ)) = [K : Qp] if and only if δ 6= δ((−kτ )τ ) and δ 6= ε · δ((kτ )τ ) for
all (kτ )τ ∈

∏
τZ≥0.

Proof. See [53, Proposition 6.2.8]. □

Corollary 3.3.2. Let δ : K∗ → L∗ be a continuous character. Then a non-zero (ϕ,Γ)-
submodule of RL(δ) is of the form (

∏
τ∈Σt

kτ
τ )RL(δ) where kτ ≥ 0.

Proof. See [53, Corollary 6.2.9]. □



24 3. ZARISKI DENSITY OF CRYSTALLINE POINTS FOR GSp2n

We write Treg ⊂ T for the set of regular characters, which is the set of δ ∈ T such that
δ 6= δ((−kτ )τ ) and δ 6= ε · δ((kτ )τ ) for all (kτ )τ ∈

∏
τZ≥0.

For an integer d > 0, let T dreg ⊂ T d denote the set of regular parameters (δ1, . . . , δd) ∈ T d
such that δi/δj ∈ Treg for i < j. Note that T dreg 6= (Treg)d.

A character δ ∈ T (A) is algebraic of weight (kτ )τ if δ = δ((kτ )τ ) for (kτ )τ ∈ ZΣ. We

say that δ ∈ T (A) is locally algebraic of weight (kτ )τ for some (kτ )τ ∈ ZΣ
if δ ⊗ δ((−kτ )τ )

becomes trivial after restricting to some open subgroup of O∗
K .

A point δ = (δ1, . . . , δd) ∈ T d(A) is algebraic (resp. locally algebraic) if the i-th factor δi
of δ is algebraic (resp. locally algebraic) for i ∈ [1, d]. The (locally) algebraicity of elements
of Wd(A) is similarly defined.

Lemma 3.3.3. Let δ = (δ1, . . . , δd) ∈ T dreg(X) for a rigid space X over L. If D is a

successive extension of RX(δi) which are ordered by δ, then H1(D) is a locally free OX-
module of rank d[K : Qp].

Proof. See [46, Proposition 2.3]. □

3.4. Framed (ϕ,Γ)-modules with G-structures

3.4.1. Framed (ϕ,Γ)-modules with G-structures over Robba rings. Let A be
an affinoid algebra over Qp and RA be the Robba ring with coefficient A. We introduce
frameable (ϕ,Γ)-modules with G-structures over RA defined in [59, §9.2]. Let G be an
algebraic group over K. We fix a faithful algebraic embedding G → GL(V ) over K and

choose a trivialization b0 : V
∼=−→ Gm

a . Write V(−) for V ⊗K (−). Let T b0 be the trivial
G-torsor over RA defined by

(3.4.1) R 7→ {trivializations b : VR
∼=−→ R⊕m | b = g ◦ b0 for some g ∈ G(R)}.

Write ϕ∗VRA
for RA⊗ϕ,RA

VRA
, where ϕ acts on the first factor, and ϕ∗b0 : ϕ

∗VRA
→R⊕m

A

for the trivialization which sends 1⊗ b−1
0 (ei) to ei, where {e1, . . . , em} is the standard basis

for Gm
a . Similarly as above, write Tϕ

∗b0 for trivial G-torsor over RA defined by

(3.4.2) R 7→ {trivializations b : ϕ∗VR
∼=−→ R⊕m | b = g ◦ ϕ∗b0 for some g ∈ G(R)}.

The cases of T γ
∗b0 for γ ∈ Γ are the same as above. Let f : VRA

→ VRA
be a ϕ-semilinear

morphism, Under the condition of b0 ◦ (ϕ∗f) ∈ Tϕ∗b0 , the association b 7→ b ◦ (ϕ∗f) defines
a morphism T b0 → Tϕ

∗b0 of G-torsor. Let f also denote the last G-torsor morphism and
fb0 denote the morphism GRA

→ GRA
of trivial G-torsors induced by f and the fixed

trivializations b0, ϕ
∗b0. Let Im be the identity matrix (e1|e2| · · · |em) ∈ GL(Gm

a ) and we
put [f ]b0 := fb0(Im). Then we have the following lemma.

Lemma 3.4.1. For a ϕ-semilinear map f : VRA
→ VRA

, a γ-semilinear map g : VRA
→

VRA
for γ ∈ Γ, and h ∈ G(RA),

[f ◦ g]b0 = [f ]b0ϕ([g]b0),

[g ◦ f ]b0 = [g]b0γ([f ]b0),

[f ]h◦b0 = h[f ]b0ϕ(h)
−1.

Proof. See [59, Lemma 9.2.1, Lemma 9.2.2]. We note that g (resp. f) does not need
to be γ-semilinear (resp. φ-semilinear) in the first (resp. second) equation. □
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Definition 3.4.2. We define framed (ϕ,Γ)-modules with G-structures over RA as data
([φ], [γ] | γ ∈ Γ) of coordinate matrices of G(RA) ⊂ GLm(RA) such that [φ]ϕ([γ]) =
[γ]γ([φ]) for any γ ∈ Γ and

Γ→ G(RA), γ 7→ [γ]

are continuous homomorphism.

3.4.2. Framed (ϕ,Γ)-modules with G-structures over Fontaine rings. Let A be
a Zp-algebra. We introduce frameable (ϕ,Γ)-modules with G-structures over the Fontaine
ring AA, which is defined in [59, §9.2]. We note that the argument of this section is
essentially the same as in Section 3.4.1, in which the case over Robba rings. Let G be
an algebraic group over K. We fix a faithful algebraic embedding G → GL(V ) over K

and choose a trivialization b0 : V
∼=−→ Gm

a . Write V(−) for V ⊗K (−). Let T b0 be the trivial
G-torsor over AA defined by

(3.4.3) R 7→ {trivializations b : VR
∼=−→ R⊕m | b = g ◦ b0 for some g ∈ G(R)},

where R runs over AA-algebras. Write ϕ∗VAA
for AA⊗ϕ,AA

VAA
, where ϕ acts on the first

factor, and ϕ∗b0 : ϕ
∗VAA

→ A⊕m
A for the trivialization which sends 1 ⊗ b−1

0 (ei) to ei, where
{e1, . . . , em} is the standard basis for G⊕m

a . Similarly as above, write Tϕ
∗b0 for trivial

G-torsor over AA defined by

(3.4.4) R 7→ {trivializations b : ϕ∗VR
∼=−→ R⊕m | b = g ◦ ϕ∗b0 for some g ∈ G(R)}.

The cases of T γ
∗b0 for γ ∈ Γ are the same as above. Let f : VAA

→ VAA
be a ϕ-semilinear

morphism, Under the condition of b0 ◦ (ϕ∗f) ∈ Tϕ∗b0 , the association b 7→ b ◦ (ϕ∗f) defines
a morphism T b0 → Tϕ

∗b0 of G-torsor. Let f also denote the last G-torsor morphism and
fb0 denote the morphism GAA

→ GAA
of trivial G-torsors induced by f and the fixed

trivializations b0, ϕ
∗b0. Let Im be the identity matrix (e1|e2| · · · |em) ∈ GL(Gm

a ) and we
put [f ]b0 := fb0(Im). Then we have the following lemma.

Lemma 3.4.3 ([59, Lemma 9.2.1, Lemma 9.2.2]). For a ϕ-semilinear map f : VAA
→

VAA
, a γ-semilinear map g : VAA

→ VAA
for γ ∈ Γ and h ∈ G(AA),

[f ◦ g]b0 = [f ]b0ϕ([g]b0),

[g ◦ f ]b0 = [g]b0γ([f ]b0),

[f ]h◦b0 = h[f ]b0ϕ(h)
−1.

Let G be an algebraic group over K.

Definition 3.4.4. We define framed (ϕ,Γ)-modules with G-structures over AA or
framed (ϕ,Γ)-modules with G-structures when A is obvious as data ([φ], [γ] | γ ∈ Γ) of
coordinate matrices of G(AA) ⊂ GL(A⊕m

A ) such that [φ]ϕ([γ]) = [γ]γ([φ]) for any γ ∈ Γ
and

Γ→ G(AA), γ 7→ [γ]

are continuous homomorphism. A G-torsor with semilinear (ϕ,Γ)-structure which is iso-
morphic to a framed (ϕ,Γ)-modules with G-structures is called frameable (ϕ,Γ)-modules
with G-structures.

By the associations (3.4.3), (3.4.4) and their subsequent argument, it is also possible
that framed (ϕ,Γ)-modules with G-structures are constructed as geometric torsors natu-
rally included in (ϕ,Γ)-modules with GL(V )-structures. [59, Lemma 9.2.3] shows that the
two pairs ([φ], [γ] | γ ∈ Γ) and ([φ]′, [γ]′ | γ ∈ Γ) are equivalent (as frameable (ϕ,Γ)-modules
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with G-structures) if and only if there exists h ∈ G(AA) such that [φ] = h[φ]′ϕ(h)−1 and
[γ] = h[γ]′γ(h)−1 for any γ ∈ Γ. Let ΦΓG(AA) denote the category of frameable (ϕ,Γ)-
modules with G-structures over AA.

3.5. (ϕ,Γ)-modules with G-structures

In this section, we introduce the Tannakian formalism to define (ϕ,Γ)-modules with
G-structures over general bases.

3.5.1. (ϕ,Γ)-modules with G-structures over general bases. Before defining gen-
eral (ϕ,Γ)-modules with G-structures, we review Tannakian formalism over schemes or
rigid spaces.

Lemma 3.5.1. For a scheme or a rigid space X over K, the category of G-torsors over
X is naturally equivalent to the category of exact tensor functors RepK(G)→ Bun(X).

Proof. The case of schemes is [57, Theorem 2.5.2]. For rigid spaces, the proof of
[85, Theorem 19.5.2] is applied in the case that RepK(G) = RepK(G) is defined over
K. Since the set of quasi-compact admissible opens of X is naturally bijective to that of
quasi-compact opens of the associated adic space Xad, the Lemma follows. □

Let ΦΓ(RA) (resp. the category of ΦΓm(RA)) denote the category of finite projective
(ϕ,Γ)-modules (resp. finite projective (ϕ,Γ)-modules of rank m) over RA.

Definition 3.5.2. Let X be a rigid space. We define a (ϕ,Γ)-module with G-structure
over RX as a exact tensor functor RepK(G) → ΦΓ(RX) whose underlying fiber functor
RepK(G) → Bun(RX) is associated with a geometric étale G-torsor which is étale locally
on X trivial by the equivalence of Lemma 3.5.1. For an affinoid algebra A over K, (ϕ,Γ)-
modules with G-structures over RA are similarly defined.

Morphisms between (ϕ,Γ)-modules with G-structures over a fixedRX orRA are natural
transformations of the exact tensor functors.

We note that (ϕ,Γ)-modules with G-structures overRA can be seen as geometric torsors
over RA with semilinear (ϕ,Γ)-actions. A (ϕ,Γ)-module with G-structure which is isomor-
phic to a framed (ϕ,Γ)-modules with G-structures is called a frameable (ϕ,Γ)-modules
with G-structures. Let ΦΓG(RA) denote the category of frameable (ϕ,Γ)-modules with
G-structures over RA, which is a full subcategory of the category of (ϕ,Γ)-modules with
G-structures over RA.

[59, Lemma 9.2.3] shows that the two pairs ([φ], [γ] | γ ∈ Γ) is isomorphic to
([φ]′, [γ]′ | γ ∈ Γ) (as frameable (ϕ,Γ)-modules with G-structures) if and only if there
exists h ∈ G(RA) such that [φ] = h[φ]′ϕ(h)−1 and [γ] = h[γ]′γ(h)−1 for any γ ∈ Γ.

Let P be a parabolic subgroup of G. There exists the Levi decomposition P = U o L
where U is the unipotent radical and L is the Levi subgroup. Write ad: L → GL(U) for
the adjoint action. We assume that U is abelian and fix an isomorphism b : U ∼= Gm

a . When
([φ], [γ] | γ ∈ Γ) ∈ ΦΓP (R), write [φ] = [φU ][φL] and [γ] = [γU ][γL] for the factors of Levi
decompositions. By abuse of notation, write ad[−] for the matrix b ◦ ad[−] ◦b−1 ∈ GL(Gm

a ).

Lemma 3.5.3. We have

(ad[φL], ad[γL] | γ ∈ Γ) ∈ ob(ΦΓGL(Gm
a )(RA)).

Proof. It follows ad[φ] ϕ(ad[γ]) = ad[γ] γ(ad[φ]) by [59, Lemma 9.4.2]. Since the con-
jugate actions are continuous homomorphisms, ad[γ] for γ ∈ Γ induce a continuous homo-
morphism Γ→ GL(R⊕m

A ). □
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For a framed (ϕ,Γ)-module with GLm-structure ([φ], [γ] | γ ∈ Γ), we define the framed
Herr complex C•(ad[φL], ad[γL] | γ ∈ Γ) as

(R⊕m
A )∆

(ϕ−[φ]−1,γ′−[γ′]−1)−−−−−−−−−−−→ (R⊕m
A )∆ ⊕ (R⊕m

A )∆
(γ′−φ([γ′])−1,γ′([φ])−1−ϕ−−−−−−−−−−−−−−−→ (R⊕m

A )∆

where γ′ is a topological generator in Γ/∆. This complex is naturally isomorphic to the Herr
complex C•(D) where D is a frameable (ϕ,Γ)-module with G-structure that corresponds
to ([φ], [γ] | γ ∈ Γ).

Lemma 3.5.4. For a framed (ϕ,Γ)-module with L-structure ([φL], [γL] | γ ∈ Γ), the
A-module of the extension classes of ([φL], [γL] | γ ∈ Γ) to a framed (ϕ,Γ)-module with
P -structure is naturally isomorphic to the module H1(C•(ad[φL], ad[γL] | γ ∈ Γ)).

Proof. We set

H1 := H1(C•(ad[φL], ad[γL] | γ ∈ Γ)),

Z1 := ker(C1(ad[φL], ad[γL] | γ ∈ Γ))→ C2(ad[φL], ad[γL] | γ ∈ Γ))).

There is an injective homomorphism L → P , which induces a framed (ϕ,Γ)-module with
P -structure ([φ0], [γ0] | γ ∈ Γ) from ([φL], [γL] | γ ∈ Γ).

Each element x ∈ Z1 naturally gives a (ϕ,Γ)-module with P -structure ([φx], [γx] | γ ∈
Γ). We construct a natural map

Z1 →M, x 7→ (The isomorphism class of ([φ0][φx], [γ
0][γx] | γ ∈ Γ)),

We can easily check that the above map induces a bijection H1 ∼= M . □
3.5.2. Embeddings of regular type and spaces of Borel extensions. For the

natural immersion T ⊂ G, fix an isomorphism T ∼= Gd
m. We write TT for the parameter

space T d = Homcont(K
∗,Gd

m(−)) ∼= Homcont(K
∗, T (−)). Similarly define WT and the

restriction TT →WT as in Section 3.3.
We say that an element δ in TT (A) or WT (A) for A ∈ CL is algebraic (resp. locally

algebraic) if the corresponding object in T d is algebraic (resp. locally algebraic).

Definition 3.5.5. We define embeddings of (G,B, T ) of regular type as faithful alge-
braic embedding i : G→ GLm such that the following conditions are satisfied:

(1) i induces a morphism (G,B, T )→ (GLm, Bm, Tm) and G ∩ Bm = B.
(2) The inverse image of T mreg under the composite TT → TTm ∼= T m, where the last

isomorphism is induced by the fixed T ∼= Gd
m, is Zariski open and Zariski dense in

TT .
(3) There are lift homomorphisms ι : W (G, T ) → NG(T ) and ι′ : W (GLm, Tm) →

NGLm(Tm) such that (i◦ ι)(W (G, T )) ⊂ ι′(W (GLm, Tm)). In this case, the embed-
ding i induces a natural inclusion of Weyl groups W (G, T ) ↪→ W (GLm, Tm) and
we see W (G, T ) as the subgroup of W (GLm, Tm).

(4) For the sets ∆(B) := ∆(G,B, T ) = {α1, . . . , αl}, ∆(Bm) := ∆(GLm, Bm, Tm) of
simple roots of (G,B, T ), (GLm, Bm, Tm), there is a partition ∆(Bm) = ∆1t· · ·t∆l

such that the subgroupW∆i
⊂ W (GLm, Tm) associated with ∆i ⊂ ∆(Bm) contains

the nontrivial symmetry si in W{αi} ⊂ W (G, T ).
(5) There exists a sequence ∅ = I0 ⊂ I1 ⊂ · · · ⊂ Is = ∆(B) of subsets of ∆(B)

such that the unipotent radical Ũ ′
i+1 of L̃i+1 ∩ P̃i = L̃i(L̃i+1 ∩ Ũi) is abelian for

i ∈ {0, . . . , s− 1}, where P̃i is the parabolic subgroup of GLm associated with the

subset Ii ⊂ ∆(B) ⊂ ∆(Bm) and P̃i = Ũi o L̃i is the Levi decomposition.
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A split reductive group (G,B, T ) is called of regular type if it has an embedding of regular
type.

Example 3.5.6. Let us consider the case G = GSp2n, B is the standard Borel subgroup
and T is the maximal split torus. Recall that we have fixed an isomorphism T ∼= Gn+1

m

in Section 3.2. Then the standard representation rstd : GSp2n → GL2n is regular type.
The lifts W (GSp2n, T ) → NGSp2n(T ) and W (GLm, Tm) → NGLm(Tm) which send each
element to a symplectic permutation matrix induces the injection of the Weyl groups
W (GSp2n, T ) ↪→ W (GL2n, T2n) ∼= S2n. As the subgroup of S2n, W (GSp2n, T ) is generated
by

{(1, 2)(2n− 1, 2n), (2, 3)(2n− 2, 2n− 1), . . . , (n− 1, n)(n+ 1, n+ 2), (n, n+ 1)}.

Lemma 3.5.7. Under the situation of Definition 3.5.5, we have P̃i ∩G = Pi.

Proof. Since there exists compatible lift homomorphisms ι : W (G, T ) → NG(T ) and
ι′ : W (GLm, Tm) → NGLm(Tm) by the assumption, the lemma follows from the Bruhat
decomposition. □

The following lemma is often used in the paper.

Lemma 3.5.8. Let R be a commutative ring and G be a reductive group scheme over
R. For any R-Levi subgroup of a parabolic R-subgroup of G, the natural map

H1(R,L)→ H1(R,P )

is bijective.

Proof. See [42, XXVI, Corollaire 2.3]. □
Lemma 3.5.9. Let us naturally see RX as the scheme RX → X. Let P be a parabolic

subgroup and P = U o L be the Levi decomposition. Then any extension of a geometric
étale L-torsor over RX which is Zariski (resp. étale) locally on X trivial to a geometric
étale P -torsor over RX is Zariski (resp. étale) locally on X trivial.

Proof. This follows from Lemma 3.5.8. □
Let (G,B, T ) be a split reductive group of regular type and fix an embedding

(G,B, T ) → (GLm, Bm, Tm) of regular type. We write TT,reg for the inverse image of
T mreg under the composite TT → TTm ∼= T m. We set pi to be the composite of the fixed

isomorphism T ∼= Gd
m and the i-th projection Gd

m → Gm.
Let D be a (ϕ,Γ)-module with G-structure over RX . Let P : RepK(B)→ ΦΓ(RX) be

a (ϕ,Γ)-module with B-structure. Write P ×B T ×pi Gm : RepK(Gm) → ΦΓ(RX) be the

composite of P and the restriction RepK(Gm) → RepK(B) induced by B → T ∼= Gd
m

pi−→
Gm, which can be naturally associated with a classical rank one (ϕ,Γ)-module RX(δi) for
some δi ∈ T (X). If the composite of P with the restriction RepK(G) → RepK(B) is
identical to D, we call P a triangulation (with the parameter δ = (δ1, . . . , δd)) of D.

If G = GSp2n, triangulations of an object in ΦΓGSp2n(RA) for an affinoid Qp-algebra A
can be translated into those of the associated rank 2n (ϕ,Γ)-module which are preserved
by the symplectic form.

A (ϕ,Γ)-module with G-structure D which admits such a triangulation P is said to
be trianguline (with the parameter δ = (δ1, . . . , δd)). When G = GLm for m ∈ Z≥1,
the notations are compatible with those of (ϕ,Γ)-modules of rank m. We consider the
functor S that assigns to a rigid space X over L the isomorphism classes of quadruples
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(D,P , δ, ν = (ν1, . . . , νd)), where D is a (ϕ,Γ)-module with G-structure over RX , P is a
triangulation of D, δ ∈ TT,reg and

νi : P ×B T ×pi Gm

∼=−→ RX(δi)

is a trivialization.

Proposition 3.5.10. For a split reductive group (G,B, T ) and a fixed embedding G→
GLm of regular type, the functor S is representable by a rigid space and the map S → TT,reg
is smooth of relative dimension [K : Qp](dimB − dimT ).

Proof. Since the embedding G→ GLm is of regular type, there is a natural inclusion
∆(B) ⊂ ∆(Bm) of the sets of simple roots and a sequence ∅ = I0 ⊂ I1 ⊂ · · · ⊂ Is = ∆(B)

such that the unipotent radical Ũ ′
i+1 of L̃i+1∩ P̃i = L̃i(L̃i+1∩ Ũi) is abelian for i ∈ [0, s−1].

It also induce an injection of Weyl groups W (G, T ) → W (GLm, Tm). Write Pi for the

parabolic subgroup of G associated with the subset Ii ⊂ ∆(B). We have P̃i ∩ G = Pi by
Lemma 3.5.7. Thus, the unipotent radical U ′

i+1 of Li+1 ∩Pi = Li(Li+1 ∩Ui) is also abelian

and we have a natural immersion U ′
i+1 ↪→ Ũ ′

i+1. Then we will successively consider the
space of extensions of (ϕ,Γ)-modules with Li∩B-structures to that of (ϕ,Γ)-modules with
Li+1 ∩ B-structures for each i ∈ [0, s− 1].

For each i ∈ [0, s−1], we write Si+1 for isomorphism classes of quadruples (D,P , δ, ν =
(ν1, . . . , νd)), where D is a Li+1 ∩ B-torsor over RX , P is a triangulation of D, δ ∈ TT,reg
and

νi : P ×B T ×pi Gm

∼=−→ RX(δi)

is a trivialization. Note that Ss = S.
We assume that Si is representable by a rigid space Xi for some i ∈ [1, s − 1]. Let

ãd
′
i+1 : L̃

′
i+1 → GL(Ũ ′

i+1) (resp. ad′
i+1 : L

′
i+1 → GL(U ′

i+1)) be the adjoint map where L̃′
i+1

(resp. L′
i+1) is the Levi subgroup of L̃i+1 ∩ P̃i (resp. Li+1 ∩ Pi). We also write D̃i+1 (resp.

Di+1) for the induced (ϕ,Γ)-module with GL(Ũ ′
i+1)-structure (resp. (ϕ,Γ)-module with

GL(U ′
i+1)-structure) over RXi

from the universal (ϕ,Γ)-module with Li ∩ Pi−1-structure

Yi by ãd
′
i+1 (resp. ad′

i+1). Note that Ũ ′
i+1 and U ′

i+1 are isomorphic to direct sums of finite
copies of Ga. Let ri be an integer such that U ′

i+1
∼= Gri

a .

The (ϕ,Γ)-module D̃i+1 admits a triangulation, which is defined over K, with parameter

in T dreg. So considering the intersection of Di+1 and the triangulation of D̃i+1, here Di+1 also

admits a triangulation with parameter in T dreg. It follows that the extension classes of the
universal (ϕ,Γ)-module with Li∩B-structure Yi to (ϕ,Γ)-modules with Li+1∩B-structures
are classified by the locally free sheaf H1(Di+1) of rank ri[K : Qp] on Xi by Lemma 3.3.3,
Lemma 3.5.4, and Lemma 3.5.9. According to the Tate-duality ([53, Theorem 4.4.5]), we
find that

MXi
:= E xt1RXi

(RXi
, Di+1)

is also locally free OXi
-module of rank ri[K : Qp]. We may put

Si+1 := Spec
Xi
(Sym•M∨

Xi
),

where Spec is the relative spectrum in the sense of [29, 2.2]. It follows that the morphism
S2 → TT,reg is smooth of relative dimension [K : Qp](dimB−dimT ) from the construction.

□
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3.5.3. (ϕ,Γ)-modules with GSp2n-structures. In the last part of this section, we
show some properties of (ϕ,Γ)-modules with G-structures in the case of G = GSp2n.

We will associate representations ρ : GalK → GSp2n(A) with framed (ϕ,Γ)-module
with G-structure over RA.

Lemma 3.5.11. There is an equivalence of groupoids

{ρ : GalK → GSp2n(A)}
∼−→
{
(ρ′, χ, α)

∣∣∣∣ ρ′ : GalK → GL2n(A), χ : GalK → GL1(A),
α : ρ′ ∼= (ρ′)∨ ⊗ χ, (α∨ ⊗ χ)−1 ◦ α = −1

}
.

Proof. See [56, Lemma 4.1.2]. □

Similarly, we obtain the equivalence for framed (ϕ,Γ)-modules with G-structures.

Lemma 3.5.12. There is an equivalence of groupoids

ΦΓGSp2n(RA)
∼−→
{
(D̃, δ, α)

∣∣∣∣ D̃ ∈ ob(ΦΓ2n(RA)), δ ∈ ob(ΦΓ1(RA)),

α : D̃ ∼= (D̃)∨ ⊗ δ, (α∨ ⊗ δ)−1 ◦ α = −1

}
.

Then we construct a symplectic version of the functor Drig (cf. [53, Theorem 2.2.17])
as the composition of the following functors:

(ρ : GalK → GSp2n(A)) 7→ (ρ′, χ, α)
Drig7−−→ (Drig(ρ

′), Drig(χ), Drig(α)),

where the first map is from Lemma 3.5.11. By the equivalence of groupoids in Lemma
3.5.12, (Drig(ρ

′), Drig(χ), Drig(α)) determines functorially the equivalence class of frameable
(ϕ,Γ)-modules with GSp2n-structures over RA. Fix a quasi-inverse of the equivalence in
Lemma 3.5.12 and let Drig(ρ) denote the image of (Drig(ρ

′), Drig(χ), Drig(α)) by the functor.

Lemma 3.5.13. There exists a fully faithful and exact functor

{ρ : GalK → GSp2n(A)} → ΦΓGSp2n(RA) (ρ : GalK → GSp2n(A)) 7→ Drig(ρ)

from the category of continuous homomorphisms ρ : GalK → GSp2n(A) to the category
of frameable (ϕ,Γ)-modules with GSp2n-structures over RA. It also commutes with base
change in A.

Proof. Existence of a functor follows by the above argument. It follows that the
functor is fully faithful, exact and commuting with base changes by [53, Theorem 2.2.17].

□

Lemma 3.5.14. For an object D ∈ ob(ΦΓGSp2n(RA)), which is sent to (D̃, δ, α) by
the equivalence of groupoids in Lemma 3.5.12, there is a natural bijection from the set of

triangulations of D to the set of triangulations of D̃

P := (D̃0 := 0 ⊂ D̃1 ⊂ · · · ⊂ D̃2n =: D̃)

such that α sends P to the triangulation of D̃∨

P∨ := (D̃∨
2n = 0 ⊂ D̃∨

2n−1 ⊂ · · · ⊂ D̃∨
0 = D̃).

Proof. This follows from the construction of the equivalence of groupoids in Lemma
3.5.12. □
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3.6. Trianguline deformation spaces for GSp2n

In this section, we introduce trianguline deformation spaces for GSp2n and show their
fundamental properties.

Let T ⊂ GSp2n denote the standard maxmal split torus. We fix a representation
ρ : GalK → GSp2n(kL). Then there exists the universal framed deformation ring Rρ

which pro-represents the functor from A ∈ COL
to the set of continuous representations

ρA : GalK → GSp2n(A) such that ρ is the composition

GalK
ρA−→ GSp2n(A)

φA−→ GSp2n(kL)

for example by [4, Theorem 1.3.6]. We call the local ring Rρ the universal framed deforma-
tion ring of ρ. We write Xρ for the rigid analytic space over L, which is the rigid generic
fiber of the universal framed deformation space Spf(Rρ) of ρ. We define Utri(ρ) as the set of
points (x, δ) ∈ Xρ × TT,reg such that for the representation ρx : GalK → GSp2n(L

′), which
is associated with a point x ∈ Xρ, its framed (ϕ,Γ)-module with GSp2n-structure Drig(ρx)
is trianguline with the parameter δ ∈ TT,reg.

Definition 3.6.1. Let Xtri(ρ) denote the Zariski closure of Utri(ρ) in Xρ × TT . We
add the structure of the reduced closed analytic subvariety ([14, 9.5.3 Proposition 4]) of
Xρ × TT to Xtri(ρ). We call the rigid space Xtri(ρ) the trianguline deformation space of ρ.

We write ω′ for the morphism Xtri(ρ)→ TT , which is the composition of the inclusion
Xtri(ρ) ↪→ Xρ × TT and the second projection. We also write ω for the composition of ω′

and the restriction TT →WT .

Theorem 3.6.2. Assume that ρ has a crystalline lift.

(1) The rigid space Xtri(ρ) is equidimensional of dimension

2n2 + n+ 1 + [K : Qp](n
2 + n+ 1).

(2) The subset Utri(ρ) is Zariski open and Zariski dense in Xtri(ρ).
(3) The open subspace Utri(ρ) is smooth over Qp and the restriction of ω′ to Utri(ρ) is

smooth morphism.

Proof. This follows by the same argument of [16, Théorème 2.6]. We will explain the
proof of (1) in detail.

Let S be the rigid space as in Proposition 3.5.10. For a positive integer m ≥ 1, let
Sm be the rigid space as in the proof of [16, Théorème 2.6]. Considering the pushout by
the standard representation rstd : GSp2n → GL2n and the symplectic similitude character
rsml : GSp2n → Gm, we have the natural injection sstd : S → S2n and the natural map
ssml : S → S1.

Let Sadm
m ⊂ Sm be the admissible subspace in the sense of [44, Theorem 1.2]. It is the

maximal open adic subspace of Sm with the property that there exists a vector bundle Vm
on Sadm

m and a family of Galois representation GK → AutOSadm
m

(V) such that Drig(V) is the
preimage of the universal (ϕ,Γ)-module of Sm by the map Sadm

m ↪→ Sm.
Let Sadm := s−1

std(Sadm
2n ) ∩ s−1

sml(Sadm
1 ) be the open subspace of S. The subspace Sadm is

nonempty by considering the point associated with the tensor product of a crystalline lift
of ρ from the assumption and a sufficiently generic crystalline similitude character.

There exist the natural GSp2n-torsor S2,adm → Sadm, which is constructed from V2n
and V1 by Lemma 3.5.12. Then the action of GK on sections of S2,adm is defined by a
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continuous homomorphism

ρ̃ : GK → GSp2n(Γ(S2,adm,OS2,adm)).

Because GK is compact and topologically finitely generated, the subset of points of S2,adm

which factor via the inclusion

GSp2n(Γ(S2,adm,O+
S2,adm)) ⊂ GSp2n(Γ(S2,adm,OS2,adm))

is a nonempty open admissible subspace of S2,adm. Let S2(ρ) ⊂ S2,adm be the admissible
open subspace of points x ∈ S2,adm such that ρ̃x reduces to ρ modulo the maximal ideal of
the local ring at x ∈ S2,adm. This subspace is nonempty by the assumption of the existence
of a crystalline lift of ρ.

Let X := Xtri(ρ) and δ1, . . . , δ2n : K
∗ → Γ(X,OX)∗ be the induced continuous

cocharacters. Let DX be the universal (ϕ,Γ)-module with GSp2n-structure and D̃X :=
DX ×GSp2n GL2n be the pushout, which is seen to be a (ϕ,Γ)-module of rank 2n.

By [53, Corollary 6.3.10], there exist

• A rigid space X ′ and a projective surjective morphism f : X ′ → X.
• For 1 ≤ i ≤ 2n, line bundles Li on X ′, RX′-modulesMi which is killed by a power
of t, and analytic closed subsets Zi ⊂ X ′ which does not contain any irreducible
components of X ′.

• An increasing filtration Fil• of (ϕ,Γ)-submodules of D̃X such that for 1 ≤ i ≤ 2n
there are isomorphisms

0→ gri D̃X′ →RX′(δ′i)⊗ Li →Mi → 0,

where D̃X′ := f ∗D̃X and each δ′i is the composite of δi and the natural map
Γ(X,OX)∗ → Γ(X ′,OX′)∗.

Let U ⊂ X ′ be the intersection of the complements of
⋃
i Zi in X

′ and the preimage of
TT,reg ⊂ TT via X ′ → X → TT . The subspace U is a Zariski dense in X ′. Moreover, the

pullback DU of the (ϕ,Γ)-module with GSp2n-structure DX via the composite U ↪→ X ′ f−→
X has a natural induced triangulation by Lemma 3.5.14.

Then by the argument of the proof of [16, Théorème 2.6 (i)], we may construct a
Zariski open and Zariski dense subspace V ∈ X and a Gn+1

m -torsor V 2 → V such that
dimV 2 = dimS2(ρ).

Let κ : S2(ρ)→ TT,reg be the composite

S2(ρ) ↪→ S2,adm → S2 ↪→ S → TT,reg,

where the last map is the smooth projection in Proposition 3.5.10. The relative dimensions
of the second and the last map are 2n2 + n + 1 and [K : Qp]n

2 by Proposition 3.5.10,
respectively. Since TT is smooth of dimension (n+ 1) + [K : Qp](n+ 1), we have

dimS2(ρ) = 2n2 + 2n+ 2 + [K : Qp](n
2 + n+ 1).

Therefore, we have

dimXtri(ρ) = dimX = 2n2 + 2n+ 2 + [K : Qp](n
2 + n+ 1)− (n+ 1)

= 2n2 + n+ 1 + [K : Qp](n
2 + n+ 1).

We omit the proofs of (2) and (3). □
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3.7. Triangulations and refinements

In this section, we show some properties of triangulations of D and refinements of
Dcrys(D) for a (ϕ,Γ)-module with G-structure D.

First, we introduce the notation of crystalline (ϕ,Γ)-modules over Robba rings (cf. [45,
§3.3]). There exists a left exact functor Dcrys from the category of (ϕ,Γ)-modules over RL

to the category of K-filtered ϕ-modules over L, which is defined by Dcrys(D) := (D
[
1
t

]
)Γ.

We say that a (ϕ,Γ)-module D over RL is crystalline if dimK0Dcrys(D) = rankRL
D. Note

that for a crystalline representation ρ : GalK → GL(V ), the module Drig(ρ) is crystalline
and there is an isomorphism

Dcrys(ρ) := (Bcrys ⊗Qp V )GalK ∼= Dcrys(Drig(ρ))

by [7, Théorème 3.6]. Let D be a crystalline (ϕ,Γ)-module. There exists a bijection
between saturated sub-(ϕ,Γ)-modules D′ and ϕ-stable sub-L⊗QpK0-modules F ofDcrys(D)
by the same argument of [6, §2.4.2]. The explicit construction of the bijection and its inverse
are as follows:

D′ 7→ Dcrys(D
′) =

(
D′ [1

t

])Γ
, F 7→

(
RL

[
1
t

]
· F
)
∩D.

A refinement of a K-filtered ϕ-module F of rank m over L is a filtration F•

F0 = 0 ( F1 ( · · · ( Fm := F

of F such that each Fi, which is free of rank i, is a L ⊗Qp K0-submodule stable under ϕ.
Consequently, there is a bijection

P = (Di)0≤i≤m 7→ Dcrys(P) := (Dcrys(Di))0≤i≤m

between the set of (classical) triangulations of D and the set of refinements of Dcrys(D) for
crystalline D.

Let (G,B, T ) be a split reductive group of regular type over K and fix an algebraic
embedding r : G → GLm of regular type. We say that a (ϕ,Γ)-module with G-structure
ω : RepK(G) → ΦΓ(RL) is crystalline (resp. semistable) if ω(V ) is crystalline for some
faithful representation r : G→ GL(V ), equivalently for any faithful representation r : G→
GL(V ) by [57, Theorem C.1.7]. Let D be a crystalline (resp. semistable) (ϕ,Γ)-module
withG-structure RepK(G)→ ΦΓ(RL). SinceDcrys is exact on its restriction to the category
of crystalline (ϕ,Γ)-modules, the composition

RepK(G)→ ΦΓ(RL)
Dcrys−−−→ ΦFK(L)

is also an exact tensor functor. Write Dcrys(D) for the composition functor and

r∗(Dcrys(D)) := (Dcrys(D))(r).

Though the underlying G-torsor of the Dcrys(D) is not in general a trivial torsor over
K0⊗Qp L, it becomes trivial after replacing K and L by a sufficiently large finite extension.
A refinement P of Dcrys(D) is a sub-B-torsor of Dcrys(D) over K0⊗Qp L which is invariant
under the Frobenius action ϕ.

Proposition 3.7.1. Let D be a crystalline frameable (ϕ,Γ)-module with G-structure
over RL. Assume the Frobenius action ϕ[K0 : Qp] on r∗(Dcrys(D)) has m distinct eigenvalues
in L. Then there is a bijection from the set of triangulations of D to that of refinements
of Dcrys(D). Moreover, if there is a refinement of Dcrys(D), there exists exactly #W (G, T )
refinements of Dcrys(D).
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Proof. Recall that a triangulation P of D can be seen as an exact tensor functor
ωP : RepK(B) → ΦΓ(RL) whose composition with the restriction RepK(G) → RepK(B)
is identical to D. We construct a map from the set of triangulations of D to that of
refinements of Dcrys(D) as ωP 7→ ωP ◦Dcrys.

We construct an inverse. By Lemma 3.5.8, we may assume that the underlying G-torsor
of Dcrys(D) is trivial. A refinement of Dcrys(D) gives a (classical) refinement of r∗(Dcrys(D))
and it induces a (classical) triangulation of r∗(D) by the classical correspondence between
triangulations and refinements. It suffices to show that the triangulation is isomorphic to
the form r∗(P) for some unique triangulation P of D.

For a commutative K-algebra A, there is the map G(A)/B(A) → (G/B)(A) induced
from the exact sequence of pointed sets

1→ B(A)→ G(A)→ (G/B)(A)→ H1(A,B)

by [24, §1.2.2], where G/B is the flag variety of (G,B, T ). Assume that A is a Bézout
domain. Since the Picard group of A is trivial, it follows H1(A,B) ∼= H1(A, T ) ∼= 1 by
Lemma 3.5.8 and the map G(A)/B(A) → (G/B)(A) is bijective. In particular, we have
G(RL)/B(RL) = (G/B)(RL) and G(RL

[
1
t

]
)/B(RL

[
1
t

]
) = (G/B)(RL

[
1
t

]
). The faithful

representation r induces the proper morphism G/B → GLm /Bm of the flag varieties over
K. It is a monomorphism of fppf-sheaves by the definition of r and also a monomorphism
of schemes. So it is a closed immersion by [52, Tag 04XV]. The variety G/B is smooth
and then reduced as well. Then, there exists a unique dotted arrow such that the diagram

Spec
(
RL

[
1
t

])
//

��

G/B

��
Spec(RL)

77nnnnnnn
// GLm /Bm,

is commutative because the RHS map is a closed immersion. Thus, the first part of the
proposition is shown.

We now proceed to show the last part of the proposition. For an algebraic group H,
the notation H0 denotes the set of K0⊗Qp L-valued points of H for the sake of brevity. We
may assume that Dcrys(D) is a trivial G-torsor over K0 ⊗Qp L and fix an isomorphism of
G-torsors Dcrys(D) ∼= G(K0⊗QpL). We have a natural morphism of Bruhat decompositions

(3.7.1)
⊔

w∈W (G,T )

B0wB0 →
⊔

w∈W (GLm,Tm)

B0
mwB

0
m

compatible with the embedding G→ GLm and the inclusion of Weyl groups in Definition
3.5.5 (3). The set of triangulations of r∗(D) is written by

{hwB0
m | w ∈ W (GLm, Tm)}

for an element h ∈ GLm. Therefore, if there exist a refinement gB for some g ∈ G, the set
of refinements of Dcrys(D) is exactly

{gwB0 | w ∈ W (G, T )}

by the existence of the map (3.7.1). □

Remark 3.7.2. The correspondence between triangulations and refinements in Propo-
sition 3.7.1 can be shown without the assumption on the Frobenius action.
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Besides, in the case of G = GSp2n, after replacing K and L with sufficient large finite
extensions, there exists a refinement of Dcrys(D) under the condition of Proposition 3.7.1

due to triangulation of an element M ∈ GSp2n(Qp) by an element U ∈ GSp2n(Qp).

Let D be a (ϕ,Γ)-module over RL of rank m. If D is crystalline, we write

F := Dcrys(D),

FK := Dcrys(D)K := Dcrys(D)⊗K0 K,

FK,τ := FK ⊗K⊗QpL,τ
L, and

Fil• := (Fili)i∈Z = (FiliFK)i∈Z
for the Hodge filtration on FK and gri := Fili /Fili+1. For a refinement

F• := (F0 = 0 ( F1 ( · · · ( Fm = F)
of F , we associate it with an ordering

(ϕ1, . . . , ϕm) ∈ (K0 ⊗Qp L)
⊕m

of the eigenvalues of Φ[K0 : Qp] on F such that the formula

det(T − Φ[K0 : Qp]|Fi
) =

i∏
j=1

(T − ϕj),

holds and
k := (kτ,1, . . . , kτ,m)τ ∈ (Z⊕m)Σ

such that the quotient FK,τ,i/FK,τ,i−1, where FK,τ,i := Fi ⊗K0⊗QpL, τ
L, of the filtered

modules over L has the non-zero graded quotient in degree −kτ,i for any τ ∈ Σ and
1 ≤ i ≤ m, taking into account multiplicities. We call k the Hodge-Tate type of D. We say
that a Hodge-Tate type k is regular if kτ,1, . . . , kτ,m are distinct for all τ ∈ Σ. We say that
a Hodge-Tate type k (resp. a parameter (z−kτ,1 , . . . , z−kτ,m)τ∈Σ ∈ (WTm(L))

Σ ) is strictly
dominant if all these sequences of integers kτ,1, . . . , kτ,n for τ ∈ Σ are strictly decreasing.

We recall the notion of noncriticality of refinements in the regular crystalline case.
Take k to be strictly dominant and let D be a rank m crystalline (ϕ,Γ)-module which
has a regular Hodge-Tate type (kτ,1, . . . , kτ,m)τ ∈ (Z⊕m)Σ. Let F• be a refinement of
F := Dcrys(D) and Fil• be the Hodge filtration of F ⊗K0 K. We say the refinement F• is
noncritical if

(L⊗K0⊗QpL,τ |K0
Fi)⊕ (L⊗K0⊗QpL,τ

Fil−kτ,i) = L⊗K0⊗QpL,τ
FK

is satisfied for each τ ∈ Σ and 1 ≤ i ≤ m. Similarly we may define the noncriticality of
triangulation of D by the correspondence of triangulations and refinements.

If k = (kτ )τ : K↪→L ∈ ZΣ, let zk ∈ T (L) denote the character

z 7→
∏

τ∈Hom(K,L)

τ(z)kτ

where z ∈ K∗. For
k = (kτ,i)1≤i≤m,τ : K↪→L ∈ (Z⊕m)Σ,

let zk ∈ T m(L) also denote the character

(z1, . . . , zm) 7→
∏

1≤i≤m
τ∈Hom(K,L)

τ(zi)
kτ,i
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where (z1, . . . , zm) ∈ (K∗)m. We write unr(a) for the character K∗ → A∗ which sends O∗
K

to 1 and $K to a for an L-algebra A and a ∈ A∗. By the argument of [6, Proposition 2.4,1]
and [17, Lemma 2.1], we have the following lemma.

Lemma 3.7.3. For a crystalline (ϕ,Γ)-module D over RL of rank m and a refinement
of Dcrys(D), the corresponding triangulation of D has a parameter (δ1, . . . , δm) such that
δi = zki unr(ϕi) where (ϕi)i and ki are constructed above.

We introduce a notion of G-valued strictly dominance. We identify WT (resp. TT )
with Wd (resp. T d) by the fixed isomorphism G ⊃ T ∼= Gd

m of algebraic tori. Let D be

a crystalline frameable (ϕ,Γ)-module with G-structure and D̃ := r∗(D) be the pushout
of D by the faithful representation r : G → GLm of regular type. We assume that the

underlying G-torsor of Dcrys(D̃) is trivial and Dcrys(D̃) has a regular Hodge-Tate type.
Note that the first assumption is satisfied if D is trianguline. Recall that there is the
natural map WT →WTm .

Definition 3.7.4. (1) A parameter x := (z−kτ,1 , . . . , z−kτ,d)τ∈Σ ∈ (WT (L))
Σ (resp.

(kτ,1, . . . , kτ,d)τ∈Σ ∈ (Zd)Σ) is said to be strictly dominant if the image of x by the
natural map (WT (L))

Σ → (WTm(L))
Σ is strictly dominant.

(2) For a (ϕ,Γ)-module with G-structure D, r refinement of Dcrys(D) is said to be
noncritical if the pushout of the refinement by r : G → GLm is a noncritical
refinement of r∗(Dcrys(D)) = Dcrys(D).

(3) For a continuous representation ρ : GalK → GLm(k) or ρ : GalK → GSp2n(k), we
say a point x = (ρ, δ) ∈ Xtri(ρ) is strictly dominant if ω(x) is strictly dominant.

Remark 3.7.5. The notions of strictly dominance and noncriticality in Definition
3.7.4 may be defined not to be depend on faithful representations r : G→ GLm. However,
we adopt the definition depending r and considering (ϕ,Γ)-module with G-structures as
classical (ϕ,Γ)-modules. We remark the definition is different from that not depending on
r.

Example 3.7.6. In the case of G = GSp2n and T is the maximal split torus of GSp2n,
the inclusion of tori T → T2n induced by the standard representation GSp2n → GL2n

determines that strictly dominant parameters are the form (z−kτ,1 , . . . , z−kτ,n+1)τ∈Σ ∈ WΣ
T

such that kτ,1 > · · · > kτ,n and 2kτ,n > kτ,n+1 for all τ ∈ Σ.

Let ρ : GK → GSp2n(kL) be a continuous representation. By the isomorphism TT ∼=
T n+1 by the isomorphism T ∼= Gm+1

m in Section 3.2, we identify the two spaces with each
other. We call a point x = (ρ, (δ1, . . . , δn+1)) ∈ Xtri(ρ) saturated if there exists a triangu-
lation of the (ϕ,Γ)-module with GSp2n-structure Drig(ρ) with parameter (δ1, . . . , δn+1).

Lemma 3.7.7. Let ρ : GK → GSp2n(kL) be a GSp2n(kL)-valued representation and
x = (r, (δ1, . . . , δn+1)) ∈ Xtri(ρ) be a strictly dominant point with ω(x) = δk for some
k = (kτ,i)1≤i≤n+1,τ∈Σ ∈ (Zn+1)Σ. For each τ ∈ Σ, assume that

kτ,i − kτ,i+1 > [K : K0] val(δ1($K) · · · δi($K)) for 1 ≤ i ≤ n− 1, and

2kτ,n − kτ,n+1 > [K : K0] val(δ1($K) · · · δi($K)),

where val(−) is the function of p-adic values. Then x is saturated and semistable. More-
over, if (δ1, . . . , δn+1) ∈ TT,reg, then r is crystalline strictly dominant noncritical.

Proof. Let δ̃ := (δ1, . . . , δn, δ
−1
n δn+1, . . . , δ

1
1δn+1) be the image of δ by the natural map

TT → T 2n induced by the standard representation GSp2n → GL2n.
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The composite r : GK → GL2n(kx) of ρ and the map GSp2n(kx)→ GL2n(kx) is saturated

and semistable. Moreover, if δ̃ ∈ T 2n
reg , then r is crystalline strictly dominant noncritical by

[17, Lemma 2.10].
By Proposition 3.7.1 and symplectic diagonalization (Remark 3.7.2), the lemma follows

in the case of ρ as well as r. □

3.8. Explicit calculation of the tangent spaces of deformation functors

In this section, we calculate the dimensions of deformation functors of some crystalline
(ϕ,Γ)-modules with GSp2n-structures.

At first, we prove the additive version of the reconstruction theorem ([65, Theorem
11.2]). Let G be an affine algebraic monoid over a field k and R be a k-algebra. For
a free module VR over R, each element Y ∈ LieR(GL(VR)) induces an endomorphism of

the R-module VR by the natural isomorphism LieR(GL(VR))
∼−→ EndR(VR). We also write

Y : VR → VR for the induced endomorphism by Y ∈ LieR(GL(VR)). Let X ∈ (LieR(G))(R).
For every finite-dimensional algebraic k-representation rV : G → GL(V ) of G, we have
an R-linear map λV := (LieR(rV,R))(X) : VR → VR. These maps satisfy the following
conditions:

(C1) For all finite-dimensional representations V , W ,

λV⊗W = λV ⊗ 1 + 1⊗ λW .
(C2) If we write 1 for the 1-dimensional trivial representation of G, induced λ1 : k → k

is the zero map.
(C3) For all G-equivariant maps u : V → W ,

λW ◦ uR = uR ◦ λV .
We write GR := G×Spec(k) Spec(R) and VR := V ⊗k R from here.

Lemma 3.8.1. Let G be an affine algebraic monoid over a field k and R be a k-
algebra. Suppose that we are given an R-linear map λV : VR → VR for every finite-
dimensional algebraic k-representation rV : G → GL(V ) of G. If the family (λV )V sat-
isfies the conditions (C1), (C2), (C3) above, there exists a unique X ∈ LieR(GR) such that
λV = ((LieR(rV,R))(X) : VR → VR) for all V .

Proof. The conditions (C1), (C2), (C3) are satisfied for the uniquely induced
λV : VR → VR from the enlarged family of filtered unions V of the finite-dimensional
representations. We set A := Γ(G,OG). Considering A as a k-vector space, the regular
representation rA : G → GL(A) is a filtered union of its finite-dimensional subrepresenta-
tion by [65, Proposition 4.6]. We write λA : A → A for the k-linear map induced from
rA.

By the condition (C1) and (C3), the diagram

A⊗k A
m //

λA⊗1+1⊗λA
��

A

λA
��

A⊗k A m
// A,

where m is the multiplication structure of the monoid G, is commutative, so that rA is an
element of the module Derk(A,A) of k-derivations. We also have the natural isomorphism

ι : Liek(G)
∼−→ Derk(A,A)
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of k-vector spaces by [65, Proposition 12.23, Proposition 12.24].
For an element X ∈ LieR(GR) and a finite-dimensional algebraic representation

λV : G → GL(V ), here X gives an element Xε ∈ GL(VR[ε]). Writing ∂X for the com-
position

VR ↪→ VR ⊕ εVR
Xϵ−→ VR ⊕ εVR ↠ εVR

∼−→ VR,

The element X is sent to ∂X ∈ EndR(VR) by LieR(GL(VR))
∼−→ EndR(VR). We may see

that the composition

LieR(GR)→ LieR(GL(AR))
∼−→ EndR(VR)

is the same as the composition of ιR and the inclusion DerR(AR, AR) ⊂ EndR(VR). Then
there exists X ∈ LieR(GR) such that λA = (LieR(rA,R))(X).

For each finite-dimensional algebraic k-representation rV : G → GL(V ), taking V0 for
the underlying vector space of V that has the trivial G-action, there exists an injection
i : V ↪→ V0 ⊗A of k-vector spaces with G-actions by [65, Proposition 4.9]. In the diagram

V
i //

λV
��

V0 ⊗ A
λV0⊗A

��
V

i
// V0 ⊗ A,

λV is also the endomorphism corresponding to the element (LieR(rV,R))(X) ∈
LieR(GL(VR)) by the conditions (C1), (C2), (C3). Then the existence of X ∈ LieR(GR) fol-
lows. The uniqueness of X follows from considering λW0⊗A for a finite-dimensional faithful
representation rW : G→ GL(W ) and its underlying k-vector space W0. □

Let G be an affine algebraic group over a field k and X = Spec(R) be a k-scheme. We
recall the notation of exact tensor filtrations of the exact tensor functors ω : RepK(G) →
Bun(X) (cf. [78], [12, §2.7]). An exact tensor filtration of ω is the data of decreasing
filtrations (Fil•(ω(V )))V for each V ∈ RepK(G) such that the following condition are
satisfied:

(1) the filtrations are functorial in V .
(2) the filtrations are tensor compatible, in the sense that

Filnω(V ⊗k V ′) =
∑
p+q=n

(Filpω(V )⊗OX
Filqω(V ′)) ⊂ ω(V )⊗OX

ω(V ′).

(3) For the 1-dimensional trivial representation 1 ∈ RepK(G) one has Filn(ω(1)) =
ω(1) if n ≤ 0 and Filn(ω(1)) = 0 if n ≥ 1.

(4) The associated functor from RepK(G) to the category of Z-graded objects of
Bun(X) is exact.

For an exact tensor functor ω : RepK(G)→ Bun(X) and a morphism Y → X of affine
schemes, let ωY : RepK(G)→ Bun(Y ) be the composition of ω and the base change functor
Bun(X)→ Bun(Y ). If Y = Spec(R) for a commutative ring R, we write ωR = ωY .

Definition 3.8.2. Let ω, η : RepK(G) ⇒ Bun(X) be exact tensor functors. Then
Hom⊗(ω, η) is the presheaf on affine schemes Spec(R) over X given by

Hom⊗(Spec(R)) := Hom⊗(ωR, ηR),

where Hom⊗ is the set of natural transformations of functors which preserves tensor prod-
ucts. Let Aut⊗(ω) be the presheaf of groups of invertible sections of Hom⊗(ω, ω).
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We define two subfunctors of Aut⊗(ω) dependent on a fixed exact tensor filtration Fil•

of ω. We remark that the notation Fil• in this section is used in the different way from in
the section 3.7 where it is used in the sense of decreasing filtrations on ϕ-modules.

Definition 3.8.3. Let Fil• be a fixed exact tensor filtration of ω.

(1) Let PFil• = Aut⊗Fil•(ω) be the functor on R-algebras such that

R′ 7→ {λ ∈ Aut⊗(ω)(R′) | λ(Filnω(V )) ⊂ Filnω(V ) for all V ∈ RepK(G) and n ∈ Z}.
(2) Let UFil• = Aut⊗!

Fil•(ω) be the functor on R-algebras such that

R′ 7→ {λ ∈ Aut⊗(ω)(R′) | (λ−id)(Filnω(V )) ⊂ Filn+1ω(V ) for all V ∈ RepK(G) and n ∈ Z}.

Let X̃ → X be the G-torsor corresponding to ω.

Proposition 3.8.4. (1) The functor Aut⊗(ω) is representable by the X-group

scheme AutG(X̃), which is a form of G×k X.

(2) The functors PFil• and UFil• are representable by closed subschemes of AutG(X̃)
and they are smooth if G is.

(3) If X = Spec(R), we have
(a) LieR PFil• = Fil0(LieRAut⊗(ω)) and
(b) LieR UFil• = Fil1(LieRAut⊗(ω)).

Proof. See [78, Chapter IV, 2.1.4.1], [12, Corollary 2.7.3] and its following argument.
□

Let ad(X̃) := LieRAut⊗(ω). For a parabolic subgroup P of AutG(X̃), let adP (X̃) :=
Fil0(LieRAut⊗(ω)) for an exact tensor filtration Fil• such that PFil• = P . For a (ϕ,Γ)-
module with G-structure D over RL and its triangulation P , we define adP(D) := adP (D)
where P is the subgroup of AutG(D) which preserves P ⊂ D. If D is frameable, adP(D) ⊂
AutG(D) ∼= GRL

is a Borel subgroup of GRL
and is a conjugate of the standard Borel

subgroup BRL
⊂ GRL

.
We define the trianguline deformation functors of a frameable (ϕ,Γ)-module with G-

structure D (associated to a triangulation P of D)

XD, XD,P : CL → Set

as follows. For an object A ∈ CL, let XD,P(A) be the set of isomorphism classes of triples
(DA,PA, π) where DA is a frameable (ϕ,Γ)-module with G-structure over RA, PA is a

triangulation of DA and π : DA ⊗A L
∼−→ D is an isomorphism of (ϕ,Γ)-module with G-

structure over RL such that π(PA) = P . Let XD(A) be the set of isomorphism classes of
(DA, π).

Lemma 3.8.5. There is a natural isomorphism

(1) TXD = XD(L[ε])
∼−→ H1(ad(D)).

(2) TXD,P = XD,P(L[ε])
∼−→ H1(adP(D)).

Proof. We fix a framing ([φ], [γ] | γ ∈ Γ) of D. For each algebraic representation
r : G → GL(V ), the pushout r∗(D) is then the framed (ϕ,Γ)-module ([φV ], [γV ] | γ ∈ Γ)
of rank dim V . For algebraic representations r : G→ GL(V ), r′ : G→ GL(V ′), lifts of the
(ϕ,Γ)-modules r∗(D) and r′∗(D) over L[ε] are the form

([φV + ε · ∂φV ], [γV + ε · ∂γV ] | γ ∈ Γ),

([φV ′ + ε · ∂φV ′ ], [γV ′ + ε · ∂γV ′ ] | γ ∈ Γ),
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where ∂φV , ∂γV ∈ End(V ) and ∂φV ′ , ∂γV ′ ∈ End(V ′).
Then for the pushout (r ⊗ r′)∗(D) of D by r ⊗ r′ : G→ GL(V ⊗ V ′), φV⊗V ′ and γV⊗V ′

is written as follows:

φV⊗V ′ = φV ⊗ φV ′ + ε · (∂φV ⊗ 1 + 1⊗ ∂φV ′),

γV⊗V ′ = γV ⊗ γV ′ + ε · (∂γV ⊗ 1 + 1⊗ ∂γV ′).

By Lemma 3.8.1, functorial parameters ∂φV , ∂γV for all V ∈ RepK(G) is just given by
an element of LieRL

(D). The isomorphisms of the lemma follows by the proof of [26,
Proposition 3.6, (ii)]. □

From here we consider the case of G = GLm over k = K. For k = (kτ )τ∈Σ ∈ ZΣ, write
tk :=

∏
τ∈Σ t

kτ ∈ RL

[
1
t

]
. We calculate bases that give each triangulation associated with

the elements of the Weyl group and transformation matrices between them.
Let D be a (ϕ,Γ)-module over RL of rank m. We assume that D is crystalline and

Dcrys(D) has m distinct Frobenius eigenvalues. Then fixing a refinement F• = Fid,• of
Dcrys(D), we associate the elements w ∈ W (GLm, Tm) ∼= Sm of the Weyl group with a
refinement Fw,• of Dcrys(D) as follows: Take a sequence ϕ1, . . . , ϕm of Frobenius eigenval-
ues of Dcrys(D) and its corresponding eigenvector x1, . . . , xm. Then a refinement Fw,• of
Dcrys(D) is defined as

0 ⊂ (xw(1)) ⊂ (xw(1), xw(2)) ⊂ · · · ⊂ (xw(1), . . . , xw(m)) = Dcrys(D),

where w : {1, . . . ,m} → {1, . . . ,m} is the corresponding function to w ∈ W (GLm, Tm)

by W (GLm, Tm)
∼−→ Sm

∼−→ Aut({1, . . . ,m}). Write Pw for the corresponding trian-
gulation of D to Fw,• by Proposition 3.7.1 and P := Pid. Write xw,i := xw(i) and
Fw,i := (xw,1, . . . , xw,i) ⊂ Dcrys(D) for i ∈ [0,m] and w ∈ W (GLm, Tm).

We also write Dw,i :=
(
Fw,i ⊗K⊗QpL

RL

[
1
t

])
∩D. For elements y1, . . . , ym ∈ D and a

triangulation P of D, we call (y1, . . . , ym) a basis of P if the filtration

0 ⊂ (y1) ⊂ (y1, y2) ⊂ · · · ⊂ (y1, . . . , ym) = D

is a triangulation of D and the same as P . By the classical correspondence between
triangulations and refinements, for i ∈ [1,m] and w ∈ W (GLm, Tm), we have the following
commutative diagram:

0 //
(
Dw,i−1

[
1
t

])Γ //
(
Dw,i

[
1
t

])Γ //
(
(Dw,i/Dw,i−1)

[
1
t

])Γ // 0

0 // Dcrys(Dw,i−1) //
� _

��

Dcrys(Dw,i) //
� _

��

Dcrys(Dw,i/Dw,i−1) //
� _

��

0

0 // Dw,i−1

[
1
t

]
// Dw,i

[
1
t

]
// (Dw,i/Dw,i−1)

[
1
t

]
// 0

0 // Dw,i−1
//

?�

OO

Dw,i
//

?�

OO

Dw,i/Dw,i−1
//

?�

OO

0,

where the horizontal maps form exact sequences, the vertical maps between the second row

and the third row are the inclusions − 7→
(
−⊗K0⊗QpL

RL

[
1
t

])
and the bottom vertical

maps are the inclusions − 7→
(
−⊗RL

RL

[
1
t

])
.
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Moreover, the bottom right module Dw,i/Dw,i−1 is the rank 1 (ϕ,Γ)-module that is
generated by (tkw,ixw,i mod Dw,i−1) over RL for some (kw,1, . . . ,kw,m) ∈ (ZΣ)m. Let U−

m ⊂
GLm be the subgroup of lower triangular unipotent matrices. Then there exists a matrix
uw = (uw,i,j)i,j ∈ U−

m

(
RL

[
1
t

])
such that {x′w,1, . . . , x′w,m} where

t(x′w,1, . . . , x
′
w,m) = uwtw

t(xw,1, . . . , xw,m)

is a basis of Pw when we see x′w,i, xw,i to be column vectors relative to a fixed basis of

Dw[
1
t
] and set tw := diag(tkw,1 , . . . , tkw,m) by Lemma 3.7.3.

For w,w′ ∈ W (GLm, Tm), write aw,w′ = (aw,w′,i,j)i,j ∈ GLm
(
RL

[
1
t

])
for a transforma-

tion matrix from the basis of Pw to that of Pw′ . Note that uw and aw,w′ is not unique
in GLm

(
RL

[
1
t

])
but is unique in U−

m(RL)\GLm
(
RL

[
1
t

])
/U−

m(RL). A matrix aw,w′ is
written in the form uw′tw′wt−1

w u−1
w where w ∈ W (GLm, Tm) = NGLm(Tm)/CGLm(Tm) is the

matrix associated with the element of the Weyl group. For 1 ≤ i < j ≤ m, we call an
element w ∈ W (GLm, Tm) ∼= Sm is of type (i, j) if w(l) = l for l < i or j < l, w(i) = j and
w(j) = i as an element of Sm = Aut({1, . . . ,m}). Let Mi×j(A) be the additive abelian
group of (i× j)-matrices with coefficients in A.

Lemma 3.8.6. For an element σ ∈ W (GLm, Tm) of type (i, j) and w,w′ ∈
W (GLm, Tm) such that wσ = w′, we may take aw,w′ as the form Ii−1 0(i−1)×(j−i+1) 0(i−1)×(m−j)

nw,w′ a′
w,w′ 0(j−i+1)×(m−j)

0(m−j)×(i−1) 0(m−j)×(j−i+1) Im−j


where a′

w,w′ ∈ GLj−i+1(RL) and nw,w′ ∈ M(j−i+1)×(i−1)(RL). Moreover, writing

(zkw,1 unr(ϕw,1), . . . , z
kw,m unr(ϕw,m)), (zkw′,1 unr(ϕw′,1), . . . , z

kw′,m unr(ϕw,m)),

for the parameters associated to the triangulations Pw, Pw′, and when we write a′
w,w′ =

(a′w,w′,α,β)α,β∈[1,j−i+1], we have a′w,w′,1,j−i+1 = tkw,i−kw′,j .

Proof. By the classical correspondence between triangulations and refinements,
Dw,l = Dw′,l for l < i or j < l. So the first part is shown.

For the last part, since matrices uw, tw, w are in U−
m diag(GLi−1,GLj−i+1,GLm−j), it

suffices to calculate the middle (j − i + 1)× (j − i + 1)-matrix a′
w,w′ . Write u′

w, t
′
w, w

′ for
the factors of the middle (j − i+ 1)× (j − i+ 1)-matrices of uw, tw, w. We have

a′
w,w′ = u′

w′t′w′w′t′−1
w u′−1

w

= u′
w′

 0 01×(m−2) tkw,i−kw′,j

0(m−2)×1 ∗(m−2)×(m−2) 0(m−2)×1

tkw,j−kw′,i 01×(m−2) 0

u′−1
w

=

 0 01×(m−2) tkw,i−kw′,j

0(m−2)×1 ∗(m−2)×(m−2) ∗(m−2)×1

tkw,j−kw′,i ∗1×(m−2) ∗

u′−1
w

=

 ∗ ∗1×(m−2) tkw,i−kw′,j

∗(m−2)×1 ∗(m−2)×(m−2) ∗(m−2)×1

∗ ∗1×(m−2) ∗

 .

□
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Definition 3.8.7. (1) We say that a crystalline (ϕ,Γ)-module D of rank m is
ϕ-generic if the Frobenius Φ = φ[K0 : Qp] on Dcrys(D) has m distinct eigenvalues
(ϕ1, . . . , ϕm) in L and ϕiϕ

−1
j 6= p[K0 : Qp] for i 6= j.

(2) We say that a crystalline (ϕ,Γ)-module D with a regular Hodge-Tate type is
noncritical if a trianguline parameter associated with each refinement of Dcrys(D)
is noncritical.

(3) We say that a crystalline (ϕ,Γ)-module D is benign if D has a regular Hodge-Tate
type, noncritical and ϕ-generic.

Remark 3.8.8. In [48, Definition 5.5], ϕ-genericity is defined as the definition above
excluding only the last condition. However, we use the definition in [45, §3.3] for the
simplification of the notation.

Lemma 3.8.9. Let D be a rank m trianguline (ϕ,Γ)-module and P be a triangulation
of D that has the parameter (δ1, . . . , δm) such that δi = zki unr(ϕi) for k = (k1, . . . ,km) ∈
(ZΣ)m and i ∈ [1,m], D′ be a rank m (ϕ,Γ)-submodule of D, P ′ be the triangulation of
D′ induced from P and (δ′1, . . . , δ

′
m) be the parameter of P ′ such that δ′i = zk

′
i unr(ϕi) for

k′ = (k′
1, . . . ,k

′
m) ∈ (ZΣ)m and i ∈ [1,m].

Write S(D′, D,P) ⊂ {1, . . . ,m} for the subset of element l ∈ {1, . . . ,m} such that δl 6=
δ′l. For each i ∈ S(D′ ⊂ D,P), assume that ϕi 6∈ {1, p[K0 : Qp]} and max(ki,τ , 1 − k′i,τ ) > 0

for all τ ∈ Σ. Then the induced map H1(D′)→ H1(D) of the first cohomology modules is
surjective.

Proof. Let Di/Di−1 and (Di ∩ D′)/(Di−1 ∩ D′) for i ∈ [1,m]. Since D is triangu-
line with parameter (δ1, . . . , δm) and D′ is a submodule of D, it suffices to show that
H1(RL(δ

′
i))→ H1(RL(δi)) is surjective as δ, δ′ are ϕ-generic and the snake lemma.

If i /∈ S(D′ ⊂ D,P), we obtain dimLH
1(RL(z

kiδ)) = dimLH
1(RL(δ)) by Lemma

3.3.1. Then the surjectivity of the map H1(RL(δ
′
i))→ H1(RL(δi)) is reduced to show that

H0(RL(δi)/t
k′′
iRL(δi)) = 0 for i ∈ S(D′ ⊂ D,P) and k′′ := k − k′ ∈ ZΣ

>0 by the long
exact sequence. It is reduced to show H0(tk

′′′RL(δi)/tτ t
k′′′RL(δi)) = 0 for all τ ∈ Σ and

k′′′ ∈ ZΣ
≥0 such that ki,τ + k′′′

i,τ 6= 0, as well by dévissage. This follows from that ki,τ > 0
for all τ ∈ Σ and [53, Lemma 6.2.12]. □

From here, we make the following assumption:

Assumption 3.8.10. There is an element w ∈ W (GLm, Tm) such that the triangula-
tion Pw has a noncritical parameter.

Note that Assumption 3.8.10 is satisfied whenever K = Qp.
From now, we replace the triangulation P with the Pw in Assumption 3.8.10. We take a

basis (y1, . . . , ym), yi ∈ D for i ∈ [1,m] of Pid. Let (eα,β)α,β∈[1,m] be the associated standard
basis of ad(D) with the basis (y1, . . . , ym) of D. Let aw := aid,w. Then we may translate
adPw(D) for w ∈ W (GLm, Tm) in terms of the standard basis. We have

adP(D) = 〈eα,β | 1 ≤ β < α ≤ m〉 =: b−P ⊂ ad(D),

adPw(D) = aw(b
−
P).

Let σi,j ∈ W (GLm, Tm) ∼= Sm be the (i, j)-transposition for 1 ≤ i, j ≤ m, i 6= j and
W ′ ⊂ W (GLm, Tm) be the subset of σi,j. For a,b ∈ ad(D), we write ad(a)(b) := aba−1.
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Lemma 3.8.11. Let D′ be the image of the map⊕
w∈W (GLm,Tm)

adPw(D)→ ad(D)

of (ϕ,Γ)-modules over RL. Then under Assumption 3.8.10, the saturation of D′ ⊂ ad(D)
is ad(D). Moreover, the inclusion of (ϕ,Γ)-modules D′ ⊂ ad(D) satisfies the conditions in
Lemma 3.8.9.

Proof. We prove the assertion for the map⊕
w∈W ′

adPw(D)→ ad(D)

instead. As a′
σi,j
∈ GLj−i+1(RL), there exists h = h(τ, i, j) ∈ [0, j − i] such that ai+h,j =

a′
h+1,j−i+1 ∈ RL\tτRL for each τ ∈ Σ and fix such h(τ, i, j) for τ ∈ Σ and 1 ≤ i < j ≤ m.

The element ad(aσi,j)(ej,i+hτ ) is of the form

θei,j mod 〈eα,β | 1 ≤ α ≤ i, j ≤ β ≤ i, (α, β) 6= (i, j)〉

where θ ∈ (t
kid,i−kσi,j ,j

τ R)\(t
kid,i−kσi,j ,j

+1
τ R) by Lemma 3.8.6.

Then we can show that the saturation of the composition of the map in the assertion
and the projection from D into

b−P,l := 〈eα,β | 1 ≤ α, β ≤ m, β − α ≤ l〉

is b−P,l for 1 ≤ l ≤ m − 1 by induction. When l = m − 1, it is just as the assertion of the
lemma. The last part of the Lemma follows by the fact that (tτ ) + (tτ ′) = RL for τ 6= τ ′

and Corollary 3.3.2. □
We reprove [45, Theorem 3.11] under Assumption 3.8.10.

Proposition 3.8.12. Let D be a ϕ-generic rank m crystalline (ϕ,Γ)-module of regular
Hodge-Tate type. Then under Assumption 3.8.10, the map⊕

w∈W (GLm,Tm)

TXD,Pw → TXD

is surjective.

Proof. Let D′ be the image of the map⊕
w∈W (GLm,Tm)

adPw(D)→ ad(D).

Then the inclusion D′ ⊂ ad(D) satisfies the condition of Lemma 3.8.9 by Lemma 3.8.11 and
we have H1(D′) ∼= H1(ad(D)). We also obtain that H2(E) = 0 for all (ϕ,Γ)-submodules
E of the trianguline (ϕ,Γ)-module ad(D) because of the H2 of the trianguline parameter
of ad(D) is 0 by the ϕ-genericity of D and the right exactness of H2.

Let

D′′ := ker

 ⊕
w∈W (GLm,Tm)

adPw(D)→ ad(D)

 .

It follows that the map

H1

 ⊕
w∈W (GLm,Tm)

adPw(D)

→ H1(ad(D))
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is surjective by the long exact sequence associated with the exact sequence

0→ D′′ →
⊕

w∈W (GLm,Tm)

adPw(D)→ D′ → 0

of (ϕ,Γ)-modules over RL and H2(D′′) = 0. The result follows by Lemma 3.8.5, (1). □
From here we consider the case of G = GSp2n over k = K. We write B ⊂ GSp2n for

the standard Borel subgroup and T ⊂ B for the maximal split torus. Let D be a frameable
(ϕ,Γ)-module with GSp2n-structure over RL and P be a triangulation of D.

Let rstd : GSp2n → GL2n denote the standard representation of GSp2n. It is the
embedding of regular type. Let k ∈ (ZΣ)2n be a strictly dominant regular Hodge-
Tate type such that there is a character λ ∈ X∗(T ) over L such that the element
rstd,∗(λ) ∈ X∗(T2n) ∼= (ZΣ)2n is k.

We write D̃ := rstd,∗(D). We assume that D is crystalline, D̃ is ϕ-generic with regular
Hodge-Tate type k and there exists a refinement of Dcrys(D). Moreover, we assume that
there is a triangulation P which has a noncritical parameter and fix such Pid = P .

For the corresponding refinement P = Pid of Dcrys(D) to P , we associate the elements
w ∈ W (GSp2n, T ) of the Weyl group with a refinement Pw of Dcrys(D) and write Pw
for the corresponding triangulation of D by Proposition 3.7.1. We also write Pw for the

induced triangulation of D̃ from the triangulation Pw of D. It follows that adPw(D) =

ad(D) ∩ adPw(D̃) by Proposition 3.8.4, (3) and GSp2n ∩B2n = B.
Since we have the natural injective map W (GSp2n, T ) ↪→ W (GL2n, T2n) of the Weyl

groups, we have to show Lemma 3.8.11 restricting W (GL2n, T2n) to W (GSp2n, T ) for ob-
taining a result of Proposition 3.8.12 in case of GSp2n.

Lemma 3.8.13. The saturation of the image of the map⊕
w∈W (GSp2n,T )

adPw(D)→ ad(D)

of (ϕ,Γ)-modules over RL is ad(D). Moreover, this embedding of (ϕ,Γ)-modules satisfies
the conditions in Lemma 3.8.9.

Proof. By the above argument, the map in the assertion is the same as⊕
w∈W (GSp2n,T )⊂W (GL2n,T2n)

(ad(D) ∩ adPw(D̃))→ ad(D).

Let Isat be the image of the map. Calculating

ad(aσi,jσ2n+1−j,2n+1−i
)(ej,i − e2n+1−i,2n+1−j)

for 1 ≤ i < j ≤ n instead of ad(aσi,j)(ej,i) for 1 ≤ i < j ≤ n in the proof of Lemma 3.8.11,
we may view Isat contains the opposite Siegel parabolic submodule

p− :=

(
∗n×n 0n×n
∗n×n ∗n×n

)
∩ ad(D).

Then, in a similar way considering ad(aσn,n+1)(p
−), we have

〈en,n+1, el,n+1 − en,2n+1−l | l ∈ [1, n− 1]〉 ⊂ Isat.

Finally considering

ad(aσk,nσn+1,2n+1−k
)(〈en,n+1, el,n+1 − en,2n+1−l | l ∈ [1, n− 1]〉),
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we have (
0n×n ∗n×n
0n×n 0n×n

)
∩ ad(D) ⊂ Isat.

Consequently, we obtain Isat = ad(D). For the last part, additionally calculating the
images of adPσ(D) → ad(D) for σ = σc,2n+1−c, c ∈ [1, n] as in Lemma 3.8.11, we can
check that the embedding of (ϕ,Γ)-modules satisfies the conditions in Lemma 3.8.9 by the
constructions and the calculations above. □

Corollary 3.8.14. Let D be a crystalline (ϕ,Γ)-module with GSp2n-structure over

RL such that D̃ is ϕ-generic with regular Hodge-Tate type and assume that there exists a
noncritical refinement of Dcrys(D). Then the map⊕

w∈W (GSp2n,T )

TXD,Pw → TXD

is surjective.

Proof. The map of (ϕ,Γ)-modules with GSp2n-structures⊕
w∈W (GSp2n,T )

adPw(D)→ ad(D)

in the Lemma 3.8.13 satisfies the condition of Lemma 3.8.9 by its construction. Thus the
result follows by Lemma 3.8.9. □

3.9. Locally irreducibility and accumulation property

In this section, we prove locally irreducibility and accumulation property of the trian-
guline deformation spaces for GSp2n.

3.9.1. Almost de Rham representations with G-structures. Let us recall the
notations in [18, §3]. Let BdR, B

+
dR be the usual de Rham period rings of Fontaine with

the GalK-action and the natural topology and all finite type modules over these rings are
endowed with the natural topology (cf. [41, §3.2]). Let RepBdR

(GalK) (resp. RepB+
dR
(GalK)

denote the category of BdR-representations (resp. B+
dR-representations) of GalK (cf. [41,

§3]). Let W be an object of RepBdR
(GalK). It follows that W contains a B+

dR-lattice stable

under GalK . We say thatW is almost de Rham if it contains a GalK-stable B
+
dR-latticeW

+

such that the Sen weights of the C-representation W+/tW+ are all in Z (cf. [41, §3.7]).
Let B+

pdR be the algebra B+
dR[log(t)] and BpdR := BdR ⊗B+

dR
B+

pdR. The group GalK
acts on these algebras as g(log(t)) = log(t) + log(ε(g)). Let νBpdR

be the unique BdR-

derivation of BpdR such that νBpdR
(log(t)) = −1, which preserves the subalgebra B+

pdR ⊂
BpdR. We set DpdR(W ) := (BpdR ⊗BdR

W )GalK , which is a finite dimensional K-vector
space of dimension ≤ dimBdR

W . It follows that W is almost de Rham if and only if
dimK DpdR(W ) = dimBdR

W by [41, Théorèm 4.1 (2)].
We say that W is de Rham if dimKW

GalK = dimBdR
W . If W is de Rham, W is

also almost de Rham. We write ReppdR(GalK) for the category of almost de Rham BdR-
representations, which is a Tannakian subcategory of RepBdR

(GalK) and is stable under
kernel, cokernel and extensions (cf. [41, §3.7]).

Let A be a finite dimensional Qp-algebra. An A ⊗Qp BdR-representations of GalK is a
BdR-representation W of GalK together with a morphism of Qp-algebras

A→ EndRepBdR
(GalK)(W )
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which makes W a finite free A ⊗Qp BdR-module. Let RepA⊗QpBdR
(GalK) be the category

of A ⊗Qp BdR-representations of GalK . We similarly define A ⊗Qp B
+
dR-representations of

GalK and their category RepA⊗QpB
+
dR
(GalK). We say that an A⊗Qp BdR-representation of

GalK is almost de Rham if the underlying BdR-representation is. Write ReppdR,A(GalK)
for the category of almost de Rham representations of GalK .

Let (G,B, T ) be a split reductive group of regular type over K. For an abelian tensor
category A, let G-A denote the category of exact tensor functors ω : RepK(G) → A.
For a exact tensor functor F : A → A′ between abelian tensor categories, we also write
F : G-A → G-A′ the induced functor. An A ⊗Qp BdR-representation with G-structure of
GalK is an object of G-RepA⊗QpBdR

(GalK) and a A⊗QpK-representation with G-structure of

Ga is an object of G-RepA⊗QpK
(Ga). We say that ω ∈ ob(G- RepA⊗QpBdR

(GalK)) is almost

de Rham if ω(V ) is almost de Rham for all V ∈ RepK(G). Write G-ReppdR,A(GalK) for
the category of almost de Rham A⊗Qp BdR-representations with G-structures of GalK .

Lemma 3.9.1. The functor DpdR induces an equivalence of categories between G-
ReppdR,A(GalK) and G-RepA⊗QpK

(Ga).

Proof. This follows from [18, Lemma 3.1.4] and Tannakian formalism. □

3.9.2. Trianguline deformation functors of almost de Rham representations
with G-structures. Fix an almost L ⊗Qp BdR-representation with G-structure W . A
triangulation PW of W is a B-torsor RepK(B)→ RepL⊗QpBdR

(GalK) such that the compo-

sition with RepK(G) → RepK(B) is the same as the W . We assume that the underlying
G-torsor over L ⊗Qp K of DpdR(W ) is trivial replacing K, L with sufficiently large finite
extensions if necessary. Let ωst : RepK(G)→ Bun(L⊗Qp K) be the standard fiber functor.

We also fix an isomorphism α : ωst
∼−→ DpdR(W ).

Definition 3.9.2. (1) Let XW be the groupoid over CL as follows:
• The objects of XW (A) are pairs (WA, ιA) where A is an object of CL, WA is

an object of G-ReppdR,A(GalK) and ιA : WA ×A L
∼−→ W .

• Amorphism (WA, ιA)→ (WA′ , ιA′) is a map A→ A′ in CL and an isomorphism

WA ⊗A A′ ∼−→ WA′ compatible with the morphisms ιA, ιA′ .
(2) Let X2

W be the groupoid over CL as follows:
• The objects of X2

W (A) are (WA, ιA, αA) with (WA, ιA) an object of XW (A)
and αA : ωst ⊗Qp A such that the following diagram commutes:

ωst ⊗Qp A
1⊗αA // DpdR(WA)⊗A L

∼=
��

ωst ⊗Qp A
α // DpdR(W ).

• A morphism (WA, ιA, αA) → (WA′ , ιA′ , αA′) is a morphism (WA, ιA) →
(WA′ , ιA′) in XW such that the following diagram commutes:

(ωst ⊗Qp A)⊗A A′ 1⊗αA // DpdR(WA)⊗A A′

∼=
��

ωst ⊗Qp A
′ αA′ // DpdR(WA′).
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(3) For a fixed triangulation PW of W , let XW,PW
be the groupoid over CL as follows:

• The objects of XW,PW
(A) are (WA,PW,A, ιA) where (WA, ιA) is an object of

XW (A) and PW,A is a triangulation of WA such that ιA induces an isomor-

phism PW,A ⊗A L
∼−→ PW .

• The morphisms are the morphisms in XW which induce an isomorphism
PW,A ⊗A A′ ∼−→ PW,A′ .

(4) For a fixed triangulation PW of W , let X2
W,PW

:= XW,PW
×XW

X2
W .

We set an algebraic group G over L as

G := SpecL×SpecQp
ResK/Qp(GLn,K) ∼= (GLn,L)

Σ.

Similarly we define B, T . Let g, b, t be the Lie algebra over L of respectively G, B, T .
For a finite Qp-algebra A, we write g(A) := gQpA and do the same for b, t. Let g̃ be the
L-scheme defined by

g̃ := {(gB, ψ) ∈ (G/B)× g| ad(g−1)ψ ∈ b} ⊂ (G/B)× g.

We write q : g̃ → g for the Grothendieck’s simultaneous resolution of singularities, which
is defined by (gB, ψ) 7→ ψ. Let X be the L-scheme defined by

X := g̃×g g̃ = {(g1B, g2B,ψ) ∈ (G/B)× (G/B)× g| ad(g−1
1 )ψ ∈ b, ad(g−1

2 )ψ ∈ b},

where the fiber product is taken by the map q.

Lemma 3.9.3. Let E be a field of characteristic 0 and A be a finite dimensional Qp-
algebra. There is a natural bijection between the set of homomorphisms of A-group schemes
Ga,A → GA and the set of nilpotent elements of LieA(GA).

Moreover, the full subcategory of the objects, whose underlying torsor are trivial, of
G-RepA(Ga) is equivalent to the category of the pair (GA, νA) where νA ∈ LieA(GA) is a
nilpotent element.

Proof. This follows from the preceding argument of [18, Proposition 3.1.1], the con-
struction of a quasi-inverse of the equivalence in Lemma 3.9.1 (cf. [18, Corollary 3.1.2])
and Lemma 3.8.1. □

Let W be an almost de Rham L ⊗Qp BdR-representation with G-structure and PW be
a triangulation of W . If (WA, ιA) is an object of XW (A) for A ∈ CL, let νWA

:= νDpdR(WA)

denote the nilpotent endomorphism of DpdR(WA) corresponding by Lemma 3.9.3 to the
action of Ga, which is given by Lemma 3.9.1. If (WA, ιA, αA) is an object of X2

W (A), we
define NWA

∈ g(A) as the matrix of α−1
A ◦ νWA

◦ αA in the canonical basis of ωst. In the
case A = L, we simply write NW = NWL

.

Let ĝ (resp. t̂) denote the completion of g (resp. t) at the point NW ∈ g(L) (resp. 0 ∈ t).
Note that the set of triangulations of ωst,A : RepK(G)→ RepA⊗QpBdR

(GalK) is bijective to

the subset of elements of {gBg−1 | g ∈ ωgeom
st (A⊗Qp BdR)}, where ωgeom

st is the underlying
scheme of ωst naturally isomorphic to the group scheme GA⊗QpBdR

, which are invariant in
the action of GalK .

It is also bijective to the subset of elements of (G/B)(A⊗Qp BdR), which are invariant

in the action of GalK , by gBg−1 7→ gB. let ̂̃g denote the completion of g̃ at the point
(α−1(PW ), NW ) ∈ g̃(L), where α−1(PW ) ∈ (G/B)(L) is the object corresponding to the
triangulation PW . If A ∈ CL, we similarly define α−1

A (PW,A) for triangulations PW of
DpdR(DA). For a groupoid X over CL, let |X| denote the associated functor with X.
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Corollary 3.9.4. (1) The groupoid X2
W over CL is pro-representable and the func-

tor
(WA, ιA, αA) 7→ NWA

induces an isomorphism between X2
W and ĝ.

(2) The groupoid X2
W,PW

over CL is pro-representable and the functor

(PW,A,WA, ιA, αA) 7→ (α−1
A (PW,A), NWA

)

induces an isomorphism between X2
W,PW

and ̂̃g.
Proof. In the case of G = GLm, we have X2

W = |X2
W | and X2

W,PW
= |X2

W,PW
| by

the preceding argument of [18, Corollary 3.6]. For a general G, considering the pushout
r∗(D) ofD by a faithful representation G→ GLm, we also have the similar two equations as
above. Then the two pro-representabilities follows from Lemma 3.8.1 and Lemma 3.9.1. □

3.9.3. Formally smoothness of the functor WdR. Let A be a finite dimensional
Qp-algebra. For an objectM of ΦΓ

(
RA

[
1
t

])
and a RA-lattice D ofM stable under ϕ, Γ,

there exists covariant functors

W+
dR : ΦΓ(RA)→ RepA⊗QpB

+
dR
(GalK) D 7→ W+

dR(D)

WdR : ΦΓ(RA

[
1
t

]
)→ RepA⊗QpBdR

(GalK) M 7→ WdR(M),

which are induced from the functors in the case of A = Qp in [8, Proposition 2.2.6 (2)],
constructed by [18, Lemma 3.3.5].

LetM be an object of G-ΦΓ(RA

[
1
t

]
) and D be an object of G-ΦΓ(RA) whose composi-

tion with the base change functor ΦΓ(RA)→ ΦΓ(RA

[
1
t

]
) of (ϕ,Γ)-modules is isomorphic

toM. It follows that the functors

W+
dR : G-ΦΓ(RA)→ G- RepA⊗QpB

+
dR
(GalK)

WdR : G-ΦΓ(RA

[
1
t

]
)→ G- RepA⊗QpBdR

(GalK),

are induced by ones constructed above since W+
dR is an exact tensor functor, that is seen

by the construction. Since B+
dR is a complete discrete valuation ring whose residue field

is algebraically closed and WdR(M) is defined over B+
dR as WdR = W+

dR ⊗B+
dR
BdR, the

underlying torsors of the objects W+
dR(D) and WdR(M) are trivial by [24, Proposition

6.1.1].
We define a (ϕ,Γ)-module with G-structureM over RA

[
1
t

]
, its triangulation PM and

its parameter, and when A = L the groupoid XM,PM of deformations over CL in the same
way as those over RA for an affinoid algebra A over Qp, especially in the case of A is an
object of CL. Note that a parameter of a fixed triangulation over RA

[
1
t

]
is not unique.

Let T0 be the Zariski open subspace of the rigid space T , which is the complement of
the characters zk,ε·z

k
where k ∈ ZΣ, and T n0 be the Zariski open subspace of the rigid space

T d, which is the complement of the characters (δ1, . . . , δd) such that δiδ
−1
j ∈ T0 for i 6= j.

For a fixed embedding r : G→ GLm of regular type, we define TT,0 be the inverse image of
T m0 ⊂ T m by the map TT → TTm = T m.

LetM be a trianguline (ϕ,Γ)-module with G-structure over RL

[
1
t

]
, PM be a triangu-

lation ofM with a parameter δ := (δi)i∈[1,d] ∈ (δ1, . . . , δd) ∈ T d,W := WdR(M), PW be the
induced triangulation WdR(M). Arguing as [18, Corollary 3.3.9], we obtain a morphism
of groupoids over CL:

XM,PM → T̂ nδ ×t̂ XW,PW
.
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Proposition 3.9.5. Assume the parameter δ is locally algebraic and in TT,0. Then the
morphism

XM,PM → T̂ nδ ×t̂ XW,PW

of groupoids over CL is formally smooth.

Proof. Let A ↠ A′ be a surjective map in CL, xA′ = (MA′ ,PMA′ , πA′) be an object

of XM,PM(A′), yA′ = (δA′ ,WA′ ,PWA′ , ιA′) be its image in (T̂ nδ ×t̂ XW,PW
)(A′). Let yA =

(δA,WA,PWA
, ιA) be an object of (T̂ nδ ×t̂ XW,PW

)(A) such that δA = δB modulo ker(A →
A′) and A′ ⊗A (WA,PWA

, ιA) = (WA′ ,PWA′ , ιA′). We prove that there exists an object
xA = (MA,PMA

, πA) in XM,PM(A) whose image in XM,PM(A′) is xA′ and whose image in

(T̂ nδ ×t̂ XW,PW
)(A) is isomorphic to yA.

Since the embedding G → GLm is of regular type, we use the notations and the
constructions in Proposition 3.5.10. By induction on i ∈ [0, s − 1], we will construct
(ϕ,Γ)-modules with Li+1 ∩B-structuresMA,i+1, which are the parabolic extensions of the
(ϕ,Γ)-module with Li ∩B-structureMA,i, which is already known by the assumption and
compatible with isomorphisms A′ ⊗A FA,i ∼= FA′,i and WdR(MA,i) ∼= WA,i, where WA,i is
the i successive parabolic extension of the T -torsor PWA′ ×B T given by the assumption.

By the assumption of the induction, i successive parabolic extensions of PWA
×B T ,

PWA′ ×B T , PMA
×B T and PMA′ ×B T are given by respectively WA,i, WA′,i, MA,i and

MA′,i. For each i ∈ [1, s− 1], there exist objectsMad,A,i,Mad,A′,i, Wad,A,i and Wad,A′,i in
each category and the corresponding (i + 1)-th extension classes are respectively written
as follows:

E1 := Ext1RepA⊗Qp
BdR

(GalK)(A⊗Qp BdR,Wad,A,i),

E := Ext1RepA′⊗Qp
BdR

(GalK)(A
′ ⊗Qp BdR,Wad,A′,i),

E2 := Ext1
ΦΓ

(
RA′

[
1
t

])(RA′
[
1
t

]
,Mad,A′,i),

where Wad,A,i ⊗A A′ ∼= Wad,A′,i, Mad,A,i ⊗A A′ ∼= Mad,A′,i, WdR(Mad,A,i) ∼= Wad,A,i and
WdR(Mad,A′,i) ∼= Wad,A′,i and the parameter of PMA′,i

is in TT,0(A′). There is the map

Ext1
ΦΓ

(
RA

[
1
t

]) (RA

[
1
t

]
,Mad,A,i

)
→ E1 ×E E2

induced by WdR× (B⊗A 1). Then it suffices to prove the map is surjective and this follows
by the argument of [18, Theorem 3.4.4]. □

3.9.4. Locally irreducibility and accumulation property. From this section, let
B, T denote the standard Borel subgroup and the standard maximal split torus of GSp2n

again. Let ρ : GalK → GSp2n(kL) be a GSp2n-valued representation. We assume that ρ has
a crystalline lift in this subsection. We may similarly do the arguments of [18, §3] in the
case of GSp2n, using the results of [18, §2] and Tannakian formalism. Especially, we note
the GSp2n-variant of [18, Corollary 3.7.10]. We say a crystalline frameable (ϕ,Γ)-module
with GSp2n-structure D is benign if rstd,∗(D) is benign.

Proposition 3.9.6. Let x = (ρ, δ) be a point of Xtri(ρ) such that Drig(ρ) is benign.
Then the rigid space Xtri(ρ) is normal, irreducible and Cohen-Macaulay at x.

Proposition 3.9.7. Let x = (ρ, δ) ∈ Xtri(ρ) be a crystalline point such that
Drig(rstd,∗(ρ)) is ϕ-generic with regular Hodge-Tate type and assume that there exists a
refinement of Dcrys(D), then the morphism ω′ : Xtri(ρ)→ TT is flat in a neighborhood of x.
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Proof. This is shown by Theorem 3.6.2, Proposition 3.9.5, [18, Proposition 3.5.1,
Corollary 3.5.9, Corollary 3.7.8] in the G = GSp2n case, which are similarly shown with
Tannakian formalism, and the proof of [18, Proposition 4.1.1]. □

We introduce accumulation property for Xtri(ρ) (cf. [17, Definition 2.11] or [18, Defi-
nition 4.1.3]).

Definition 3.9.8. Let x = (ρ, δ) ∈ Xtri(ρ) such that ω(x) is algebraic. We say that
Xtri(ρ) satisfies the accumulation property if the set of the points (ρ′, δ′) ∈ Xtri(ρ) such
that ρ′ is benign accumulate at x in Xtri(ρ) in the sense of [6, §3.3.1].

Proposition 3.9.9. Let x = (ρ, δ) ∈ Xtri(ρ) be a crystalline point such that
Drig(rstd,∗(x)) is ϕ-generic with regular Hodge-Tate type and assume that ω(x) is algebraic.
Then Xtri(ρ) satisfies the accumulation property at x.

Proof. We may show the assertion by the proof of [18, Proposition 4.1.4] from Lemma
3.7.7 and Proposition 3.9.7. □

3.10. Zariski density theorem for irreducible components which has a regular
crystalline point

Let G = GSp2n and B, T be respectively the standard Borel subgroup and the stan-
dard maximal split torus of GSp2n. Let ρ : GalK → GSp2n(kL) be a continuous GSp2n-
representation. Let k ∈ (ZΣ)2n be a strictly dominant regular Hodge-Tate type such that
there is a character λ ∈ X∗(T ) over L such that the element rstd,∗(λ) ∈ X∗(T2n) ∼= (ZΣ)2n

is k.
There is a quotient Rk

ρ,crys of Rρ, corresponding Zariski closed subspace Xk
ρ,crys ⊂ Xρ

consists of the crystalline GSp2n-representations with Hodge-Tate type k by [4, Proposition
3.0.9].

Lemma 3.10.1. Let x be a point of Xk
ρ,crys and U be an admissible open neighborhood

of x. Then there exists a point z ∈ U whose corresponding representation is benign.

Proof. We will prove étale locally. There exists an étale morphism U ′ := Sp(R) →
Xk
ρ,crys whose image contains x such that

Dcrys(VR) := ((R⊗̂QpBcrys)⊗R VR)GalK

is a finite free K0 ⊗Qp R-module and an isomorphism DdR(VR)
∼−→ K ⊗K0 Dcrys(VR) which

are compatible with base changes, where VR is the restriction to U ′ of the universal framed
deformation of ρ by [10, Corollary 6.3.3], [25, Corollary 3.19] and Tannakian formalism.
So it suffices to construct a deformation of the GSp2n(kz)-representation ρz on L such that
Drig(ρz) satisfies ϕ-genericity and noncriticality for any z ∈ U ×Xk

ρ,crys
U ′ because Rk

ρ [1/p] is

an integral domain, which follows by [4, Proposition 4.1.5]. That is done by constructing
an appropriate lift of K-filtered ϕ-module Dcrys(ρz) over L on L[ε] ∈ CL by Tannakian
formalism and the construction after Lemma 3.7.3 since weak admissibility of K-filtered
ϕ-modules over L is preserved by deformations on A ∈ CL, and that is done by the proof
of [68, Lemma 4.2]. □

Proposition 3.10.2. The Zariski closure Xreg - crys of the following subset of Xρ:

Xreg - crys := {x ∈ Xρ | ρx is crystalline with regular Hodge-Tate type}
is a union of irreducible components of Xρ.
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Proof. We may follow the proof of [48, Proposition 5.10]. Let Z be an irreducible
component of the Zariski closure Xreg - crys of Xreg - crys. Endowing the closed subsets of Xρ

with the reduced closed structures ([14, 9.5.3, Proposition 4]), the complement U := Z\Zsing

of the singular locus Zsing ⊂ Z is an admissible open in Z.
We may pick a smooth point x ∈ U with the corresponding representation ρx : GalK →

GSp2n(k(x)), and we may also assume that ρx is benign by Lemma 3.10.1. To see that
x is also smooth, we have to show that H2(GalK , ad(Drig(ρx))) = 0. Then it suffices to
show H2(ad(Drig(rstd,∗(ρx)))) = 0 since ad(Drig(ρx)) is a saturated (ϕ,Γ)-submodule of
ad(Drig(rstd,∗(ρx))), and this follows from the argument in the first half part of the proof
of [48, Proposition 5.10] by the ϕ-genericity of Drig(rstd,∗(ρx)).

The irreducible set Z is contained in a unique irreducible component of Xρ. So the
assertion is reduced to the surjectivity of the injection

TxZ ↪→ TxXρ

of the tangent spaces.
Recall that the triangulations of Drig(ρx) are exactly parametrized by w ∈ W (GSp2n, T )

by Proposition 3.7.1, and we write them as Pw. Each pair (x,Pw) defines a point yw ∈
Xtri(ρ). Replace L with the field of definition k(x) of x, which is a finite extension of L.
Let Pw

[
1
t

]
denote the induced triangulation of the (ϕ,Γ)-module with GSp2n-structure

Drig(ρx)⊗RL
RL

[
1
t

]
over RL

[
1
t

]
from the base change by RL →RL

[
1
t

]
.

Write Xρ for the usual functor of framed deformations over CL of continuous ρ : GalK →
GSp2n(L), which is pro-represented by Rρ. We define

XD,M := XD ×X
D[ 1t ]

XD[ 1t ],M
,

XD,M := XD,M ×XD
XD

as an GSp2n-analogue of the groupoids over CL constructed in [18, §3.5, §3.6] for a tri-
angulation M of Drig(ρ)

[
1
t

]
. Note that there is the natural monomorphism of groupoids

XD,Pw → XD,Pw[ 1t ]
.

Since Drig(rstd,∗(ρx)) is benign, it follows that ÔXtri(ρ),yw
∼= R

Pw

[
1
t

] is an integral domain

by arguing [18, Theorem 3.6.2 (i), Corollary 3.7.8] (see also [48, Proposition 5.7]) with
Tannakian formalism and Proposition 3.9.6.

It follows that there is a unique irreducible component Yw of Xtri(ρ), which contains yw.
Let Xcr be the subset of points of (ρ′, δ′) ∈ Xtri(ρ) such that ρ′ is benign. By Proposition
3.9.9, there exists an affinoid neighborhood Uw of yw such that Uw ∩ Xcr is dense in Uw.
Then Uw ∩ Xcr ∩Yw is dense in Uw ∩Yw, which is Zariski open and Zariski dense in Yw,
so Xcr ∩Yw is dense in Yw. Then the image of Yw by the natural projection

Xtri(ρ)→ Xρ ×L TT → Xρ

is an irreducible component V of Xρ. So we get the maps⊕
w∈W (GSp2n,T )

T
(
Xρx,Pw[ 1t ]

)
=

⊕
w∈W (GSp2n,T )

TywYw → TxZ ↪→ TxV ∼= T (Xρx)

The map is compatible with the forgetful maps Xρx,Pw[ 1t ]
→ Xρx . By the definition of

Xρx,Pw[ 1t ]
and that Xρx → Xρx is formally smooth, there exists a finite dimensional vector
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space V over L and the above sequence of the maps factors as⊕
w∈W (GSp2n,T )

T
(
Xρx,Pw[ 1t ]

)
∼=

⊕
w∈W (GSp2n,T )

(
T
(
Xρx,Pw[ 1t ]

)
⊕ V

)
→ T (Xρx)⊕ V ∼= T (Xρx)

where the middle map is defined by
∑

w T (πw) ⊕ idV for each projection πw to the w-
component. By Corollary 3.8.14,

∑
w T (πw) is surjective, so TxZ→ TxV is an isomorphism.

□

3.11. Partial lifts and their partial extensions

In this section, we extend the argument of partial lifts and partial extension to the case
that p is any prime, including the case of p = 2.

3.11.1. Quadratic functions and parabolic subgroups. We first recall the defi-
nition of quadratic functions, which is used in this section, especially over a field of char-
acteristic 2.

Definition 3.11.1. For a ring R and R-modules M and N , a quadratic function (over
R) is a function q : M → N such that the following two conditions hold:

(1) q(ax) = a2q(x) for all a ∈ R.
(2) The function M ×M → N , (x, y) 7→ q(x+ y)− q(x)− q(y) is bilinear.

A quadratic form (over R) is a quadratic function (over R) whose target is free of rank
one.

Note that ifM is free and N = R is free of rank one, a function q : M → R is a quadratic
form if and only if there is a (not necessarily symmetry) bilinear function b : M ×M → R.

Let a, b, c, m be positive integers such that a+ b+ c = m. We assume that a = c. Let

P :=

GLa ∗ ∗
0 GLb ∗
0 0 GLc

 ,

which is a parabolic subgroup of GLm. Write P = U oL where U is the unipotent radical
and L is a Levi subgroup of P and ad: L→ Aut(U) for the conjugate action. We have the
upper central series 1 ⊂ Uder ⊂ U where

Uder := [U,U ] =

Ia 0 ∗
0 Ib 0
0 0 Ic

 .

Let Uab := U/Uder. There is the natural isomorphism of schemes

U ∼= Mata×b⊕Matb×c⊕Mata×c

which induces the isomorphisms of abelian group schemes Uab ∼= Mata×b⊕Matb×c and
Uder ∼= Mata×c. Write ad1 : L → Aut(Uab) and ad0 : L → Aut(Uder) for the conjugate
actions induced from ad.
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3.11.2. Structures of the cup products for parabolic extensions. From here
on, for the sake of simplicity, frameable (ϕ,Γ)-modules ([φ], [γ] | γ ∈ Γ) will be denoted as
([φ], [γ]). Fix a Galois representation τ : GalK → M(Fp) and its lift τ : GalK → M(Zp).
and fix a frameable (ϕ,Γ)-module with L-structure ([φL], [γL]), which represents the associ-
ated (ϕ,Γ)-module to τ . Let ([φ1], [γ1]) be a frameable (ϕ,Γ)-module with P/Uder-structure
which lifts ([φL], [γL]) and write [φ1] = [φL][φ

1
U ] and [γ1] = [γL][γ

1
U ] where [φ1

U ], [γ
1
U ] ∈ Uab.

Fix isomorphisms b1 : U
ab ∼−→ G⊕s1

a and Uder ∼−→ G⊕s0
a of algebraic groups. Then we write

adi[−] for the matrix bi ◦ adi[−] ◦b−1
i ∈ GL(G⊕si

a ) for i ∈ {0, 1}. Let V be a vector space over
K and s, t ∈ GL(V ⊗K AA). We define a framed Herr complex C•

Herr(s, t) as

C•
Herr(s, t) := [V ⊗K AA

(s◦ϕ−1,t◦γ−1)−−−−−−−−→ (V ⊗K AA)⊕ (V ⊗K AA)
(t◦γ−1)⊕(1−s◦ϕ)−−−−−−−−−−→ V ⊗K AA]

and write

H i
Herr(s, t) := Zi

Herr(s, t)/B
i
Herr(s, t)

for the i-th cohomology of C•
Herr(s, t) for i ∈ [0, 2]. We have natural isomorphisms

H i(GalK , U
ab) ∼= H i

Herr(ad
1
[φL]

, ad1
[γL]

),

H i(GalK , U
der) ∼= H i

Herr(ad
0
[φL]

, ad0
[γL]

)

for i ∈ [0, 2] by [39, Theorem 5.1.29]. We set λ(s, t) := γ(s)−1t−1sϕ(t) when (s, t) be a
(φ,Γ)-module with P -structure. For an element α ∈ C i

Herr(s, t) for an integer i, write [α]
for the image of α in H i

Herr(s, t).

Lemma 3.11.2. For an element β ∈ H1
Herr(ad

1
[φL]

, ad1
[γL]

), write for ([φ1], [γ1]) the natu-

rally associated frameable (ϕ,Γ)-module with P/Uder-structure to β, which lifts ([φL], [γL]).
Let [φ0] and [γ0] be elements of P (AA) which are lifts of respectively [φ1] and [γ1]. Then
the map

Q : H1
Herr(ad

1
[φL]

, ad1
[γL]

)→ H2
Herr(ad

0
[φL]

, ad0
[γL]

), β 7→ λ([φ0], [γ0])

is well-defined.

Proof. To see the map is well-defined, it suffices to show that the images of
λ([φ0], [γ0]) ∈ C2

Herr(ad
0
[φL]

, ad0
[γL]

) in H2
Herr(ad

0
[φL]

, ad0
[γL]

) does not depend on a choice of
lifts ([φ0], [γ0]) of ([φ1], [γ1]). This follows by the equation in the definition of λ and that
λ([φ0], [γ0]) = 0 mod Uder obtained from the commutativity of [φ1] and [γ1], and that Uder

is abelian and a center of U (also cf. [59, Lemma 9.4.1]). □
Lemma 3.11.3. The map

Q : H1
Herr(ad

1
[φL]

, ad1
[γL]

)→ H2
Herr(ad

0
[φL]

, ad0
[γL]

)

is a quadratic function over A.

Proof. We take a frameable (ϕ,Γ)-module with P/Uder-structure ([φ1], [γ1]), which
lifts ([φL], [γL]). Let

([φ1
U ], [γ

1
U ]) ∈ Z1

Herr(ad
1
[φL]

, ad1
[γL]

)

be a cocycle which represents ([φ1], [γ1]). Note that [φ1] = [φL][φ
1
U ] and [γ1] = [γL][γ

1
U ].

Let ([φ1
U,1], [φ

1
U,2]) (resp. ([γ1U,1], [γ

1
U,2])) be the corresponding element in Mata×b(AA) ⊕

Matb×c(AA) to [φ1
U ] (resp. [γ

1
U ]) via the isomorphism

Uab ∼= Mata×b⊕Matb×c .
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We take bases {z1, . . . , zab}, {z′1, . . . , z′bc} of the free AA-modules Mata×b(AA),
Mata×b(AA) and write [φ1

1], . . . , [φ
1
ab], [φ

1
1]

′, . . . , [φ1
bc]

′ and [γ11 ], . . . , [γ
1
ab], [γ

1
1 ]

′, . . . , [γ1bc]
′ for

the corresponding factors of [φ1
U ], [γ

1
U ]. Since there is the natural inclusion of schemes

i : P/Uder ↪→ P , which is a section of the quotient P → P/Uder, we take the section
[φ0] := i([φ1]), [γ0] := i([γ1]) of [φ1], [γ1]. Since λ(φL, γL) = 1, we have

λ([φ0], [γ0]) = γ([φ1
U ])

−1 adγ([φL])−1([γ1U ]
−1) adϕ([γL]−1)([φ

1
U ])ϕ([γ

1
U ]).

Then the factors in the upper right (a× c)-submatrices of the products are the form

ab∑
i=1

(fφ,i([φ
i
1]) + fγ,i([γ

i
1])) +

bc∑
j=1

(f ′
φ,j([φ

j
1]

′) + f ′
γ,j([γ

j
1]

′)),

where fφ,i, fγ,i, f
′
φ,j and f ′

γ,j are A-linear functions AA → AA. So the lemma follows by
Lemma 3.11.2. □

We fix a Galois representation

τ = diag(τa, τ b, τ c) : GalK → L(Fp)

as well as a lift

τ = diag(τa, τb, τc) : GalK → L(Zp)
of τ which are associated to the (ϕ,Γ)-modules with L-structures ([φL], [γL]) and
([φL], [γL]). Let

∪ : H1
Herr(ad

1
[φL]

, ad1
[γL]

)×H1
Herr(ad

1
[φL]

, ad1
[γL]

)→ H2
Herr(ad

0
[φL]

, ad0
[γL]

)

be the cup product over Zp, defined as

(x, y) 7→ Q(x+ y)−Q(x)−Q(y).

We assume that dimFp
H2(GalK ,Mata×c(Fp)) = 1.

Definition 3.11.4. A partial extension of τ is a continuous group homomorphism
ρ′ : GalK → (P/Uder)(Zp) extending τ . The set of equivalence classes of partial extensions
of τ are in natural bijection with H1(GalK , U

ab(Zp)).
Let ρ′P : GalK → P (Fp) be a continuous group homomorphism. A partial lift of ρ′P is

a continuous group homomorphism ρ′ : GalK → (P/Uder)(Zp) which lifts ρP mod Uder.

Lemma 3.11.5. Let A be Zp or Fp. A partial extension ρ′ : GalK → (P/Uder)(A) of a
continuous homomorphism τA : GalK : L(A) extends to a full extension ρ : GalK → P (A)
if and only if Q(β) = 0 where β ∈ H1(GalK , U

ab(A)) is the cohomology class corresponding
to ρ′.

Proof. Let ([φL], [γL]) be a framed (ϕ,Γ)-module with L-structure over AA which
represents the associated (ϕ,Γ)-module to τA. Let H1

Herr([φL], [γL]) be the equivalence
classes of all extensions of ([φL], [γL]) to a framed (ϕ,Γ)-module with P -structure.

We define Z1
Herr([φL], [γL]) as the set of elements

((x0, y0), (x1, y1)) ∈ C1
Herr(ad

0
[φL]

, ad0
[γL]

)⊕ C1
Herr(ad

1
[φL]

, ad1
[γL]

)

such that d(x1, y1) = 0 and d(x0, y0) + Q((x1, y1)) = 0. Then there exists a surjective
map Z1

Herr([φL], [γL])→ H1
Herr([φL], [γL]) by the argument of Lemma 3.11.2. So the lemma

follows. □
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3.11.3. Classical actions on the Galois cohomologies. Let ∆ = {1, j} be the
finite group with two elements. Toward an application to the GSp2n-valued representations
and etc., we introduce the classical actions of ∆ in [61, Definition 6.2].

Definition 3.11.6. An action of ∆ on each H1(GalK , U
ab(A)) and H2(GalK , U

der(A))
is said to be classical if the following conditions hold:

(1) jH1(GalK ,Mata×b) ⊂ H1(GalK ,Matb×c),
(2) jH1(GalK ,Matb×c) ⊂ H1(GalK ,Mata×b),
(3) The action of ∆ is compatible with the cup products.

Example 3.11.7. Let G = GSp2n. The maximal proper Levi subgroups of G are of
the form GLk×GSp2(n−k) or GLn and set

Mk :=

{
GLk×GSp2(n−k) (1 ≤ k < n)
GLn (k = n)

for 1 ≤ k ≤ n. Let

Pk := GSp2n ∩

GLk Matk×(2n−2k) Matk×k
GL2n−2k Mat(2n−2k)×k

GLk


be the corresponding parabolic subgroup of G to Mk. Let Uk be the unipotent radical of
Pk.

Set Ωk :=

(
In−k

−In−k

)
. Define an action of ∆ = {1, j} on

Matk×(2n−2k)×Mat(2n−2k)×k by{
j(x, y) := (tyΩk,Ωk

tx) (x, y) ∈ Matk×2(n−k)×Mat2(n−k)×k
jz := tz z ∈ Matk×k

Then the induced actions of ∆ on H1(GalK , U
ab(A)) and H2(GalK , U

der(A)) is classical.

For a classical action ∆ in the above definition, write

Q∆ : H1(GalK , U
ab(A))∆ → H2(GalK , U

der(A))

for the restriction of the quadratic function Q : H1(GalK , U
ab(A)) → H2(GalK , U

der(A))
defined in Lemma 3.11.2.

Lemma 3.11.8. If A is a F2-algebra, the map

Q∆ : H1(GalK , U
ab(A))∆ → H2(GalK , U

der(A))

is Frobenius semilinear.

Proof. Since Q(x, 0) = Q(0, y) = 0 for x ∈ H1(GalK ,Mata×b) and y ∈
H1(GalK ,Mata×b) by Lemma 3.11.5, (x, y) 7→ Q((x, y)) is a bilinear. Then for x, x′ ∈
H1(GalK ,Mata×b),

Q((x+ x′,∆(x) + ∆(x′))

=Q((x,∆(x)) +Q((x,∆(x′)) +Q((x′,∆(x)) +Q((x′,∆(x′))

=Q((x,∆(x)) +Q((x′,∆(x′)) + 2Q((x,∆(x′))

=Q((x,∆(x)) +Q((x′,∆(x′))

by the classicality of the action ∆. We also have α2Q((x,∆(x)) = Q((αx, α∆(x)) for α ∈ A
since Q is a quadratic function. □
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3.12. Existence of crystalline lifts from partial lifts

In this section, we prove the existence of crystalline lifts from partial lifts under Property
SSD (see Condition 3.12.1). We define the following map

Q∆
red : H

1(GalK , U
ab(Zp))∆ → H2(GalK , U

der(Fp))

induced by Q∆ and the surjection Zp ↠ Fp.
Note that if the Levi-factor ρM of the representation ρ is written by diag(ρ1, . . . , ρk)

when G is embedded in a GLm such that each ρi is irreducible and ρi 6= ρj for i 6= j, the

map Q∆
red is surjective because H2(GalK , U

der(Zp)) = H2(GalK , U
der(Fp)) = 0.

Let G be a connected split reductive group over K, P ⊂ G be a parabolic subgroup and
P = U oL be the Levi decomposition. Write XK,L,red for the reduced Emerton–Gee stacks
for L defined in [59]. We introduce the property SSD (Sufficiently Small Dimension) in
[61, Introduction].

Condition 3.12.1 (Property SSD for G). Write Xs ⊂ XK,L,red for the scheme-
theoretical closure of the locus

{x | dimFp
H2(GalK , U

ab(Fp)) ≥ s}.

For any L obtained as a Levi subgroup of G as above, dimXs + s ≤ [K : Qp] dimL/BL

where BL is a Borel subgroup of L.

Definition 3.12.2. Let ρ : GalK → GSp2n(Fp) be a continuous representation. We
say that ρ is Q∆

red-surjective if it satisfies one of the following conditions:

(1) ρ is elliptic.
(2) ρ factors through a maximal parabolic subgroup P ⊂ GSp2n whose Levi subgroup

is isomorphic to GLk×GSp2(n−k) (and fix an isomorphism), there is a crystalline
lift diag(ρa, ρb, ρc) of the Levi component diag(ρa, ρb, ρc) of ρ, where ρa, ρc are
irreducible, and there is a sufficiently large integer n such that (λρa, ρb, λ

−1ρc),
where λ = Zp(n) with trivial reduction, is regular crystalline and the corresponding
map

Q∆
red : H

1(GalK , U
ab(Zp))∆ → H2(GalK , U

der(Fp)),
constructed after Lemma 3.11.8 is surjective.

Remark 3.12.3. If p 6= 2, any continuous representation GalK → GSp2n(Fp) is Q∆
red-

surjective by the argument of [61, §6, §8].

Theorem 3.12.4. For each integer n ≥ 1, assume that Property SSD for G = GSp2n

holds. Let ρ : GalK → GSp2n(Fp) be a continuous representation whose similitude character

is ψ : GalK → F∗
p and ψ : GalK → Z∗

p be a crystalline lift of ψ. Assume that ρ is Q∆
red-

surjective. Then ρ admits a crystalline lift ρ which has the abelianization ψ and regular
Hodge-Tate weights.

Proof. Note that the abelianization of a GSp2n-valued representation is its similitude
character. By Theorem 2.3.6, we may assume that ρ is not elliptic. There exists the
maximal proper Levi subgroup of the form Mk := GLk×GSp2(n−k) ⊂ GSp2n and the
corresponding parabolic subgroup

Pk := GSp2n ∩

GLk Matk×(2n−2k) Matk×k
GL2n−2k Mat(2n−2k)×k

GLk


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which ρ factors through and that ρ is a Heisenberg-type extension, i.e. a representation
such that dimFp

H2(GalK , gr
0 LieU(Fp)) ≤ 1 as in [61, Definition 5.1], of a continuous

representation ρM : GalK →Mk(Fp) for some k ∈ [1, n]. Write

ρM =

ρa ρb
ρc


such that ρb : GalK → GSp2(n−k)(Fp) has the similitude character ψ and

ρa : GalK → GLk(Fp), ρc = ψtρ−1
a : GalK → GLk(Fp)

are irreducible.
By the assumption and Theorem 2.3.6, ρb admits a crystalline lift

ρb : GalK → GSp2(n−k)(Zp)

with similitude character ψ. Let ρa : GalK → GLk(Zp) be a crystalline lift and set ρc :=
ψtρ−1

a .
By replacing (ρa, ρb, ρc) with (λρa, ρb, λ

−1ρc) for a sufficiently large n and λ = Zp(n)
with trivial reduction, we may assume

H1(GalK ,LieU(Qp)) = H1
crys(GalK ,LieU(Qp)).

Then the theorem follows by the argument of the proof of [39, Theorem 6.3.2], Lemma
3.11.5 and the last argument of the proof of [61, Theorem 8.5].

□

Remark 3.12.5. The Property SSD for G = GSp2n will be proved in the section 3.13.

3.13. Dimension calculations of the Emerton–Gee stacks for GSp2n

In this section, we calculate the dimensions of the Emerton–Gee stacks XK,GSp2n,red

defined in [59] along with the method of [61, §10]. Let P be a condition of Fp-points in a
moduli stack. We mean a “locus” of P in the moduli stack the scheme-theoretic closure of
the scheme-theoretic image of all families whose Fp-points satisfy P. See also [62] and the
proof of [61, Theorem 2] for the contents of this subsection.

We prove the following theorem, that is stronger than Property SSD (Condition 3.12.1)
for GSp2n.

Let istd : XK,GSp2n,red → XK,GL2n,red be the map of stacks induced by the standard repre-
sentation GSp2n → GL2n. In this section, we often think of GSp2n-valued representations
embedded in GL2n by the standard representation.

Theorem 3.13.1. Let α : GalK → GLa(Fp) be an irreducible Galois representation.
The locus of x ∈ XK,GSp2n,red such that dimFp

HomGalK (α, i
std(x)) ≥ r is of dimension at

most

d2n,r := [K : Qp]n
2 −

(
r2

2
− r

2
+ 1

)
.

We write X α⊕r

2n for the locus considered in Theorem 3.13.1.
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3.13.1. The semisimple loci. It suffices to check the case of 2n = ra for considering
the elliptic locus of X α⊕r

2n . We have the following lemma.

Lemma 3.13.2. If the image of diag(α(−1), . . . , α(−1)) is in GSp2n(Fp), the semisim-

ple locus of X α⊕r

ra has dimension at most −
(
r2

2
− r

2
+ 1

)
. If otherwise, the elliptic locus

is empty.

Proof. This follows because the dimension of the group of automorphisms of the
Galois representation diag(α(−1), . . . , α(−1)), which is seen to be valued in GSp2n, is 1 if

r = 1 otherwise at least dimGSp2·⌊ r
2
⌋ ≥

r2

2
− r

2
+ 1. □

3.13.2. Reduction to the maximally non-split parabolic loci. Let ψ : GalK →
F∗
p be a character.

Lemma 3.13.3. The dimension of Xα⊕r

2n is at most d2n,r, or equal to the dimension of
the locus of α(−1)⊕r ∗ ∗

τ ∗
ψ(α∨(1))⊕r


where τ : GalK → GSp2(n−ar)(Fp) is a continuous representation.

Proof. It suffices to show the following inequalities

−k21 + d2n−2k1a,r−2k1 ≤ d2n,r,

d2n−2k1a−k3a,k2 + dk3a,k3 ≤ d2n−2k1a,r−2k1

under the conditions of k1, k2, k3 ∈ Z≥0, 2k1+ k2+ k3 = r < n/a and 2|ak3 and they follow
by the proof of [61, Lemma 10.6]. □

3.13.3. The maximally non-split parabolic loci. Let Mk be the Levi subgroup
of GSp2n, Pk be the corresponding parabolic subgroup of GSp2n and Uk be the unipotent
radical of Pk for 1 ≤ k ≤ n as in Example 3.11.7.

We introduce some notations. Let A be a reduced finite type Fp-algebra and SpecA→
XK,Mra,red be a morphism. By replacing A by its scheme-theoretically surjective cover, we
may assume SpecA→ XK,Mra,red is basic in the sense of [59, Definition 10.1.2]. Set

XA := SpecA,

YA := SpecA×XK,Mra,red
XK,Pra/Uder

ra
,

ZA := SpecA×XK,Mra,red
XK,Pra .

These spaces are algebraic stacks by [59, Proposition 10.1.8].
Write Y C

A , ZC
A for the coarse moduli sheaves of respectively YA, ZA and WA for the

scheme-theoretic image of ZC
A in Y C

A . Let c be the codimension of WA in Y C
A .

Lemma 3.13.4. In the above situation, we assume SpecA is irreducible and each
x ∈ (SpecA)(Fp) corresponds to a representationα(−1)⊕r ∗ ∗

τ ∗
(ψα∨(1))⊕r


such that τ ∈ X α(−1)⊕s

2n−2r \X
α(−1)⊕s+1

2n−2r for an s ≥ 0.
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Write dX for the dimension of the scheme-theoretic image of XA → XK,Mra,red and dZ
for the dimension of the scheme-theoretic image of ZA → XK,GSp2n,red. Then we have

dZ ≤ dX + rs− c+ [K : Qp]

(
ra (n− 2ra) +

ra (ra+ 1)

2

)
+

{
r(r+1)

2
(ψα∨(1) = α(−2))

0 (ψα∨(1) 6= α(−2)) ,

dX ≤ d2n−2ra,s − r2.

Proof. We have

dimZC
A ≤ dimXA − c+ rankH1(GalK , U

ab
ra ) + rankH1(GalK , U

der
ra )

by the definitions. Then the lemma follows by the argument of the proof of [61, Lemma

10.8]. Note that dimUra = ra(n− 2ra) +
ra(ra+ 1)

2
. □

Proof of Theorem 3.13.1. We need to show dZ ≤ d2n,r for all 0 ≤ s ≤ n− ar
a

. It

suffices to prove

(3.13.1) rs− r(r − 1)

2
+
r2 − s2

2
− r − s

2
≤ [K : Qp]

(
1

2
a2r2 +

(
n− 1

2

)
ar

)
+ c

by Lemma 3.13.4. The LHS of (3.13.1) is a quadratic polynomial in s and achieves max-
imum at s = r + 1/2. Since s only takes integral values, we may assume s = r. So the
equation (3.13.1) is reduced to

(3.13.2)
1

2
r2 +

1

2
r ≤ [K : Qp]

(
1

2
a2r2 +

(
n− 1

2

)
ar

)
+ c.

The RHS of (3.13.2) is at least
1

2
r2 +

1

2
r since [K : Qp] ≥ 1, a ≥ 1 and n ≥ 1. □

3.14. Zariski density of crystalline points

In this section, we prove the main theorem of this chapter.
We fix a continuous representation ρ : GalK → GSp2n(Fp). Let Rρ be the framed

universal deformation ring over the ring of integer O := OL of a sufficiently large finite
extension L/K and write Xρ := (Spf Rρ)

rig for the rigid generic fiber of Spf Rρ. Let
µ := µp∞(K) denote the group of p-power roots of unity in K.

Theorem 3.14.1. Let Xreg - crys be the subset of regular crystalline points in Xρ. If

(1) p ≥ 3, or
(2) p = 2 and ρ is Q∆

red-surjective,

then Xreg - crys is Zariski dense in Xρ.

Proof. Let ρuniv : GalK → GSp2n(Rρ) be the universal representation. Let ψ be the
composite

GalK
ρuniv−−−→ GSp2n(Rρ)→ (Rρ)

∗,

where the last map is the similitude character. Replacing L with its finite extension if
necessary, we may take and fix a homomorphism O[µ]→ Rψ as constructed in [70, §15.2].
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Since O[µ]
[
1
p

]
∼=
∏

χ : µ→O∗ L, we get decompositions

Rψ

[
1

p

]
=

∏
χ : µ→O∗

Rχ

ψ

[
1

p

]
, Rρ

[
1

p

]
=

∏
χ : µ→O∗

Rχ
ρ

[
1

p

]
where Rχ

ψ
:= Rψ ⊗O[µ],χ O and Rχ

ρ := Rρ ⊗O[µ],χ O for each homomorphism of groups

χ : µ→ O∗.
By [70, Theorem 1.2], there is a natural bijection between the set of irreducible com-

ponents of SpecRρ and those of SpecRψ. Then it follows that the irreducible components
of Xρ are given by the rigid generic fiber Xχ

ρ of Spf Rχ
ρ for χ : µ → O∗ by [28, Theorem

2.3.1].
By Proposition 3.10.2, the Zariski closure of Scr is a union of irreducible components

of Xρ. Note that if p ≥ 3, any continuous representation GalK → GSp2n(Fp) is Q∆
red-

surjective (cf. Remark 3.12.3). When the assumption of the theorem is satisfied, each
irreducible component of Xρ has a point, which is crystalline with regular Hodge-Tate
weight, by Theorem 3.12.4 and Theorem 3.13.1. Then the assertion follows. □



CHAPTER 4

Locally analytic completed cohomology of Shimura varieties of
Hodge type

4.1. Introduction

In this chapter, we study locally analytic subrepresentations of completed cohomology
of Shimura varieties of Hodge type.

In Section 4.2, we recall the notation of Shimura varieties of Hodge type and their special
case, unitary Shimura varieties. In Section 4.3, we recall the construction of the Hodge-Tate
period map associated with general Shimura varieties. In Section 4.4, we slightly generalize
the result of Camargo [77, Theorem 1.1.8] in the case of J-locally analytic cohomology with
coefficient of local systems attached to p-adic algebraic representations of reductive groups.
In Section 4.5, we will compare the local sections on perfectoid Siegel modular varieties
and on perfectoid Shimura varieties of Hodge type. We also prove the locally analyticity
of perfectoid covers of general Shimura varieties of Hodge type generalizing the method of
Pan [69, §3.5, §3.6, §4.2]. From them, we will deduce the main theorem.

4.2. Shimura varieties of Hogde type and unitary Shimura curves

4.2.1. Generalities of Shimura varieties. Let G be a reductive group over Q and
(G,X) a Shimura datum (e.g. see [64, Definition 5.5]). Let F/Q be the reflex field of
(G,X).

A natural projective system ShK(C) of complex manifolds over C indexed by open
compact subgroups K ⊂ G(A∞) is associated with the datum (G,X), which is defined by

ShK(C) := G(Q)\(X × (G(A∞)/K)).

Let ShK denote the canonical model of ShK(C) over SpecF .
Let Z be the center of G and Zc ⊂ Z its maximal Q-anisotropic torus which is R-split.

Let Gc := G/Zc. For any subgroup H of G(A), let Hc denote the image of H in Gc.
Given neat open compact subgroups K1 ⊂ K2 ⊂ G(A∞) whereK1 is a normal subgroup

of K2, the induced map ShK1 → ShK2 of Shimura varieties is Galois finite étale with Galois
group Kc

2/K
c
1.

For a Shimura variety ShK and an auxiliary K-admissible cone decomposition Σ, let
Shtor

K,Σ denote the toroidal compactification as in [72] (see also [40] for an algebraic con-
struction in the Siegel modular varieties). When the choice of the cone decomposition will
not be important, we write Shtor

K = Shtor
K,Σ. A cone decomposition Σ can be taken as follows

and assume the conditions are always satisfied:

(1) Σ is a smooth cone decomposition relative to K so that the toroidal compactifica-
tion Shtor

K is smooth, projective with boundary divisor given by normal crossings
([72, Theorem 9.21]).

61
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(2) The divisor of boundary DK := Shtor
K \ ShK is a union DK = ∪a∈IDK,a of finite

irreducible smooth divisors and ∪a∈I′DK,a is also a smooth divisor for any subset
I ′ ⊂ I ([72, Proposition 9.20]).

4.2.2. Shimura varieties of Hodge type. We introduce the notation of the Siegel
modular varieties and Shimura varieties of Hodge type (cf. [83], etc.). Fix an integer g ≥ 1.
Let (V, ψ) be a symplectic space of dimension 2g over Q, that is, V is a vector space of
dimension 2g over Q and ψ : V × V → Q is a non-degenerate skew-symmetric bilinear
form. Note that (V, ψ) is (non-canonically) isomorphic to the standard symplectic space
(V2g, ψ2g), which is, V2g := Q2g and ψ is the standard symplectic pairing defined by

ψ((a1, . . . , ag, b1, . . . , bg), (a
′
1, . . . , a

′
g, b

′
1, . . . , b

′
g)) =

g∑
i=1

(aib
′
i − a′ibi).

We fix the self-dual lattice V2g,Z := Z2g. Let GSp2g /Z be the group of symplectic
similitudes of V2g,Z. Note that the definition of “GSp2g” is slightly different from that of
“GSp2n” in the last two chapters. For an integer m ≥ 1, we define the following congruence
subgroups of GSp2g(Zp)

Γ0(p
m) :=

{
γ ∈ GSp2g(Zp) | γ ≡

(
∗ ∗
0 ∗

)
mod pm, det γ ≡ 1 mod pm

}
,

Γ1(p
m) :=

{
γ ∈ GSp2g(Zp) | γ ≡

(
1 ∗
0 1

)
mod pm

}
,

Γ(pm) :=

{
γ ∈ GSp2g(Zp) | γ ≡

(
1 0
0 1

)
mod pm

}
,

where the all blocks has size g × g.
A Shimura datum (G,D) is said to be of Hodge type if it admits a closed embedding

(G,D) ↪→ (GSp2g, DGSp2g) into the group of symplectic similitude group GSp2g, withDGSp2g

given by the Siegel upper half space. The associated variety ShK with (G,D) of Hodge
type and a compact open subgroup K ⊂ G(A∞) is called a Shimura variety of Hodge type.

4.2.3. Unitary Shimura curves. We introduce the notation of the unitary Shimura
curves handled within the paper (cf. [33], [23], [35]). Let F be a totally real number field
of finite degree dF := [F : Q] > 1. Let B be a quaternion algebra over F . We assume that
there is a unique real place τ∞ where B splits.

Let E be a quadratic imaginary extension of Q and F := F · E . Let c : F → F be the
conjugation induced by that of E . Fix an embedding u∞ : E ↪→ C and write uC : F → C for
the unique embedding such that uC|F = τ∞ and uC|E = u∞. Let D := B ⊗F F . Let l 7→ l
denote the tensor product of the canonical involution of B and the conjugation c : F → F .
Let δ ∈ D be a invertible and symmetric (i.e. δ = δ) element and set l∗ := δ−1lδ. The map
l 7→ l∗ is an involution of second kind on D.

Write V for the underlying Q-vector space of D, which is equipped with the action of
D⊗FD

op defined by (d1⊗d2) ·v = d1vd2 for any d1, d2 ∈ D and v ∈ V . Choose an element
α ∈ F that is non-zero and imaginary (i.e. α = −α). We define a pairing ψ : V × V → F
as

ψ(v, w) := trF/Q(α trD/F(vδw
∗))
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for v, w ∈ V . It is an alternating and non-degenerate form and the following equation is
verified:

ψ(lv, w) = ψ(v, l∗w).

For any Q-algebra R, regard elements g ∈ Dop ⊗Q R as D-linear R-endomorphisms
v 7→ vg of V ⊗Q R. Let G be the algebraic group such that G(R) is the subgroup of the
multiplicative group (Dop ⊗Q R)

× which satisfies g ∈ G(R) if and only if there exists an
element r ∈ R× such that

ψ(vg, wg) = rψ(v, w)

for any v, w ∈ V ⊗Q R.
Let S := ResC/R(Gm). Let µ : S → GR be the homomorphism defined in [23, §2.1.3].

The map µ defines the G(R)-conjugation class X of homomorphisms S → GR, which is
identified with the Poincaré upper half plane. Then the composition of h and the embedding
GR ↪→ GL(VR) defines a Hodge structure of type {(−1, 0), (0,−1)} (cf. [23, §2.2.4]). In
other words, the map induced a closed immersion (G,X) ↪→ (GSp(V, ψ), D) where D is
given by the Siegel upper half space and so (G,X) is a Shimura data of Hodge type.

A natural projective system ShK(C) of curves over C indexed by open compact sub-
groups K ⊂ G(A∞) is associated with the data (G,X) as in Section 4.2.1. The curve
MK(C) admits a proper smooth canonical model over the reflex field F via the embedding
uC : F ↪→ C.

Fix a place ℘ of F over p. Write ℘1 = ℘, ℘2, . . . , ℘s for the places of F over p. Assume
that p decomposes in E and B splits at ℘i for all place ℘i of F over p. Fix isomorphisms
D ⊗Q F℘i

∼−→ M2(F℘i
) for each place ℘i of F over p and an embedding λ : E ↪→ Qp, which

corresponds to a place of E over p. Let OD be an order of D which is stable by the
involution l 7→ l∗. We have the following decomposition

D ⊗Q Qp
∼= (D ⊗E,λ Qp)⊕ (D ⊗E,λ◦c Qp)

∼=
(∏
℘i|p

M2(F℘i
)
)
⊕
(∏
℘i|p

M2(F℘i
)
)
=:
(∏
℘i|p

D+
℘i

)
⊕
(∏
℘i|p

D−
℘i

)
and similarly we have

OD ⊗Z Zp ∼=
∏
℘i|p

(O+
D℘i
⊕O−

D℘i
).

We assume the following condition on λ:

• The ring OD+
℘i

(resp. OD−
℘i
) is a maximal order in D+

℘i
(resp. D−

℘i
) and the ring

OD−
℘i

is identified with M2(OF℘i
) via the composite OD−

℘i
↪→ D−

℘i

∼= M2(F℘i
) for

all places ℘i|p.

Let e−,1℘i
∈ OD−

℘i
(resp. e−,2℘i

∈ OD−
℘i
) be the element which is identified with

(
1 0
0 0

)
(resp.

(
0 0
0 1

)
) via the isomorphism OD−

℘i

∼−→ M2(OF℘i
). Set e+,k℘i

:= (e−,k℘i
)∗ for k = 1, 2.

For any OD ⊗Z Zp-module Λ, we have the following decomposition

Λ ∼=
∏
℘i|p

(Λ+
℘i
⊕ Λ−

℘i
) ∼=

∏
℘i|p

(Λ+,1
℘i
⊕ Λ+,2

℘i
⊕ Λ−,1

℘i
⊕ Λ−,2

℘i
)

∼=
∏
℘i|p
σ∈Σ℘i

(Λ+,1
℘i,σ
⊕ Λ+,2

℘i,σ
⊕ Λ−,1

℘i,σ
⊕ Λ−,2

℘i,σ
)
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where Λ±,k
℘i

:= e±,k℘i
Λ is an OF℘i

-module.
For any Q-algebra R, we have the isomorphisms

G(R)
∼−→ {(r, g) ∈ R× × (Dop ⊗Q R)

× | gg∗ = r}
∼−→ {(r, g) ∈ R× × (D ⊗Q R)

× | gg∗ = r}

functorial in R, where the first map is the natural isomorphism by the definition of G and
the second map is defined by

R× × (Dop ⊗Q R)
× ∼−→ R× × (D ⊗Q R)

×,

(r, g) 7→ (r−1, g−1).

Thus, we have an isomorphism

(4.2.1) GQp

∼−→ Gm,Qp ×
∏
℘i|p

ResF℘i/Qp GL2,F℘i

of algebraic groups over Qp by the above condition on λ. We also set

G(Q℘
p ) := Q×

p ×
∏
℘i ̸=℘

GL2(F℘i
) ⊂ G(Qp),

G(A∞,℘) := G(Q℘
p )×G(A∞,p) ⊂ G(A∞).

We fix a finite extension E/Qp such that |HomQp(F℘i
, E)| = [F℘i

: Qp] for all i ∈ [1, s] and
write Σ℘i

:= HomQp(F℘i
, E).

We fix an embedding τ : F℘ ↪→ E in Σ℘ and a lattice VZ ⊂ V where ψ induces a perfect

duality. Let VẐ := VZ ⊗Z Ẑ.

Theorem 4.2.1. Suppose that K ⊂ G(A∞) is a neat subgroup. Then the curve ShK,℘ :=
ShK ×FF℘ is represented by a functor (Sch / SpecF℘)→ Set, which associates each scheme
S over SpecF℘ with the set of isomorphism classes of the data (A, ι, θ, α) where

(1) A is an abelian scheme of relative dimension 4dF over S, with an action of OD
via ι : OD ↪→ EndS(A) (Note that ι induces a natural OD ⊗Z Qp-module structure
on Lie(A)) which satisfies the following two conditions:
(a) Here Lie(A)−,1℘ is a locally free OS-module of rank 1, where F℘ acts via the

structural morphism.
(b) θ : A→ A∨ is a polarization of A where the associated Rosati involution sends

ι(γ) to ι(γ∗).

(2) Let T̂ (A) := (lim←−nA[n])⊗Z Q. Here α is a modulo K class of

α : VẐ
∼−→ T̂ (A)

which are OD-linear symplectic isomorphisms local on the étale topology on S.

Proof. See [33, Théorème 4.19], [23, §2.3], and also [35, §3.1.1]. □

4.3. The Hodge-Tate period map

We fix an isomorphism C ∼= Cp. In this section, we recall the construction of the Hodge-
Tate period maps of general Shimura varieties using (logarithmic) p-adic Riemann-Hilbert
correspondence.
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4.3.1. Log adic spaces. We recall the notation of Kummer-étale sites on log adic
spaces ([36], [37]).

Let X be a log smooth adic space ([37, Definition 3.1.1]) over Spa(k, k+), where (k, k+)
is a non-archimedean extension of (Qp,Zp). We endow X with the log structure induced
by a normal crossing divisor D ⊂ X ([37, Example 2.3.17]). Let Xan, Xkét, Xprokét denote
the analytic, Kummer-étale and pro-Kummer étale sites of X respectively ([37, Definition
4.1.16, Definition 5.1.2]). If D is empty, Xkét and Xprokét are the same as the (pro-)étale
sites Xét and Xproét of X as in [82] respectively. Log perfectoid affinoids ([37, Definition
5.3.1]) forms a basis of Xprokét by [37, Proposition 5.3.12]. We also write OX for the inverse
images to Xprokét of the structure sheaf.

For a topological abelian group V , let V denote the pro-Kummer étale sheaf defined as

V ((Spa(R,R+),M)) := Homcont(| Spa(R,R+)|, V )

for each log affinoid perfectoid object (Spa(R,R+),M) in Xprokét ([37, Definition 5.3.1]),
where | Spa(R,R+)| denotes the underlying topological space of Spa(R,R+). When V = Zp
or Qp, write Ẑp := Zp and Q̂p := Q

p
.

Let Ô+
X , ÔX , B

+
dR,X , BdR,X , OB+

dR,log,X , OBdR,log,X , etc. be the period sheaves on Xproét

or Xprokét as in [36, §2.2].

4.3.2. The Hodge-Tate period map for Shimura varieties of Hodge type. In
this subsection, we use the notation in Section 4.2.1. Fix a Shimura datum (G,X) of
Hodge type. Let µ be the G(C)-conjugacy class of Hodge cocharacters (defined over F)
attached to X, which gives rise to associated subgroups Pµ, Nµ, Mµ of GF and a flag
variety Flµ = G/Pµ over SpecF (cf. [22, §2.1], [77, §3.1]). Let F `µ denote the adic space
attached to Flµ×SpecF SpecCp.

We recall the notation of G-equivariant Lie algebroids (cf. [5, §3], [69, §4.2.6], [77,
§3.2]). Let g, gc, pµ, nµ and mµ be the Lie algebras of G, Gc, Pµ, Nµ and Mµ respectively.
Let g0 := OF `µ ⊗ g. We also have a natural filtration n0µ ⊂ p0µ ⊂ m0

µ depending on µ and

set m0
µ := p0µ/n

0
µ.

Let ShK = ShK,Cp denote the adic space over Spa(Cp,OCp) attached to ShK,Cp
:=

ShK ×SpecF SpecCp, (cf. [47]). We also let ShtorK = ShtorK,Cp
denote the adic space attached

to the toroidal compactification. It is seen as a log adic space with log structure defined
by the normal crossing divisor of the boundary.

Suppose that K = KpK
p for some open compact subgroups Kp ⊂ G(Qp) and Kp ⊂

G(A∞,p). Let lim←−Kp
ShKpKp , where Kp ⊂ G(Qp) lies on open compact subgroups, be

the infinite level Shimura variety considered as an object in SkKpKp,proét. Assume K is
neat. Then we can take the same smooth cone decomposition Σ relative to K = K ′

pK
p

for all sufficiently small K ′
p ⊂ Kp ([72, Corollary 9.33]) which is also compatible with

an closed embedding ι : (G,X) ↪→ (GSp2g, DGSp2g) of the Shimura data ([54, Proposition

4.10]). Assume that such Σ is taken. Then consider also lim←−Kp
ShtorKpKp to be an object in

ShtorKpKp,prokét.

Theorem 4.3.1. For any neat compact open subgroup Kp ⊂ G(A∞,p) ⊂ G(A∞) con-
tained in the level-N-subgroup

{γ ∈ GSp2g(Ẑp) | γ ≡ 1 mod N}
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of GSp2g(Ẑp) for some N ≥ 3 prime to p, there exist perfectoid spaces ShKp and ShtorKp

such that
ShKp ∼ lim←−

Kp

ShKpKp and ShtorKp ∼ lim←−
Kp

ShtorKpKp ,

where “∼” is referred to [84, Definition 2.4.1]. Moreover, the closed embedding of Shimura
data ι induces natural closed immersions of perfectoid spaces

ShKp ↪→ YK′p , and ShtorKp ↪→ Y tor
K′p

where K ′p ⊂ GSp2g(A∞) is a neat compact open subgroup such that K ′p ∩ G(A∞) =
Kp and YK′p, Ytor

Kp be the perfectoid Siegel modular variety of level K ′p and its toroidal
compactification.

Proof. The proof is similar to that of [83, Theorem IV.1.1] and [54, Proposition
6.1]. □

Write Sh := ShtorKpKp . Let V be an object in RepQp
(Gc). The object V naturally

induces an étale local system Vét (resp. Kummer étale local system Vkét on Sh (resp. Shtor)
(see [63, §4.2] and [36, §5.2]). Let Vprokét denote the associated pro-Kummer étale local
system by [37, Lemma 6.3.3]. It is de Rham in the sense of [77, Definition 2.2.1] by
[36, Theorem 5.3.1]. We note that the pullback of Vprokét by the natural map of sites
ShKp,prokét → ShKpKp,prokét is the constant pro-Kummer étale sheaf V defined in Section
4.3.1.

Proposition 4.3.2. (1) For Kp ⊂ G(A∞,p) which satisfies the condition in The-
orem 4.3.1, there exists a natural G(Qp)-equivariant map of adic spaces

πtor
HT : ShtorKp → F `µ,

which is functorial in Shimura data.
(2) There exists a basis B of open affinoid subsets of F ` stable under finite intersec-

tions and each V ∈ B has the following properties:
(a) Its preimage U∞ := πtor,−1

HT (V ) is affinoid perfectoid.
(b) U∞ is the preimage of an affinoid subset UK′

p
⊂ ShtorK′

pK
p for sufficiently small

compact open subgroup K ′
p ⊂ G(A∞).

(c) The map lim−→K′
p
H0(UK′

p
,OShtor

K′
pK

p
)→ H0(U∞,OShtor

Kp
) has dense image.

Proof. The proof of (1) is similar to [15, Theorem 4.40] and [77, Theorem 4.2.1]. We
explain the detailed argument. For each object U = Spa(R,R+) in U∞ and an object V in
RepQp

(Gc), we have a natural identification

H0(U, Vprokét ⊗Qp ÔSh) = V ⊗Qp R,

where the tensor product of the left hand side is taken in the category of pro-Kummer
étale presheaves of rings over the presheaf associated with Qp.

On the other hand, the pro-Kummer étale local system Vprokét is de Rham, i.e., there
is a filtered log-connection

(VdR,log,∇log,Fil
•)

and an isomorphism of pro-Kummer étale sheaves

Vprokét ⊗Qp OBdR,log,Sh ∼= VdR,log ⊗OSh
OBdR,log,Sh

on Sh by [36, Theorem 5.3.1] compatible with connections and filtrations.
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Then the Hodge-Tate filtration defined by

Fil−j(Vprokét ⊗Qp ÔSh) := (M ∩ Filj M0)/(Fil1 M ∩ Filj M0)

of Vprokét ⊗Qp ÔSh, where

M := Vprokét ⊗Zp B+
dR,Sh and M0 := (VdR,log ⊗OSh

OB+
dR,log,Sh)

∇log=0

is compatible with the Hodge filtration Fil• on VdR,log by [77, Lemma 2.2.3] (see also [15,
§4.4.38]). So we obtain an increasing µ-filtration on V ⊗Qp R and this induces the map
πtor
HT in this proposition.
The all construction in the proof is G(Qp)-equivariant by the moduli interpretation of

Siegel modular varieties (cf. [40, §1], [83, §III.3]). The functoriality of πtor
HT in Shimura

data follows by the construction and Tannakian formalism. Then we have proved (1).
For (2), see [83, Theorem IV.1.1]. □
Remark 4.3.3. By considering pro-Kummer étale sites on infinite level Shimura vari-

eties instead of perfectoid Shimura varieties of Hodge type in Theorem 4.3.1, it is possible
to construct Hodge-Tate period maps for general Shimura varieties ([77, Theorem 4.2.1]).

We call the map πtor
HT the Hodge-Tate period map. We write πHT : ShKp → F `µ for

the restriction of πtor
HT to ShKp . Note that the construction produces the same Hodge-Tate

period map as the previously constructed one for Shimura varieties of Hodge type using
minimal compactifications instead of toroidal compactifications ([83, Theorem IV.1.1], [22,
Theorem 2.1.3]).

4.3.3. Flag varieties associated with unitary Shimura curves. At the end of
this section, we make an observation about flag varieties associated with unitary Shimura
curves. Let (G,X) be as in Section 4.2.3 and ShK is the associated unitary Shimura curve
of level K = KpK

p ⊂ G(Qp)×G(A∞,p). Fix an embedding τ : F℘ ↪→ E. We let

ε : A → (ShK)τ,E := ShK ×SpecF SpecF℘ ×SpecF℘,τ SpecE

be the universal abelian variety for the moduli interpretation of the unitary Shimura curve
in Theorem 4.2.1. Then R1ε∗E defines a rank two E-local system on ShK,ét, which
is isomorphic to the E-local system Vstd,ét corresponds to the standard representation
GL2(F℘)→ GL(Vstd) over E via the embedding τ . The local system R1ε∗E is de Rham and
the associated filtered module with integrable connection is given by R1ε∗(Ω

•
A/ ShK ⊗Qp E)

with the Hodge filtration and the Gauss-Manin connection by [82, Theorem 1.10].
Consider the exact sequence

(4.3.1) 0→ ε∗Ω
1
A/(ShK)τ,E

→ R1ε∗Ω
•
A/(ShK)τ,E

→ R1ε∗OA → 0,

which defines the Hodge-Tate filtration of the rank two vector bundle R1ε∗Ω
•
A/(ShK)τ,E

over

(ShK)τ,E.

Proposition 4.3.4. Let ℘i|p and σ ∈ Σ℘i
.

(1) Unless ℘i = ℘ and σ = τ , the O(ShK)τ,E -module (R1ε∗Ω
•
A/(ShK)τ,E

)−,1℘i,σ
is locally free

of rank two and naturally isomorphic to the O(ShK)τ,E -module (R1ε∗OA)
−,1
℘i,σ

.
(2) If ℘i = ℘ and σ = τ , the induced maps

0→ (ε∗Ω
1
A/(ShK)τ,E

)−,1℘,τ → (R1ε∗Ω
•
A/(ShK)τ,E

)−,1℘,τ → (R1ε∗OA)
−,1
℘,τ → 0

is exact sequence of locally free O(ShK)τ,E -modules. The rank of second and fourth
term is one and the third term is rank two.
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Proof. See [35, Proposition 3.3.2]. □

Recall that a closed immersion (G,X) ↪→ (GSp(V, ψ), D) to a Siegel data is given by
the element h : S → GR in X. Then it follows the exact sequence (4.3.1) naturally comes
from the exact sequences from de Rham cohomology of the universal abelian variety of the
Siegel modular variety attached with (GSp(V, ψ), D).

Proposition 4.3.5. The flag variety FlG,E over E associated with the unitary Shimura
curve is isomorphic to GL2,E /BE

∼= P1
E, where BE is the standard Borel subgroup of GL2,E.

Proof. Since the completed colimit along Kp → 1 gives the Hodge-Tate filtration
defining the Hodge-Tate period map of the infinite level perfectoid Siegel modular variety,
it follows that the subgroup

Gm,E ×SpecE (
∏
℘i ̸=℘

ResF℘i/Qp GL2(F℘i
))E ×SpecE

∏
σ ̸=τ

GL2,E ⊂ GE

stabilizes the Hodge-Tate filtration by Proposition 4.3.4 (1). On the other hand, the E-
vector space V −,1

℘,τ is identified with the contragredient of the standard representation of
GL2(E). Let B ⊂ GL2(E) be the Borel subgroup which stabilizes the standard representa-
tion. So a subgroup of B stabilizes the Hodge-Tate filtration by Proposition 4.3.4 (2). The

closed immersion of the Shimura data induces a closed immersion GE/P ↪→ GSp(V, ψ)E/P̃ ,

where P ⊂ GE is a parabolic subgroup and P̃ ⊂ GSp(V, ψ)Qp is the Siegel parabolic sub-
group. In particular, GE/P is proper over E, so just the Borel subgroup B ⊂ GL2(E) is
the stabilizer of the whole Hodge-Tate filtration. □

The exact sequence obtained by tensoring (4.3.1) with Ô(ShK)τ,E produces a Hodge-
Tate period map πHT,G : ShKp → F `µ, which is compatible with the Hodge-Tate pe-
riod map πtor

HT,GSp(V,ψ) of the Siegel modular variety via the closed immersion (G,X) ↪→
(GSp(V, ψ), D) of the Shimura data by Proposition 4.3.2.

4.4. J-locally analytic completed cohomology of unitary Shimura curves

We recall the notion of J-locally analytic actions of p-adic Lie groups and slightly
generalize the results in [69] and [77] to the case of J-locally analytic vectors in the
completed cohomology of unitary Shimura curves.

4.4.1. J-Locally analytic vectors. Let Σ℘ := HomQp(F℘, E) and J ⊂ Σ℘. Let
G be a p-adic Lie group of dimension d. Then there exists a compact open subgroup
G0 ⊂ G which is a uniform pro-p group (cf. e.g., [74, §4.1.1]). Consequently, there exist
g1, . . . , gd ∈ G0 such that the map

c : Zdp → G0, (x1, . . . , xd) 7→ gx11 · · · g
xd
d

is a homeomorphism. Fix such c. Let Gn := Gp
n

0 = {gpn | g ∈ G0} for n ≥ 1. It follows that
{Gn}n forms a fundamental system of open compact subgroups of the identity element in
G.

Let F℘ be the p-adic field as in Section 4.2.3 and G̃ an algebraic group over O℘ = OF℘ .

From here, let G := ResO℘/Zp G̃ and we also see G as a p-adic Lie group. Let g̃ be the Lie

algebra of G̃ over F℘, which can be also naturally seen to be the Lie algebra of G0 over Qp.
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We have a decomposition

G ×SpecZp SpecOE
∼−→
⊔
σ∈Σ℘

Gσ, and g⊗ E ∼−→
∏
σ∈Σ℘

gσ,

where Gσ := G̃ ×SpecO℘ SpecOE and gσ := g̃⊗F℘ E. Write GJ :=
∏

σ∈J Gσ, gJ :=
∏

σ∈J gσ,
and gJ :=

∏
σ/∈J gσ.

Let B be a Banach space over E. Let Can(Gn, B) denote the E-vector space of (Qp-
)analytic functions from Gn to B (cf. [80, §2], in which B-valued locally (Qp-)analytic
functions are defined). We equip the space Can(Gn, B) with a norm || − ||Gn defined by
||f ||Gn

:= supk∈Nd ||pn|k|bk||, where bk are coefficient when the element f ∈ Can(Gn, B) is
expanded by the coordinates x1, . . . , xd as

(x1, . . . , xd) 7→
∑

k=(k1,...,kd)∈Nd

bkx
k1
1 · · · x

kd
d

for some bk ∈ B such that pn|k|bk → 0 as |k| → 0.
Let I, J be a subset of Σ℘ such that I ∩ J = ∅. A function f ∈ Can(Gn, B) is said

to be Gn,I-smooth Gn,J -analytic if it is invariant under the action of Gn,I and the action of
g⊗ E factors through gJ (cf. [86, Définition, 2.1]). If I = ∅, we say Gn,J -analytic instead
of Gn,∅-smooth Gn,J -analytic.

Let CGn,J−an(Gn, B) (resp. CGn,I−sm,Gn,J−an(Gn, B)) denote the E-vector subspace of
Can(Gn, B) generated by Gn,J -analytic functions (resp. Gn,I-smooth Gn,J -analytic functions).
The subspace are closed (cf. [86, Lemme 2.5]), so it has the natural structure of Banach
subspace induced from Can(Gn, B). There is a natural isomorphism of Banach spaces

CGn,I−sm,Gn,J−an(Gn, E)⊗̂EB ∼= CGn,I−sm,Gn,J−an(Gn, B),

which preserves the norms.
We extend the definition of the spaces of (Qp-)locally analytic vectors ([80, §2]) and its

LA-acyclicity (cf. [69, Definition 2.2.1] and also [74, Definition 4.40]) to J-locally analytic
case.

Definition 4.4.1. For a positive integer n ≥ 1, a Banach space B equipped with a
continuous action of G, and a subset J ⊂ Σ℘,

(1) An element b ∈ B is said to be Gn,I-smooth Gn,J -analytic if b is in the image of
the evaluation map at the identity element CGn,I−sm,Gn,J−an(Gn, B)Gn → B. Let
BGn,I−sm,Gn,J−an ⊂ B denote the subspace of Gn,I-smooth Gn,J -analytic vectors.

(2) The space of J-locally analytic vectors in B is the subspace BJ−la :=
∪N≥nB

GN,J−an. It is stable under the G-action and independent of the choice
of G0 and n.

(3) For i ≥ 0, the i-th J-locally analytic cohomology of B is defined by

RiLAJ(B) := lim−→
N

H i
cont(GN , B⊗̂ECGN,J−an(GN , E)).

We say B is LAJ-acyclic if RiLAJ(B) = 0 for i ≥ 1. We often say J = Qp instead of
J = Σ℘. If J = Qp, we say LA-acyclic instead of LAΣ℘-acyclic.

Note that LA-acyclicity can be also defined for Banach spaces with continuous Gn-
actions when n ≥ 1.

In the case of J = Qp (in other words, if “J − an” = “an”), the following theorem is
well-known.
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Theorem 4.4.2. Any admissible Qp-Banach representation B of a p-adic Lie group is
LA-acyclic (in the sense of [69, Definition 2.2.1]).

Proof. See [81, Theorem 7.1] (and also [69, Theorem 2.2.3], [77, Proposition 2.3.1]).
□

For a later purpose, we need to introduce the derived version of LA, using the condensed
settings as in [74]. We use the notation of [74, §4]. For h ≥ 0, we can attach a rigid analytic
group G(h) such that G0 ⊂ G(h)(Qp) as in [74, Definition 4.7] or [75, Definition 2.1.2]. Note

that G(h)
I -smooth G(h)

J -analytic functions on G(h) can be similarly defined in the case of
p-adic Lie groups and let

CG(h)
I −sm,G(h)

J −an(G(h), E) ⊂ CG(h)
J −an(G(h), E)

denote the subspace of G(h)
I -smooth G(h)

J -analytic functions. We can consider the subalge-

bra of G(h)
I -smooth G(h)

J -analytic functions (cf. [86, Example 2.3])

CG(h)
I −sm,G(h)

J −an(G(h), E) ⊂ CQp−an(G(h), E) := Can(G(h), E).

The subalgebra CG(h)
I −sm,G(h)

J −an(G(h), E) is also an affinoid ring, and so it provides a natural

analytic ring that we write CG(h)
I −sm,G(h)

J −an(G(h), E)■. For an object C in the category

D(E■[G0]) of solid G0-modules, we define the derived G(h)
I -smooth G(h)

J -analytic vectors of
C

CRG(h)
I −sm,G(h)

J −an := RHomE■[G](E, (C
RG(h)

I −sm,G(h)
J −an(G(h), E)■ ⊗E■ C)?1,3)

as an object in D(E■[G]), where the action of G is induced by the ?2-action. See [74,
Remark 4.23, Definition 4.24] for the notation of (−)?I for I ⊂ {1, 2, 3}. We set

CRG(h)
I −sm,G(h+)

J −an := R lim←−
h′<h

CRG(h)
I −sm,G(h′)

J −an.

We also define the derived J-locally analytic vectors of C

CRJ−la := hocolim
h→∞

CRG(h)
J −an = hocolim

h→∞
CRG(h+)

J −an

as a homotopy colimit in D(E■[G0]). We also set

(4.4.1) CRG0,I−sm,J−la := hocolim
h→∞

CRG(h)
I −sm,RG(h)

J −an = hocolim
h→∞

CRG(h+)
I −sm,RG(h+)

J −an.

We note that if the underlying topological module of B = B[0] in D(E■[G0]) is a Banach
space, we have

H0(BRJ−la) = R0LAJ(B) = BJ−la.

In the remaining of this subsection, suppose that G be a p-adic Lie group such that
G = G ′ × G ′′ for p-adic Lie groups G ′,G ′′. For a Banach E-representation B of G, Let us
define a subspace of G ′-locally analytic vectors (resp. G ′′-locally analytic vectors) BG′−la

(resp. BG′′−la) as the subspace of elements in Bla killed by the Lie algebra Lie(G ′′) (resp.
Lie(G ′)).

For h > 0, let G′(h) and G′(h+) be the rigid analytic groups associated with G ′0, and
similarly define G′′(h) and G′′(h+) as before. Let G ′0, G ′′0 be uniform pro-p subgroups of G ′,
G ′′ respectively, with G0 := G ′0 × G ′′0 . For (H,H0) = (G ′,G ′0) or (G ′′,G ′′0 ), let D(h)(H0,OE)
and D(h)(H0, E) denote the (condensed) distribution algebras as defined in [74, Definition

4.12]. We also set D(h)(H0, E) := lim−→h′>h
D(h′)(H0, E). We may also define the spaces of
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derived G ′0-(locally) analytic vectors CR an′ , CR la′ (resp. derived G ′′0 -(locally) analytic vectors
CR an′′, CR la′′) of an object C in D(E■[G0]).

The following lemma is obtained by the same argument of the proof of [74, Theorem
4.36 (1)].

Lemma 4.4.3. Let V be an object in D(E■) and C be an object in D(E■[G0]). We
naturally extend the action of G ′0 on D(h+)(G ′0, E) to G0 = G ′0×G ′′0 so that G ′′0 acts trivially.
There is a natural quasi-isomorphism in D(E■[G0])

RHomE■[G0]
(D(h+)(G ′0, E)⊗LK■ V,C)

∼= RHomE(V,C
RG′′(h+)−sm,G′(h+)−an).

We will use the following proposition in the later.

Proposition 4.4.4. For an object C in D(E■[G0]), there exists a natural quasi-
isomorphism

RHomE■[G′′
0 ]
(E,CR la)

∼−→ CRG′′
0−sm,la′ .

where RG ′′0 − sm, la′ is defined as the equation (4.4.1).

Proof. The proof is similar to that of [74, Theorem 5.3]. By [74, Remark 4.13], we
have a natural isomorphism

D(h)(G ′0, E)⊗E■ D(h)(G ′′0 , E) ∼= D(h)(G0, E).

By the isomorphism and taking −⊗E■D(h)(G ′0, E) to the quasi-isomorphism in Kohlhaase’s
theorem [74, Theorem 5.8], we have a quasi-isomorphism

OE ⊗LOE,■[G′′
0 ]
D(h)(G0, E) ∼= D(h)(G ′0, E).

By taking colimits, we also have

(4.4.2) OE ⊗LOE,■[G′′
0 ]
D(h+)(G0, E) ∼= D(h+)(G ′0, E).

We now compute

RHomE■[G′′
0 ]
(E,CRG(h+)−an)

∼= RHomE■[G′′
0 ]
(E,RHomE■[G](D(h+)(G0, E), C)) ([74, Theorem 4.36])

∼= RHomE■[G0]
(E ⊗LE■[G′′

0 ]
D(h+)(G0, E), C) (tensor-Hom adjunction)

∼= RHomE■[G0]
(D(h+)(G ′0, E), C) (4.4.2)

∼= CRG′′(h+)−sm,G′(h+)−an (Lemma 4.4.3).

Then the natural quasi-isomorphism of the lemma is obtained by taking the homotopy
colimit of the obtained quasi-isomorphism along h→∞. □

Corollary 4.4.5. Let V be a solid E■[G0]-module. There is a spectral sequence of solid
K-vector spaces

Ei,j
2 := ExtiK■[G′′

0 ]
(E,Hj(V R la)) =⇒ H i+j(V RG′′

0,I−sm,la′).

Proof. This follows from Proposition 4.4.4. □
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4.4.2. Completed cohomology of unitary Shimura curves. From here, we use
the notation of G in Section 4.2.3.

Let K℘,0 := GL2(O℘) ⊂ GL2(F℘) and K℘,m be its congruence subgroup

K℘,m :=

{
γ ∈ GL2(F℘) | γ ≡

(
1 0
0 1

)
mod $m

}
for m ≥ 1. Let K℘, K

℘ = K℘
pK

p be a compact open subgroup of GL2(F℘), G(A∞,℘) =
G(Q℘

p )×G(A∞,p) respectively.
Recall that for an object W in RepE(G

c), we have attached a Kp-equivariant étale
(resp. Kummer étale) E-local system Wét (resp. Wkét) on Shét (resp. Shtorkét), base chang-
ing to E/Qp the argument in Section 4.3.2. Let W0 be a OE-lattice of W which is sta-
ble by K℘

p and W0,ét (resp. W0,két) be the associated étale (resp. pro-étale) sheaves. Let
jK℘,két : ShK℘K℘,ét → ShtorK℘K℘,prokét be the natural morphism of sites. We have natural
isomorphisms jK℘,két,∗W0,ét

∼= W0,két and j∗K℘,két
W0,két

∼= W0,ét by the construction. Note
that we also have a quasi-isomorphism

RjK℘,két,∗(W0,ét/$
m
E )
∼= (W0,két/$

m
E )[0]

for m ≥ 1 by [37, Theorem 4.6.1].
Let us recall the (completed) étale cohomology of unitary Shimura curves. For each

integer i ≥ 0, let (cf. [38, §2.1.1], [77, Definition 6.1.1])

H i
?(K

℘,W0) := lim−→
K℘

lim←−
s

H i
ét,?(ShK℘K℘ ,W0,ét/$

s
E),

H̃ i
?(K

℘,W0) := lim←−
s

lim−→
K℘

H i
ét,?(ShK℘K℘ ,W0,ét/$

s
E),

H i
?(K

℘,W0)E := H i
?(K

℘,W0)⊗OE
E,

H̃ i
?(K

℘,W0)E := H̃ i
?(K

℘,W0)⊗OE
E,

where ? ∈ {∅, c} and K℘ runs over compact open subgroups of GL2(F℘) which stabilizes
W0. Let

H i
?(K

℘,W ) := lim−→
W0

H i
?(K

℘,W0)E,

H̃ i
?(K

℘,W ) := lim−→
W0

H̃ i
?(K

℘,W0)E,

whereW0 runs overOE-lattices ofW stable byK℘
p . The p-adic Lie group GL2(F℘) naturally

acts on these modules.
For a general OE-latticeW0 ⊂ W , we can similarly define (completed) étale cohomology

withW -coefficients H i(Kp,W0), H̃
i(Kp,W0), and so on, taking towers of Shimura varieties

of level K ′
p ⊂ Kp, instead of level K ′

℘ ⊂ K℘. We may also consider the space of J-
locally analytic vectors of the completed cohomology where J ⊂ {z} ∪

⊔
iΣ℘i

and z is the
symbol which corresponds to the continuous representation of the component of similitudes
Gm ⊂ G(Qp). If J is of the form

⊔
i∈J ′⊂[1,s] Σ℘i

(resp. {z}∪
⊔
i∈J ′⊂[1,s] Σ℘i

), we may define the

terminology “J ′-locally analytic” (resp. “({z}∪J ′)-locally analytic”) and (derived) J-locally
analytic vectors as in Section 4.4.1. Moreover, if J = {σ} for an element σ ∈ {z}∪

⊔
℘i|pΣ℘i

,

we call σ-locally analytic instead of {σ}-locally analytic. Note that H̃ i(Kp,W0) is (Qp-
)locally analytic if and only if ({z} ∪

⊔
iΣ℘i

)-locally analytic. For a while, we consider

completed cohomology H̃ i
?(K

p,−) rather than H̃ i
?(K

℘,−). The advantage of using them is
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that they can be embedded in the completed cohomology of Siegel modular varieties, this
argument is treated in Section 4.5.

By Corollary 4.4.5 and the proof of [38, Theorem 1.1.13] (see also [73, Corollary 2.2.11]),
we have the analogous assertion for admissible Banach representations.

Proposition 4.4.6. For a subset J ⊂ {z} ∪
⊔
℘i|pΣ℘i

and an admissible Banach rep-
resentation V of G over E, we have

V RJ−la = RΓ(gJ , V R la)

Definition 4.4.7. Let j : ShKp ↪→ ShtorKp be an open immersion of perfectoid
Shimura varieties. For a pro-Kummer étale OE-local system Λ on ShKp,proét, let j!Λ :=
R lim←−s j!(Λ/$

s
E) be the (derived) p-adic completion of the extension by zero of the pro-

Kummer étale local systems Λ/$s
E over ShKp,proét.

Proposition 4.4.8. Let Λ = W0,prokét or W0,prokét/$
m
E . The objects in the derived

category of OE-local systems

RΓprokét(ShtorKp ,Λ) and RΓprokét(ShtorKp , j!Λ)

are represented by bounded complexes of admissible K℘-representations.
In particular,

H i
prokét(ShtorKp ,Λ) and H i

prokét(ShtorKp , j!Λ)

are admissible Kp-representations for i ≥ 0.

Proof. The pullback of the pro-Kummer étale sheaf Λ by the map of sites
ShtorKp,prokét → ShtorKpKp,prokét is the constant pro-Kummer étale sheaf W0 associated with
W0, which is equipped with the G-action. So we have a quasi-isomorphism

RΓprokét(ShtorKp ,Λ)
∼−→ lim−→

K′
p

RΓkét(ShtorK′
pK

p ,W0)

by [37, Proposition 5.1.6]. Then, the proof is similar to [77, Theorem 6.1.6]. □
Corollary 4.4.9. For i ≥ 0, we have natural Kp-equivariant isomorphisms

H i
prokét(ShtorKp ,W0,prokét) ∼= H̃ i(Kp,W0,prokét),

H i
prokét(ShtorKp , j!W0,prokét) ∼= H̃ i

c(K
p,W0,prokét).

Proof. By Proposition 4.4.8, the proof is similar to [77, Corollary 6.1.7]. □

4.4.3. Comparison between J-locally analytic completed cohomology and
the cohomology of perfectoid unitary Shimura curves. In this subsection and the
next section, we will use the terminology of geometric Sen theory in [76]. In this subsection,
we suppose one of the following two conditions on (G,X), E, and J :

Condition 4.4.10. (1) (G,X) is a Shimura data as in Section 4.2.3, E/Qp is
a finite extension such that |HomQp(F℘i

, E)| = [F℘i
: Qp] for each ℘i|p, and

J ∈ {z} ∪
⊔
℘i|pΣ℘i

.

(2) (G,X) is a Shimura data of Hodge type (Section 4.2.2), E = Qp, and J = Qp.

The following argument is based on [77, §6.2] (in which the case of general Shimura
varieties and its Qp-locally analytic completed cohomology is treated, considering the pro-
Kummer étale sites on infinite level Shimura varieties).
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Let W be an object in RepE(G
c) and W0 be its OE-lattice. As in the previous section,

for each compact open subgroup KpK
p ⊂ G(Qp)×G(A∞,p), let Sh = ShKpKp denote the

rigidification of the Shimura variety over Cp associated with the datum (G,X). Also let
ShtorKpKp be a toroidal compactification of ShKpKp over Spa(Cp,OCp). Note that in the case

of unitary Shimura curves, they are compact and so we can assume that ShKpKp = ShtorKpKp .

Let D := ShtorKpKp\ShKpKp be the normal crossing divisor in ShtorKpKp . We can write D =⋃
a∈I DKp,a for a finite set I such that each DKp,a is irreducible and DKp,I′ := ∩a∈I′DKp,a is

a smooth divisor for each subset I ′ ⊂ I. For a level K ′
p ⊂ Kp, let DK′

p,I
′ := DKp,I′ ×ShtorKpKp

ShtorK′
pKp

and let ιK′
p,I

′ : DK′
p,I

′ ↪→ ShtorK′
pK

p denote the closed immersion. Write ÔI′ for the
pro-Kummer étale sheaf of completed (bounded) functions on DKp,I′ , endowed with the

induced log structure. Let ÎD be the kernel of the map of pro-Kummer étale sheaves

ÎSh := ker

(
ÔSh →

⊕
a∈I

ιKp,a,∗Ôa

)
.

Let πKp : ShKp → ShKpKp denote the natural projection. The map πKp is a pro-étale
Galois covering with Galois group

K̃p := KpK
p/(KpK

p ∩ Z(Q) ·Kp).

Similarly let πtor
Kp

: ShtorKp → ShtorKpKp be the natural projection. Set d := dimShKpKp . For
n ≥ 1 an integer, let

Tn := Spa(Cp〈T± 1
n 〉,OCp〈T± 1

n )〉 and D := Spa(Cp〈S
1
n 〉,OCp〈S

1
n 〉).

and T := T1 and D := D1. Write T∞ := lim←−n Tn and D∞ := lim←−nDn.

We assume the following conditions on (U, V ):

Condition 4.4.11. For open subspaces U ⊂ ShtorKpKp and V ⊂ F `µ,

(1) The OF `µ(V )-sheaves n0µ and gc,0/n0µ, where gc := LieGc
Qp
, and gc,0, n0µ = nc,0µ are

constructed as in Section 4.3.2, are finite free.
(2) The compact open subgroup Kp ⊂ G(Qp) stabilizes V .

(3) πtor,−1
Kp

(U) ⊂ πtor,−1
HT (V ) is an affinoid perfectoid space.

(4) U admits a toric chart, i.e., there is a map U → Te×Dd−e for some e ∈ [0, d] that
factors as a composite of a finite étale map and a rational localization.

(5) U has the log structure obtained from U → Te × Dd−e by pullback.

Note that such U covers the whole ShtorKpKp by Proposition 4.3.2 (2) and [37, Corollary

3.11]. For an object U ′ in Uprokét, let U
′
I′ be the space DI′×ShU

′ and Ũ ′ := πtor,−1
Kp

(U)×U U ′

with the induced log structures. Let Un := U ×(Te×Dd−e) (Ten × Dd−e
n ), U∞ := lim←−n Un,

and Up∞ := lim←−n Upn . Let Γ ∼= Ẑd (resp. ΓJ ∼= Ẑ|J∩{e+1,...,d}|) be the pro-Kummer étale

Galois group of Te∞ × Dd−e
∞ → Te × Dd−e (resp. U∞,I′ → UI′). Write Γ := Γp × Γp and

ΓI′ := ΓI′,p × ΓpI′ as a product of its prime-to-p part and its pro-p-Sylow subgroup. Note

that Up∞ , Ũp∞ , U∞, and Ũ∞ are log affinoid perfectoid in the sense of [37, Definition 5.3.1].
Let g̃ := LieGc with its dimension g := dimQp g̃.

Lemma 4.4.12. For i ≥ 0, I ′ ⊂ I and a pro-Kummer étale ÔI′-module F which is a
colimit of relative locally analytic ON Banach sheaves, there is a natural isomorphism

H i
prokét(UI′ , ÔI′⊗̂QpF) ∼= H i(n0µ, ÔI′(Ũp∞,I′)⊗̂QpF)K̃p×ΓI′,p ,
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where n0µ acts on J-locally analytic pro-Kummer étale E-local systems on ÔShtor via the

natural embedding πtor,∗
HT (n0µ) ↪→ g̃

prokét
|Shtor

Kp
of the pullback of the vector bundle n0µ on F `µ

into the constant sheaf g̃
prokét

|Shtor
Kp
.

Proof. We follow the argument of Step 1 and Step 2 of the proof in [77, Proposition

6.2.8]. There is an equivalence of topoi Ũ∼
∞,I′,proét

∼= Ũ∼
∞,I′,prokét by [37, Lemma 5.3.8]. So

by [82, Lemma 4.12] and the definition of ON relative locally analytic pro-Kummer étale

ÔI′-module, we have

RΓprokét(Ũ∞,I′ ,F) = ÔI′(Ũ∞,I′)⊗̂QpF .

By the above equality and that Ũ∞,I′ → UI′ is a pro-Kummer étale K̃p × ΓI′-torsor,
there is a quasi-isomorphism

RΓprokét(UI′ , ÔI′⊗̂QpF) ∼= RΓcont(K̃p × ΓI′ , ÔI′(Ũ∞,I′)⊗̂QpF(Ũ∞,I′)).

Since ΓpI′ is a prime-to-p profinite group, we have quasi-isomorphisms

RΓcont(K̃p × ΓI′ , ÔI′(Ũ∞,I′)⊗̂QpF(Ũ∞,I′))

∼= RΓcont(K̃p × ΓI′,p, RΓcont(Γ
p
I′ , ÔI′(Ũ∞,I′)⊗̂QpF(Ũ∞,I′)))

∼= RΓcont(K̃p × ΓI′,p, ÔI′(Ũp∞,I′)⊗̂QpF).

We use geometric Sen theory to translate cohomology of the obtained complex into Sen

operator cohomology. The triple (ÔI′(Ũp∞,I′ ), K̃p × ΓI′,p, pr2), where pr2 := K̃p × ΓI′,p →
ΓI′,p is the projection, is a (strongly decomposable) Sen theory in the sense of [76, Definition
2.2.6].

By the assumption, we can attach a (geometric) Sen operator

θF : F → F ⊗Qp Lie(K̃p × ΓI′,p)
∨

for F ([76, Definition 2.5.3]) and the geometric Sen operator of ShKp ([76, Proposition
3.2.6])

θSh := θShKp : ÔSh ⊗ (LieG)∨prokét → ÔSh(−1)⊗OSh
Ω1

Sh(log).

Then for i ≥ 0, we have

H i(K̃p × ΓI′,p, ÔI′(Ũp∞,I′)⊗̂QpF) ∼= H i(θF , ÔI′(Ũp∞,I′)⊗̂QpF)K̃p×ΓI′,p

∼= H i(θSh, ÔI′(Ũp∞,I′)⊗̂QpF)K̃p×ΓI′,p

∼= H i(n0µ, ÔI′(Ũp∞,I′)⊗̂QpF)K̃p×ΓI′,p ,

where the first isomorphism is from [76, Proposition 2.5.4, Remark 2.5.8], the second
isomorphism is from [76, Theorem 3.3.2 (5)], and the last isomorphism is from the com-
putation of θSh ([77, Theorem 5.2.5]). □

We recall [75, Definition 2.1.2]. Let H1, . . . ,Hg be a basis of g̃ over Qp. For h � 0,
the exponential of the Zp-lattice Kh generated by {phHk}k defines an affinoid group Gh

isomorphic to a closed polydisc of dimension g, and let G̊h :=
⋃
h′>hGh′ . Let G(h) be

the rigid analytic group containing K̃p as defined in loc. cit. (applying in the case of

G = K̃p) for h ∈ Q>0. For G = Gh, G̊h,G(h), K̃p, the spaces CJ−la(G, B) of J-locally
analytic functions G → B for an E-Banach space B is defined as in Section 4.4.1. Let
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CJ−la(G, E)prokét := CJ−la(G, E) be the pro-Kummer étale sheaf. Let CJ−la(g̃, E)prokét :=

lim−→Kp
CJ−la(K̃p, E)prokét.

Lemma 4.4.13. For I ′ ⊂ I, the sheaf ÔI′⊗̂QpC
J−la(K̃p, E)prokét is a colimit of ON

relative locally analytic pro-Kummer étale Banach ÔI′-modules. In particular, this sheaf
satisfies the conditions of Lemma 4.4.12.

Proof. We can write as CJ−la(K̃p, E)prokét = lim−→h
CJ−an(G(h), E)prokét (see [75, Defi-

nition 2.1.10]). For each h > 0, the inclusion CQp−an(G(h), E) ⊂ CQp−an(G(h), E)prokét is a
closed embedding of ON relative locally analytic Banach spaces. □

Set A := ÔI′(Ũp∞,I′ ). We write

A⊗̂QpC
J−la(g̃, E)prokét := lim−→

K′
p⊂Kp

(A⊗̂Qp lim−→
Kp

CJ−la(K̃p, E)prokét)
K̃′

p−sm,

where K ′
p is a compact open subgroup of Kp, for the subspace of smooth vectors.

Lemma 4.4.14. There is a quasi-isomorphism

RΓ(n0µ, A⊗̂QpC
J−la(g̃, E)prokét) ∼= lim−→

r→∞
(A⊗̂O(V )O(X′

r)⊗Qp E),

where O(X′
r) and {X′

r}r≫0 is a shrinking system of closed polydiscs of the same dimension
over V .

Proof. We follow the argument of Step 3 and Step 4 of the proof of [77, Proposition
6.2.8]. The case of (1) in Condition 4.4.10, the lemma follows from loc. cit., so we may
assume the condition (2). Recall that

(4.4.3) gE := g⊗ E ∼= zE ×
∏

σ∈
⊔

℘i|p
Σ℘i

gl2,E,σ =
∏

σ∈{z}∪
⊔

℘i|p
Σ℘i

gE,σ,

where zE := LieGm,E, so we can write

g̃E =
∏

σ∈{z}∪
⊔

℘i|p
Σ℘i

g̃E,σ,

where g̃E,σ is a quotient of gE,σ and set

g̃J,E :=
∏
σ∈J

g̃E,σ.

We also let

nµ,E := nµ ⊗ E ∼= nE,τ ,

where τ ∈ Σ is the fixed place and nE,τ ⊂ g̃E,τ is a one dimensional unipotent subalgebra,
by Proposition 4.3.4 and its following argument. Let N be a generator of nE,τ . Also let
g̃0 := OF `µ ⊗ g̃ and g̃0E := OF `µ ⊗ g̃E.

Recall that each element of the set {z} ∪
⊔
℘i|pΣ℘i

corresponds to each component

of the direct product decomposition of g̃0E =
∏

σ g̃
0
E,σ in (4.4.3). For each σ ∈ J\{τ},

let {Y1,σ, . . . ,Ygσ ,σ}, where each gσ ≥ 0 is an integer, be a basis of g̃0E,σ over the fixed
V ⊂ F `µ. If τ ∈ J , for an integer gτ ≥ 0, we also let {Y1,τ , . . . ,Ygτ ,τ} be a set of elements
in g̃0E,τ such that Y1,τ , . . . ,Ygτ ,τ , and N generates g̃0E,τ .
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For r � 0, we can construct an affinoid rigid space XJ,r over VE isomorphic to a polydisc
of dimension g from the basis{

{prYs,σ, p
rN}σ∈J\{τ}, 1≤s≤gσ (τ ∈ J)

{prYs,σ}σ∈J, 1≤s≤gσ (τ 6∈ J)

by the exponential map (see also Step 3. in the proof of [77, Proposition 6.2.8] for the
detail).

Let X̊J,r :=
⋃
r′<r XJ,r be the Stein space. For each r � 0, we fix a compact open

subgroup Kp(r) ⊂ Kp such that XJ,r and X̊J,r (also O(XJ,r) and O(X̊J,r)) are stable by the
(continuous) actions of left multiplications of Kp(r). Let X′

J,r be the rigid space constructed
from {prYs,σ, p

r}σ∈J\{τ}, 1≤s≤gσ as above. Note that dimX′
J,r + 1 = dimXJ,r if τ ∈ J and

otherwise X′
J,r = XJ,r.

By the construction and [86, Example 2.3], we can write

(4.4.4) A⊗̂QpC
J−la(g̃, E)prokét = lim−→

r→∞
A⊗̂O(V )O(XJ,r)⊗Qp E = lim−→

r→∞
A⊗̂O(V )O(X̊J,r)⊗Qp E,

where the tensor product of the third term is projective tensor product of Fréchet spaces.
Then we have a quasi-isomorphism

RΓ(n0µ, A⊗̂O(V )O(X̊J,r)⊗Qp E)
∼= A⊗̂O(V )O(X̊′

J,r)⊗Qp E

by the same argument of [77, Lemma 6.2.9]. The quasi-isomorphism and the equation
(4.4.4) proves the lemma. □

Definition 4.4.15. (1) Let ShtorKp,an denote the analytic site of the perfectoid space
ShtorKp . We call an open subspace U ⊂ ShtorKp rational if it is the pullback of a
rational open subspace at finite level. We may similarly define an analytic site
D∞,I′,an of the adic spaceD∞,I′ := DKp,I′×ShShtorKp (This space is a perfectoid space
such that D∞,I′ ∼ lim←−Kp

DKp,I′ by the last part of the proof of [54, Proposition

6.1]) and its rational open subspaces.

(2) Write ÔSh,an for the sheaf of topological rings restricting the sheaf ÔSh on the site

Shprokét to the site ShtorKp,an. We may similarly define sheaves ÎSh,an on ShtorKp,an

and ÔI′,an on D∞,I′,an.

(3) Let OJ−la
Sh,E ⊂ ÔSh,E,an := ÔSh,an ⊗Qp E denote a sub-(pre)sheaf on ShtorKp,an such

that for each rational open subspace U ⊂ ShtorKp ,

OJ−la
Sh,E(U) = lim−→

Kp,U

ÔSh,E,an(U)
Kp,U,J−an

where Kp,U =
∏

σ∈{z}∪⊔℘i|pΣ℘i
Kp,U,σ runs over open subgroups of Kp (as a p-

adic Lie subgroup) which stabilizes U . We may similarly define sub-(pre)sheaves

OJ−la
I′,E ⊂ ÔI′,E,an := ÔI′,an ⊗Qp E on D∞,I′,an and IJ−la

Sh,E ⊂ ÎSh,E,an := ÎSh,an ⊗Qp E

on ShtorKp,an.

Since taking J-locally analytic vectors is left exact, OJ−la
Sh,E, O

J−la
I′,E , and IJ−la

Sh,E satisfies
the gluing condition on rational open subspaces (cf. [77, Lemma 6.2.2]). In the following,
we let OJ−la

Sh,E, O
J−la
I′,E denote the associated sheaves.
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Proposition 4.4.16. For a sufficient small compact open subgroup Kp ⊂ G(Qp) and
each open subspace U ⊂ ShtorKpKp in Condition 4.4.11, there are natural quasi-isomorphisms

RΓprokét(U, ιKp,I′,∗ÔI′⊗̂QpC
J−la(K̃p, E)prokét) ∼= OJ−la

I′,E (πtor,−1
Kp

(U) ∩D∞,I′)

and a long exact sequence

0→ IJ−la
Sh,E(π

tor,−1
Kp

(U))→ OJ−la
Sh,E(π

tor,−1
Kp

(U))→ · · · → OJ−la
Sh,E(π

tor,−1
Kp

(U) ∩D∞,I)→ 0.

Proof. This follows by Lemma 4.4.12, Lemma 4.4.13, Lemma 4.4.14, and the remain-
ing part of the proof of [77, Proposition 6.2.8]. □

Proposition 4.4.17. There are the following natural G(Qp)-equivariant quasi-
isomorphisms of derived solid Cp-vector spaces

(1) (RΓprokét(ShtorKp ,OE)⊗̂
L

Zp
Cp)

RJ−la = RΓan(ShtorKp ,OJ−la
Sh,E),

(2) (RΓprokét(ShtorKp , j!OE)⊗̂
L

Zp
Cp)

RJ−la = RΓan(ShtorKp , IJ−la
Sh,E),

where RΓan is the right derived functors of taking global sections in the analytic topology.

Proof. This follows by Proposition 4.4.16 and the proof of [77, Theorem 6.2.6]. □

Write H i
an := H iRΓan.

Corollary 4.4.18. For i ≥ 0, there are natural G(Qp)-equivariant isomorphisms

(H̃ i(Kp, E)⊗̂QpCp)
la ∼= H i

an(ShtorKp ,Ola
Sh,E),

(H̃ i
c(K

p, E)⊗̂QpCp)
la ∼= H i

an(ShtorKp , I laSh,E).

Proof. This follows by Theorem 4.4.2, Corollary 4.4.9, and Proposition 4.4.17, and

the construction of H̃ i
?(K

p,W ) for ? ∈ {∅, c}. □

4.4.4. The case of H̃1 of unitary Shimura curves. In this subsection, we assume
Condition 4.4.10 (1) on (G,X), E, and J .

Proposition 4.4.19. For any subset J ∈ {z} ∪
⊔
℘i|pΣ℘i

, there is a natural G(Qp)-
equivariant isomorphism

(H̃1(Kp, E)⊗̂QpCp)
J−la ∼= H1

an(ShKp ,OJ−la
Sh,E).

Proof. By Proposition 4.4.17 (1), it suffices to show an isomorphism

H1((RΓprokét(ShKp , E)⊗̂LQp
Cp)

RJ−la) ∼= (H̃1(Kp, E)⊗̂QpCp)
J−la.

By spectral sequence, we may reduce to show

H2(H̃0(Kp,W )⊗̂QpCp)
RJ−la = 0.

Since the representation H̃0(Kp, E) of G(Qp) is admissible by [38, Theorem 2.1.5], it
suffices to show

H0
cont(g

J , H2(H̃0(Kp, E)⊗̂QpCp)
R la) = 0, and

H2
cont(g

J , H1(H̃0(Kp, E)⊗̂QpCp)
R la) = 0

by Proposition 4.4.6. Then the two vanishings of the cohomology follow by Theorem
4.4.2. □
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For a subset J ⊂ {z} ∪ [1, s], let

GJ :=
∏
k∈J

Gk,

where Gz := Gm,Qp and Gi := ResF℘i/Qp GL2(F℘i
) for i ∈ [1, s]. Let J ′ := ({z}∪ [1, s])\J .

Let z := LieZ, gk := Lie(Gk) for k ∈ {z}∪ [1, s], and g℘p := Lie(G(Q℘
p )) be the Lie algebras

over Qp. We characterize H̃1(K℘, E) as the subspace of Q-locally analytic vectors in

H̃1(Kp, E) by the method of [38].

Lemma 4.4.20. For each object W in RepE(G
c), we have

Ext2g℘p (W
∨, (H̃0(Kp, E)⊗̂QpCp)

℘−la) = 0.

Proof. Recall that ℘1 = ℘. We may assume that W is a finite dimensional simple
algebraic representation of GE because any finite dimensional algebraic representation of a
connected reductive group over a field of characteristic 0 is semisimple. By the classification
of simple algebraic representations of reductive groups (see e.g., [49] and also [86, §2.2]),
we write

W =
⊗

k∈{z}∪[1,s]

Wk,

where Wk is a simple algebraic representation of Gk,E. Write zk,E for the center of gk,E.
Let zE :=

⊕
k∈{z}∪[1,s] zk,E be the center of gE and s :=

⊕
k∈[1,s] sl2,E. Since the 0-th

completed cohomology H̃0(Kp, E) is the E-vector space of the profinite set of connected
component of infinite level unitary Shimura curves isomorphic to the tensor product of
a finite dimensional trivial representation of G(E) and Ccont(Z×

p , E) where G acts on the
profinite set via the reduced norm, the subgroup

∏
k∈[1,s] SL2(E) ⊂ G(E) trivially acts on

H̃0(Kp, E).
Then by Künneth formula (cf. the proof of [38, Proposition 4.3.1]), for an integer i, we

have an isomorphism⊕
a+b=i

(Extaz (E(χ
−1), (H̃0(Kp, E)⊗̂QpCp)

℘−la)⊗E Extbs(W
∨, E))

∼−→ ExtigE(W
∨, (H̃0(Kp, E)⊗̂QpCp)

℘−la)

where χE is the central character of the representation W . The module

Ext2z (E(χ
−1), (H̃0(Kp, E)⊗̂QpCp)

℘−la)

vanishes by that z is a direct sum of one dimensional Lie algebras and Hochschild-Serre
spectral sequence.

Then by Künneth formula again, we have⊕
a1+···+as=i

⊗
k∈[1,s]

Extaksl2,E(W
∨
k , E)

∼−→ Extis(W
∨, E).

Thus we may reduce to show for each k ∈ [2, s] and i = 1 or 2,

(4.4.5) Extigl2,E(W
∨
k , (H̃

0(Kp, E)⊗̂QpCp)
℘−la) = 0.

The vanishings of (4.4.5) follows by the similar argument of [38, Proposition 4.3.1, Corol-
lary 4.3.2]. □



80 4. LOCALLY ANALYTIC COMPLETED COHOMOLOGY

Proposition 4.4.21. There is a natural G(A∞)-equivariant isomorphism

(H̃1(Kp,W )⊗̂QpCp)
℘−la ∼= lim−→

K℘
p

(H̃1(KpK℘
p ,W )⊗̂QpCp)

la,

where K℘
p runs over compact open subgroups of G(Q℘

p ).

Proof. By the same argument of [38, Corollary 2.2.18], we have a spectral sequence

Ei,j
2 = Extig℘p (W

∨, (H̃j(Kp, E)⊗̂QpCp)
℘−la) =⇒ lim−→

K℘
p

(H̃ i+j(KpK℘
p ,W )⊗̂QpCp)

la.

Then the proposition follows from Lemma 4.4.20 in the case of W = E. □
Corollary 4.4.22. There is a natural G(A∞)-equivariant isomorphism

(H̃1(Kp,W )⊗̂QpCp)
τ−la ∼= lim−→

K℘
p

(H̃1(KpK℘
p ,W )⊗̂QpCp)

τ−la,

where K℘
p runs over compact open subgroups of G(Q℘

p ).

Proof. This follows by taking τ − la of the isomorphism in Proposition 4.4.21. □

4.5. Sheaves of locally analytic sections

In this section, we will show that locally analytic vectors for the action of G(Qp)
(not GL2(F℘)) in completed cohomology of unitary Shimura curves comes from locally
analytic completed cohomology of Siegel modular varieties. As a consequence, we give
a description of completed cohomology of K℘-level in terms of cohomology of sheaves of
locally analytic sections on K℘-level unitary Shimura curve. Let (GSp2g, DGSp2g) be a
Shimura data which gives a Siegel modular variety in Section 4.2.2. For a compact open
subgroup K = KpK

p ⊂ GSp2g(A∞), let YK be the associated Siegel modular variety with
(GSp2g, DGSp2g).

4.5.1. Surjectivity of the maps of locally analytic sections. We recall the con-
struction of Hodge-Tate period map in Proposition 4.3.2, in the case of Siegel modular vari-
eties (cf. [83, §III.3]). Let f : AK → YK be the universal abelian variety as for the moduli
interpretation of X (cf. [40, §1]). The standard representation GSp2g,Qp

→ GL(Vstd) ∼=
GL2n,Qp defines a Qp-local system Vstd,proét on the pro-étale site YK,proét. The local system
is naturally isomorphic to R1f∗Qp. On the other hand, VdR is naturally isomorphic to the
relative de Rham cohomology of AK/YK . This is a rank 2g vector bundle on YK equipped
with a (decreasing) Hodge filtration Fil• and Gauss-Manin connection ∇.

Let Ytor
K be a toroidal compactification of YK . Similarly, we have a Qp-local system

Vstd,prokét on Ytor
K,prokét and the corresponding vector bundle VdR,log on Ytor

K equipped with a
logarithmic connection ∇log. The graded components of VdR,log vanish except in degree 0
or 1, and we have an exact sequence
(4.5.1)

0→ gr0(VdR,log)⊗OYtor
K

ÔYtor
K
→ Vstd,prokét ⊗Q̂p

ÔYtor
K
→ gr1(VdR,log)⊗OYtor

K

ÔYtor
K
(−1)→ 0

by [82, Proposition 7.9].
Let Y tor

Kp ∼ lim←−Kp
Ytor
KpKp be a perfectoid space constructed by Theorem 4.3.1. Since

Vstd,prokét is trivialized on Ytor
Kp , we have an exact sequence

(4.5.2) 0→ gr0(VdR,log)⊗OYtor ÔYtor
Kp
→ Vstd⊗Q̂p

ÔYtor
Kp
→ gr1(VdR,log)⊗OYtor ÔYtor

Kp
(−1)→ 0
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of vector bundles from (4.5.1). Fix a Hodge cocharacter µ̃ : Gm → GSp2g,C defined over
Qp attached to an element h ∈ X and let F `µ̃ be the associated rigid space with FlCp

:=
G/Pµ̃ ×SpecQp SpecCp. The position

gr0(VdR,log)⊗OYtor ÔYtor
Kp
⊂ Vstd ⊗Q̂p

ÔYtor
Kp

in the exact sequence (4.5.2) induces the GSp2g(Qp)-equivariant Hodge-Tate period map

πtor
HT : Ytor

Kp → F `µ̃

as constructed in Proposition 4.3.2.
Fix a Qp-valued point ∞ ∈ F `µ̃, a point ∞̃ ∈ Y tor

Kp which is mapped to ∞ by πtor
HT, and

a symplectic basis {e1, . . . , e2g} ∈ Vstd such that {e1⊗1, . . . , eg⊗1} generates gr0(VdR,log)⊗
{∞̃}, where {∞̃} ↪→ Y tor

Kp is the closed immersion of perfectoid spaces. Taking global
sections of (4.5.2), we have an exact sequence

0→ H0(Ytor
Kp , gr0(VdR,log)⊗Q̂p

ÔYtor)→ H0(Ytor
Kp , Vstd ⊗Q̂p

ÔYtor)

→ H0(Y tor
Kp , gr1(VdR,log)⊗Q̂p

ÔYtor)→ 0(4.5.3)

since H1(Ytor
Kp , gr0(VdR,log)⊗Q̂p

ÔYtor) = 0 by the almost purity theorem [37, Theorem 5.4.3].

We also write e1, . . . , e2g for the images of e1 ⊗ 1, . . . , e2g ⊗ 1 by the third map of (4.5.3).
Let (G,X) be as in Section 4.2.2 and fix a Hodge cocharacter µ̃ : Gm → GC defined over

F . Let ι : (G,X) ↪→ (GSp2g, DGSp2g) be a closed embedding of Shimura data such that

the Hodge cocharacters µ and µ̃ are compatible by the embedding. Let Kp ⊂ G(A∞,p) ⊂
G(A∞) be a neat compact open subgroup which satisfies the condition of Theorem 4.3.1.
Let i : F `µ ↪→ F `µ̃ be the closed immersion of the flag varieties induced by ι.

We recall the construction of perfectoid Shimura varieties of Hodge type ShtorKp . Let
K ′
pK

′p ⊂ GSp2g(A∞) be a sufficiently small compact open subgroup such that KpK
p =

K ′
pK

p′ ∩G(A∞). Let Y := Ytor
K′

pK
′p and U ′ ⊂ Y be an open subspace such that there exist

an open subspace V ′ ⊂ F `µ̃ where (U ′, V ′) satisfies Condition 4.4.11, U ′ ⊂ B where B
is as in Proposition 4.3.2 and V := i−1(V ′) ⊂ F `µ̃ is non-empty. Let πtor

K′
pK

′p : Y tor
K′p →

Ytor
K′

pK
′p and πtor

KpKp : ShtorKp → ShtorKpKp be the natural projections. For any open subgroup

Kp′ ⊂ GSp2g(A∞,p) which satisfies the condition of Theorem 4.3.1, the open subspace

Y tor
Kp′(U ′) := πtor,−1

K′
pK

′p(U ′) is affinoid perfectoid (cf. [83, Theorem III.3.18]) and we write

Ytor
Kp′(U ′) = Spa(SKp′ , S+

Kp′). It follows that

(4.5.4) Ytor
Kp(U ′) := lim←−

Kp⊂Kp′⊂GSp2g(A∞)

Ytor
Kp′(U ′) = Spa(SKp , S+

Kp),

where S+
Kp is the p-adic completion of lim−→Kp⊂Kp′ S

+
Kp′ , is affinoid perfectoid.

For any sufficient small compact open subgroup K ′
pK

p′ ⊂ GSp2g(A∞) with KpK
p =

K ′
pK

p′ ∩G(A∞), a closed immersion

(Ytor
Kp ×Ytor

K′
pK

p′
ShtorKpKp)(U ′) := Ytor

Kp(U ′)×Ytor
K′

pK
p′
ShtorKpKp ⊂ Y tor

Kp(U ′)

obtained by the base change of the closed immersion iK′
pK

p′ : ShtorKpKp ↪→ Y tor
K′

pK
p′ is defined

by some ideal I ⊂ SKp by [33, Proposition 1.15], and is affinoid perfectoid by [83, Lemma
II.2.2]. We write

(4.5.5) (Ytor
Kp ×Ytor

K′
pK

p′
ShtorKpKp)(U ′) = Spa(RKp,K′

pK
p′ , R+

Kp,K′
pK

p′).
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Then we can write

(4.5.6) ShtorKp(U ′) := lim←−
K′

p,K
p⊂Kp′

(Y tor
Kp ×Ytor

K′
pK

p′
ShtorKpKp)(U ′) = Spa(RKp , R+

Kp) ⊂ ShtorKp

as an affinoid open perfectoid subspace, where R+
Kp is the p-adic completion of

lim−→
K′

p,K
p⊂Kp′

RKp,K′
pK

p′ .

The open subspaces ShtorKp(U ′) covers the whole ShtorKp . Then we have the closed immersions
of perfectoid spaces i∞ : ShtorKp ↪→ Y tor

Kp and i∞,U ′ : ShtorKp(U ′) ↪→ Y tor
Kp(U ′). We note that the

construction of ShtorKp is compatible with the method of [77] by the last part of the proof
of [54, Proposition 6.1].

Let i : F `µ ↪→ F `µ̃ be the closed immersion of the flag varieties induced by ι, µ, µ̃.
The map i is compatible with the Hodge-Tate period maps by Proposition 4.3.2.

For each compact open subgroup K ′
pK

p′ ⊂ GSp2g(A∞) which gives a closed immersion
iK′

pK
p′ : ShtorKpKp ↪→ Y tor

K′
pK

p′ , let jK′
pK

p′ : Ytor
K′

pK
p′\ShtorKpKp ↪→ Y tor

K′
pK

p′ be the open immersion.

We have an exact sequence of Kummer étale sheaves

0→ jK′
pK

p′,!Z/ps → Z/ps → iK′
pK

p′,∗Z/ps → 0

for each integer s > 0 by [55, Lemma 2.1.5] and that the cone decompositions which define
the toroidal compactifications are compatibly taken. Taking a derived limit, we have an
exact sequence of Kummer étale sheaves

0→ jK′
pK

p′,!Zp → Zp → iK′
pK

p′,∗Zp → 0.

Tensoring with OYtor
K′

pK
p′
/ps, we have an exact sequence of Kummer étale sheaves

0→ jK′
pK

p′,!Zp ⊗Zp OYtor
K′

pK
p′
/ps → OYtor

K′
pK

p′
/ps → iK′

pK
p′,∗OShtor

KpKp
/ps → 0

by [37, Lemma 4.5.7]. Taking a derived limit and inverting p, we have an exact sequence
of pro-Kummer étale sheaves

(4.5.7) 0→ ÎYtor
K′

pK
p′
→ ÔYtor

K′
pK

p′
→ iK′

pK
p′,∗ÔShtor

KpKp
→ 0

where ÎYtor
K′

pK
p′
:= lim←−s jK′

pK
p′,!Zp ⊗Zp OYtor

K′
pK

p′
/ps. We let

OGSp2g(Qp)−la

Y (Y tor
Kp(U ′)) := ÔY(Ytor

Kp(U ′))GSp2g(Qp)−la,

OG(Qp)−la
Sh (ShtorKp(U ′)) := ÔSh(ShtorKp(U ′))G(Qp)−la.

Proposition 4.5.1. The G(Qp)-equivariant map

OGSp2g(Qp)−la

Y (Ytor
Kp(U ′))→ OG(Qp)−la

Sh (ShtorKp(U ′))

induced from taking locally analytic vectors of the completed colimit of third maps of the
exact sequence (4.5.7) is surjective. The map remains to be surjective when the source is

restricted to OGSp2g(Qp)−la

Y (Ytor
K′p(U ′)).

Moreover, for a Lie subalgebra h ⊂ g, if an element in the source is h-smooth, its image
in the target is h-smooth.
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Proof. We rewrite Y as Y = YK′′
pK

p′′ and let K ′
pK

p′ ⊂ K ′′
pK

p′′ ⊂ GSp2g(A∞) be a

compact open subgroup as in (4.5.6). Note that for the open subspace V := i−1(V ′) ⊂
F `µ,I , the pair (i

−1
K′′

pK
p′′(U

′), V ) also satisfies Condition 4.4.11. We use the argument of the

proof of part (2) of [77, Proposition 6.2.8].
Let U ′

K′
pK

p′ := U ′ ×Y YK′
pK

p′ . We have an injection and an isomorphism

H0(U ′
K′

pK
p′ , ÔYK′

pK
p′ ⊗̂QpC

GSp2g(Qp)−la(K̃ ′
p, E)prokét) ↪→ O

GSp2g(Qp)−la

Y (Ytor
Kp(U ′)),

H0(i−1
K′′

pK
p′′(U

′), ÔSh⊗̂QpC
G(Qp)−la(K̃p, E)prokét) ∼= OG(Qp)−la

Sh (ShtorKp(U ′)),(4.5.8)

where K̃p is a certain quotient of Kp and K̃
′
p = K ′

p, by Proposition 4.4.16 and the compat-
ibility of i, i∞ with the Hodge-Tate period maps.

Retake toric charts of i−1
K′

pK
p′(U

′) and U ′ such that the following diagram commutes:

(4.5.9)

i−1
K′

pK
p′(U

′
K′

pK
p′) //

��

Te′ × Dd′−e′

��
U ′
K′

pK
p′

// Te × Dd−e,

where d′ ≥ d, e′ ≥ e, and the right vertical map is the product of the natural projections
to first e (resp. d − e) coordinates. We may assume to take toric charts compatibly with
choices of K ′

pK
p′. We note that i−1

K′′
pK

p′′(U
′) = i−1

K′
pK

p′(U
′
K′

pK
p′)

Then we can construct affinoid perfectoid covers Ũ ′
K′

pK
p′,p∞ and ˜i−1

K′′
pK

p′′(U ′)
p∞

of U ′
K′

pK
p′

and i−1
K′′

pK
p′′(U

′) with Galois groups K̃ ′
p × Γ′

p and K̃p × Γp respectively as in Section 4.4.3,

which are compatible with the map iK′
pK

p′ .
We have an injection and an isomorphism

lim−→
r→∞

(ÔY(Ũ
′
K′

pK
p′,p∞)⊗̂O(V ′)O(X′

r))
K̃′

p−sm,Γ′
p ↪→ OGSp2g(Qp)−la

Y (Ytor
Kp(U ′)),

lim−→
r→∞

(ÔSh(
˜i−1

K′′
pK

p′′(U ′)
p∞

)⊗̂O(V )O(Xr))
K̃p−sm,Γp ∼= OG(Qp)−la

Sh (ShtorKp(U ′)),(4.5.10)

where {X′
r}r≫0 and {Xr}r≫0 are shrinking system of closed polydiscs over V ′ and V re-

spectively (We consider the case of Qp-coefficient and Qp-locally analytic subspaces in this
proposition, nevertheless the same proof of Lemma 4.4.14 works) by Lemma 4.4.12, Lemma
4.4.13, Lemma 4.4.14, and the isomorphisms (4.5.8).

By the detailed construction of {X′
r}r≫0 and {Xr}r≫0 in the proof of Lemma 4.4.14, we

have a natural surjection O(X′
r) ↠ O(Xr), so we obtain a surjection for r � 0 lim−→

K′
pK

p′

ÔY(Ũ
′
K′

pK
p′,p∞)

∧

⊗̂O(V ′)O(X′
r) ↠ ÔSh(

˜i−1
K′′

pK
p′′(U ′)

p∞
)⊗̂O(V )O(Xr),

where (−)∧ denotes taking p-adic completions. Then it suffices to show that the restriction
for any (or, some) K ′

pK
p′,

ÔY(Ũ
′
K′

pK
p′,p∞)⊗̂O(V ′)O(X′

r)→ ÔSh(
˜i−1

K′′
pK

p′′(U ′)
p∞

)⊗̂O(V )O(Xr)

amounts to be surjective after taking locally analytic vectors.
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Let ÃK′
pK

p′,∞ := ÔY(Ũ
′
K′

pK
p′,p∞) and B̃∞ := ÔSh(

˜i−1
K′′

pK
p′′(U ′)

p∞
). Write AK′

pK
p′,H′,n :=

Ã
H′×pnΓ′

p

K′
pK

p′,∞ and BH,n := B̃
H×pnΓp
∞ for a positive integer n and compact open subgroups

H ′ ⊂ K ′
p (or K̃

′
p) and H ⊂ Kp (or K̃p). Let

F ′
K′

pK
p′,r := ÔY(Ũ

′
K′

pK
p′,p∞)⊗̂O(V ′)O(X′

r),

F ′′
r := ÔSh(

˜i−1
K′′

pK
p′′(U ′)

p∞
)⊗̂O(V ′)O(X′

r),

Fr := ÔSh(
˜i−1

K′′
pK

p′′(U ′)
p∞

)⊗̂O(V )O(Xr).

For each r � 0, there exist open compact subgroups K̃ ′
p(r) ⊂ K̃ ′

p and K̃p(r) := K̃ ′
p(r) ∩

G(Qp) ⊂ K̃p such that F ′
K′

pK
p′,r is K̃

′
p(r)-stable and Fr is K̃p(r)-stable.

We can take Qp-ON bases {v′k′}k′ of O(X′
r), and {vk}k of O(Xr) which contains {v′k′}k′

as a subset. Then by [76, Theorem 2.4.3, Remark 2.5.2], there is a compact open subgroup

H ′(r) × pnΓ′
p ⊂ K̃ ′

p(r) × Γ′
p such that F ′

K′
pK

p′,r admits a unique decompletion (in [76,

Definition 2.4.1], it is called Sen module) to an ON Banach K̃ ′
p(r) × Γ′

p-representation
SH′(r),n(F ′

K′
pK

p′,r) over AK′
pK

p′,H′(r),n and F ′′
r and Fr admit unique decompletions to an

ON Banach H(r) × pnΓp-representations SH(r),n(F ′′
r ) and SH(r),n(Fr) over BH(r),n where

H(r) := H ′(r) ∩ K̃p(r). Note that the maps AK′
pK

p′,H′(r),n → BH(r),n is surjective by the
construction.

The uniqueness of the decompletions ([76, Theorem 2.4.3]) yields

SH(r),n(F ′′
r )
∼= SH′(r),n(F ′

K′
pK

p′,r)⊗̂AH′(r),n
BH(r),n

= SH′(r),n(F ′
K′

pK
p′,r)⊗AH′(r),n

BH(r),n

and then we have a surjection SH′(r),n(F ′
r) ↠ SH(r),n(F ′′

r ). We also have a surjection
SH(r),n(F ′′

r ) ↠ SH(r),n(Fr) since the decompletions preserves surjectivity by [76, Proposi-
tion 2.5.4]. So we have a surjection

(4.5.11) SH′(r),n(F ′
K′

pK
p′,r) ↠ SH(r),n(Fr)

as the composite of the two surjections. Since the Sen operators of F ′ and F are trivial by

the construction, the action of K̃ ′
p(r) × Γ′

p (resp. K̃p(r) × Γp) on SH′(r),n(F ′
K′

pK
p′,r) (resp.

SH(r),n(Fr)) is smooth. Write Γ′
p = Γp×Γ′′

p by the compatibility of toric charts (4.5.9), and
extend the Γp-action on SH(r),n(Fr) to a Γ′

p-action by the trivial action of Γ′′
p. The group

Γ′
p acts on the surjective map (4.5.11) via a finite quotient. Thus, taking Γ′

p invariant of
(4.5.11) and the colimit along r →∞, we have a surjection

lim−→
r→∞

SH′(r),n(F ′
K′

pK
p′,r)

Γ′
p ↠ lim−→

r→∞
SH(r),n(Fr)Γp

By the definition of decompletions and the equations (4.5.10), the colimit along n → ∞
and H(r) → 1 of the surjection is the same as that induced from the third map of the
exact sequence (4.5.7). The last claim follows from the construction. □

Let g, pµ, pµ̃, nµ, nµ̃ is the Lie algebras as defined in Section 4.3.2. Let p̃µ := Lie(P c
µ).

Since the locus of points x ∈ F `µ such that n0µ,x∩p̃0µ,x 6= 0 is non-empty Zariski closed in
F `µ, we need to argue with the localized Sen modules for proving the following proposition
by the method of the proof of Proposition 4.5.1.
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Proposition 4.5.2. The G(Qp)-equivariant map

(4.5.12) OGSp2g(Qp)−la

Y (Ytor
Kp(U ′))pµ̃ → OG(Qp)−la

Sh (ShtorKp(U ′))pµ

induced from the third map of the exact sequence (4.5.7) is surjective. Moreover, for a
Lie subalgebra h ⊂ g, if an element in the source is h-smooth, its image in the target is
h-smooth.

Proof. The proof is similar to Lemma 4.4.14 and Proposition 4.5.1. We just explain
different points of the proof.

Instead of the whole space of locally analytic functions C la(g̃sp2g,Qp), we use the sub-
space of pµ̃-smooth functions (of Qp-coefficients)

C la,pµ̃−sm(g̃sp2g,Qp) := lim−→
K′

p⊂GSp2g(Qp)

C la,Pµ̃∩K̃′
p−sm(K̃ ′

p,Qp) ⊂ C la(g̃sp2g,Qp).

We let (LHS) and (RHS) be the source and the target of the map (4.5.12) respectively and
set

H′ := H0(n0µ̃,O
GSp2g(Qp)−la

Y (Y tor
Kp(U ′))⊗̂QpC

la,pµ̃−sm(g̃sp2g,Qp)),

H := H0(n0µ,O
GSp2g(Qp)−la

Sh (ShtorKp(U ′))⊗̂QpC
la,pµ−sm(g̃sp2g,Qp)).

By Lemma 4.4.12, we have isomorphisms (LHS) ∼= H′K̃′
p×Γ′

p and (RHS) ∼= HK̃p×Γp . Since
(LHS) and (RHS) are OF `µ̃(V

′)-module, it suffices to show for each classical point x ∈ V ′,
the localized map (LHS)x → (RHS)x is surjective.

Note that localizations commute with taking (Lie algebra) cohomology. We obtain the
analog of Lemma 4.4.14 for the localizations of the pµ̃-(or pµ-) invariant subspaces in the
same way and it follows that the localized maps H′

x → Hx are surjective. So we can follow
the argument of Proposition 4.5.1. □

Corollary 4.5.3. Suppose that n0µ,x ∩ p̃0µ,x = 0 for each point x ∈ V := i−1(V ′). If an

element f ∈ OG(Qp)−la
Sh (ShtorKp(U ′)) is annihilated by pµ, then f is annihilated by g, that is,

f is fixed by an open subgroup of G(Qp).

Proof. First we consider the case of Siegel modular varieties. In this case, the argu-
ment of [69, Remark 4.3.4] works.

By using the action of the element

(
p 0
0 1

)
∈ GSp2g(Qp), where each block is of size

g × g, we may assume that πtor,−1
K′

p
(U ′) is a rational open subset of some ε-neighborhood

of the anticanonical locus X ∗
Γ(p∞)(ε)a in [83, §III.2] for some ε ∈ (0, 1/2). The element

f is annihilated by an open congruence subgroup Γ′
0 of the Siegel parabolic subgroup

of GSp2g(Qp) by the assumption. We may assume Γ0(p
m) ⊂ K ′

p and let U ′
Γ′
0
be the

preimage of U ′
K′

pK
′p in X ∗

Γ′
0
(ε)a. By [83, Corollary III.2.23], there is a Tate’s normalized

trace from OX ∗
Γ′
0
(ε)a(U

′
Γ′
0
) to sections of finite levels. Then f is fixed by some open subgroup

of GSp2g(Qp) by the proof of [11, Théorème 3.2] or [69, Lemma 3.2.5].
In the case of general Shimura varieties of Hodge type, the claim follows from the Siegel

case and Proposition 4.5.2. □
Remark 4.5.4. Corollary 4.5.3 can be also obtained by geometric Sen theory of

Shimura varieties. By [77, Theorem 5.2.5], the image of the geometric Sen operator is

generated by n0µ. Then by [76, Corollary 3.4.6], the action of n0µ on OG(Qp)−la
Sh vanishes. So
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for each (U, V ) in our settings, pµ⊗OF `µ and n0µ generates g⊗OF `µ , and thus the corollary
follows.

Proposition 4.5.5. For each element s ∈ OGSp2g(Qp)−la

Y (Ytor
Kp(U ′)), there exists a suf-

ficiently small compact open subgroup K ′
p ⊂ Kp and e′1, . . . , e

′
l ∈ O

GSp2g(Qp)−la

Y (Ytor
Kp(U ′)),

where l is the dimension g2 + g(g+1)
2

+1 of the Siegel parabolic subgroup of GSp2g such that

s =
∑

k1,...,kl∈Z≥0

c(k1, . . . , kl)
l∏

i=1

e′
ki
i

with c(k1, . . . , kl) ∈ H0(U ′,OYtor
K′

pK
p
) and c(k1, . . . , kl)→ 0 as

∑l
i=1 ki →∞.

Proof. We may assume n0µ̃ ∩ p̃0µ̃ = 0 on U ′ by the GSp2g(Qp)-action on F `µ̃ and
shrinking U ′ if necessary. We use the method of [71, §4] and [73, Theorem 3.4.5] and the
notation in the proof of Proposition 4.5.1.

Let Gn for n ∈ Z≥0 be Lie subgroups constructed as in the beginning of Section 4.4.1.
Write Pn := Pµ̃ ∩ Gn.

By the assumption, we can see the module H0(n0µ̃,O(X′
r)) as a K̃

′
p(r)-module for each

r � 0. By the construction of X′
r, we may assume that there is a natural isomorphism

(4.5.13) lim−→
n

Can(Pn,Qp) ∼= lim−→
r

O(X′
r).

Let l := g2 + g(g+1)
2

+ 1. We can choose functions e1, . . . , el ∈ Can(Pµ̃,Qp) such that
Can(Pµ̃,Qp) = Qp〈e1, . . . , el〉 and {ei}1≤i≤l generates a finite dimensional representation of
Pµ̃ as in the proof of [73, Theorem 3.4.5].

Let Ã∞ := ÔY(Ũ
′
p∞) and AH′,n := Ã

H′×pnΓ′
p

∞ for each open subgroup H ′(r) × pnΓ′
p ⊂

K̃ ′
p × Γ′

p. Let F ′
r := ÔY(Ũ

′
p∞)⊗̂O(V ′)O(X′

r) and SH′(r),n(F ′
r) be the unique decompletion of

F ′
r for a sufficiently small open subgroup H ′(r)× pnΓ′

p ⊂ K̃ ′
p × Γ′

p. Note that we have

(4.5.14) F ′
r = SH′(r),n(F ′

r)⊗̂AH′(r),n
Ãp∞ .

For i ∈ [1, l], the image of ei by the composite of the natural map Can(Pµ̃,Qp) →
lim−→n

Can(Pn,Qp) and the isomorphism (4.5.13) is in the image of the natural injection

O(X′
r) ↪→ lim−→r

O(X′
r) by the construction. Write ei,r for the corresponding element in

O(X′
r) to ei.

Write 1⊗ei,r =
∑

j si,j,r⊗fi,j,r where si,j,r ∈ SH′(r),n(F ′
r) and fi,j,r ∈ Ãp∞ by the equation

(4.5.14). Since {ei,r}1≤i≤l generates a finite dimensional representation of H ′(r) × pnΓ′
p,

the summation
∑

j si,j,r ⊗ fi,j,r is of finite term.

Choose f ′
i,j,r ∈ lim−→H′,m

AH′,m which is sufficiently close to Ãp∞ . Then the element

e′i,r :=
∑

j si,j,r ⊗ f ′
i,j,r is sufficiently closed to

∑
j si,j,r ⊗ fi,j,r. Thus we have

F ′
r = Ãp∞〈e1, . . . , el〉 = Ãp∞〈e′1, . . . , e′l〉

Taking H ′(r)× pnΓ′
p-invariant, we have

(4.5.15) AH′(r),n〈e′1, . . . , e′l〉 ∼= SH′(r),n(F ′
r)

by the construction of e′1, . . . , e
′
l.
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Since the Sen operator of F ′
r is trivial, we have

F ′
r
H′,Lie(Γ′

p)−sm
= lim−→

m

SH′,m(F ′
r)

for each open subgroup H ′ ⊂ K̃ ′
p. Taking K̃

′
p × Γ′

p-invariant, we have an identification

(4.5.16) OGSp2g(Qp)−la

Y (Ytor
Kp(U ′)) = lim−→

r

F ′
r
K̃′

p×Γ′
p = lim−→

m

SH′,m(F ′
r)
K̃′

p×Γ′
p .

The proposition follows from (4.5.15) and (4.5.16). □

4.5.2. Locally analyticity of perfectoid Shimura varieties. In this subsection,
we introduce an ad hoc definition of Faltings extensions for Shimura varieties of Hodge type
and locally analyticity of their perfectoid covers. We will show that any Shimura varieties
of Hodge type admits a cover by open affinoid subspaces over which the perfectoid cover
is locally analytic. This is a generalization of [69, §3.5, §3.6, §4.2].

We use the notation in the previous section. Let B̃ := ÔSh(Ũ) and B̃∞ := ÔSh(Ũp∞).
Fix an isomorphism Γp ∼= Zdp. We consider the following unipotent representation of Γp on

W = Qd+1
p :

Γp ∼= Zdp → GLd+1(Qp), γ 7→ Aγ = (aγ,1, . . . , aγ,d) 7→
(
1 Aγ
0 1

)
.

The representation defines the exact sequence

0→ Qp → W → Qd
p → 0.

Tensoring the exact sequence with B̃∞ and take Γp-invariants with respect to the diagonal
actions, we have an exact sequence

(4.5.17) 0→ B̃ → (B̃∞ ⊗Qp W )Γp → B̃d → 0.

For i ∈ [1, d], let γi ∈ Γp be the corresponding element to the i-th fundamental vector
ei ∈ Zdp. By the similar argument of [69, Proposition 3.5.3], we have

Proposition 4.5.6. The following conditions are equivalent:

(1) The sequence (4.5.17) remains exact after taking G0-analytic vectors for some uni-
form pro-p subgroup G0 of G(Qp).

(2) The sequence (4.5.17) remains exact after taking G(Qp)-locally analytic vectors of
each term.

(3) There exist G(Qp)-locally analytic vectors z1, . . . , zd ∈ B̃∞ such that γi(zi) = zi−1
and γi(zj) = zj if i 6= j.

We say that Ũ is a locally analytic covering of U if one of the conditions in Proposition
4.5.6 holds.

Proposition 4.5.7. The topological G-module B̃ is LA-acyclic if and only if Ũ is a
locally analytic covering of U .

Proof. The “only if” part is clear. The argument of the “if” part is similar to [69,
§3.6]. First we have a natural isomorphism

(4.5.18) H i
cont(Gn, B̃⊗̂QpC

an(Gn,Qp)) ∼= H i
cont(Γp, (B̃∞)Gn−an)
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for i, n ≥ 0 by the almost purity theorem (cf. [69, Lemma 3.6.4]) and we have an isomor-
phism (cf. [69, §3.6.5])

RiLA(B̃) ∼= lim−→
n,k

H i
cont(Γp, (B̃∞)(Gn×pkΓp)−an).

We can take locally analytic vectors z1, . . . , zd ∈ B̃∞ as in Proposition 4.5.6 (3) by the

assumption. Note that each zj is in B̃∞,j. Let B̃la,fin
∞ := lim−→n,k

B̃
(Gn×pkΓp)−an
∞ . For each

j ∈ [1, d], consider the complex

Cj := (B̃la,fin
∞

γj−1−−−→ B̃la,fin
∞ ),

where the first term is of degree 0. Then each Cj has trivial H
1 by the argument of [69,

§3.6.7].
The cohomology group (4.5.18) can be computed using the tensor product complex⊗d
j=1Cj, which is the Koszul complex attached to the Γp-action on B̃la,fin

∞ . Then its

vanishing for i ≥ 1 follows from each H1(Cj) = 0 and degenerating of Künneth spectral
sequence. □

Proposition 4.5.8. The pro-Kummer étale cover Ũ is a locally analytic covering of
U .

Proof. Let f : U → Te × Dd−e denote the fixed toric chart of U and Ti be the i-
th coordinate of Te × Dd−e for i ∈ [1, d]. By [36, Proposition 2.3.15, Corollary 2.4.2],

identifying B̃d with B̃⊗BΩ1
U/Cp

(log) sending ei to f
∗(dTi

Ti
) for i ∈ [1, e] and ei to f

∗(d log Ti)

for i ∈ [e + 1, d], the exact sequence (4.5.17) is naturally isomorphic to the section on Ũ
(which is also exact by the almost purity theorem) of the exact sequence

(4.5.19) 0→ ÔSh → gr1OBdR,log,Sh(−1)
∇log−−→ ÔSh(−1)⊗OSh

Ω1
Sh(log)→ 0,

where ∇log is induced from the graded quotient of the log derivation

∇log : OBdR,Sh → OBdR,Sh ⊗OSh
Ω1

Sh(log)

by Griffiths transversality.
Let G-QCoh(Flµ,Cp) be the category of quasi-coherent sheaves on Flµ,Cp and

G-OF `µ-mod be the category of G-equivariant OF `µ-modules. Let π : GCp → Flµ,Cp be
the natural quotient map and the functor (cf. [77, Proposition 3.1.1])

W : RepCp
(Pµ,Cp)→ G-QCoh(Flµ,Cp), W 7→ (V 7→ (O(π−1(V))⊗Cp W )Pµ,Cp ),

where Pµ,Cp acts on O(π−1(V)) as the right regular representation and V ⊂ Flµ,Cp is an
open subset. The algebraic group GQp acts on eachW(W ) as the left regular representation
on (the translations of) O(π−1(V)). We writeWad for the composite ofW with the natural
functor G-QCoh(Flµ,Cp)→ G-OF `µ-mod.

By [77, Theorem 5.1.4], the exact sequence (4.5.19) is naturally isomorphic to

(4.5.20) 0→ ÔSh → πtor,∗
HT (Wad(O(N c

µ)
≤1))→ πtor,∗

HT (nc,0,∨µ )→ 0,

where the notation O(N c
µ)

≤1 is given in [77, §3.3], in particular, it is a finite dimensional

algebraic representation of Pµ,Cp , and the third map is obtained from taking (πtor,∗
HT ◦Wad)(−)

on the quotient map O(N c
µ)

≤1 → gr1(O(N c
µ)).

Recall that an open subset V ⊂ F `µ can be taken such that Condition 4.4.11 is
satisfied. We may assume that V is contained in the subspace of F `µ which comes from
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an affine open subspace V ⊂ Flµ,Cp . Here O(π−1(V))⊗Cp O(N c
µ)

≤1, so W(O(N c
µ)

≤1)(V) =
(O(π−1(V))⊗Cp O(N c

µ)
≤1)Pµ,Cp is an algebraic (and so analytic) representation of an open

subgroup of G(Qp). The module W(O(N c
µ)

≤1)(V) is also finite projective over O(V) by
that the map π : GCp → Flµ,Cp is faithfully flat and descent of finite projective modules via
the map π.

Then we have equalities

πtor,∗
HT (Wad(O(N c

µ)
≤1))(Ũ) =W(O(N c

µ)
≤1)(V)⊗̂O(V)O(Ũ)(4.5.21)

=W(O(N c
µ)

≤1)(V)⊗O(V) O(Ũ).

Since the functor W is exact (cf. [77, Proposition 3.1.1]), the map of algebraic representa-
tions

(4.5.22) W(O(N c
µ)

≤1)(V)→ nc,0,∨µ (V)

obtained from taking W on the quotient map O(N c
µ)

≤1 → gr1(O(N c
µ)) is surjective. So

the exact sequence gained by taking sections on Ũ of (4.5.20) remains exact by taking

locally analytic vectors since tensoring the surjective map (4.5.22) with O(Ũ)la remains to

be surjective. Thus Ũ is a locally analytic covering of U . □

4.5.3. Proof of the main theorem. We prove the main theorem using the results
obtained in the section. For a sufficiently small compact open subgroup Kp ⊂ G(A∞,p),

let OKp := πtor
HT,∗(ÔSh|ShKp ) and IKp := πtor

HT,∗(ÎSh|ShKp ) be sheaves of topological algebras

on F `µ in analytic topology. Let Ola
Kp ⊂ OKp and I laKp ⊂ IKp be subsheaves of locally

analytic sections as in Definition 4.4.15.

Theorem 4.5.9. For any i ≥ 0 and a neat compact open subgroup Kp ⊂ G(A∞,p),
there are natural G(Qp)-equivariant isomorphisms

(H̃ i(Kp,Qp)⊗̂QpCp)
la ∼= H i(F `µ,Ola

Kp),

(H̃ i
c(K

p,Qp)⊗̂QpCp)
la ∼= H i(F `µ, I laKp)

Proof. This follows from Proposition 4.5.1, Proposition 4.5.5, Proposition 4.5.7,
Proposition 4.5.8, [83, Theorem IV.2.1], and the argument of the proof of [69, Theorem
4.4.6]. □

4.5.4. The case of unitary Shimura curves. In the last subsection, we observe
τ -locally analytic vectors in completed cohomology of unitary Shimura curves using the
method which has been developed until the previous subsection.

Let (G,X) be a Shimura data which gives a unitary Shimura curve as in Section 4.2.3.
Since unitary Shimura curves are compact and we want to focus on the unitary Shimura

curves, write U := i−1
K′

pK
p′(U

′), ShKp = ShtorKp , and Ũ := ShtorKp(U ′). We now explicitly write

down the sections

Oτ−la
Sh,E(ShKp(U)) = H0(ShKp(U),Oτ−la

Sh,E).

by the method of expansions along Borel subalgebras as in [69, §4.3]. Recall the exact
sequence of vector bundles on Sh = ShK = ShKpKp

(4.5.23) 0→ (ε∗Ω
1
A/(ShK)τ,E

)−,1,rig℘,τ → (R1ε∗Ω
•
A/(ShK)τ,E

)−,1,rig℘,τ → (R1ε∗OA)
−,1,rig
℘,τ → 0,
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which is the rigidified version of the exact sequence in Proposition 4.3.4 (2). Taking the
colimit along Kp → 1 and the completion, we have an exact sequence of vector bundles on
ShKp,proét

(4.5.24) 0→ V0 → V −,1
℘,τ ⊗Q̂p

ÔShKp → V1 → 0,

which is naturally embedded in the exact sequence (4.5.2). Note that V −,1
℘,τ is isomorphic

to the standard representation of GL2(F℘) (and fix such an isomorphism), and V0 and V1

are vector bundles defined over Sh = ShKpKp and of rank 1.
Let {e1, e2} denote the basis of the standard representation V −,1

℘,τ of GL2(F℘). Taking
global sections of (4.5.24) on ShKp , we have an exact sequence

(4.5.25) 0→ H0(ShKp ,V0)→ H0(ShKp , V −,1
℘,τ ⊗Q̂p

ÔShKp ,E)→ H0(ShKp ,V1)→ 0

by the almost purity theorem [37, Theorem 5.4.3]. Fix a generator v ∈ H0(ShKp ,V1)
and the induced isomorphism H0(ShKp ,OShKp ,E) ∼= H0(ShKp ,V1) by v. We equip with
the induced norm in H0(ShKp ,V1) from the Banach algebra H0(ShKp ,OShKp ,E) by the
above isomorphism. Recall that the flag variety F `µ associated with a Hodge cocharacter
attached to (G,X) is given by the filtration defined by the exact sequence (4.5.25) as
observed in Section 4.3.3. Fix a Cp-point ∞ ∈ ShKp such that the point πHT(∞) ⊂ F `µ
corresponds to the filtration 〈e1〉 ⊂ V −,1

℘,τ .
We also write e1, e2 for the image of e1 ⊗ 1, e2 ⊗ 1 by the third map of (4.5.25). Since

the Hodge-Tate period map πHT : ShKp → F `µ is GL2(F℘)-equivariant, we may assume
that e1 generates H0(ShKp ,V1) over ShKp(U) by the action of some element in GL2(F℘).

Let x := e2
e1
∈ ÔSh(ShKp(U)).

By the decomposition of GQp (4.2.1) and the argument of connected components of
Shimura varieties,

H̃0(Kp, E)
∼−→ C(O×

℘ , E)⊕|IK | ⊗E C℘

where IK be the ideal class group of OK and C℘ is an admissible representation of G, on
which GL2(F℘) acts trivially (see also [38, §4.2] for the case of the modular curve). Let

t ∈ H0(ShKp , ÔSh,E) = H̃0(Kp, E)⊗̂QpCp be an element given by ω
⊕|IK |
τ ⊗ 1 ∈ H̃0(Kp, E)

where ωτ := τ |O×
℘
: O×

℘ ↪→ E is the restriction of the embedding τ ∈ Σ℘. Note that e1, e2,

x, t are τ -locally analytic sections by the construction.
Recall that U is taken to be in B in Proposition 4.3.2. Fix a uniform pro-p group

G0 ⊂ Kp and let Gn ⊂ G0 be a subgroup defined in Section 4.4.1. For each integer n ≥ 0,
let UGn ⊂ ShGnKp be the preimage of U . Let r(−1) = 0 and we can find

(1) An integer r(n) > r(n− 1).
(2) An element xn ∈ H0(UGr(n)

,OShGr(n)K
p ) such that ||x − xn||Gr(n)

≤ p−n in

H0(Ũ ,OShKp ).
(3) An element tn ∈ H0(ShGr(n)K

p ,OShGr(n)K
p ,E) such that ||t − tn||Gr(n)

≤ p−n in

H0(ShKp ,OShKp ).

(4) An element e1,n ∈ H0(UGr(n)
,V1) such that ||e1 − e1,n||Gr(n)

≤ p−n in H0(Ũ ,V1).
for each integer n ≥ 0 by [69, Lemma 2.1.5].

We define OnE(U){x, e1, t} ⊂ Oτ−la
Sh,E(ShKp(U)) to be the subset of elements f which can

be written as

f =
∑
i,j,k≥0

c
(n)
i,j,k(x− xn)

i

(
log

(
e1
e1,n

))j (
log

(
t1
t1,n

))k
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such that c
(n)
i,j,k ∈ H0(UGr(n)

,OShGr(n)K
p ,E) for integers i, j, k ≥ 0 and ||ci,j,k|| ≤ p(n−1)(i+j+k)C ′

holds for some uniform constant C ′. It is a Banach algebra over Cp with norm

||f ||n := sup
i,j,k≥0

||c(n)i,j,k(f)p
(n−1)(i+j+k)||.

Proposition 4.5.10. For any positive integer m > 0, there exists a positive integer n
and a natural continuous embeddings of Banach spaces

Oτ−la
Sh,E(ShKp(U))Gm−an ⊂ OnE(U){x, e1, t} ⊂ Oτ−la

Sh,E(ShKp(U))Gr(n)−an.

In particular, there is a natural isomorphism of topological vector spaces

lim−→
n

Oτ−la
Sh,E(ShKp(U))Gn−an ∼= lim−→

n

OnE(U){x, e1, t}.

Proof. This follows from Corollary 4.5.3 and the argument of [69, §4.3]. □
Let K℘ := KpK℘

p for some compact open subgroup K℘
p ⊂ G(Q℘

p ). For an object W in
RepE(G

c), let OKp,W := πHT,∗OShKp ,W . In the case of unitary Shimura curves, there exists
perfectoid unitary Shimura curves of level K℘.

Theorem 4.5.11 ([50, Theorem 3.3.3] (and also e.g. [73, Theorem 3.2.1])). If K℘

is sufficiently small, there exists a unique perfectoid space ShK℘ over Spa(Cp,OCp) such
that

ShK℘ ∼ lim←−
K℘

ShK℘K℘ ,

where K℘ runs over all compact open subgroup of G(Q℘). The space ShK℘ is a pro-étale
K℘-torsor over ShK℘K℘. Moreover, there exists a Hodge-Tate period map

πHT,℘ : ShK℘ → F `µ

which is compatible with πHT and satisfies the similar properties in Proposition 4.3.2.

We define OK℘,W := πHT,∗OShK℘ . Note that the analog of Proposition 4.5.10 in the
case of K℘-level perfectoid unitary Shimura curves can be verified in the same way. For a
subset J ⊂ {z} ∪

⊔
℘i|pΣ℘i

, we can define J-locally analytic subsheaves OJ−la
Kp,W ⊂ OKp,W

and OJ−la
K℘,W ⊂ OK℘,W as in Definition 4.4.15.

Theorem 4.5.12. There is natural G(Qp)-equivariant isomorphisms

(H̃1(K℘, E)⊗̂QpCp)
τ−la ∼= H1(F `µ,Oτ−la

Kp,E)
K℘

p ∼= H1(F `µ,Oτ−la
K℘,E).

Proof. Initially, we show the first isomorphism. We claim that there is a natural
G(Qp)-equivariant isomorphism

H i
an(ShKp ,Oτ−la

Sh,E)
∼= H i(F `µ,Oτ−la

Kp,E)

for i ≥ 0. It follows that there exists an affinoid open cover {Ui}i of Sh such that each
π−1
Kp

(Ui) is a locally analytic covering of Ui in the sense of [69, Definition 3.5.4] by the argu-

ment of [69, Corollary 4.2.3] and the Kodaira-Spencer isomorphisms for unitary Shimura
curves (cf. [34, §4], [35, §3.3.1.3]). Then the claim follows by Proposition 4.5.10 the first
part of the proof of [69, Theorem 4.4.6].

By Proposition 4.4.19, we have a natural G(Qp)-equivariant isomorphism

(H̃1(Kp, E)⊗̂QpCp)
τ−la ∼= H1

an(ShKp ,Oτ−la
Sh,E).
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Then it suffices to construct natural G(Qp)-equivariant isomorphisms

(H̃1(Kp, E)⊗̂QpCp)
K℘

p ,τ−la ∼= (H̃1(K℘, E)⊗̂QpCp)
τ−la.

The first isomorphism follows from Corollary 4.4.22 and that

lim−→
K℘

p

(H̃1(KpK℘
p , E)⊗̂QpCp)

τ−la

is a smooth GL2(F℘)-representation by the degeneration of spectral sequence.
Next we show the second isomorphism. Take an open cover

⋃
i Vi = F `µ in analytic

topology, where Then each section Oτ−la
Kp,E(Vi) is a smooth K℘

p -representation by Proposition
4.5.10. So there is a spectral sequence

Ep,q
2 = Hp(K℘

p , H
q(F `µ,Oτ−la

Kp,E)) =⇒ Hp+q(F `µ,Oτ−la
K℘,E)

degenerating at E0,1
2 -term and the second isomorphism follows from this. □
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[42] P. Gille, P. Polo (eds.), Schémas en groupes (SGA 3). Tome III. Structure des schémas en
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