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- Topologically Extremal Real Surfaces in

E2XP1 and P1XP1XP1.

by Goo ISHIKAWA (g '] W & ).

Department of Mathematics, Faculty of Sciences, Nara Women's

University, Nara 630, Japan.

From a general viewpoint we illustrate a method of

construction of surfaces in P°xPt  ana Pt

XTIXEI defined over
R having topologically extremal properties. Precisely we show
that for each d, e and r there exists an M-surface A in

P2XP1 (resp. P1XP1

XPl) of degree (d,r) (resp. (d,e,r)) such
that the projection A —> Pl has the maximal number of real
critical points. The construction of M-surfaces in PB by

0.Ya.Viro 1is also made more clear.

0. Introduction.

Harnack [H] pointed out that the number of components in the
real locus of a curve in P2 of degree d defined over R does
not exceed 1+(1/2)(d4-1)(d-2) and, for each d, there exists a
non-singular curve in Pz of degree d defined over R, the

real locus of which has exactly 1+(1/2)(d-1)(a-2) components.

Hilbert in his 16th problem proposed to investigate
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topological restricfions for hypersurfaces in P" of fixed
degree defined over R.

One may regard an real algebraic funétion as an one-
parameter family of hypersurfaces defined over [R, and it is
natural to investigete topological restrictions for ﬁypersurfaces
in m“xwl of fixed degree defined over R.

1

Let A < P%Ip be a real hypersurface of degree (d,r), that

is, the zero-locus of a polynomial > F.(Xn,...,X )Ar—jml,
: : i*~o° n
Os<igr
where Fi (0<i€r) is a real homogeneous polynomial of degree Ad.
Consider the projection P: A — Pl. Our main object is the
topology of real locus %ﬁ of A and singularities of the
1

restriction % —> RP

r: Ag of ¥ to A -

We denote by Pt(X,K) the Poincare series of a space X
over a field K with indeterminate t, and by s(f) the number
of critical points of a function f: X — R from a
n-dimensional manifold to an one-dimensional manifold.

If A C P%P! 1is non-singular, then the diffeomorphism

type of A 1is determined by (d,r).. For example,
X(A) ' (n:even),

Pl(A,K) = for any K,
‘ 2(n+l1)- X(A) (n:o0dd),

n+l

X&) = (1) (1-a)r + 2(279 =L niny ) (er. 1.6).

We call A generic if A is non-singular and ¢: A —p!

has only non-degenerate critical points.
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If A 1is generic, then s(f) = (n+1)(d-1)"r (cf. 1.6).
By Harnack-Thom's inequality ([G]), we have an uniform

estimate:

P (Ags32/2) < P (A;Z/2),

(0.0) s(P) < s

In this note from a general viewpoint we show the following

Theorem 0.1. For n =1, 2 and for each (d,r), the

estimate (0.0) is sharp, that is, there exists a generic real

1

hypersurface of anP of degree (d,r) attaining both equalities

in (0.0).

Notice that in the case r = 1 Theorem 0.1 1is proved in
[I]. A finer result is obtained in the case n = 1. For
A CIP%(WI, we denote by 7T: A —> Wl the projection to the

first component.

Proposition 0.2. For non-singular real curves A C.P%:Pl

of degree (d,e) such that both ¢, T have only non-degenerate
critical points, there exists the sharp estimate: |
Pl(AR;Z/z)' < 2+ 2(d-1)(e-1),

s(fR) < 2(da-1e, s(Mx) < 2d(e-1).

Now let us formulate a general theorem which implies

Theorem 0.1.
-3-



Let S be a real complex surface (cf. 2.1), C C S be a

real curve possibly with singularities. A non-singular component

E of qR C §R is an oval (resp. an empty oval) if there exists
an embedding i: 1)2————53[R such that i(D?) = E (and that
i(int D2) N\ Cp 1s empty).

Let S be compact, L a real holomorphic line bundle (cf.

s M-sections of L (ef. 2.7).

0’

2.6), s 1

Consider the following condition (*):

(#¥1) The zero-loci (so)O and (sl)O are both connected
and of genus g. _
~ 2
(*11) (sy), and (s;), intersect in <cl(L) ,[81) points
in %R' '
*n-o - = ‘ »
(¥iii) The real locus of (sosl)0 (30)0\J (sl)0 has

2g empty ovals.

We denote by (1

1 the real complex curve (Pl,Ti), where

Tl is the complex conjugation (c¢f. 2.3). Fix a pair of

M-sections X,f( of Cajﬁlj such that (A)O # 9“)0.
; P :

1

lf——%-S the projections.

Denote by %ﬂ SXP%?——?JPi, % : SXP

For a transverse section s of 3*L69¥*691(r) (cf. 1.3), denote
P
1

by ¢: (s)o-——? Ei R 7(:'(3)0-——? S the restrictions of

projections. Then, associated to s, there is a natural section

of Hom(T(s)O,?*TPi) defined by the tangent map of ¥ .
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Theorem 0.4. Let S be an M-surface with connected real
part %R’ I, be a real holomorphic line bundle with a pair
59> 51 of M-sections of L satisfying the condition (¥).
Then, for any r, there exists an M-section s of ?*Lé9+*d)l(r)
P

-1

over vSXlP% near so® Xr, which associates‘an M-section of

Hom(T(S)O,‘F*TPi) defied by the projection ¢: (S)O~——9 Ei.

Explicitely, s can be taken in a form

i r-i _ . . _ . . |
Ot EisiA ﬂ , Where s; = 8, (i:even), 5, = 8, (i:o0dd) and
go,il,;..,Er larevreal numbers with 1 = 5055]51!'»...$>{£A > 0.
Remark 0.5. A sufficient condition fbr the existence of a
pair of M-sections satisfying (¥) is given in section 4.

Theorem 0.4 with this sufficient condition implies immediately

Theorem 0.1 in the case n = 2.

Putting S = fPllel (= lPllel) and L = (7 .@)e0_(r)
I "1 Pl Pl

over S, we have

Corollary 0.6. For non-singular real surface A < pxipixip!

of degree»(d,e;f) such that ¢: A ———»Pl has only non-degenerate

critical points, there exists the sharp estimate:

P,(Ap32/2) < 6der-hde-her-hra+hd+letir,

s(%%) < (6de-ltd-lbe+l)r.
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From Theorem 0.4, it naturally arises the following general

problem:

Problem 0.7. Let E be a real holomorphic vector bundle
over a real complex manifold. Give a criterion for the existence

or the non-existence of M-sections of E.

Lastly we intend to clearfy the construction of M-surfaces

in 3 by Viro [V].

Theorem O.8.(Viro) For non-singular real surfaces A 1in

p3 of degree d, there exists the sharp estimate:

) 3,2 |
P (Ap;%/2) < a3 - ha® + 6d.

Let XO,Xl,X2,X3 be homogeneous coordinates of )P3. Put

o = Xy = of.

P = {x, = o}, ' = {x3=x3=‘o‘r‘ and £ = {x
Let ¢: P3—9 ~—ﬁVP1 be a projection. PFix a tubular neighborhood

U of 4 4in 3 such that TAIPT is empty.

Observe that for each d there exist M-sections Sgs+--s84

of 6;2(0),;.}, 0&2(d) near X20,...,X2d respectively such that
: . . 2
(Si)o and (si+1)0 intersect in 1i(i+l1) points in RP", the

real locus of (sisi+l)0 has (1/2)(i-1)(i-2) + (1/2)i(i-1)

empty ovals (0gi<d-1) and ?f(si)o has (i-1)i real critical

points (0gig¢d). Naturally each s; 1s extended to a section E;

of (0 (1) (0gigad).
P



> d-i~ 0,.3
Put s = I ¢ s, € H (P, @ ,(d)),, and A = (s)..
ogi g +2 i p3 R 0

[[7aN

Take - real numbers EO,...,Ed to be 1‘= on>lflt$>...$>lad[> 0

and of apropriate signs.

1 defines a vector rield ' over Ap-U.

fig: Ag=U—> RP
3t is extended to a vector field 3§ over %R ~with finite
singularities. ’

Denote by s+(}) (resp. s (3)) the sum of positive (resp.
negative) indices of singular points of 3§, and put

t, = dim Hi(ﬁR;Z/2) (i=1,2,3). Then we see

sH3) 2 4+ (1/3)d(d-1)(d-2),
sT(3) 2 (1/3)(a+1)d(a-1) + (1/3)d(d-1)(d-2).

Thus  X(Ag) = s'(§) - s7(}) 2 d - (1/3)(a+1)d(d-1). On the
other hand tO + tl z 2 + (1/3)(a-1)(d-2)(d-3). Hence we have
Pi(AR3Z/2) = g + ty + b,

206y + t,) - Xag)

N/

a3 - 4d° + 6 (= P (A;2/2)).

By Harnack-Thom's inequality, all equalities are hold.

The author would 1like to thank J.J.Risler forvhelpful
suggestions) Takashi Matsuoka for informing the existence of

[P] and M-h Saito for valuable comments.
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1. Preliminary: Complex Topology.

(1.0) Let X be a complex manifold, 7T: E—>X a
holomorphic vector bundle and s: X ——> E a holomorphic sectionf

Put (s)o = {X(EX Is(x) = O}.

We call s transverse if s 1is transverse to the zero

section § C E, that is, for any s €(s)ys S*TXXGBTS(X)K = ?s(x)f

If s 1s transverse, then (s)O is a complex submanifold
of X.

Denote by H the complex vector space HO(X,E) of
totality of holomorphic sections of E over X, and by PH the
projectification of H.

Put Z = {(x,[s])€ XXPH ]s(x) = O_f and consider the
projection §: Z—> PH. Then s is transverse if and only if
Z 1is non-singular along f_l[s] and ¢ is submersive over [s

In particular, for transverse sections s, s'¢& H,.

(s), and (s'), are diffeomorphic.

(1.1) Let s<&H’(X,E) be transverse. Put Z = (8)g-

Then we have an exact sequence

0 > TZ ,TX'Z~——% E —> 0,

Z

of complex vector bundles. Therefore ct(TX{Z) = Ct(TZ)Ct(EfZ)

for Chern polynomials. The Chern classes of TZ are calculated

. ) ct(TX)Z)
vy the formula ct(TZ) = (cf. [F]).
' ¢y (Elg).

~8-
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(1.2) Let L Dbe a holomorphic line bundle over a complex
manifold 'V of dimension n. Let Z be the zero-locus of a

transverse section of L. Then by (1.1),

Xz = < X Dde () (e (I v

i+j=n+1
Fof example, if dim V ='2, then
X(2) = ey (TV)e (L) - ey (12, [VI).
Furthermore, if Z is connected, then

X2) = 1+ (1/2)<ey (1)2 = ey (L)ey (TV),[VI).

(1.3) Let R Dbe a non-singular curve of genus g. Denote

by 3: VXR — V and ¢. YVXR —>R the projections. Put

L' = ?*L@‘/’*(QR(I*)' over VXR for each r. Let A C VXR be
the zero-locus of a transverse section of L'.

Then  X(A) = <f,[V]), where

P= re (V) + 25 ((j+1)r+2g-2)c; (TV)(-c (L)Y,
n 1+3=n,J>0 -

as an element of ngn(V;Z).

For example, if dim V = 2, then

X(A) = <(rc2(Tv) - (2r+gg;2)c1(TV)ol(L) + (3r+2g—2)cl(L)2,
[viy.

(1.4) Example. Let C,C' and C" be non-singular curves

-9-



48

of genus g,g' and g" respectively. Puf X =C¥XCrxc", and
denote projections by Dp,,p, and Py to €,C' and C" )
respectively. Let A <X be the zero-locus of a transverse
section of L' = pl*ab(d)@)pg*a%,(d5a>p3*4%"(d"). Then X(A) is
equal to 6(d-1)(d'-1)(d"-1) + (2+4g")(a-1)(d'-1) +

(2+bUg) (ar-=1)(ar-1) + (2+4g')(am-1)(a-1) + (2+4g'g")(d-1) +
(2+lg"g) (a'-1) + (2+4gg')(d"-1) + 6 - U(gtg'+g") +

b(gg'+g'g"+g"g).

(1.5) In (1.3), denote by $: A ——> R the projection to F

Put § = Hom(TA,P*TR). Then e (3),[AT) = <1,[V1), where

7= (-1 (3+1) e, (TV) (=eq (L)),

i+j=n
: 2n
as an element of H™ ' (V;Z).
For example, if dim V = 2, then

(er(D),IA1) = r<e,(TV) - 2e) (TV)e (L) + 3¢y (L), [V1).

(1.6) Let A be a non-singular hypersurface of PnXIPl.

of degree (d,r). Then X(A) = <cn(TA),[A]>> is equal to

n+1l
d

(n+1) (1-a)p + 2(=8) -1 4 iy,

Ir ¢ A—~—}IP1 has only isolated critical points, then

s(f) = <cn(Hom(TA, *TPl)),[A]> 1s equal to (n+1)(d-1)"r.

(1.7) Let A be a non-singular irreducible projective
variety of dimension n. Then Hi(A;Z) is torsion free for
all i, and rank Hi(A;Z) is equal to 0 (i#n, i:odd), 1 (i#n,
i:even), n+l- X(A) (i=n, n:odd), X(A)-n (i=n, n:even).

~10-
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(1.8) If A is a simply connected compact complex surface,
then P_(A3K) = P_ (A,K), and Py (A;K) = P_j(A3K) = X(A) for
any field K.

2. Preliminary: Real Topology.

(2.1) A real structure on a complex manifold X 1is an

anti—holomorphic involution T: X —>X. The pair (X,T) 1is

called a real complex manifold. Two real complex manifolds

(X,T), (X',t") aré isomorphic if there is an isomorphism

¢: X —>X! of complex manifolds satisfying 6€cT = T ¢

(ef. [S]). |
(2.2) Let (X,D be’a real complex manifold. Wevdenote

by XR the space Xt of fixed points of T in ‘X, and call

it the real locus of X (with respect to ‘C).

(X,0) 1is a M-manifold if P, (Xy;2/2) = Py(X32/2) (ef.
[G]). A M-manifold (X,T) of dimension 1 (resb. 2) is called
a M-curve (resp. M—surface).

(2.3)1 Example. The number of equivalence classes of real
structures on En "is one if n'lis even and two if n is odd

(cf. [F1, p.2L0).

" The anti—hblomorphic involution T':)P2m+1;——» E2m+l
defined by TF[XO:Xlz....X2l X2i+l"":x2m:X2m+l] = [-X;: X5t
"X21+1’X21:""‘X2m+1’X2m] gives a real_struqture not

equivalent to the usual real Structure‘defined by the complex

conjugation (P2™L T ). We often denote by o™t - 2L
. 2m+1 2m+1l |
! =
), By B Comen -

-11-
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2m 2m+1

Then [P and P are M-manifolds, but pamt+l

0
not a M—manifold.

e .
(2.4) From properties of Poicare series, we see

Lemma. Let (X,T), (X',T') be M-manifolds. Then

(x1L X', TldT') and (XXX', TXT') are also M-manifolds.

(2.5) Lemma. Let (X;[) be a M—sufface.with Hl(X;Z/2)

=0 and Hy(Xp32/2) 5 2/2. Then X(X) + X(Xg) = h.

Proof. P_,(X;Z/2) = P (X;%/2) = Py (X ;%/2).

Py (Xg32/2) + P_y(Xg;2/2) 2(dim Hy(Xg32/2) + dim Hy(Xg32/2))

4.

(2.6) Let M: E—> X be a holomorphic vector bundle over
a real complex manifold (X,T). A real structure of T 1is a
real structure T: E —>E of E as a complex manifold (cf.

‘2.1) such that Re¢T = T and the restriction TX: EX-——> ETIX)

to each fiber (x & X) is conjugate linear.

We call the triple E = (7T;7,7T) a real holomorphic vector

bundle (cf. [A]). Notice that the restriction 'RB: QR —> &R
to the real locus of 7 1is a real vector bundle.

A holomorphic section s & HC(X,E) of E 1is real if
TeseT™! = s, that is, s € HO(X,E), with respect to the

anti-holomorphic involution sr——%'Tosfc"l.A

-12-
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(2.7) Definition. A holomorphic section s of a real

holomorphic vector bundle over a real complex manifold (X,T)
is a M-section dif s 1is transverse, real and the zero-locus

(s)0 C X with restricted T is a M-manifold.

(2.8) Remark. Two real holomorphic vector bundles are
isomorphic as real holomorphic vector bundles if and only if
they are isomorphic as holomorphic vector bundles.

On Pn, any holomorphic line bundle has a structure of real

holomorphic line bundle.
(2.9) Poincaré-Hopf-Pugh formula (cf. [P]).

Let M be a compact ¢ manifold of dimension n with
boundary oM. |

A tangent vector § to M at a point x, of M is
external if dfxo(}) is positive for some C* function f
defined in a neighborhood U of x, such that £ 7(0) = IMNU,
f takes negative values in (M-9M)NU and ar[9MNU does not

vanish (figure 1):

o ///?////

Let v: M —— TM[? M be a C* section over 2M to the

tangent bundle TM.

-13-



Assume that (a): for each xoegBM, v(xb) # 0.

First put MO = M. Next put

My'o= {xfi?M v(x)l is external},

- VT = -
and put M1 M1 , and aMl M1 Ml'.

Inductively, if Mk is a C™ manifold with boundary 9Mk
(k20), then put

Mo = (x€dM | (v[2M ) (x) 1s external w.r.t. Mk} ,

Mgy = Mpq ' oand My = M, - M o0,

Assume that (b): M, 1s a C™ manifold with boundary M,
(k = 1,2,...,n-1).

Lemma. Let v satisfy two assumptions (a), (b) stated
above. Then for any c* extension w: M —>TM with isolated

singularities, we have

n .
(c): ind w = ;Zb (—l)le(Mi).
l = .

Remark. (0) We adopt the following definition of index of
a vector field: Let x, M be an isolated singular point of w.
Take a system of coordinates x.,,...,x centered at x,, and
1 > n 0

write locally

w(x) = al(x)(a/axl) ...+ an(x)(?/axn).

Define indxow = dego(—a), where a = (al,...,an).

-1h4-
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Then put 1ind w = z:indx w, where the sum runs over isolated

singular points x of w.

0
(1) Tf M is empty, then (c) is the Poincaré-Hopf's
formula.
(2) For a C* vector field w over M with only isolated
singular points, there exists a non-negative QN function
f: U—>R with the following properties:
(1) £71(0) = M. (i1) For any sufficiently small £ 0,

w|f~1(2) satisfies two assumptions (a), (Db).

3. Non-linear systems of real sections.

In this section we prove Theorem 0.U4.

In the situation of Theorem 0.4, put 2 (Sr)O Qj(si)o

(ogigr), s(r) 2. € s.X%Mr—i anda A(T) - (s(r)) . Denote
== 0<3 ivi. , 0
gigr ; 4 . ’
() (r) _ » o
by 54 (resp. ti ) (i=0,1,2) the number of real critical

points of ¢ = %!A(r) of index 1 (resp. dim Hi(A(r%R;ZVQ)).

Identify Hu(S;Z) with % by the fundamental class [S].

(3.1) Proof of Theorem 0.4. By (1.2), g(Z) is equal to

1+ (1/2) (g (L)% - cp(L)e (19)).
Let N be Sp minus the interiors of 2g(Z) empty ovals.

Put M = {(X;A,/()GA(P)'RI ls(r—l)(x;A,Iu)I 26, xéN} for a

positive number § with €. I»8>>|€,|> 0. Then M is a c”

-15-
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manifold with boundary such that X(M) = XKSR) - 2g(2).
Set w = gradfﬁlM. Then, with respect to w, X(Ml) is

equal to cl(L)2 (ef. 2.9) and M2 is empty. Thus we see
index w = X(0) - X)) = X(sp) - 2g(2) - eq (L)%

Thefefore on M, the number of critical point of ﬁR of
index 1 1is not less than -index w =/c1(L)2.+ 2g(2) - X(%R).

Thus we have

5.7 -5 1) 2 20 (192 - ep(L)ey (1S) - X(sp) + 2,

+s (r) - (so(r—l)+s2(r_l)) z 2g(z)

¢ (L)2 - ¢y (L)e (T8) + 2,

So we have

5.7 2 r(2e(1)? - o (L)ey (TS) - X(Sp) +2) ... (1),

o 45, T (e (1% - e (Mg (TS) +2) ... (2).

S

By (2.5), X(s) + X(%R) = 4. Hence we have

s(fp) = () 4 sl(I') + S2(I')

2 r(3e;(L)° - 2¢ (L)e (TS) + ¢y (TS)) e (3D,

By (1.5), equalities in (1), (2) and (3) hold. Thus

we have

;X(Am) = so(r) - sl(r) + s,



= r(-c (L)% = ¢, (TS) + 1) L.

On the other hand, becanse of the existence of ovals, we

have

‘to(r) + t2(r) _ (to(r_l) + t2(r'1)) 2 2g(z),

0o 48, 2 2.

Thus we have

(r) (r)
ty Ty t, r

v

2g(Z)(r-1) + 2 e (5).

Therefore, by (4), (5) ahd (1.3), we have

tO(r) 4 tl(r) +_t2(r)

206, 4 £,y - X

1}

Py (AR;32/2)

nv

(3r-2)c1(L)2 - (2r-2)c, (L)e (TS) + ;c2(Ts)

Pl(A;Z/Q) ... (6).

By Harnack-Thom's inequalty Pl(ﬁR;Z/2) < Pl(A;Z/2).
Hence equalities in (5) and (6) hold. This completes the proof

of Theorem 0.4.

(3.2) Example. Let us consider the case S = P2. Let A

be a non-singular surface of )132X\P1 of degree (d,r). Then

2 4 3(da-1)%(r-1).

X(p) = Pl(A;Z/2) =3 +d .
It ¢: A —~4>Wl has only isolated critical points, then
s(?),= ZZ /HX(?) = 3(d—l)2r, where /Mk(¢) is the Milnor number
X €A
of ¥ at x.

-17-
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1

Proposition. Let A C PZXlP be a non-singular real

surface of degree (d,r) such that ¢: A ——e—Pl has only

isolated critical points. Then we have the sharp estimate

2

P (Ag32/2) € 3 +a° + 3(a-1)%(r-1),

(A < 3(a-1)°r.

R’
Example. Let A = iAF + ﬁG/ [A:ﬂ]éﬂPlf be a pencil of
real plane curves in Ee of degree -d.
A = (AF HIG) C PPx Pl 1s non-singular if and only if
(F)0 and (G)O intersect transversely>in E2. if A‘ is

non-singular, then A ;rwz#—wz#..;#—P2. In this case, if (F)0

d2
and (G), intersect in k poiﬁts (nggdz, k=d (mod. 2)), then
AB ~ # IRP2. Thus A 1s an ‘M—surfacé if and only if k = d2.
1+k.

L. Construction of M-curves in a surface.

Let S be a compact real complex surface, L, L' real
holomorphic line bundles, s, s' kM—seétions of L, L
respectively. |

Put C = (s)0 and C' = (s')o.' Assume that € and C!
are both rational and CC' = 4<c1(L)c1(L‘),[S]:> 2 0. (This

aSsumption for S 1is rather restrictive (cf. [BPV], Proposition
V.1.3).
Consider the following condition:
-18-



(¥*¥) For any effective divisor o€ on C of degree CC'
with suppX £ C,, there exists a real section s"¢ HO(S,L‘)‘R

such that (s")y|C = «.

Theorem 4.0. Under the condition (¥¥), for any natural
Ye

numbers. d and e, L®QS)L' ®e

has an M-section near sgd@)s'
in HO(S,ﬂ&dQEL'Qe)m. Furthermore, if CC' 1is positive, then

ﬂgdGDL'Ge has a pair of M-sections near satisfying

(¥) (cf. Introduction).

Corollary U4.1. If ¢ > 0, then under the condition (¥¥)

for C' = C, for any natural number d, L‘X)d has an M-section
®

near s d. Furthermore, if C2 is positive, then ’ﬁ®d has

a pair of M-sections near §$d satisfying (*).

2.

(4.2) Example. (1) S =P, L = L' = 692(1) (This
i

corresponds to the Harnack's method).

(2) s=p° L=1"=(,(2), C=C': areal ellipse
e

with qR # @ (This corresponds to the Hilbert's method).

(3) s=pxp', L=1L = SNROLIAVIEE

(4)y s

1 1 _ % o %
[P™X{P", L = py 4;1(1), L' = p, 4£1(1) (This
is used to show Proposition 0.2 and Corollary 0.6},
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