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Abstract

The functional renormalization group (FRG) is a fundamental tool in the field theory.
One of recent significant developments regarding the FRG is an attempt to employ it
for the formulation of the density functional theory (DFT). We call it the functional-
renormalization-group aided density-functional theory (FRG-DFT). The FRG-DFT is
expected to become a powerful approach for the fundamental problems of the DFT
such as the microscopic derivation of the energy density functional and the analyses of
excited states involving the large-amplitude collective dynamics.

In this thesis, I present our works with the FRG-DF'T toward the unified description
of the ground and excited states of realistic models. Together with my collaborators,
I formulate the FRG-DFT for infinite matters and apply it to two models. In the
first application, we calculate the equation of state (EOS) and the density—density
spectral function of the one-dimensional homogeneous matter composed of spinless
fermions with a non-local interaction showing a short-range repulsion and a long-range
attraction like the nuclear force. We find that the saturation energy extracted from
the EOS coincides with that obtained from the Monte Carlo (MC) method within a
few percent. Moreover, the spectral function is found to reproduce a notable feature of
the non-linear Tomonaga-Luttinger liquid that the spectral function has singularities
at the edge of its support in the lower-energy side. This application is the first example
in which the ground and excited states are analyzed in a unified manner with the
FRG-DFT. The second application is the analysis of the two-dimensional homogeneous
electron gas (2DHEG). This is the first example in which a more-than-one-dimensional
realistic model is analyzed. The correlation energies are calculated for various Wigner—
Seitz radii and found to completely reproduce the exact result at the high-density
limit. In the finite density case, we find that the result with the FRG-DFT shows
good agreement with the MC results in the high-density case, although the discrepancy
between FRG-DFT and MC results becomes larger as the system becomes dilute. Our
results suggest that the FRG-DFT is a promising method which is applicable to realistic
quantum many-body systems and realizes the unified description of the ground and
excited states.
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Chapter 1

Introduction

The renormalization group (RG) is one of the most fundamental concepts in theoretical
physics, which has aided the understanding of how macroscopic phenomena emerge
from microscopic theories. The modern framework of the RG was based on the work
by Wilson [1]. In this framework, fluctuations of a system are gradually integrated
out step by step to derive the low-energy effective theory. In such a scheme, the flow
equation which describes the RG transformation, i.e. the transformation of effective
theory when the fluctuations with some specific momentum scale are integrated out,
plays a key role.

The formulations of RG with functional method is called the functional renormaliza-
tion group (FRG), in which the RG procedure was exactly described by one-parameter
differential equations [1-5]. In particular, the FRG with the effective action formal-
ism [4,5] has been developed as a powerful machinery for the quantum field theory and
statistical mechanics; see Refs. [6-11] for reviews.

In the FRG studies, the effective actions of one-particle operators, which are known
as the one-particle-irreducible (1PI) effective actions, are often employed. However,
the FRG for effective actions of other composite fields O can also be formulated [7].
Particularly, the effective action for the density fields, which is known as the two-
particle-point-irreducible (2PPI) effective action [12], is of great interest since the FRG
for this effective action is related to the density functional theory (DFT) [13].

The DFT was developed in a quite different context from the quantum field theory.
It is a very successful method for quantum many-body systems used in various fields
including the nuclear physics, condensed matter physics, and quantum chemistry; see
Refs. [14-19] for recent reviews. In the DFT, the ground-state density plays a central
role: The ground-state density can be regarded as a fundamental quantity for the
description of the system instead of the many-body wave function, since the ground-
state density determines the states of the system as stated in the Hohenberg—Kohn
(HK) theorem [13]. The HK theorem also tells us that there exists the energy density
functional (EDF), which gives the ground-state density and energy at its minimum
point. Particularly, the DFT is known to be a powerful method for the analysis of
the ground state thanks to the Kohn-Sham (KS) scheme [20]. In the KS scheme, the
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12 CHAPTER 1. INTRODUCTION

variational equation for the EDF is mapped to a non-interacting Schrodinger equation,
which enables one to perform the analysis with relatively small computational efforts.
The determination of the EDF is the most important part of analyses with the DFT
since it determines the accuracy of the calculation. However, the HK theorem does not
provide a recipe for constructing the EDF, and the establishment of way to determine
the EDF from microscopic Hamiltonian is a long-standing problem [21].

The DFT was originally developed without relying on the basis of the quantum field
theory. It was, however, pointed out that the EDF can be defined as the effective action
for the density field [22,23]. Such a correspondence gives an insight that the EDF can
be constructed by use of RG-like flow equations, and powerful schemes developed in
the context of the FRG can be employed to attack the aforementioned long-standing
problem of the DFT.

The attempt to derive the EDF by use of flow equations in the FRG formalism, which
we call the functional-renormalization-group aided density-functional theory (FRG-
DFT), was initiated by Polonyi, Sailer, and Schwenk [24-26]. They discussed a flow
equation which connects a free system to a fully interacting system. This is conceptually
similar to the adiabatic connection [27-31]. However, I emphasize that the FRG-DFT
is an attempt in which the EDF are determined by the direct use of the flow equation,
while in the most studies with the adiabatic connection, some physical and empirical
ansatzes are made for, e.g., the EDF and the density—density response function (or
the exchange-correlation kernel) during the evolution rather than the quantities are de-
termined by the flow equation at the FRG-DFT. Moreover, powerful schemes inspired
by the FRG are available in the FRG-DFT thanks to the introduction of the effective
action formalism.

In addition to the determination of the EDF, there is another advantage of the
FRG-DFT regarding the analysis of the excited states. The DFT can be extended to
treat the excited states, which is known as the time-dependent density functional theory
(TDDFT) [32]; see Refs. [15,18,33] for reviews. The TDDFT with the linear response
approximation has been successfully applied to the small-amplitude collective modes. In
addition, the real-time TDDFT has been developed to describe the non-linear dynamics.
The development of a practical method to extract the information of excited states with
large-amplitude collective characters is, however, still an open problem. Recently the
FRG methods to analyze the excitation states have been devised: Starting from the
work by Kamikado et al. [34], the spectral functions were calculated for some fields
including the scalar fields in the O(4) model [34], the scalar meson [35-38], vector
meson [39], and quark channels [40,41] in the two-flavor quark-meson model. Together
with my collaborators, I used the spectral functions derived with the FRG for the
analyses of the soft mode at the QCD critical point [37,38]. The spectral analysis of the
pion superfluid with the FRG was also shown by other authors [42]. In addition, other
quantities concerning the real-time dynamics such as the transport coefficients [43] were
calculated. A nice point of the FRG is that it is suitable even for the system showing the
criticality, i.e., the situation when the system shows large fluctuations. Therefore, the
FRG-DFT is expected to provide a method to analyze the large-amplitude collective
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excitations.

Although it was the early 2000’s that the works by Polonyi, Sailer, and Schwenk
were published, the applications of the FRG-DFT to toy models were started in this
decade. Until 2017, the FRG-DFT was applied to some models including the zero-
dimensional anharmonic oscillator with and without the dimension of time [44,45], the
one-dimensional systems composed of finite number of spinless fermions interacting via
an interaction with a short-range repulsion and a long-range attraction like the nu-
clear force [46], and the one-dimensional systems composed of finite number of spin-1/2
fermions with the contact interaction [47]. However, these applications are limited to
the situations of the zero- or one-dimensional finite systems with short-range interac-
tions, and the models are far from those for the realistic quantum many-body systems.
Moreover, these works were focused on the analysis of the ground states and there has
been no attempts to demonstrate the analyses of the excited states. Thus, it has not
been clarified whether the FRG-DFT is a feasible method even for the realistic models
and can be utilized for the extraction of the information of the excited states.

In this thesis, I present our works with the FRG-DFT toward the application to
realistic models and the unified description of the ground and excited states. I focus on
the analyses of homogeneous infinite matters, which were not treated in the previous
works. Such a setup is meaningful as the first step to construct the EDF: One of the
simple but widely-used approximations for the EDF is the local density approximation
(LDA), in which the EDF is constructed from the equation of state of homogeneous
matter. Moreover, together with my collaborators, I find that our formalism for the in-
finite system has large extensibility. In particular, it can be straightforwardly extended
to the case of higher dimensions.

For the analyses of infinite matters, we employ the grand canonical formalism, in
which the expectation value of the particle number changes during the evolution. We
find that the introduction of the flow-parameter-dependent chemical potential is useful
to control the expectation value of the particle number during the evolution. In the case
when the expectation value of the particle number is fixed, we derive the flow equation
which the chemical potential should satisfy.

I show two demonstrations in this thesis. The first one is the application to the
one-dimensional homogeneous matter composed of spinless fermions with a non-local
interaction showing a short-range repulsion and a long-range attraction like the nuclear
force [48]. With the second-order vertex expansion, we calculate the ground-state den-
sity dependence of the ground-state energy, i.e., the equation of state (EOS), and derive
the saturation energy from the minimum point of the EOS with respect to the density.
We find that the saturation energy derived with the FRG-DFT misses only by 2.7 % in
comparison with the Monte Carlo (MC) calculation [48], whereas the Hartree-Fock ap-
proximation gives 10 % accuracy. Moreover, we calculate the spectral function for the
density two-point correlation function, which gives the information of the excited states.
We find that the analytic continuation which is needed to derive the spectral function
can be performed easily on the level of the flow equation as the FRG studies [34-38].
In the FRG-DFT, more fluctuations are taken into account than in the random phase
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approximation (RPA), which is derived on the basis of the linear response approxima-
tion. The spectral function derived by the FRG-DFT reproduces the notable feature of
the non-linear Tomonaga—Luttinger liquid that the spectral function has singularities
at the edge of its support in the lower-energy side, in contrast to the case of the RPA.
This demonstration is the first example where the FRG-DFT is applied to an infinite
matter, and shows that the FRG-DFT successfully describes the excited states as well
as the ground state.

The formalism of the FRG-DFT for infinite matters can be straightforwardly ex-
tended to higher-dimensional cases. Our second demonstration is the application to
the two-dimensional homogeneous electron gas (2DHEG), which is a system composed
of electrons confined in a two-dimensional layer. We focus on the correlation energy
of the 2DHEG. We give an expression for the correlation energy by solving the flow
equations with the second-order vertex expansion. We analytically prove that our cor-
relation function reproduces the exact result at the high-density limit, which is given by
the Gell-Mann—Brueckner resummation [49]. Moreover, we numerically calculate the
correlation energies for various Wigner—Seitz radii r; and compare them with the MC
results [50,51]. We find that our correlation energy coincides with the MC results at
high-density case, while the discrepancy between the results with the FRG-DFT and
the MC calculations increases as the system becomes dilute. Our demonstration is the
first example of the application of the FRG-DFT to a higher-than-one-dimensional sys-
tem, and state-of-the-art regarding the physical reality. In addition, this demonstration
shows that the FRG-DFT successfully works even for long-range interactions for the
first time.

In summary, our two applications show that the FRG-DFT formulated for infinite
systems is a very promising method in the sense that the FRG-DFT is a feasible way
for the analyses of realistic models and gives a unified manner for the description of the
ground and excited states.

This thesis is organized as follows: In Chap. 2, the brief review of the formalism
of the DFT is presented. The idea and formalism of the conventional FRG is briefly
summarized in Chap. 3. In Chap. 4, the formalism of the FRG-DFT is presented, in
which it is pointed out that the introduction of the flow-parameter-dependent chemical
potential is important when the FRG-DFT is formulated in the grand-canonical formal-
ism. The definition of the EDF in the effective action formalism is explained and the
FRG-DFT flow equation is derived. I also explicitly reproduce the expression for the
correlation energy found in the adiabatic connection [27-31] from the FRG-DFT from
equation for the first time. In Chap. 5, the application to one-dimensional spinless ho-
mogeneous matter with a non-local interaction representing the nuclear force is shown.
I introduce the flow-parameter-dependent chemical potential and derive the flow equa-
tions with the second-order vertex expansion. Our numerical results for the EOS and
the spectral function for the density two-point correlation function are also discussed.
The application to the 2DHEG is presented in Chap. 6. The flow equation is solved
with the second-order vertex expansion and it is proved that the derived correlation
energy reproduces the exact result at the high-density limit. The numerical results of
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the correlation energy are also discussed. Chapter 7 is devoted to the conclusion and
outlook. In Appendix A, the origin of the positive infinitesimal appearing in Chap. 4
is explained. Appendix B is dedicated to the derivation of the expressions for égz)(P)
and Cy(P), which appear in the analyses in Chap. 5 and 6.

The thesis is mainly based on Refs. [52-54], in which the present author involved.
The correspondence between these references and the contents of this thesis is as follow:
The formalism and results regarding the ground state in Chap. 5 are based on Ref. [52].
The formalism and results regarding the excited states in Chap. 5 are based on Ref. [53].
Chapter 6 is based on Ref. [54].
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Chapter 2

Density functional theory

The density functional theory (DFT) is one of the most successful methods for the
quantum many-body systems, and used in various fields including nuclear physics,
condensed matter physics, and quantum chemistry. In this chapter, the formulation of
the DFT is briefly shown. The Hohenberg—Kohn theorem, which provides the basis of
the DFT, and the Kohn-Sham scheme, which makes the DFT a powerful tool for the
analyses of the quantum many-body systems, are explained. After that, a fundamental
problem of the DFT is pointed out.

2.1 Hohenberg-Kohn theorem

The Hohenberg-Kohn (HK) theorem [13] provides the basis for the DFT. Here, let us
consider a system composed of N-fermions described by the following Hamiltonian:

H=T+U+V, (2.1)

where T is the kinetic term
- p
T = =
2; 2m

with the momentum operator of the i-th fermion p; and the mass of the fermion m, U
is the two-body interaction

and V is the external field

I first show the HK theorem in the case of non-degenerate ground states for simplicity,
and after that I present how it is extended to the case of degenerate ground states.

17



18 CHAPTER 2. DENSITY FUNCTIONAL THEORY

¥}

Figure 2.1: Schematic picture for the v- and N-representability. {V'}, {¥}, and {p}
are the sets of the external fields, wave function, and density, respectively. {WU4} and
{pgs} are the sets of wave functions and the densities which are the ground-state wave
functions and densities for at least one external field, respectively. By definition, {pg}
is the set of the v-representable densities. {pn} is the N-representable densities, i.e.,
the densities which is reproduced by at least one wave function. {p.} and {pn} satisfy
{pes} € {pn}. Actually {px} = {p} from the discussion by Harriman [58].

2.1.1 Non-degenerate case

I first assume that the ground state of the system is not degenerate. To discuss the HK
theorem, the notion of the v-representability [55-57] is important:

Definition A density p satisfies the v-representablility if there exists at least one po-
tential V' which gives p as the ground-state density.

The schematic picture of the v-representability is shown in Fig. 2.1. First, the HK
theorem is proved on the assumption that the densities satisfy the v-representability,
which was implicitly used in the original proof by Hohenberg and Kohn [13]. After
that, I point out the problem of the proof relying on the v-representability and show
how it is resolved.

The HK theorem consists of the two statements. The first one is as follows:

Theorem 1 (HK first theorem). There exists one-to-one correspondence between the
ground-state density and the external field up to the constant shift of the energy.
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Proof. First, let us prove there is a one-to-one correspondence between the ground state
|W,) and the external field V. Since we consider a non-degenerate ground state, the
ground state is uniquely determined if an external field is given. The fact that there
is a map from |¥,) to V is proved as follows: Assume that the same ground state
|W,,) is obtained from two different external fields V' and V”, the difference of which
cannot be absorbed by the constant shift of the energy. Then the following equations
are obtained.

a |\I’g8> :Egs |\Ijg5> )
H |\PgS> :Eés |qng> )

where H =T+U+V,H =T+U+V’, and By and Ey, are the ground state energies.
Subtracting these equations from each other, one has

Z(V(mt) - V/(mi))\ljgs(mla e 7wN) = (Egs - Eés)qjgs(wla e ’:EN)7

i=1

where Wys(xy, - ,xy) = (x1,--- ,&n|Vy). Since this equality is satisfied for all
xy, -, &y, V(x;) —V'(x;) is a constant. This is in contradiction with the assumption
that the difference V (x;) between V'(x;) cannot be absorbed by the constant shift of
the energy. Therefore, the external field is uniquely determined from |W).

Next, let us prove there is a one-to-one correspondence between the ground state
|Wy) and the density pgs. It is trivial that pgs is uniquely determined if |Wy) is given.
The fact that there is a map from pg to |¥gs) can be proved. Assume that different
ground states |W,s) corresponding to V and |W,) corresponding to V' give the same
pgs- Then one has

/ 02V (@) ()
< (W |(T 4+ 0) W) + / 02V () pys()
—E V(@) pal), (2.2)

where I have used pgs() = 32, (U] 6(@; — 2) [Wy). In the same manner, one has

By < Bt [ da(V(@) - V@)pa(a) (23)
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Figure 2.2: Schematic picture for the HK first theorem in the case of non-degenerate
ground states. The definitions of {Wy} and {pes} are the same as those in Fig. 2.1.
The arrows are representing the one-to-one correspondence. If pgs1 # pgs2, One has
\I]gs,l 7é qjgs,Q and ‘/1 7é ‘/2

Equations (2.2) and (2.3) are in contradiction with each other since Egs+ Ey < Ej + Fy
is obtained from these equations. Therefore |W,) is uniquely determined by pgs.

The fact that there is one-to-one correspondence between V and | W), and between
|Wys) and pgs leads to the conclusion that there is one-to-one correspondence between

V and pg. O]

The schematic picture of this theorem is shown in Fig. 2.2.
For the second statement of the HK theorem, I define the energy density functional
(EDF) as follows:

Elp] = (Ve [p]| (T + U + V) [Wg[p]) - (2.4)

Here, |Wu[p]) is defined as the ground state when the ground-state density is p. Note
that the external field V' determined from p, or [Wy(p]), is generally not equal to V' in
Eq. (2.4). Equation (2.4) can be rewritten as

Elp] = Flo + / dzV(@)p(z), (2.5)

where F'[p] is called the universal functional, i.e., a functional determined independently
from the external field.
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Theorem 2 (HK second theorem). The EDF Elp| defined by Eq. (2.4) satisfies
Elp] = Egs,

where Fg is the ground-state energy. The equality is satisfied only when p is equal to
the ground-state density pgs.

Proof. Since pgs is the ground-state density corresponding to v, |Wgs|pes]) 1s the ground
state corresponding to V. Therefore one has E|pys] = Eys.
When p # pgs, |Wes[p]) is not equal to the ground state corresponding to V' since

there is one-to-one correspondence between p and |W,[p]). Therefore one obtains E[p] >
Egs. O

From the first theorem, the ground-state density pgs determines the external field V,
which means pgs determines the Hamiltonian and thus all the states of the system. The
second theorem tells us that such a ground-state density is obtained from the minimum
point of the EDF. Therefore, the HK theorem suggests that the quantum many-body
systems can be analyzed in terms of the ground-state density and the variational equa-
tion for the EDF instead of the wave function and the Schrodinger equation.

The assumption of the v-representability, however, causes a serious problem for the
variational principle for the EDF. Since I have proved the HK second theorem under
the assumption that the densities are v-representable, it is unclear that the variational
principle is satisfied for arbitral densities. This forces one to perform the variation of
the EDF in the space of v-representable densities. However, whether a given density is
v-representable is hard to know and the determination of the v-representable space is
almost impossible. Therefore, the HK second theorem should be extended to the case
for arbitral densities.

A helpful notion for this problem is the N -representability:

Definition A density p satisfies the N-representablility if there exists at least one wave
function ¥ which gives p. Note that ¥ is not needed to be a ground state corresponding
to some external field.

The schematic picture of it is shown in Fig. 2.1. By definition, the set of the N-
representable densities contains all the v-representable densities. Let us consider whether
one can extend the definition of the EDF for the N-representable densities {px}. Here,
I follow the procedure called the Levy constrained search [59]. I introduce the following
functional for the N-representable densities p € {pn}:

Elp] = S (U(T+ U+ V) |¥) = Flp] + / V()p(x), (2.6)

where {U}, is the set of wave functions giving p € {pn} and

Flp] = min (¥| (T+0)[P). (2.7)
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Elp] gives the ground-state energy E, and density pgs at its minimum point since

min E[p] =min min (| (T + U + V) |¥)
P P Te{¥},

:%HNHT+U+VH%
—E,, (2.8)

and p minimizing F[p] corresponds to the density of the ground-state wave function
U, minimizing (¥| (T + U 4+ V) |¥). In Eq. (2.8), T have used a well-known fact that
(U (T+U+V)|¥) > E,, where the equality is satisfied only when ¥ = W,,. Therefore,
Elp] defined in Eq. (2.6) for the N-representable densities has found to satisfy the
variational principle as the EDF defined in Eq. (2.4) for the v-representable densities.
Actually, E|[p] defined in Eq. (2.6) coincides with Eq. (2.4) when p is v-representable.
Thus E[p| defined in Eq. (2.6) can be regarded as the generalization of the EDF to the
case of N-representable densities.

Then we should think whether one can known a given density is N-representable.
Actually, an arbitral density is known to be N-representable thanks to the discussion
by Harriman [58]; see also [60,61]. Therefore E[p] defined in Eq. (2.6) can be regarded
as the EDF defined for arbitral densities, and we can extend the variational principle
stated in the HK second theorem to the case of arbitral densities.

2.1.2 Degenerate case

We have considered the cases of non-degenerated ground states. Here, I present the
extension of the HK theorem to degenerate cases [62]. This extension guarantees that
the DFT is in principle applicable to various situation including the cases when some
symmetry is broken and degenerate ground states appear, such as non-paramagnetic
and superconducting phases.

In the degenerate case, an external field does no longer correspond to a ground-state
wave function and density, but it corresponds to the set of the degenerate ground-state
wave functions and densities. Therefore there is no one-to-one correspondence between
the external field, the ground-state wave function, and the ground-state density as
stated in the HK first theorem for the non-degenerate case. However, the essential
point of the HK first theorem that the ground-state density, or wave function, uniquely
determines the external field is unchanged even for the degenerate case.

In the degenerate case, the HK first theorem is modified as follows:

Theorem 3 (HK first theorem for degenerate ground states). The ground-state density,
and the ground-state wave function, uniquely determines the external field up to the
constant shift of the energy. In other words, if there are two different external fields Vy
and Vs, whose difference cannot be absorbed by the constant shift, and V; gives the sets
of the ground-state wave functions {W,s;} and densities {pgs;} for i = 1,2, we have
{Wgs,1} N {Wys2} =0, and {pgs;1} N {pgs2} = 0.
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)

Figure 2.3: Schematic picture for the HK first theorem in the case of degenerate ground
states. {Wgs} and {pgs} are the same as in Fig. 2.1. An external potential corresponds
to a set of degenerate ground-state wave function and a set of degenerate ground-state
density. If V4 # V5, there is no intersection between {Wys1} and {Wgo}, and {pgs1}
and {pgs2}. Degenerate but different wave functions, e.g., U, 0" € {W,,}, can give the
same ground-state density p € {pgs1}-

The proof is in the same manner as that for the non-degenerate case. Figure 2.3 is
the schematic picture of the HK first theorem in the degenerate cases.

The HK second theorem can be trivially extended to the degenerate cases. The
EDF is defined in the same manner as Eq. (2.6). In that case, there are more-than-one
¥ minimizing (| (T 4+ U 4 V) |¥) in the second line of Eq. (2.8), and there may be
more-than-one p minimizing the EDF.

In summary, the HK theorem suggests that if the EDF is found, the ground-state
density, which determines all the states of the system, is derived. The HK theorem,
however, does not provide the scheme to derive the universal part F/[p] of the EDF. In
particular, even the kinetic term in F'[p] is hard to treat. A successful way to treat the
kinetic term is the Kohn-Sham scheme, which will be presented below.
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2.2 Kohn-Sham scheme

The Kohn-Sham (KS) scheme gives a nice way to treat the kinetic term. Thanks to
the KS scheme [20], the DFT becomes a powerful tool for the analyses of the ground
states. The idea of the Kohn-Sham scheme is mapping a system composed of interacting
fermions to a fictitious system composed of non-interacting fermions with a fictitious
external fields. In this scheme, the universal functional of the EDF is divided into the
following terms:

Flo] = Tilp] + Enlp] + Exclpl, (2.9)

where T[p| is the kinetic energy of a non-interacting system with density p, Ey|p| is
the Hartree energy defined by

Bulel = ; [ da [ de'Ui@.a)p(@p(a),

and FE,.[p] is the exchange—correlation term which is defined as the remaining part of
Flp]. Under such a decomposition, let us consider the variational equation for the EDF.
The variational equation for the EDF with the constraint [ dzp(x) = N reads

% {E[p] — 1 (/dwp(w) —N)]

where p is the Lagrangian multiplier. By use of Eq. (2.9), the variational equation is
rewritten as follows:

=0, (2.10)

P=Pgs

+ Vis|pgs)(2) = 1, (2.11)

P=Pgs

where Viks[p|(x) is defined as follows:

0 Exe[p]
op(x)

A remarkable point for Eq. (2.11) is that it is the same as that obtained from
the non-interacting fermions with the external field Vkg[p](x). Therefore, p(x) sat-
isfying Eq. (2.11) can be obtained from the following Schrodinger equation for the
non-interacting system:

Vieslol(x) = / dz'U(z, &' )pla’) + V().

(—h—A T Vs [pgsm)) 61(@) = ciu(@), (2.12)

2m

where ¢ € N is the index for the eigenfunction ¢;(x) obtained from this equation, and
€; is the eigenvalue corresponding to ¢;(x). The one-particle state described by ¢;(x)
is called the Kohn-Sham (KS) orbital. We assume that ¢; < ea < ---. When the
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system is composed of N fermions, the ground state |U[p]) is described by the Slater
determinant of ¢ (x),- - , on(x):

1
<£L'1,--- 7mN|\I}S[pgS]> = ﬁdet (¢Z(wj))7 (2'13)

where ¢ and j run from 1 to N. Then the ground-state density pgs() is related to the
KS orbitals as follows:

Pes(@) = (Vs[pgs]| 25@ — ;) [Ws[pgs]) = Z |di()[. (2.14)

¢; derived from Eq. (2.12) is related to the total ground-state energy. Since T[p] is
defined as the kinetic energy of the non-interacting system, one has

L] = (Wlpl] S-S 0l = Y [ devicslol@ps(@)

Therefore, the ground-state energy Fg is derived as

By =E [Pgs]

= Z € — /deKS [0gs) (®) pes (®) + Ent[pes] + Exclpgs] + /de(w)pgs(m)

i=1

:Zei— %/daz/dm’U(m,m’)p(w)p(w’) —/dm%z)gs]pgs(m)nLExc[pgs].

(2.15)

To summarize, the ground-state density and energy are obtained by solving Eq. (2.12).
A remark is in order here: Equation (2.12) is needed to be solved consistently with
Eq. (2.14) since Eq. (2.12) contains pgs in Vis[pgs](2). This is numerically achieved
by use of the iteration method. Such a scheme requires relatively small computational
resources compared to other methods such as post-Hartree-Fock methods and Monte
Carlo calculations, which particularly makes the DF'T a powerful tool to investigate the
ground state of many-body systems.

A difficult problem, however, still remains. It is the determination of the Ey.[p]. In
most studies, some ansatz is made on E,.[p]. One of the most used ansatzes is the local
density approximation (LDA):

.%M%/M@PW@M@- (2.16)

EMXPA(p) corresponds to the energy per particle of the homogeneous infinite matter
with density p. Therefore, by use of the equation of state of the matter composed of
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the fermions under consideration, Ex.[p| in the LDA is obtained. Another well-known
ansatz is the generalized gradient approximation (GGA):

Bl ~ / 4z ESSA (p(x), |V () ) (). (2.17)

in which the contribution from the gradient of the density Vp(x) is taken into account.
Such an effect of the gradient is particularly important for localized systems such as
finite nuclei. Although many functionals for Ey.[p], the establishment of the way to
construct Ey.[p] from microscopic Hamiltonian is still an open problem.



Chapter 3

Functional renormalization group

Before moving on to the FRG-DFT, I briefly review the formulation of the conven-
tional functional renormalization group (FRG) for 1PT effective actions [4]. I introduce
the effective average action, which plays a key role in this formalism, and derive the
functional flow equation which represents the procedure of the coarse graining. Some
non-perturbative approximation methods provided in this formalism are also reviewed.

3.1 Effective average action

The FRG is a formulation for the Wilsonian renormalization group [1] in terms of the
functional method. Here, I consider the FRG formulated for the effective action [4]. In
this formalism, scale dependent effective actions, which is called the effective average
action, play important roles. In this section, we define the effective average action, and
discuss its properties.

In the Wilsonian renormalization group, the quantum and thermal fluctuations are
gradually integrated out from the higher-momentum scale to the lower-momentum
scale. In the FRG, artificial masses are introduced to realize the idea of the renor-
malization group. If fluctuations with the momentum scale lower than k£ get massive,
these fluctuations become non-effective ones, and then the effective theory at scale k is
obtained. Therefore, the renormalization flow from the higher-momentum scale to the
lower-momentum scale is realized by changing k from an ultraviolet scale £ = A to an
infrared scale k = 0.

To implement this procedure, the regulator term is introduced in the FRG. Consider
a d-dimensional system composed of field ®,(X), where a is the label of the internal
degree of freedom and X is a vector of the time and spacial coordinates, and described
by the action S[®]. We employ the imaginary-time formalism. The regulator term is
defined as the bilinear of the field:

ASB] =3 [ @uXNIRPX - V)au(y), (3.1)

27
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where [, is the shorthand of [dX. R{(X,Y) is corresponding to the ‘mass’ intro-
duced by hand, which is called the regulator function. Let us impose some conditions
for R{¥(X,Y) to realize the aforementioned procedure. To see this, the momentum
representation is convenient:

AS8] = 5 [ BPYEHPIB(-P). (3.2)

where P is the vector composed of the frequency and spatial momentum, [ p = [dP,
and

Reb(P) = /X RE(X)e P,

The conditions imposed on R (P) are as follows:

li ab(p :
e /gggoRk( ) >0, (3.3)

li w(p) = 4
elm BE(P) =0, (34)
lim R{(P) = oo. (3.5)
k—A—oo

The first condition makes R’(P) a regulator suppressing infrared fluctuations. All
the fluctuations are introduced as k approaches 0 due to the second condition. The
third condition is needed to suppress all the fluctuations when k is set to some large
ultraviolet scale A.

I introduce the effective average action, which plays a key role in the FRG formal-
ism. The effective average action is the extension of the effective action to the case
of the presence of the regulator. To define the effective average action, I consider the
generating functional for the correlation functions of the fields under the presence of
the regulator term:

ZulJ] = / Do SEI-ASPI 4 [y T4 (X)Ba(X) (3.6)

The generating functional for the connected correlation function is given by Wy [J] =
In Z[J]. The effective average action is given by the Legendre transformation of Wy[J]:

rfe] s ([ 000,00 - W) - Asifo

J

- /X o B)(X)@0(X) — WilTuups®]] — AS (@], (3.7)
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where Jg, [®] is an external field satisfying

SWi[J]
579X)|,_,.

sup,k [q)}

= P (X). (3.8)

Let me note some properties of the effective average action:

e The effective average action turns into the effective action at k& — 0 since the
regulator vanishes at this limit due to Eq. (3.4).

e For large k, the effective average action becomes identical with the bare action
S[®] up to the constant as following discussion: The regulator gets large for large
k due to Eq. (3.5). In this case, the functional integral in Eq. (3.6) is described
by the saddle-point approximation:

Y

/D¢QS[¢}Ask[¢]+fX T X)Pa(X) g o= SIBl-ASK[BI+ [ J*(X)Ba(X)+ const.

where ®[.J] satisfies

)
58,(X)

(S[P] + ASL[®]) = JU(X).

>=3J]

By use of this relation, Eq. (3.8) and

WilJ] ~ —S[B[J]] — AS,[B[J]] + /X JU(X)B,[J](X) + const.,

one has

W[ J]
5J(X)
_ MGL()() (—S@[JH _ ASk@[JH + /y Jb(Y)ab[JKY))
=P [ Joup,e[P]](X)

- /y g?bg()) (‘]bm - % (S[®] + ASk[®))

00(X) =

J=J2

sup,k [@]

J=Jg @]

<I><I>[J])

J=J

sup,k [(b]

=P Juup.[P]](X).
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| Space of functional

v

Figure 3.1: Schematic pitcure of the flow of the effective average action. Although the
path from & = A to £ = 0 depends on the choice of the regulator, the starting and
ending points do not depend on the regulator as far as the conditions Eqgs. (3.4) and
(3.5) are satisfied.

Therefore,

[y [P] —/ okl PN (X)Po (X)) — Wi [Jsup ke [P]] — ASk[P]

- sup,k
X
A
+

- /X T (X) T Juap [ @]} (X) + const.

Jsaup [(I)] (X>(I)a(X) - Ask [(I)]

S[®[Jsup e[ 2]1] + ASk[®[Jsup,[]]

_ /X & k[ @](X0)@(X) — AS,[@)

4 S[B] + AS,[®] — / Jo W[@](X)®,(X) + const.

=5[®] + const.

Figure 3.1 shows the schematic picture of the flow of the effective average action. There
is an arbitrariness in the choice of the regulator term, and I'y[®] for intermediate k
depends on the choice of the regulator. However, as far as Eqs. (3.3)-(3.5) are satisfied,
['A[®@] for large A becomes the bare action and I'g[®] becomes the effective action, and
the change from k = A to k = 0 can be regarded as the renormalization flow.
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3.2 Flow equation

The flow of T'y[®] is described by the functional differential equation, which is called
the Wetterich equation [4]:

oral =y [ |(tPwl4 ) [cevarte -], 6o

Here, F,(Cn) [®] is the n-th derivative of T'y[®] with respect to the fields. I show the
derivation of this equation.
Differentiating Eq. (3.12) with respect to k, one has

OTk[®] = — (O W) [Jsup,k[P]] — O ASK[P]

/8k G )(@a(X)_M)

dJ*(X)
8ka)[ Jsup k[ ®]] — OxAS)[®]
AT / DD (9, ASy[®]) e SIPImASEIH i Sy 1 [21(X)Pa(X)
Zk[Jsupk
— O ASK[® ]
1

=_ 3kRZb(X - Y)
2 Jxy
X [ DOD(X) By (Y )e SO ASKEI S Ty 1 [2)(Z) 0 (2)

e / (XO)By(Y)e"
1
- akRZb(X —Y)P,(X)P(Y)
XY
L[ o Rl

K S iy y 7 3.10

2 )y kR ( )5JG(X)(5JZ’(Y) J=Jgup k@] o

where Egs. (3.1) and (3.6)-(3.8) have been used. Differentiating Eq. (3.8) with respect
to @, one obtains

/5§upk[¢](2) 52 W[ J]
L, 0D (Y)  0J(Z)6J(X)

= 0byH(X —Y), (3.11)

J:Jsup,k [CD]

and from the second-order differential of Eq. (3.12) with respect to ®, one has

CTHP]  _ 0epsl®l(Z)
0B, (Y)00o(2) — 0®y(Y)

— R¥(Y - 7). (3.12)
Therefore,

62T [ D] be 52 W[ J] o
/Z <5<Db(Y)Ig<DC(Z) + Rk (Y N Z)) 5JC(Z);JG(X) - 5a5 (X - Y)7

J:Jsup,k[é]




32 CHAPTER 3. FUNCTIONAL RENORMALIZATION GROUP

which means

32 Wl J]
5J(X)6J0(Y)

_ (rﬁ? @] + Rk) Xy,

J:Jsup,k[q)] ab

With this equation and Eq. (3.10), one has Eq. (3.9).

3.3 Approximation schemes

In principle, the effective action is obtained by solving Eq. (3.9) with the initial con-
dition I'y[®] = S[®]. The flow equation is, however, a functional differential equation
which is hard to solve computationally without any approximation. Therefore some ap-
proximation schemes reducing the flow equation to computationally solvable equations
are needed for the practical use.

One of such schemes is the Taylor expansion method:

B o0 1 on Fk (I)Ok]
'y [@] —Fk[%,anZ;n!/X XZ 0P, (X1) - 0%, (Xy)

n

< [ [ (@, (X3) = Poa, (X)) (3.13)

=1

Here, @ o(X) is the average of the field at scale k derived from

oL,
3B(X)

[©ox] = 0.

By use of this expansion, the flow equation (3.9) is converted to the differential equations
for {T[@44]}22,, where T\ [®g,] is the n-th derivative of T'y[®] with respect to .
However, these dlfferentlal equations form infinite series of coupled equations, in which
the flow equation for F( (@] depends on F(m "t2) [@0x], and thus truncation at some
order is needed practlcally The systematic improvement is possible by including the
flow of higher-order derivatives for I'y[®], which is an advantage of the Taylor expansion
scheme.

Another example of the approximation scheme is the derivative expansion scheme,
which is the expansion with respect to the time and space derivatives d,. For instance,
the derivative expansion up to second-order for the effective action for the scalar field

¢ reads

nlol = [ [0 + 300,02 + 00"

where Uy (¢) and Zi(¢) are called the effective potential and the wave-function renor-
malization, respectively. In particular, such a expansion is called the local potential



3.3. APPROXIMATION SCHEMES 33

approximation (LPA) when Z(¢) = 1. In contrast to the Taylor expansion scheme,
the derivative expansion scheme provides the global information of I'y[®] on the space
of the field. This enables one to investigate first-order phase transitions, which cannot
be described in the Taylor expansion scheme.
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Chapter 4

Formulation of
functional-renormalization-group
aided density-functional theory

There are some studies to derive the EDF from the microscopic Hamiltonian. One of

those developed recently is the functional-renormalization-group aided density-functional
theory (FRG-DFT), which is an attempt to determine the EDFs from microscopic

Hamiltonians by borrowing the idea of the FRG [24,25]. In this chapter, the formal

aspect of the functional-renormalization-group aided density-functional theory (FRG-

DFT) is reviewed. The formulation of the DET in terms of the effective action is shown

and the flow equation, which plays a key role in the analysis with the FRG-DF'T) is de-

rived. At last, I explicitly reproduce the expression for the energy found in the adiabatic

connection [27-31] from the FRG-DFT from equation for the first time.

4.1 Definition of EDF in the effective action formal-
ism

A key point of the FRG-DFT is that the EDF can be defined as an effective action
[22,23]. Since the FRG is a formalism based on the effective action formalism, the
correspondence between the EDF and the effective action enables one to employ the
idea of the FRG. I first show the correspondence between the EDF and the effective
action.

Let us consider a system composed of non-relativistic fermions with spin S interact-
ing via a two-body interaction in an external field, whose normal-ordered Hamiltonian

35
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reads:

iy / 07 (@) 05 (@) U (0, ') e (2) s () (4.1)

where ,(x) and 1*(z) are the fermion fields with spin index s, m is the mass of the
fermion, [ is the shorthand of [ da, U(x,«’) is the two-body interaction, and V() is
the external field. Here, let us assume that U(x, ') and V() are independent of the
spin component for simplicity.

The imaginary-time path integral formalism for finite temperature, which makes the
relation between the EDF and the effective action clear, is employed below. The action
corresponding to the Hamiltonian Eq. (4.1) reads

St =3 [ 41X (aT _FA V(as)) b (X)

2m

FIST w0 (XD Uny (X, X7 e (X) 0 (X) . (42)

2 8,8’ X X!

Here, X = (7,x) is the vector of the imaginary time 7 and space coordinate x, and

fX is the shorthand of foﬁ dr [ dx, where (3 is the inverse temperature. Us,(X, X') is
defined as follows:

U (X, X') = 6(1 — 7")U (2, x").

X is X = (7 + €, @), where € is a positive infinitesimal. Such a positive infinitesimal
appears from the construction of the path integral formalism based on the normal-
ordered Hamiltonian; see Appendix A.

The EDF is defined as the effective action for the density field py(X) = >, ¥ (Xe)s(X),
which is also known as the two-particle point irreducible effective action. To define the
effective action for the density field, the generating functional for the density correlation
functions is introduced:

Z[J] = /Dw*pwe—s[wvw*HfX J(X)py (X)) (4.3)

The generating functional for the connected density correlation functions is obtained
as

WlJ] =InZ[J]. (4.4)
Then the effective action for the density field T'[p] is defined as the Legendre transfor-
mation of W[J]:

rlgl =sup ([ 700030 W) (15)

J
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By use of I'[p], the EDF E[p] is defined as follows [22]:
Llo]
Elp| = lim — 4.6
Pl = Jim —3 (4.6)

Actually, this EDF satisfies the condition claimed in the second statement of the
HK theorem, i.e., E[p| gives the ground state density pys and energy Eg at its minimum
point. Let us consider the variation of I'[p]/5. Here, I consider the T-averaged par-
ticle number (1/8) [, p(X) and impose a constraint that (1/8) [, p(X) is fixed. The
variational equation reads

0 (Tl _p nY —
6p(X>(5 5 )" (X)> " 4.7

where p is the Lagrangian multiplier, or the chemical potential. This variational equa-
tion is rewritten as

TOI(X) = Japlp)(X) = 1, (4.8)
where Jyup[p](X) is the source maximizing [ J(X)p(X) — W[J], which satisfies
WO [ []](X) = p(X). (4.9)
Here, the following notations have been introduced:

o"T'[p]

op(X1) - op(Xn)
W]
5J(X1) - 0J(X,)

:F(")[p](Xl,... ,Xn),

:W(n)[J](Xb - 7Xn)-
Substituting p in Eq. (4.9) for the solution of Eq. (4.7) p = p, one has
LX) = WO (X) = % [ Do Dup () S,
0

which is nothing but the average of py(X) for temperature 7! in the presence of the
chemical potential p. Therefore, one has p = pg at f — oco. For p = p, (1/5)I'[p]
becomes as follows:

570 = ([ JnllX0500) ~ W12

6/ )= 5

Here, —(1/6)Wu] = —(1/B)In Z[u] is the grand potential since Z[u] is the grand
partition function in the presence of the chemical potential p1, and (1/3) [ « P(X) is cor-
responding to the particle number. Therefore, (1/5)T'[p] is identified with the Helmholtz
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free energy Fy. The Helmholtz free energy becomes the ground state energy at 5 — oo,
which follows from the spectral representation of Fy:

1
Fy = —Eln;em,

where {E,}7°, is the eigenenergies of the system satisfying Eos = Fy < By < ---. To
summarize, the ground state density pys and energy Fg are obtained from the minimum
point of E[p] given in Eq. (4.14).

I also discuss how the first statement of the HK theorem emerges in the present
framework. To discuss the dependence of I'[p] on the external field V', let us denote
I[p] as I'[p; V]. From Eq. (4.3), one can see that the change of V can be absorbed by
the shift of J. Using this property, one has

Tl V] =Tl 0]+ [ Vi@hn(X), (4.10)
Since I'[p; 0] does not depend the external field, (1/8)I'[p; 0] is identified with the uni-
versal part of the EDF F[p]. The fact that the different external fields V' (x) and V'(x),
the difference of which can not be absorbed by the constant shift, give the different
pes(X) is shown in the present formalism as follows: To prove it, assume that the
different external fields V(x) and V'(x) give the same pgs(X). Then the variational
equations (4.8) read

P [ V](X) =T [, 0](X) + V() = s,
F(l)[Pgs§ V](X) :F(l)[PgS7 0](X) + V() = 1/,

where p and p/ are the chemical potentials to make (1/8) [y pes(X) the same in both
cases when the external field is V' (z) and V’(x). From these equations, one has

Viz) = V'(z)=p— 4.

This is in contradict with our assumption that the difference between V(x) and V’(x)
cannot be absorbed by the constant shift. Therefore, the fact that the ground-state
density uniquely determine the external field is proven in the framework of the effective
action.

4.2 FRG-DFT flow equation

The last section has shown that the EDF E[p| can be defined as the effective action for
the density I'[p]. Such an effective action formalism enables us to introduce the idea of
the FRG to derive E|p|. In this section, I show the idea of the FRG-DFT and derive
the flow equation for the effective action.

In the conventional FRG, regulator terms as Eq. (3.1) are introduced. However, such
regulator terms are non-local, and make it difficult to describe the theory in terms of
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the density field p(a) = ¥f(2)i(x). We will see that the introduction of the regulators
for the interaction terms instead of the regulators for particle fields is suitable for
constructing a theory based on the density field.

Here, let us consider a system described by the action Eq. (4.2). Following the pro-
cedure proposed by Refs. [24,25], the following regulated action with a flow parameter
A € [0, 1] is introduced:

st = [0 (0.~ 52 v ux)

by [ Ul XXX (X (X). (41)
Here, Uy, A (X, X') = §(7 — 7")Ux(x, ') is the regulated two-body interaction, which
satisfies Up(x, ') = 0 and Uy(x,x’) = U(x,x’). Then Sy—¢ is the action for the free
case and S)—; is the action for the fully interacting case.

By use of this regulated action, the A\-dependent effective action can be defined in
the same manner as Eq. (4.5):

rlpl = s ( [ J00000) - W11) (4.12)

J
where W, [J] is the A-dependent generating functional for the connected density cor-
relation functions, which is defined by the A-dependent generating functional for the
density correlation functions Z,[J] as follows:
Wi[J] =InZ,[J] = In / Dip* Dype~ AWV T+ x J(X)pu(X) (4.13)
The A-dependent EDF E)[p] is defined as follows:

Bxlp) = Jim ng]. (4.14)

The variational equation for I'y[p] becomes as follows:

D [0gsn] (X) = Jsupalpesal (X) = pia, (4.15)

where pgs » is the A-dependent ground-state density and Jgup A[p](X) is the source max-
imizing [, J(X)p(X) — W,[J]. Here, I have introduced the A-dependent chemical
potential p,, which is needed to control the expectation value of the number of the
particle during the flow in the case of the grand-canonical formulation. In the context
of the FRG-DFT, the A-dependent chemical potential was introduced by the present
author and the collaborators [52]. I also remark that the scale dependent chemical
potentials were also discussed [63,64] in the framework of the FRG & la Wetterich [4,5]
and the change of the chemical potential by the interaction was discussed in the context
of DFT [19].
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The flow equation for the effective action is described as the functional differential
equation in the FRG formalism; see Chapter 3.2. Similarly, the evolution for I'y[p] with
respect to A can be described as the functional differential equation. Let us derive such
a flow equation. Differentiating Eq. (4.12) with respect to A, one has

AIa[pl = — (W) [Jsup A [P]]

/ ntan a0 55057 ([ 90000) = Wa11)

— (OAW) [sup.a[p]]

s,s’

where (O) , , for an arbitral functional O[¢*, 9] of ¢* and v is defined as follows:

J:Jsup,)\

(O = 777 | DY DUOLS eS8 1 I T, (4.16)

The right-hand side of the flow equation can be rewritten in terms of I"y[p] by use of
the fact that the second derivative of T'y[p] with respect to p corresponds to the inverse
density—density correlation function: From the second derivative of Eq. (4.13) with
respect to J, one has

WA [ Jeupa 1 (X, X)
= <Pw(X)pw(X/)>A Teuprlo] <Pw(X)>A J

s

woale] (Pu(X /)>A,Jsup,k[p]

- Z )ws (X,)@ZJS(X»)\,JSHP,,\[;)] - :0<X)p(X/>a (417)
where the following relation has been used:
(oD gt = Wi FaupalP1(X) = p(X), (4.18)

which follows from the fact that Jopa[p] is defined so that J = Jgpa[p] maximizes
[x J(X)p(X) — W,[J]. Next, I prove the relation

P Rl (X X = WP sl (X, X, (4.19)
where F&Q)_l[p](X, X') is defined as the inverse of F(f) [pl(X, X"):
/ T XTI (X X = 6(X = X").
Differentiating Eq. (4.18) with respect to p, one has

6JSUP’)‘[p] <X,) (2) YA "
/, ) Damalpl(X, XT) = 0(X = X,



4.2. FRG-DFT FLOW EQUATION 41
Substituting Jsupx[p](X') for Ff\l)[p](X/) by use of Eq. (4.15), one gets

[ PR X gl (X X) = 5% = X,
Therefore, one obtains Eq. (4.19). By use of Egs. (4.17) and (4.19), one has

PO (X, X7) = 7 (s (Xws (XDte (X (X)) 1 1y — PX)P(X),

sJsup, A
s,s’

and thus one obtains the flow equation described in terms of T')[p] as follows:

A =5 [ laa (XX (p(X)p(X) + TP (X, X)) . (420)

2 X, X!

Here, it should be noted that Fg\z)_l[p] (X, X’) does not correspond to the density—
density correlation function at 7 = 7’ due to the presence of e: For simplicity, consider
the case of p = pgs », in which one has

1 . sl
(O auprlpgon] = m/lw DYO[y*, e M i Jx o (X, (4.21)

for arbitral operator O, since Joup x[pgsn] = pa. This average corresponds to the time-
ordered average in the operator formalism as follows:

A Tr[e 5T, 0

<O>/\,Jsup7)\[pgs,/\] - <TTO>OP = W’

where

Here, T, orders the operators in O according to the value of the imaginary time. Then,
F&z)_l[pg&,\](X, X') is written as follows:

T 1l (6 X) = AT (7 o+ @) o+ 6@ )b (7,2 (7, )

8,8’

- PgS,A(X)pgsyx\(X/)- (4.22)

In the case of 7 > 7, Eq. (4.22) corresponds to the density correlation function
(p(1', ") p(T, w)>0p — Pes A (X)pes A (X'), where p(1,2) = > ¢i(x)s(x). This relation
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holds also when 7" < 7. In the case of 7/ = 7, however, Eq. (4.22) does not correspond
to the density correlation function: Equation (4.22) at 7 = 7/ reads

Fg\2)_1[pgs,>\] (T, T, T, 33/) = Z <7vZ): (Tn :B)@/A);k, (Tn CB/)Q&S/(T, wl)qj)s (T’ w)>0p
- PgSA(Ta w)pgs,A(Tv 33').

The ordering of the field operators in the average in this equation does not correspond
to the density correlation function. To construct the theory in terms of the density field
and its correlation functions, I’E\Q)_l [Pes)(T, @, T, ') is rewritten by use of the canonical
commutation relation as follows:

FE\Q)_I[pgS NIC

_Z T Xr 1/)8 T, a:)@/) (7—, w,)zﬁs’(ﬂ m/)>op

- Z ds 3’5 m - 33 <¢: (7—7 m)lzs(ﬂ w)>0p - pgS,A(7—7 w)pgS,A (Ta m,)

= <15(7-7 x)p(T, "D/>>Op - pgS,A(Ta w)pgS,/\(Ta wl) — (T — w/)pgS,)\(Ta x)
= (T T+ € + e, )5 (7 + 6, @) u (1,2 )s(7 + €, T)),,

- pgs,A(T + 6/7 w)pgs,A(T7 CC/) - 5("17 - a;/)pgs,)\ (7-7 CC)

T [pgen] (7 + €, @, 7, ') — pesa (T, )8 (x — '),
where a positive infinitesimal €' satisfying ¢ > e has been introduced. Note that
F(f)*l [pes ] (T+€ @, 7, 2") corresponds to the density correlation function. This relation

can be extended to the case of other densities. By use of this relation, the right-hand
side of Eq. (4.20) is rewritten as follows:

5 [ X (00p00) + T X, X))
:% /mm/ NU\(z, ) (P(T,.’B),O<T, )+ T pl(r, 2, 7, a:’))
1

= | @) (srep(re) + T Bl + ¢ e

2 )
— p(r, @)é(z — ')

1 _
=5 [ OUma(X, X)) (PCOPX) + TP [p](Xe, X') = pl(X)o(@ — ')
XX
Therefore, Eq. (4.20) is rewritten as follows [25,46]:
1
AL\ [p] =5 NUap (X, X')
XX

% (pOOPX) + TP p)(Xe, X1) = p(X)d(@ — @) (4.23)
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I emphasize that F(f)_l [p](X., X') can be regarded as the density correlation function in
this flow equation thanks to the introduction of €. The physical meaning of Eq. (4.23)
becomes clearer by rewriting it as follows:

1 / /
(%\F,\[p] :§/XX/ a)\UZb,)\(XaX )p(X)p(X)

b5 [ ol X) (T (X, X) — (X0 — )

2 X, X'
1 _ _
w5 [ a6 ) (00l ) T (X X))

The first and second terms is of the first order with respect to Uspx, and can be
interpreted as the Hartree and exchange terms, respectively. The third term corresponds
to the correlation term.

To summarize, the EDF can be obtained from the microscopic Hamiltonian with
solving Eq. (4.23) starting from the effective action for the free case I'g[p]. However, the
flow equation is the functional differential equation which is difficult to be solved with-
out any approximation as the Wetterich equation (3.9). Some approximation schemes
inspired by the FRG, such as the vertex expansion scheme, are available for the practical
use of Eq. (4.23).

4.3 Relation to the adiabatic connection

Before closing this chapter, let us discuss the relation between FRG-DFT and the
adiabatic connection [27-31]. I explicitly show that the expression for the ground-state
energy found in the adiabatic connection scheme is reproduced from Eq. (4.23).

In the adiabatic connection scheme, the change of the system from the free case
to the interacting case is considered as the FRG-DFT. The point is that an external
field which fixes the ground-state density pgs(x) during the change of the system is
introduced. Consider the following A-dependent normal-ordered Hamiltonian:

Hy =T+ \W + 1), (4.24)

where

=3 [ @) 5 @), (4.25)
W33 [ @) @)U @) b (@) b (@), (4.26)

B=Y [ V@i (@) (@), (427)
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and V)(x) is the external field fixing the ground-state density. V)(x) coincides with
the KS potential Vikg[pgs](x) at A = 0, and the external potential applied to the system
V(z) at A = 1. The ground-state energy of the system FE)[pgs] is obtained as follows:

Ek[pgs} = <\Ij>\“£[/\’\p)\>, (4.28)

where |W,) is the ground-state wave function. Then the Hellmann-Feynman theorem
gives the following relation:

dEA [pgs] _

( ’dHA
dx

dVy

[T5) = (U5 [W|0y) + <‘I’A! |‘I’A> (4.29)

Integrating this equation with respect to A, one has

El[pgS] :EO[PgS] +/0 dA <\PA’W‘\IJ>\>+/PgS<$)(V<$) _VKS[IOgS](m))
~Ealpel = [ pol@)Vislpl@) + / pes(@)V (@)
/dAzf ) (Al (@) 0 (@) by (2) . (@) T)

8,8’

~Eulpo) ~ [ pu(a@Vislpul(@) + / pes(@)V (@)
a0 (@l @) @) @) e @)
— b8 = 2) (WA (@) 0 (@) W)
~Eulpo] ~ [ pu(@Vislpul(@) + [ pul@V (@
| V@) @)

ml

1
>
w3 o[ vee) i@ iE) )
pgS(w)pgs(w/) - pgs(a:)é(w - wl)) . (4.30)

Here, the canonical commutation relation for ¢,(z) and ¢*(x) has been used. Eo|pg]
coincides with T¢[pgs] 4 [ pgs (@) Vis[pes] () = ZZN:1 €;, where ¢; is the eigenenergy of the
KS orbital appearing in Eq. (2.12) and N = [ pg(x). Then the exchange-correlation
energy is extracted by comparing Eq. (4.30) with Eq. (2.15):

Eielpes] = / d)\/ (f)(a: x') — pes(x)d(x — zc/)>, (4.31)
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where GE\Q)(cc, x') is the density—density correlation function:
G (@, @) = (W] (@) p () [W2) — pye(@) ps (@), (4.32)

An approach in the adiabatic connection is approximating GS\Q)(CL',CL'/) in Eq. (4.31)

by the aid of the fluctuation-dissipation theorem to derive the EDF. GE\Q)(a:,ar:’ ) is
related to the response function by the fluctuation-dissipation theorem, and then one
can employ the Dyson equation-like relation to approximate the response function. Such
an approach is called the adiabatic connection fluctuation-dissipation theory [27-31].

Next, I derive the expression for the exchange—correlation energy from Eq. (4.23).
Here, Uap (X, X') and p(X) are set to Aé(7 — 7/)U(zx, «') and 7-independent ground-
state density pgs(x), respectively. Under this setup, Eq. (4.23) reads as follows:

1
LA [pgs] —5/ Uz, )

% (pe(@)pes(@) + T oyl (7 + €, 7,2) = pu(@)i(@ — ') ) . (4.33)

F(f)*l[pgs] (T + €, @, 7,2") corresponds to the density—density correlation function as I

have discussed in the previous section. In addition, F&2)_1[pgs] (1 +¢€,x,7,2") does not

depend on 7 since the system has time translational symmetry. Therefore, integrating
Eq. (4.33) with respect to A, one has

Pl Tolpel +5 [ V(@) (pul@hna(@) + 17 p, (€. 2.0.2)
~ pu(@)ie - )
Talpei0)+ 5 [ pula)V (@)

/8 / / - / /
2 [ @) (pa@pale) + 1O (o) 20,2

— pes(@)d( — ")), (4.34)
where I'o[pgs] has been denoted as I'g[pgs; V] and Eq. (4.10) has been used. Since
Lo[pgs; 0]/8 at f — oo is the kinetic energy of the free system, one has

Eilps] =Tlpu) + [ pula)V (@

1 _
+§//U@wﬁ@g@%$ﬂ+T@IM$dwﬁw3

— pes(@)o(T — ), (4.35)

where Eq. (4.14) has been used. Therefore, the exchange—correlation energy is extracted
as follows:

Bulp = [ Ul.@) (107 ol 2.0.0) — pul@i(e - ). (130
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As seen in

pes(T) = / D Dipy (0, 2o N T+ Jown alpssl(@)pu (X),

Z[ sup,\ pgs

Jsup A [Pes] Plays a role of shifting the external field to fix the ground-state density to
pesa(x). This leads to the following identification: Vi(x) = V(x) — Joupr[pes) (),
where V) (x) is the external field introduced in Eq. (4.27). Thus, FE\Q) “[pgs] coincides
with GE\Q)(:I:, x') defined in Eq. (4.32) as explicitly seen in the following expression:

I ol (¢, @, 0, )
_Z (€ + €, @)y, m)zb:,(e,g;/)ws,(o,m/)>)\’]sup7k[pgs] — Pas(@) pas ()

| DY DUy (€, @)y (0, @Yo SN L T albes] @)ou (X)
Z[Jsupwgs / o€ 2)pol0,)e

— pes(T )PgS(wl>'

Therefore, the expression Eq. (4.36) is identical with Eq. (4.31). In summary, the FRG-
DFT flow equation reproduces the expression for the energy derived in the adiabatic
connection.

Finally, I note that in the FRG-DF'T, the effective actions, and all the density corre-
lation functions, are obtained with solving the evolution equation Eq. (4.23) in principle,
in contrast to the most studies of the adiabatic connection, in which some ansatz on
Wy = (U\|W|¥,) or on GE\2)(:c,ac’) are made. Moreover, systematic approximation
schemes inspired by the FRG are available in the FRG-DFT.



Chapter 5

FRG-DFT analysis of the
one-dimensional spinless nuclear
matter

In the last chapter, the formulation of the FRG-DFT has been shown. From now on, I
demonstrate how the FRG-DFT works for the analyses of quantum many-body systems
using some models. In this chapter, we show the application of the FRG-DFT to a one-
dimensional spinless homogeneous nuclear matter. The equation of state (EOS) of
this system at zero temperature is derived. The EOS shows the saturation property,
i.e., the energy per particle has a minimum point with respect to the density. From
this EOS, the saturation point is derived, and the discrepancy between the saturation
energy derived with the FRG-DFT and with the extrapolation of the Monte Carlo
(MC) results [48] is found to be only 2.7%. The density—density correlation function
is also derived in the framework of the FRG-DFT to analyze the excited states of the
system. the spectral function is found to reproduce a notable property of the non-linear
Tomonaga—Luttinger liquid that the spectral function has singularities at the edge of
its support in the lower-energy side. This demonstration shows that the FRG-DFT is
a promising way for the analyses of not only ground states but also excited states of
infinite matters.

The formalism and results regarding the EOS are based on Ref. [52], and those
regarding the spectral function are based on Ref. [53].

5.1 One-dimensional spinless nuclear matter

In this chapter, I employ the (1+1)-dimensional nuclear matter model, which has the
two-body interaction proposed by Ref. [48]:

R
U(r) = 9 (—e EE—— U%) , (5.1)
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where 7 is the spatial distance between two particles. This interaction is character-
ized by short-range repulsion and long-range attraction like the nuclear force. This
model has only the central force and does not have the counterpart of the tenor and
angular momentum dependent forces since there are no analogs for these forces in one
dimension. Here, g, 01, and o, are positive parameters which is determined under the
assumption that some relevant dimensionless quantities for (3+1)-dimensional system
are also reproduced in the (141)-dimensional system. Following Ref. [48], we choose
g =12, 01 = 0.2, and 05 = 0.8, where the units in which the mass of the nucleon is 1
are employed. Here, the spinless, or fully spin-polarized, fermions are considered.

This model shows the saturation property for the equation of state. The ground
energy near the saturation point in the case of infinite particles was calculated with
the extrapolation of the energies of up to 12 nucleons derived by the Monte Carlo
calculation [48].

5.2 Flow equation

The unit in which the mass of the nucleon is 1 is used below. The A-dependent action
of the system in the imaginary time formalism reads as follows:

sl = [ v(x) (8—3—2)1&@)

t3 [ UmalX X Xgu (XU WX), 62
where X is a vector of the imaginary time 7 and spatial coordinate z, X, = (7+¢, x) with
a positive infinitesimal €, ¥(X) and ¢*(X) are the nucleon fields, and Uy, (X' — X) =
d(r —7")U(x —2’). Since this action has the same form as Eq. (4.11), the flow equation
of the A\-dependent effective action for the density field py(X) = ¥*(X)Y(X), I'alp], is
given by Eq. (4.23).

The grand canonical formalism is employed, in which the chemical potential pu) is
used to fix the expectation value of the particle number. The ground-state density
pes(X) is related to py via Eq. (4.15). Consider the homogeneous case, i.e., assume
that pgs A (X) is independent of X. gy is chosen so that pgs »(X) is fixed to a density n
for any A. For the case of the canonical formalism, see Ref. [46].

The flow equation Eq. (4.23) is a functional differential equation, and is difficult
to be numerically solved without any approximation. To convert the flow equation
some numerically solvable equations, the vertex expansion scheme is introduced here,
in which T'y[p] is expanded as follows:

Palo] =T [ogs] + fia /X (D(X) — pasn(X)

+Z /X1 X, ()[pgSA] (X1, X H — pesa(X))). (5.3)

=1
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Such an expansion yields infinite series of coupled differential equations for {F(An) [PesA) Foo-
With truncating the series at some order, the equations which can be treated numeri-
cally are obtained.

Our aim is to calculate the density dependence of the ground-state energy, and the
density—density spectral function. Since the density—density spectral function is defined
from the density-density correlation function G(f), and the initial conditions for density

correlation functions {Gg\")}ff’:o are easier to be derived than those for {Fg\") [Pes A oo
the flow equations for {Gf\")};’f’zo are more useful than those for {Fg\”) [PesA]}o. Such

flow equations are derived by converting the flow equations for {Ff\n) [Pes ] o2y by use
of the derivatives of Eq. (4.12) and

Gg\n)(Xla T 7Xn) :W)En)[‘]sup[pgS,A]](Xh e ’Xn) = W)(\n) [:u/\] (X17 U ’Xn)v

where Wy [J] and Jgup[pgs 2] are defined in the same manner as in Chap. 4.2. More direct

derivation of the flow equations for {Gf\n) }oo, is using the flow equation for W[ Jsup 2 [p]]-
By use of

Aol = = (W) [Jsup A [0]],
and Egs. (4.18) and (4.19), The flow equation (4.20) is rewritten as follows:

O =5 [ (X, X)) (W)W )(X)
+ W)X, X) = WX - 21)) (5.4)

From this equation and
HGY (X1, X,)
:aAWA(n) (X, -+, X))

= [ WX X X+ O] (X1, X
X
the flow equation of GE\") reads

OV (X, X,)

::u/n(;yHJ)LX;)(h"' rX%)aAMA
X

|
- / U a(X, X')
X, X/

X (Gg\n+2)(X€/7 X' Xy, X)) — (}g\”“)(}(7 X1, X)0(z — o)

- 1 k+1 n—k+1
+ Z El(n — k)! Z G, Xy, 5 X)) G )(leXa(k:—i-l):"' 7Xa(n))> |
k=0 ’

gESy
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Here, S,, is the symmetric group of order n and

k+1 1
GE\ " )(X7 Xa(l)v e 7X0(k)))k:0 = GE\ )(X)J
GE\n_kH) (X/7 Xa(k+1)a t 7X0'(n)) . = Gg\l) (X/)

G‘;’) = Wj[p] and G(Al)(X) = Wil)[,u,\] (X) are related to the ground-state energy and
density, respectively:

— i (0)
Egs,)\ _Bh—>nolo ﬁ (/); ,u)\pgs,)\(X) G)\ ) ’ (56)
1
pasa(X) =GY(X). (5.7)
The flow equation for Gg\n) depends on Gg\mﬁn—i-Q) as seen in Eq. (5.5), which suggests

that infinite series of flow equation appears if no approximation is employed.

I have mentioned that py is chosen so that pgs(X) = n, and Oypes A (X) = 0, is
satisfied for an(y A. The condition which py should satisfy is obtained from the flow
equation for G/\l)(X) = pas ) (X):

0= [ SR X)oum
X

1
- / AU (X, X')
XX/

< (6P (Xo, X', X0) = GRX X))o — o) + 206V (X, X0)) . (5.8)

From this equation, the flow equation for Oyu, reads

1
Oxfix =3 WUap (X1, X") (20 — 6(z1 — 27))
X/

1 —
+ 5 /)‘(X/ X a)\UZb’A(X’ X/)Gg\2) 1<X17 X”)Gg\g) (X€/7 Xl; XH)? (59)

where G(f)_l(X, X') is the inverse of Gg\z) (X, X'):
GONX, XNGP (X, XY = §(X — X",

X/
Under such a choice of iy, the flow equation for Egq \ reads

1
OnFgsr = lim — AUz (X, X') (G&Q)(Xef, X') = né(z —2') + n2>
T o 20 Jx xo 7
1
= lim — MU 2 (X, X')n?
BL)HOlo 2/8 X,X/ A 2b’)\( )n
1
lim — [ Uma(X, X) (Ggf) (X, X') — nd(z — x’))
o0 20 Jx x ’

1
+ lim — / Uy (X, X') (G(P(Xe,,x’)—GgQ’(Xe/,X’)>. (5.10)
B Jxx

B—r00
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The first, second, and third terms in the last equality of this equation correspond to
the Hartree, exchange and correlation terms, respectively.

If the flows of G( %) are ignored, the correlation term in Eq. (5.10) vanishes and
only the result of the first-order perturbation, or the Hartree—Fock approximation, is
obtained. To include the correlation term, let us take the flow of G&Q) into account. By

use of Egs. (5.5) and (5.9), the flow equation for Gg\z) reads

NG (X1 Xo) = = | Ol (X XNGY (X, X1) G (X, o)
1
=5 [ U, X)) (G (X, X, X1, X)
X, X’
- / GO(X", X1, Xo)GD X", X" GY (X, X, X”)) .
XN X///
(5.11)

The terms containing the convolution integrals in the flow equations is easer to treat
in the momentum representation in homogeneous systems. The momentum represen-
tation for Gf\n) and Uy, » reads as follows:

U(p) _ / Usp, (X) e iPX /U (z) e~ T g <edl4p — ed24p) , (5.12)
X

T

(2m)25® (ZPk> G(P,... Py) = /X . eI NI Xk (X X)),
k=1 1 n

7777 (5.13)

respectively, where P is the vector of an imaginary frequency w; and spatial momentum
p. Equation (5.10) in the momentum representation reads

Egs,)\ _n i ~ €
o, = —QUm»+%L/U@><L

where N = [ n is the number of particles, f:, = [ e™ and f;/ = [,e and
=1, fp = [dwi/(27) [ dp/(27). By integrating this equation with respect to A, one
has

’ /

Gy (P) — n) o / 0 (@) - P P).

nJjp

Egs,l Egs 0 EH E Ecorr

(5.14)

N

EH n ~

e p— 1
= =50(0), (5.15)
Eex

~ ﬁ 17<p> ( / @g2><p>_n>, (5.16)

Lo _ dA/ GP () - GP(P)), (5.17)
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where Ejgq o corresponds to the kinetic energy of the free particles and Ey, Eey, and Egoy
are the Hartree, exchange, and correlation energies, respectively. From Eq. (5.12), one
immediately finds that Ey/N = 0 for our interaction. The flow equation for GE\Q)(P) is
given as the momentum representation of Eq. (5.11):

LGP (P) = —U(p)GY(P)? + CA(P), (5.18)
where C\(P) is defined as
e ~GB)(p ~(3)
ey =3 [ 0w (é‘;‘)(P', —ppy)- S ><G) Ci ‘P))  (519)

I should note that éf\?) (0) should be interpreted as the p limit, i.e., G()\Q) (0) = lim, 0 ég?) (0,p).
The p limit of é(f)(P) corresponds to the static particle-density susceptibility and
nonzero in the case of the grand-canonical formulation in general, while lim,_,q éf\z) (wi,p) =

0 for finite w; [65—67]. The appearance of non-vanishing ég\n) with vanishing w; and p

is in contrast to the canonical formalism.

Cy\(P) in Eq. (5.18) contains @5\3’4). Since the flows of CNJ&?’A) are not taken into
account in the vertex expansion scheme up to second order, C)(P) is needed to be
approximated. A simple approximation is neglecting the A dependence of C\(P):
C\(P) = Cy(P). A concern regarding this approximation is that it breaks a condi-
tion imposed by the Pauli blocking effect: The Gg\g) can be related to the two-particle
distribution function fox(z,2') = (Y*(7 + €, 2)P* (7 + €, 2" )" (7, 2")* (1, 2)) ., - As
discussed in the derivation of Eq. (4.23), one has the following relation:

(7 + €, 2)" (7 + €, 2" )" (7,2 )W (T, 2)) 5,
= pas (T, ) pgs (T, 2') + TP

— e r (T ) pesa (T, &) + W) (7 + €, 2,7, ) — pgan(7, 2)0(z — o).

[Pes ) (T+ €, 2,7, 2) — pgs (T, 2)0(z — ')

From this relation, one has

forlz, &) =n® + GO (r + €, 2,7, 2) — nd(z — 2')

/

=n’ + / PN GO (PY — nd(x — o).

P

The flow equation of fy ) (z,2') is written as follows

EI

O far(z, ") :/ eip(x_gcl)aAé(AQ)(P)-

P
From the Pauli blocking effect, fo(x,2’) should satisty fox(x,x) = 0. Therefore,
(55\2)(13) should satisfy the following condition:

| ace) -
P
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With Eq. (5.18), the condition for C\(P) is obtained as follows:

‘fcum:[;mm@%M? (5.20)

P

This condition is broken when A # 0 if the A dependence of C} is neglected while that
of G&Q) is taken into account. One of the way to restore this condition is approximating
Ci(P) with the following form [46]:

Ci(P) = c\Cy(P),
where ¢, is determined so as to restore Eq. (5.20):
. _ I TGPy
[5 Co(P)

Since the Pauli blocking effect is not broken at A = 1, one has ¢y = 1. Under the
approximation, the flow equation for Gf\2)(P) becomes as follows

(5.21)

OGP (P) ~ —U(p)GP (P)? + exCy(P). (5.22)

Solving this equation and Eq. (5.18), the ground-state energy per particle is obtained.

To derive the spectral function for the density two-point correlation function pq(w, p)
with real frequency w, the retarded two-point correlation function ég))\ (w, p) is needed,
since pq(w, p) is defined as follows:

palw, p) = —2mGy) (w, p). (5.23)

Ggy))\(w, p) is obtained from the analytic continuation of é’g\Q) (wi, p):
~(2 2
Gir(w,p) = = Gz p)

where 0 is a positive infinitesimal, ég)% y(z,p) is a complex function of z € C which is
regular in the upper-half plane of z and satisfies é;i)a, \(—iwi, p) = C;’(Az) (wi, p) for w; € R.

In general, the derivation of C;’g’)k(w, p) from GE\Q) (wi, p) becomes an obstruction for the
numerical analysis. Although there is some numerical procedure to realize such an
analytic continuation such as the maximal entropy method and Padé approximation,
these scheme requires large computational effort or some prior knowledge for the form
of the function. In our case, however, such an analytic continuation can be performed
more easily without any ambiguity, as done in the context of the FRG [34-38]. Since
Co(P) is written in terms of the density correlation functions in the free case, one can
derive the explicit form of Cy(P) in Eq. (5.22) as a function of w;. In this case, the
analytic continuation for Cy(P) can be directly performed so that the obtained function
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Figure 5.1: The diagrammatic representations of é(()Q’SA). The solid line is the free
fermion propagator Gg z)(P). In the diagrams for G(()g) and G(()4), Py = —P — P, and
P, = —P, — P, — Pj, respectively.

Canao(2,p) satisfies the regularity at the upper-half plane of z and Copao(—iwi,p) =
Co(wi, p) for w; € R. Therefore the analytic continuation for Eq. (5.22) can be performed

directly and the flow equation for @g)/\ (w,p) is derived as follows:

a/\ég,))\<va) = ﬁ(p)ég,))\(wap)2 - CACR,O(wap)v (524)
where Cgo(w,p) = Canao(w + ). With solving this flow equation, ég}/\(w, p) and

pa(w, p) are calculated without numerical procedures for the analytic continuation.
682’3’4)(13), ég’)(](w,p), and Egs0/N are needed to specify the initial conditions of
Egs. (5.18), (5.22), and (5.24), and to derive Cy(P) and Cgr(w,p). Since Ego/N is

the ground-state energy per particle of non-interacting case, one has

Egs0 _ p_%
N 6’
where pp = mn = /24 is the Fermi momentum. The correlation functions at A = 0

read

G (Pr,..., P, -y /HG<2> ( +P> (5.25)

O'ESn 1
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Here,

k
~(2 =~ (2
&) (z Py + P) _ &8 (p),

=1

k=0
and éffﬁ) (P) is the two-point propagator of free fermions:

Wi €

e
iw; — &(p)’
where £(p) := p?/2 — po. Equation (5.25) can be represented diagrammatically. The di-

agrammatic representations for GE)Z’?’A) are shown in Fig. 5.1. As shown in Appendix B,
using Eq. (5.25) and performing the frequency integrals, one has the following expres-

sions for CN}’EQ)(P) and Cy(P), respectively:

Gy (P) =

G =2 [ o-cw) f(fg(; i)p_) f<§'<)p,)]2, (5.26)
Co (P) =2 / U@ NOE P+ 1 +p") = 0= +p")
y { E@" +p) =€) - o?
(W2 + (€ +p) —E(P"))?)?
B E@" +p+p) = E@" +P)EQ" +p) = (") — w? (5.27)

(W? + (@ +p+p) =@+ ) (W + (€ +p) = £0")%)
Those expression actually satisfies ¢g = 1; see Appendix B.2.2. The analytic contin-
uation to obtain Gg,)o(w,p) and Cgo(w,p) are performed by substituting w; to iz in
Egs. (5.26) and (5.27). I note that such a procedure for the analytic continuation can
be extended to the case of finite temperature as suggested by studies in the FRG [35,36].

5.3 Numerical results

The numerical results of the ground-state energy per particle Eys1/N and the spectral
function for the density two-point function pq(w,p) are shown.

5.3.1 Numerical procedure

I briefly describe our numerical procedure. The domains of the wi- and p-integrals
in Eox/N and E.o, /N in Eq. (5.14) are (—oo,00). Since C?E\Q)(P) is an even function
of w; and p, the domains can be reduced to [0,00). w; has been changed to 6, =
(2/m) arctan(w/s) with an arbitral positive number s to restrict the integral domain to
[0, 1]. For p-integral, a cutoff A = max(10pg, 1) has been introduced. With discretizing
the space with 6, € [0,1] and p € [0, A], GE\2)(P) for each 6, and p has been calculated.
I have checked that the result hardly depends on A even if it is set to be larger than
max(10pr, 1).
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Figure 5.2: The ground-state energy per particle Ey1/N as a function of density n.
The solid magenta line is the result derived by the FRG-DFT. The results of Eyo/N,
Ew/N, and E.,./N are also shown as the gray dotted, green dashed-dotted, purple
dashed lines, respectively. The black cross is the energy derived by the extrapolation of
the MC calculation near the saturation point [48]. The magenta point is the saturation
point derived from the FRG-DFT calculation.

5.3.2 Ground state

Figure 5.2 shows the result of the ground-state energy per particle Ey1/N. The energy
of free fermions Ego/N and the contributions from the exchange term E./N and
correlation terms Feo/N, and the energy near the saturation point derived by the
extrapolation of the MC results [48] are also shown. I again remark that the contribution
from the Hartree term vanishes in our case, i.e., the contribution to the mean field from
each particle cancels with each other. Since E,so/N corresponds to the kinetic energy,
it increases as n increases and the Fermi sphere grows. On the other hand, the exchange
contribution lowers the ground-state energy since the Pauli exclusion principle tempers
the effect of the repulsive core. The contribution from the correlation term is found
to show a non-monotonic behavior. Then Eg /N shows the saturation point, i.e., has
the minimum point with respect to n, due to the competition between E,sq/N and
EeX/N + Ecorr/N~
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Figure 5.3: The ground-state energy per particle E,1/N as a function of density n
near the saturation point. The solid magenta and green dashed lines are the results of
the FRG-DFT with and without the inclusion of the flow of ¢, respectively. The result
with the Hartree-Fock approximation, which is given as Eyo/N + Eex/N, is also shown
(blue dotted line). The black cross is the energy derived from the extrapolation of the
MC results [48]. The density n = 1.16 used in the MC simulation is not a calculated
but given one, and thus should not be regarded as a derived saturation density. The
magenta, green, and blue points shows the saturation points derived from the FRG-
DFT, FRG-DFT without the flow of ¢,, and the Hartree-Fock approximation.

Let us discuss the quautitative feature of our results near the saturation point.
Figure 5.3 shows the result of the ground-state energy per particle near the saturation
point derived by the FRG-DFT. The results derived by the FRG-DFT with fixing
cx = 1, the Hartree-Fock approximation which is given as Eys/N + Eex/N, and the
extrapolation from the MC results [48] are also shown. I again note that the density
used in the MC calculation should not be regarded as a derived saturation density
since it is not a calculated but given one. Thus only the ground-state energy is used
as the benchmark here. One can see that the inclusion of the correlation term with
the FRG-DFT makes the energy close to the result by MC calculation in comparison
with the Hartree-Fock calculation. Moreover, I find that the inclusion of the flow of
¢y contributes to the approach of the FRG-DFT results to the MC result. Table 5.1
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Table 5.1: The saturation energies E;/N derived from the Hartree-Fock (HF') approxi-
mation, FRG-DFT with and without the inclusion of the flow of ¢,, and extrapolation
of the MC results [48]. Their relative errors AE;/N = |(Es — Esnc) /Esac| in compar-
ison with the result of the Monte Carlo simulation Esyc/N and the saturation densities
ps are also shown.

HF  FRG-DFT (¢y =1) FRG-DFT MC [4§]

E,JN  -0.780 -0.827 0844 -0.867
AE,/N (%) 10.0 46 2.7 -
Ps 1.19 1.21 1.20 -

(@) (b) (c)

p multi-pair production pq(w,p)
. +> O

free particles

w j w;(p) = |p? + 2pppl/2

0 — X support for multi-pair
® free particles \ production
—Pr p :
> 0 : >
| 0 ] 2 0_(p) wi(p) @

w_(p) = |p* — 2prpl/2

Figure 5.4: (a) Schematic figure of the particle-hole excitation from the Fermi sphere.
The Pauli blocking forbid some excitations kinematically, which gives the lower bound of
the energy of the support of the density—density spectral function w_(p) in 0 < p < pg.
(b) The supports of the spectral functions for the interacting case and free case. The
multi-pair productions contribute the emergence of the support in w > w, (p). (¢) The
predicted behavior of pq(w,p) at a fixed p in the interacting case (solid line) and free
case (dotted line).

show the numerical results of the saturation energy E;/N and the saturation density pq
derived by each method. The discrepancy of E;/N in comparison with the MC result is
only 2.7% in the case of FRG-DFT, which suggests that the inclusion of the correlation
term and the flow of ¢y contributes to the improvement of the accuracy. Although there
is no benchmark for pg, it seems to converge to a value near 1.20 from the results of the
FRG-DFT and Hartree-Fock approximation.
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Figure 5.5: Examples of the multi-pair diagrams.

5.3.3 Excited states

Next, I show the result for the spectral function of the density two-point correlation
function p4(w, p) in (1+1)-dimensional systems. Before presenting our results, we briefly
mention the predictions for pq(w,p) given in other works. pq(w,p) reflects the infor-
mations of the particle-hole excitations (Fig. 5.4 (a)). If the particle-hole excitation
with a frequency w and momentum p is allowed, pq(w,p) has non-zero value. Fig-
ure 5.4 (b) shows the support of pg(w,p). The support has the lower bound for w:
w_(p) = |p® — 2prp|/2, which is caused by the kinematic constraint for the particle-hole
excitations. In particular, the prevention of the particle-hole excitations by the Fermi
sphere gives the lower bound in 0 < p < 2pg. In the case of free particles, the support
has the upper bound w, (p) = |p? — 2prp|/2, while it broaden out into w > w,(p) in
the case of interacting particles. The multi-pair productions as in Fig. 5.5 yield such a
broadening.

Figure 5.4 (c) shows the strength of pq(w, p) at a fixed p. The strength in the presence
of the interaction shows remarkable behaviors. One of the powerful tools to analyze
one-dimensional interacting fermions is the Tomonaga—Luttinger (TL) model [68, 69].
This model is based on the assumption that the dispersion relation of the fermion is
linear. However, this assumption gives rise to a crucial artifact to pq(w,p), and the
non-linearity of the dispersion relation of one-particle excitation is crucial [70]. The
bosonization scheme, which is a powerful method for the analysis of one-dimensional
systems, was extended to include the non-linearity [70-72]. With this scheme, it was
predicted that the qualitative behavior of pq(w, p) drastically deviates from that in the
case of free particles: pq(w,p) shows a power-law divergence and decrease at w = w_(p)
and w, (p), respectively. The origin of the divergence is considered to be that the
particles near the Fermi surface are scattered by the hole created by the particle-hole
excitation, and multiple low-energy particle-hole pairs are created. This mechanism is
similar to that for the emergence of the singularity appearing in the X-ray absorption
rate of metals [73, 74].

Let us discuss our numerical result for pq(w, p). In the discussion below, n is always
set to a saturation density derived by the FRG-DFT: n = p; = 1.20. Figure 5.6 shows
the contour map of pq(w,p) on the (w,p) plane. As shown this figure, we do not have
the support of pg(w,p) in w > w,(p), which reflects that the multi-pair diagrams as
Fig. (5.5) are not included in the vertex expansion up to the second order. To include
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Figure 5.6: The contour map of the density—density spectral function on the (w,p)-
plane.

such contributions, the flow of é§\4)(P) is needed to be taken into account.

Figure 5.7 is the strength of pq(w,p) at p = pr. For comparison, the spectral func-
tions in the case of free fermions and that derived by the random phase approximation
(RPA) are also shown. In our formalism, the RPA is reproduced if one ignores Cg (P)
in Eq. (5.24), which corresponds to the exchange contribution. Actually one has the
RPA solution

, (5.28)

if one solves Eq. (5.24) with dropping Cro(w,p). As shown in Fig. 5.7, the singularity
at w = w_(prp) = po is obtained in the case of the FRG-DFT in contrast to the RPA
result. The exchange contribution Cgo(w,p) is the key ingredient to emerge such a
peak, which is included in the FRG-DFT while not in the RPA. The singularity at
w = w_(p) also appears for other p; see Fig. 5.8 for the case of p = 2.5pg.
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Figure 5.7: The strength of pq(w,p) at p = pr. The solid magenta line is the result of
the FRG-DFT. pq(w,p) in the case of free fermions and that derived by the RPA are
also shown as the black dotted and green dashed lines, respectively.
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Figure 5.8: The strength of pq(w,p) at p = 2.5pg.
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5.4 Summary

In this Chapter, I have shown the application of the FRG-DFT to a one-dimensional
spinless uniform matter with non-local interaction representing the nuclear force. The
equation of state (EOS) and the spectral function for the density two-point function
have been calculated with employing the second-order vertex expansion. The saturation
energy derived by the EOS has found to miss by only 2.7% in comparison with the Monte
Carlo result. In addition, our spectral function has reproduced a notable feature that
its support has singularities at the edge in the lower-energy side. Our demonstration
suggests that the FRG-DFT is a promising method to analyze the excited states as well
as the ground states of uniform matters.

The support of our spectral function has not shown the broadening out into the
higher-energy side since the contributions from the multi-pair production are not in-
cluded. To include such contributions, the flow of the four-point density correlation
function is needed to be taken into account.

Our formalism can be extended to the higher-dimensional systems straightforwardly.
In the next Chapter, we show our demonstration in the two-dimensional homogeneous
electron gas.



Chapter 6

FRG-DFT analysis of the
two-dimensional electron gas

The method with the FRG-DF'T for infinite matters presented in Chap. 5 can be directly
extended to the cases of higher-dimensional systems. One of the next reasonable step
is the application to a two-dimensional system, which is expected to be analyzed with
lower computational effort than three-dimensional systems. In this chapter, the appli-
cation of the FRG-DFT to the two-dimensional homogeneous electron gas (2DHEG) is
demonstrated.

The homogeneous electron gas is one of the most studied quantum many-body sys-
tems [50, 75-82]. In spite of its simplicity, it has played an important role for the
study of the physics emerged by the correlation between electrons. Here, we focus
on the 2DHEG, which is a homogeneous system composed of electrons confined in
a two-dimensional layer. This model has been utilized for the studies of fundamental
properties of electrons such as the magnetic phase transition and the Wigner crystalliza-
tion [75,83]. The 2DHEG is experimentally realized in, for example, the semiconductor
hetero-structures [84] and the atomic-layer materials, and some fascinating phenomena
such as the quantum Hall effect [85,86] have been studied regarding the two-dimensional
electrons. There are many theoretical studies for the 2DHEG, and some benchmark
results for, e.g. the correlation energy, are available: In the zero-temperature case, the
2DHEG is parametrized by only two parameters: the Wigner—Seitz radius s and the
spin polarization (. In the high-density limit r¢ — 0, the correlation energy is known
to be exactly given by the Gell-Mann—Brueckner resummation [49]. The correlation
energy has also been calculated by the Monte Carlo (MC) method for some finite g
and some ¢ [50,51,75,77].

Our aim here is to calculate the correlation energy of the 2DHEG by use of the
FRG-DFT method and discuss how the FRG-DFT works. I present that the correlation
energy derived by the FRG-DFT with the second-order vertex expansion completely
reproduces the exact result at the high-density limit given by the Gell-Mann—-Brueckner
resummation and coincides with the MC results for particularly high-density case.

The contents in this Chapter are based on Ref. [54].

63
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6.1 Two-dimensional homogeneous electron gas

Let us consider the 2DHEG in the spin-unpolarized case. Such a system is parametrized
by only one parameter: the Wigner—Seitz radius rs, which is defined by ry = 1/\/mn
with the density n. In the following discussion, we employ the Hartree atomic unit.

The 2DHEG describes the electrons in the positive uniform background charge. The
Hamiltonian of the 2DHEG reads

A

H=Hy+ Hy_; + H,, (6.1)

1a=3 [ (@) i @)

s T

where @ZA);"(:B) and @/A)S(ac) are the operators for electrons with spin index s, n; is the
density of the positive uniform background charge set to be n; = n, and U(x — &’) is
the Coulomb interaction:

1

T le—a

Ulx —x')

]:Iel contains the kinetic term and the electron—electron interaction term, ffel_i is the
electron—background interaction term, and H; is the background-background interac-
tion term.

6.2 Flow equation and the solution

Following the procedure presented in Chap. 4.2, the imaginary-time finite-temperature
formalism is employed although I focus on the zero-temperature case. the A\-dependent
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action is introduced as follows:

SA[YT, Y] =San ¥, Y] + Sa—ia[¥", ¥] + Sia, (6.2)
Surl*, 4] EJ/w (8——A)%MJ

+ 5 Z Usn (X, X VE (XU (XD tb (X )b (X),

X, X’

Saialv™, 0] = —mZ/ Unor (X, XY (X, ) (X),

Si,)\ =—1 U2b,)\<X7 Xl)u

2 X, X!

where X = (7,&) with the imaginary time 7 and spatial coordinate z, [ x is the

shorthand of fOB dr [ dx with inverse temperature 8, and Uy, A (X, X') is defined as
follows:

/
Uppr (X, X') = M
|z — |
Sp and Sy correspond to the action of the free fermions and that for the fully interacting
electrons corresponding to the Hamiltonian Eq. (6.1), respectively.

To fix the number of particles to n, we introduce the A-dependent chemical potential
[y. Since we are considering the spin-unpolarized case, we give the same chemical
potential to electrons with s =7 and |. At A = 0, the chemical potential satisfies
po =mn = 1/rk

The A-dependent effective action I'y[p] for the density field py(X) = >, ¥ (Xe)1s(X)
is defined in the same manner as Eq. (4.12). A little modification of the flow equation
(4.23) is needed since the action Eq. (6.2) has the A\-dependent background terms Sei—; »
and S\, which did not appear in Eq. (4.11). Even in the present case, the flow equation
is derived in the same manner as Chap. 4.2. The flow equation reads

TAp] =5 [ s (X X)) = ) (p(X) — )

1 ,
+ 5 WUap 2 (X, X') <(

X, X'

0l N e — e
5p(xe,)5p<xf)) p(X)0( )). (6.3)

The difference in comparison with Eq. (4.23) is that the density p(X) in the Hartree
term is subtracted by the density of the background charge n;.

I employ the second order vertex expansion to derive the correlation energy. In the
same manner as the derivations of Eq. (5.14), one has the following expression for the
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ground-state energy per particle in the momentum representation:

Egs,l Egs,O EH Eex Ecorr

o1 _Foo , B Pox | B (6.4)
By (n—m)’-

N YO o
Eo 1 ~ ¢ e

& =5, pU(p) (/w Gg>(P)—n>, (6.6)
S [ [ o) (6 - 6). (6.7

Here, N = [dxn, By, = limg_o. ['\[n]/8, P = (wi, p) with the imaginary frequency
w; and momentum p, [ = [dp/(27)?, f: = [e“i€duw;/(2m), f;l = f: J,» and U(p)

and ég\n) are defined as follows, respectively:

U(P) = /:1: U(x)e P* = 2m

= o
2m)2 6@ (P +---+ P) G (Py,...,Po_y)

- / e—i(Pl'X1+“'+P7L'X7L)Gg\n) (X17 . 7X'n,) ,

where Gf\n) (X1,...,X,) is the n-point density correlation function. Ej is the ground-
state energy of the free fermions and corresponds to the kinetic energy in the free case.
FEy, Fo, and E.,,, correspond to the Hartree, exchange, and correlation energies. One
has Fg = 0 since n = n;; note that Ey diverges if n; is not set to n since U(O) = 00,
which means that the system becomes an unphysical one in the case of n # n;. The
kinetic energy Fys0/N and the exchange energy Eec/N is known to be [49]

Egs0 1
el 6.8
Y o)
N 3y '

G(AQ)(P) is needed to be derived to calculate E.,/N. The flow equation for ég\Q)(P)
can also be derived in the same manner as the derivation of Eq. (5.18):

LGP (P) = —U (p) G (P)* + C\ (P), (6.10)

where
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Since the flows of éf\g’4)(P) in Cy\(P) are not taken into account in the second-
order vertex expansion, Cy(P) is needed to be approximated. Here, its A\ dependence
is simply ignored: C\(P) =~ Cy(P). In this case, Eq. (6.10) can be solved analytically.

The solution reads
G (P) + (’P((P)) tanh (A, /U(p)CO(P))
1+ \/ G ) (P) tanh <m /U(p)CO(P)>

The A integral of this solution can be performed analytically. Therefore, from Eq. (6.7),
the expression for the correlation energy is obtained as follows:

GP (P) = (6.12)

/

Eeor :i/; In Cosh( U(p)CO(P))+ g)(( ))5; (P )sinh( U(p)Co(P))

- Up)GP(P)). (6.13)

To calculate Eq. (6.13), G(2 44 should be specified. As Eq. (5.25), we have

éé”)(Pl,._. P, 1 ——N Z /HG%%(ZPU()—FP) (6.14)

o€ESH_1 Pk 0

Here, Ny = 2 is the degrees of freedom for the spin, G%Q}) (P) is the two-point propagator
of free fermions:

where £(p) := p?/2— 0. Then one has the following expressions for (N}E)D(P) and Cy(P),
respectively:

5@ p £(p+p’) £(p')
s 2N/ + @ +p)—<@)* (6:15)

Co(P) =2N, ///U(p)( £(p"))

X{ E@" +p) D) — W
(W? + (E(P" +p) — &(p"))?)?

E@"+p+p) & +0)EWP" +p)—EP") —wf

P+ P 1p+p) - + )P+ D +p) — @)
(6.16)

O(—&(p+p +p") —0(—=¢(P + "))

2

as shown in Appendix B. I note that the expression Eq. (6.15) yields the correct ex-
change energy Eq. (6.9) from Eq. (6.6), as shown in Appendix B.1.2.
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6.3 Reproduction of the high-density exact result

I show Eq. (6.13) reproduces the exact result at the high-density limit r, — 0. To
discuss it, let us investigate the behavior of é(()Q)(P) and Cy(P) at r¢ — 0. Instead
of rg, it is convenient to use pp = v/2/r5. Here, C~¥(()2)(P) and Cy(P) are denoted as
G(()2) (wi, p; pr) and Co(w;, p; pr), respectively. From Eqgs. (6.15) and (6.16), one finds

Co(wi, p; pr) = pp' Co(w;, P; 1), (6.17)
G (wi, pypr) = G (@, 7: 1), (6.18)

where P = p/pr and w; = w;/p. By use of these relations, one has

= =2—”/ i {14 Pl G (@50 1) tanh rs\/U( )G @,F: ))

2 [ 7 (p) Co (0, p; 1
+ —72T In | cosh rs\/U (p) Co (@ P )) : (6.19)
s Jp 2

from Eq. (6.13). Here, [» = [ €% dw/(27) [ dp/(27)2. With expanding Eq. (6.19
P

with respect to rg, one has
Ecorr 2m U(I_)) ~(2) (— — Ts =, ~(2) (— —
=— In |14 7 Gy (w,p;1)| — Up)Gy'(w,p;1

+7r/ VB C@pl) | g,

2
[ (1 O @ )] DIGE i)
T % 6 U(p)Co(w, p; pr) + O(rs). (6.20)

The first term in the right-hand side coincides with the contributions from the rings
diagrams. The second term is identical with the contribution from the second-order
exchange diagrams. Actually, one has

g 2N, [ BRI
PGP NI e

4n
1= 0(=¢E(p + )1 (=€ +p")))

p-(p+p +p')
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which is found to be identical with the expression for the second-order exchange dia-
grams. Hence, at high-density limit rs — 0, our correlation energy gives the same result
as that with the Gell-Mann-Brueckner resummation [49,87], which gives the following
exact result at ry — 0 [49,81,88]:

Ecorr 8 10
—n2 -1 ~ 284 Ve (= — 1)
N n2 + 5(2) WQB( ) \/§<37r )rs nrs + O(rs)
= —10.192496... — 0.0863136 ... X rgInrs + O(ry), (6.21)

where [ (x) is the Dirichlet beta function.

6.4 Numerical results

Our numerical result for the correlation energy are discussed.

6.4.1 Numerical procedure

Before presenting our result, I briefly describe our numerical procedure. One can re-
duce the computational time to calculate Eq. (6.13) by use of some procedure: As
shown in Eq. (6.16), Cy(P) in Eq. (6.13) has the quadruple integral with respect to the
momentums. In the case of the Coulomb interaction, this integral can be reduced to
a double integral analytically, which largely decrease the computational effort. More-
over, one can easily derive Cy(P) and é(()z)(P) for various r by use of Egs. (6.17) and
(6.18) if Cy(w,p; 1) and é((f) (W, p; 1) are once calculated. Since the system is isotropic,
Co(@,p; 1) and C~¥(()2) (w,p; 1) do not depend on the direction of p. Therefore, the calcu-
lations of Cy(w,p; 1) and é(()z) (w,p; 1) on the (w, |p|) space are sufficient.

Since the integrand of Eq. (6.13) does not depend on the direction of the momentum,
the two-dimensional momentum integral can be reduced to the integral with respect
to the norm of the momentum. Moreover, since the integrand of Eq. (6.13) is an even
function of the frequency, the domain of the frequency integral can be reduced from
(—00,00) to [0,00). To make the domains of the momentum and frequency integrals
finite intervals for the numerical calculation, the variables of integrals are changed as
0, = (2/m)arctan(w®/s,) and 6, = (2/7)arctan(p®/s,), where o, and s,, are
arbitral positive numbers. With this change, the domains of the integrals become
b.p € [0,1].

6.4.2 Correlation energy

Figure 6.1 shows the result of the correlation energy per particle as a function of rg
derived by the FRG-DFT with the second-order vertex expansion. Since the FRG-
DFT calculation requires relatively small computational efforts, one can obtain the
correlation energy for various ry enough to see the smooth shape of the ry-dependence
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Figure 6.1: Correlation energy per particle derived by the FRG-DFT method (solid
magenta line) as the function of the Wigner-Seitz radius 7. The results derived by Gell-
Mann-Brueckner resummation (black dashed line) and the Monte-Carlo calculations are
also shown. The green cross marks and blue plus marks are the energies derived by the
extrapolations of the results of the DMC calculations to the infinite systems given by
Kwon et al. [50] and Drummond et al. [51], respectively.

curve. For comparison, the energies given by the Gell-Mann-Brueckner resummation
and the Monte Carlo (MC) calculations are also shown. In the MC calculations, the
energies of the infinite matter were calculated by the extrapolations of the energies
in the case of finite particle number which were derived by the diffusion Monte Carlo
(DMC) method with the backflow correction [50,51]. As discussed in the previous
section, one can see that the FRG-DF'T reproduces the exact energy given by the Gell-
Mann—Brueckner resummation. For finite rg, the energy by the FRG-DFT seems to
agree with the MC results at ry = la.u., and the deviation between the results of the
FRG-DFT and the MC calculations seems to become larger as r;, becomes small.

Table 6.1 shows the numerical values of the correlation energies at some r,. One
finds that the result of the FRG-DFT coincides with both MC results within the errors
of the MC calculations at r, = la.u.. The deviation becomes larger as ry increases:
The result given by the FRG-DFT misses by approximately 14% at ry = 5a.u., 30% at
re = 10 a.u., and 50% at ry = 20 a.u. compared with the MC results. For more accurate
description in the case of large 7, the A dependences of the higher-order correlation
functions GE\"Z3) are needed to be taken into account.
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Table 6.1:  Numerical value of the correlation energies at the selected Wigner-Seitz
radii rs with the FRG-DFT and the DMC method with the backflow correction [50,51].
The number in the parentheses are errors in the last decimal place.

s (a.u.) 1 5 10 20
FRG-DFT —0.10992 —0.056581 —0.039396 —0.026756
DMC [50]  —0.1096(3) —0.0495(1) 0.03034(2) —0.01753(1)
DMC [51]  —0.1102(6) —0.04959(3)  —0.030378(6) ;

6.5 Summary

I have shown a demonstration of the FRG-DFT method in a two-dimensional ho-
mogeneous infinite system (2DHEG). The FRG-DFT has been applied to the two-
dimensional homogeneous electron gas and calculated the correlation energy for vari-
ous densities with the second-order vertex expansion scheme. The expressions for the
correlation energy has been derived by solving the flow equations for the energy and
the two-point density correlation function analytically. From the expressions for the
correlation energy, Our correlation energy has been analitically found to completely
reproduce the exact result given by the Gell-Mann-Brueckner resummation at highi-
density limit. The reproduction has also been confirmed with the numerical calculation.
For finite densities, we have compared our correlation energy with those obtained from
the extrapolations of the Monte Carlo (MC) results. Our correlation energy coincides
with the MC results at relatively high-density case r¢ = 1a.u., whereas the deviation
between the results with the FRG-DFT and with the MC calculations becomes larger
as the system becomes dilute.

To improve the accuracy when the system is dilute, the inclusion of the flows of the
higher-point density correlation functions are needed. In the vertex expansion scheme,
one can systematically improve the inclusion of the flows of the density correlation
functions. The inclusion of the flow of the three-point density correlation function is
the straightforward next step. Another attractive way to include the flows of higher-
order correlation functions has been recently proposed [45].

Regarding the electron gas, the extension to the case of spin-polarized case is a
significant direction since it is necessary for the investigation of the magnetic phase
transition. This can be achieved with introducing different chemical potentials for
particles with different spin components.

Our formalism for the infinite matters is flexible and largely extensible: The ex-
tension to the three-dimensional system is straightforward, which is important for the
analyses of realistic quantum many-body systems. The extension to the case of the finite
temperature is also straightforward. In this case, the FRG-DFT becomes a framework
to give the Helmholtz free energy.

The 2DHEG is more realistic model than those in any other previous works. Addi-
tionally, the demonstration here is the first example showing that the FRG-DFT works
even for long-range interaction. In conclusion, our demonstration in this Chapter shows
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that the FRG-DF'T is a promising way for the analysis of realistic models for quantum
many-body systems.



Chapter 7

Conclusion and outlook

This thesis has been devoted to the study of the functional-renormalization-group aided
density-functional theory (FRG-DFT). I have summarized the motivation to introduce
the FRG-DFT and shown its formalism. I have also elucidated the relation between
the FRG-DFT and the adiabatic connection. Some applications of the FRG-DFT to
infinite homogeneous matters have been presented.

Although the density functional theory (DFT) is a very powerful method for the
analysis of the quantum many-body systems, there are some long-standing problems.
In particular, the problem that there is no established methods to derive the energy
density functional from microscopic Hamiltonian is very crucial for the establishment
of the DF'T as a truly ab-initio method. The FRG-DFT is a promising method to
give a long-desired solution for the fundamental problems of the DFT based on the
functional renormalization group (FRG), which is a tool to connect the information of
the microscopic freedoms to the understanding of macroscopic behaviors of a system.

However, whether the FRG-DFT is a practical method for the analysis of realistic
quantum many-body systems was not been clarified. To show how powerful method
the FRG-DFT is, I have presented two applications. At first with my collaborators, I
have formulated the FRG-DF'T for infinite homogeneous matters, which is a simple but
a practical setup, and demonstrated how it works.

The first application was the analysis of a one-dimensional matter composed of
spinless fermions with a non-local interaction exhibiting the qualitative behavior of
the nuclear force. We have calculated the equation of state (EOS) at zero temperature,
i.e. the density dependence of the ground-state energy, and the spectral function for the
density two-point function. We have employed the second-order vertex expansion with
a correction to restore the Pauli blocking effect and found that the analytic continuation
for the frequencies which is needed to obtain the spectral function can be analytically
performed on the level of the flow equation as recently done in the context of the FRG.
We have derived the saturation point, i.e. the minimum point of the EOS with respect
to the density, and found that the saturation energy derived with the FRG-DFT differs
by only 2.7 % in comparison with the Monte Carlo (MC) result. Our result has also
shown that the introduction of the correction to restore the Pauli blocking contributes
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the improvement of the accuracy. Moreover, we have found that our spectral function
reproduces a notable feature of the non-linear Tomonaga-Luttinger liquid that the
spectral function diverges at the edge of its support in the lower-energy side.

The other application is the analysis of the two-dimensional homogeneous electron
gas. We have calculated the correlation energy by the aid of the second-order vertex
expansion. Solving the flow equations analytically, we have found that our correlation
energy reproduces the exact result at the high-density limit given by the Gell-Mann—
Brueckner resummation. We have also found that our correlation energy coincides
with the results of the MC calculation when the density is relatively high, whereas the
discrepancy between the results by the FRG-DFT and the MC calculations becomes
larger as the system becomes dilute.

Through these demonstration, I have shown that the FRG-DFT formulated for the
infinite matters gives a unified way for the analysis of the ground and excited states,
and is expected to be a feasible method for the analyses of realistic quantum many-body
systems. In addition, the FRG-DFT with the vertex expansion scheme has been found
to be powerful at least in the case of high density.

The formulation presented in this thesis is very flexible and largely extensible. For
example, the extension to the three-dimensional case is straightforward. Our formu-
lation can also be extended to the system with multi components. With these ex-
tensions, the FRG-DFT becomes applicable to various realistic models such as the
three-dimensional electron gas, nuclear matter, and cold atomic gas. In particular, the
extension to the multi component systems makes the FRG-DFT applicable to the var-
ious matters in neutron stars such as asymmetric nuclear matter and nuclear matter
with hyperon. The application to the electron gas with arbitrary spin polarization is
also a significant direction. Although our demonstrations have been focused on the
zero-temperature cases, our formulation can be extended to the case of finite tempera-
ture.

One of the advantages of the FRG-DFT is that systematic approximation schemes
developed in the FRG are available. In our demonstrations with the second-order
vertex expansion, the accuracy seems to become worse as the systems becomes dilute.
However, this is not the problem of the FRG-DFT but the approximation scheme, and
one can improve the accuracy in the framework of the FRG-DFT. One of the advantage
of the vertex expansion scheme is that one can systematically improve the accuracy with
taking into account the flows of higher-order density correlation functions. In addition,
a more efficient way to include the flows of higher-order density correlation function
was recently put forward [45].

As the Hohenberg-Kohn theorem suggests, all the properties of a system are de-
termined in terms of the energy density functional (EDF) even if some symmetry is
spontaneously broken and degenerate ground states appear. However, the analysis of
a system with symmetry breaking using the energy functional of only total density is
practically very difficult. In the DFT, energy functionals of not only the total density
but also some other auxiliary fields are often introduced to analyze a system exhibit-
ing some symmetry breaking. For example, the energy functional of the total density
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and the fermion pair field is used to analyze the superconducting states. Our FRG-
DFT formalism is applicable to the construction of energy functionals of other fields
besides the total density. The analyses of a state with symmetry breaking such as the
superconductivity with the FRG-DFT are attractive future directions.

The FRG-DFT is also applicable to the finite and isolated systems such as nuclei.
In such systems, the effect of the gradient of the density fields is crucial. One of the
widely-used approximation including the effect of the gradient is the generalized gradi-
ent approximation (GGA). The construction of the GGA functional may be achieved
by use of the gradient expansion method developed in the FRG studies.

In conclusion, I have shown some examples which suggest that the FRG-DFT is a
promising way. The FRG-DFT will make the DFT a truly ab-initio method for the
quantum many-body systems.
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Appendix A

The origin of ¢ in Eq. (4.2)

As stated in Chap. 4.1, the normal-ordered Hamiltonian Eq. (4.1) corresponds to the
action Eq. (4.2), which has a positive infinitesimal e. In this chapter, we explain the
origin of € following the discussion in Ref. [89].

Let us consider a normal-ordered Hamiltonian H (¢}, ;) with annihilation operator
@/;i and creation operator 7,@* for fermion fields. Here, all the indices of the field including
those for the internal degree of freedoms and the coordinates are represented as ¢. In
order to find the action corresponding to this Hamiltonian, we consider the partition
function defined as follows:

Z =" (n|ePH1N) |p). (A.1)

where 3 is the inverse temperature, 1 is the chemical potential, N (1&*, f@) =>. 1@*1@ is
the particle-number operator, and {|n)}>° is the eigenstates of the system.

To find the expression for Eq. (A.1) in the path-integral formalism, I introduce the
coherent states [¢), which is defined as the eigenfunction for {@/AJZ}, with eigenvalues

{l/h'}ii
121‘ |¢> = 1 |1/J> :
Since {1;}; satisfies the anti-commutation relation 1@11@] = —zﬁjzﬂi, the eigenvalues {¢ };

satisfy ;10; = —1;¢;. Therefore, {1;}; should be treated as Grassmann numbers. In
the same manner, (1| is defined as follows:

(Wl by = (] Y;.

I briefly summarize the definitions of functions of Grassmann variables and their
derivatives and integrals. A function f(n;,---,ny) of Grassmann variables {n;}Y, is
defined by the Taylor expansion:

[ee) N k
Flne e ) = Z Z ki@—f S
k=0 =1

Thl a/rhk M, 777N:0

7
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Since n;n; = 0, f(m, -+ ,nn) can be rewritten as the following form:

FOm, - onn) = f, - o1, 0,1, - ) F 1900, -+ Micts Wikt ==+ 1IN )5

where ¢ is a function independent of 7;. Then the derivative of f(n,---,ny) with
respect to 7; is defined as follows:

877if(771"" 777N) :9(771: s Mi—15 Thit 1, - - 777N>'

For Grassmann variables, the definition of the integral is the same as the derivative:

/dnzf<7]17 777N> 29(7717 s Mi—1yThi+15 " " ° 777N)

This integral satisfies the partial-integration-like relation:

/dnl(aﬂzfl(nla 777N))f2(7]17'” 7nN)
— () / dnf (- )0y Fa 1),

where

() —1 (z is a Grassmann number.)
T) = :
1 (otherwise)

Under these definitions, the completeness relation reads as follows:

(H/W?d%) " XV |y (¥] = 1, (A.2)

where 1 is the unit operator. To show that this relation holds, the following expression
for the coherent state is useful:

) = e 23¥9%5 |0), (A.3)

where |0) is the vacuum defined by #; |0) = 0. Actually, the right-hand side of Eq. (A.3)
satisfies

e X ViV |0) = e T Vivigy (1 — hh}) |0) = e 2% YiVighapy |0)
= o™ Zor T [0) = e R BV (1 — i) 0) = ghre” 2% [0)

Here, the commutation relation @zlﬂj = —1/31*1&, + 1 has been used. From Eq. (A.3), one
gets the following relation:

1&: |1/J> = _a’l/)i

¥) . (A.4)
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The same relations hold for (¢|:

(W] = (0] =25 93%5, (A.5)
(W] =0ys (V)] (A.6)

The inner product of ()| and [¢)') is obtained as follows:

(W) = (] e T %5%

By use of these relations, let us prove Eq. (A.2). According to the Schur’s lemma, the
left-hand side of Eq. (A. 2) is proportional to the unit operator if and only if it commutes
with w@ and w* The commutativity with iﬂz is shown as follows:

o <H / dzﬁd%) o™ =V y) (Y] = (H / d¢;d¢i> e =y [4) (i
(H/dw d%) O (H/dw dzb) I

(1 fo)

The commutativity with @/3;* is also shown as follows:

i (H / d@w;‘dwi) “E0 ) (] = (H [ v (wz) I 0y, 1) (6
(H/dw d%) Dy,e “X i) (Y] = (H/dw*dw@>we PO
- (H / dw:dwi> D ) (917

Thus, one has
(H/dl/):d%) e~ i ¥ivi

where C' is a constant. This constant is determined as follows:
=11 / dpfdipie ViV = 1.

0) = T ¥, (A7)

¥) Oy (Y

) (0] .

V) (Y]

¥) (Y| = C1
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Therefore, we have Eq. (A.2).
Let us go back to the partition function. The first step to write the partition function
in terms of the path integral is dividing e #(#=#N) into N > 1 pieces:

Z = Z H SH=pN) |y | (A.8)

where 6 = 3/N. I insert the completeness relation Eq. (A.2) between these pieces:

7 — Z (n| H ( §(H—uN) (H/dwmdwm> =220 ki Vi

n

N-1
:< H/d%zd%’> N (Y

n

V) (WI) n)

% <<¢k+1| o 2 i ri—d (H—pulV) |¢k>> (4ol

n

:< 1/ d‘”’“dw’“) (—oln) (nf o™ T ¥inmr s
X (<¢k+1| O |¢k>>

-
:< H/d¢k1d¢kz>< Wl €™ i V-1 ¥N- 1i—8(H— “N)W )

k

x <<¢k+1\ o X k=0 (H—pul\) |¢k>>

N-1

:/Dwﬂ)w: [T (Wpsa] e s viatm =00 )
k=0

Here, ¥ = =04, Y ; = =g, and

/mﬂw = (H H/dw,“dw,“> :

k=0 ¢
Since ¢ is infinitesimally small at N — oo, one evaluates (1)1 |e™ % Ve —o(H—pN) [thr)
by expanding it with respect to 4:
(Ypy1] €™ > Vi ¥ki— 0 (H—pN) ) =e~ 22 Yiiwi (W] (1 — 5(]f[ _ MN)) |ty + @(52)‘

Introducing

(| H |9r)

H, —
’ (U |[w)
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and

(Wraa| N |1
N, = \Wht1l LY k)
g (Vs [w)

one has

<¢k+1| o~ i Viiri—0(H—pN) Wk) — o~ 2 Yii¥hi—O (H—pNg) wkﬂww + @(52)

Here, Eq. (A.7) has been used. It is apparent that in the case of a normal-ordered
Hamiltonian, Hj, is directly obtained from the replacement of @/A)* and @/A) with ¢, and
Up, Tespectively, in H(¢*,1)). Ny is also obtained in the same manner. Therefore, Hj,
and N depend on ¢y, and ¢} in our case.! At the limit N — oo, one finally obtains

—§ Nt (— >, mew(w;“,m)fuN(wzH,wk))

Z = / Diy;Dire

_ « P i~V « «
:/le’D,l/}:‘e_éz;cv—Ol (Zz wk_g_l’z#+H(wk+17¢k)_NN(¢k+1vwk))

_ / Dy Difre I5 4 (i 07 Do) H " (r40) ()N (" (r+8) (7)) (A.9)

where the imaginary time 7 = kd has been introduced and %)} and 1), are denoted as
¢*(7) and (7), respectively. H(y*,¢) is a function which is obtained by the simple
replacement of ¢* and ¢ with ¢* and v, respectively, in H(¢*,1)). From Eq. (A.9), the

A

action corresponding to the normal-ordered Hamiltonian H reads

B
sl = [ ar (Z VI + OU() + H(' (7 + e>,¢<f>>) . (a0

Here, 0 has been rewritten as €. As seen in this action, the imaginary time of ¥* is
actually infinitesimally larger than that of .

Since the Hamiltonian Eq. (4.1) satisfies the normal ordering, the positive infinites-
imal € appears in the action Eq. (4.2) as Eq. (A.10).

! In other choices of the ordering, H;, and Nj may depend on other variables. In the case of a
Weyl-ordered Hamiltonian, Hj, and N}, depend on vy, and (Y41 +x)/2, or (Y5 +95)/2 and ¥y,
which is known as the mid-point rule; see Ref. [90] for details of the formalism with the Weyl ordering.
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Appendix B

Derivations of the forms of ééQ>(P)
and Cy(P)

I present the derivation of the expressions for 082)(P) and Cy(P) given in Egs. (5.26)
and (5.27) in the case of one-dimensional spinless fermions, and in Egs. (6.15) and (6.16)
in the case of two-dimensional spin-1/2 fermions. Since there is no essential difference
for the derivation between the of one-dimensional spinless case and two-dimensional
spin-1/2 case, I consider a general case: a (D + 1)-dimensional spin-unpolarized system
composed of spin- Ny fermions with the chemical potential 9. In this case, as Eqgs. (5.25)
and (6.14), the n-point density correlation functions reads

n—1 k
Gy (Pr,...,Pyy) = =N, Y /Hé(;’}, (ZPUWLP), (B.1)
=1

0€Sn_1 7T k=0
Here, P = (w;, p) with imaginary frequency w; and D-dimensional momentum p, [ p=

L, fp = [7 dw;/(27) [dp/(27)P, and G'(FQEJ (P) is the two-point propagator of the free
fermions:

Gy (P) = -~

where £(p) = p?/2 — o and € is a positive infinitesimal.

B.1 Expression for GSQ)(P)

First, the derivation of the expression for (N;(()Q)(P) is presented. I also confirm whether
our expression reproduces the exchange energy of the 2DHEG Eq. (6.9).
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Im w;

|wi| — 0

o

»

Re w;

Figure B.1: Definition of contour Cf.

B.1.1 Derivation of G\7(P)
From Eq. (B.1), we have

GP(P) =~ N, / GA(P+ P)GE(P) = —N / el o
0 \H1 s F,0 LYED Y Jp i(wi +wi) — (P + pr) iw; — &(p)
dw e2zw1
_ N / / 1 . B.2
| o oo T i+ o) T D) (B2)

The contour of the wi-integral is changed to C) which is defined as Fig. B.1. The
integrand in the last expression of Eq. (B.2) vanishes at |w| — oo in the upper-half
plane of w thanks to the convergence factor e?*i¢. Changing the contour and performing
the wi-integral, one has

elw11€// dwl eszl
: pJ oo 27 [wi +wit + i€ (p + p1)][wi + i(p)]

o dwl eZzwl
- / /01 271- Wl + wip + zf(p + pl)] [wi + z{(p)]
[ () el Y

iwy — &(p +p1) +€(p) iwﬂ —&(p+p1) +&(p)

iy, [ () e g ) B3

) +&(p —p1) Wil—f(p+p1)+f()

Here, the Heaviside functions 6(z) have appeared since the contour integral along C
depends on whether the poles w; = —wj; — i(p + p1) and —i&(p) reside inside of C}
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or not. In the last equality of Eq. (B.3), the integral variable p has been shifted to
p — p; in the first term of the integrand. With substituting p to —p and using that

(p) = {(—p), one has
N/( CnetXPeg(—¢(p))  elntAPg(—¢(p)) )

iwy — &(p) +&(p —p1) ‘iwil—é"(p+p1)+€()

= 2(p)eg( e e Ch
N St (z’wuff(mpo—g(m*—mufg(mpl)—g(p))

:Ns/pe(—g(p)) (m TEp+p) -~ ED) | —iwn +E@ T P1) - g(p)> - (B4

Here, @) has been substituted to 1 in the last equality, since e 2 < %@ < 1
owing to the factor #(—¢&(p)) and thus e converges to 1 for any wi; and p;. For
finite wj;, one has

~(2) _ B £(p1 +p) —&(p)
Go (71) _QNS/f( ) e e +0) - @) (B5)

since e*™i¢ — 1. This expression coincides with Eq. (5.26) in the case of D = 1 and
Ny =1, and Eq. (6.15) in the case of D = 2 and N, = 2.

The ignorance of the factors e*™i¢ alters the behavior of G(()Q)(Pl) at |wir| — oc.
Thus, one may concern that this ignorance of these factors affects the calculation in
the flow equation. These factors, however, can be ignored in the flow equation because
¢’ appearing in the flow equation (4.23) cancels the effect of these factors.

As an example illustrating how the effect of e¥™i1¢ vanishes, let us see the calculation

the exchange energy of the 2DHEG, whose expression is given in Eq. (6.6). With keeping
the factor e*™i¢. Eq. (6.6) reads

R / U(p) ( / G2 (p) —n)
=5 | 0@ ( [ 2 [oew

(zwll +&( p_f;) ¢(p) * —iwiy + f(zwrpl) - f(p)) - n)
~55 [ o) (2 o)

y /oo %eiwie’ ( o~ wite N ez’wile ) B n)
oo 2T iwn +&(p'+p) — &) —iwn +E(P +p)—E(P) ( '
B.6)

I remind that € is a positive infinitesimal satisfying ¢ > e. The convergence of the
integrand of the wi-integral at |w;| — oo is dominated by e, and does not depend
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on the presence of e*™i€ since € > €. Therefore, one gets the same result if one uses

e-independent expression Eq. (B.5) from the beginning.

B.1.2 Derivation of Eq. (6.9)

To confirm our expression for ééQ)(Pl) reproduces the exchange energy of 2DHEG
Eq. (6.9), let us continue the calculation.
With ignoring e*™®i1¢ in Eq. (B.6), one has

% :%/p[j(p) (2//9(—5(17’))

p

0k AT
Coo 2T iwp +&(p' +p) — &) —iwn +E&(p' +p) —&(P)

(s v a) ")
wi — (P +p) +i§(p)  wn+i&(p' +p) —i&(p)
=— [ U(p) (2 / 0(—¢(P") [0(E(p +p) — (D) — O0(=E(P + p) +£(P))] — n)

L o) (2 / B(—E@)0ED +p) — £@))

" 0(—¢£(p')0(—E(p" + p) +£(P)] — n)
o [0 (2 [ et noie +p) - )
' " 0(—¢(p" — p))0(—¢(P") +£(P —p))] —n).
In the last equality, p’ has been shifted to p’ — p in the second term in the integrand
of p’-integral. With changing p to —p and using {(p) = £(—p), one has

1
2np

U(p) (2 [ e pe +p) - )

(= — P)O(—E(P) + £ — )] — )
_L (o (2 [ )~ o-€l0f + PO + )~ €00) —n)

p/

p

< (2 [ =€ 0(6 +p) — OEENIE0 + PO + ) — €3 - n)

p/

~50 [0 (2 [ a-ewnotetst +p) -n).

2n p P’
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In the second equality, the following formula has been used:

0(z) —0(y) = 0(z)0(—y) — 0(=x)0(y)-
By use of 0(¢(p' +p)) =1 —0(=£(p' +p)) and 2 [, 0(=£(p')) = n, one has

R (2 / B DI + ) 1)
- / Uip) | ot-e@ et +p) = | ot-e@)-em)im—p)
- / B DA ) / % - [ / o(—(p))e 7|

2m DR ) 2
/ d(b/ dppeflp\m\cos¢>
0 0
PF 2 1 1
d — — —_
R <2w>2n/ ]

|
_ i /Jl(pFlsz:_p%/ d<]1 _ \/_/
(2m)°n J,  |x]? 21 J,

where pr = /2119 is the Fermi momentum, ry = 1/y/7n = v/2/pp is the Wigner—Seitz
radius, and J,(x) is the Bessel function of the first kind. The integral in the last
expression is evaluated as follows [91]:

/°° 2N ST (5+5+5—1) 4
0 22 2F(§+§—§+1)F(§+§+%+)F(§ 1—3i+1) 37
where I'(z) is the gamma function. Finally, one obtains

E. 42
_ W2 (B.7)
N 37Ty

Therefore, our expression Eq. (B.5) actually reproduces Eq. (6.9).

- <27r1>4n / ﬁ

1 / " da%(aJl(a))

|2

B.2 Expression for Cy(P)

Co(P) is defined as follows:

¢ ~GB)(p ~B)p _
C)\(P) _ _%\/, U(p/) <G~¢&4)(Pl’ —P,,P) . G)\ ( G(2)>(G;\ (P, P)) 7 <B8)

where U(p') is the two-body potential in the momentum representation, and / ;/, =
/ € ¢™i¢ with a positive infinitesimal ¢ satisfying ¢ > e. Here, the density correlation
functions with vanishing frequency and momentum should be interpreted as the p limit
as I noted below Eq. (5.19). I derive the expression for Cy(P) giving Eqs. (5.27) and
(6.15). Our expressions actually satisfy ¢o = 1 for ¢, given by Eq. (5.21) is also checked.
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B.2.1 Derivation of Cy(P)

First, let us calculate G{”(0) appearing in Eq. (B.8). From Eq (B:5), one has
Gy”(0) = lim G”(0,p1) = N plfgo/ E(m +p g(p)
=N, liny (£ p1+p )+£(p1§-]§)(p>>§( )>
=N, lim, (5@1 ) é?z(ai(?(; f%)
= N Jim, / — ppffl ?E;f“’”
—N. / 3(&(p))- (B9)

Next, I calculate G(3 (P,—P). From Eq. (B.1), CNJ((]?’)(Pl, Py) reads
G¥(P, P) =— N, / ;22) (P)G) (P + P)Gy) (P + Py + P)
+ GEY (PG (o + P)GEY (P + Py + P))
N / G2y (P) (G (P + P) + G2y (Py+ P)) Gy (P4 Py 4 P).

Therefore, one has

G (P.—P) =G7(0, P) = lim G(7((0,q). P)
= — N, lim égo( )(éz ((0, )+Pl)+é(F27%(P+P/)>
q—0 2%
x G ((0,q) + P+ P)
=~ Nl [ (GE (P~ (0.0) GE (P) GE) (P + P)
a—0 Jp

— GEL(P' = PYGEL (P GEY (0, 0) + P)

N / / dwi ! e (w]+wi) glwie

= — N lim — | - . . -

q—0 0 21 \iw! —&(p' — q) iw! +iw; — E(p' + p) iw] — E(p')
ezwl € ei(w»/—wi)e ezwl € )

iwl — +q) iw] —iw; — E(p/ — p) iw] — £(P)
1 eiwie 1
:Ns 1 1 3zwe
qli%/ / o (wi’ﬂf(p’—q) w! + wi + (P’ + p) w +i&(P')

e—ZUJG 1
W +Z£( '+ q) wi —wi +i€(p — p) W +i§(p’)> '
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With performing the w!-integral and straightforward but complicated calculation, one
has

3 p _p) —iN L [ LEP + @) — 0(=€())
Go' (P, =P) = N iy - E(p' +q) — £(p')
1

g L‘)i —i(E(P) — @ +p)  wi+ilEP) —S(p’+p))}
=—iNs [ 0(&(P))

pl

1 1
- {wi —i(E@) — &P +p)  wi+ilEP) —S(p’+p))}

. / 1 - !
= —ZNS . 5(§<p )) |:wi+i§(p/+p) Wi —ig(p/+p):| ‘

To evaluate the integral of the term containing (?83) in Eq. (B.8), I consider the following
integral:

/ G(3 l / dwl zw e G ( P/)

1 zwe 1/ 1 . 1
‘N/ i /5“(” ) [w;ﬂ's(pwp') i+ )
=N, [ (&) 0(=E(" + ') — 0(E(P" + p'))]

pll

== N [ 5(&(P"))sen(S(p" +p)),

pll

where

Therefore, the integral of the term containing C;’(()?’) in Eq. (B.8) reads

1/6, ﬁ(pl) GE\S)(P/7 P/)G&B)(Pv _P)
2Jp a2 (0)

=— L /,, ) {/ U(p’) sgn(&(p” +p ;5(5(p"))5(§(p’”)/) (") — £(p" + p))

(B.10)

In this expression, one can substitute sgn(p” + p’) to sgn(pre + p’), where e is a

constant unit vector, because the norm of p” is fixed to pr by the factor 6(£(p™)) and
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the quantity in the square bracket does not depend on the direction of p” since the
difference of the direction of p” is absorbed by the reselect of the coordinate of p’

Applying this substitution, one has

1 [ GP (P, PG (P, —P)
_/ Up' G(Q)( 0
_ Sgn (pFe+p))5(€( ") (£(p") — &(p" + p))

N/ ) W) — ' T D) - (B

Let us evaluate the integral of the term containing 684) in Eq. (B.8). Since the
calculation is straightforward but very complicated, the outline of the calculation is
briefly presented. From Eq. (B.1), one has

!

1 © = /\ A / /
-3 [ o -rp)

Ny [ -
=5 [owe [
P/ 1!

+ Gy é(P”)G%%é(P” + P’)G%%é<P">G<F%é<P" - P)

+ Gy (P")Go(P" + P')Gig (P + P/ 4 P)GEy(P” + F)

+GEY(PGEN(P" + PGEL(P" + P+ P)GEL(P" + P')

+ Gro(P")Grg(P" + P)GEy(P" + P = P)Ggy(P” — P)
+ PGEY(P" + P — P)GYL(P" + P')

+
Q
RS
. -

—~
3
—
0
RS
o
—~
3

x [G%(P”)G(FQ%(P” + PYGEN(P" + P + P)GEL(P" + P)
Gio(P")Gy 0<P" + P)Gyp(P" + P' = P)Gyy(P" — P)
’0<P"> GEVP" + P) (GE(P" + P) + GEY(P" = P))
(2)

F,0

(PGNP + P (GEY(P" + P+ P)+ GEV(P" + P' = P))|

=N, [ U(p) / GV (PGNP + PG (P" + P+ P)GYy(P" + P)
P/ 1!

E/

N ~
w5 [ow) [ ey
P/ P//

x (GEVP"+ P+ GEYP" = P)) (GEUP" + P+ GEY(P" = P)) . (B.12)
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Performing the frequency integrals, one has following expression for the first term of
Eq. (B.12):

€/

N | U@ / GEYPGEVP" + PGEY(P" + P+ P)GEY(P" + P)

Pl

— — 2N, U@)0(—£@)(0(—E(p+p' +p") — 0(—£(P + "))

/ /!
).

5 E@P" +p+p)—E@ +D)EP +p) —ED') —w (B.13)
(W4 (E@P" +p+p)— @ + ) (Wi + (€ +p) —E(P")?) '

In the second term of Eq. (B.12), one meets an contour integral with a pole of second

order given by G%%E)(P” )2, which should be treated carefully. In order to show how such
a contour integral is treated, I consider the following simple integral:

dw eiwi€
/01 %f(wi)—@}i TaE

where £ € R and f(w;) is a complex function regular in the upper-half plane of w;. In
the case of £ # 0, this integral gives f/'(—i&)0(—¢). In the case of £ = 0, however, this
integral diverges unless f(0) = 0 since the pole w; = 0 resides on the contour C;. The
contribution from such a divergence is evaluated as follows:

dw; elwie d dw; el d :
L o G e o e V7 = g Vi)

=[f'(=i&)0(=E) — if (—i&)d(E).
As illustrated in this demonstration, the contour integral involving G,(??)(P” )? yields

terms with 6'(z) = §(x). With taking this into account, the second term of Eq. (B.12)
is evaluated as follows:

N, [€ -
S oe [ ey
P/ 1"

< (GEUP" + P+ GENP" = P) (GEV(P"+ P) + GEY (P = P)

=N, | U (p)sgn(=&(p" + p"))o(&(p")) " f ((?(;),/5 E(?(/pj; i)p)y

22N [ TEORE O+ # + ) B+ )

(E(P"+p)—E(p"))? — W}
(w2 + (£(p" + p) — £(D"))?)*

In this expression, sgn(—¢(p’ + p”)) can be substituted for sgn(—¢(p’ + pre)) with a
constant unit vector e for the same reason as the derivation of Eq. (B.11). Therefore,

(B.14)
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from Egs. (B.13) and (B.14) one has

2 Jp
=Ns | UP)sen(=¢(p’ + pre))d(E(p") f ((Zgl(,z)w; i(zf)/(/pt i)p))2
+2N; [ U@)0(=E@")(0(=E(p+p' +p") — 0(=E(@' + "))

(é(p”’+ p) —&(p"))? — w?
(W2 + (£(p" + p) — £(p"))?)?
= 2N, | U@)0(=¢(P")(O0(=¢(p + P + ") — 0(=£(p + "))
E@P" +p+p)—E@ +D)EP +p)—ED") —wi
W2+ (&P +p+P)— <@ +P))?) (W + (€ +p) —E"))?)

(B.15)

The term including the delta function and Eq. (B.11) cancels each other. Therefore,
one finally obtains

Co(P) =2N; Up)0(—E@"))(O(—E(p +p' + ") — 0(=E(p' + "))

X[ (5( "+p)—E(P")? - Wi
(W + (E(p" +p) — &(p"))?)?
E@' +p+p) @ +D))EDP +p) &) —w?
W2+ (&P +p+p)— &P+ ))2)(w?+(£(p”+p)—f(p”))2)(B’ o

which coincides with Eq. (5.27) in the case of D =1 and Ny = 1, and Eq. (6.16) in the
case of D = 2 and N, = 2.

B.2.2 Proofof ¢y =1

I check that ¢, defined by Eq. (5.21) actually satisfies ¢y = 1 by use of our expressions
Egs. (B.5) and (B.16).

First, let us evaluate the frequency integral of Eq. (B.16). For convenience, I deform
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Eq. (B.16) as follows:

=N [ OO ) - )

X{ (é(p”+p) £(p")? — w}
(w? + (E(p" +p) — £(p"))?)?
E@P" +p+p) =& +P))EP +p)—E(D') —wi }
W2+ E@ +p+p)— &P +p))?) (W + &P +p)—£(D"))?)

FN [ O~ p)OE + )~ € —p P+ P)

" [ &) — &' —p))* —w?
(Wi + (E(p") — E(p" — p))?)?

E@P"+p)— @ +p —p)ED') — D —Dp)) — }
(W2 + (" +p) =@ +P —p))?) (W + (@) - &P —p))?)

=— N, /,, - U(p)
)

x (0(=¢(@" +p)) — 0(=£(0")(0(=E(p +p' +p") —0(=¢(P" +D")))
y { @ +p) —ED")? — W}
(w? + (E(p" +p) — £(p"))?)?
E@"+p+p) & +0)EP" +p) —ED") —wi
W2+ @ +p+p) =@ +p)2) W+ E@ +p) - @)

By use of this expression, one has

x (0 ( ( "+ p)) —0(=E@")O(=E(p+ P + ") - 0(—E(p +p)))
ny (=@ +p+p)+EP + D) - 0(=E(Pp" +p) +E(p))
* {5@( p) =4 EP"+p+p) &P +p) &P +p)+E(p7)
_N/ l —{(p" +p)) — 0(=£(P")0(=E(p+p' +p")0(E(P +P"))
’ ' +p+p) @ +p)— &P +p)+E(D)

0(— p”+p))9(£(p”))(9( {(p+p +p") —0(=5P +p"))

Ep'+p+p) &S +p) &< +p)+ED)
:_QN/ 0 ,)(9(—£(p”+p)) 0(—&(p”))0(—=E(p +p' +p")0(E(D + "))

i p.p'.p" (' +p+p) & +p) &P +p)+E(p") .

where (#(a) — 0(b))d(a —b) = 0 and (A(a) — 0(b))8(a — b) = 0(a)0(—b) have been used.

+
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By exchanging p and p’, one has

/:Oo(m
(0(=&(P" +p') — (=& (p”

- /p,p/,pu vie) §p"+p+p) &P +p) P+ ) +E(p")
_ = (B(=E(p' + p)) — 0(=£(p")))0(=£(P))0(E(p + P))
I ) i T — )
o = 0P +p))0(=£(p")0(=£(P))0(E(p + P"))
N U o)) + Sl o))
+p))0(E(P")0(=£(P))0( (P + p"))
O )t
The second term Vanlshes since the overall sign changes with the changes of variables
p' to p’ — p and p” to p” — p. Therefore, one has

/E’ Co(P) = —2N. / +PDUEENIEPNIEP+P) 1y

))9( Ep+p +p")0E(p+Dp"))

)
(=

+p) () +&(p+p") — £(p")
Next, I calculate fP GéQ)(P) . From Eq. (B.5), one has

/e/m a9 (P
( Elp+p) —EP) )2
W Ep+p) —E))’
E(p+p') —&(p)] ?
( ~ o +p>)'w?+<s<p+pf>—s<pf>>2)

—NQ/P U(p)/ 6(=£(P") — 0(=£(p" + P)IIO(—=£(P")) — 6(=£(P" + p))]

£+ p) — )l +P") — €]
W + (€@ + ) — @)W + (€ +p") — E(@"))]
_ E/ O(p )|9( §(p)) — 0(=£(p' + p))[[0(=£(P")) — 0(=<(P" + p))
2 Jpp e+ ) — &P+ &P +p") — £(p)]
N2 ~ 1
=% | T )6
x (0(=£@)0(E (P +p)) +0(E(P))0(—E(P )))
x (0(=&(P")0EP" + p)) +0(5(P")0(—=E(P" + p)))
2 0(£(P" + p))0(=£(P)0(=£(P")0(E(P" + p))
- e e —
This is identical with Eq (B.17) in the case of Ny = 1.
Therefore, one has ¢y = 1 in the case of spinless fermions.

s
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