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1 Backgroud 

The algebraic properties of diffeomorphism groups of manifolds and their subgroups are 
studied by many people. As a classical result, many of these groups are known to be 
perfect and some of them are even simple. In more quantitative consideration of these 
properties, boundedness of diffeomorphism groups (uniform perfectness, uniform sim-
plicity, evaluation of commutator length, etc) are studied by D. Burago, S. Ivanov and 
L. Polterovich (2008) in dimension 3 ([6]) and T. Tsuboi (2008 -2012) ([19, 20, 21]) in 
dimension # 2, 4. After these works, many authors have studied boundedness of vari-
ous kind of automorphism groups of manifolds with a structure. (groups of equivariant 
diffeomorphisms, leaf preserving diffeomorphisms, etc). 
In this expository article we are concerned with diffeomorphism groups of manifold 
pairs (K. Abe and K. Fukui [1, 3, 4, 5]) and bundle diffeomorphism groups (K. Fukui 
and T. Yagasaki [12]). Our aim is a comprehensive study of boundedness of these groups 
([12, 13, 14]). In a consideration of these groups, the one dimensional cases, (i.e., bundle 
diffeomorphism groups over a circle and diffeomorphism groups of manifold pairs (M, L) 
with L being a finite disjoint union of circles) are studied commonly using quasimorphisms 
induced from the rotation angle on circles. In each case, the quasimorphism induces an 
invariant, which detects boundedness of the group. This exposition will focus on this 
common strategy. 
Throughout this article we work in the C00 category, though some conclusions also 
hold in the er category (r E Zミ0).We refer to [8] for generalities on quasimorphisms. 

2 Quasimorphisms induced from the rotation angle on a circle 

In order to introduce the rotation angle on a topological circle S1 we need to fix an 
orientation and an arc-length measure on 81. If we normalize as the total length of 81 = 1, 
then these data are equivalent to a choice of a universal covering 7r :股---+良/Z~ 81 up 
to the choice of a base point in 81. Below we fix a universal covering 7r :股---+股/z~ 81. 
Every path c : I→81 admits a liftで： I →政． Therotation angle of c is defined by 
入(c)：＝で（1)ーで(0).This quantity is independent of the choice of the liftで． Notethat 
c1':::::'* c2, then入(c1)＝入(c2)and that if c is a loop (a closed path), then入(c)= deg c. 
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We fix a distinguish point p. For any isotopy F : S1 x I→S1 the rotation angle of F 
(with respect to p) is defined by μ(F)三 μp(F)：＝入(F(p,*)). Then the map 

μ: Isot(Sり。→罠： F →μ(F) 
is a quasimorphism of defect 1 and it restricts to a surjective group homomorphism 

μI : Isot(Sりid,id→z.
Since μ(F) = μ(G) if F c::::* G, the mapμ reduces to the map on the universal covering 

of Diff (Sり。

り：直(S1)o→罠： μ([Fl)=11,(F), 
which is also a quasimorphism of defect 1 and it restricts to a surjective group isomorphism 

'iii= deg: 1r1(Diff(S1)0)竺 z.
As explained in the subsequent sections, the quasimorphisms μ and μ induce the associated 
quasimorphisms on the following groups (cf. [5, 12]). 

(1) for a fiber bundle 1r : M→ S1 
the group Isot1r(M)。ofbundle isotopies of 1r and 

- -
the universal covering group Di恥(M)。

of the group Diff心(M)oof bundle diffeomorphisms of 1r 

(2) for a manifold pair (M, L) with L a finite disjoint union of circles in M 
the group Isot(M, L)。ofisotopies of (M, L) and 

P -

the universal covering group Diff(M, L)。
of the group Diff(M, L)。ofdiffeomorphisms of (M, L) 

3 Boundedness of Diff1r(M)。fora fiber bundle 1r: M→ S1 
Suppose n : M →ゞ isa fiber bundle with fiber N and structure group I'< Diff(N). 
We refer to [12] for notations and resutls in this section. 

3.1 Quashnorphism v on Di止(M)。
Each f E Diffn:(M) determines a diffeomorphism f E Diff(Sり。． Thiscorrespondence 
yields the surjective group homomorphisms 

P: Diffn:(M)。→ Diff(Sりo,P(f) = i_ and 
Pr : Isotn: (M)。→Isot(Sり。，乃(F)= _f_ :=（且）tEI・

If F ~* G in Isotn:(M)0, then _f_ ~* Q in Isot(Sり。． Hencewe also have the surjective 
group homomorphism 

P：面fn:(M）。→直(Sり。， P([F])= [_f_]. 
These induce the quasimorphisms of defect 1 

v := μ o Pr: Isotn:(M)。→股 and v:＝応P：面fn:(M)o→股．
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These are included in the following diagram : 
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Here, R([F]) = Fi, v(Fi) = [v(F)] (FE Isot1r(M)o) and we have Z > Imvl＝直 fora 
unique k E Z2".0・ This integer k = k(n) E Z2".0 can be used to detect the boundedness of 
the group Diff1r(M)0. We do not take the homogenization of the quasimorphism v, since 
we are concerned with the values v(F) and v(f) themselves to deduce some evaluations 
of the commutator length elf etc. 

3.2 Application of the function v to the boundedness of the group Diff1r(M)。
We are concerned with the estimate of conjugation invariant norms cl, clb1r and (9 (g E 
Diff1r(M)0-Ker P) and the diameters of Diff1r(M)。withrespect to these norms. Here, clb1r 
is the commutator length with support in arcs in S1 and (9 is the conjugation generated 
norm with respect to g. Note that cl ::; clb1r by their definition. 

Consider the following basic condition on (N, I'). 

(*) Diff阿，c（股 xN)。isperfect for the product (N, I')-bundle pr :屈 xN→艮．
At the moment the condition (*) is known to hold in the following cases 

(i) a principal G bundle with Ga compact Lie group ([2]) 

(ii) N is a closed manifold and I'= Diff(N) ([12, 17, 18]) 

p roposition 3.1. Suppose f E Diff1r(M)。andv(f) = [s] E股／kZ,where s E ( k k ―う，叶
in the case k E Z2".l・ Then, we have the following estimates. 

(1) (i) cl f 2: ¼ms|」＋ 2) (ii) (9(!) ::; 4 clb1r f for any g E Diff1r,c(M)0 -Ker P 

(2) clb1rf ::;2lls|」＋3if (N,「） satisfiesthe condition (*). 
Here, due to our convention, cl f = oo for f (j_ [Di尼(M)o,Diff;(M)o] and cldDiff;(M)。＝00 
when Diff;(M)。isnot perfect. Similar conventions are applied to clb1r and (9. 
Corollary 3.1. If (N, I') satisfies the condition (*), then the group Diff1r(M)。issimple 
relative to Ker P. 

The boundedness of the group Diff1r(M)。isdetected by the invariant k = k(1r, r). 
[1] The case that k = 0 : 

In this case, the map v : Diff1r(M)0→民 itselfis a surjective quasimorphism of 
defect 1 and it restricts to a surjective group homomorphism v : Ker P ---+ Z. Hence we 
have the following conclusion. 
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Theorem 3.1. If k = 0, then Diffn:(M)。isunbounded and not uniformly perfect. 
[2] The case that k ~ 1 : 

Theorem 3.2. Suppose (N,「） satisfiesthe condition (*). Then the following holds. 

1 
(1) ~(k + 2) :S: cldDiffn:(M)。:S:clbn:dDiffn:(M)。:Sk + 3. 
8 

(2) Diffn:(M)。isuniformly simple rel. Ker P, and so it is bounded and uniformly perfect. 
Any (N, I') bundle 7r over S1 is represented as a mapping torus M'P associated to some 
attaching map <p E「.Wecan describe k(7r) in term of the attaching map <p and construct 
some explicit examples of (un)bounded bundle diffeomorphism groups over S1. 

4 Boundedness of Diff(M, L)。fora finite disjoint union L of cir-
cles in M 

4.1 Previous results 

In [1, 3, 4, 5] K. Abe and K. Fukui studied the uniform perfectness of the group Diff(M, N)。
of diffeomorphisms of a manifold pair (M, N). Suppose M is a connected closed manifold 
of dim 2: 2 and N is a proper submanifold of M of dim 2: 1. Let凡 (iE［叫） denotethe 
connected components of N. 
The group Diff(M, N)。isnot simple. In fact, it admits the restriction maps 
P: Diff(M, N)o→ Diff(N)。and P; : Diff (M, N)。---+Diff(Ni)o(i E [ml). 

These are surjective group homomorphisms and Diff(M, N)。includesthe normal sub-
groups Ker P and Ker Pi (i E [ml). 
They showed that the group Diff(M, N)。isperfect and obtained the following results 
for the uniform perfectness. 

Theorem 4.1. 

(1) If Diff(N)。andDiffc(M -N)。areuniformly perfect and l1r0Ker Pl < oo, then 
Diff(M,N)。isuniformly perfect. 
(2) In the case dim N = 1 (i.e, N is a finite disjoint union of circles), if l1r0Ker Pl = oo, 
then Diff(M, N)。admitsa unbounded quasimorphism, so that it is not uniformly 
perfect. 

Their proof of Theorem 4.1 (2) was based on a quasimorphism on Diff(M, N)。in-
duced from the quasimorphism μ : Isot(Sり。→股 inSection 2. They used the criterion 
on l1r0Ker Pl in Theorem 4.1 to show that for a knot K of the 3-sphere S3 the group 
Diff(S3, K)。isuniformly perfect if and only if K is a torus knot. 
Our aim is a more comprehensive study of the boundedness of the group Diff(M, N)。
(effective evaluations of the norms cl, clb and (9, the uniform relative simplicity, etc) 
(cf. [14]). We can show that the fragmentation lemma and the simplicity of Diff(M, N)。
relative to s := uiE[m] Ker pi due to the standard arguments. 



47

The group Diff(M, N)。includesthe normal subgroup g := Diffc(M -N)0. Since 
the manifold M -L is the interior of a compact manifold with nonempty boundary, 
we can apply our results in [11] for the boundedness of the group Q. Then, for each 
f E Diff(M, N)。itis natural to seek a factorization f = gh such that g E g and supp h 
is contained in a small neighborhood of N and deduce some estimates on cl f, clb f and 
(g(f). 
Below we focus on the case where dim N = 1 and only discuss the boundedness of 
Diff(M,N)。moduleg to simplify the explanation. 

- -
4.2 Quasimorphism v on Diff(M, L)。
We consider a pair (M, L) such that Mis a connected closed manifold of dim 2: 2 and L 
is a finite disjoint union of circles Li (i E [ml) in M. For each i E [m] we have 

the restriction maps Pi : Diff (M, L)。→ Diff(Li)o, Pぃ： Isot(M,L)。→ Isot(Li)o,
the induced map 且：直(M,L)。一直（ム）0:五([Fl)=[FILixJ]. 
These are surjective group homomorphisms and induce the quasimorphisms of defect 1, 

~ -＿ ~ - -

vi:=μ o Pぃ： Isot(M,L)。→罠 and 玩：＝μo Pi: Diff(M, L)。→股
Finally we obtain the vector-valued quasimorphisms 

, -

V=（叫iE[m]:Isot(M,L)o→ ]Rm and,; = (vi)iE[m] : Diff (M, L)。→記
These are included in the following diagram : 
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where R([F]) = Fぃv(Fリ＝ ［v(F)] (FE Isot(M, L)0) and A:= Im叫く zm.Here, we 
note that the quasirnorphisrn v has no information for the subgroup g三 Diffc(M-L)o. 
Since 1r0Ker P ~左／A, from Theorem 4.1 it follows that the group Diff(M, L)。is
uniformly perfect modulo g if and only if rank A = m. If rank A < m, the group 
Diff(M,L)。admitsa quasimorphism onto恥 sothat Diff(M, L)。isunbounded. 

4.3 Application of the function v to the boundedness of the group Diff(M, L)。
Due to Epstein ([7]) we need an effective evaluation of the norm clb on Diff(M, L)。mod-
ulo g to detect the uniform simplicity of Diff(M, L)。relativeto S (that is, uniform 
boundedness of the norms (g (g E Diff(M, L)o -S)). This also yields an evaluation of 
cldDiff(M, L)。moduloQ. We can deduce some estimate of clb f (f E Diff(M, L)0) in 
term of the affine lattice v(f) = v(F) +AC応 (FE Isot(M, L)id,J). 
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In the case that rank A = m, the quotient group zm / A is a finite abelian group and 
we can introduce the quantity : k := maxiE[m] ki E Z;:,1, 

where ei (i E [ml) is the standard basis of町 andki := ord [ei] E砂 in左／A(i E [ml). 

Theorem 4.2. ([14]) If rank A = m, then 

(1) clb (J mod g)：：：：： 2lk/2」+3(J E Diff (M, N)o). 

(2) cldDiff(M, N)。：：：：： 2lk/2」+3+ cldg and clbdDiff(M, N)。：：：：： 2lk/2」+3+ clbd9. 

(3) Diff (M, N)。isbounded and uniformly simple relative to S = LJiE[ml Ker Pi, when 
dimM-/-2,4. Moreover, cldDiff(M,N)。：：：：： 2lk/2」+7,when dim M is odd. 

In the case m = 1 (i.e., L consists of a circle K), we have A=  kZ for a unique k E Z;:,0. 
Then, rank A<  m if and only if k = 0. In [1] it is shown that for a knot Kin the 3-sphere 
S尺Diff00(S尺K)。isuniformly perfect if and only if K is a torus knot. We can extend 
this example to the following form. 

Example 4.1. Suppose Mis a closed connected C00 n-manifold (n;:::: 2) and K is a circle 
in M. 

(1) Suppose M admits a smooth 81 action (! such that K = 81 ・ p for some point p of 
K and the orbit map (!p : 81→K, r!v(z) = z ・ p, has degree € (up to士）． Then,
€ E kZ and kif. In fact, the 81 action (! induces an isotopy F E Isot(M, K)id,id : 
F(x, t) = e21rit • x. It follows that kZぅv(F)= deg応＝ degOp = f. 

(i) In the case M is a Seifert fibered 3-manifold, if K a regular fiber, then k = l 
and if K is a (p, q) multiple且ber,then kip. 

(ii) In particular, if K is a torus knot in 8叫thenk = l, since K is a regular fiber of 
a standard Seifert fibering of炉 withtwo multiple fibers. 

(2) k = 0 in the following cases : 

(t) (a)町 (M)has a trivial center and (b)町 (K)→町(M)is injective. 

(:j:）n=3 

(a) 1r1(M -K) has a trivial center and 

(b)町 (D-K)→町(M-K) is injective for a tubular neighborhood D of K 
in M. 

(i) Any non-torus knot K in 83 satisfies the condition (:j:）． 

(ii) The following example (M, K) satisfies the condition (t) for n;:::: 4. Suppose G 
is a finitely presented group such that Z(G) = 1 and G includes an element a of 
呻 niteorder (for example, G = Z * H, His a nontrivial group). Since n ;:::: 4, 
there exists a closed connected C00 n-manifold M with 1r1(M)竺 G. Take a 
circle K in M which represents the element a in 1r1(M), so that the inclusion 
i: KC  M induces an isomorphism i*:町（K)竺〈a〉<1r1(M).
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