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ਖ਼ඪ਺ͷ୅਺ଟ༷ମ্ͷҼࢠ΍ΠσΞϧͷಛҟ఺ͷѱ͞Λ਺஋తʹ͸͔Δྔͱͯ͠ɼF ७ᮢ஋ (F -pure
threshold)͕ఆٛ͞ΕΔ (ఆٛ 1.9). ຊߘͰ͸ɼ͜ͷ F ७ᮢ஋શମͷͳ͢ू߹͕ঢ࠯৚݅ (ACC) ͱ͍
Λຬͨ͢ͱ͍͏݁ՌΛ঺հ͢Δɽੑݶ༗͍ڧ͏

1ষͰ͸ɼ·ͣ४උͱͯ͠ɼಛҟ఺ʹؔ͢Δجຊతͳ༻ޠͷఆٛΛ෮श͍ͯ͘͠ɽ2ষͰ͸ɼओఆཧ
ͷഎܠͰ͋Δɼඪ਺ 0Ͱͷ૒༗ཧزԿʹ͓͚Δʮlct ͷ ACCʯʹ͍ͭͯͷઌڀݚߦΛ঺հ͠ɼͦͷޙओ
ఆཧ 1 Λड़΂Δɽ3ষͰ͸ɼओఆཧͷূ໌ͷதͰॏཁͳ໾ׂΛՌͨ͢ɼUltraproductʹ͍ͭͯղઆ͠ɼ
ͦͷޙೋͭ໨ͷओఆཧͰ͋Δओఆཧ 2 Λड़΂Δɽ4ষͰ͸ɼओఆཧ 1ͷূ໌ͷΞΠσΟΞʹ͍ͭͯ 5ͭ
ͷεςοϓʹ෼͚ͯ࿦͡Δɽ

1. ಛҟ఺ؔ࿈ͷఆٛ

͜ͷষͰ͸ɼຊߘͰѻ͏ಛҟ఺ͷΫϥεͰ͋ΔɼӶ F ७ɼڧ F ਖ਼ଇɼlog canonical, kltͷఆٛΛ෮
श͢Δɽ

1.1. .ΕΔಛҟ఺ݱʹখϞσϧཧ࿦ۃ ·ͣɼۃখϞσϧཧ࿦ʹݱΕΔछʑͷಛҟ఺ͷఆ͔ٛΒ෮श͢Δɽ
kΛ೚ҙඪ਺ͷ୅਺ดମ, (X,∆) Λ k্ͷରͱ͢Δɽͭ·ΓɼX ͸ k্ͷਖ਼ن୅਺ଟ༷ମͰ͋Γɼ∆

͸ͦͷ্ͷ R-ҼࢠͰ͋ͬͯ KX +∆ ͕ R-CartierͱͳΔΑ͏ͳ΋ͷͱ͢Δɽf : Y −→ X Λਖ਼ن୅਺
ଟ༷ମ Y ͔Βͷݻ༗૒༗ཧࣹͱͨ࣌͠ɼY ্ͷ R-Ҽࢠ ∆Y Λ

∆Y := f∗(KX +∆)−KY

ʹΑΓఆΊΔɽͨͩ͠ɼKY ͸ɼY ্ͷඪ४ҼࢠͰ͋ͬͯɼf ͕ಉܕͳ෦෼Ͱ͸KX ͱҰக͢ΔΑ͏ʹ
ఆΊ͓ͯ͘ɽ

ఆٛ 1.1. ର (X,∆)͕ kawamata log terminal (ҎԼ klt) (resp. log canonical lc)) Ͱ͋Δͱ͸ɼ೚ҙͷ
ਖ਼ن୅਺ଟ༷ମ Y ͱ೚ҙͷݻ༗૒༗ཧࣹ f : Y −→ X ʹ͍ͭͯɼ∆Y ͷ͢΂ͯͷ܎਺͕ 1 ະຬ (resp.
1 ҎԼ)Ͱ͋Δ͜ͱΛ͏ݴɽ

ఆ͔ٛΒɼklt ͳΒ͹ lc Ͱ͋Δɽ·ͨɼ(X,∆) ͷ log resolution g : Z −→ X ΛҰͭݻఆͨ࣌͠ɼ
(X,∆) ͕ klt (resp. lc) Ͱ͋Δ͜ͱͱɼ∆Z ͷ܎਺͕͢΂ͯ 1ະຬ (resp. ҎԼ) Ͱ͋Δ͜ͱ͕ಉ஋Ͱ͋
Δ͜ͱ͕஌ΒΕ͓ͯΓ (ྫ͑͹ [KM, Corollary 2.31 (3)])ɼಛʹX ͕ਖ਼ଇͷ࣌ɼର (X, 0) ͸ klt Ͱ͋Δɽ

kͷඪ਺Λ 0ͱͨ͠ͱ͖ɼklt΍ lcͱ͍ͬͨಛҟ఺ͷΫϥε͸ɼۃখϞσϧϓϩάϥϜΛ਱͢ߦΔࡍ
ʹࣗવͱݱΕΔΫϥεͰ͋Γɼ·ͨҰํͰ খฏܕͷফ໓ఆཧΛ͸͡Ίͱ͢Δଟ͘ͷྑ͍ੑ࣭Λ༗͓ͯ͠
ΓɼزԿతʹ΋ඇৗʹॏཁͳಛҟ఺Ͱ͋Δɽ
૒༗ཧزԿʹ͓͍ͯॏཁͳςΫχοΫͷҰͭʹɼҼࢠͷઁಈ͕͋Δɽ༩͑ΒΕͨ klt ର (X,∆) ʹର

͠ kltͱ͍͏ੑ࣭Λอͬͨ··Ͱ∆ Λগ͠େ͖ͯ͘͠छʑͷٞ࿦Λ͏ߦͱ͍͏ख๏Ͱ͋Δɽ͜ͷΑ͏ͳ
ٞ࿦Λ͢Δࡍʹɼಛҟ఺ͷΫϥε͕อͨΕΔᮢ஋Λ͑ߟΔͷ͸ࣗવͰ͋Δɽ

ఆٛ 1.2. (X,∆) Λ lc ରɼD ̸= 0 ΛX ্ͷ༗ޮ R-Cartier Ҽࢠͱ͢Δɽ͜ͷ࣌ɼD ͷ (X,∆) ʹ͓͚
Δ log canonical threshold lct(X,∆;D) ͕ҎԼͰఆ·Δɿ

lct(X,∆;D) := sup{t ∈ R!0 | (X,∆+ tD) ͸ lc} ∈ R!0

࣍ʹɼlog canonical thresholdͷΠσΞϧ൛ʹ͍ͭͯ΋ಉ༷ʹఆٛ͢Δɽ
1
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ఆٛ 1.3. (X,∆) Λ୅਺ดମ k্ͷରɼ0 ̸= a ⊆ R ΛΠσΞϧ, t ! 0 Λ࣮਺ͱ͢Δɽ͜ͷ࣌ɼͭࡾ૊
(X,∆, at) ͕ klt (resp. lc) Ͱ͋Δͱ͸ɼ೚ҙͷݻ༗૒༗ཧࣹ f : Y −→ X Ͱ͋ͬͯɼa · OY = OY (−F )
ͱͳΔ Y ্ͷ Cartier Ҽࢠ F ͕ଘ͢ࡏΔΑ͏ͳ΋ͷʹ͍ͭͯɼY ্ͷ RҼࢠ ∆Y + tF ͷ͢΂ͯͷ܎
਺͕ 1 ະຬ (resp. ҎԼ) ͱͳΔ͜ͱΛ͏ݴɽ

ΠσΞϧͷ৔߹΋ɼklt΍ lcͱ͍ͬͨੑ࣭͸Ұͭͷ log resolutionͰௐ΂Ε͹े෼Ͱ͋Δɽͳ͓ɼa = 0
ͷ࣌͸ɼ(X,∆, at) ͸ kltͰ΋ lcͰ΋ͳ͍ͱ໿ଋ͢Δ͜ͱʹ͢Δɽ

ఆٛ 1.4. (X,∆) Λ୅਺ดମ k ্ͷ lcରɼa ! R ΛΠσΞϧͱ͢Δɽ͜ͷ࣌ɼ0 ̸= a ⊆ OX ͷ (X,∆)
ʹ͓͚Δ log canonical thresholdΛ

lct(X,∆; a) := sup{t ∈ R!0 | (X,∆, at) ͸ lc} ∈ R!0.

ʹΑΓఆΊΔɽ

ͳ͓ɼ(X,∆) ͕ lcͰͳ͍৔߹΍ɼa = 0ͷ࣌͸ɼlct(X,∆; a) ͸ 0Ͱ͋Δͱ໿ଋ͢Δɽ·ͨɼ∆ = 0
ͷ࣌ɼlct(X, 0; a) Λ୯ʹ lct(X; a) ͱ΋ॻ͘ɽ

஫ҙ 1.5. (X,∆) Λରͱ͢Δɽ

(1) D͕ 0Ͱͳ͍༗ޮ CartierҼࢠͷ࣌ɼlct(X,∆;OX(−D)) = lct(X,∆;D) Ͱ͋Δɽ
(2) ΋͠ (X,∆) ͕ kltͳΒ͹ɼlct(X,∆; a) = sup{t ! 0 | (X,∆, at) ͸ klt}.Ͱ͋Δɽ

1.2. ਖ਼ඪ਺ͷಛҟ఺. ਖ਼ඪ਺ʹ͓͍ͯ૒༗ཧزԿΛ͜͏ߦͱ͸ඇৗʹ೉͍ͨ͠Ίɼϑϩϕχ΢εࣸ૾Λ
த৺ʹཧ࿦Λల։͍ͯ͘͜͠ͱ͕ҰൠతͰ͋Δɽಛʹɼlc, klt, lct Λ͑ߟΔ୅ΘΓʹɼԼͰఆٛ͞ΕΔ
ʮӶ F ७ʯɼʮڧ F ਖ਼ଇʯɼfptͱ͍ͬͨϑϩϕχ΢εࣸ૾ʹΑΓఆٛ͞ΕΔ֓೦Ͱஔ͖͍ͯ͑͘͜׵ͱ
Ͱɼྑ͍ཧ࿦͕ߏஙͰ͖Δ͜ͱ͕ଟ͍ɽ

RΛ౳ඪ਺ p > 0ͷ؀ɼF : R −→ R Λϑϩϕχ΢εࣸ૾ (r ∈ R ʹ͍ͭͯɼF (r) := rp) ͱ͢Δɽ೚
ҙͷ R-Ճ܈ M ͱ೚ҙͷࣗવ਺ e ! 0 ʹ͍ͭͯɼM ʹ F eΛ௨ͯ͠ R Ճ܈ͱΈͳͨ͠΋ͷΛ F e

∗M ͱ
͔͘ɽZ-Ճ܈ͱͯ͠͸M = F e

∗M Ͱ͋ΔͷͰɼ͜ͷରԠʹΑͬͯm ∈ M ʹରԠ͢ΔݩΛ F e
∗m ∈ F e

∗M
ͱॻ͘ɽR ͕ F -༗ݶͱ͸ɼF ͕༗ࣹݶͱͳΔ͜ͱͰ͋Δɽ
ҎԼɼR ͸ৗʹ౳ඪ਺ p > 0 ͷ F -༗ݶωʔλʔਖ਼ن੔Ҭͱ͢Δɽ

஫ҙ 1.6. F -༗ݶͱ͍͏Ծఆ͸ɼଟ͘ͷ৔߹Ͱ੒ཱ͍ͯ͠Δɽ࣮ࡍɼ࣍ͷೋͭͷ৔߹ʹ͸R͸ F -༗ݶͰ
͋Δ͜ͱ͕؆୯ʹΘ͔Δɽ

(1) R͕׬શମ্ຊ࣭త༗ܕݶͷ࣌
(2) R͕ωʔλʔ׬උہॴ؀Ͱͦͷ৒༨ମ͕ F -༗ݶͷ࣌

ఆٛ 1.7 ([HW02], [Sch08]). ∆ Λ SpecR্ͷ༗ޮ R-Ҽࢠɼ0 ̸= a ⊆ R, t ∈ R!0 ͱ͢Δɽ

(1) (R,∆, at) ͕Ӷ F ७Ͱ͋Δͱ͸ɼ͋Δࣗવ਺ e ! 1 ͱ,͋Δඇ ݩ0 a ∈ a⌈t(p
e−1)⌉ ͕͋ͬͯɼR

Ճ܈ͱͯ͠ͷ୯ࣹ

R −→ F e
∗ (R(⌈(pe − 1)∆⌉))

r (−→ F e
∗ (ar

pe

)

͕ R-Ճ܈ͱͯ͠෼྾͢Δ͜ͱΛ͍͏ɽ
(2) (R,∆) ڧ͕ F ਖ਼ଇͰ͋Δͱ͸ɼ೚ҙͷݩ c ̸= 0 ∈ R ʹର͠ɼ͋Δࣗવ਺ e ! 1 ͱɼ͋Δඇ ݩ0

a ∈ a⌈t(p
e−1)⌉ ͕͋ͬͯɼRՃ܈ͱͯ͠ͷ୯ࣹ

R −→ F e
∗ (R(⌈(pe − 1)∆⌉))

r (−→ F e
∗ (car

pe

)

͕ R-Ճ܈ͱͯ͠෼྾͢Δ͜ͱΛ͍͏ɽ

a = R͔ͭ t = 0ͷ࣌ͷͭࡾ૊ (R,∆, at)ͷ͜ͱΛ୯ʹ (R,∆)ͱॻ͘ɽߋʹ ∆ = 0ͷ࣌ɼ୯ʹʮR
ڧ͕ F ਖ਼ଇʯ΍ɼʮR͕Ӷ F ७ʯͱݺͿɽ·ͨɼa = 0 ͷ࣌͸ৗʹڧ F ਖ਼ଇͰ΋Ӷ F ७Ͱ΋ͳ͍ͱ໿ଋ
͢Δɽఆ͔ٛΒɼڧ F ਖ਼ଇͳΒ͹Ӷ F ७Ͱ͋Δɽ·ͨɼR͕ਖ਼ଇͷ࣌ɼR͸ڧ F ਖ਼ଇͰ͋Δ͜ͱ͕஌
ΒΕ͍ͯΔɽ

kltͱ lcͱ͸ͦΕͧΕྑ͍ରԠ͕͋Δͱ͑ߟΒΕ͍ͯΔɽͨͱ͑͹࣍ͷΑ͏ͳ͕࣮ࣄ஌ΒΕ͍ͯΔɽ
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໋୊ 1.8 ([HW02, Theorem 3.3], [Har98]). (X = SpecR,∆) Λਖ਼ඪ਺ͷ୅਺ดମ k্ͷରͱ͢Δɽ͜
ͷ࣌ɼ͕࣍੒ཱɽ

(1) (X,∆) ͕Ӷ F ७ͳΒ͹ lc
(2) (X,∆) ڧ͕ F ਖ਼ଇͳΒ͹ klt
(3) dimX = 2, ∆ = 0, p > 5Ͱ͋ΔͳΒ͹ɼڧ F ਖ਼ଇͱ klt͸ಉ஋

·ͨҰൠʹɼkltͱڧ F ਖ਼ଇ͸ಉ஋Ͱ͸ͳ͍͕ɼmod p ͷҙຯͰରԠ͍ͯ͠Δ͜ͱ͕஌ΒΕ͍ͯݩؐ
Δ ([Tak04])ɽlcͱӶ F ७ʹ͍ͭͯ΋ɺmod p ͷҙຯͰରԠ͍ͯ͠ΔͩΖ͏ͱ༧૝͞Ε͍ͯΔɽͦݩؐ
ͷଞʹ΋ɼඪ਺ 0Ͱ kltͰͳ͍౓߹͍Λ͸͔Δʮ৐਺ΠσΞϧʯͱݺ͹ΕΔΠσΞϧ૚ͱɼਖ਼ඪ਺Ͱڧ
F ਖ਼ଇͰͳ͍౓߹͍Λ͸͔Δʮ൑ఆΠσΞϧʯ(ޙड़)ͷؒʹ΋ྑ͍ྨ͕ੑࣅ஌ΒΕ͍ͯΔ ([ST14]).

ఆٛ 1.9. (R,∆)ΛӶ F ७ͱ͠ɼ0 ̸= a ! R ΛΠσΞϧͱ͢Δɽ͜ͷ࣌ɼaͷ (R,∆) ʹ͓͚Δ F ७ᮢ
஋Λ

fpt(R,∆; a) := sup{t ! 0 | (R,∆, at) ͸Ӷ F ७ }
ʹΑΓఆΊΔɽ

(R,∆) ͕Ӷ F ७Ͱͳ͍࣌΍ a = 0ͷ࣌͸ɼfpt͸ 0ͱ໿ଋ͢Δɽ·ͨɼ(R,∆) ڧ͕ F ਖ਼ଇͷ৔߹,
fpt(R,∆; a) := sup{t ! 0 | (R,∆, at)͸ ڧ F ਖ਼ଇ } Ͱ͋Δ ( [Sch08])ɽ
Δɽ͑ߟɼࠞ߹൛Λʹޙ࠷

ఆٛ 1.10. (R,∆)Λఆٛ 1.7ͷ௨Γͱͯ͠ɼa, b ⊆ RΛඇ0ΠσΞϧɼs, t ! 0Λ࣮਺ͱ͢Δɽ(R,∆, atbs)
͕Ӷ F ७Ͱ͋Δͱ͸ɼ͋Δ e > 0, ͋Δ a ∈ a⌈t(p

e−1)⌉ ͱɼ͋Δ b ∈ b⌈s(p
e−1)⌉ ͕ଘͯ͠ࡏɼ୯ࣹ

R −→ F e
∗ (R(⌈(pe − 1)∆⌉))

r (−→ F e
∗ (abr

pe

)

͕ R-Ճ܈ͱͯ͠෼྾͢Δ͜ͱΛ͍͏ɽ

ڧ F ਖ਼ଇͷࠞ߹൛΋ಉ༷ʹఆٛͰ͖Δɽ

1.3. ൑ఆΠσΞϧ. ڧ F ਖ਼ଇͰͳ͍౓߹͍Λ͸͔ΔΠσΞϧͰ͋Δ൑ఆΠσΞϧΛఆٛ͢Δɽ

໋୊-ఆٛ 1.11 ([Sch10, Theorem 6.3]). (R,∆, atbs)Λఆٛ 1.10ͷ௨Γͱ͢ΔɽRͷΠσΞϧ J ⊆ R͕
(R,∆, atbs) ʹؔͯ͠ F -compatible Ͱ͋Δͱ͸ɼ೚ҙͷࣗવ਺ e ! 0 ͱ೚ҙͷ ϕ ∈ HomR(F e

∗ (R(⌈(pe−
1)∆⌉)), R) ʹ͍ͭͯɼϕ(F e

∗ (Ja
⌈t(pe−1)⌉b⌈s(p

e−1)⌉)) ⊆ J ͱͳΔ͜ͱͱ͢Δɽ
͜ͷ࣌ɼ0Ͱͳ͍ F -compatible ΠσΞϧͷதͰɼแؚؔ࠷͍ͯͭʹ܎খͷΠσΞϧ͕ଘ͢ࡏΔɽ͜

ΕΛ (R,∆, atbs) ͷ൑ఆΠσΞϧ (test ideal) ͱݺͼɼτ(R,∆, atbs) ͱॻ͘ɽ

a = 0΋͘͠͸ b = 0ͷ࣌ɼ൑ఆΠσΞϧ͸ 0ΠσΞϧͱ໿ଋ͢Δɽb = R, s = 0ͷ࣌ɼτ(R,∆, atbs)
Λ τ(R,∆, at) ͱॻ͘ɽ

஫ҙ 1.12. (R,∆, at) ڧ͕ F ਖ਼ଇͰ͋Δ͜ͱͱ τ(R,∆, at) = R ͕ಉ஋Ͱ͋Δɽಛʹɼ(R,∆) ڧ͕ F ਖ਼
ଇͷ࣌ɼfpt(R,∆; a) = sup{t ! 0 | τ(R,∆, at) = R} Ͱ͋Δɽ

R ͕ F ༗ݶωʔλʔਖ਼؀نͱ͢ΔͱɼRͷඪ४Ҽࢠ KR ͕ɼdualizing complexΛ༻͍ͯఆٛ͞Ε
Δɽ(ྫ͑͹ [ST17, 2.2અ]) R্ͷ༗ޮ Q-Ҽࢠ∆ ͕KR +∆ Λຬͨ࣌͢ɼ(R,∆) ͕ log Q-Gorenstein
ͱ͍͏ (ͳ͓ɼ͜ͷੑ࣭͸ dualizing complex ΍ඪ४ҼࢠͷऔΓํʹΑΒͳ͍ɽ)
ͨͱ͑͹ɼR͕ਖ਼ଇͷ࣌͸ର (R, 0)͸ log Q-Gorenstein Ͱ͋Δɽ

໋୊ 1.13 ([ST14]). (R,∆, at) Λఆٛ 1.7 ͷ௨Γͱ͢Δɽߋʹɼ(R,∆) ͸ log Q-GorensteinͱԾఆ͢
Δɽ͜ͷ͕࣌࣍੒ཱ͢Δɽ

(1) ೚ҙͷ s > tʹ͍ͭͯ τ(R,∆, as) ⊆ τ(R,∆, at).
(2) ͋Δ࣮਺ ε > 0 ͕ଘͯ͠ࡏɼ೚ҙͷ t < s < t+ εʹ͍ͭͯɼτ(R,∆, as) = τ(R,∆, at).
(3) ΋͠ɼ೚ҙͷ s < tʹ͍ͭͯɼτ(R,∆, as) " τ(R,∆, at) ͕੒Γཱͭͱ͖ɼt ∈ QͰ͋Δɽ

஫ҙ 1.14. ্ͷ໋୊ͷ (3)Λຬͨ͢Α͏ͳ t Λ (R,∆; a) ͷ F -௓༂਺ (F -jumping number)ͱݺͿɽ஫
ҙ 1.12 ΑΓɼ(R,∆) ڧ͕ F ਖ਼ଇ log Q-Gorensteinͷ࣌ɼfpt(R,∆; a) ͸ɼ(R,∆; a) ͷ࠷খͷ F ௓༂
਺Ͱ͋Γɼಛʹ༗ཧ਺ͱͳΔɽ
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Δɽ͛ڍΘΕΔ΋ͷΛ࢖Ͱߘຊతͳੑ࣭ͷ͏ͪຊجɼ൑ఆΠσΞϧͷʹޙ࠷
؆୯ͷҝɼR ͸׬શମ k্ͷ΂͖ڃ਺؀ k[[x1, . . . , xd]] ͱ͠ɼ∆ = 0ͱ͓͘ɽ͜ͷ࣌ɼ

F∗R ∼= ⊗λR · F∗(x
λ),

ͨͩ͠ɼλ = (λ1, . . . ,λd) ͸ 0 " λi " p − 1 ͳΔશͯͷ λ ∈ Nd Λ૸Δɽ·ͨɼxλ := xλ1
1 . . . xλd

d ∈ R

ͱ͢Δɽ͜ͷ࣌ɼRՃ܈४ಉܕ Tr : F∗R −→ R ΛɼF∗(x
p−1
1 . . . xp−1

d ) ੒෼΁ͷࣹӨͱͯ͠ఆΊΔɽ

໋୊ 1.15. R = k[[x1, . . . , xd]], a, b ⊆ R Λඇ 0ΠσΞϧɼs, t ∈ R!0 ͱ͢Δɽ

(1) ([HT04]) a ͷੜ੒ݩͷݸ਺Λ l ͱ͢Δɽt ! lͳΒ͹ τ(R, atbs) = aτ(R, at−1bs).
(2) ([ST14, Lemma 4.4 (b)])Tr(F∗(τ(R, atbs)) = τ(R, at/pas/p).
(3) ([Tak06]) τ(R, (a+ b)t) =

∑
u,v∈R!0,u+v=t τ(R, aubv).

2. ओ݁Ռ

2.1. ඪ਺ 0ͷઌڀݚߦ. log canonical threshold ʹؔ͢Δඇৗʹ͍ڧ༗ੑݶΛओு͍ͯ͠Δͷ͕ɼҎԼ
ͷ ʮlctͷ ACCʯͰ͋Δɽ͜͜Ͱɼॱংू߹ (I,") ͕ঢ࠯৚݅ (ACC) Λຬͨ͢ͱ͸ɼI ಺ͷ೚ҙͷ্
ঢྻ (xn)n∈N ͕ɼे෼େ͖͍ n Ͱৗʹ xn = xn+1 Λຬͨ͢͜ͱΛ͍͏ɽ

ఆཧ 2.1 ([dFEM10]). ඪ਺ 0ͷ୅਺ดମ kΛݻఆ͠ɼ n ! 1 Λࣗવ਺ͱ͢Δɽ͜ͷ࣌࣍ͷू߹ LCTreg
n

͸ ACCΛΈͨ͢ɿ

LCTreg
n := {lct(X; a) | X ͸ n ,ඇಛҟଟ༷ମݩ࣍ a ! O}.

͜ͷఆཧ͸ɼ΋ͱ΋ͱ Shokurov ([Sho92]) ʹΑΓͦͷ੒ཱ͕༧૝͞Ε,ଟ͘ͷஶऀʹΑΓ͕ڀݚͳ͞
Ε͖ͯͨɽ
·ͨɼ্ड़ͷఆཧ͕ূ໌͞ΕͨޙɼHacon, McKernan, Xu ΒʹΑΔେ࿦จ [HMX14]ͷதͰɼΑΓ

ҰൠԽ͞ΕͨܗͰ΋ ACC͕੒ཱ͢Δ͜ͱ͕ࣔ͞Εɼඪ਺ 0ʹ͓͚Δʮlctͷ ACCʯ͸׬੒ܗΛܴ͑ͨɽ
·ͨɼlctͷ ACC͸ɼ૒༗ཧزԿʹ͓͚Δछʑͷ༗ੑݶͱ͓ͯ͠܎ؔ͘ڧΓɼزԿతʹ΋ඇৗʹॏཁͳ
ఆཧͰ͋Δ ([HMX14])ɽ

2.2. ຊߘͷओఆཧ. Blickle, Mustaţă, Smith ΒʹΑͬͯɼఆཧ 2.1 ͷਖ਼ඪ਺Խͱ͕ͯ࣍͠༧૝͞Εͨɽ

༧૝ 2.2 ([BMS09]). k Λਖ਼ඪ਺ͷ୅਺ดମɼn ! 1 Λࣗવ਺ͱ͢Δɽ͜ͷ࣌࣍ͷू߹ FPTreg
n ͸ ACC

Λຬͨ͢ɿ

FPTreg
n := {fpt(R; a) | X = SpecR͸ k্ͷ n࣍ݩਖ਼ଇΞϑΟϯଟ༷ମ, a ! R}.

fpt͸ lctͱҧ͍ɼ૒༗ཧࣹͷ΋ͱͰ͏·͘;Δ·Θͳ͍ɽͦͷͨΊɼඪ਺ 0ͱ͸શ͘ҟͳΔΞϓϩʔ
ν͕ඞཁͱͳΔɽͦͷͨΊɼ͜ͷ༧૝͸ ͷ৔߹Ͱ͢ΒະղܾͰ͋ͬͨɽݩ2࣍
ຊߘʹ͓͚ΔҰͭ໨ͷఆཧ͸࣍Ͱ͋Δɽ

ఆཧ 2.3 ([Sat17, Theorem 1.2]). ্ͷ༧૝͸ਖ਼͍͠

උԽͷ΋ͱͰ͏·͘;Δ·͏ͷͰɼ্ड़ͷఆཧ͸࣍ͷओఆཧ͔Βै͏ɽ׬ॴԽ΍ہɼfpt͸؀ͷࡍ࣮

ओఆཧ 1 ([Sat17, Main Theorem]). kΛਖ਼ඪ਺ͷ୅਺ดମɼn ! 1 Λࣗવ਺ɼR = k[[x1, . . . , xn]] Λ΂
߹਺؀ͱ͢Δɽ͜ͷ࣌ɼ࣍ͷूڃ͖ FPT(R)͸ ACCΛຬͨ͢ɿ

FPT(R) := {fpt(R; a) | a ! R}.

஫ҙ 2.4. ࿦จ [Sat17] Ͱ͸ɼ΋ͬͱҰൠతͳԾఆɼͨͱ͑͹ Rʹಛҟ఺Λͨ͠ڐ৔߹౳΋ؚΊͯಉ༷
ͷओுΛ͍ͯ͠Δɽਖ਼֬ͳओுٴͼূ໌͸ [Sat17]Λ͝ཡ͍ͩ͘͞ɽ

3. Ultraproductʹ͍ͭͯ

͜ͷষͰ͸ɼओఆཧͷূ໌Ͱॏཁͳ໾ׂΛՌͨ͢ ultraproductʹ͍ͭͯ࿦͡Δɽ
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3.1. Ultraproductͷఆٛ.

ఆٛ 3.1. N ͷ΂͖ू߹Λ P(N) ͱ͢ΔɽU ⊆ P(N) ͕࣍ͷੑ࣭Λ͢΂ͯຬͨ͢ͱ͖ɼnon-principal
ultrafilter ͱݺͿɽ

(1) ೚ҙͷ༗ूݶ߹ A ⊆ N ʹ͍ͭͯ A ̸∈ U.
(2) A ∈ U, A ⊆ B ⊆ N ͳΒ͹ B ∈ U.
(3) A,B ∈ U ͳΒ͹ A ∩B ∈ U.
(4) ೚ҙͷ A ⊆ N ʹ͍ͭͯ A ∈ U ΋͘͠͸ N \A ∈ U.

Zornͷิ୊ʹΑΓɼnon-principal ultrafilter ͸ଘ͢ࡏΔɽҎԼ͜ͷΑ͏ͳ U ΛҰͭݻఆ͢Δɽ

ఆٛ 3.2. {Tm}m∈N Λू߹ͷ଒ͱ͢Δɽ͜ͷ࣌ɼ௚ੵू߹
∏

m Tm ʹಉ஋ؔ܎ ∼U ͕࣍ͰೖΔɿ

(am)m ∼U (bm)m ⇔ {m ∈ N | am = bm} ∈ U.

଒ {Tm}m ͷ ultraproduct ulimm Tm Λ

ulimm Tm := (
∏

m

Tm)/ ∼U .

ʹΑΓఆٛ͢Δɽ

(am)m ∈
∏

Tm ͷఆΊΔΫϥεΛ ulim am ∈ ulimm Tm ͱॻ͘͜ͱʹ͢Δɽ֤ m ∈ N Ͱू߹ͷࣸ
૾ fm : Tm −→ Sm ͕༩͑ΒΕͨͱ͖ɼࣸ૾ ulimm fm : ulimm Tm −→ ulimm Sm ͕ɼulimm am (−→
ulimm fm(am) ʹΑΓఆ·ΔɽT Λू߹ͱͯ͠ɼશͯͷm Ͱ Tm := T ͱͨ࣌͠ɼulimm Tm ͷ͜ͱΛ
∗T ͱॻ͖ɼT ͷ ultrapower ͱݺͿɽ

໋୊-ఆٛ 3.3 ([Gol98, Theorem 5.6.1]). w = ulimm am ∈ ∗R ͕ɼsupm am < ∞ ͼٴ infm am > −∞
Λຬͨ͢ͱԾఆ͢Δɽ͜ͷ࣌ɼ࣍Λຬ࣮ͨ͢਺ w0 ∈ R ͕ͨͩҰͭଘ͢ࡏΔɿ

೚ҙͷ ε > 0 ʹ͍ͭͯ {m ∈ N | |am − w0| < ε} ∈ U.

͜ͷ w0 Λ wͷ shadow ͱݺͼɼsh(w) ͱ͔͘ɽ

3.2. Ultraproductͷ୅਺ߏ଄. ultraproduct͸ଟ͘ͷ୅਺ߏ଄Λอͭ͜ͱ͕஌ΒΕ͍ͯΔɽྫ͑͹࣍
͕؆୯ʹ֬ೝͰ͖Δɽ

໋୊ 3.4. શͯͷmͰ Tm ͕؀ ͱ͢Δͱɼker(
∏

m Tm −→ ulimm Tm) ͸௚ੵ؀
∏

m Tm ͷΠσΞϧͰ
͋Γɼulimm Tm ʹ͸

∏
m Tm ͷ৒༨؀ͱͯ͠ߏ؀଄͕ೖΔɽߋʹɼશͯͷm Ͱ Tm ͕ମ (resp. ඃ໿ɼ

੔Ҭ, ୅਺ดମɼਖ਼ن੔Ҭ)ͱ͢ΔͱɼulimTm ΋ͦ͏Ͱ͋Δ.

֤ m Ͱ Rm Λ؀ɼMm Λ Rm Ճ܈ͱ͢Δͱɼulimm Mm ͸ࣗવʹ ulimm Rm Ճ܈Ͱ͋Δɽಛʹɼ
am ⊆ Rm ʹର͠ɼulimm am ͸ࣗવʹ ulimm Rm ͷΠσΞϧͰ͋Δɽߋʹɼ(Rm,mm, km) ॴ؀ͷہ͕
࣌ɼ(ulimm Rm, ulimm mm, ulimm km) ͸࠶ͼہॴ؀ͱͳΔɽ

஫ҙ 3.5. ultraproduct͸ɼଟ͘ͷ৔߹ωʔλʔੑ͸อͨͳ͍ɽͨͱ͑͹ɼR = k[[x]]ͱͨ࣌͠ɼہॴ؀
(∗R, ∗m, ∗k) Λͨ͑ߟͱ͖ɼulimm(xm) ∈ ∩m(∗m)m ͳͷͰ ∩m(∗m)m ̸= 0 Ͱ͋ΔɽKrullͷަࠩఆཧΑ
Γ ∗R ͸ωʔλʔͰͳ͍ɽ

ఆٛ 3.6. (R,m, k) Λωʔλʔہॴ؀ͱͨ࣌͠ɼͦͷ catapower Λ ∗Rͷ৒༨؀

R# := ∗R/(∩m(∗mm))

ͰఆΊΔɽ·ͨɼ∗mͷ૾Λ m# ͱॻ͘ɽ(R#,m#, ∗k) ͸ہॴ؀Ͱ͋Δɽ

࣍ͷఆཧʹΑΓɼR# ͸ωʔλʔ؀ʹͳΔɽ

ఆཧ 3.7 ([Scho10, 8.1.19]). (R,m, k) Λ౳ඪ਺ωʔλʔہॴ؀ͱͯ͠ɼR̂ͷ܎਺ମ k −→ R̂Λݻఆ͢
Δɽ͜ͷ࣌ɼ࣍ͷಉ͕ܕ੒ཱ͢Δʀ

R#
∼= R̂ ⊗̂k(

∗k).

ಛʹɼR# ͸׬උωʔλʔہॴ؀Ͱ͋Δɽ
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ulimm fm ∈ ∗R ͷ૾Λ [fm]m ∈ R# ͱॻ͘ɽ·ͨɼΠσΞϧ ulimm am ⊆ ∗R ૾Λ [am]m ⊆ R# ͱ
ॻ͘ɽ

ྫ 3.8. R = k[[x1, . . . , xd]] ͱͨ࣌͠ɼR# = (∗k)[[x1, . . . , xd]]Ͱ͋Δɽ֤ λ = (λ1, . . . ,λd) ∈ Nd ʹͭ
͍ͯɼxλ := xλ1

1 · · ·xλd
d ͱ͢Δɽfm =

∑
λ∈Nd am,λxλ ∈ Rʹର͠ɼ[fm]m =

∑
λ∈Nd [am,λ]mxλ ∈ R# Ͱ

͋Δɽ

࣍ͷ໋୊͸ఆ͔ٛΒ؆୯ʹै͏͕ɼR#ͰͷΠσΞϧʹؔ͢Δੑ࣭͔ΒɼRͷແݸݶͷΠσΞϧʹؔ
͢ΔҰ༷ͳੑ࣭Λಋ͘ࡍʹॏཁͳ໾ׂΛՌͨ͢ɽ

໋୊ 3.9. (R,m, k) Λωʔλʔہॴ؀ɼam, bm ⊆ R ΛΠσΞϧͱ͢Δɽ΋͠ [am]m ⊆ [bm]m ⊆ R# ͱ
͢Δͱɼ೚ҙͷࣗવ਺ n ʹ͍ͭͯ

{m ∈ N | am ⊆ bm +mn} ∈ U.

3.3. ओఆཧ 2.

ओఆཧ 2 ([BMS09], [Sat17, Theorem 1.5]). RΛ F ༗ݶਖ਼ଇہॴ؀ɼ{am}m ΛRͷਅͷΠσΞϧͷ଒
ͱ͢Δɽ͜ͷ࣌ɼ

sh(ulimm fpt(R; am)) = fpt(R#; a∞).

ओఆཧ 2ͱ໋୊ 1.13 (3) Λ૊Έ߹ΘͤΔͱɼͨͩͪʹ͕࣍ಘΒΕΔɽ

ܥ 3.10. R, {am}m Λओఆཧ 2ͷ௨Γͱ͢Δɽ͜ͷ࣌ɼ΋͠ limm−→∞ fpt(R; am)͕ଘ͢ࡏΔͳΒ͹ɼ
ͦΕ͸༗ཧ਺Ͱ͋Δɽ

͜ͷܥ͸ɼओఆཧ 1ͷূ໌ʹ͓͍ͯॏཁͳ໾ׂΛՌͨ͢ɽ

4. ূ໌ͷΞΠσΟΞ

͜ͷষͰ͸ɼओఆཧͷূ໌ͷΞΠσΟΞΛड़΂ΔɽҎԼɼਖ਼ඪ਺ͷ׬શମ k ͱࣗવ਺ d ! 1 Λݻఆ
͠ɼR ͸ৗʹ΂͖ڃ਺؀ k[[x1, . . . , xd]]ͱ͢Δɽ

4.1. ৚݅A⇒ ओఆཧ. ·ͣɼओఆཧͷূ໌ͰॏཁͱͳΔɼ৚݅ AΛఆٛ͢Δɽ

ఆٛ 4.1. a ⊆ R ΛΠσΞϧɼt > 0 Λ࣮਺ɼM ! 1 Λࣗવ਺ͱ͢Δɽ(at,M) ͕৚݅ AΛຬͨ͢ͱ͸ɼ
fpt(R; a+mM ) < t ͱͳΔ͜ͱͱ͢Δɽ

{am}m∈N ΛΠσΞϧͷ଒ͱ͢Δɽ({am}tm,M) ͕৚݅ AΛຬͨ͢ͱ͸ɼແݸݶͷm Ͱ (atm,M) ͕
৚݅ A Λຬͨ͢͜ͱͱ͢Δɽ

໋୊ 4.2. 0 ̸= a ⊆ R ΛΠσΞϧɼt > 0 Λ࣮਺ͱ͢Δɽ͜ͷ͕࣌࣍੒ཱ.

(1) ೚ҙͷΠσΞϧ b ⊇ a ʹ͍ͭͯɼfpt(R; b) ! fpt(R; a). ಛʹɼ΋͠ t " fpt(R; a) ͳΒͲΜͳM
ʹ͍ͭͯ΋ (at,M)͸৚݅ AΛຬͨ͞ͳ͍ɽ

(2) fpt(R; a) = limM−→∞ fpt(R; a+mM ). ಛʹɼ΋͠ fpt(R; a) < t ͳΒ͹ɼे෼େ͖͍M Ͱৗʹ
(at,M) ͸৚݅ AΛຬͨ͢ɽ

໋୊ 4.3. ೚ҙͷࣗવ਺M > 0 ʹ͍ͭͯɼ࣍ͷू߹ FPT(R;⊇ mM ) ͸ ACCΛຬͨ͢ɿ

FPT(R;⊇ mM ) := {fpt(R; b) | mM ⊆ b ⊆ m}.

Proof. ,ɼ[Sat17ࡍ࣮ Proposition 4.1] ʹΑΓɼM ͷΈʹґଘ͢Δࣗવ਺ N ͕ଘͯ͠ࡏɼFPT(R;⊇
mM ) ⊆ (1/N)Z Ͱ͋Γɼಛʹ ACCΛຬͨ͢. #

࡯ߟ 4.4. ΠσΞϧͷ଒ʹ৚݅ A͕੒ཱ͢Δ͜ͱ͕ɼओఆཧΛࣔࠦ͢Δ͜ͱΛઆ໌͢Δɽ
·ͣओఆཧΛ൱ఆ͢ΔͱɼΠσΞϧͷ଒ {am}m∈N Ͱ͋ͬͯɼྻ {fpt(R; am)} ঢྻͱͳΔΑ্ٛڱ͕

͏ͱΕΔɽt := limm−→∞ fpt(R; am) ͱ͓͘ɽ͜ͷ࣌ɼ΋͋͠Δࣗવ਺M > 0 ͕ଘͯ͠ࡏ ({am}tm,M)
͕৚݅AΛຬͨ͢ͱɼໃ६͕ಋ͔ΕΔɽ࣮ࡍɼ෦෼ྻͰऔΓ͑׵ɼ೚ҙͷm Ͱ fpt(R; am+mM ) < t ͕
੒ཱͱͯ͠Α͍ɽҰํ,໋୊ 4.2 (1) ͔Βɼlimm fpt(R; a+mM ) = t ΋੒ཱ͢Δɽ͔͜͠͠Ε͸ɼProp
4.3 ʹໃ६Ͱ͋Δɽ
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Ҏ্ͷ࡯ߟʹΑΓɼ༩͑ΒΕͨΠσΞϧͷ଒ʹରͯ͠৚݅ AΛ੒ཱͤ͞ΔΑ͏ͳࣗવ਺M ΛͱΕΔ
ͱɼओఆཧ͕ಋ͔ΕΔɽ͜ͷΑ͏ͳҰ༷తͳٞ࿦Λ࣮ͤ͞ݱΔͨΊͷखஈͱͯ͠ɼ࠶ͼ catapower͕ొ
৔͢Δɽ

໰୊ 4.5. ༩͑ΒΕ࣮ͨ਺ t > 0 ͱ RͷΠσΞϧͷ଒ {am}m ʹର͠ɼa∞ := [am]m ⊆ R# Λ͑ߟΔɽ΋
͠ɼ͋Δࣗવ਺M > 0ʹର͠ (at∞,M) ͕৚݅A Λຬͨ͢ͳΒ͹ɼ({am}tm,M) ΋৚݅AΛຬ͔ͨ͢ʁ

೦ͳ͕Β͜ͷ໰୊ͷओு͸ਖ਼͘͠ͳ͍ɽͦ͜ͰҎԼͷઅͰ͸৚݅࢒ AΛɼΑΓ catapowerͱ૬ੑͷ
ྑ͍৚݅Ͱஔ͖͍ͯ͑͘͜׵ͱΛ໨͢ࢦɽ۩ମతʹ͸ɼҎԼͰ͋Δɽ

(1) 4.2અͰɼ৚݅ BΛఆٛ͠ɼ৚݅ B ⇒ ৚݅ AΛࣔ͢. (໋୊ 4.11).
(2) 4.3અͰɼ৚݅ CΛఆٛ͠ɼ৚݅ C ⇒ ৚݅ BΛࣔ͢. (໋୊ 4.16).
(3) 4.4અͰɼ৚݅ DΛఆٛ͠ɼʮ৚݅ D ⇒ ৚݅ Cʯͱ͍͏ओுʹྨ໋ͨ͠ࣅ୊ 4.20 Λࣔ͢ɽ
(4) 4.5અͰ͸ɼʮa∞ = [am]m Ͱ৚݅D͕੒ཱ͢Ε͹ɼແݸݶͷmͰ৚݅D͕੒ཱ͢ΔʯΛগ͠ऑ
Ί໋ͨ୊ 4.22 Λࣔ͢ɽ

೦ͳ͕Βɼʮ৚݅D࢒ ⇒ ৚݅ Cʯͱʮa∞ Ͱͷ৚݅D ⇒ ແݸݶͷmͰͷ৚݅Dʯ͸ڞʹਖ਼͘͠ͳ͍ɽ
(஫ҙ 4.21 4.23). [Sat17]Ͱͷ࣮ࡍͷূ໌ʹ͓͍ͯ͸ɼ͜ΕΒ͕੒ཱ͢ΔΑ͏ʹɼ৚݅ Dͱ৚݅ Cͷఆ
ٛʹٕज़తͳमਖ਼Λ͜͢ࢪͱͰճආ͍ͯ͠Δ͕ɼຊߘͰ͸͜ͷ෦෼ʹ͸ཱͪೖΒͳ͍͜ͱʹ͢Δɽ·ͨɼ
৚݅ Dͱ৚݅ CͷఆٛΛमਖ਼ͨͨ͠Ίɼ࣮ࡍͷূ໌Λ׬੒ͤ͞ΔͨΊʹ͸ɼͦΕΒʹ߹ΘͤΔܗͰ৚
݅ A΍৚݅ Bͷఆٛ΋मਖ਼͕ඞཁͰ͋Δɽ
मਖ਼ޙͷਖ਼֬ͳఆٛɼओுɼূ໌͸ [Sat17, 5ষ]Λࢀর͍ͩ͘͞ɽ

4.2. ৚݅B ⇒ ৚݅A. ৚݅ AΛҾ͖͢͜ى৚݅ͱͯ͠ɼ৚݅ BΛఆ͍ٛͨ͠ɽ৚݅ BͷݤͱͳΔͷ
͸,࣠Λ଍͢͜ͱͰ͋ΔɽΠσΞϧ a ⊆ R ͕༩͑ΒΕͨ࣌ɼfpt(R; a) ͸ɼt (−→ τ(R, at) ͱ͍͏ରԠʹ
ΑΓ༩͑ΒΕΔࣸ૾ R!0 −→ P(R) ΛݟΔ͜ͱͰݱΕΔɽ৚݅ AΛ͑ߟΔҝʹ͜ͷࣸ૾Λ֦ுͯ͠ɼ
(t, s) (−→ τ(R, atms) ʹΑΓ༩͑ΒΕΔࣸ૾ (R!0)2 −→ P(R)Λ͑ߟΔɽ

ఆٛ 4.6. a, b ⊆ R ΛΠσΞϧͱ͢Δɽ͜ͷ࣌ɼ(R; a, b) ͷ F ७ྖҬ (F -pure region) FPR(R; a, b) ⊆
(R!0)2 Λ࣍Ͱఆٛ͢Δɿ

FPR(R; a, b) := Cl({(t, s) ∈ (R!0)
2 | (R, atbs) ͸Ӷ F ७ })

= Cl({(t, s) ∈ (R!0)
2 | τ(R, atbs) = R}),

ͨͩ͠ɼCl ͰɼϢʔάϦουҐ૬ʹؔ͢ΔดแΛҙຯ͢Δ͜ͱͱ͢Δɽ

ྫ 4.7 ([Pér13, Example 5.3]). R := F3[[x, y]], a = (xy), b = (x+ y)ͱ͢Δɽ͜ͷ࣌ɼFPR(R; a, b) ͸
ਤ 1ͷΑ͏ͳྖҬͱͳΔ (ΑΓৄࡉͳਤ͸ [Pér13, Example 5.3]Λ͝ཡ͍ͩ͘͞ɽ)ɿ

Figure 1 Figure 2

ҰํɼR0 := C[x, y], a = (xy), b = (x + y) ʹ͍ͭͯಉ༷ʹ log canonical region LCR(R; a, b) :=
{(t, s) | (R0, atbs) ͸ lc}Λ͑ߟΔɽX = SpecR0 ͷݪ఺ͰͷരൃʹΑΓɼ(X, a, b)ͷ log resolution ͕
ಘΒΕɼ؆୯ͳࢉܭʹΑΓ LCR(R0; a, b) ⊆ R2 ͕ਤ 2ͷΑ͏ʹͳΔ͜ͱ͕Θ͔Δɽ

஫ҙ 4.8. ্Ͱఆٛͨ͠ log canonical region LCR(R0; a, b) ͸ɼҰൠతʹ͸ log canonical polytope ͱݺ
͹ΕLCT(R0; a, b)ͱॻ͔ΕΔ͜ͱ͕ଟ͍ɽͦ ͷ໊લ͕ࣔࠦ͢Δ௨ΓɼLCR͸͍ͭͰ΋ rational polytope
ʹͳΔɽ͜Ε͸ loc canonicalͱ͍͏ੑ࣭ ͕Ұͭͷ log resolution ͚ͩͰ֬ೝՄೳͰ͋Δ͜ͱʹରԠͯ͠
͍ΔɽҰํɼ্ͷྫ͕ࣔ͢௨ΓɼF ७ྖҬ͸ polytopeʹ͸ͳΒͣɼfractalͷΑ͏ͳෳࡶͳਤܗʹͳΔɽ
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ఆٛ 4.9. a ⊆ R ΛΠσΞϧɼM > 0Λࣗવ਺ͱ͢Δɽ(at,M) ͕৚݅ BΛຬͨ͢ͱ͸͕࣍੒ཱ͢Δ͜
ͱͱ͢Δɿl ⊆ R2 Λɼ͕͖܏ −M Ͱ఺ (t, 0) Λ௨Δ௚ઢͱͨ࣌͠ɼl ∩ FPR(R; a,m) = ∅.

ྫ 4.10. ྫ 4.7 ͱಉ͘͡ɼR0 = C[x, y], a = (xy), b = (x+ y)ͱ͢Δɽ·࣮ͨ਺ t > 1 Λݻఆ͢Δɽ͜
ͷ࣌,tΛ௨Γ͕͖܏ −2ͱͳΔ௚ઢΛ lͱ͢Δͱ LCR(R; a, b) ∩ l = ∅ͱΘ͔Δɽ

R = F3[[x, y]], a = (xy), b = (x+ y) ͷ৔߹͸ɼਤ 1ͷΑ͏ʹɼྖҬͷڥք͕ઢ෼Ͱͳ͍ҝɼ΋͏গ
͠ણࡉͳٞ࿦͕ඞཁͱͳΔɽ͔͠͠ɺྫ͑͹࣍ͷΑ͏ʹ͢Δͱɼ೚ҙͷ t > 1ʹ͍ͭͯ, (t, 0) Λ௨Γ܏
͖M = −3ͷ௚ઢ͸ FPR(R; a, b)ͱަΘΒͳ͍͜ͱ͕Θ͔Δɿ
·ͣɼશͯͷࣗવ਺ n ! 0 ʹ͍ͭͯɼ௚ઢ y = −x+ 1 ্ͷ఺

Pn := (
3n − 1

3n
,
1

3n
) ∈ R2

Λ͑ߟΔɽ[Pér13, Example 5.3] ΑΓɼPn ͸ F ७ྖҬͷڥքʹҐஔ͓ͯ͠Γɼಛʹ೚ҙͷ༩͑ΒΕ͑
ͨ఺ Q ∈ R2 ʹ͍ͭͯɼ΋͋͠Δ n ͕ଘͯ͠ࡏ Pn ≺ Q ͳΒ͹ Q ̸∈ FPR(R; a, b) ͱΘ͔Δɽͨͩ͜͠
͜Ͱɼ೚ҙͷ P = (x, y), Q = (x′, y′) ʹ͍ͭͯɼ

P ≺ Q
def⇔ x < x′ ͔ͭ y < y′

ͱఆٛ͢Δɽ
ɼ೚ҙͷ࣮਺ࠓ t > 1 ʹ͍ͭͯɼ఺ (t, 0)Λ௨Γ3−͖܏ͷ௚ઢΛ l ͱͨ࣌͠ɼl ∩R2

!0 ͷ೚ҙͷ఺Q
͸ɼ͋Δ n ʹ͍ͭͯ Pn ≺ Q Λຬͨ͢ͷͰɼl ∩ FPR(R; a, b) = ∅ Ͱ͋Δɽ

໋୊ 4.11. a ⊆ R ΛΠσΞϧɼt > fpt(R; a) Λ࣮਺ɼM > 0Λࣗવ਺ͱ͢Δɽ͜ͷ࣌ɼ(at,M) Ͱ৚
݅ B͕੒Γཱͯ͹, (at,M) ͸৚݅ AΛຬͨ͢ɽ

Proof. ਖ਼ͷ࣮਺ ε > 0 ʹର͠ɼlε ⊆ R2 Λɼ఺ (t − ε, 0) Λ௨Γ͖܏ −M ͷ௚ઢͱ͢Δɽ৚݅ Bͱɼ
FPR(R; a,m) ͷίϯύΫτੑ͔Βɼ͋Δ࣮਺ ε > 0 ͕ଘͯ͠ࡏɼlε ∩ FPR(R; a,m) = ∅ ͱͰ͖Δɽ
Ұํɼ໋୊ 1.15 (3) ΑΓɼ

τ(R, (a+mM )t−ε) =
∑

u,v∈R!0,u+v=t−ε

τ(R, aumMv)

Ͱ͋Δɽ͔͠͠ɼu + v = t − ε ͱͳΔ೚ҙͷ u, v ʹର͠ɼ఺ (u,Mv) ∈ R2
!0 ͸ lε ্ͷ఺ͳͷͰɼ

(u,Mv) ̸∈ FPR(R; a,m). ͕ͨͬͯ͠ τ(R, aumMv) ⊆ m.
Ҏ্ΑΓɼτ(R, (a+m)t−ε) ⊆ m Ͱ͋Γɼ৚݅ A͕੒ཱɽ #

4.3. ৚݅C ⇒ ৚݅B.

࡯ߟ 4.12. Ұൠʹ FPR ͷڥք͸ϑϥΫλϧతͳෳ͞ࡶΛ͕࣋ͭɼྫ 4.10 ͷ఺ྻ {Pn}ͷΑ͏ʹɼ͏
·͘௚ઢతͳ;Δ·͍Λநग़͢Δ͜ͱ͕৚݅ BͷݤͰ͋Δɽ
্ͷྫͷ఺ Pn = (xn, yn) ͷ x࠲ඪ xn ͸ɼ1ͷ 3ਐల։

1 =
∞∑

i=1

2

3i

ͷ n+ 1ܻ໨Ҏ߱Λ੾Γࣺͯͨ΋ͷʹଞͳΒͳ͍ɽ·ͨɼy࠲ඪ͸

yn = fpt(R, axn ; b) := inf{y ∈ R!0 | τ(R, axnby) ̸= R}
Ͱ͋ͬͨɽ
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͜ͷ͍ͯͮجʹ࡯ߟ৚݅ CΛఆ͍ٛͨ͠ɽ·ͣ qਐల։ͷఆ͔ٛΒ෮श͠Α͏ɽ

ఆٛ 4.13. t ∈ R!0ɼ q ∈ Z!2, n ∈ Z ͱ͢Δɽtͷ qਐల։ʹؔ࿈ͯ͠ɼ࣍ͷೋͭΛఆٛ͢Δɽ
(1) ⟨t⟩n,q := ⌈tqn − 1⌉/qn ∈ Q!0.
(2) t(n,q) = ⌈tqn − 1⌉ − q⌈tqn−1 − 1⌉.

q͕ݻఆ͞Ε͍ͯΔ࣌ɼͦΕͧΕ ⟨t⟩n, ͼٴ t(n) ͱ΋ॻ͘ɽ

࣍ͷ؆୯ͳิ୊͕ࣔ͢௨Γɼt(n)͸ tͷ qਐల։ͷ nܻ໨Λɼ⟨t⟩n,͸ qਐల։ͷ n+ 1߲໨Ҏ߱Λ੾
Γࣺͯͨ΋ͷͰ͋Δɽ

Lemma 4.14. t, q, nΛ্ͷ௨Γͱ͢Δɽ͜ͷ࣌ɼ͕࣍੒ཱ͢Δɽ
(1) 0 " t(n) < q.
(2) ೚ҙͷ n << 0 Ͱ t(n) = 0.
(3) t =

∑
m∈Z t

(m)q−m.

(4) ⟨t⟩n,q =
∑

m"n t
(m)q−m.

ఆٛ 4.15. (at, q,N) ͕৚݅ C Λຬͨ͢ͱ͸ɼ೚ҙͷ੔਺ n ∈ Z ʹ͍ͭͯ ࣍ͷෆ౳͕ࣜຬͨ͞ΕΔ͜
ͱͱ͢Δɿ

fpt(R, a⟨t⟩n+1,q ;m) ! fpt(R, a⟨t⟩n,q ;m)−N/qn

໋୊ 4.16. a ⊆ R ΛΠσΞϧɼt > fpt(R; a) Λ༗ཧ਺ɼq ! 2, N > 0 Λࣗવ਺ͱ͢Δɽ͜ͷ࣌ɼ΋͠
(at, q,N)͕৚݅ CΛຬͨ͢ͳΒ͹ɼt, q,N ͷΈʹґଘ͢Δࣗવ਺ M ͕ଘͯ͠ࡏɼ(at,M) ͕৚݅ BΛ
ຬͨ͢ɽ

Proof. l0 ⊆ R2 Λɼ఺ (t, 0) Λ௨Δ͖܏ −N ͷ௚ઢͱ͢Δɽ·ͨɼ֤੔਺ n ∈ Z ʹ͍ͭͯ Pn :=
(xn, yn) ∈ FPR(R; a,m) Λ

xn := ⟨t⟩n,q, yn := fpt(R, axn ;m)

ʹΑΓఆΊΔɽ·ͨɼQn := (xn, y′n) Λ௚ઢ l0 ͱ௚ઢ x = xn ͷަ఺ͱ͢Δɽ
ɼ৚݅ࠓ CΑΓ೚ҙͷ nͰ yn " yn+1 + N/qn Ͱ͋ΔɽҰํɼxn+1 < xn + (1/qn) ʹ஫ҙ͢Δͱɼ

y′n+1 = y′n −N(xn+1 − xn) " y′n −N/qn Ͱ͋Δɽ
͜ͷ࣌ɼ೚ҙͷ n ʹ͍ͭͯ yn < y′n (ͭ·ΓɼPn ͸ l0ΑΓࠨԼʹଘࡏ)Ͱ͋Δɽ࣮ࡍɼt > fpt(R; a)

ͳͷͰे෼େ͖͍ nʹ͍ͭͯ yn = 0 ͳͷͰ͜ͷ࣌ yn < y′n Ͱ͋Δɽߋʹɼ΋͠ yn+1 < y′n+1 ͳΒ͹

yn " yn+1 +N/qn < y′n+1 +N/qn " y′n.

Ҏ্ΑΓؼೲతʹै͏ɽ
t͕༗ཧ਺Ͱ͋Δ͜ͱʹ஫ҙ͢Δͱɼ ྫ 4.10 ͷΑ͏ʹɼ఺ (t, 0) Λ௨Γ͕͖܏ෛͷ௚ઢ l Ͱ͋ͬͯɼ

͢΂ͯͷ Q ∈ l ∩ R2
>0 ʹର͠ɼ͋Δ n ͕͋ͬͯ Qn ≺ QͱͳΔΑ͏ͱΕΔɽ͜ͷ͖܏ −M ͸ɼqͱ N

ͱ tͷΈʹґଘͯ͠ͱΕΔɽ #
4.4. ৚݅D ⇒ ৚݅ C. ্ͷઅͰఆٛͨ͠৚݅ C͸৚݅ Bͱҧͬͯɼnʹ͍ͭͯͷؼೲ๏͕ӡͼ΍͢
͍৚݅ͱͳ͍ͬͯΔɽ͜ͷؼೲ๏ͷҝʹඞཁͱͳΔ৚͕͔݅ࠓΒఆٛ͢Δ৚݅ DͰ͋Δɽ

ఆٛ 4.17. (as, q, n0) ͕৚݅ D Λຬͨ͢ͱ͸ɼ

τ(R, a⟨s⟩n0,q ) = τ(R, a⟨s⟩n0+1,q ).

͕ຬͨ͞ΕΔ͜ͱͱ͢Δɽ

ʮF -௓༂਺ͷ཭ੑࢄʯͱ͍͏Լهͷੑ࣭ʹΑΓɼa, s, qΛݻఆͨ࣌͠ɼे෼େ͖͍ n0 Ͱৗʹ৚݅ D
͸੒ཱ͢Δɽ

໋୊ 4.18 ([ST14]). ೚ҙͷΠσΞϧ a ͱ೚ҙͷ࣮਺ s > 0 ʹ͍ͭͯɼ͋Δ 0 < s′ < s͕ଘͯ͠ࡏɼ೚
ҙͷ࣮਺ s′ < t < sʹ͍ͭͯ τ(R, at) ͸ tʹΑΒͣҰఆ. ಛʹɼे෼େ͖͍ nʹ͍ͭͯɼৗʹ

τ(R, a⟨s⟩n,q ) = τ(R, a⟨s⟩n+1,q ).

࣍ʹ৚݅ Dͱ৚݅ Cͷؔੑ܎ʹ͍ͭͯ࿦͡Δɽ·ͣɼʮ༗ཧ਺͸॥؀খ਺ʯͱ͍͏ॳ౳తͳ͔࣮ࣄΒ
෮श͠Α͏ɽ
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Lemma 4.19. p Λૉ਺ɼt ∈ Q>0 ͱ͢Δͱ͕࣍੒ཱɽ
(1) ͋Δࣗવ਺ a, b ͕͋ͬͯɼpa(pb − 1)t ∈ Z
(2) ͋Δࣗવ਺ e > 0͕͋ͬͯɼq = pe ͱͨ࣌͠ɼq(q − 1)t ∈ Z.
(3) (2)ͷ qʹ͍ͭͯ tͷ qਐల։ͷ nܻ໨ t(n,q) ͸೚ҙͷ n ! 2ͰҰఆɽ

Proof. (1)͋Δࣗવ਺ s, a > 0ͱɼpͱ͍ޓʹૉͳࣗવ਺ r > 0ʹΑͬͯ t = s/(par) ͱ͔͚Δɽ༗܈ݶ
(Z/rZ)× ͷҐ਺Λ bͱ͢Δͱɼpb ≡ 1 (mod .r) ͱΘ͔Δɽ(2)e := abͱ͢ΔͱΑ͍ɽ(3)͋Δࣗવ਺ s
ʹ͍ͭͯ t = s/(q(q− 1))ͱॻ͚ΔɽsΛ q− 1ͰׂΔ͜ͱͰɼࣗવ਺ a, l Ͱ͋ͬͯɼs = a(q− 1) + lͱ
1 " l " q − 1͕ຬͨ͞ΕΔɽ͜ͷ࣌ɼt = (a/q) + (l/q(q − 1))ͱͳΓɼ͜ͷ࣌೚ҙͷ n ! 2 Ͱ t(n) = l
ͱΘ͔Δɽ #
໋୊ 4.20. t ∈ Q>0 Λ༗ཧ਺ͱ͠ɼq = pe Λ q(q − 1)t ∈ Z ͱͳΔΑ͏ݻఆ͢Δɻl := t(2) ͱͯ͠
s := ql/(q − 1) ∈ Q>0 ͱ͓͘ɽa, b ⊆ R Λ୯߲ΠσΞϧͱ͢Δɽࣗવ਺ n0Λ (as, q, n0)͕৚݅ DΛຬ
ͨ͢Α͏ͱΔɽ͜ͷ࣌ɼq, n0 ͷΈʹґଘ͢Δࣗવ਺ N ͕ଘ͠ࡏɼ೚ҙͷࣗવ਺ n ! n0 + 2 ʹ͍ͭͯɼ
࣍ͷෆ౳͕ࣜ੒ཱɿ

fpt(R, a⟨t⟩n+1,q ; b) ! fpt(R, a⟨t⟩n,q ; b)−N/qn.

Proof. N := qn0+1 ͕৚݅Λຬͨ͢͜ͱΛࣔ͢ɽ֤ n Ͱ, yn := fpt(R, a⟨t⟩n,q ; b) ! 0, y′n :=
⌈qn−n0−1yn⌉/qn−n0−1ͱ͓͘ɽ͜ ͷ࣌ɼyn " y′n < yn+(1/qn−n0−1)Ͱ͋Δɽಛʹɼτ(R, a⟨t⟩n,qby

′
n) ⊆ m

Ͱ͋Δɽ
sͷఆٛΑΓɼ

α := qn−n0⟨t⟩n,q − ⟨s⟩n0,q

͸ࣗવ਺Ͱ͋Γɼߋʹ
α = qn−n0⟨t⟩n+1,q − ⟨s⟩n0+1,q

΋ຬ͍ͨͯ͠Δɽ
͜ͷ࣌ɼ໋୊ 1.15 (1), (2), ͼ৚݅ٴ DΛ͏࢖ͱɼ

m ⊇ τ(R, a⟨t⟩n+1,qby
′
n+1)

= Tre(n−n0)(F e(n−n0)
∗ τ(R, aq

n−n0 ⟨t⟩n+1,qbq
n−n0y′

n+1))

= Tre(n−n0)(F e(n−n0)
∗ aαbq

n−n0y′
n+1τ(R, a⟨s⟩n0+1,q ))

= Tre(n−n0)(F e(n−n0)
∗ aαbq

n−n0y′
n+1τ(R, a⟨s⟩n0,q ))

= Tre(n−n0)(F e(n−n0)
∗ τ(R, aq

n−n0 ⟨t⟩n,qbq
n−n0y′

n+1))

= τ(R, a⟨t⟩n,qby
′
n+1).

͕ͨͬͯ͠ɼyn " y′n+1 " yn+1 +N/qn. #
஫ҙ 4.21. ͜ͷূ໌ͷதͰɼb͕୯߲ΠσΞϧͱ͍͏Ծఆ͸֎͢͜ͱ͕Ͱ͖ͳ͍ɽҰํɼ৚݅ CΛಋ͘
ͨΊʹ͸ bͷ෦෼ʹ mΛೖΕΔඞཁͰ͋Δҝɼ্ͷ໋୊͔Βͨͩͪʹʮ৚݅ D ⇒ ৚݅ Cʯ͕͑ݴΔΘ
͚Ͱ͸ͳ͍ɽ࣮ࡍɼ[Sat17]Ͱ͸্ͷ໋୊ͱྨࣅͷূ໌͕ӡͿΑ͏ʹɼ৚݅ Cͱ৚݅ Dͷఆٛʹٕज़త
ͳमਖ਼Λͨ͠ࢪɽ

4.5. a∞ ⊆ R#ʹର͢Δ৚݅D ⇒ ΠσΞϧͷ଒ {am}m ʹର͢Δ৚݅D. ɼ৚݅DͱCatapowerʹޙ࠷
ͷՄ͑ߟ͍ͯͭʹੑ׵Δɽ

໋୊ 4.22. s > 0 Λ࣮਺ɼn0 > 0 Λࣗવ਺ɼ·֤ͨࣗવ਺ mʹ͍ͭͯɼam ⊆ R Λ୯߲ΠσΞϧͱ
͢Δɽߋʹ a∞ := [am]m ⊆ R# ͱ͢Δɽ͜ͷ࣌ɼ΋͠ (as∞, q, n0) ͕৚݅ DΛຬͨ͢ͳΒ͹ɼ֤ࣗવ਺
a > 0 ʹର͠ɼແूݶ߹ Ta ⊆ N͕ଘ͠ࡏɼ೚ҙͷm ∈ Ta ʹ͍͕ͭͯ࣍੒ཱɿ

τ(R, a⟨s⟩n0,q ) ⊆ τ(R, a⟨s⟩n0+1,q ) +ma.

Proof. ໋୊ 1.15 (2) ͱ [Sat17, Proposition 2.10 (5)]ʹΑΓɼશͯͷࣗવ਺ nͰ

τ(R#, a
⟨s⟩n,q
∞ ) = Tren(F en

∗ a⌈sq
n−1⌉

∞ )

= [Tren(F en
∗ a⌈sq

n−1⌉
m )]m

= [τ(R, a⟨s⟩n,q
m )]m ⊆ R#
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Ͱ͋Δʹ஫ҙ͢Δͱɼ໋୊ 3.9 ͔Βै͏ɽ #
஫ҙ 4.23. ্ͷ໋୊ʹݱΕΔΠσΞϧͷแؚؔ܎͸ɼ৚݅ DΑΓऑ͍ɽͦͷͨΊɼʮa∞ Ͱͷ৚݅ D ⇒
଒ {am}m Ͱͷ৚݅ Dʯ͕ࣔ͞ΕͨΘ͚Ͱ͸ͳ͍ɽ͜ͷ implicationΛ੒ཱͤ͞ΔͨΊʹ͸ɼ৚݅ Dͷ
ఆٛΛ࠶ͼগ͠मਖ਼͢Δඞཁ͕͋Δɽ
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