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Abstract

Camacho-Sad-Suwa indices of logarithmic vector fields along singular plane curves are considered
in the context of computational complex analysis. An effective method is proposed for computing a
basis of the module of logarithmic vector fields along a singular curve. An algorithm for computing
Camacho-Sad-Suwa indices is presented. The keys of our approach are the use of local cohomology
and Grothendieck local residues.
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E. R. Garcia Barroso, Y. Genzmer, B. Gmira, A. Guilot, F. D. Innocenti, A. Lins Neto, D. Marin,
J. -F. Mattei, L. Menasché¢ Schechter, J. Mozo-Fernandez, L. Ortiz Bobadilla, E. Rosales Gonzarez,
H. Reis L. Teyssier, M. Toma, S. M. Voronin

LEHIFSZEHTES. Camacho-Sad H5&E holomorphic 72 X7 MBDOHFEICB W THEHELZBEETH
LW, WBRNBALERTH Y, ZOMEEEBRICKRD 2 Z 2 iE—RKITEAE S TIE RV,

ARET, SHEAERANT O 50 &, FAIHEAYEA L 7z Camacho-Sad-Suwa F88DFHIEIC DWW TS
T35 MELZ22007 vV X aEHWE LT

(1) FRZREA L UTRDFIABEIRR N U, 23U o TR 7 S g2k 723 (IR
BRI T %) B4 RTT
(II) JFriERERA L L THD holomorphic 72X UG & Z D separatrix WX L, Z® Camacho-Sad-Suwa
Ei=E5
ERDBZEHHEKRD. MEPIRT PAVGOBEEDOBHZIE U D % F 212, i BHZ L NHENT 5
AFEZBEL X cC?IFEM O e C? Diifie 35.

Bl (Wi B ) f(z,y) =2 + 0 +ay* 1L, S ={(z,y) € X | f(z,y) =0} B,
S > TR Y DGO TR Derx.o(—log9) TET. (I) D7LIVXLIZED, 2 D0DR
av%

5 3 %) 3 13\ 0
_ 2 9 3 2.4\ 2 (2 6 2, ~-.3 .
U1 <x + 927 + 4y o 45531 + 627y Sy Ay’

1 0 1 3 0
_ 022y — =43 (222 202 4
n = (mrosty= 30t - (54 B o)

2135, ZNbld Derx,o(—logS) DAEMRITTH 5. NI P vy, v IFERER

v1(f) =41+ 9z)x f(z,y), va(f) = 4(1 + 92)yf (2, y)

725, BB, gifR S 1%, X2 R vy, vy D separatrix TH 5.
WE, RZ MU v, ve ORBEHEADITHIAZEET 5 &

2 4+ 923 + %y‘l %a:y + 6x2y — éy?’

det
xy + 922y — %y3 %ZL’2 + %yQ + 6y

= 201+ 92) (@)

2135, 4D [ OFEL(1+92) WHERTEE 25740 ([20]). MEARZ P50 703 IEED JE D4R
TETHD 2D &S A ZHEO >R FMABOHIE, FERELIFIZR TV [5, 8).

R, 7Y XL (I0) ZHWT, X2 PV v, v @ separatrixS (2 - 7z Camacho-Sad-Suwa 55X
ZRDBE

144 64
CS{O}(UhS) = ?, CS{O}(’UQ,S) = ?
215,



2 Camacho-Sad-Suwa index

X C? OFER O OiEFEL T4, X FOIERIKBORTE Ox ORRTOH%E Ox o THT. [EH
B f € Ox DIEDBHRE S = {(z,y) € X | f(z,y) =0} TRT. LUK, S & reduced L RET 5.

v &, IERIEKBZRBUC S ORI PG TH L LT 5.

E#& (K. Saito[22])

v Y SITIHR o TR PGB TH 5 21, o(f) = c(z,y) f(z,y) 2T c(z,y) € Ox,o0 DAET
BTLriDd.

S o THE IR R 2 S GRKD 7 T HEEDE % Derx o(—logS) THT.

Bl flzy) =2 +y", S={(z,y) € X ||f(z,y) =0}
Derx,0(—logS) &, XD 2 DDXRT b ASRERITE LTHD.

1 0 1 0 0 0
g = e 4 g — 78 = — 32—
R + 7y3y7 Y2 = o 3z Ay

ZIHA f & weight vector 2 (7,3) \ZBI LT weighted homogeneous %% ZIHRTH 523, v1 1& Z D weight
vector 12883 % Euler f(FHIFETH D v (f) = f 27T, N7 Moy 13 G2 —SL0 v 2L vy(f) =0
Ry

ZIEA f DFAR AN R S Y U THFD weighted homogeneous 2 ZIHAD & = | xHE~R 2 ML
L, ZOFlEFEERD Z & LD 37D,

Remark: [FEHIEED germ f € Ox o DTN IEHIIZRPEEZEHUC X D weighted homogeneous 12T %
% ¥ % f i quasi homogeneous TH 5 ¥\ 5. 52 6 N7z IEHIEED germ f % quasi homogeneous TH
B EDE, [ OUHREREEITOY a1 F 7L (4L, %) C C{z,y} KB 20E0 TS 5 ([19]).
1€ - T, quasi homogeneous 7 IERIBKEL D germ IR L T, Z DXEINR T PG oS, Rics 274
DHELFMNETH 5.

Remark: XN Z S AGO R TIHEE Derx o(—logS) &, FEACELIEFEICZ L OEREGATYL
3. X [9] BRIz,

WE, FHIEEL a,b € Ox 0 ZREUCH DT ML,
0 0
v = a(xvy)a + b(x7y)87y
WL, TR w B RTED 5.
w = b(z,y)dz — a(z,y)dy € Qx.0

RO D 3D

8 (K. Saito [20], A. Lins Neto [10]) XD (i), (i) &lfiT® %
(i) v € Derx,o(—logS)
(ii) gw = hdf + fn %ii/=F g,h € Ox0 & 1€ Qx.0 BIFET 3.

WATERICET 5 (i) DRIHED 1o &b DIC W, MK 2 b L
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o) = ale.) 3+ b ) 5 = ) )
IR LT,
(7)) g= 6y(T y),h = —a(z,y),n = c(z,y)dr, HHVIE (L) g= (%(T y),h =b(x,y),n = —c(x,y)dy
EBINZ, (i) 2T e 2fErDEILNTES.
={(z,y) € X | f(z,y) =0} &, FRICRENZ S DOXT ML v D separatrix TH S & F 5. S

S=U_,C; EBNMREINZ T 5. £z, f = fife-- fr 1& S OHIIRICKIET 2 f D Ox 0 ITB
BT B (4% C 1k, HEBNINCEER I FHEHRTH D, REEIR TR S v, B o A — C;
FEE ST C; @ local uniformization TH 25 & 3§ 5.

& (T. Suwa [22]) XKiZ & b, Camacho-Sad-Suwa 65 % EFK T %
Ind{oy (v; 8, C;) = —reso(pi(3))
Indgoy (v; ) = 3oi_, Indgoy (v; 5, Ci)
PR D L.
EFE (T. Suwa [22])
fi \ (_M
Indoy (v; S, C;) = res;oy <f (7E>)

£l Grothendieck local residue TH 5.

Bl 2 #1152 72220DR7 b v, vy D Camacho-Sad-Suwa 58 % KD 5.

vi(f)=f va(f)=0 XD, v KHLTE, n=dz, v TMLTIE, n=0%2F2. ZhihEBI

Ind{o} (1)1, S) = 21, Ind{o}(vg, S) =0

3 Local cohomology

Z DHITIE, local cohomology ¥ Grothendieck local residue (ZB3 2 FEARN R FMEEE LTHL.
DOFIDNENE - BEDEEITC T LD A S TH 20, Bl Z#IT 2729, X 1% 2 Kot%E WC2®E£
O DHEHEDLEIHZRS 22125 5.

X o FRIEE D73 IE% Oy, holomorphic 2-form D TfE%E Q% THT. VW F

’H%O}(Qg() WX DL O 2B ZHD local cohomology
'H[QO](Qg() 1I2& D E O 2B %D algebraic local cohomology

ERTLTS.
U O 2B BUICHEREERE Ox o, WRAEBBENE Ox 0 TRT. TEBHEDED 2 B2

pairing
(’)XOXH{O}(Q )—C
OonH ( )—)C
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IZED, RY MV Ox 0 £RZ WVZER 2o, (0%) & (RFTOGHEN 2 F L2 2 LT) Hwiziio
BIfRICH 5. [ Ox 0 & HE, (9%) D HWISRMOBIRICH 5.

WE, PORFEFEERDOA T 7NV I C Oxo & V(II)NX = {0} Wil 3%. o s
Wr = {y € H{p,(Q%) | I = 0},
Wy ={p e H2,(9%) | [ = 0}, E L [ = Ox 0l COxo
LB Wi, W WHRIGERZ FAVERTH 5. RORLT 5.

FH (Grothendieck local duality) R® pairing 1ZIEHELTH 2
(1) OX’O/I X W[ — C
(2) Oxﬁo/j X Wf —C
WMATEARDZTIE Q% DD D ICIERIEKE O TIEE2E 2, JF A O \2H %D algebraic local cohomology
H[QO](O)() = leII;c Extéx (Ox,o/(x,y)k, Ox)
= HWT
H; = {O’ S H[ZO](Ox) ‘ lo = 0}
EBL.Wr={o-dzAdy|oe€ H} THBH, W; = W; BKDHILDODT

Wr={o-dxANdy|oe H}

285 DEoZed s, (MHER deAdy ZEELTBNE), Hy 3BRZER Ox 0/ DRRR2Z b L7E
e B2 e 905,

WP O SN & 51, XY PV Hp 3 A 77V I DERICO S IHHERD L Z e R TES.

Bl 3 (Eip RFH)

floy) = a® +y7 +ay® WL, A 770 T & J = (8,50) C Oxo T 5. f=01BUR O BRI
M L TR, 2@ Milnor number py = dime(Ox,0/J) 112 TH 5. ZIHA f 13 weight vector 15(7,3)
WZBE U semi quasihomogencous TH 5 Z L IZEH L, I D weight vector & Wiz 3 2 HNEFICHE- T, N7

MVZER] H; OEJEZ KD 5
1 1 1 1 1 1 1 1 1 71 1
oy |7 ey | g | 22y | eyt | 22 || e® || 223 || ay® 3| 2y |’
1 1 1 5 1 1 5 1 5 1 5 1
22yt || 220 a zy’ 91 3y || 22yS 7 2ty 7 zy® 91 233

2135
IERIEKEL h(z,y) DERTDT A4 7 —R%Z h(z,y) =3, cijaty’ B FIRER Oxo/T & Wy &
2W0E Hy & OIS EBEHTEZ 5N TWE Zeh b, h(x,y) B34 T 7V J BT 550013,

3| ot

€0,0 = €o,1 = Co,2 = C1,0 = C0,3 = C1,1 = Co4 — C1,2 = Co,5 — 5(32,0 =0

1 5 5
€18 = €14 = £€0,6 ~ 57021 = C15 — Z€30 — €07 — 5yC22 = 0

Thzehs.
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INRFERBERCBNWTA T 7 AR AN= TRIEZ @R, 3477 VDORAR Y X — FER%
Kb, G2 oNEBEZNOAZX X — FEKRICLZREREZHETS2 e THET 2. W EILEITK
5. ZRUTH L, ZZT/RLUz & DT local cohomology W2 &, X =2 v TOHIEICEH D HENE
ELARVRICEES .

Hy OIE% 73 12D local cohomology class D EHNTHIET 2 12 il 1l

Ly.y?x vy ay. vt 2y’ o0 ay® oyt oy®

BREIRZEM Ox 0/] OHEABRKTH 2. ficich x /2, Hy OFKIE, ZOHIEXEED (Grothendieck
local duality 12B83 % ) BB MR 5720, 7T, Hy OFEEEZ Wi, 4 77V J #¥EE 3 5 normal
form DFIEDEHICTE 5. local cohomology % 21X, normal form OFHHEICE D HANKE LN T & H3%)
5. [FBRIZ, local cohomology Z W2 Z 8 T, A 77 VDAR Y X — REEDFHADITI Z e TE 2.

PEAEKINIFR RS DY a4 7 7 M L 72 local cohomology Dt 5, Grothendieck local duality,
local cohomology % JH\We 2 & ¥ & — FALEDGHFICOWTIE, X [18] 2RIz, s [12] 187
NIV XLDHAND 5. — B DBFERITLA T 7 M L 72 local cohomology DFIHE ¥ Z DIGHSEICE L
T, s [27, 28, 35] BB AT\, S [36] 1ISEHIL7 L) XA DN 5.

4 Logarithmic vector fields

ET, N7 P v = ale,y) & +b(a,y) 5, (a,b € Ox,0) AWPHIBHER S = {(2,y) € X | f(a,y) =0} 12
o THEINTH 2 L1 5 Dl
of

) 5 + b ) G = el )1 (o2)

Zi7z3 c(z,y) € Oxo BPHEETEZ I ThHo7z. TOREAZ L, fHZHADL & ZHATITBNWT
LY —fOyYY—0RAETIUL, a,b,c DHDRE S Z LKA LL, T TREZVRE
&, MBI Z ML O 2 3B Derx.o(—logS) @ Ox o MEEY LTOEBITERD ZHTH - 72, 4K,
INHREREERZ2 R e T35 A TOMEZZHEAROMHAE TCORBEICZDE FEEIRZ TE X GEHRE
W&o THRLNZERITIE, HENBIR 2 REFR e T MR TOERILE LTRESRDIDEZLEL T
LB,

LR, local cohomology % W2 Z & T, i sl i 2 B0 EHAREHIFR I 5 MR 2 A5
FIBE Derx o(—logS) D Ox o MtL LTOAEBICERD 2713V X LE2H[NT 5.

PG P A2 F D A IR S R R 27 L0 it L . LT, polar variety OBE&ICIED L Z 2 T
Hi L7z Method I( [16, 29]) ¥, polar variety D&% (72T [13] DFRFRITEESWTEMT L 72 Method 11
([17) 23 2. AL TIIBRAZTRINT 5.

PIRBUR O E R LR [ 10T 2 Y ava 770k J = (5L,80) C Ox o TED, 4 77 1V
J i (f) = {c(z,y) € Ox0 | ez, y) f(z,y) € T}
RERD. ROMEIERLIDASHTH .
i A FE

(i) s(z,y) € (J:(f))
(i) a(z,y)%E +bx,y) 5L = s(z,y)f(z,y) Zili7zF a(z,y),b(x,y) € Ox 0 PIHAET S
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Local cohomology H; = {0 € H[ZO](OXO) %O’ = %O’ =0} »5 Hy HANOEM my: Hy — Hy
Zmy(o) = f(x,y)o TED, ZOGEEL F =Im(my) C Hy, G1% my D% Ker(my) & K £ 5<.

K={o|fo=%5= %U =0} 2D 32D, Grothendieck local duality & D Anno, o (K) = (f,J) #
> DT,

dime(K) = dime(Ox.0/(f,J))

225, 204, f O Tjurina £ 75 12fthiz 570,

R 3D,

R ([30])

(i)0 — K — H; — F — 0 & exact

(ii) dim(F) = py — 75, 7272 L, py (& Mllnor number, 7y (& Tjurina number TH 5.

iR ([30]) KBIELD 31D
J:(f) = Annoy o (I)
ETRHNC Hy 2RKD, T, X7 MVZERM F = {f(z,y)0 | 0 € H;} ZRD 1%, %D annihilator D R

&2y R— REREFETIUL, WHREREFRICBIT 24 T 70U J: (f) DRAX Y X— FEEERRDZZ L
12723, TOHER, IREMBIRICE T34 F7AROHELLE LT, BE0SELDESTHS.

AFTNR T (f) DAXR Y E—FHEE SB THT
L]
s(x,y) € SBITXL,
a(z,y) 5L + b, y) 55 = q(x, v)s(z,y) f(z,y), ¢(0,0) #0
Ziii7e ¥, ZHAOM a(z,y),b(z,y), q(z,y) € Kz, y] BT 2
COMBIC & D, DOREREER 2 R 3 2 IO ME %, ZHABNCHBT 23 HICRE S5 2 LA
ez o7z
S 2o TR 7 S0 = a(x, y)% +b(z, y)a% D o(f) =0 &A1 35E13Z D Camacho-Sad-
Suwa fEEDEIE, B S 222 0 TH % DT, Camacho-Sad-Suwa IEDEFED 721X, N2 by LTIE
HHZB D, b o(f) =cf LBV E c£0 R AT HDDAEZEZNITHTH . VWEETDMM
&Y, ROFRERG S
Step 1 compute H
Step 2 compute a basis of F = {f(z,y)o |oc € H;}
Step 3 compute a standard basis SB of Annep, , (F)
Step 4 for s(z,y) € SB, compute a syzygy of
(55, 58, —s(a,9)f(z.))

Step 2, 3 DrEIE, Wk [13] 1CH B 7 ATY XL TITZ 5. Step 4 Tl [14] TEHALLFEEZHVS Z
ETHEORILEN L Z B TED,
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Z DETEIRIE, F [17) TELCEH LTH D, Bruce-Robert Milnor OEIE 712 Y X 2IZHWHNT
W3,

Bz 02525,

Bl 4 B FFERA

#l 3 FAILFRATH . EFRLHEAL f(2,y) = 2° + y7 + 29°, Milnor number p; 1 12, Tjurina
number 77 & 11 TH 3. o T, X7 FVZEM F = Im(my) DXTTE,pup — 75 =12 11 & D dim(F) =1
L35, ATTNAR T (f) DAR Y X — RIEE SB U, SB = {z,y} TH 5.

R S = {(z,y) | f(z,y) = 0} I > THEW R T MBIt LT

) %)
v; = (1022 — 1323zy — 211y — 45y4)% + (27 + 4y)(z — 21y2)aiy,

) 0 . 0
vg = (3% + 63xy? + 10zy> + 2y5)£ + (27 + 4y)y58—y

2145, X7 MY ORBOTIRE R T 5 e

1022 — 1323zy — 211ay® — 45y* (27 + 4y) (v — 2132
det| Y Y vt QT 4y v 2 3(27 +4y) f(z. y)
322 + 63xy? + 10293 + 2¢° (27 + 4y)y?

218%. Al f OB, FULTETRVOT, vy, vy BHBREIKTH 5.
Remark: #fiX [16, 29] TEA L7z Mathod I & i o THEIR T bAgGERD 2 &
7]

(27 + 4y) (z — 21y?) =

%)
v = (=102 + 1323zy + 211zy® + 45y%) d dy

¢
z
vo = (6322 + 102%y + 29> — 3y5)3 — (27 + 4y)zy3
2 ox oy
v3 = (=322 — 63zy? — 10zy® — 2y5)g —(27+ 4y)y3’é
or dy
H BT

5 0 )
v} = (343 + 50y) (212% — V) g~ (2527 + 3087ay + 4152y + 49y* + 25y°)8—y

d
vh = 3(343 + 50y)(7203zy + 245y" — 125y5)%

+(—151263z 4 312522 + 36752y + 3176523y% — 625xy% + 427035y> + 875y* + 3125y5)—§ ,

Yy
’ YL 6 0 2 2 3 5 6 0
vg = (343 + 50y)y P + (—1472% — 2527y + Say® — 154y° — 25y )—a
z Yy

%1%, Method 1 25 & FREERE R EHHEKD 5 Z 2 KW,

5 Camacho-Sad-Suwa index ¢ Grothendieck local residues

R R R UCTFROFHEIR S = {(z,y) € X | f(z,y) =0} &, SR> TR BT L
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= 4 b o D log(S
v =a(z, y)% + (:Ly)a—y € Derx,o(—log(S))
PEZoNTeT 5. 61T, v(f) =clz,y)flx,y) ZWilzT c(z,y) BROTHZ LT 5.
EE (T. Suwa[22]) §L & fIRAVKHTHELT 2. O E, KAMD LD

Indgoy (v: §) = resio) (d% " (Cde» .

S =Ur_,Ci 13 S OEHINIRTH 22T 5, % C & Cy = {(z,y) | filz,y) =0} THRBNZLT S

EE (T. Swal22]) L v £ 3HVCHE T2 TOL &, KA D

Indgoy (v: 5,C:) = resto) <% " @Tx)) .

Remark: Ind{o}(v; C;) = Ind{oy(v: C;, C;) i, Lins Neto [10] APEA L7558 %5 5.
ROFER S AMAAHEC K 5
I (T. Suwa [22]) AL LD
Indgoy (v; C, Cy) = Ind oy (v; Cy) + E#i((}i -Ci)o
271, (Ci-Cj)o BEMROTD C & Cf DRZEBTHS.

T, # [31, 32) IZBW T, Grothendieck local residues DIEEEIE T2 713V AL %252 ThH5. 32
2B 3 il 51k, local cohomology X3 3 transformation law 2 W2 5L TH D, JARICIX [24] 12H
57 A T TIHEEDNT W DA OFGEZ D AN2FED TRZMYT Z & Tl RO EM-TH 5.
[31]1C5 22703V X 11, [33, 25, 26, 34] L FARRC, JFAICA Z2H#D local cohomology Difi7z 3R
SHERRD, simple 2k n ) I —RTH 52k (37) WWHEHT 2 2 TREFEETH 5. EkoiEEE
Bie | FER ORI TERZ ORI 2 1 B ORISR EFH £ D &% F\WT Grothendieck residue
mapping %5 2 % local cohomology class ZFRHE-OUF, Z DHEHR%Z VT Grothendieck local residue D1l
EHHETA220ITATYALTHS.

[31,32) DB 7TV XLEHWS Z & T Camacho-Sad-Suwa $650%, MR KD 2 Z e k3.

KOG, BT HEDRT [22] 125 353, [22] L 1FES 2 HETIHE LTV 3.

0 0
Example v = 21‘% + 3ya—y

S=C1UCyUCs, 7272L Cp = {2 =0},Co = {y = 0},C3 = {23 —y2 = 0} x BV,
Grothendieck local residue DFFHEZ1TS.
Indgoy(v; C1) = ;., Ind{oy(v; C2 U C3,Cy) = ; Ind{oy(v; Co U C3,C3) =9
2135, JFETOD Cy & C3 DREENZ (Cr-C3)o =3 THZDT
Ind{oy(v; C2) = ; Indgoy(v;C3) = 6
2155,
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6 FHBEEY Camacho-Sad-Suwa {53,

AT L7 A3 X80T, 52 SRS I AREHEICIN 5 SR 2 S A% b e o, Filk
HETHZ I 2ffthd b, X5, BFEHHTHALE7 LY X L8%HWT, 215D Camacho-Sad-Suwa
6 ERDTHS.

il (J3,1 singularity) f = x3 + 22y3 + y1©

f @ Milnor number, Tjurina number 1, ZNEN uy =17, 7 =15 TH 2, A T 7N J : (f) DAX
VR —FILUEIE SB = {2,y?} THZ2 6N 5. MR Z e RD 3.

20 pa L4 1.\0 (23 )0
n=|\z 5 - - = — —
vt <3I TV ¥ ) e T\ 9™ T e ) 5

y
va = gy’ +50 + 50 ) oo+ —gpT g e
5. <2 B v, e (f) = (24 ) (e,y). valf) = 2+ 15002 (2,y) T
R PR O T(TH|K 2 RD B &

gt ety geyt — gyt Jey+jey? |1 S F (.
det 7,2 3, 1,6 1 13, 3.4 | = g2t 1Wf(z,y)
Sy + bay + gy —35T+ 3y° + 3y 60

195, v, v IHFEREKTHS.
Grothendieck local residue Dffi% K % Z ¥ T, Camacho-Sad-Suwa f&5(% R %

Indgoy(v1; 8) = 27, Indjoy(ve; S) = @

%1% .(computation time: 0.016 sec, 0.094 sec).

Bl (Js0 singularity) f =3+ 22y3 + 2y” +y°

J @ Milnor number, Tjurina number (¥ Z N2 pp =16, 77 =15 TH 5. A TT7NAR J : (f) DAX
VR —FHEEE SB = {2,y} TH 2. MR MLGERD .

9
Jdx

(19623x + 209232 — 354622y + 2546922y + 9389 2% — 42220yt — 1962y° — 1899y7>

671 427 0
+ ( ?I + 6541zy + 597822y — 760xy? + 8462xy> — le + 211y ) 0
Y

2083 9
vy = (19623:cy + 2092322y — 2913xy? + 25469zy° + Tgcy4 — 42295 + 1281y6) o
xr

671 427 J\ 0
—633z — —xy + 6541y% + 5978zy? — 1182y3 + 8462y* — Yy’ | —
3 3 dy
%?%5 ~7 ]‘]l/f% V1, V2 =8
v1(f) = (58869 4 62769z — 10638y + 75736322 f(z,y)
va(f) = (58869 4 627692 — 10638y + 75736y )y f (2, y)
it YA
N7 P GO RBDITAREFHE T 5 & —211(58869 + 62769z — 10638y + 75736y2) f(z,y) 215 5.



PEoT, vy, v WIEHIEIETH S.
Grothendieck local residue DFHEIC & D, Camacho-Sad-Suwa f68(% R 3 &
Ind{o} (1’1; S) = Ind{o}(vg; S) =27
%13% (computation time: 2.55sec, 1.61sec).
Bl (Z11 singularity) f = 23y + zy* +¢°

f @ Milnor number, Tjurina number IZZNEN pur =11, 7 =10 THS. A TT7ARG T : (f) DRAX Y
X — REJEIZ SB = {z,y} TH 2. XX T "R RD 3.

7] 7]
v1 = (18022 + 3322y — xy? — 15y3)% + (135zy + 22zy° + 3y3)a—y

) 9
vy = (3% + 180zy + 33zy° + 11y3)£ + (=9zy + 135y + 22y3)8—y

2195, X7 Moy, 00 1& vy (f) = (675 + 121y)zf(z,y), va(f) = (675 + 121y)y f(z,y) Ziiii=7.
TR OFREZITS &
18022 + 33z%y — xy? — 15y 135 22xy% + 3y3
e+ 38Ty —ay — Loy 2y + 222"+ 39%) | g 675 1 191y) f(2, )
322 4+ 180xy + 33zy% + 11y —9ay + 1352 + 2213

2135 DT, vy, v IFBRIIETH 5.
Grothendieck local residue D% K % Z ¥ T, Camacho-Sad-Suwa {58 % K 3

Indgoy(v1;5) = 2, Indoy(v2; 5) = 15
2135,
XTC, By +ayt + 95 =y(@® + 2y +yb) & D, S DB R

S=ClUCy, 12721 Cy = {y =0},Co = {2® + 21° + y}

%13 %. Camacho-Sad-Suwa 5% KD % &

Ind{oy(v1;8,Ch) = %JHd{O}(Ul; S,Cy) =15, Indgpy(ve; S, C1) =0, Indyoy(ve; S, Ca) = 15
z2155.

Ind{oy (v1;8) = Ind{o}(vl; S,Ch) + Ind(oy (v1;S, Cy),

Ind{oy (v2; S) = Indfoy (v2; S, C1) + Ind oy (v2; S, C2),
DDA DZ L ZHfERTE 5.

Remark: FRIRBERDELMHTINCEHITH 2 0G0, il 21 B2 713 ) AL THETE .

2 £ X @

[1] C. Camacho and P. Sad, Invariant varieties through singularities of holomorphic vector fields, Annals
of Math. 115 (1982), 579-595.

A



72

2l

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

C. Camacho e P.Sad, Pontos singulares de equacoes differenciais analiticas, IMPA, Rio de Janeiro,
1987

F. Cano, D. Cerveau et J. Déserti, Théorie élémentaire des feuilletages holomorphes singuliers, Belin
2013.

F. Cano, N. Corral and R. Mol, Local polar invariants for plane singular foliations, Expo. Math. 37
(2001), 145-164.

F. Cano, N. Corral and D. Senevilla-Sanz, Computing a Saito basis from a standard basis,
arXiv:2401.00316.

Y. Genzmer, Construction of foliations with prescribed separatrix, Ergodic Theory Dynam. Systems
28 (2008), 817-842.

Y. Genzmer and M. E. Hernandes, On the Saito number of plane curves arXiv:2404.13729v1, 2024.
Y. Genzmer and M. E. Hernandes, On the Saito’s basis and the Tjurina number for plane branches,
Trans. Amer. Math. Soc. 373 (2020), 3693-3707.

H. Hauser and G. Miiller, Affine varieties and Lie algebra of vector fields, Manuscripta Math. 80
(1993), 309-337.

A. Lins Neto, Algebraic solutions of polynomial differential equations and foliations in dimension
two. Lecture Notes in Math. 1345 (1988), 192-232.

F. Lourengo and F. Reis, A brief survey on residue theory of holomorphic foliations, Matematica
Contemporéanes, 53 (2023), 181-212.

K. Nabeshima and S. Tajima, On efficient algorithms for computing parametric local cohomology
classes associated with semi-quasihomogeneous singularities and standard bases, ISSAC 2014, Proc.
the International Symposium on Symbolic and Algebraic Computation, ACM, (2014) 351-358.

K. Nabeshima and S. Tajima, An algorithm for computing Tjurina stratifications of p-constant

deformations using algebraic local cohomology, Lecture Notes in Computer Science 8592, Springer,
(2014), 523-530.

K. Nabeshima and S. Tajima, Solving extended ideal membership problems in rings of convergent
power series via Grébner bases, Lecture Notes in Computer Sciences 9582, Springer, (2016), 252-267.
K. Nabeshima and S. Tajima, Algebraic local cohomology with parameters and parametric standard
bases for zero-dimensional ideals, Journal of Symbolic Computation. 82 (2017), 91-122,

K. Nabeshima and S. Tajima, Computing logarithmic vector fields and Bruce-Roberts Milnor num-
bers via local cohomology classes, Revue Roumaine Math. Pures et Appl. 64 (2019), 521-538.

K. Nabeshima and S. Tajima, A new algorithm for computing logarithmic vector fields along an
isolated singularity and Bruce-Roberts Milnor ideals, Journal of Symbolic Computation 107 (2021),
190-208.

Y. Nakamura and S. Tajima, On weighted degrees for algebraic local cohomologies associated with
semiquasihomogeneous singularities, Advanced Studies in Pure Math. 46 (2007, 103-117.
K. Saito, Quasihomogene isolierts Singularitaten von Hyperflachen, Invent. math. 14 (1971), 123-142.

K, Saito, Theory of logarithmic differential forms and logarithmic vector fields, J. Fac. Sci. Univ.
Tokyo, Sect. IA Math., 27 (1980), 265-291.



[21]
[22]

[26]

[27]

[28]

29]

[31]

32)

[33]

[34]

[35]

136]

T. Shibuta, Irreducibility criterion for algebroid curves, Math. Comp. 82 (2013), 531-554.

T. Suwa, Indices of holomorphic vector fields relative to invariant curves on surfaces, Proc. AMS.
123 (1995), 2989-2997.

T. Suwa, Indices of Vector Fields and Residues of Singular Holomorphic Foliations, Hermann, 1998.

HH &5 15—, Grothendieck duality DFHRE ¥ 228 Hermite FlEFE, SR A BORBAT I FCRE 7o
1085 (1999), 82-90.

FHEE—, Algorithms for computing Grothendieck local residues —improvement with a rescue step—,
SR AR RITIRSL A LEk 1233 (2001), 67-81.

HEE—, Noecther fERIZE ¥ LEBEBGEIE 7 N 2V X o, FHEKCEBERTITZEIT#IER 1431 (2005),
123-136.

HEE—, FIOTRBNEFR 2 R0 Y — 05t KL R & ¥ & — FEEGHRICOWT, AR AR
Wit 42 At geis 1456(2005), 126-132.

HEE—, FIOtRBNBEIaREr Y —OFHEEE 22 0 & — FEEEHEICOWT I, SR 280
FRATRISEFTER 8% 1568 (2007), 74-80.

S. Tajima, On polar varieties, logarithmic vector fields and holonomic D-modules, RIMS Kokyuroku
Bessatsu 40 (2013), 41-51.

S. Tajima, Parametric local cohomology classes and Tjurina stratifications for p-constant deforma-
tions of quasi-homogeneous singularities, Proc. Topics on Real and Complex Singularities, World
Scientific (2014), 189-200.

S. Tajima and K. Nabeshima, Computing Grothendieck point residues via solving holonomic systems
of first order linear partial differential equations, ISSAC2021, Proc. the International Symposium on
Symbolic and Algebraic Computation (2021), 361-368.

S. Tajima and K. Nabeshima, An effective method for computing Grothendieck point residue map-
pings, Journal of Algebra 593 (2022), 568-588.

HHEE—, R, 228E H R O BEGHRICOWT, TR TR I ST ZEs% 1085 (1999),
71-81.

S. Tajima and Y. Nakamura, Computational aspects of Grothendieck local residues, Séminaire et

Congres 10, Singularités Franco-Japonaises, Société Mathématique de France (2005), 287-305.

S. Tajima and Y. Nakamura, Annihilating ideals for an algebraic local cohomology class, J. Symbolic
Computation, 44 (2009), 435-448.

S. Tajima, Y. Nakamura and K. Nabeshima, Standard bases and algebraic local cohomology for zero
dimensional ideals, Advanced Studies in Pure Mathematics, 56 (2009), 341-361.

S. Tajima, T. Oaku and Y. Nakamura, Multidimensional residue calculus and holonomic D-modules,
SR AEORRNTI S TR S8k 1033 (1998), 59-70.

C. T. C. Wall, Singular Points of Plane Curves, Londan Math. Soc. Student Texts 63 Cambridge
Univ. Press (2004).

13



