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Abstract 

K. Kishimoto gave the sufficient conditions for a polynomial of the form 
XP -X -a in skew polynomial rings of Derivation type to be a Galois polyno-
mial, where pis a prime number. In this paper, we shall generalize Kishimoto's 
results for the general skew polynomial rings. 

1 Introduction and Preliminaries 

Let A/ B be a ring extension with common identity, Aut(A) a ring automorphism 

group of A, and Ga finite subgroup of Aut(A). We call then A/ B a G-Galois exten-

sion if B = A0 and, there exist positive integer n and a finite set ｛糾；防｝い（糾，防€
A) of A such that L~=l 疇（防） ＝ ％（the Kronecker's delta) for any r.p E G. In 
this case, we say that G is a Galois group of A/ B, and｛糾；防｝r=lis a G-Galois 
coordinate system of A/ B. It is well known that a Galois extension of fields with a 
finite Galois group G is a G-Galois extension. 

Throughout this paper, let B be an associative ring with identity 1, p an au-

tomorphism of B, and D a p-derivation. By B[X; p, D] we denote the skew poly-
nomial ring in which the multiplication is given by aX = Xp(a) + D(a) for any 
a E B. Moreover, by B[X; p, D](o), we denote the set of all monic polynomials f 
in B[X; p, D] such that f B[X; p, D] = B[X; p, D]f. We say that a polynomial f 

in B[X;p,D](o) is a Galois polynomial in B[X;p,D] if B[X;p,D]/JB[X;p,D] is a 

G-Galois extension of B for some finite subgroup G of Aut(B[X; p, D]/ f B[X; p, D]). 
We call XP -X -a E B[X; p, D] (a EB) a polynomial of A廿in-Schreiertype 

for p, where pis a prime number. We put here B[X; D] = B[X; 1, D]. In [2], K. 

Kishimoto showed the following. 

Lemma 1.1. Assume that B is of prime characteristic p, and let f be a polyno-
mial of Ar-tin-Schreier type for p in B[X; D](o)• Then f is a Galois polynomial in 
R. More precisely, if we let A=  B[X; D]/ f B[X; D], x = X + f B[X; D], and(lan 
automorphism of A defined by cr(x) = x + l, then A is a<(l ＞-Galois extension of 
B. 

Remark 1.2. By [6, Lemma 1.2], it is already known that a <(l ＞-Galois 
coordinate sytem of A/ B in Lemma 1.1 is given by 

{1,x,・・・,x¥・・・,xp-l; l-xP-1,(p-l)xP-2,...,(-1い (p~ 1)呼―1-¥...'-1}.
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The purpose of this article is to generalize Lemma 1.1 for the general skew poly-

nomial ring B[X; p, D]. In the next section, we shall give the sufficient conditions 
for a polynomial of Artin-Schreier type for p to be a Galois polynomial in B[X; p, D] 

with cyclic Galois group, that is a generalization of Lemma 1.1. 

2
 
Main result 

Throughout this section, assume that B is of prim caharacteristic p, and let R = 

B[X; p, D], R(o) = B[X; p, D](o), fa polynomial of Artin-Schreier type for pin R(o) 

of the form f = XP -X -a (a E B), A = R/ f R, and x = X + f R E A. As in 
[7, pp.48], we inductively define additive endomorphisms虹，j](0 :S j :S i) of B as 
follows: 
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(i=j=O) 

(j = 0, i ~ 1) 
(i=j~l) 
(i ~ 2, 1さj'.Si-1)

By Lemma [7, Lemma 2.2], f = XP -X -a is in R(o) if and only if 

%，J]（a) ＝ {［］[]）一十二：a炉(a)
(j = 0) 

(j = 1) (¥/ a E B), p(a) = a, D(a) = 0. 

(2:::;j:::;p-1) 

(2.1) 

We assume that there exists an element w E B such that 

o:w = wp(o:) (Vo: EB). 

Let W1,1 = 1 and w1,o = w. For i 2: 2 and 0さjさi,we inductively define 

(2.2) 
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(j = i) 

(j=i-1) 

(1 :S j :S i -2) 

(j = 0) 

？ 

(X + w)i＝LXは，J
j=O 

Moreover, we suppose that 

(i 2: 1). (2.3) 

Wp,O = W, W.  P,J =0 (1 ~ jさp-1). (2.4) 

First, we shall state the following lemma. 
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Lemma 2.1. In the above situation, there exists a B-ring automorphism II of A 

defined by II(x) = x + w. 

Proof. Letび＊ bean endomorphism of Ras a right B-module defined byび＊（X)=

X + w. It follows from (2.2) that aが(X)= II*(X)p(a) + D(a). This implies that 
び＊ isa B-ring endomorphism of R. It is easy to see that戸 (X)= X, and hence, 

II* is a B-ring automorphism of R. In addition, since (2.3) and (2.4), we have 

CJ*(!) = (X + w)P -(X + w) -a = XP + w -X -w -a = f. 

This implies that CJ*(j R) c f R. Noting that A = R/ f Rand x = X + f R, there 
exists a B-ring automorphism CJ of A defined by CJ(x) = x + w, which is naturally 

induced byゲ．ロ

We shall state the following theorem which is a generalization of Lemma 1.1. 

Theorem 2.2. Assume that B is of prime characteristic p and there exist el-
ements a, w in B which satisfy (2.1), (2.2), and (2.4). Let R = B[X; p, D], 

R(o) = B[X;p,D](o), f = XP -X -a E R(o), A=  R/JR, and x = X + JR EA. 
If w is invertible in B and D(w) = 0, then f is a Galois polynomial in R. More 
precisely, A is a< CJ >-Galois extension of B and a< CJ >-Galois coordinate system 

of A/ B is given by 

{ 1, x, •.. , x¥．．． ，X1-p ; 1 -Xp-1W1-p, （p-1)xP-2W1-p，・・・

..., (-l)i-1 (p ~ 1) xp-1-iwl-p,..., -wl-p ~, ｝ (2.5) 
whereび isa B-ring automorphism of A in Lemma 2.1. 

Proof. Since w is invertible and (2.2), we see that p(w) = w. So, we obtain (x+w)i = 

江＝oxJ (;)wi→(i 2: 1). Let a be a B-ring automorphism of A in Lemma 2.1. First, 
we shall state A <<I> = B. Let z = Lに｝xici(ci E B) be in A<r,>. Then, z = a(z) 
implies that 

旦xOG＝苫（x+叫＝苫芦x]（；)ば―伍＝苫が苫 (;)wi-JCt
Comparing coefficients of both sides, we have 

り＝苫じ）ば―JCt (Oさjさp-1).

We obtain then Cj = 0 (1 ::::; j ::::; p -1), inductively. Thus, z = c0 E B, that is, 
A<rr> C B. It is obvious that A勺＞コ B.
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Next, we shall show taht (2.5) is a < a >-Galois coordinate system of A/ B. Let 
k be a positive integer such that 1 :S k :S p -l. It follow from the Fermat's little 
theorem that kP-l = l. Since ak(x) = x + kw (that is, k = (-x十位(x))w―1),we 
see that 

p-l 

1 = kp-l = { (-x十戸(x))w―1忙＝苫がak((-l)i(P~ l)xp-l-iwl-p). 

On the other hands, it is obvious that 

p-l 

0 = (-x + x)P-1w1-p = ~xi ((-l)i (p ~ l)xp-l-iwl-p). 

Therefore, we have 

and 

p-l 
1 = 1 -0 = 1 -xP-lwl-p + t, xi ((-ll-1 (p ~ 1) xp-l-iwl-p 

i 
i=l 

), 

p-l 
0 = 1 -1 = ak (l -xP-1w1-P)＋苫がak((-l)i-1(P~ 1)呼―l-iWl-p).

This means that (2.5) in Theorem 2.2 is a < a >-GCS of A/ B. 
ロ

Remark 1. In Theorem 2.2, assume that w = 1. Then, it is easy to see that 
Theorem 2.2 is equal to Lemma 1.1. 
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