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Abstract

K. Kishimoto gave the sufficient conditions for a polynomial of the form
XP — X —a in skew polynomial rings of Derivation type to be a Galois polyno-
mial, where p is a prime number. In this paper, we shall generalize Kishimoto’s
results for the general skew polynomial rings.

1 Introduction and Preliminaries

Let A/B be a ring extension with common identity, Aut(A) a ring automorphism
group of A, and G a finite subgroup of Aut(A). We call then A/B a G-Galois exten-
sion if B = AY and, there exist positive integer n and a finite set {u; ; v;}, (w;, v; €
A) of A such that > | w;p(v;) = 91, (the Kronecker’s delta) for any ¢ € G. In
this case, we say that G is a Galois group of A/B, and {u;;v;}7, is a G-Galois
coordinate system of A/B. It is well known that a Galois extension of fields with a
finite Galois group G is a G-Galois extension.

Throughout this paper, let B be an associative ring with identity 1, p an au-
tomorphism of B, and D a p-derivation. By B[X;p, D] we denote the skew poly-
nomial ring in which the multiplication is given by aX = Xp(«a) + D(«) for any
a € B. Moreover, by B[X;p, D]q), we denote the set of all monic polynomials f
in B[X;p, D] such that fB[X;p, D] = B[X;p,D]f. We say that a polynomial f
in B[X;p, D] is a Galois polynomial in B[X;p, D] if B[X;p, D]/fB[X;p,D] is a
G-Galois extension of B for some finite subgroup G of Aut(B[X; p, D]/ fB[X; p, D]).

We call X? — X —a € B[X;p,D] (a € B) a polynomial of Artin-Schreier type
for p, where p is a prime number. We put here B[X; D] = B[X;1,D]. In [2], K.
Kishimoto showed the following.

Lemma 1.1. Assume that B is of prime characteristic p, and let f be a polyno-
mial of Artin-Schreier type for p in B[X; D). Then f is a Galois polynomial in
R. More precisely, if we let A= B[X;D]/fB[X;D], x = X + fB[X; D], and 0 an
automorphism of A defined by o(x) = x+ 1, then A is a < o >-Galois extension of
B.

Remark 1.2. By [6, Lemma 1.2], it is already known that a < o >-Galois
coordinate sytem of A/B in Lemma 1.1 is given by

{1,.’E,"' axzf" ’xp—l ; ]-_Ip_lv(p_ 1):1710_2)"' 7(_1)7’_1 (p . )xp—1—17... 7_1} .
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The purpose of this article is to generalize Lemma 1.1 for the general skew poly-
nomial ring B[X; p, D]. In the next section, we shall give the sufficient conditions
for a polynomial of Artin-Schreier type for p to be a Galois polynomial in B[X; p, D]
with cyclic Galois group, that is a generalization of Lemma 1.1.

2 Main result

Throughout this section, assume that B is of prim caharacteristic p, and let R =
B[X;p, D], Ry = B[X;p, D], f a polynomial of Artin-Schreier type for p in R
of the form f = X? — X —a (a € B), A=R/fR,and v = X + fR € A. Asin
[7, pp.48], we inductively define additive endomorphisms P (0<j<i)of Bas
follows:

1 (i=7=0)
o D (j=0,i>1)
e p (i=j>1)
PPt -+ DPpy (022, 1< <i—1)

By Lemma [7, Lemma 2.2], f = X? — X —a is in R if and only if

D(e) + aa —apP(a) (j =0)

i) = { pla) = p(a) (=1 (Va € B). pla) = a, D(a) = 0.

)

(2<j<p-1)
(2.1)

We assume that there exists an element w € B such that
aw = wp(a) (Yo € B). (2.2)

Let w11 =1 and w;p=w. Fori> 2 and 0 < j <4, we inductively define

1 (J=1)
Lo et pwiinio) (J=i-1)
" D(wi—1;) + wim1jw+ plwi—1j—1) (1<j<i—2)
D(w;—1,0) + wi—1,0w (1=0)
An easy induction shows that
(X +w) ZXw” (i>1). (2.3)
Moreover, we suppose that
wWpo=w, wy; =0 (1<j<p-—1). (2.4)

First, we shall state the following lemma.
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Lemma 2.1. In the above situation, there exists a B-ring automorphism o of A
defined by o(r) = x + w.

Proof. Let o* be an endomorphism of R as a right B-module defined by o*(X) =
X + w. Tt follows from (2.2) that ao*(X) = 0*(X)p(a) + D(«). This implies that
o* is a B-ring endomorphism of R. It is easy to see that ¢*?(X) = X, and hence,
o* is a B-ring automorphism of R. In addition, since (2.3) and (2.4), we have

cd(fl=(X+w)lf - (X+w) —a=X+w—-X—-w—a=f.

This implies that o*(fR) C fR. Noting that A = R/fR and x = X + fR, there
exists a B-ring automorphism o of A defined by o(z) = = + w, which is naturally
induced by o*. O

We shall state the following theorem which is a generalization of Lemma 1.1.

Theorem 2.2. Assume that B is of prime characteristic p and there exist el-
ements a, w in B which satisfy (2.1), (2.2), and (2.4). Let R = B[X;p, D],
Ry = B[X;p, D)oy, f=X?—X —a€ R, A=R/fR, andx =X + fRe€ A.

If w is invertible in B and D(w) = 0, then f is a Galois polynomial in R. More
precisely, A is a < o >-Galois extension of B and a < o >-Galois coordinate system

of A/B is given by

i 1-p . p—1, 1—p p—2, 1-p
{1,x,~--,x,-~-,x s l—aP" W P (p— )P Pw P

. —1 .
.,(—1)“<p_ >xp“w11’,---7—wlp}, (2.5)
(3

where o is a B-ring automorphism of A in Lemma 2.1.

Proof. Since w is invertible and (2.2), we see that p(w) = w. So, we obtain (z+w)" =
> =0 e (l)wi’j (1 >1). Let o be a B- ring automorphism of A in Lemma 2.1. First,
we shall state A<7> = B. Let z = 3.7, a’¢; (¢; € B) be in A<7>. Then, z = o(2)
implies that

p—1 p—1 p—1 i p—1 p—1 .
incl Zw-i-w zzzgr:J( > e, = Z.TjZ(;)wijCi-
1=0 =0 =

=0 j=0 7=0 =7

Comparing coefficients of both sides, we have

p—1 .
=2 C-)wi‘fci (0<j<p-1).
i=j

We obtain then ¢; = 0 (1 < j < p — 1), inductively. Thus, z = ¢y € B, that is,
A<?> C B. It is obvious that A<~ D B.



Next, we shall show taht (2.5) is a < o >-Galois coordinate system of A/B. Let
k be a positive integer such that 1 < k < p — 1. It follow from the Fermat’s little
theorem that k7' = 1. Since o*(z) = = + kw (that is, k = (—z + o"(x))w '), we
see that

S S (B O PR

On the other hands, it is obvious that
0 (catap it = S (o (P )errar).
=0 ¢
Therefore, we have
1=1-0=1—a2""tw"?+ pZixi ((1)"_1 <p R 1>xp_1_iw1_p) ,
i=1 !

and

p—1
. . -1 .
0=1—-1= kl_ p—1, 1—p ik _11—1p p—1—i, 1—p )
o (1—a" ') + ;x o | (-1) e w
This means that (2.5) in Theorem 2.2 is a < ¢ >-GCS of A/B.
(]

Remark 1. In Theorem 2.2, assume that w = 1. Then, it is easy to see that
Theorem 2.2 is equal to Lemma 1.1.
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