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On sharp Fourier extension from spheres in arbitrary
dimensions

By

Emanuel CARNEIROY Giuseppe NEGRO™and Diogo OLIVEIRA E SILVA***

Abstract

We prove a new family of sharp L*(S%~!) — L*(R?) Fourier extension inequalities from
the unit sphere S¢~! € R?, valid in arbitrary dimensions d > 3.

§1. Introduction

The purpose of this short note is to establish the following result.

Theorem 1.1.  Let d > 3. There exists a, = a,(d) > 0 such that

(1.1)

-~ dz 1 da 4
4 o~ 4
YRV * * 1
Rd|f0(:L‘)| ) +a s f(w) do Rd|(7($)| an) +a /§d1 (w) do
||f||4L2(Sd*1) N ||1||}1/2(Sd71)

Equality holds in (1.1) if and only if f is a constant function.

In (1.1), f/E' denotes the Fourier extension operator from the unit sphere S~ ¢ R¢,

(1.2) fo(z) = (W)e™ ™ do(w).
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Theorem 1.1 is known to hold with a, = 0 when d = 3, established in [5], and when
d € {4,5,6,7}, established in [2].! More recently, Theorem 1.1 was established when

d =8 for all a, > % [1, Theorem 4].

The proof of Theorem 1.1 relies on the following elementary observation. If, for
each1 <n <N,

JealFo(@)|*ha(@) Az _ [oal6(@)|*ho (x) da

(1.3)

?

[Ty [F

then it also holds that

Jasl Fo @) S50y @) o foalo(@)* S0 () dv

(1.4) <
||f||4L2(§d71) ||1||}1/2(Sd71)

Inequality (1.1) is of the form (1.4), for a certain family of weights {h, }2_,, which we
will determine, satisfying

N 1
(1.5) hy = —— + ab,
2 = Gy

where & denotes the Dirac measure on R%.

Remark 1.1. It follows from the previous observation that (1.1) continues to hold
if a. is replaced by any larger value. Indeed, for each A > 0 we have

— , dx 4
1
/Rd|fa| (zﬂ)d—l-(a*—l-)\) /Sdlfda
e s
-, dz 1 4
/ |fol* + ax fdo fdo
R< (2m)9 sd—1 sd-1
= 1 + A 7 ,
11172 (ga—1y 1172 (ga-1y

and Holder’s inequality implies that the latter summand on the right-hand side is max-
imized when f = 1. It follows that the left-hand side is likewise maximal at f = 1.

It is conjectured that (1.1) should hold with a, = 0 in all dimensions d > 3,
that is, constant functions should be global maximizers for the L? — L*(R?) extension
inequality from S?~!'. Theorem 1.1 serves as an intermediate step, and adds weight to
this conjecture.

1A consequence of the modulation symmetry of (1.1) when a, = 0 is that the complete set of
maximizers then consists of characters, i.e. functions of the form f(w) = cexp(i€ - w) for some
(e, &) € (C\ {0}) x R¥; see [3, 7] in addition to the aforementioned [2, 5|.
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The analysis in [5] for d = 3 consists of three main steps: a magical identity, an
ingenious application of the Cauchy-Schwarz inequality, and a careful spectral analysis
of the resulting quadratic form. As observed in [2], the main obstruction for the analysis
in [5] to work in dimensions d > 8 is tied to the fact that the eigenvalues resulting from
the third step do not have the correct signs. In [1], we circumvented this issue when
d = 8 via a careful application of the magical identity combined with a non-magical
tdentity. In the present paper, we handle the higher dimensional case d > 8 via an
inductive procedure which consists in alternatingly applying magical and non-magical
identities to expressions involving the functions h,, from (1.5). This is coupled with
an asymptotic spectral analysis that ensures that the eigenvalues eventually have the
desired sign, leading to inequality (1.3) and therefore to (1.4), thus concluding the proof
of Theorem 1.1. We remark that this method can also be applied for d € {3,4,5,6,7}.
In this case, all eigenvalues have the correct sign; the above inductive procedure thus
reduces to a single step, proving Theorem 1.1 with a, = 0. This is an alternative proof
of [5] (for d = 3) and [2] (for the remaining values of d). Our proof is different in two
aspects. Firstly, our magical identity is now obtained via integration by parts, importing
the method of [1]. Secondly, our spectral analysis is also based on integration by parts,
via the Rodrigues formula. Note, however, that in the present paper we do not address
the complete characterization of maximizers in the a, = 0 case; for that, see [2].

The paper is structured as follows. In §2, we prove Theorem 1.1 modulo the proofs
of the eigenvalue Lemmata 2.2 and 2.3. This in turn is accomplished in §3.

§2. Proof of Theorem 1.1

We say that h is an admissible weight if it is of the form

J
(2.1) h=08+Y Coll¥,

=0

where J € N and C5; € R are such that h > 0 on the closed ball B, := {€ € R< -
|€| < 4}. Admissible weights are related to assumptions (R1)—(R2) from [1, §1]. In this
paper we will only consider admissible weights, which in particular enables us to restrict
attention to nonnegative even functions f € L2(S?1); see [1, §2.1-§2.2] for details. In
this case, recalling (1.2), we have that ]/t; is then real-valued, and Fubini’s theorem

implies

4

vy [ (Fe) h@ = [ S | T 7)ot

j=1
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where we abbreviated do(w) := H?:l do(w;). We refer to (NM) as the non-magical
identity. Its magical identity counterpart was observed in [1, Eq. (3.10)]:

00 [ (Fow) ey ar= [ ij @ 117 dotw),

J=1

where the function M is given by

(2.2) M(w) == (|w1 4+ wo* 4 |ws + wa|* — (W1 +w2) - (w3 + wy)) -

] =

We write do(w;;) := do(w;)do(w;) and, in connection to (M)—(NM), consider the
kernels

(2.3) Ku(wy - ws) = Zw] w) do(wss);
Sd 1)2

(2.4) KNM(Wl -WQ) ::/ Zw] dU w34

Sd—1)2

Let Anm(k), Axm(k) for & € N denote the corresponding eigenvalues; see (3.2) below
for the precise definition. The fact that f is an even function implies that only those
eigenvalues corresponding to even values of k will be of importance. The following result
motivates the rest of the analysis.

Proposition 2.1.  If Ay(20) <0 for all £ > 1, or Anm(20) <0 for all ¥ > 1,
then for every f € L*(SY™1) we have that

o | Fo@)'h / G b

[ ||1||L2<Sd 5

The proof of Proposition 2.1 follows the general strategy outlined in [5] and can be
extracted from [1]; as such, we shall be brief.

Proof sketch of Proposition 2.1. 'We continue to assume that f is nonnegative and
even. Additionally, we require f € L*(S?1); this can be removed via a standard density
argument as in [2, Proof of Lemma 12]. Consider the case when Ay(2¢) < 0, for all
¢ > 1. Applying the Cauchy—Schwarz inequality to the quartic form (M) yields
(2.6)

4

/Sd 1)4 ZW] H f(w])da(w) < /(Sdl)Q f (Wl)f (WQ)KM(Wl'WQ)dO'(wlg),

j=1
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where the kernel Ky was defined in (2.3). Since f? is even and square-integrable, we can
decompose it in spherical harmonics as f? = Y ,°  Y5,. By the Funk-Hecke formula,

see (3.1) below, and the assumption on the eigenvalues of Ky, we have that
/ FHwr) 2 (w2) Km(wi - wo) do(wi2)
(Sd-1)2

= Awm (O)HYOH%Q(Sdfl) + ZAM(ZK)HYv%H%Q(Sd*l)
(=1
< AM(O) 1Yol Z2(ga- 1y,

from which (2.5) follows. The case when Axy(2¢) < 0 for all / > 1 is analogous, one

just has to invoke (NM) instead of (M) in (2.6). This concludes the sketch of the proof
of Proposition 2.1. ]

The constant weight h = 1/(27)? is especially important. Since f is nonnneg-

ative and even, we apply (M) and the Cauchy—Schwarz inequality as in the proof of
Proposition 2.1 to obtain

4

L Go) gga= [0 ]ile (@) [ £w) dow)

=1

< / Ko (w1 - w2) F2(w1) £ (w2) do(wa),
(Sd*l)Q

where the kernel K is given by

Ki(wy - wo) = /

4

6D wi | M(w)do(wsa).

(Sd—1)2 s

Denote the even eigenvalues of Ky by {A1(2€)}¢>1. These are not necessarily all non-
positive if the dimension d is sufficiently large,? but it turns out that they are eventually

nonpositive. This is the content of the next result, whose proof is deferred to the forth-
coming §3.

Lemma 2.2.  For every d > 3, there exists £,(d) € N, such that A\1(2¢) < 0 for
all £ > £,(d). Moreover, £,(d) = O(d). For d e {3,4,5,6,7}, one can take £,(d) = 0.

2]f this were the case, Proposition 2.1 would allows us to obtain Theorem 1.1 for every a, > 0.
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We also need to control the sign of the (even) eigenvalues of the kernels

n
4

Ko (wr - wn) = / S wy| M(w) do(wss),

S=12 1559

4

Ly (wr - we) = /(S Z%’

d71)2 X
J=1

dO’(Cd34),

respectively denoted by A, (2f) and pu,,(2¢). It suffices to consider the case of even n,

which is the content of the next result, proved in §3.

Lemma 2.3. Let k € 2Z>( be even and let m € Z>q. The eigenvalues of Ky,

satisfy
Aom(k) >0, k=m+1,
g i) >0

Ao (k) k>m+1,
and the eigenvalues of Lo, satisfy
m(k) >0, k=m,
(2.9) p2m (k) .

tom (k) k> m.

We are now ready to prove inequality (1.1). From Lemma 2.2 we know that, for
d e {3,4,5,6,7}, A\1(2f) <0 for all £ > 0. In this case, Proposition 2.1 directly applies
to the weight h = 1, concluding the proof of Theorem 1.1 with a, = 0.

For d > 8, Lemma 2.2 guarantees the existence of N € N such that A;(2¢) <0 for
2¢ > N. The proof of Lemma 2.2 reveals that a valid choice is N = % if d is odd and
N = % if d is even. Since d > 8, we may therefore assume that N > 1. With a view

towards applying Proposition 2.1, define functions h,, for 1 < n < 2N via their Fourier

transforms as

El(f) =8 —C1an—2l&|"V 72 —Can_ a7 —Cran—elE|*N 0 — . =Cil¢)? +Cip
EZ(f) = +02,4N—2|f|4N_2 —02,4N—4|f|4N_4 —02,4N—6|f|4N_6 — ... —02,2|f|2 +Ca0
ﬁS(f) = +C3an—al€|* N4 —Cs an—slE[*N =6 — .. —C32/¢)? +Cap
ha(§) = +Cyan—l&|*N 70— =Cuplé? +Cup
han (€) = +Can2)€)? +Can .o,

and respectively let A, v and A,, xm denote the eigenvalues of the kernels (2.3) and (2.4)

corresponding to the function h,,. The nonnegative constants C, ,,, > 0 will be chosen

below, recalling that our target weight is h = ﬁ + ad. Our first requirement is

2N

ﬁ:5+a1:ZEn,

n=1
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which translates into

Coan—2 = Cran—2,
C3an—4 = Cran—a+ Coan_u,
(2.10)
Cono =Cio+Coo+ ...+ Con_qpo.

2N

In particular, Theorem 1.1 will be proved for a, = > ",

C.,0- The coefficients (C,, ,,)
will be chosen in such a way that the following two conditions hold for every 1 < n < 2N:

(Adm) hn >0 on By

A, m(20) <0,  if nis odd,

(Eig) For every £ > 1,
A nm(26) <0, if n s even.

Condition (Adm) ensures that h,, is an admissible weight; recall (2.1). Once this con-
struction is done, we can apply Proposition 2.1 to each of the h,,, thus completing the
proof of Theorem 1.1.

In the following inductive scheme we adopt the following notational conventions:
e Constants (), ,, which remain undefined are set to 0.
o (CpA)y(r) = CpAy(r) and (Cpp)y(r) := Cpgpiq(r).
e {r}, :=max{x,0}.

We start by constructing (hq, he), then we will turn to the remaining (ho,—1, hon)

for 2 < n < N, and finally to the last pair (han—_1,hon). In order to ensure that hy
satisfies (Eig), we start by noting that, for £ > 1,

(2.11)  Apw(20) = A1(20) — (CLN)an—2(20) — (CIN ) an—1(20) — ... — (C1N)2(20).

By (2.8), every term on the right-hand side of (2.11) vanishes for £ > N, except possibly
for A1(2¢), which is nonpositive. Thus Ay p(2¢) <0 for £ > N. If £ = N, then

A v(2N) =M (2N) — (CiA)an—2(2N),
and in light of (2.8) we have that A\yny_2(2N) > 0. We therefore let

C - A1(2N)
1,4N—2 T )\4]\]_2 (ZN) + Y
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thus ensuring Ay \(2N) < 0. Again by (2.8), for 0 < m < N we have Agn_o—4m (2(IV —
m)) > 0 and so we can let

M@w>m»—z?mz»mqu%wN—m»}
.\

ClaN—2—am = { AN —2—4m (2(N — m))

ensuring Ay m(2(N —m)) < 0. Thus h; satisfies (Eig). Finally, we choose Ci o > 0
sufficiently large to ensure that hy satisfies (Adm) as well.

We now turn to he. Here we apply the non-magical identity (NM). For £ > 1, we
have

Ao nmi(20) = (Cop)an—2(20) — (Cop)an—a(26) — ... — (Cap)2(20).

By (2.9), Ao nm(2€) = 0 for £ > N—1. Next we need to ensure that Ay xu(2(N—1)) < 0.
Note that the value of Cy 4n_» is dictated by (2.10); we cannot make any choice here.
However, pan—4(2(N — 1)) > 0, and so we let

(Cop)an—2(2(N — 1))}
pan—a(2(N =1)) |~

ensuring the desired Ao Nnm(2(V — 1)) < 0. For 0 < m < N — 1, we then let

C'2,41\]—4 = {

02,4N—4—4m =

%@MMQWN—}Wm—ifu@mw%ww%WN—}Wm}
.\

paN—4—am (2(N — 1 —m))
thus ensuring that Ao nm(2(V — 1 —m)) < 0. So he satisfies (Eig). Finally we choose
C0 > 0 sufficiently large so that ho satisfies (Adm) as well.

We turn to constructing the pair (ha,—_1, ho,) for each 2 <n < N:

hzz—l(f) = Con—1 aN—anta ||V 74 —Copg aN—an 2]V 74H2 — L —Copmi 2|€)? +C2pm1 0,
hon(€) = +02n,4N—4n+2|f|4N_4n+2 —... —Czn,2|f|2 +Cop,0.

At each step, the constant associated to the highest degree term will be dictated
by (2.10), and we will choose the subsequent ones to ensure that (Eig) holds. Fi-
nally, we will choose the last constant C, o (x € {2n —1,2n}) so that (Adm) holds. For
0> 1,

Aoy 1M (20) = (Cop—1 N aN—an44(20) — (Cop—1A)an—any2(20) — ... — (Copn—1X)2(20),

so by (2.8) Ay, Mm(20) = 0 for £ > N —n+ 1. The top coefficient Cy,,—1 4N —apy4 18
dictated by (2.10). Since Ay _4n12(2(N —n+ 1)) > 0, we let

(Con—1A)aN—4npa(2(N —n + 1)) }
n

C n— —4n =
29 —1,4N —4dn42 { Man a2 2N =+ 1)
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ensuring As,—1 M(2(N —n+ 1)) < 0. By the same logic, for 0 <m < N —n + 1 we let

CZn—1,4N—4n+2—4m =

{ (Con1 N an—1npa2(N =+ 1 =m)) = X7 (Con_ i NanN—tni2—ami2e(2(N —n+ 1 —m)) }
N

MN—ant2—am(2(N —n+1—m))
ensuring Ao, M(2(N —n+1—m)) <0. Thus he,—; satisfies (Eig). Finally we choose
Can—1,0 > 0 sufficiently large to ensure (Adm) as well.

To construct hs,,, we note that, for £ > 1,

Azp, M (20) = (Conpt) aN —an12(20) — (Conpt) an—1n(20) — ... — (Conpt)2(24),

so by (2.9) Ag,nm(20) = 0 for £ > N — n. The coefficient Co,, an—4n12 is dictated
by (2.10); since pan—an(2(N —n)) > 0, letting

(Conpt)anN —ani2(2(N —n)) }
paN—an(2(N —n)) +

ensures that A, NM(2(N —n)) < 0. Finally, following the same logic again, we let for
0<m< N —n,

CQn,4N—4n = {

CQn,4N—4n—4m =

(Contt)aN—ant22(N — 1 —m)) — S0 (Coppt) an—an—am2k 2(N — 1 — m))
HaN —an—am (2(N —n —m)) i

ensuring As, x\M(2(N —n — m)) < 0. Thus he, satisfies (Eig). Finally we choose
Can,0 > 0 sufficiently large to ensure (Adm).

We end with the last two weights:

?121\7—1(5) = C2N—1,4|€|4 —C2N—1,2|€|2 +Con—1,0,

o~

hon () = +Can2)é)*  +Cano.
For 7 > 1 we have
AQN_LM(ZE) = (Con—12)4(20) — (Can—1XA)2(20).

By (2.8), Aon—1.M(2¢) =0 for £ > 1. The constant Con_; 4 is dictated by (2.10). We

let
(Can—17)4(2) }
e,

ensuring Aoy—1 M(2) < 0 and so hon_; satisfies (Eig). Then we let Con_10 > 0 be

Con_1p2 = {

sufficiently large to satisfy (Adm). Finally, we turn to (for £ > 1)

Aov i (20) = (Canp)2(20),
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noting that, by (2.9), it vanishes for all £ > 1. So hoy automatically satisfies (Eig). It
suffices to choose Capy o > 0 sufficiently large to ensure (Adm).

This completes the proof of Theorem 1.1 modulo the proof of Lemmata 2.2 and
2.3, which is the subject of §3, and the characterization of maximizers, which follows
from the analysis in [1, §8].

§3. Proofs of Lemmata 2.2 and 2.3

The Funk—Hecke formula [4, Theorem 1.2.9] has already made an appearance. We
state it here in the exact form which is needed for our purposes. Given v > 0, let
{C’I(CV)}%N denote the family of Gegenbauer polynomials, i.e., the system of orthogonal
polynomials on [—1, 1] with respect to the measure (1 —t2)”__ dt. This system is unique

up to normalization factors.

Lemma 3.1 ([4]). Letg =Y 1 Yr € L*(S%Y), where Yy, is a spherical har-
monic of degree k. Let K : [-1,1] — R be integrable with respect to the measure
(1-— t2) dt. Then

BD [ ey K @ ws) dofw) = ZA Vil o)
(S 71)2

where the eigenvalues (k) are given by

ol

(3.2) /\(k>_0<2‘1) /K 0(2 (1) (1 — )T ar.

The following notation will be convenient in the course of the proof of Lemma 2.2.

Definition 3.2 (Falling factorial). Given @ € R and n € N, let o := a(a —
)...(a—n+1).

Proof of Lemma 2.2. The kernel K7 has been computed explicitly in [1, Eq. (4.2)]:
(3.3) Ky(t) = Cal+D3(1 -7, te[-1,1],

where Cy > 0 is a constant. In light of (3.2), we consider the integral

=

(3.4) A = /1(1—@ 1+ 02 cFVma— ) a

For even k, the change of variables ¢t — —t reveals that the eigenvalue A1 (k) equals a
positive multiple of Aéd).
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We claim that there exists k. (d) = O(d) such that Aéd) < 0, for every even integer
k > ki(d). To prove this, recall the Rodrigues formula for Gegenbauer polynomials [6,
p. 22],

4-1) 1k
4_1 —1 kR 2 d da-3
(3:5) CIE”Q )(t) N ((1 z tzg% dtk <(1 — ) ) ’

d_
where I?;° VS 0isa positive constant. Inserting this formula into (3.4) and integrating
by parts, we have that

1 k
d 41 d 1 d—3 43
(3.6) AD = gl )/1@<(1—t)2(1+t) : )(1—t2)k+ = dt.

The case of odd dimensions turns out to be simpler, and we handle it first.

§3.1. The odd d case

Ifd=3and k > 1, then

D=

(3.7) d—k((l—t)%)—(—l)k ! E(l—t) <0

‘ dtk a 2 ’
for every t € (—1,1). This immediately implies that AS’) < 0, for all £ > 1. Now let
d =2n+ 3 for n > 1. The first factor of the integrand in (3.6) equals

d* s (k) dF N d a*
S (a=nia+nr) = o (=0 )+ @+,
g (-0t = () 5 (0-0%) 5 @ om+ o @
In view of (3.7), the only positive summand is the last one, which however vanishes
whenever k > n. We conclude that the claim holds for every even k satistying &k > n =
%. In particular, note that Aéd) < 0 for all even k > 2 provided d € {3,5}. This is
also true for d = 7. Indeed, the previous argument implies Ag) < 0 for k > 4, and for

k = 2 directly computing in (3.6) yields

1 2
(1 _ p($) d _
AP P [ (a0

N[

(1+ t)2> (1—t)*adt

R :
- /(1—t)7(1+t)4(—1—18t+15t2)dt
~1

5
RV 20071522
4 1322685
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§3.2. The even d case

Given n > 0, let d =3+ (2n+1). Applying the binomial theorem (see Remark 3.1
below), the first factor of the integrand in (3.6) equals

£—0 m=0

Assume that k > n and that k is even. In particular, £ < k, and so all summands with
m = 0 on the right-hand side of (3.8) vanish. This is important, because for all m > 1,

<i> (-1)™ <0.

Therefore (3.8) yields

dk . . n %) ~
F ((1 —t)2(1+1) ) == > Crtmnlipomint™
{=0m=1

for some constants Ci ¢ m,n > 0. Since k is even, we then have that

4 n oo B
A = —REj ! Z Z Cr,tmnl{k<omto / A I A )

1
=0 m=1 -1

because all summands corresponding to an odd # vanish by symmetry. We conclude

that the claim holds for every even k satisfying k > n = %. In particular, Aéd) <0

for all even k > 2 provided d € {4,6}. m

Remark 3.1.  In the proof of Lemma 2.2, we used the binomial expansion
> 1
1 $2)3 — 2\ (_1yme2m
a-mi=3 (2)e

This series converges uniformly in [—1,1]. Indeed, it suffices to check that > <, lan| <

(%2) ‘ In turn, this holds by the Raabe criterion:

m : 2
lim m (-2 1) = lim m73/ = 3 > 1,
m— o0 Gyt 1 m—oo  m—1/2 2

oo, where a,, :=

and 80 Y, Sqm < 0.

We now prove that the eigenvalues of the kernels K, L from (2.7) have the claimed

signs.
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Proof of Lemma 2.3. The case of L is easier, so we focus on K. Let t = wy - wo.
It will be enough to show that

2m
4

(3.9 Kon(t) = /(S S w| M) do(wss) = Cant™ 1+ Ph)

d71)2 j*l

for some positive constant Cy,, > 0 and polynomial P, of degree at most m. Indeed,
recalling (3.2), there exists C = C(d, k) > 0, such that

1
Ao (k) = C / Kom(CE V()1 - )% at,
-1

so (3.5) and (3.9) together imply that Ao, (k) =0 for k > m + 1 and g, (m+1) > 0.
Recall the definition (2.2):

1
M(Cd) = 1 <|UJ1 +UJ2|2 + |UJ3 +W4|2 — (w1 —I-UJQ) . (UJ3 +W4)> .

We apply the trinomial expansion
m m t 07
@+ B8+ = > <@ ~k>“ By,
i+jtk=m J
where the sum is taken over all nonnegative integers i, j, k > 0 satisfying i + j + k = m,

and (sz) = % Letting o = |w1 + w2 |?, 8 = |ws + wal?, v = 2(w1 + w2) - (w3 + wy),

m - i
KQm(t): Z < . >2k 2|W1+W2|2 +2
o 17k
i+jit+k=m
/ d jws + wal* (w1 +ws) - (ws + wa))® do(wsa)
(S4-1)2
(3.10) + 3 ()2 e+
" ijk
i+jt+k=m
/ . |W3 —+ w4|2j+2((w1 —+ WQ) . (w;), + W4))k da(w34)
(S4-1)2
_ Z <mk> 2k_2|w1 + |
i+jthk=m v
/ . |W3 + w4|2j((w1 + WQ) . (w;), + W4))k+1 da(w34).
(S4-1)2

It follows that the highest degree term in ¢ = %|w1 + wy]? — 1 is obtained by setting
(i,7,k) = (m,0,0) on the first sum in (3.10), yielding a contribution of

1 1
Z|Sd_1|2|w1 + w2|2m+2 _ 1|Sd—1|2(2 + 2t>m+1 _ 2m—1|Sd—1|2tm+1 + lo.t.
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Indeed, the remaining contributions amount to a polynomial in ¢ of degree at most m
since, for integers J, K > 0, the integrals in (3.10) are all of the form

/ s e (@ + wn) - s+ w2) € do(waa)
(S 71)2

= /d / | O(r —ws — w4)|x|2j((w1 +wo) - x)K do(wsy) dx
R (S 71)2

Clwi + wa|®, K even,

= o o) (2)|z]? ((wy + ws) - 1)K dz =
_/|x|g2< Wl (o + ) ) = o

for some C = C(d, J, K) > 0. To prove the last identity, we argue as follows. Since o* o
is a radial function,® the last integral is of the form

B(y) = /| PRACIIGRARE

with 7 = wy + wo. If K is odd, then this clearly vanishes. Otherwise, ® must be radial
and homogeneous of degree K, hence ®(n) = C|n|¥. This completes the proof of (3.9)
and therefore of Lemma 2.3. [
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