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On sharp Fourier extension from spheres in arbitrary 
dimensions

By

Emanuel Carneirg* * Giuseppe NEGRG**and Diogo Oliveira e Silva***

Abstract

We prove a new family of sharp L2 (Sd-1)T L4 (Rd) Fourier extension inequalities from 
the unit sphere Sd-1 G Rd, valid in arbitrary dimensions d > 3.

§ 1. Introduction

The purpose of this short note is to establish the following result.

Theorem 1.1. Let d > 3. There exists a* = a*(d) > 0 such that

(しI) 4 4

/ げb(x)|4 め、d + a* / /(切 db / 0(x)|4 め、d + a* / 1(切 db
ノ" (2n尸 ノSd-1_______  く ノ" (2n尸 ノSd-1________

Iげ怯(Sd-1) は怯(Sd-1)

Equality holds in (1.1) if and only if f is a constant function.

In (1.1),fb denotes the Fourier extension operator from the unit sphere Sd-1 G Rd,

(1.2) fb(x) = / f(心’心 db(3).
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Theorem 1.1 is known to hold with a* = 0 when d = 3, established in [5], and when 

d e {4, 5, 6, 7}, established in [2].1 More recently, Theorem 1.1 was established when 
d = 8 for all a* > 羊 ア界[1,Theorem 4].

The proof of Theorem 1.1 relies on the following elementary observation. If, for 

each 1 く n < N, — — 1

(1.3)
Iげ怯(Sd-1)

く Jr 0(x)|4hn(x) dx
-11旺 2(S 二)

then it also holds that

(1.4)

(1.5)

Inequality (1.1) is of the form (1.4), for 

will determine, satisfying

土
£ hn
n=1

a certain family of weights {hn}n=i,which we

1
77;~rj + ad, 
(2n)d

11此2 (Sd-1)

where d denotes the Dirac measure on Rd.

Remark 1.1. It follows from the previous observation that (1.1) continues to hold 

if a* is replaced by any larger value. Indeed, for each 人 > 0 we have

4

4 4

Rd

いf爵

いf爵 いf爵
Iげ Ill2(8d-1)

如 可+(a*+人)

Iげ怯(§d-i)

/1希14可+ a・丿

Iげ怯(§d-i)

and H6lder’s inequality implies that the latter summand on the right-hand side is max­

imized when f =1.It follows that the left-hand side is likewise maximal at f =1.

It is conjectured that (1.1) should hold with a* = 0 in all dimensions d > 3, 

that is, constant functions should be global maximizers for the L2 T L4 (Rd) extension 

inequality from Sd-1. Theorem 1.1 serves as an intermediate step, and adds weight to 

this conjecture.

1A consequence of the modulation symmetry of (1.1) when a* = 0 is that the complete set of
maximizers then consists of characters, i.e. functions of the form f (w) = c exp(i£ ・の)for some 
(c, & 6 (C \ {0}) X Rd; see [3, 7] in addition to the aforementioned [2, 5].
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The analysis in [5] for d = 3 consists of three main steps: a magical identity, an 

ingenious application of the Cauchy-Schwarz inequality, and a careful spectral analysis 

of the resulting quadratic form. As observed in [2], the main obstruction for the analysis 

in [5] to work in dimensions d > 8 is tied to the fact that the eigenvalues resulting from 

the third step do not have the correct signs. In [1], we circumvented this issue when 

d = 8 via a careful application of the magical identity combined with a nan-magical 

identity. In the present paper, we handle the higher dimensional case d > 8 via an 

inductive procedure which consists in alternatingly applying magical and non-magical 

identities to expressions involving the functions hn from (1.5). This is coupled with 

an asymptotic spectral analysis that ensures that the eigenvalues eventually have the 

desired sign, leading to inequality (1.3) and therefore to (1.4), thus concluding the proof 

of Theorem 1.1. We remark that this method can also be applied for d e {3, 4, 5, 6, 7}. 

In this case, all eigenvalues have the correct sign; the above inductive procedure thus 

reduces to a single step, proving Theorem 1.1 with a* = 0. This is an alternative proof 

of [5] (for d = 3) and [2] (for the remaining values of d). Our proof is different in two 

aspects. Firstly, our magical identity is now obtained via integration by parts, importing 

the method of [1]. Secondly, our spectral analysis is also based on integration by parts, 

via the Rodrigues formula. Note, however, that in the present paper we do not address 

the complete characterization of maximizers in the a* = 0 case; for that, see [2].

The paper is structured as follows. In §2, we prove Theorem 1.1 modulo the proofs 

of the eigenvalue Lemmata 2.2 and 2.3. This in turn is accomplished in §3.

§ 2. Proof of Theorem 1.1

We say that h is an admissible weight if it is of the form

J
(2.1) h =う + V C2j |-|2j,

where J e N and C2j e R are such that h > 0 on the closed ball B4 := {£ e Rd : 

|g| < 4}. Admissible weights are related to assumptions (R1)-(R2) from [1,§1].In this 

paper we will only consider admissible weights, which in particular enables us to restrict 

attention to nonnegative even functions f e L2(Sd-1); see [1,§2.1-§2.2] for details. In 

this case, recalling (1.2), we have that fa is then real-valued, and Fubini’s theorem 

implies

(NM) / (fa(x)) h(x) dx = j ・せ约川 fE )da(3).



98 Carneirg, Negro and Oliveira e Silva

(2.2)

(2.3)

(2.4)

We write 

kernels

where the function M is given by

Let Am (k), Anm(^) for k e N denote the corresponding eigenvalues; see (3.2) below 

for the precise definition. The fact that f is an even function implies that only those 

eigenvalues corresponding to even values of k will be of importance. The following result 

motivates the rest of the analysis.

da(^ij) := da(i^i) da(^j) and, in connection to (M)-(NM), consider the

where we abbreviated d夕(3) ：= n：=i da(^j). We refer to (NM) as the non-magical 

identity. Its magical identity counterpart was observed in [1,Eq. (3.10)]:

M(3) ：= 4 (|s + 32 |2 + |^3 + 34 |2 — (s + 32) • (33 + 34)).

Km (31• 32) ：= / 2 I J? 3j I M (3)db(334)；
J(")2 j!丿

Knm(31• 32) ：= / h I J? 3j I da(W34).
J(SdT )2 E縁ノ

(m) L (毎(x))h(x) dx=/"i)4h (e3j1 m(3) n 3)わ(3), 

Proposition 2.1. If Am(21) < 0 for all I > 1,or Anm(21) < 0 for all I > 1, 

then for every f e L2 (Sd-1) we have that

(2.5)

/ |fa(x)|4h(x') dx / |2(x)|4h(x) dx

llf 怯(Sd-1) ll1^!2 (Sd-1)

The proof of Proposition 2.1 follows the general strategy outlined in [5] and can be 

extracted from [1];as such, we shall be brief.

Proof sketch of Proposition 2.1. We continue to assume that f is nonnegative and 

even. Additionally, we require f e L4(Sd-1);this can be removed via a standard density 

argument as in [2, Proof of Lemma 12]. Consider the case when Am(21) < 0, for all 

I > 1.Applying the Cauchy-Schwarz inequality to the quartic form (M) yields 

(2.6)

[ h (寸 3j I M (3) n f(3j) da(w) < [ f 2(31)f2 (32) Km (31• 32) da(w12),
ノ(")4 j!丿 挡 J(" )2
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where the kernel Km was defined in (2.3). Since f2 is even and square-integrable, we can 

decompose it in spherical harmonics as f2 =丄•0 あ幻 By the Funk-Hecke formula, 

see (3.1) below, and the assumption on the eigenvalues of Km , we have that

—Am (0)1* 11し2(§^-1),

' f2(31)f2(32)Km(31• 32) db(3i2)
(Sd-1)2

8

Am (0)IX|原(穿-i)+ E AM(2l)|gd|L2(sd-i)

1=1

from which (2.5) follows. The case when Anm(21) — 0 for all I > 1 is analogous, one 

just has to invoke (NM) instead of (M) in (2.6). This concludes the sketch of the proof 

of Proposition 2.1. ロ

The constant weight h = 1/(2n)d is especially important. Since f is nonnneg- 

ative and even, we apply (M) and the Cauchy-Schwarz inequality as in the proof of 

Proposition 2.1 to obtain

LV萇=ん-ザイ$ j M(のnfや,)g 

—[ Ki(3i• 32 )f2(3i)f2(32) db(3i2),
ノ (Sd-1)2

where the kernel Ki is given by

Ki(3i• 32 ) M(3) d夕(334).

Denote the even eigenvalues of Ki by {人i(2l)}i>i. These are not necessarily all non­

positive if the dimension d is sufficiently large,2 but it turns out that they are eventually 

nonpositive. This is the content of the next result, whose proof is deferred to the forth­

coming §3.

Lemma 2.2. For every d > 3, there exists l*(d) e N, such that 人i(2l) — 0 for 

alll> ん(d). Moreover, l女(d) = O(d). For d e {3, 4, 5, 6, 7}, one can take l*(d) = 0.

2If this were the case, Proposition 2.1 would allows us to obtain Theorem 1.1 for every a* > 0.
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We also need to control the sign of the (even) eigenvalues of the kernels

(2.7)

Kn(S • 32)

n

£3j M(3) db(334),
j=1

Ln(3i• 32)

4

Z 3j
j=1

db(334 ),

respectively denoted by An (21) and 〃n(2l). It suffices to consider the case of even n, 

which is the content of the next result, proved in §3.

Lemma 2.3. Let k e 2Z>0 be even and let m e Z>0. The eigenvalues of K2m 
satisfy

(2.8)
A2m(k) > 0, k = m + 1,
A2m(k) = 0, k > m + 1,

and the eigenvalues of L2m satisfy

(2.9)
〃2m (k) > 0, k = m, 
R2m (k) = 0, k > m.

We are now ready to prove inequality (1.1). From Lemma 2.2 we know that, for 

d e {3, 4, 5, 6, 7}, Ai(21) < 0 for all I > 0. In this case, Proposition 2.1 directly applies 

to the weight h =1,concluding the proof of Theorem 1.1 with a* = 0.

For d > 8, Lemma 2.2 guarantees the existence of N e N such that Ai(2l) < 0 for 

21 > N. The proof of Lemma 2.2 reveals that a valid choice is N =与3 if d is odd and 

N = d--4 if d is even. Since d > 8, we may therefore assume that N > 1. With a view 

towards applying Proposition 2.1, define functions hn for 1 < n < 2N via their Fourier 

transforms as

扁N(& =

々1(& =二 S -C1,4N-2|日4N-2 —C1,4N-4|日4N-4 —C1,4N-6|日4N-6 - . • .-C1,2 罔2 +C1,0
々2(& =二 +C2,4N-2|g|4N-2 —C2,4N-4| 日4N-4 —C2,4N-6 | 日4N-6 - . • .C罔2 +C2,0
々3(& =二 +C3,4N-4|日4N-4 —C3,4N-6|日4N-6 - . • .-%,2 罔2 +C3,0
h4(& =二 +C4,4N-6|日4N-6 - .. .-C4,2〔日2 +C4,0

+ C2N,2 |日2 +C2N,0,

and respectively let An,M and An,NM denote the eigenvalues of the kernels (2.3) and (2.4) 

corresponding to the function hn. The nonnegative constants Cn,m > 0 will be chosen 

below, recalling that our target weight is h =蓦泌 + aS. Our first requirement is

2N

h = S + al=>:hn,
n=1
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which translates into

(2.10)

C2,4N-2 = C1,4N-2,
C3,4N-4 = C1,4N-4 + C2,4N-4,

し 2N,2 = C1,2 + C2,2 + •…+ し2N-1,2-
In particular, Theorem 1.1 will be proved for a* =>^=1しn,0. The coefficients (Cn,m) 

will be chosen in such a way that the following two conditions hold for every 1 < n < 2N:

(Adm) hn > 0 on B4;

/ ヽ ( An m (21) < 0, if n is odd,
(Eig) For every I > 1,< 'I An,NM(2l) < 0, if n is even.

Condition (Adm) ensures that hn is an admissible weight; recall (2.1). Once this con­

struction is done, we can apply Proposition 2.1 to each of the hn, thus completing the 

proof of Theorem 1.1.

In the following inductive scheme we adopt the following notational conventions:

• Constants Cn,m which remain undefined are set to 0.

• (Cp 人)q (r) := Cp,q Xq (r) and (Cp^)q (r) ：= Cp,q 卩 q (尸).

• {x}+ := max{x, 0}.

We start by constructing (h1,h2), then we will turn to the remaining (h2n-1,h2n) 

for 2 < n < N, and finally to the last pair (h»N-1,h2N). In order to ensure that h1 

satisfies (Eig), we start by noting that, for I > 1,

(2.11) A1,M(2l) = X1(2l) - (C1 X)4N-2(2l) - (C1 X)4N-4(2l) - ..• 一(C1X)2(2l).

By (2.8), every term on the right-hand side of (2.11) vanishes for I > N, except possibly 

for Xi(2l), which is nonpositive. Thus A1,m (21) < 0 for I > N. If I = N, then

A1,m (2N) = X1(2N) - (C1 X)4N-2 (2N),

and in light of (2.8) we have that X4N-2 (2N) > 0. We therefore let

厂 •f Xi(2N) I 
し1,4N-2：=t X4N-2(2N) j +,
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thus ensuring Ax,m(2N) < 0. Again by (2.8), for 0 < m < N we have 人4N-2-4m(2(N — 
m)) > 0 and so we can let

C1,4N—2—4m :=
人 4N — 2 —4m(2(N — m))

J 人1(2(N - m)) - X^mjCi人)4N—2—4m+2k(2(N 一 m))] 
[ 人4N — 2 —4m(2(N — m)) J* '

ensuring Ai,m(2(N — m)) < 0. Thus hi satisfies (Eig). Finally, we choose C1,0 > 0 

sufficiently large to ensure that hi satisfies (Adm) as well.

We now turn to h2. Here we apply the non-magical identity (NM). For I > 1,we 

have

A2,NM (21) = (C2め4N — 2 (21) — (C2〃)4N—4(2l) - ... — (C2加(21).

By (2.9), A2,nm(21) = 0 for I > N —1.Next we need to ensure that A2,nm(2(N —1))< 0. 

Note that the value of C2,4N—2 is dictated by (2.10); we cannot make any choice here. 

However,卩4N—4(2(N —1))> 0, and so we let

L _ "C2尙4N—2(2(N -1))1
C2,4N-4:=t 四N — 4(2(N -1))J+,

ensuring the desired A2,nm(2(N —1))< 0. For 0 < m < N —1,we then let

C2,4N—4—4m :=

f (C2〃)4N—2 (2(N —1—m)) ー 】営1(02〃)4N—4—4m+2k(2(N —1—m))

[ 〃4N—4—4m(2(N 一 1 一 m))
+

thus ensuring that A2,nm(2(N —1—m)) < 0. So h2 satisfies (Eig). Finally we choose 

C2,0 > 0 sufficiently large so that h2 satisfies (Adm) as well.

We turn to constructing the pair (h2n—i,^2n) for each 2 < n < N:

h2n—1(g)= C2n—1,4N — 4n+4 |日4N — 4n+4 —C2n—1,4N — 4n+2 |日4N—4n+2 一・..-C2n—1,2 |日2 +C2n—1,0 , 

h2n(g)= +C2n,4N — 4n+2〔日4N — 4n+2 —..•一C2n,2 |日2 +C2n,0•

At each step, the constant associated to the highest degree term will be dictated 

by (2.10), and we will choose the subsequent ones to ensure that (Eig) holds. Fi­

nally, we will choose the last constant し’*,。 (* e {2n —1,2n}) so that (Adm) holds. For 

l > 1,

so by (2.8) A2n—i,m (2l) = 0 for l > N — n + 1.The top coefficient C2n—i,4N—4n+4 is 

dictated by (2.10). Since 人4N—4n+2(2(N — n + 1))> 0, we let

厂 _ j (C2n—i人)4N — 4n+4(2(N 一 n +1))[
C2n —i,4N—4n+2 ：=f 人 4N—4n+2 (2(N - n+1))/+,

A2n —i,M (2l) = (C2n —i人)4N—4n+4 (2l) 一 (C2n—i人)4N — 4n+2(2l) 一 ・.• 一 (C2n —i人)2 (2l),
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ensuring A2n-1,M(2(N — n + 1))< 0. By the same logic, for 0 < m < N — n +1 we let

人 4N-4n+2-4m(2(N — n +1—m))

C2n-1,4N — 4n+2 —4m :=

J (C2n-1人)4N-4n+4 (2(N — n + 1—m)) — £：：1(C2n-1人)4N-4n+2-4m+2k (2(N — n + 1—m))]
[ 人 4N-4n+2-4m(2(N — n +1—m))

ensuring A2n—i,m(2(N — n + 1 一 m)) < 0. Thus h2n—1 satisfies (Eig). Finally we choose 

C2n—1,0 > 0 sufficiently large to ensure (Adm) as well.

To construct h2n, we note that, for I > 1,

A2n,NM(2l) = (C*2n〃)4N—4n+2(2l) — (C*2n〃)4N—4n (21) — . . . — (C*2n^)2 (21),

so by (2.9) A2n,NM(2l) = 0 for I > N 一 n. The coefficient C*2n,4N—4n+2 is dictated 

by (2.10); since 〃4N—4n(2(N 一 n)) > 0,letting

0 < m < N 一 n,

厂 / (し2n〃)4N—4n+2(2(N 一 n))[
し2",4N—4n ：l ㈣N—4n(2(N - n)) J +

ensures that A2n,NM(2(N — n)) < 0. Finally, following the same logic again, we let for

四N—4n—4m(2(N 一 n 一 m))

C2n,4N—4n—4m : =

J (C2n〃)4N—4n+2 (2(N 一 n 一 m)) 一 ^^1(C2n〃)4N—4n—4m+2k (2(N 一 n 一 m))1
[ 四N—4n—4m(2(N 一 n 一 m)) f

ensuring A2n,NM(2(N 一 n 一 m)) < 0. Thus h2n satisfies (Eig). Finally we choose 

C2n,0 > 0 sufficiently large to ensure (Adm).

We end with the last two weights:

h2N — 1(g) = C2N — 1,4 |g|4 -C2N —1,2(?|2 +C2N — 1,0,
h2N (Q= +C2N,2|£|2 +C2N,0.

For I>1 we have

A2N —1,M (21) = (C2N —1人)4(21) — (C2N —1人)2 (21).
By (2.8), A2N—1,m(21) = 0 for I > 1.The constant C2N—1,4 is dictated by (2.10). We 

let
r J (C2N —1人)4(2) IC2NT2 ：=1人2(2) L

ensuring A2N—1,m(2) < 0 and so h?N—1 satisfies (Eig). Then we let し’2N—1,0 > 0 be 

sufficiently large to satisfy (Adm). Finally, we turn to (for I > 1)

A2N,NM (2l)=(し2Nめ 2 (2l),



104 Carneirg, Negro and Oliveira e Silva

noting that, by (2.9), it vanishes for all I > 1.So h^N automatically satisfies (Eig). It 

suffices to choose C*2N,0 > 0 sufficiently large to ensure (Adm).

This completes the proof of Theorem 1.1 modulo the proof of Lemmata 2.2 and 

2.3, which is the subject of §3, and the characterization of maximizers, which follows 

from the analysis in [1,§8].

§ 3. Proofs of Lemmata 2.2 and 2.3

The Funk-Hecke formula [4, Theorem 1.2.9] has already made an appearance. We 

state it here in the exact form which is needed for our purposes. Given v > 0,let 
{Ckの}fceN denote the family of Gegenbauer polynomials, i.e., the system of orthogonal 

polynomials on [—1,1]with respect to the measure (1—t2)v-2 dt. This system is unique 

up to normalization factors.

Lemma 3.1([4]). Let g = ?當〇 Yk e L2(Sd-1), where Yk is a spherical har­

monic of degree k. Let K :[—1,1]一 R be integrable with respect to the measure 
(1—t2)胃 dt. Then

(3.1) ' g(3i)g(32)K(31• 32) db(3i2)
(財ー1)2

00

E Nk)忻陰件i) 
k=0

where the eigenvalues 人(k) are given by

(3.2) A(k) = "：| / K(t)ckd-1)(t)(1—t2)ザ dt.
Ck2 W ノー1

The following notation will be convenient in the course of the proof of Lemma 2.2.

Definition 3.2 (Falling factorial). Given a e R and n e N,let an := a(a 一 
1)...(a 一 n + 1).

Proof of Lemma 2.2. The kernel Ki has been computed explicitly in [1,Eq. (4.2)]:

(3.3) Ki(t) = Cd(1 + t)2(1—t)ザ,t e [—1,1],

where Cd > 0 is a constant. In light of (3.2), we consider the integral

<2 4) A(d) — / (1 十)1 f [ | 十)d-3 ぐ(2 一I)&)<[ 十2) ^"23 At
(3.4丿 Ak •ーノ (1 一 t)(1十 t) 2 しk (t)(1 一 t 丿 dt.

For even k, the change of variables t ー ーt reveals that the eigenvalue 人i(k) equals a 
positive multiple of A(d).
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We claim that there exists ほ(d) = O(d) such that A^ < 0, for every even integer 

k > k*(d). To prove this, recall the Rodrigues formula for Gegenbauer polynomials [6, 

p. 22],

(3.5)
C(号ー1)任)—(-l产 Rfc2 廿 t2} k+ ザ)
C (か—(1-尹)ザ瓦k (I ) 2丿,

where R§ -1) > 0isa positive constant. Inserting this formula into (3.4) and integrating 

by parts, we have that

(3 6) A(d)= R( 2 —') / ____  «(1 一 t) 2 (1 + t)号-3)(1 — P )k+ 号23 dt
(3.6) Ak 一 Rk ~d[k \(1 - ’丿(1十’丿 丿(1 - t丿 dt.

The case of odd dimensions turns out to be simpler, and we handle it first.

§ 3.1. The odd d case

If d = 3 and k > 1, then

(3.7)
dk / ヽ /1ヽk
而((1-t)*)= (-l)k 2 (1-t)1 ー、0,
dt 2

for every t E (—1,1). This immediately implies that A(3) < 0, for all k > 1. Now let 

d = 2n + 3 for n > 1.The first factor of the integrand in (3.6) equals

dk仏 ハ1ハ丄ハハ ▽件、dk-j仏 ハ1)dj ”14)少丄dk ”14)少 
帀((1-t)2(1 + り丿ーユし丿e ((1-t)2丿顽((1 +t)丿F((1 +t)丿・

In view of (3.7), the only positive summand is the last one, which however vanishes 

whenever k > n. We conclude that the claim holds for every even k satisfying k > n = 
^一3. In particular, note that A^ < 0 for all even k > 2 provided d E {3, 5}. This is 

also true for d — 7. Indeed, the previous argument implies A") < 0 for k > 4, and for 

k — 2 directly computing in (3.6) yields

ハ1 f 1 ハ2、<1 i^\4 c\i—t) 2 (1十 t)丿(1—t ) dt册-r22 5L圭

一^^/ (1-t)2 (1 + t)4 (-1-18t + 15t2) dt

 r22ノ 2097152拷

一 4 1322685 << '
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§ 3.2. The even d case

Given n > 0,let d = 3+ (2n + 1). Applying the binomial theorem (see Remark 3.1 

below), the first factor of the integrand in (3.6) equals

(3.8)

Assume that k > n and that k is even. In particular, I <k, and so all summands with 

m = 0 on the right-hand side of (3.8) vanish. This is important, because for all m > 1,

Therefore (3.8) yields

(1) 

m
(-1严 < 0.

日 k n 00
dtk ((1-t2) 2 (1 + り")=-E E Cfc,£,m,nl{fc<2m+£}t2m+l-气 

1=0 m=1

for some constants Ck,i,m,n > 0. Since k is even, we then have that

/ t2m+l-k(1—t2)k+ ザ dt < 0,…、 ー一ヽれ〇

Ak = -Rk E E Ck,l,m,n l{fc<2m+£}

1=0 m=1

because all summands corresponding to an odd I vanish by symmetry. We conclude 
that the claim holds for every even k satisfying k > n = ^=4. In particular, A^ < 0 

for all even k > 2 provided d e {4, 6}. ロ

Remark 3.1. In the proof of Lemma 2.2, we used the binomial expansion

〇 / Iヽ 
(1-12)1=e m (-1严t2m 

m=0 ゝ ノ

This series converges uniformly in [-1,1].Indeed, it suffices to check that ユm>0 \am\ < 

oo, where am := (1/2). In turn, this holds by the Raabe criterion: 

lim m
(am

\ am+1
-1

lim m, 
mT8 m 一 1/2

3

2
> 1,

and so £m>0 am < o.

We now prove that the eigenvalues of the kernels K, L from (2.7) have the claimed 

signs.



On sharp Fourier extension from spheres in ARBiTRARy dimensions 107

(3.10)

寸知

Proof of Lemma 2.3. The case of L is easier, so we focus on K. Let t = s • 3：.

It will be enough to show that

2m-1|SdT |2 严+1 + l.o.t.

/ |33 + 34|2j ((3i + 32) • (33 + 34))k+1 da(^34).
(Sd-1)2

for some positive constant Cd,m > 0 and polynomial Pm of degree at most m. Indeed, 

recalling (3.2), there exists C = C(d,k) > 0, such that

入 2m (k)= 〇/] K2m(t)C户-1)(t)(1-t2)峙 dt,

2m

M(3) db(334) = Cd,m严+1 + Pm (t), 

so (3.5) and (3.9) together imply that 人2m(k) = 0 for k > m + 1 and 人2m(m + 1)> 0.

Recall the definition (2.2):

M(3) := 4 (|31 + 32 |2 + |33 + 34 |2 — (31 + 32) • (33 + 34)).

We apply the trinomial expansion

(3・9) K2m(t) := /
ノ (Sd-1)2

/ |33 + 34|2j((31 + 32) • (33 + 34))k d夕(334)

+ E (二)舟2|31 + 32 |2i

i+j+k=m 'ZJ 丿

/ \33 + 34|2j+2((31 + 32) • (33 + 34))k d^(334)
J (Sd-1)2

E (二)舟2|31 + 32 |2i

七 、ijk丿i+j+k=m ゝ /

where the sum is taken over all nonnegative integers i,j, k > 0 satisfying i + j + k = m, 

and ( mレ):=-jmU. Letting a = I31 + 3212,目 =I33 + 34I2, y = 2(31 + 32) • (33 + 34),ゝij k丿 i!j !k! D | 1, 2| ケ〃 1 3 , 4| , / ゝ丄 1 2 ノ 、 3i 4/ 5

K2m (t)= 寸 j 2k-2 |31 + 32 |2i+2

i+j+k=m 機丿 ノ

It follows that the highest degree term in t =1131 + 3212 —1 is obtained by setting 

(i, j, k) = (m, 0, 0) on the first sum in (3.10), yielding a contribution of

1 |Sd-112131 + 32|2m+2 =1 |Sd"1|2(2 + 2t)m+1

(a +月 + y)m= E f mJ«i伊Yk 

i+j+=mEE
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Indeed, the remaining contributions amount to a polynomial in t of degree at most m 
since, for integers J,K > 0, the integrals in (3.10) are all of the form

/ |^3 + 処 !2J ((31 + 32 ) •(33 + 34))K d^(^34)
J(Sd-1 )2

=1 1 3(x - 33 - 34)|x|2J((31 + 32) - x)K da(^34) dx
ノ"ノ (財-1)2

=/ (ハ“)(X)|X|2J ((31 + 32) • X)K dx = ^ + 2,K 就斗

ノ|x|<2 I 0, K odd,

for some C = C(d, J, K) > 0. To prove the last identity, we argue as follows. Since 〇 ・ 〇 

is a radial function,3 the last integral is of the form

①(り)=/ F(|x|)(り• x)K dx,
ノ |x|M2

with り = 31 + 32. If K is odd, then this clearly vanishes. Otherwise,① must be radial 

and homogeneous of degree K, hence ①(り)=C|り|K. This completes the proof of (3.9) 

and therefore of Lemma 2.3. 
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