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Ribbon Knots and Ribbon Disks

Kouhei ASANO (Kinki Univ.),
Yoshihiko MARUMOTO (Osaka City Univ.)

and Takaaki YANAGAWA (Kobe Univ.)

Given a ribbon knot, we will define, in § 1, the ribbon disk pair

associated with it. On the other hand, -J.F.P.Hudson and D.W.Sumners gave

 a method to construct a disk pair [3], [14]. In §1 and 2, we will gener-

alize this construction and show that a ribbon disk pair is obtained by
this construction dnd vice versa;

In [11], CeD.Papakyriskopoulos proved that the complement of a clas-
sical knot is aspherical. As an analogy of this, we will prove, in §3,

that the complement of a ribbon disk is aspherical, and it follows from

.this that the fundamental group of a ribbon knot complement has no element

of finite order. In the final section, ﬁe will calculate the higbei homo—’
topy groups of a higher-dimensional fibbon knot complement, and in Theorem
4,3 we show that a ribboh n?knot for 11;3‘ is unknotted if the fundamen-
tal group of the knot complement is the infinite cyclic group. This
result is proved independehtly bj AJKawauchi and T.Matumoto [6j.

o Thfoﬁghout the paper, we work in the piecéwisé—linear cétegory

although the results remain valid in the smooth category.
§ 1. Preliminaries

1.1 By S" denote an n-sphere, and by B% or D" an n-disk.
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By °M, int M and ¢l M denote the boundary, the interior and the closure
of a manifold M respectively. In this paper, every submanifold in a
manifold is assumed to be locally flat. If 2M £ @, by &M we mean the
double of M, i.e. OM is obtained from the disjoint union of two ’copies
of M Dby identifying their boundaries via the identity map. For a sub- '
complex C 1in a manifold M,> N(C; M) is a regular neighbourhood of C
in M, 3By a pair (M, W) denote a ma.nifoldr M and a proper submanifold
W in M, i.e. Wn?M = 3W. Two pairs (M1, wj) and (Mz, w2) are

equivalent if there exists a homeomorphism from M, to M, which maps

1 2

W, to W Let 3(M, W) = (aM, aW) and B(M, W) = (BM, 8W).

1

n+2

An n-knot will mean a pair (8%, ¥*) with K" homeomorphic to an

n-sphere, and we will ususlly refer to the n-knot K%, An n-knot is

unknotted if it bounds an (n+1 )—disk in Sn+2. For a proper disk _Dn in

a manifold M, (M, D) is unknotted, or D" is unknotted in M, if there

1 1

exists an (n+1)-disk D™ in M such that D™V 'A2M is an n-disk in

n+1 N+

2D and c¢1(d2D™"'A int M) = D,  For terminologies in handle theory, we

refer the readers to [12], and for knot theory, to [157.

1.2, Tet Sp,

g-manifold M® for nzl1 and q3z3. Suppose that an embedding g of

sﬁl, cee s sﬁ be mutually disjoint n-spheres in a

B'xI into M2, where I = [0, 1], satisfies the following 3
(1) pE** ) n (s Y .o YSD) = (B x21), and
(2) the orientation of B(B"X I) is coherent with that of
ny Ty . ’
SO LN ] Sm ®

Then we call p or ﬂ(an I) a band compatible with Sg V...V SE.

Let 51, ...‘ ‘, ﬁm be band_s compatible wifch, Sg V... USE such that

(1 pi(anI)npj(anI) ;¢ if i # 3, and

-0



84

(2) U{S?; Ogigm}UU{ﬁj(an I); 1< j<m} is connected.e®
Then
(Uis3s 0¢igm} = U{p(B7%I); 1£5emp)V U{B,(B x I)5 1¢ j¢m}
is an n-sphere, and denoted by '
R, e S By eee S )
Suppose that md = Sn+2 and there exist mutually disjoint (nt+1)-disks

1 1

L with aBIil” =s"i1 for O<itm. Then

1+
BO g eoe 9 Bm

n n n ‘
K = ?(SO, eee 9 Sm; P_,', eee g ﬂm)

is called a ribbon n-knot of type (@1, ess o ﬁm)a

Our definition of a ribbon n-knot is equivalent to that of [27], [20].

1.3+ Remark, In 1.2, it is easily seen that we can deform each

band igotopically so that

0,

Il

P (B'x0) if 3
pi(an I)r\S?-_- ,si(Bnm) if j=1i, and

') otherwise.,

Tede Let Dn'!'3 be obtained from the digjoint union of Sn+2x I and

B3 py identifying S™2x 1 and B0, TLet K be a ribbon n-knot of

type (91, eee ,‘,Bm), then we can construct an (n+1)-dirsk Lm'1 in Dn+5
which bounds K”X 0 as follows : ILet D" = (sPx[0, 3/41)Y (5" 'x 3/4)

n-+1

n+2x I for 0%ism, where Bi

in 8 and ,S:I.Ll are as in 1.2.
For 1¢jem, let [T:J : BUx IxI —>‘Sn+2x_r I be the product of ﬁj and a
map from I into I which takes t %o t/2, i.e.
By(xs 7y %) = (B3(x, ¥), 4/2)
for x¢B" and y, teI. Then
r™! - (Uopts 0figm) - U, 21x1)5 1¢34m))

v U{Ej(aan IxI) U%(an Ix1); 1 é_j‘gm}

-3 -
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is an (n+’l)—disk and bounds K'x 0 in Dn+3. Note that the section of

I'n-H by Sn+2 <t is
(1) K*xt : if 0<¢t<1/2,
(2) (Uiss O§i<=m}UU{ﬁj(anI); 1¢jsm})x1/2  if t = 1/2,
(3) (sgY ... Vsh)xt if 1/2<t<3/4,
4) (BFY ee. VB x3/1 it &= 3/4,

(5) ¢ : if 3/4<te,

(See Figo 1e14)

=0 § = 1/2 t =5/8 t =3/4
Fig. 1.1

1

We call L™ in ™7 the ribbon (n+1)-disk associated with a ribbon

n=knot Kn, or (Dn+3, Lm-1

. an

) the ribbon (n+1)-disk pair associated with

-+ +1
né’ Ln )

The double &H(D of a ribbon (n+1)-disk pair is an (n+1)-

knot in the (n+3)-sphere S5, since ﬂ(DgHU cee UDE'H)

(041)-link and each &(f,(B"xIxI)) is a band, L™

is trivial
is a ribbon (n+1)-

n+1) n+3’ Ln+1 ).

knot. We say that 'B(Dm's, L is an equatorial knot of &(D

(see [20].)

1.5, We will generalize the construction of (nt+1 )—-dj.sk in [3] and

[14], for n21. Tet D' be an unknotted (m+1)-disk in B2, Adding

0
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1 n+3

m 1-handles h', ... , hi to B D
.1’ m

0
we obtain an (n+3)-digk with m 1-<handles, say V. We take mutually dis-
1

such that h;_n]) T ¢ for each i,

joint oriented 1-spheres ®%_, ... , & on 2V - 2DOT
1 ! Tm

0 such that «,
1

intersects the belt sphere of hl at only one point and Ofinh; = ¢ for

i £ j. Then we call Oéi a gtandard curve on 9V, Let AO be a proper

2-disk in N(2D}''; oV) such that 4 intersects 05! at only one point,

then we call AO a meridian disk of bDnH in 3V and OCO=MIO a

0]

n+1

meridian of bDO

in' ?V, where we give an orientation to « Let uy

O.

o1 for 1¢is<m such that there

be a simple closed curve in 2V - aDO

exists an ambient isotopy of 3V which carries us to OLi for all 1.

Then we add m 2-handles hi, see 9 hzi to V along Uyg see 9 U such

that h:?Lan'H = @ for each i. By the handle cancelling theorem, hi

cancels h, for each i, Tms VYnS Y ... VYh® isan (n#3)-disk D™,

n+1

0
as LnH. We say that the pair (D

18+1 in Dn+3

is of S~type, or simply

In general, D is not unknotted in Dn+3, so we rewite D

n+3
1

Ln+1 )

1 g of S-type when no confusion can arise.
Let AOi’ for 12£1iém, be mutually disjoint meridian disks of a])gﬂ'1
in 3V, and 7 a band in 3V compatible with A, and & . =034 . such
i i 0i 0oi
that (1) 7,(8"x I)n?fj(B1x I)=¢ for i# 3, and
(2) 7, x1)an(enf; av) = 7, (8'x 0) for 1gitm,
Then there exists an ambient isotopy of 3V which carries v to di for

14i¢m, vhere v, =7‘(0li, oy s 21) for each i. Thus the (n+3)-manifold

i’
obtained from V by adding m 2-handles with Vi for 1<i¢m, as the
attaching spheres is an (n+3)-disk which contains DIOlH as a proper (n+1)-

disk, then this disk pair is said to be of S*—t:ype. Clearly, a disk pair

of S*-‘type is of S-=-type.



87

146+ Remark, In 1.5, 1f n2 2, then the attaching sphere vy of
hi2 is uniquely determined up to ambient isotopy by its homotopy class

[w,] in ™ (V- 0*1). For n =1, this is false,

1e7e  Let CO be a bougquet of m+ 1 J1-gpheres eg, e%, coe g e;.

Let =z, De the element of 751(CO) represented by e;_ for 0 <$igm.

By C denote a 2-dimengional cell complex obtained from C, by attaching

0

2=cells e?, ece o er_2u with the boundary formulae corresponding to Wysesey
W where W, = wi(zo, Zys eee 9 zm) ig an element of 3‘31(00) such that

wi(‘l, Ty eesy Zm) = 2z; for 1¢i<m, Then we call C a cell complex of

S—type.

o3 N(Dn'” .

‘ 0 3 Bn+5)) has a 1-dimensional spine. Hence,

In 1.5, cl(
by the assumption on the attaching spheres u, of hi, we have the

following :

N+ nt1
B,L

1.8.  Proposition, Let (D ) Dbe an (n+1)-disk pair of

S-type for n31. Then c].(])n"'5 - N(Ln-”; Dn+5)) collapses to a cell

complex of S=type.

§ 2. Ribbon disks and disk pairs of S-type

a word in F, the

2.1.  Lemma, Let w = W(ZO’ Zyg eee s zm) be

free group on Zos Zqs eee 3 Zpe Then w(1, Zys see 9 Zm) = 2, in F if

and only if' there exist a word vtj in F and an integer Ej such that

_ -13%
w = g(tj Zq ch ) "7

Proof, The sufficiency is trivial, ' The necessity is proved by easy

calculation, see [1].



~

88

2.2. Lema.  Let DJ*', V, & and w, be as in 1.5. Tien there
exist disjoint meridian disks AOij’S of b‘])g—l'1 in 2V, a band 32_3. in
>V compatible with o, and o ., =34 .. for 1¢i¢m and 1<¢3j<r(i),

i —  1ij 01 — -

and an ambient isotopy {§,3 0¢t¢1} of 3V such that
(1) 7,6 D a7, 6% 1) =4 i (5 9 4 (K 2),
(2) })’ij(B1xI)nN(aD13+1; av) = ?/ij(B1X 0),
(3) 7 @' xDnt =g it 14k,
(4) $,]305*" is the identity map for 0¢ts1,
(5) %, is the identity map, and
(6) _501("11) = F(%, aiv cee s alir(i); Vqr eee s 3/ir(i))

for 1¢i¢m. (See Fig. 2.71.)

0 Fige 2.1
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Proof of Lemma 2.2, For n =1, the assertion is easgily shown by

the modification as in Fig. 2.2,

Fig., 2.2

For rtéé, the assertion is proved by using Remark 1,6 and Lemma 2.1. For

N

details, see [1].

Using Lemma 2;2, we have the following Proposition 2.3, and we omit

the proof [1].

2.3+ Proposition, For nz21, an (n+1)—disk pair of S=type is of
( - I —_ - -

S*-typeej‘(Seé Figo 243.)

==

qm— T L — ——J*~4 - _m‘f- ~J - |y

, .
J ] .
’ s ’
, . : I .
/ . ) AR ‘
{
I

' v Fige 2.3 °

Then we have the following theorem :

2.4, Theorem, Suppose n21. Then a ribbon (n+1)-disk pair is




a

30

of S-type, and conversely an (n+1)-disk pair of S~type is a ribbon disk

pair. (For the proof, see [1].) o
2.5. Remark, A.Omae [9] proved that the boundary pair of a 3-

disk pair of S-type is a ribbon 2-knot for a special case, and L.R.Hitt
[2] announced that he proved that the boundary pair of an (n+1)-disk pair

of S-type is a ribbon n-knot and the converse,

By Propbsition 1.8y Lemma 2,1, Lemma 2.2 and Theorem 2.4, we have the

following Corollary 2.6 3

2.6. Corollary. Tet (0™3, 1™1) be a ribbon (n+1)-disk pair
for nz1, then CI(Dn+3 —"N(Ln+1; Dn+3)) collapses to a cell complex of

S-type. Conversely, let C Dbe a cell complex of S-type. Then there

exists a ribbon (m+1)-disk pair (D™, =+

1

) for n21 such that C is

in Dn+3.

— e — —— —, s

In [20], the third author proved the following Proposition 2.7, and

using Theorem 2,4 we can give an alternative proof [1] sz

247 Proposition. Every ribbon mn-knot has an equatorial knot,

for nz2.

8§ 3. Asphericity of ribbon disks

In this section, we will show that the complement of a higher dimen~
sional ribbon disk is aspherical which is an analogy to the case of clas-

sical knots [11].

B.ﬁ. Regarding S4 as'a one-point compactification of 34;-we may

consider that a 2-knot is in 34. Let Rz ‘be the hyperplane of gt

-9 -
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whose 4-th coordinate is t, Ri the half space of R4 whose 4=-th coor-
dinate is non-negative, and Rf;= 01(34 - Ri). By Proposition 2.7, we can

assume that a ribbon 2-knot K2

satisfies the followings :
(1) X° is symmetric with respect to Rg,
(2) K2r\Ri has elliptic critical points only in Rg, and

(3) Kzr\Ri has hyperbolic critical points only in R? (Fig. 3.1).

[ ®

[ B |

3 3
L Ry B 5 B

Fige 3.1

On the other hand, a ribbon 2-knot K° can be described as follows

(1) all elliptic critical'points occur at Rg or RZ and

2’
(2) all hyperbolic critical points occurvaf Rg (Fig. 3.2).

.O@ (0 o

3 3 3 3 3 3 3
Bo ®is B %o B B B
Fig, 3.2

The latter description of a 2-knot is adopted by S.J.Lomonaco [87], then

he has stated the following in Theorem 3.2 in [8] s

—10_-'
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3.2, Proposition, Let X° be a ribbon 2-knot of type ((31, cee

), and di a 3-disk in N(f;; s*)  cuch that the intersection of dg

and ﬁi(ng I) is Pi(B2x1/2) for 1gitm. Let [2a]] be the element
of 7E2(SAr —Kz) represented by bdg. Then 752(54 —KZ) is generated by

[ad?:l, ces o [Bdi] as a ZT-module, where Z7D1” is the integral group

I;ing of T = 7t1(s4 - KZ). (Fig. 3.3)

2’n 351 AR\B 3ﬁ U
@ b S ®
3 3 3 nd
ad;'L(‘R_1,5 ﬂ , 2] N Ry 5
Bin RZ pyo R?) B o R?
Fige 3.3

_The following Proposition 3.3 has been proved by the third author [21]

using the Van-Kampen theorem :

3.3, Proposition. Let (o3, 12 be the ribbon (n+1)-disk

pair associated with a ribbon n-knot K, and (Sm'j, KnH) = e@(Dm'B, Ln+1)o

Then T (5™ - €) 2 n (0™ - L) » 7 (8™ - &™) provided nzo.

344+ Lemmao Let (Dn+5, Ln-”) be the ribbon (n+1)-disk pair

associated with a ribbon n-knot K-, If n22, then the inclusion from -

Sm-2 - X% into Dm'3 - Lm'1 induces an onto-homomorphism 7\32(81%2 - Kn)
— 7L2(Dm'3 - Ln+1) as ZT-modules.

Proof. Let K~ be of type (P,,, cee 3 f3m), then we will use the
notations in l.4. (

Note that, by the general position arguments, we can choosge a bage for

-1 -
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n+3 - n+1 )

congisting of embedded 2-spheres. Let ZQ be a 2-
2

7L2(D L

1

n+1 xI-Lm'.

sphere in Dn+3 - L , then we may: assume that 22 ig in g™

We can move ZQ into general position so that 5;2 does not intersect
p, % [3/4, 1] where p, €int B?H. Since B?H'x [3/4, 1] is regarded as
a regular neighbourhood of p, X [3/4, 1] in smzx [5/_4, 1], we have
52 nBLT X [3/4, 1] = ¢ for 0<i<m. This implies that F2 can be pushed
into’ §%°x [0, 3/4] - 1™, For qeint B, let W, - B (ax1) x[1/2,3/4].
Again by the general position arguments, we can have Zgnwi =@ for each i.
Hence 22 does not intersect ﬁi(an I}x [1/2, 3/4] for each ’i, i.e. wWe
can deform 22 isotopically into g2« [o, 1/2] - 1™, Therefore 22

n+2 1 n+2 n

can be moved igotopically into S8 x O - T s lees into -8 - K. By

this fact and Proposition 3.3 the required result is implied.

(

3.5, Lemma. For a ribbon 3-disk pair (DS, LB), we have

(0 - 1) = o.

Proof. Let '(DB, LS) be associated with a ribbon 2-knot of type
((3,], eve s ﬁm). We will use the notations in 1.4 for n =2 and in 3424
The 2-sphere >4 bounds the 3-disk (3a)x [0, 3/41)V(a}x3/4) in

D5 - L3 for each i. This implies that 71'«2(])5 - LB) = 0 Dby Lemma 3.4.

The following Theorem 3.6 is a generalization of [19] :

Dn+5 , Ln—i—'}

3.6, Theorem, Let ( ) be a ribbon (n+1)-disk pair with

n+1

nz1, then Dn_l'3 -L is aspherical,

Proof. By Corollary 2.6, there exists a cell complex . C of S=-type
such that D — e is homotopy equivalent to C. Again by 2.6, there

exists a ribbon 3-digk pair (DS, LB) such that D5 - L5 is homotopy

x

- 12 -
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equivalent to Ce. It follows from Lemma 3.5 that WQ(C) =0, Let C De
the universal covering space of C. Then Hi(é) =0 for i23, since C. .

is 2-dimensional, Thus, by Hurewicz theorem, C is aspherical, because

W?(C)'z ﬂé(c) = 0, Therefore C is aspherical. This completes the proof,

3.7« Remark, A cell complex of S-type is a subcomplex of a con-
tractible 2-complex, hence the proof of Theorem 3.6 gives a partial answer
to a problem of J,H.C.Whitehead : Is any subcomplex of an aspherical 2-

complex aspherical ?

3484 .. Corollary. Let K be a ribbon n-knot for n 21, then
; Retid pdindiony s

T%(Sn+2 - K" has no element of finite order.

Proof. For n = 1, the assertion is a special case of [11]. For
nx?2, this is true by Proposition 3.3, Theorem 3.6 and a result due essen-
tially to PeA.Smith (p.216 in [4]), namely : The fundamental group of an

aspherical pplyhedron of finite dimension has no element of finite order.

T.YaJima characterized the knot group of ribbon 2-knots in [17], then

by Corollary 3.8 and [17] we have the following :

349, Corollary. Let G be a finitely presented group having a_

Wirtinger presentation of deficiency 1 with G/G'¥ Z. Then G has no

element of finite order.
§ 4. Unknotting ribbon knots

4.1, Theorem, Let K° Eg a ribbon n-knot for n 3, then we have

n+2

™, (s -K%) for 2¢ign-1.

Proof. By Proposition 2,7, there exists a ribbon n-~disk pair

- 13 -
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(™2, 1) such that 8(0™7, 1) = (™7, 7). et (D2, 1%) be a copy

n+2

of (D n+2’ I; ) for ¢ = * guch that ;(D , Ln) is obtained from the

(Dn+2

disjoint union of (D2¥Z, 1) and (2, 1) by identifying their bound-

aries via the identity map. Iet (Sn+1 l“‘1) - (Dn+2 ). Let X e

the universal covéring space of g™ K'n Xﬁ the 1ift of Dn+2 - Lré in

X for €=*% end X, the Lift of 8™ -k in %. By Proposition
345, all of S‘C_l_, %_ and '}EO are also uni&ersal covering spaces. By the
Mayer-Vieforis theorem, we have the following exact sequence :

...—-»H(X )@H (X)—-)H(X)-—-)H 1(X)-—»H (X )eH (i_)-;... .
By Theorem 3.6, H. (XE) =0 for j21 and ¢ =%, Therefore it follows

that H(X)_.H 1( X)) for jz2.

R

Suppose = 3, ‘bhen hLg (85 - KB) H2(3'() o I—I1 (560) = 0, By induction
on the dimension n, it is easily seen that the fact HJ()'Z) ~ H 1( X.) and

H1 (ﬁo) imply Hl(f(') =0 for 14ig¢n-1, This implies the requlred result,

The following Proposition 4.2 is due to A.Kawauchi ([5] or p.331 in

[15]) =

4.2, Proposition, For a 2-knot K2, 5% - K* is homotopy equivalent

to s i m(st -1z

4e3e Theb:;'em. Tet K be a ribbon- n-knot for n 23,

It m (™ - k%) 2 7, then ¥¥ is unknotted.

_'Pﬂ)fol We can use the notations in the proof of Theorem 4.1; In the
proof of Theorm 4.1 , we have HJ(%) Hj-1 ()zo) for jz2.

Suppose n ='3 and 7\:,] (85 - KB) 2 Z, then by Proposition 3.3 it
follows that %, (5% - k%) 2 7, vhere K> is an equatorial knot of K7, By

Proposition 4.2, we have Hi(io) =0 forall iy1., This implies that

-4 -
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Hj(%) =0 for jz1. Therefore s - ©2 is homotopy equivalent o S1,

nence by [7], [13] and [16], ¥ is unknotted. Similarly, for ,ozd, it is
easy to see the assertion is true by induction on the dimension mn. This

completes the proof.

Recently A.Kawauchi and T.Matumoto have obtained independently the
same result as Theorem 4.3 [6].

The following is obtained by Proposition 3.3 and Theorem 4.3 :

4.5, Corollary, . For a ribbon n-knot - with n 24, any equa-

torial knot of K" is unknotted if K~ is unknobted.

For n = 2, Corollary 4.5 is false. For examplé, Kinoshita=Terasaka
knot is an equatorial knot of the unknot [9], The case n = 3 still

remalins Opel.
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