“Fold maps on complex projective spaces”
TP T4 (Kindai University)
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1. INTRODUCTION

AT 44—y RE T 7ANN—HD rRay—] D § 281,
“n RICEKI S™ DERMIZ 7 7 A /N— 89 % p XocEkil SP F DT 7 A N—K
7:S"— SPONGEZFIOELIE, n=2p—-1TH3”
T EMNFFHENT VS, IHICEHTIREERIC “S*ERmxE 7 7 A )N—&T 5 57 FOT 7
AN—H7: 5" — SPORERFFODIEIn=2p—1DEETHH, p=1,2,4,8 DYHIC
[R5 T &nnh->T5.
p=10DLAE, “HEH#HE: ST — S 7m(cosh,sinf) = (cos20,sin20) THO, p =
2,48DEETFIK=C, Hor O &BL L&, Bigk

f:K*— K xR, f(20,21) = (22021, |Zo|2 - |Zl‘2>7

ERHETBHEE, S ={(20,21) € K? |20/*+|21|? = 1}ICHIBRT B & flgam—1 : S —
SP iZ Hopf fibration TH 5. T7xbH, B flgim-1 I& submersion TH D, ZTITRES
W (BUR DM DFSEDRIET % 50D 38w,

—J5, 1950 #E4RIC J. P. Serre BRI DKRE S E—FE (OHFEM) IBLT, XD &
ZeabtH LTz -

Serre’s finiteness theorem on homotopy groups

7,(SP) is a finite group except the cases where 7,,(S™) = Z and 7y, 1(S*™) X Z&T
for m > 0, where T is a finite group.

ZotRt (4m —1,2m) D m = 1,2, 4 DEFEF EREICIENS &
m3(S%) 2 Z, m(SYH ZZ® L, ms(S®) 2 Z D Za,

Thh, EEMOERIT1 € Z 13 ETEFE I NIz Hopf fibration TH 5. Lizh->7T, &K
TR, (SP) DITEDORENE—HIZ, n=2p—1(p=1,2,4,8) D& XL ILERR
WT, T RIREGS f 2 S" — SPICIZNIREEIA NS C Lidin 5.

Hopf fibration I3 % &% E 5D ULIBRTE T 5. £33 well-defined 7[RI G {5

H : T4y 1(S*™) — 7Z, Hopf invariant,

MU PTREEAG £ St — §Pm DR B IEHINE vy, yo IS LT, ZDIERIT 7 A4 3—
DIFFHEE LT

H(f) =1(f" (), [ (o) € Z.
MEEIN, G f O Hopf invariant &9,

J. F. Adams(1960)
(Elf € Mam_1(5?™) st. H(f)=1 <= m=12and4. j
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CDX D ENEAEZIICEWNT, 19694 Amsterdam T [ZFkiA] DOEEEHT, John
Mather I ZXOREZFEE LTz :

Homotopy problem

For any f € m,(S?) is f homotopic to a fold map with n > p?

[ M™ — NP (n > p) ZZ KB OWOIAREGHR E T 5 & &, fFORERES S(f) =
{z € M™;rankdf, < p} WERENS. g e S(f) ZHDE T B JTER (11, 2, ..., 2,)
E9%. TOEE, B fFIARD KD Gt

(X1, 22,y Ty) (xl,...,xp,l,:txz:t---:txi)
TEREIND g € S(f) % fold singularity &\ 5. x5 E, TDOIT AMITATHETAGDRE
HEGMICB % TREGZCERTE ] Z Rk U T 7z Mather IR RAT O L5V F—0

fold — cusp — swallowtail —---

THBEIEBHI> TV, WOTAHE G f o S* — SP W2 T, 29 fold Y

Enzcehs, S(f) ORFEANT T fold TH 5 (TDXK S KRG fold map’ &M
ENz), 975 submersion ICiRE LW TTREGBRDOFEERZM S 1D TH S, 272
L, TTTHELTHRLLDN cusp FrEEAEER D closure 2 & % &, fold LISV DORFHLAUEE
EMIRTEENS T L, Tabb fold map DIEFEREIR fold AT DRFEL % 9 XTI
EHCRZ0EN 2 S TRSRAHERNE] THHEVHIHTHS.

Z T THA I Mather ODRJEZIEL T, XORMEREZS

Generalized Mather’s problem

Find the necessary and sufficient condition for the existence so that M"™ admits a fold
map into N?.

EC, R. Thom & Mather DR E M E—FEREAN 52 T & 15 F1F ER/iC, Mo nlhE
FARDRFE AT [23] IKBWT, B— AHERDO— L ZiEL, VWb E—ADAFX
(71 B8 O ALERRLT, H2Y v MEEWIIEICET % RO EG 72 3 M HES
BUCBIN B RO b L2 HOAECHZ L, fiaaicz oforzie L
(U 23] 220 .

Z T T, F41Z generalized Mather’s problem OFKFR725E LT, NP = RPICHESZ
WMTTEZZTLICTS. TR p=1DHHFREHSNTVE X SIC YEED n T
ZRHA MM ERADHT O HEB (T7abbE—ABE) ZHATS ! LT, p>2
DLGEMIEEHHAME x5, HidFRE ME—RREE OBHE T, ROEREMEENT
W5 .

Kikuchi-Saeki([13]), Saeki-S([20])

Let M™ be a closed n-manifold with x(M™) odd. If there is a fold map f: M™ — R?,
then p must be 1,3 and 7. This restriction on p is coming from the non-existence of
the Hopf invariant one problem by Adams.




FRLDEI K DEEITT p = 3 BX T 7 DHE D fold map DFAERTEI KRN 2
b5 EfRIENS. W, LORRICETENSD p =2 DEFIC Thom-Levine-Eliashberg
OEH GEfif) MEENTVS @

“Any closed n-manifold M™ admits a fold map into R? if and only if x(M™)
is even.”

LTeo>T, p=> 3D aMRENTCHELRMEE X5,

2. p=30) FOLD MAP

feM" >R ZI 23Uy VIO AIREGSE 5. DL E, FHAER O~ (M, R?)
OIS DOPEHE LR SHH-T, fe SMKD DT LITHERT 2 (112K .
TG f ORISR S(f) T BEE, v e S(f) ZHDE T B IR (21, T2, .. ., Th)
9%, G FICHNARERATIERD =ZDDW0I NN TH Y, ZNZENDRATIINISIE

(1) (1, 22,...,2,) — (T1.79, £23 £ - £ 22)

(2) (z1,m2,...,2,) — (2129, 23 + 117y T2 £+ £ 22)

(3) (x1, @2, ... Tn) — (2120, 75 + 2309 + 2120 £ 2F £ -+ £ 22)
THs. ()EFEbAAld QIT), (2)lcusp (1D, (3) 1 swallowtail (BEUSD
N, FRMNIEE T ZRAL L TOXot2kd. £ T, fold &A% F(f) &L, cusp
2Rz C(f) &L, swallowtail &2k%Z SW(f) L&KT L&,

S(H)=F(), CH=C(Husw(f)
MK DB, Stiefel-Whitney FIC & % Thom ZIHDE/RIE
[S()]5 = wno(M") € H"*(M"; Zs)

TdH3Z &% Thom ([23)) MWL, &L E fH fold map TH 2 & Z, MRS
flspy : S(f) = REERAITC L DRDIAATH B M ICHhD. £T T, ZORD
IABDOVERNERIC IR S & Z, f7% tame fold map &5, TDE X, RDT EHGEAT
5.

Theorem (S)
Let M?™ be a closed, non-orientable 2m-manifold with m > 3. There exists a tame
fold map f : M?™ — R3 if and only if ws,,(M?>™) = 0 and ws,,_,(M>™) = 0.

ZERMRDITTDTHOLEITIE, ROFEMEEN TS,

S [21]

Let M" be a closed n-manifold with n being odd. There is a fold map f : M™ — R?
if and only if w,,_; = 0.

CTTHELTEHVWZLDOD, M EHd LEREMNIHETH 248 I RN Lk,
cusp @D Thom ZHANHE—DDIEEICZ>TNB EWVWS T ETHS. ThbL f2Vx
2w 7E[RET B EZE, cusp D Thom ZHHADN w,_, THHEWIFERNZTENTVS.

VERIED « @GR T U LA R LB T & RKT.
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LEN>T, (23185 &SI, Thom ZIHADERIZZREADED FITI3KS TV D
T, Z0tn M TH > TE cusp D Thom 2D w,_1 THBHEWVD T EHh 5.

3. 2R oD R3 \D FOLD MAP

AEITE, EHEBEHATGREZEM E Lz X1, R3AD fold map BMFE(ET 2 MG
ZERT S, FTIFEBICONRLGZES. MiffiORBICE R UIAERK D, B8+
FAARE > T2 D TRMRIDAEN S 30 5. JEEZEI RP™ D4 Stiefel-Whitney
A, o€ H (RP™Zy) 2 Zy Bt L T2 L X

w(RP") = (14 )"

ThHhHTEMIHINTVS ([1,2D. LEh->T, ZHRHOMED S n=4m+17%5
Ew, (RPY) £0THY, n=4m+37%5 w, (RP")=0TH%. £z, n=4m+2
5w, ((RP") £0TH5. £>T, TNHD=DDHAH fold map f: RP" — R?
IMAET 2 EDDRE LT &R D. T2REL, n=4m DEEF w, (RP") =0T
o BV Z I ANRIGETH D, DOF A T —EEDTEIZD T, tame fold
map DEE LARW T EIEHGETOEEED S54E 5 AY, non-tame fold map MWEET 2 MEIFRR
IESARIBRTH S.

RICHEFHZ2ER CP? D R3 D fold map ZE 2 %. FiE, FAEKICKD [17]1C
BT, YU v IEBf: CP? — R3O cusp D Thom ZIHNIIIHA T3, cusp
ENETERNT EAGENIE Nz, BICTORUIE, [18]IcBWNT, M EZHEffF5h
T Aot ZRIAE 9% & X, fold map f: M* — R® DMFE(ET % T=2d DRAE A7 561 7%
RET BIPIC b E NI, ZORRICKSD &, cusp IHED 2D D REEEDAAET
5T EBIHEMTENT

—Ji, [16JICHBNT, MENITREZ 6 KoTPAZARIR M6 FICiE R? A\OD fold map A3
DTCEFET AT &2 LTz, LEEA > T, FHC CP? LIZiE R? A\D fold map WD T
EAEET 5. S HICR. Sadykov IHEIC K 5 F = A TRDOMOGmZFEEILd 5 2 &I
KORDT LA LTz -

Sadykov, preprint
Let M?™ be a closed, orientable 2m-manifold with m > 3. Then there is a fold map
foMP™ — RS

L7eh> T, TNEDORIRZ DD &

Theorem (Okada-S, [6])

(1) 3f:CP" — R? fold map <= n>3.
(2) Ifn =4m+1, 4m + 2, then RP™ does not admit a fold map into R®. If
n = 4m + 3, then RP™ admits a fold map into R3.

Lixs.
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