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On 3-dimensional terminal singularities

Shigefumi Mori

Nagoya University

Introduction. Canonical and terminal singularities
are introduced by M. Reid [4], [5]1. He proved that 3-dimensional
terminal singularities are cyclic quotient of smooth points
or cDV points [5].
Let (X,p) be a 3-dimensional terminal singularity of
index m with the associated Zm—cnver X,p) = X,p). If
(X,P) is smooth, then it is known as Terminal Lemma (Danilov
£21, D. Morrison-G. Stevens [31) that there exist an integer
a prime to m and coordinates x, y, z of (Y,F) which

tx, aty) = ¢ 1y,

are Zm_semi—invariants such that og(x)
o(x) = £tz for the standard generator o of Zm, where
£ 1is a primitive m~th root of 1. In this paper, we consider
the case where (7,;) is a singular point and m > 1. The
main results are Theorems 12, 23, 25 and Remarks 12.2, 23.1,
25.1. These, together with the Terminal Lamma above, almost
classifies 3—-dimensional terminal singularities.
The author expresses his hearty thanks to Professor S.
litaka who allowed him to use his word processor, and to Professor

M. Ishida for his helpful comments.
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§i. Criteria for terminal and canonical singularities.

Let € be the field of complex numbers, and C{x} denotes

the ring of convergent power series in variables x.

Lemma 1. Let (X,p) be the germ of an n-dimensional
terminal {(resp. cangnical) singularity of index m. Let
(X*,p") be the germ of an n-dimensional reduced Gorenstein
variety and f : (X’,p’) = (X,p> a morphism such that f

factors as

' vy,
where h is a blow-up 0of X and g 1is quasi-finite. Let
@w be a generator of wx(m) at p. Then f*w , as a meromorphic

. ® . . .
sectiaon of Wys m’ vanishes (resp. 1is regular) along an arbitrary

irreducible divisor D 3 p such that dim f(D> < n-1.

Proof. Let D be a divisor as in the lemma. Let =
: X* = X* be the normalization, and X" c X' the complement

~

of the singular locus of %*. Since codimi,(X’—X”) = 2
and since (n*wx,)lxn ) anu, we may replace (X’,p’') by
(X",p") for some smooth p" such that =ni(p"> € D. In other
words, we may assume that X' is smooth. Hence in the factorization
X* = Y = X, we may assume that Y is normal and g = g{p)
is a smooth point of Y (by moving p in D if necessary).
Then h*w vanishes (resp. 1is regular) along 9(D). Since
* ¥

: . . *
g ¢ (X*',p*') = (Y¥,q) is a morphism of manifolds, f w = g h

vanishes (resp. is regular) along D. q.e.d.
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Let <(X,p) be a 3-dimensional canonical singularity
of index m such that, for the associated Zm—cover s (X,p’)
- (X,p) [4,3], (X*,p’) 1is a hypersurface singularity. Then
there exist Zm-semi—invariants Xys v Xy in the analytic
focal ring GX’,p’h such that
(1.1 plx;) = ccixi GG= 1, vouy &
(1.2) th,,p, & Clxy, +evyxy3/(P),
where p (resp. £) 15 a generator of Zm (resp. um), c
= (Cl’ oo c4) € 24 be such that gcd(c,m) = g.c.d.{cl,
ceey c4,m} =1, and ¥ is a semi-invariant. Since =& is
unramified outside p’, one has

{q e X | xja) = O if ¢; # 0 (mod. d)) = {p’}
for any divisor d > 1 of m. Hence, for any divisor d
> 1 of m, one has
(1.3 gcd{c,m) = 1, #{i e [1,4] | c; =0 (mod. &3 <
1.
Nouw we reverse the process:

Notation (2.0). Let Zm act on C{xl, e, xa} by

(1.1) with p (resp. ) a generator of Zﬁw(resp. um), where
c € 24 satisfies (1.3) for an arbitrary divisor d > 1 of
m. Let ¥ be a semi-invariant of C{xl, ceny x4} such that

C{xl, P x4}/(?) is normal, and let (X',p') be the germ

of a hypersurface at O defined by (1.2), and (X,p) = (X’,p’)/um.

Then we have
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§.
Theorem 2. Under Notation (2.0), let @ be an arbitrary

element af Zm, and a = (al, ceey a4) a 4-ple of arbitrary
a.
integers 2 O such that U(Xi) = 1xi (i =1, .+, 4) and

that at least three of s ey 3, are positive. Let ef(a)
, a a )
= max (5 1 POt oeee, xgt % = 0 (mod. t¥)3 and |al
= a, + ee. + 3. Then if {X,p) is terminal (resp. canonical),

then lal — m ~ e(a) > O (resp. 2 0).

Proof.  (2.1) Let X.’ be 04 with global coordinates

0
Xys eees Xy and let Zm act on Xo’ by (1.1).. Then T°
= % c C4 = Xy’ is an affine torus embedding, and to the
affine torus embedding 7T’ C XO‘» correspond the aroup T(T?)
= 24 of 1 parameter subgroups of T* and a cone C(XO’)
of T(T') 8@ Let (T =2% and cixy) =% in the
standard way, where @ = {9 @Q | q9 2 03}. Then, to T =

"
T’/Zm - XO = XO’/Zm, correspond [(T) = 24 + 2 c/m and C(XO)
= Q+4. By the definition of a, there exist integers 8,
7 such that Bci = 73, mod. m, where 7 is primé to m.
Hence a/m e ['(T).

(2.2 Let ¥ be a convergent power series defined
by

_ a a
e(a)-?(ylw 1, cony y4u 4).

?’(U.-er v ooy Y4) = W
Then ®*(0,y) 1is a non—-zero weighted homogeneous polynomial
of weight e(a) in Yir 2000 Vg for weiqght yi = ai (cf.

. S‘ 1 ') ’
(%) below) ince y1y2 and y3y4 are coprime, ¥’ (0,y)
has a prime factor which is prime to y1y2 or y3y4. By

symmetry, we may assume that ®’*(0,y) has a prime factor

prime to Yi{Yo and a, > 0. Since
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a ad

(%) 0,y 1,...,y4t y = 1@

P’ (O’YI"..’Y&)’
one can find Pos P3s T4 € €C such that
?’(0,1,r2,r3,r4) = 0.

(2.3)+ Let e, = 0, 1, 0, O), = (0, 0, 1, O), e

€3 4
= (0, 0, 0, 1) € 24, and let C be the cone spanned by a,
€rs €31 € in 04 and M =2 e, 6 2 eq ® 2 e, C 04. Then

the commutative diagram

gives a commutative diagram of tori:

R — R
! i
T — T

and C cT(R') ® @ gives a torus embedding

R* © 2, = Spec C[w,§2,§3,§43’
where a, e,, e5, ¢, of T(R’) correspond to wu, §2, §3,
;4. Then

RC Zy = Spec CLx;s%pi%g:%,3,

with Xy = um, is the torus embedding corresponding to
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C cTr(R) ® Q, and commutative diagrams

'(R*} @ @ — T(Ry & @ — Ty @ @
(&) ¥ U
4
c — C — e,

and

rrRe>e Q@ — Mryeaq@ — (7)) &€

give a commutative diagranm

0 o
fr f i
Xo" T KXo
where f° is given by
X, = ual Xe = X an X. = X ua3 X, = X ua4
1 *T2 2 * 73 3 74 4 *

I+ Tc YO is the torus embedding corresponding to C C I'(DH

® @, then ZO ~3 YO is finite and YO - XO is a biow-up.

(2.4)Y. Llet &' = V(w.gz—r2,§3-r3,§4—r4) £ ZO’ (resp.

s = the image of s' in ZO), and let

a3 a 3 3
- - T oz —e(al) _. = = 3 = 4
q)(xl!xr)oxa’xq) =W ( “Flw 13)(3;\‘.&' Z;XSU .xald ‘)

.

(note that the right hand side is a holomorphic function in
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X1 Xos Xgs X, defined near s.) Let (Z,5) C (Zo,s) {(resp.
(2',s') C (ZO’,S’)) be defined by & = 0. Then f (resp.

£*) induces f ¢ (Z,5) = (X,p) (resp. f* ¢ (Z',s*) = (X*,p’)),
which satisfies the conditions of Lemma 1 by (2.3). UWe have

the following commutative diagram of natural morphisms:
2t — 2
£l £l

X, — X,

By Poincare residue formula,

" = Res dx1 dxz‘ dx3A d><4 _ dxlA dxz“ dxs
X ¥ 7,
a _ a _ a
du D2 dRaw D d(Rauw D)
fo* - 2 3
“xr T ¥ ’
4

where ?4 = 8?/8x4. By calculation, one sees

a _a _ a
du Hyrd (ko 2)“d(x3u 3y

2

a,+a.+a,—1
- . 1 2 3 . A N
= a, W dw dx2 dx3.

we(a)¢

Since f’*? = , it follows from the chain rule that

a
* 4 _  e(a)
(f ?4)-u = W wa,
where w4 = aw/axa. Thus

* . lal ~e(a)-1
£ Oy, = a - w
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One also has

e R duAde dx3 dx4 _ du dx2 dx3.
Zz ‘m wa
One has
f"*w = a . ulal-e(a)—l @
X’ 1 PN

By construction, we have

Hence we have

N . lal-eta)-m _*
f Wy, = (al/m) W T @,

Since =& 1 X* = X is unramified in codimension 1 by (1.3),

one has n* wxim) = {unit) - wx,®m near p* (by abuse of

(m)

language, wy denotes one of its generators at p), and

£ wy = (unit)-?llal—e(a)_m wz®m near .

Since {;1 = 0} 1is a divisor through s collapsed by f,

one has {al — e - m > 0 (resp. 2 0, gee.d.

i L0, s e e ey = { o s 3
Under Notation (2.0), let X, X £ Cxxl » Xgl

(r 2 2) be Zm—semi‘invariants with the same character such
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that ziC{xl, veey xa} uiC{xl, ve xa} for some monomial

u, 1in Xqs e Xy (i =1, «¢., r) and that Ugs weey U

i r

are linearly independent over € and the locus defined by
zl = ,,. = zr =0 1is of dimension £ 1. Let ® be the linear

system generated by 21, vy zr, and assume that our ¢

is written as

for some A2 = (R ooy 1r) € (C*)r. By Bertini’s theorem,

1’
$ = 0 defines a normal variety for general 1 =since the
base locus of ¢ 1is of dimension £ 1. Let o, a, £ be as
in Theorem 2, then the value of e(a) given in Theorem 2
does not depend on the choice of 1 € (€*)".  Then under the

notation of Theorem 2, the following is the corollary to the

proof of Thegrem 2.

Corollary 2.1. If lal - m - e(a) > O (resp. & 0) far
arbitrary o, a, £ as in Theorem 2, then (X,p) 1is terminal
{resp. canonical) for general 1. If (X,p) has an isolated
singular point at p (resp. canonical singularity outside
p) for general 1, then one can add the extra conditions

Ags eees 3, >0 on a in the statement above.

Proof. Let X0 = 04/2m with respect to the action given
above. Then ©® induces a linear system mo (of Weil divisors)
in a neighborhood of O in X0 which is free from fixed components.

By the conditions on zi’s, there exists a toric resoclution
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hoe UO - XO siuch that the proger transform wo of @O to

U0 is free from base poinits (principalizer of the coherent
sheaf associated to @0). Ther a ageneral member X of @0
is normal! at O and its proper transform U = h "£X1 is smooth

in a neighborhood of h “(0). Thus it is enough to show that

* (m , . ® .
h Wy ), 3as a meromorphic section of Wy m' vanishes (resp.

is regular) along DO N U, where DO C UO ie an arbitrary
exceptional divisar of h. UWe now use the notation of the

proof of Theorem 2. Lst L, be the 1-simplex ¢ €% c F(T)

~

® Q «corresponding to DO. Let & = (al, cees @) be a 4~
ple of integers 2 0 such that 2Z2a/m = QL+ n Ty, By (1.3),

the singular locus of X ig of dimension & 1, and the base

0
tocus o¢f ¢O is of dimension & 1. Thus one may assume that
the image of DO to XO ic of dimension £ 1, whence at least
3 of ays wves 3, are positive. Then the notation of (2.3
can be used, and the torus embedding T C VO =T u DO corresponds

to L, ¢ Ty & Q. L+ C THRY ® & carresponds tg the agpen

sybset UO of Zo defined by 2724 # 0. Since 2Za’m = Qa’m

nror, <§1 = 0 is not in the branch locus af Uy = V.
Let V, W bte the proper transforms of X 1o vo and UO’
respectively. Then, ¢ince W is free from bace points,

g 1 W=V ig unramified over general points of arbitrary

irreducible components of WV 0 Do. Thus by
*, ko {m) L - lai-gtar-m &
ahw, ™ = (unity.n, ¥ ela 0,.°™ alopng W N
X 1 ]
DO’
(2.4%, We have corgllary 2.1. q.e.d.
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Corollary 2.2. Under the assumptions of Theorem 2, assume

that m 1is pdd, and

. 2
P = X4 + F(xz, X3 x4) (f € C{x2, X3» x4}).

a a a
_ \ 2 3 4
Ltet n = max{j | ?(th , x3t . xat

m+ n/2 if n is even

y = 0 (tY)3. Then

a,+a,+ta, > (resp. &) {
273 74 m/2 + n/2 if n is odd.

Proof. One has 2-wt X =N (mod. m>. If n 1is even,
then we choose a; = n/2, keeping 2y 85, 8, the same. Then
n/2 + ap tag toa, > {resp. &) m + n. If n 1is odd, then
we choose a; = (m+n)/2, keeping a5, Az, 3, the same, Then

(n + m)/2 + a5, + a + @, > (resps 2) m + n. qeesd
2 3 4

For the approximation of ¥, we need the following which

easily follows by the argument of [1]:

Theorem 3. Let ¢ € Ci{x,y,z,u}. Assume that ¢ has
an isolated singular point at (O), and that Zm acts on C{x,y,z,u}
in such a way that x, y, 2z, u, and % are semi~invariants,
Then for an arbitrary integer b > O, there exists an integer
n >0 such that, for an arbitrary semi-invariant ¢ € C{x,y,z,ul
with the property & = ? (x,y,z,uw", there exists an analytic
C-automorphism ¢ of Ci{x,y,2,u} commuting with Zm—action
(Will be called a Zm—autamorphism, for short) such that

o(P)XCix,ysz,ur = vC{x,y,z,u}, 6 = id. modulo (x,y,z,u)b.
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Corollary 4. Under the notation and the assumptions
~
gf Theorem 3, if € (x,v,2.u}" and if xy appears in 9P,
then there exist a Zm—automorphism g of Ci{x,v,z,u} such

that

2

gi{x) X € (y,z,u) + (x,¥,z,u)",
3

gly) — vy €& (x,z,u) + (x,y,z,u)",
glz) - 2z, o(u) — u € (x,y,z,u)z,

(c(P))

(xy + f{z,u)) as ideals for some f € Cl{z,ul}.
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§2. Noptation and classification.

Let ¥ be an element of (x,y,z,u)ZC(x,y,z,y} which
has a Zm—actian (m > 1) such that x,y,z,u,? are semi-invariants.
Assume that ¢ has an isclated cDV singularity at the origin
(0), that the quotient of ({9 = 0} by Zm has a terminal
singularity at (0>, and that the action of Zm is free on
U~ (0), where U 3 (0) 1is an open set of (¥ = 0}. By a
Zm-automorphism, we mean an analytic C-automorphism of C{x,y,z,u’
commuting with Zm-action unless otherwise menticned. We will
keep these assumptions and notation, unless otherwise mentioned.
Fixing a primitive m—th root £ of 1, and given the

Zm—action above, we associate to each o € 2 a weight modulo

m

m (denoted by o-wt mod. m); o-wt(x) = a(o), +s., o-wtlu) =
d{g) (mod. m) are determined by o(x) = {a(O)ox, ceey oflu)

= Cd(0)~u. If o 1is a generator of Zm, we may simply call

o~wt a wt., if there is no danger of confusion. By Theoren
2 and Coreallary 2.2, one can almost classify such P as above.

The results are as follows.

Theorem 5. If xy appears in ¥, then one of the following
holds (after exchanging z,u if necessary):

(1) wt x +wt y=wt 20 mod. m, and wt u, wt %x, wt
y are prime to m.

(2> m = 4 and there exists a generator ¢ of 2 such

4
that o~wts of %x,y,z,u are 1,1,2,3 mod. 4.

By Theorem 5, one can easily prove
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Lemma 6., If x and y2 appear in ¢ and m = 2,
then

(1) if wt x = wt ¥y mod. 2, then after exchanging
z, u (if necessary), one has wts of x, y, 2z, u equal to
1, 1, 0, 1 mod. 2, and modulo 22—automorphism, Py = (x2
+ y2 + iz, u2)) for some f € €C{z,u3,

(2 if wt x £ wt y mod. 2, then after exchanging «x,
y (if necessary), one has wts of x, vy, z, u equal to 1,

2 2

g, 1, 1 mod. 2, and modulo Zz—automorphism, (P) = (x° + vy

+ f(z, uw)) for some f & C{z,ul.
Thus one gets

Theorem 7. If the quadratic part ) of ¥ has rank
2 2 as a quadratic form, then after permutation of =, vy, z,
u {(if necessary), one of the following holds.

(1) wt x +wt y=0; wt z=uwt = 0; wt x, wt v, wt
u are prime to m, and modulo Zm—automorphism, (F) = (xy

£(z, u™) for some f e Cl{z,u"3.

+

(2) m=4: wts of x, v, 2z, u, $ are 1, 3, 2, 1, 2 mod.
4 (after choosing a generator of Za), and modulo Za-automorphism,
() = (x2 + y2 + f(z, Wy for some f € C{z,uz}.

(3 m =2 wts of x, v, 2, u, ¢ are 1, 0, 1, 1, O
mod. 2, and modulo 22—aut0m0rphism, ¢y = (x2 + y2 + f(z,

u)) for some f € (z,u)qc{z.u}.

Remark 7.1. In case (1) (resp. (2), (3)) of Theorem
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7, if £ is a general linear combination of a finite number

of monomials in (22, um)C{z, u™} (resp. (23, u2)C{22, zu2,

u4}, (24, 23u, 22u2, 233, u4)C{22,2u,u2}) and if f has an
isolated singular point at 0O, then (X,p) is a terminal singularity.

This follows from Corollary 2.1.

Lemma 8. 1f rk ?2 S 1 and u2 appears in ?2, then one
has

2

(P) = (u© + f(x,y,z)) module Zm—automorphism,

where f € (x,y,z)aC{x,y,z} has non—-zerg cubic term f3.
This follows from the definition of cDV points.

Theorem 9. Under the situation of Lemma 8, if F3 is
not a cube of a linear factor, then after permutation of x,
y, 2 and choice of generator o of Zm, one of the following
holds.

(1Y m =2, wts of x, v, 2, u, ¢ are !, 1, 0, 1, 0 mod.2,
and xyz or yzz appears in F3~

(2) m = 3, o-wts of %, vy, 2, u, ¢ are 1, 2, 2, 0, O

3 3 3 .3 2 3

mod. 3, and f3 =x" + yT o+ 27, x° + yz—, or x- + y3 modulo

23—automorphism of Cix,y,23.

Remark 9.1. In cases (1), (2) af Thearem 9, it is easy
to see that modulo Zm—automorphism and units of Ci{x, v, z,
u}, one may put ® 1in one of the following forms by Theorem
3:

Case 1. m = 2, wts of %, v, 2, u are i, 1, O, 1 mod.
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2,
(9.1.1) P o= u? v oxyz + k2% + 2P 4 S,
(9.1.2) $ = u? v y%r 4 ayx?3Tl 4 g,
(a,b 2 2,c 2 3, 2 € k, g€ (xa,x222,23)C{x2,2}),
Case 2. m = 3, wts of %, v, z, u are 1, 2, 2, O mod.
3,
(9.2.13 P = u2 + x3 + y3 + 23,
(9.2.2) P = ul 4 x5+ yz2 4 2y Tl 4wy,
(9.2.3) F = u2 + x3 + y3 + xyzs‘a + xza-s + yz5'7 + 26'6,

(r21, 522, L,uek, a, B, 7, 6 € C{z°D.
For (9.1.1) and (9.2.1), (X,p) is terminal. If 9 1is a
general linear combination af a finite number of monomials
as in (9.1.2), (9.2.2), or (2.2.3), and if ¥ has an isolated

sinqularity at O, then (X,p) 1s terminal.

Lemma 10. Under the situation of Lemma 8, if F3 = x7,
then modulo Zm—automorphism,
(P) = (u2 + x3 + g(y,2)x + hiy,2z)),

where g, h € C{y,z?, g € (y,z)3, h € (y, 2)4.

Theorem 11. Under the situation of Lemma 10, one has
m=2 and wts of x, v, 2, u, ¢ are 0, 1, 1, 1, O mod. 2,

and h € (y,z)°.

Remark 11.1. If m =2 and wits of x, v, z, u are O,
1, 1, 1 mod. 2 and if an even polynomial g (resp. h) in vy,
z is a general linear combination of a finite number of monomials

e (v, 0% and h & (y,2)°, and if
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P = uy" + x3 + g9y, Z)x + h{y, 2)

has an isolated singularity at O, then {(X,p) is terminal.

{13
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