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5.2 EHBFvX2-—HEX[22]
In this subsection, we introduce a phonon reservoir and derive the master equation that

governs time evolution for the reduced density matrix of a system in contact with the
reservoir. The total Hamiltonian H,. is given as

Hiot = H + AHyy + Hp, (24)

where H denotes the Hamiltonian for the system of interest, Hg denotes the Hamiltonian
for the reservoir, and A Hy,, describes the interaction between the system and the reservoir.
We assume that the reservoir consists of an infinite number of mutually independent
harmonic oscillators [23, 24, 25], that is, :

N 2 o 2 1
HR:Z Po +m Wy :Zhwa (blba+§>, (25)

where b} and b, are the creation and annihilation operators for the ath mode. More-
over, we assume linear coupling between a Hermitian operator of the system, X, and a
reservoir’s operator as

1/2
He =3 (mcéwa) YaTaX = Vi 7 (bg + bc,) X, (26)

where 7,5 are some constants. We call the above reservoir including the style of coupling a
phonon reservoir. In this section, we do not make any assumption for the system, though
it will be taken as the harmonic chain in the next section.

According to the standard method (see e.g. [26, 27, 28]), we derive the master equation
for the reduced density matrix as follows. We start from the quantum Liouville equation
for the total system

aptot(t)

1
ot = E[H§0t3ptot(t)]’ (27)
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where pyot(t) is the density matrix for the total system. Under the condition that the reser-
voir is initially in the equilibrium state at inverse temperature 3, the degrees of freedom
that belong to the reservoir are traced out with the aid of projection operators. Then, we
assume that the coupling strength A is so small that the interaction can be dealt with by
perturbation. Moreover, we adopt Markovian approximation which is valid if correlations
between reservoir variables are short-lived. As the result we obtain the following equation
for the reduced density matrix p(t) = Trrpiot(t) (Trr means the trace concerning the
reservoir’s degrees of freedom) in the second-order perturbation with respect to A,

2 p(t) = = [H,p(1)] ~ Tt (2%)

where I'p(t) is defined as

t o) Ly
Lp(t) = %/ dt’/ dw e O(w) { X X (—t)p(t)
: 0 —00
— PP X p(t) X (—t') + M p(t) X (—)X — X(~t)p()X}.  (29)
At the same time when the Markovian approximation is valid, the upper limit of the

time integral in the right hand side may be replaced by the infinity, and we put so in the
following. In Eq. (29), X(—t') means the Heisenberg operator at time —¢/,

X(___tl) — e——th’/ﬁXeth’/ﬁ, (30)

and ®(w) denotes the Fourier transform of the two-point function of the reservoir operator
coupling to X, namely, ‘

1

T o

o (w) [Z;”W@UMA (31)

where ®(t) is given by

1/2 o\ 1/2
Trr [Z (m;wa> (mazwa > %%,xa(o)xa,(t)e—ﬁHR]/TrRe—ﬁHR

a,o!

(t)

eiwat + 6ﬁﬁwae—iwat

- Ayt @)

Hence, denoting the reservoir’s density of states with respect to frequency w by D(w), we

have

(w) = D(—w)
efrw -1 7

o) = hylw)Z (33)

where we introduced the smooth function y(w) that satisfies v(+wy) = v,. We also define
the spectral density I(w) as
I(w) = 7(w)*D(w) | (34)

for later convenience.
Making use of the relations:

/wémﬁ:nw@)+Pi, (35)
o] 14
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neglecting the principal value {26, 27, 28], the Kubo-Martin-Schwinger (KMS) condition
P(w)ef™ = &(—w), (36)

and introducing the operator K whose matrix elements are

(l|Rlm) = %Xz,mé (]—3%1—@3) , (37)
Tp(t) is represented as follows
To(t) = = (XRo(t) = Ro(t)X — Xp()R! + p(1) R X) (38)
= = (X, Ro()] + X, Ro()]') (39)
and we arrive at the master equation
O0) _ L1, ) — T (IX, B0 + X, B0 (10)
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