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[Abstract] We consider an abstract interaction system of Bose fields. The 

Hilbert space for the system is defined by a tensor product of a Hilbert space 

and boson Pock space. It is proven that if the total Hamiltonian has a ground 

state, its multiplicity is finite. 

1 Main Result 

In this article, we consider an abstract interaction system of Bose fields. The Hilbert 

space for the system is given by 

箕＝XR訴(L2（配）），

where缶b(L召配）） denotesthe boson Fack space over L灯配）． Thefree Hamiltonian is 

given by 
H。=K⑧]l+]l⑧d几(co),

where d['訊創isthe second quantization of co= ro(k), k E配． Weassume that K and 

co satisfy the condition below, respectively. 

(A.1) K is self-adjoint and bounded from below. 

(A.2) co EC（配） andinf. ro(k) 2: 0. 
kE良d

We denothe the annihilation operator by a(f) and the creation operator byが(f).The 

creation operators and annihilation operators satisfy the canonical commutation relation 

[a(f)ぶ(g)]= (f,g), 

[a(f),a(g)] = [at(f),at(g)] = 0. 

The total Hamiltonian is defined by 

HK:= Ho+ KHr, 

where K: E艮iscalled coupling constant. 
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We suppose the condition below. 

(A.3) Hr is symmetric. 

(A.4) For all K E恥，HI(isself-adjoint. 

For a self-adjoint operator H, we denote the lowest spectrum by Eo(H) = inf(CJ(H)), 
and we say that H has a ground state if Eo(H) is an eigenvalue of H. We are interested 

in the multiplicity of the ground state of HI(. The difficulty of the analysis is that the 

ground state is an eigenvalue which is embedded in continuous spectrum (refer to e.g., 

[1, 5]). 

Suppose the condition below. 

(A.5) K has a compact resolvent. 

(A.6) There exists Qr：配→£（沢） suchthat for all <I>，甲E1>(Ho), 

[Hr, 1l⑭a(f)]o（紅） ＝kd  f(k)*(<I>, Qr(k))dk. 
]Rd 

where [X,Y]0（中，甲）isthe weak co皿 nutatorand a(k) is the operator kernel 

of the annihilation operator. In addition, there exists s (K) 2: 0 and T(K)2: 0 
such that for all <I> E 1) (Ho), 

J記 co(し)2IIQr(k)<I>ll2dk ::S s (K) IIHl(<I>ll2 + T(K) ll<I>ll2. 

(A.7) Qr(k) is strongly differentiable and there exists μ1(K) 2: 0 and Vz(K) 2: 
0, for each l = 0,... d, such that for all <I> E 1>(Ho), 

J配 co(し)4IIQr(k)<I>ll2dk::S即（K）||H⑲|戸+vo(K)ll<I>ll2, 

and 

J配 C0（如麟(k)<I>ll2dk'.:Sμj(K) IIH可＋Vj(K)ll<I>ll2-

The following is the main result. 

Suppose (A.1)-(A.7). Then if凡hasa ground state, its multiplicity is finite. 

[Remark] 

If we suppose I K'.I is sufficiently small, then it follows that dim ker (HK: -E。(Hり）
:S dim ker (K -Eo (K)) from the main result in [ 6]. 
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[Outline of Proof] 

The strategy is to use a method considered in [7], which is a combined technics for 

showing the the existence of the ground state for all valued coupling constants in [3, 4] 

and it is proven that the multiplicity of the ground state for the quantum electrodynamics 

is finite for all values of coupling constants. Let us suppose that H JC has a ground state 
with dim ker (HK -E。(Hり） ＝oo. Then there exists a ground state糾，j,j EN, such 
that HK:糾j=Eo(Hり伍jand II伍jll= 1. We see that w-Fm糾j= 0. On the other 

j→OO 

hand, using the combined method above, we can prove w-Fm広，jヂ0,and it yields a 
J→OO 

contradiction. Hence dim ker (HK -Eo(Hり） ＜oo. 

[Application] 

We shortly introduce the generalized the spin-boson model [2]. The Hilbert space for 

the system is given by箕GSB=X@匹(L2（配）） andthe total Hamiltonian by 

HGSB(K) = A⑧n+n⑭d几(ro)+"JC[B賣</J(!J).
j=l 

The precise conditions are not explained here, but the main result can be applied to this 

model. 
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