Archive for Rational Mechanics and Analysis manuscript No.
(will be inserted by the editor)

[-Kun Chen - Tai-Ping Liu - Shigeru Takata

Boundary singularity for thermal
transpiration problem of the linearized
Boltzmann equation

January 28, 2013

Abstract We study the boundary singularity of the fluid velocity foetther-
mal transpiration problem in the kinetic theory. Logaritbrsingularity has been
demonstrated through the asymptotic and computationalsisaThe goal of this
paper is to confirm this logarithmic singularity through exanalysis. We use an
iterated scheme, with the "gain” part of the collision operas a source. The iter-
ated scheme is appropriate for large Knudsen number coesidiere and yields
an explicit leading term.

Keywords Boltzmann equationBoundary singularity Thermal transpiration
Maxwellian bound

Mathematics Subject Classification (2000)35Q20- 35A20- 82C40
PACS 51.10.+y- 05.20.Dd- 47.45.-n- 02.30.Jr- 02.30.Sa

Contents
1 Introduction . . . . . . . . . e 2
2 Pointwiseestimate . . ... . . . .. ... e 5
3 MaxwellianBounds . . . . . . . . ... 6
4 Construction of the Solution . . . . . . . . . .. ... ... .. ... 10
I-Kun Chen

Department of Applied Mathematics, National Chiao Tungwdrsity, Hsinchu, ROC
E-mail: ikunchen@math.nctu.edu.tw

Tai-Ping Liu

Institute of Mathematics, Academia Sinica, Taipei, ROC Beg@artment of Mathematics, Stan-
ford University, USA

E-mail: liu@math.stanford.edu

Shigeru Takata

Department of Mechanical Engineering and Science (alsodatiAced Research Institute of
Fluid Science and Engineering), Kyoto University, Kyot®68601, Japan

E-mail: takata.shigeru.4a@kyoto-u.ac.jp



5 Asymptotic Formula of the Flow Velocity . . . ... ... .. ... .. ..... 11
6 Singularity of the Flow Velocity . . . . ... ... ... ... ... . ... .... 13
7 Numerical demonstration of the singularity . . . . .. .. .. .......... 18

1 Introduction

Consider the stationary linearized Boltzmann equation

3 1
;Zﬂ&f = ;L(f), 1)

wherek is the Knudsen number arldis the linearized collision operator. Here
the linearization is around the normalized MaxwellEan

E(Q)=m2e 1P, (2)

For the hard sphere model, the collision operator is the dian mtegral operator
K with kernelk({, {,) and a multiplicative operatar:

L(g) = —V(IZI)<p+ K(p),
v(n) =2 3/2[e " +<2n+ 1) Jg e <ds,
4(¢.0) =2 b e 4
=23 g - g texp- R 22— p2),
ko(Z,8) = —2 3 Y7 - *exp(— 14 - 5,

Forv(|{]), itis clear that there exist positive constamts> v > 0 such that

Vo(1+1[¢]) < v(|{]) < vi(1+[Z]). (4)

The kernel of the collision operatady, the collision invariants, is spanned by the
following five orthonormal functions

NH—'

00(2) =EL(2), 91(0) = GEL(Q), @u(0) = (2P~ DEFQ). =123 ()

The macroscopic variables, the perturbatimix) from the reference normalized
density, the fluid velocity(x) = (q1,02,03), and the perturbatiom(x) from the
reference normalized temperature, are given as inner ptedvith the collision
invariants:

2

o) =(f, @), aG(x)=(f, @), T(x)=3(

where the inner product is with respect to the microscopi@te :

= [ 1Qh(Q)dg

2

f ) CD4>7 (6)



We consider a gas between two parallel plates:

1 1
QZ{(X17X27X3)|—§<X1<§}. (7)
The perturbatiorr,, of the wall temperature from unity has a positive constant
gradient in thex, direction

Tw(%,xz,x?:) = rw(—%,Xz,Xe,) =&Xp, €>0. (8)
The thermal transpiration phenomenon is that the boun@gmpérature gradient
on dQ, without the fluid pressure, can induce a gas flo@inThis phenomenon
can be understood only with the physically realistic maatgbf the boundary con-
dition using the kinetic theory. We consider the diffuse aary condition, which
prescribes that the distribution leaving the boundary teémmal equilibrium with
the boundary and that there is no mass flux across the bouyiidary

f(i%7X27X37Z) = Ui¢0+ TW¢)47 for Zl § 07
) 1
Os = —3Tw+ 2V 7,20/ Q1|EZ ({) F(£53,%2,%3,{)d{.

The linearity of the equation (1) and the boundary data (8wals to consider
solutions in the following form, [5], [1]:

(9)

1x.0) = (@00 0) HxallP - DEHQ)). (10)

The second term on the right hand side of (10) absoylccurring in the bound-
ary condition (9), and consequently the symmetric part

1/~ ~
¢=3 (<P(X1, 01,42,3) + @(—x1,—{1,{2,{3) — (04 + 0_)%)
satisfies the zero boundary condition:

®(3,2)=0, for ¢1 < 0, (11)
(p(_%7Z):Oa for Z]_>O

FromL = —v +K, (3), we can rewrite (11) as an integral equation:

{ 010, 0(x1.0) = 2L() — La(|7?~ $)EE({), when — § < x; < 3,

1% e TS (2K (9)(0) - (¢ P - $ER(D))ds for &1 > 0,

1 — _
2 e S (2K ()(€) - GlIE P~ HER(Q) )ds for & <.
12)
In [1], it is proved that there is a thermal transpiration flowe. there exist
positive constant€; andC, such that, fox sufficiently large,

1
Cilnk < Eq2<Czan. (13)
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Our analysis is based on an iteration scheme, (50), (20, thvit leading term

e W S22 - SERQ)ds for >0,
woa.d)=q T, 1 (14)
ke K0P~ HERQ)ds  for ¢a <0,

Takata and Funagane, [9], use similar iteration schemédédésign of a numer-
ical scheme. Their numerical experiments gives strongeewd of the optimal
convergent rate 012'”7" for their numerical scheme. Their high quality numerics
on the boundary behavior of the distribution function prasripe present analyt-
ical study of the boundary singularity. We first improve og #stimate (13) with
the explicit leading term of the fluid velocity in the diremti of the plate.

Theorem 1 For the solution of(12), the gas flow velocityAx; ), (6), satisfies,
for k sufficiently large,

1 1 1 1 1
() = 4\/—(an+2 y—Cr — X1+ = \In|x1+2| X1 é\ln\xl_i\)
In? k
+O< K )’ (15)
wherey is the Euler constant and
Cr —4/ p3( 2)e” PIn <pp)dp. (16)

The derivative of the fluid velocity generated by the leadergn @, (14),
0 Bxa) = e [ GER . Q)¢

is singular near the platg = i%. We will show that, for large Knudsen number,
this singularity dominates those induced by the remaineémms in the iterations
and we have:

Theorem 2 For large Knudsen number, the derivative of the flow velagitiends
to infinity logarithmically near the boundary:

1 1 Ink 1 1 Ink

b= (o)) (g w3 ) o U5). )
The logarithmic singularity near the boundary has beervddthrough the asymp-
totic methods for Boltzmann-Krook-Welande (BKW) modelkeTsingular bound-
ary behavior is one of the main features of the kinetic theseg [7] and references
therein. It would be interesting to establish this gendrigglar behavior for gen-
eral boundary layers. This is, however, left for the futlineSection 2 and Section
3, we establish two key lemmas concerning the operatorsited in the integral
equation (12). This allows us to analyze the solution in thiesequent sections.
Numerical demonstration of the singular behavior of thaftgmic type will be
given in the last section.

The study of boundary singularity requires quantitativeinjwise analysis.
There is another pointwise analysis making use of the Gsdeanction, e.qg. [3].
The present paper makes use of the deep understandinggtresymptotic anal-
ysis, of the boundary singularity by the Kyoto School.

2
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2 Pointwise estimate

Pointwise estimate of the solution is needed for our anglysist we rewrite the
integral equation (12) as:

1
9=H (K@ +h(Q). (18)
where
~3/47,(2 _1712)e BIEP,
h({) =m>"0(5 —I¢%)e 2 (19)
v(lg))
. — |s—xq|
J e MalT (s {)ds 41> 0,
H@)0a,0) =029 (20)
2 e " Me(s ()ds 1<,
Note that in (20) the integration is only with respectt@and so
H(@)] <90, Olle(, {)llg, (21)
where "
x4 e wal Sgs for g > 0,
60,0 = | -4 ' (22)

Vel

(2D
2 ‘Z—l‘e_ K2l |S_X1|ds for {1 < 0.
1

Lemma 1 The function ¢x;, {) of (22) has the following bounds in terms of the
spatial location x and the microscopic velocgiyalong the plates:

X1+ v(IZD)xat3]
|Z—1|27 for Zl > f, L
9(x, ) < V(rZI)’ for — V(\Z\)}I(Xrﬁl << \f(IZI)l\(Xﬁ?I7 (23)
xa—3| v(IZhxa—3
it fordus Ml
Thus, there exists a positive constant C such that
l9(xa, )| <C(k 1) (24)

Proof We only consider the cagg > 0; the cas€; < 0 is similar. We can either
take the supremum of the integrand os¢o obtain

X1+ 3
90x1.0) < 72, (25)
rel

or integrate directly to obtain

K _ w2+ 3| K

g, {)=—5<(1—e ¥l < ——. (26)
00.0) = gz ( )<

(23) follows from the above two estimates, while (24) follofiom (26) because
of (4). O

Lemma 1 and (21) yield the following coarser but simpler imi@stimate, which
we will use later.

Corollary 1
H(@)| <C(k*+ &) e Ol - @7)



3 Maxwellian Bounds

We study the properties of the operakar(3).

Lemma 2 (Maxwellian Bound)
(i) Suppose that a functiop satisfies the following Gaussian estimate for some
constantap<a< 1,

19(Q)] < e ¥, (28)

Then there exist positive constants&hd C such that, fod < a < %

K(@)()] < Cae™F, (29)
where G is a constant depending on a:
_ 1 —-1).
c@fc<1+|a—§| ) (30)
and, for a= 1,
K(@)(Q)] < Ca+]g)e 21, (31)
(i) Suppose that a functiop satisfies
9(0)] < (H+1) e for 0<a< 2. (32)
Then, fork > 2,
K(9)({)] < Caln(k)ea¢F, foro<a<i, 33)
K(@)(@)] < CIn(k)(1+¢])e3¢F, fora=3.
Proof
(i) Consider first thé (¢, ) part ofK:
k(@) = [1a(¢,8)9(E)dl..
From the form ok, (Z, .), (3), and the assumption (28) for
€382 1212 a1 1yi7.12
Ki(@)()] < /ﬁe—flz—m @Ry, (34)

We choose an orthogonal badie, e, e3} centered af with e3 = —é—‘ as the
north pole andp, 8, ¢) its spherical coordinates:

{. = { + pcosPes+ psinbcospe; + psindsinge,. (35)

Then we have the expressions

=8| =p, [(xZ|=p|7|sinG, [¢.|°=|*+p*—2{|pcosh. (36)



From (36), the inequality (34) yields

[Ka(e
/ //ch ||?sir? 6 *%*(fﬁ%)(\Z\2+0272\Z\90059)p2sin9d¢d9 dp

<
< 2mee 4P / / +3)(p—[¢|cosd)*+(a-3)[¢[c0$ 0 5 gin g ddp.
The last integral is dominated by the following two terms
|11 / / (=[] cose)’+(a= ><\f\2°°529>\p—|z|cose\sin9d9dp
+/0 /0 )(p=|Z|cos8)*+(a-3)([Pcof6) | 7| cosh| sinBABdp.
Clearly,

I < / / ~(a+3)(p-IZ0s0)?| 5 |7|cosf|sindBdp <C.  (37)
For the second term, by changing the order of integrations, we obtain
|II|gC/OH|Z||cos@|e(a*%>|Z|2°°529sin9d9. (38)
Clearly, for the casa < % we havelll| < C|{|, which yields, in particular, the

Ky part of the estimate (31). To complete the proof(df for Ky part, it re-
mains to consider the case< % for || > 1. For this, we change the variable

B= % —a|{|cosh in the integral in (38) to obtain

I 230 e P <c| 39
| |_I - IIZI/ %WIIBI p=clz A 9

This proveg(i) for theK; part.
Next, consider the other pad({, {,) of K:

~ [1a(¢.2)0(¢.)d2..
Again from (3) and the assumption (28) fprwe have
Ka(9)(Q)] < ce 2P / 17— z.|e @ DRPgz,
< ce%IZ|2|'Z|/e(a+%>IZ*|2dZ*+Ce%IZI2/|Z*|e(a+§)|z*|2dZ*
< C(1+[¢))e 2l (40)
For0<a< 1, we have

1 _
|Z|e*%\f\2 SC‘E_a| lo-algf? (41)



This completes the proof fdr).

(i) For the proof of(ii), we need to treat the casgs| small and|{.1| large
separately. We define a bump functigimwith the propertiesys(s) € C*(R), 0 <
W(s) <1, |[¢(s)] <2, and

w(s) — { 1 when|s| <1,

0 when|s| > 2. (42)

Here we consider th&; part only, because the same analysis applies td<the
part. We have

Ka(@)(O)] < /kl(Z:Z*)(l—w(Z*l))(K*1+|Z*l|)*lefa\f*|2dz*

+ [ L)W+ 12al) e Pz,
— A+B.

For A, since|(1— (1)) (k14 |Za]) 7Y < 1, the case reduces to the one in
(i). For B, although the integrand is not differentiabledat = 0 and is singular
at {. = ¢, we can perform the integration by parts on upper half ancidvalf
spaces in the sense of improper integral to obtain

B=— / (IN(k 1+ |Zea]) + InK) SigN(Z.2) 97, [Ke (2, &) e ¥ (Z.0)]dE..

Here the constant k is chosen so as to eliminate the boundary terms in the
process of the integration by parts. Singés supported on—-2,2], k > 2, and
[In(k~1+1|Z.1])| < 2Ink, we have

[B| < 3[Ink| / 10, (ka(Z,2.)e 4 Fy(2.0)) A (43)

When the derivative hitg), we use|y/'({.1)| < 2 and reduce the situation as in

(i) to obtain the estimates. Thus, the remaining task is to astiithe following
|2

integralB’ that is generated when the derivative g, .)e %
= [ 192207, (ka(€.8.)e ) oz

0 d 06 0
= [1W@D G2 55+ 571 59 F(P-0.1ZD]dL..

where

F(p,6,|]) = ge—amﬁe—(w%xp—\zwcos9>2+<a—%><m2cosz9)7 (44)

andp and@ are the ones introduced in (35). Direct calculations yield

35F = —(5+2(a+3)(p—|{|cosd))F,
,;’QF = —(2(a+3)(p—|¢|cosh)||sin6 +2(a— 3)|Z|>cosBsinG)F,

'D

. . . 45
(fz"l =agsinfcosp + axsinfsing + azcoso, (45)
a* cosf cosp cosfsing sin@
P =a 3 +ap 3 —az¥ 0

8



whereay, ap, ag are the components of the unit vectar0,0) in the orthonormal

basis{es, ey, e3}, namely(1,0,0) = aye; + apex +ages and(al) +(a2) +(33)2:
1. Thus from (45), we have

© [m 1 1
B < ce ™" [ [7((a+3)(p 12| cosh)® + (a+5)I¢]|(p ¢ |cosd)|
t1+la— %||g|2| C059|) Le (@) (p—[¢|cost)*+(a-3)[¢[2cod 6 5jn g gdp
—: Ce P (B + B, + B+ BY).
For the first two term®) + B, we change the order of integration to obtain
! 1B — d ° } _ s9 _ ) 2
1+ B2 = (@+3)([<ll(p—[¢]cost)| + (p —|¢|coso)
o \Jo
.e—(a+%)(P—IZICOS9)2dp)e—la—%l\i\zcoszesingdg

s

< (|Z|+C)/ e l2-3l¢P 00 5inggg
0

< C+/n|Z|e*‘a*%HZ|2C°529sin6d6.

In the caseal: 2, this yields the desired estimag+ B, < C(1+|{|). In the case
0<ac< 5, we change the variables as in (39) to obtain

3-alll o 1
' 1B, <C /2 ePdp<c(1+|z— .
i HBSCh | e B=c(1+|3-4")

Similarly, for 0< a %

B’3+Bﬁlf/ / (a4 3o- i eos0 g )
(1+(1 a)|| |cos@|)e 3[¢[*cog 0 5jn g

< C/ 1+ a)|{] ICOSOI)e’ (z-a)l¢[2cof0 gingge

F\zw

<c(2+ 2/ pe #'dp) <cC

This finishes the estimate f& and thus foB. The desired estimate férandB

yields the estimate foK;(¢). The same analysis applieskg(¢), and we com-
plete the proof folii). O

Remark 1(ii) of the lemma is what we need to develop our existence theory in
the next section. For the caae= % Lemma 2 is optimal. In fact, by considering

@ = @y = E2 in the kernel ofL, we haveK (@) = v(]{|)®o. Because of (4),

Liz12 _ 11712
vo(1+[¢])e 2K < [K(@o)| < va(1+[¢|)e 21, (46)
which shows that the inequality (31) is sharp.



Remark 2There are some related estimates that can lead to a simtlaliffar-
ent characterization. For instance, as an application afirha 5 in [2] or by a
modification of the proof above, we have

Lemma 3 Suppose that
1
19(2)| < e P, for some a> > (47)

Then, .
[K1(9)(2)] < Cae 241 (48)

Note that this characterizes the case Waen%, not the case when9 a < % We
cannot obtain Lemma 2 in the present paper directly from Larsrim [2].

4 Construction of the Solution

The goal of this section is to give a more precise descrigifdhe dependence of
the solution on the microscopic velocity and the spatialtpmsbetween the two
plates than that in [1].

Theorem 3 (Construction of the solution)For any0 < a < % there exist @ > 0
and kK > e such that, for every > k,, there exists a solutiog for (12) with the
following property

19060.2) ~ @01, )| < Do g, e 4P (@9)

where g> 0 is defined in (22) and satisfi€23), and ¢ is given in(14). The
constantk, is given by the defining propert$3).

Proof We construct a sequence through the following iteration:
%(XLZ) = H(q)(XLZ); (50)
%(XLZ) = H(EK((pﬂ—l))<X17Z)7 n= 17 27 .

Note that, with (19) and (50), the leading tegmis the same as that given in (14).
Formally, 35 ¢ is the solution of (18).

For every fixed 0< a < 1, we havelh| < CLe~3<I*. With this, we can apply
Corollary 1 and Lemma 2 repeatedly and then use (21) to obtain

Ink _alzI2
(0] < Ca(Ca=~)"g(x, e T (51)
We letk = k5 be the bigger solution for
Ink 1
CaT = 2 (52)
if it exists. If not, we letk; = e. Then we have
| 1
Ca% < > for K > Ka. (53)

10



Thereforey g ¢h converges pointwisely, and we see from (51) that the limitin
function ¢ satisfies
2
|9(x1,0)| < 2Chg(xa,{)e 24P, (54)

Estimate (51) also gives the estimate of the remainder tdrtheoiteration for
K > Kg:

zo% ) <20 (Ca) Mopa. e (55)
Estimate (49) in the theorem follows from (55) by takiNg= 0 andD, = 2C,Cs.
O

5 Asymptotic Formula of the Flow Velocity

In the present section, we will derive the asymptotic foran(1l5) for the fluid
velocity g along the plate and prove Theorem 1.

We first show that the main part gp that is explicitly written in (15) comes
from the leading terng in the series expansion gf. From the series expansion
(50) of Section 4, we have

O2(X1) = iqgo(l) = if/sz%%(XLZ)dZ- (56)

With the formula (14) forg, we can explicitly write down the leading term:

1o\ 3 zZz——\ZI) 1212~ 2% ba—sl
—ax) = /ZPO / v anint afCdsqg.  (57)

In (57) abovey = v(|{]). We will use this abbreviation thereafter. By direct cal-
culation,

) L
la, a\ & la a\ &
_6K<1_K)e _6K<1_ )e
a_lars\e ) (& _las
+<K 6(K))E1<K)+(K 6<K))El< )}dp(58)
where L L
v(p) X1+ 5 v(p)|x1— 3
andE; is the exponential integral defined as follows
Eiy) = [ Tedt (60)
y
The series expansion f&j is
_ o (WK
Es(y) = —y=In(y) = 5 (61)



wherey is the Euler’s constant. We are interested in the asympfmticula up to
an error ofO( 1) for largek.
Because of (4),

ai(P) 2vik~2  whenk 2 <p<1,
K 2vik~t  when 1< p.

Forp > K~ 2, we use the series expansion éore andEl( ) and then integrat-
ing term by term, we can evaluate the integral. To obtaln ther ©f O(k 1), we
need the first two terms in the expansions,g.€.~ 1—yandE; (—y) ~ —y—Iny.
On the other hand, fgp < K~3, the integrand in (58) is of the ord@(p*k). If

the above truncated expansion for« and E1(%) is used, the mtegrand is of
the orderO(p®Inp, p3Ink). Therefore, the integral for@ p < Kk~ 2 is controlled
by C/k, irrespective of whether we integrate the integrand witkvithout using

the truncated expansion. Hence, by using the truncatechseiqrafor the entire
domain, we obtain the asymptotic formula

1, 1 1 1 1 1
“aBx) = 4\F(IHK+ —y=Cr =+l pxa+ 5] —ba—3lInpa—5)
+O(;), (62)
where
Cr :4/ p3(§—p2)e‘pzln mdp. (63)
0 2 p

To prove Theorem 1, it remains to show that the remainder %&fm dj is of
the order(Ink)?/k. To this end, we writef}, n > 1 by the use of (50) as

S0 == [ LERH(K(gh 1)

L i e
1
L0 é;e i

Zl
1
Ry
K Jx,

1
(] EF2e @ k(g 1)(-00. 800 s (6)
{1>0
From Lemma 2 and (51), with some<Qa < % fixed, we have the estimate

NR N

{1

K (@h-1)] < Ch(Car) "k (65)

12



hence

1 , InK“/ /%1L1'
=|g5(x C — —e «a 4 ds
~laB0a)| < C4(Ca—) ol «
Ink\n 31 gl
< Cc/(Ci— / /—erll “ds
a<Ca K ) Jos0)-1 Q1 «

Here, we have used(|{|) > vo, (4), from the first to the second line, and have
carried out the integrations with respecttoand s from the second to the third
line. Finally, in order to estimat&, we divide the domain of its inner integration

into three partg0, ©X—=l) (%X—5 5 and(2,e), and call the corresponding
inner integral\;, Ay, andA3, respectively. Each of them is estimated as follows:

V0|><1 s

V0|X1 | <2 g
< ka1 d; <C
V0|Xl = s| / K1 ’

Ay < [, by s Zdzl <C(|In|xy —s/| +Ink),
0 1 2
A< [ setdn<c
Ja2 2
Therefore, after the integration with respecstave obtain
A<Clnk, (66)

and thus the remainde%,(qg —9), is of orderO(M). This establishes the
asymptotic formula (15) and completes the proof of Theorem 1

6 Singularity of the Flow Velocity

In the present section, we prove Theorem 2 using Lemma 4 andriae5. We
consider term by term in the series (56):

l n
3 Bx) = axl/zzE%%(xl,z)dz, n=01,.... 67)

Lemma 4 The leading term i1§67) has the following singularity:

1

1 1 1 1
1, o L Lo at 1
gdxl‘b* \/_<In|2 X1| In|2+x1|)+O<K). (68)

13



Proof Direct calculation yields

1 3 [ Z2(§_|Z‘2) e Ly
1o @ — rr?/ BG P ar-gg by,
€ quz {1>0 Zl
i GG 18P -z iy,
{1>0 (1

The integrald+ can be reduced to

= '/Omp3<g —p2e El(a%) — %efa%

e

wherea.. are the ones defined in (59). Thus, by a similar argument tartae
first half of Section 5, we may use the series expansion&foi(61), and the
exponential function both ih, andl_ to complete the proof of the lemma. O

In view of Lemma 4, the remaining task for the proof of Theor2ia to show
that

1 Ink 1
E(dxlqz—ﬁxlqg):o< )<I| —x1|—ln|5+x1|+O(InK)),

which is obtained straightforwardly from the following lema:

Lemma5 For n > 1, there exist positive constantg @nd G independent of n
such that

1 Inky\n 1 1
E|axlqg<x1)|gc:o(clT) (an+\|n|5+x1||+\|n|5—xl||). (69)

Proof We start with the middle expression of (64):

1, X1 (x1— 5)
= — K\Z I
2 d2(x1) /Z1>0/~ |Zl|e : 2K(gn1)ds

/ / e 7a" S ERK (g _1)ds
{1<0Jx |Zl|

= E<QS++QS_)~

We will deal withg3, only, because the other term can be treated in the same way.
We first perform the integration by parts with respecs to rewriteqy, as

%Q%(Xl)_/z QEZ( K(gh-1)(x1) —e R et (%—1)(_%))OIZ

. 1>0V

_/Z>o 1% M IE 0K (g )dsd
1 — =

14



and then differentiate this to obtain

1 Zz
—d n X = /
€ o () 41>0 |51|

l 7L(X175) =
+/ / L e Igt Lok g o)ds
Zl>0-—%ZZ|Z1| PhG (¢h-1)dsd{
T (70)

PEL K (g 1) (-2

iy Xtz

For the former part, with some 0< a < % fixed, we use inequality (65) to obtain
_ 12
|||<c”(ca'nK) / 1 vt g, (71)
(1>0 Zl

Thus, by just following the analysis in the second half oftiec5, we have the
estimate fon:

Ink\n 1
|||<C0<C1T) (]In|x1+5||+an). (72)
For the latter partl of (70), we resort to the following inequality:
1
)
which will be proved in Lemma 6, the last lemma in this papeithvhis inequal-
ity,

Ink 1
0K (¢h- 1)|<C(C1—) (an+||n|s+§||+]In|5—

n-1 /X1 _ 1712
< = Clln_K / / —e ey (a—9-31¢]
~1Ju=01

-(InK+\In|s+§|\+\ln|s—%|\)dst
< 2(@)" [ (Inba=si|+ i)

1 1
(nK+\In|s+§|\+\ln|s—§|\)ds
K)

2

S e i

K

where the second inequality follows from the analysis frath) (to (72). There-
fore, we obtain

1 Ink\n 1
|delq§+(x1)| < C0<C17) (| In|x1+ 5” +InK).
The same analysis faj,_ yields
1 Ink\n 1
|50 ()| < 00(017) (y Inpa— 3| +|nK).

Combining the last two inequalities, we complete the prddhe lemma. O
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Lemma 6 For n > 0, there exist positive constantg @nd G independent of n
such that

Ink\n 1 1
\0SK((pn)|§CO(C1T) (InK—i-]In|s+§||+}ln|s—§||). (73)
Proof We will prove the lemma by mathematical induction.

Supposing that (73) holds forOn <1 —1, we will prove it forn=1. To this
end, we first use (50) in the definition Kf ¢ ) to have

K(@)(s<) = [KE.C)a(s)de.
— E/Z'*Pok(Z,Z*)/S ie*ﬁl'(yt)‘((fﬂfl)(t,Z*)dtdz*

: -3 4l
e
=1 K(@)++K(a@)-. 74)

In the abovey, = v(|{,|); this abbreviation is used hereafter. We will tr&aty ) -
only; K(@)_ can be treated in the same way. Similar to the calculatiod{a,
we perform the integration by part with respect first and then differentiate the

resulting integral bys to obtain

S 1L grgerd) 1
(?sK((ﬂ)+ - _K /Z*1>Ok(Z7Z*)Z*1e [ K(m71)< 27Z*)dz*
1 s 1 —V—*(S—t)
P - K1
+ Z*l>0k(Z,Z*) 170 aK(@-1)(t,.)dtdZ,
=.A+B. 75)

For the former termA, we first use the inequality (65) and then divide the
domain of integration into two parts:

Ink\! 1 _ v (eid)_ac.?
Al < c;(caT) /Z >0|k(z,z*)|ae vy (s+3)-al| dz.
<61 *

Ink\! 1 v (std)-adf?
— c.(c, K / K(Z.2.)|——e *C1(®F2 dz.
a( 2 K ) . Z*1>07 ‘Z*_Z‘>1| (Z Z )| *1 Z

Inky! 1 v (st)-a¢.f?
+CL(Ca— / K(Z,0,)|——e *K&17"2 dZ.
a(Ca K ) 210, \z*—z\<1| (¢.¢.)] 1 ¢

[
= Cg(caT) (ALt Ap).
Obviously from the second expression kaf{, ¢.) in (3), k(Z, {.) is bounded in
the domain of integration fol; thusA; can be estimated by the same process as
that from (71) to (72):

1 v (s+1)_a7,2 1
AL <C = kg STl g <C<|In|s+—|\+an).
J{1>0 Z*l 2
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For the other pard,, we change to the cylindrical coordinates centerefl atth
(1 in thezdirection:

l ,Vi*(
- ) K(Z.2)l7—e
$1>0, [—{]<1 *1

1 1 (st s+1)
C/ KIZ* 2) dd.
[¢—{|<1 |Z* Z' |Z*l|

__ Y 1
e K=l (Sﬁ)pdpdedz

5+:‘2L)*a‘5* 2

"z,

2
<[k e
~1Jo Jo \/p2+Z2|z+ 4]

-1 __ W 1 1
:Cl/ 1 e K|Z+Z]_|<S+2)dz<C/<’|n|s+—||—"—InK)-
—1|z+ 4 2

Here agairv(|{.|) > vo, (4), has been used. Thus, we obtain the estimatgfor

|Al < C’(CaI K) <|In|s+%||+InK). (76)

For the latter ternB in (75), we use the induction hypothesis to yield

Bi=o(ens) @[, e

-(InK+|In|t+5||+|In|t—%||)dtdz*.

By following the same argument for the evaluation®pfve can manage the inte-
gration with respect td, to obtain

Ink s
Bl < Co(Cl—) /% (InK+|In|s—t|])
1 1
~<|nK+]In|t+§||+}ln|t—§||)dt
Inky!
< co(clT) Ink. 77)
Thus, combining (76) and (77), we have the estimate
Ink\! 1
[0sK(@)~+| <C0(C17) (!In|s+§|\+InK). (78)
The parallel argument falsK (@ ) — leads to
Inky! 1
10K (@) | <co(017) (]In|s—§||+an). (79)
Therefore, (73) holds fan=1.
Finally, we need to prove that (73) holds foe 0. As above, we trea@K (@) +
only. The expression dsK (@) is equation (75) Wiﬂ‘%K((,q_ﬂ being replaced

with h, (19):

dsK(qb)+:—/Z ke Z*)Ee 5 B0z,
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Fig. 1 Profiles ofg}/e (n=0,1,2,3,4,5) near the boundary & = 1/2 in the case ok = 20.

Table 1 Data of coefficients of the curve (80).

n k=20 k=20 cMVk=100 cl”(x=100
0 37747x101 1375x101 59742x10!  1.405x10°1
1 404715x102 13x102 1.97323x102 4.285x10°%
2 4481x10°3 1.39x 103  6.6565x 104  1.418x 1074
3 506x 104 1.535x 104 2.26875x10°°  4.74x10°©

4 5784x10°  1.725x10°° — -

5 6664x108 1.975x10°° - -

where it is used that is independent df. Becausén also satisfies inequality (65)
with n = 0, the estimate fodsK (@), can be obtained from that férin (76) with

| = 0. The estimate fodsK (¢)— is obtained in the same way, and we finish the
proof of the lemma. ad

7 Numerical demonstration of the singularity

In [9], the equation (50) has been solved numerically toiokitee mass flow rate
in the channel. Here we have recomputed it by the same nuaheode with a
grid system refined near the boundary, in order to make deaprofile of flow
velocity there.

Figure 1 shows the profiles @f/e (n = 0,1,2,3,4,5) near the boundary at
x1 = 1/2 in the case ok = 20. They are indicated by symbols. In the figure, the
curves given by

1 1 1 1
C(()n)(K) _cin)(K) (|x1+ §|In X1+ §| + X1 — E\ In|xq — E|) , (80)

are also shown by dotted lines. The curve with coeﬁici@é?%(K) andC&”)(K),
which are listed in Table 1, agrees witf}/¢. This means that the structure of
the singularity is kept at each stage of the Picard iteratidmch is more than that
stated by Theorem 1. Incidentally, fer= 20, the partial suny3_, g5 of the series
has already converged tp actually.
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Fig. 2 Profiles ofg}/e (n=0,1,2,3) near the boundary at = 1/2 in the case ok = 100.

Figure 2 shows the numerical results corresponding to Fig.the case of

k = 100. Since the convergence is faster than the cage-020, the iteration has
been terminated at= 3. Again, the profile offj near the boundary is quite well
fitted by the curve (80). The coefficients in this case are l&dsad in Table 1.
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