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概要

abstract We consider about ultraproducts of a-minimal structures. Such structures 

are definably complete locally a-minimal. We try to characterize them. 

1. Introduction 

At first we recall some definitions and fundamental facts. 

Definition 1. Let M be a densely linearly ordered structure without endpoints. 

M is a-minimal if every definable subset of M1 is a finite union of points and intervals. 

M is locally a-minimal if for any element a E M and any definable subset X c M1, there 

is an open interval I C M such that Iぅaand J n X is a finite union of points and intervals. 

Mis uniformly locally o -minimal if for any formula cp(x, y) over 0 and any a E M, there 

is an open interval Iぅasuch that In cp(M, b) is a finite union of points and intervals for any 

b E Mn where cp(M, b) is the realization set of cp(x, b) in M. 

M is definably complete if any definable subset X of M1 has the supremum and infimum 

in MU｛土oo}.

Example 2. [1], [2] 

（恥＋，＜，Z)where Z is the interpretation of a unary predicate, and（恥＋，＜，sin)are 

definably complete locally a-minimal structures. 

Fact 3. [1] Definably complete local a-minimality is preserved under elementary equivalence. 

Thus we argue in a sufficiently large saturated model M. 

We recall the definition of ultraproduct. In this note, we consider ultraproducts of structures 

only and ultrafilters are always nonprincipal. 

Definition 4. Let I be an infinite set and Ube a nonprincipal ultrafilter over I. 

And let Mi (i E I) be structures of some fixed language L. 
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Consider the equivalence relation三uon the Cartesian product C = niEI Mi such that 

for f, g EC, f三ug if and only if {i E J: f(i) = g(i)} EU. 

We define the ultraprodud of Mi modulo Ube the set of all equivalence classes of三u,that 

is, 

rriEJ Mi/U = {Ju : f E rriEJ Mi}-

And we recall a fundamental theorem i.e. Los'theorem. 

Theorem 5. Let N be an ultraproduct ITiEI MdU and let I be the index set. Then ; 

(i) For any term t(x1, ・ ・ ・, Xn) of a language L and elements JfA, ・ ・ ・, J?] EN, we have 

tN[jfA,..., f{J] =〈tM;[j1(i),・ ・ ・, r(i)]: i EI〉u・ 

(ii) Given any formula ({)(xi,・・・, Xn) of L and JfA, ・ ・ ・, JD EN, we have 
Np== ({)[ifA, ・ ・ ・, JD] if and only if {i EI: Mi p== ({)[f1(i), ・ ・ ・,『(i)]}EU. 

(iii) For any sentence({) of L, Np==({) if and only if {i EI: Mi p== ({)}EU. 

We try to characterize ultraproducts of locally o-minimal structures. At first we consider 

about ultraproducts of o-minimal structures. 

We verify some elementary facts. 

Fact 6. There are ultraproducts of a-minimal structures which are not a-minimal. 

However ultraproducts of a-minimal structures are locally a-minimal, and definably complete, 

and infinite I-types are complete by order formulas, that is, 

Let M be a model and ef>(x,m) E L(M) be a one-variable formula. Then there is b EM  

such that either for any c > b, M p==の(c,m)or for any c > b, Mp==崎 (c,in) (it is also true 
for the lower side). 

Some people call these property DCTC, that is, definably complete and type complete (they 

contain local o-minimality in TC). 

I show a poor example. 

Example 7. Let L be the language of ordered fields together with a unary predicate P(x). 

Each L(P)-structure Mn =直｛0,1,, ・ ・ ・, n}) is o-minimal, but their ultraproducts Mu = 

償u,Nu)i is not o-minimal. 

We recall some notations and facts. 

Definition 8. Let L be a language containing a binary predicate < to be interpreted as a 

dense linear order. 

Some people call ultraproducts of o-minimal structures ultra-a-minimal structure. 

And they call an L-structure M pseudo-a-minimal if it is a model of yomin (L), that is, the 

collection of L-sentences that hold true in every o-minimal L-structure. 
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A.Rennet showed that romin is strictly strong than DCTC in [4]. 

2. Structural complexity in ultraproducts of o-minimal structures 

At first we recall characterization by H.Schoutens. Before that, we recall some definitions 

from [15]. 

Definition 9. Let M be an o-minimal structure. 

We define the dimension of a nonempty definable set X C Mm  by 

dimX = max{i1 + ・ ・ ・ + im: X contains an (ii,・・・, im)-cell}. 

We assign to each cell C of dimension d the integer E(C) = (-1)叫andgiven a finite partition 

P of a definable set S C Mm  into cells, we put 

恥 (S)= ~CEPE(C) = k。—柘＋・・・＋ （ー1)加＋・・・+(-l)m虹

where如 isthe number of d-dimensional cells in P. 

We call Ep(S) (E(S)) Euler characteristic of S. 

Theorem 10. [3] For an ultra-a-minimal strucutre TI←1 Mi/U given as the ultraproduct of 
a-minimal structures Mi, a necessary and sufficient condition to be a-minimal is that for each 

formula r.p without parameters, there exists an Ncp E N such that IEM;(r.p)IさNcp for almost 

all i. 

(In the above, we take absolute values for cells). 

Next example by A.Fornasiero is known as that of locally o-minimal structure which has 

the independence property. This structure is an ultraproducts of o-minimal fields expanded 

by a binary relation. 

Example 11. [8] 

There is an ultraproduct of a-minimal structures which has the independence property. 

In the summer meeting of model theory this year, I refered to an example of ultraproduct 

of o-minimal structures that has the tree property of the second kind. After that, A.Tsuboi 

suggested a more applicable example. We verify his proof here. 

Definition 12. A formula ¢（元，y)has T P2, that is, the tree property of the second kind if 

there is an array（加）t,i<wsuch that ; 

｛の（元，如）｝i<wis k-inconsistent for every t < w and, 

{¢(元，切，f(t)h<wis consistent for any f: w一w.
Lemma 13. Let M = (M, <, ・ ・ ・) be o-minimal and let X C Mn be a finite set. 

Then Mx  = (M, <, • • •, X) is o-minimal where Xis an interpretation of a predicate symbol. 
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Proof; 

ForX c M叫 choosea1く・・・ <aksuch that X C { a1, ・ ・ ・, ak}n. Then X is { a1, ・ ・ ・, ak}-

definable. The structure (M, <, • • •, a1, • • •, ak) is clearly o-minimal. So Mx  is also 

o-minimal. I 

Proposition 14. There is a structure M which is an ultraproduct of a-minimal structures 

that has the T P2. 

Proof; 

We prepare a predicate symbol E (x, y, z) and constant symbols { Cn} (n E w). Let R = (R, < 

, ・ ・ ・) be an o-minimal structure where the language L = { <, ・ ・ ・ }. For each n E w, we define 

the expansion Rn of R whose language is the Ln = (LU { E(x, y, z), co, c1, ・ ・ ・}). 

Construct Rn in the following : 

(1) First, let D = { d,,, I'f/ : n→ n} CR  where d，，，ヂ d,,if rJヂV.
(2)心＝i(i：：：：： n),心＝n+ l (i > n) (for some enumeration of a subset in Rn). 
(3) E(x, y, ci)Rn is an equivalence relation on D such that p== E(d,,,, d,,心） ifand only if 

rJ(i) = v(i). 

(4) Rn:= (R,E,co,cぃ...).

By the proposition above, each Rn is o-minimal, since E is satisfied by finite elements. 

NOW let R* = IlnEw凡／Uwhere U is a non-principal ultrafilter. 
Then 

(A) R* is a definably complete locally o-minimal structure. 

(B) E叫x, y, ci) (i < w) are cross-cutting equivalence relations. 

In Rn, we can take an array of formulas { E(x, d,,,(i,J)，叫： i,j < n} satisfying that ; 

rJ is rJ: n→ n and, 
in the i-th row, rJ(i, j) (i) = j for j < n. 

Thus in every row, { E(x, d,,,(i,J)，叫： j< n} is 2-inconsistent and, 

for any v: n一n,{ E(x, d,,,(i,v(i)）ぶ）： iく｝―n ~ is consistent. 
(C) Since the equivalence relation are uniformly defined, R* has the T P2. 

＇ 
The proof above suggests that we can construct ultraproducts of o-minimal structures having 

other properties, in particular, properties which have finite approximation. 

3. Independence in ultraproducts of o-minimal structures 

We recall some definitions at first. 
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．． 
Definition 15. Let M be a densely linearly ordered structure and p(x) E S1 (M). 

We say that p(x) is cut (irrational) over M if for any a E M, if a < x E p(x), then there 

is b EM  such that a< b < x E p(x), and similarly, if x < a E p(x), then there is c EM  such 

that X < C < a E p(X). 

We say that q(x) E S1(M) is noncut (rational) over M if q(x) is not a cut type. 

Here we consider nonisolated types only. 

Definition 16. Let M be locally o-minimal and p(x) E S1(M) be noncut. 

There are four kinds of noncut types ; 

p(x)っ{m< x < a : m < a EM} or {a< x < m : a< m EM} for some fixed a EM. 
Here we call these types bounded noncut types of a over M. 

p(x)っ{m< x: m EM} or {x < m: m EM}. 
We call these types unbounded noncut types. 

Definition 1 7. A formula cp（元，a)divides over a set A if there is a sequence｛佑： iE w} 

with tp(ai/A) = tp(a/A) such that {cp（元，佑）： iE w} is k-inconsistent for some k E w. 

A formula cp（元，a)forks over A if cp（元，a)f-vi<n叫（元ぷ） andeach i < n,叫（元ぷ） divides

over A. 

We argue about forking of I-variable types in ultraproducts of o-minimal structures. 

Fact 18. Let Mi (i E J) be an a-minimal structures and let Mu = ITiEI Mi/U be an 

ultraproduct and A C Mu. 

And assume that Mu is I A 1+ -saturated. 
Then any unbounded noncut type over Mu and bounded noncut type of a over Mu for some 

a EA, does not fork over A. 

Fact 19. Let Mi (i E J) be an o-minimal structures and let Mu = ITiEI Mi/U be an 

ultraproduct and A C Mu. 

Assume that for almost all i E J, there are ci, di E Mi¥ Ai such that Ci三A;di. 

Then cu < x < du (or du < x < cu) divides over A. 

And we can show the next Lemma. 

Lemma 20. Let Mu = ITiEI Mi/U where Mi (i E I) is a-minimal and let A C B C Mu・

And assume that Mu is I A 1+ -saturated. 
If a B-definable set X C Mu is co.final in an A-definable set Y C Mu, 

then X does not fork over A. 

I can show a few results about forking in ultraproducts of a-minimal structures at present. 
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Problem 21. There are many results about forking in a-minimal structures, and more 

generally, in dp-minimal or VG-minimal structures. 

Under what conditions, and what extent do these properties reflect to forking in ultraproducts 

of a-minimal structures ? 

4. Ultraproducts of expanded fields 

We recalled a result by H.Schoutens about the necessary and sufficient condition for ultra— 

products to be o-minimal. However, it is difficult to confirm that each structure satisfies that 

condition. 

Some people investigated ultraproducts of expanded real closed fields. 

Definition 22. [5] 

Let R p== RCF and (f』iEJbe an I-indexed sequence of polynomials Ji E R[x] (x could be a 

tuple). 

We consider the LRcF(f)-structure consisting of R = (Ru, Un)nEN/U) where 

炉＝ ITnENRn/U and凡 isexpanded R by f n. 

We denote ](x) = Un)nEN/U and call ](x) a pseudopolynomial over Rり

And let f (x) be a function. 

We say that !(x) is a pseudopolynomial approximation off if for all x E dom(f) CR, we 

have f(x) = f(x) + E.f £ = f(x) + Ef for some infinitesimal functionり

For example, let f(x) be a real analytic function with Taylor polynomials (Tn)nEN defined 

on the set dom(f) c罠． Then!(x) = (Tn)nEN/U. 

In these argument, Pfaffian functions and Khovanskii's theorem about them are available. 

Definition 23. Let R be a definably complete expansion of an ordered field. 

And let Ji : Rn―→ R (i = 1 Z=  s) be definable function and C1. 
邸

We say that (fぃ•.．， fs) is a Pfaff ian chain in R of length s if — ER［元， Ji,···,Ji] for 
釦•

i = 1, • • •, s and j = 1, • • •, n. 

A definable function F = (Fぃ...,Fm): Rn→ Rm is a Pfaf fian function in R if 
Fz ER［元，Ji,・・・,ls] (l = 1, ・ ・ ・, m) for some Pfaffian chain (Ji,・・・, ls) in R. 

For example, (i) e巴(ii)ex, ee 2 , (iii) (x:l + 1)―,arctan x are Pfaffian chains. 
All Pfaffian functions are analytic. 

There is a theorem by A.Fornasiero and T.Servi [7]. 

Theorem 24. Let R be a definably complete locally o-minimal expansion (Baire expansion) 
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of a field by a family of Pfaffian functions. 

Then R is o-minimal. 

And there are results by A.Rennet [5]. 

Theorem 25. Let R = I1nE応 0凡／Uwhern Rn=股 andlet e"'be a TayloT polynomial 

apprnximation. 

Then (R，さ） isa-minimal. 

Remark 26. He aTgued by means of anothe'r apprnximation of ex. 

By the apprnximation ; limn→oo(l + x/nt = e巴i.e.fn(x)= (1 + x/nt and he prnved that 
(R, f) i is a-minimal. 

He also considered ultraproducts of expanded fields by iterated functions. And he put a 

question. 

Question 27. If P is a pseudopolynomial appmximation of any Pfaffian function, then P 

is also Pfaffian ? and is (R, P) o-minimal ? 

They paid attention to the fact whether constructed ultraproducts are a-minimal or not. 

Problem 28. Can we characterize them ? 

Can we characterize ultmpmducts of gmups, for example, that of expanded（政，＋，＜） ？ 
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