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A remark on deformations of
Calabi~Eckmann manifolds
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In this note we give explicit constructions of
effectively parametrized and complete families of defor-
mations of Calabi-Eckmann manifolds, In [1], Calabi and
Eckmann constructed a class of complex manifolds homeo-
morphic to SZP+1x qu+1(p,q21), These are holomorphic fi;
bre bundles over PPxP? with elliptic curves as fibres,
Moreover these are so-called non-Kahler C-manifolds ,i.e,,
simply connecfed homogeneoué spaces, P, Griffiths proved
in [2] ‘that, for any compact complex non-Kahler homo-
geneous space M, there exists an effectively parametrized
family of deformations corresponding to each abelian Lie
subalgebra in Hl(M,(qﬂ), where C21 denotes the sheaf of
germes of holomorphic vector fields on M, His construc-
tion is using similar method

however, not explicit one

b ] £

as in the proof of the existence theorem of Kuranishi
families, Our construction is quite elementary, but in
the same manner we may construct effectively parametrized
and complete families of deformations of any non-Kahler
C-manifolds, using Tits' constructions of homogeneous

spaces {6],
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Remark, For Kahler homogeneous manifolds, it is quite
easy to construct conip'lete and effectively parametrized
families of their deformations,

Lee W =(cP*! —(0) x (¢! —(0)), For each pair (4, B) €
GL(p+l, €) XGL(gq+l, €), and for any complex number t, we
define gt(A, B) ¢ ‘Aut‘(W) as follows .

For (z, w) € W, G gt(A, B) (z, w) =A (. etAz, eth) .

Lemma, Let A be a complex number with Im2 # 0,
Then for each pair (A, B) sufficiently near to (IN;AI%ﬂi))
the group G(A, B) = {gt(A, B)gl:eﬂ operates on W locally
properly, an;} the quotient space W/G(A, B) is a compact

X S2q+l .

complex manifold diffeomorphic to SZP+1

Proof, A simple calculation,
p+l’ qu+l ) W/G(A’ B)‘ w8 no-

thing but a wusual Calabi-Eckmann manifold, Every Calabi-_

Note thet for (A, B) = (I

Eckmann manifold is obtained by the above construction,

Let M = W/G( Ip+1, qu+l ) be a Calably;Efcbllcmann manlfold
Let U be a sufficiently small neighbourhood of (I
)qu+L:) _in . SL(p+1l, €)XGL(qt+l, C), such that, for every

(A, B)eU, G(A, B) operates locally properly on W, We

define a 1l-parameter Lie group G={"gt}-e¢°f~ automorphisms

of WXU as follows,

1) TFor ne€z, I denotes the unit matrix in M (C).
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For te¢€ and ( z, w, (A, B))e WXU,
g .(z, v, (4 B)) = (8.4 B)(z, W, (A4 B)),
Then the quotient space W = WxU/G is a complex mani-
fold and the natural projection % to the 2nd component
makes W a complex fibre space over U with compact
fibres, which is differentiably a fibre bundle, Moreover

the fibre on (1 A

is 1isomorphic to M

Iq+l )

Theorem, The above constructed family W of deformations

p+1’

of M 1is effectively parametrized and complete at(%mﬂxaﬂl
Before proving this theorem, we must calculate HV(M,@§ )

Proposition 1, ( [4]), Let M be as above, Then

dim HOQM, ® )
(p+1) 2+ (q+1) -1,

dm B M, @) =0 forvxz2,

dim H' M, ® )

Moreover there exists a natural isomorphism
M, ®) o B0, 0) 5 B, @)
Note that, in particular, M has no obstruction,
Next, we need a result on the deformations of homo-
geneous Hopf manifolds, Let V = Cp+1——(0) @ a complex

5

number with 0{ |a|< 1, and N = V/{an a Hopf mani-
p+1m£25

fold, Let U be a sufficiently small neighbourhood of 0

in Mﬁ+1(c), We define an automorphism g of V U as

follows,

For Fz, w)e VX U, | gz, w) = ((aIp+1+u)z, u),
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Then G = {gn}h&zoperates on VXU properly discontinuously
and U + VXU/G is a family of deformations of N over

U

Proposition 2 ([5])' V is effectively parametrized and
complete at 0e€U,
Proof of Theorem, As mentioned above, M 1is a complex
analytic fibre bundle over PPx Pq, Let ©:M —>PPx P? be
the bundle projection, P (i = 1,2) the projection from
PPXPY to the i-th ~component, and T; = Py . Consider
the fibre bundle ® M —> Pp_ The fibre 1is a homoge-

neous Hopf manifold, Since

. is smooth, there exists

the following exact sequence of sheaves
3
0 — ®M/1?P — ®H - ’n_l ®ﬂ.7P —> O,
From this we get the exact sequence
¢ : 0 %, ! o le *@.0)=H

e HH.G)—= H (M, = ®WP)«—-) H'(#, %f)—%H(H,@Dﬂ)—) H(H,w,@,g) H)(M,%)
Since M 1is homogeneous, the first map 1is surjective,
Also we can prove HZ(M,@QV) = 0, Hence we get the exact

. w
sequence
0o — wme,) 5 B, @) —> B LT @ — 0.
e 4

Let Tﬂi be a submanifold of W , defined by A=1

b p+1°
: w
S . Then 1Jr*—5]L gives a

where the fibre structure by

A=1

and U1 = {(A, B)e U o+l

subfamily of T&Y~3L4'Lj

]

Ty is preserved, Moreover for every IJGIHR ka%) is a

complex analytic fibre bundle over PP with Hopf fibre,



Hence we get the following -diagramme,

(kal Y ’w‘

mP’K U‘l i-y‘ > v‘i

where @, is the projection to the an component,

We denote by TO(U) and TO(U]_) the tangent spaces to

U and U at (Ip+1’

TO(Ul) with a subspace of TO(U)' Let f’ be the

AIq_H_) respectively, and identify

Kodaira-Spencer map corresponding to W
1
Then, since the fibre structure by W, 1is preserved
. Lol

over Ul’ 57 maps “’TO(Ul) into ‘% (H™ (M, @Wg))' We shall
show that this map 1is bijective, or equivalently, the
map ’35' from T (U;) to Hl(M,® ), which factorizes
N 0 %‘,
is surjective,
Lemma , There exists a natural isomorphism, induced by
the restriction,

1 ' ~ 0
where F is a fibre of m ,
In fact, by Leray's spectral sequence,

1 0 1

oL @) 5 100, rig, G,

1 0
and R'R’W®H/‘Py}.(9’(ﬂ (F, ®F))'
Let g be the projection from PP x U1 to th 15t compo-
nent, and 7 a curve on PPX U, defined by 522_(}’) =zy =
Then ¥ 1 -1 Y A G (T ALy

const, en is tangent to @, (zo) at NG IYT‘i Lp.,
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and w (¥) is a family of Hopf manifolds on V33U,
isomorphic to thet of Proposition 2 if U1 is sufficient-

ly small, Therefore by Proposition 2 the map ?\TW’)
A

surjective,

Similarly we can prove the corresponding statement for

T, . Since it is obvious that dim(\h(\-\‘(ﬁ,%p))nwh(}{‘(n,%))

=1, we see that f is surjective, Hence W is effective-

ly parametrized and complete at ( Ip+l’>\1q+l ), because
dim T, (U) = dim Hl(M, ®H),
Corollary, For u = (A, B)e U sufficiently near to

AL

(I q+1)’
dim Hl(w"(u) ® ) = dim u0( va}"‘(u) @ )
= dim {(P Q€M +1(C) XM +1(u:) PA = AP, QB = BQ}-l,

dlmH(‘w(u)®) 0 for Vv 2,

p+1°
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