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Abstract 

In t.h is thesis we inwstigatc t.llC' pscudogap ph<:>nonwna. in H igh-'1:~ stt p<>rcond urt.ors. In our sn'­
na.rio, the superconducting fluctuations arc the origin of t.he pseudogap. Thcy ;uc' sufficiently 
strong to givc risc to thc pscudoga.p in the quasi-two dimensional strong coupling SliJH'rcoJHiuc­
t.ors. We cakulate the effcct.s of the superconduct.ing fluctuations on the normal state c~lc'd.ronic 
structure. The pseudoga.p phenomena. arc naturally derived from the rrsonance .c;callrring duc to 
the superconduct.ing fluct.ua.tions. The obtained results comprehensively explain the psc~udogap 
phenomena in lligh-7~ superconductors inclmling their doping dt'pe!Hience. First, we expand the 
reciprocal of the T-matrix with respect to the momentum and the frequency, and we discuss the 

properties of the expansion parameters. We estimate these parameters and carry out the cal­
culations for the single particle self-energy using the T-ma.trix and the self-consistent T-matrix 
approximations, respectively (§3.1 ). The spectral weight and the density of states show the pseudo­
gap by the effects of the resonances scattering. The critical temperature Tc is remarkably reduced 
owing to the fluctuations. Second, the effect of the magnetic field on the pseudogap phenomena 
are investigated. The obtained results well explain the experimental results including their dop­
ing and temperature dependences (§3.2). Third, the superconducting phase transition from the 
pseudoga.p state is investigated. The characteristic features of the phase transitions are naturally 
confirmed (§3.3). Moreover, the anomalous properties of High-7~ superconductors are investigated 
both in the normal state and in the superconducting state. The comprehensive understanding of 
the NMR, the neutron scattering, the in-plane and c-axis resistivity, the optical conductivity and 
the London penetration depth is obtained (§3.4). Finally, the resonance scattering scenario on 
the pseudogap phenomena is well justified on the basis of the Hubbard model which includes 
only the on-site repulsive interaction U (§4). The electronic state and the anti-ferromagnetic 
spin fluctuations are calculated by using the fluctuation exchange (FLEX) approximation. The 
T-matrix which is the propagator of the superconducting fluctuations is calculated by extending 
the Eliashberg equation. The self-energy due to the superconducting fluctuations is calculated 
by the FLEX+T-matrix approximation. The pseudogap in the single particle properties and the 
magnetic properties is derived. The doping dependence is well reproduced. The comprehensive 
explanation for the phase diagram of High-Tc cuprates is obtained. Furthermore, we apply the the­
ory to the electron-doped cuprates and obtain the consistent results with the recent experiments. 

The results of the self-consistent calculation for the spin fluctuations, superconducting fluctua­
tions and the single particle properties are carried out within the FLEX and the self-consistent. 
T-matrix approximations. The relation between the superconducting fluctuations and the spin 
fluctuations are clarified. The calculated superconducting critical temperature Tc is remarkably 
reduced from the results of the mean field (FLEX) calculation. In particular, it is shown that the 
critical temperature decreases with decreasing doping concentration in the under-doped region 
with large U. Thus, we start from the Fermi liquid state, and succeed in describing the High-Tc 
cuprates including the under-doped region. 
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Chapter 1 

Introduction 

Since the discovery of the high-temperature (lligh-Tc) superconductivity by Bednortz and 

Miiller [1], many studies on the High-Tc superconductors have been carried out for a long time. 

In the first stage, the symmetry of the Cooper pairs and th<:> mechanism of the superconduc­

tivity have been the main issues. The symmetry of the conventional BCS superconductors is the 

s-wave which is mediated by the electron-phonon interaction [2]. In the early stage, some exper­

iments indicated the .o;-wave superconductivity also in the High-Tc superconductivity. However, 
the more detailed analysis have shown the d-wave superconductivity both experimentally [3] and 

theoretically [4]. After that, the phase-sensitive experiments have supported the d-wave symme­

try [5, 6]. The d-wave superconductivity is a common conclusion at present. 

Many scenario on the mechanism of the d-wave superconductivity have been proposed by 

many authors. Among them, the nearly anti-ferromagnetic Fermi liquid theory [7, 8] has obtained 

a considerable consensus untill now. The nearly anti-ferromagnetic Fermi liquid theory starts from 

the Fermi liquid state and considers the strong anti-ferromagnetic spin fluctuations [9, 10]. The 
d-wave pairing interaction mediated by the anti-ferromagnetic spin fluctuations is a natural result 

of this theory [7, 8]. 

The other well-known starting point is the t-J Hamiltonian in which the super-exchange inter­

action J is included. The t-J Hamiltonian is used to descrive the resonating valence bond (RVB) 
theory which starts from the non-Fermi liquid state [11, 12]. The d-wave superconductivity have 

been shown also in the t-J Hamiltonian [13, 14, 15]. 

In the next stage, the anomalous properties in the normal state have been the current issues. 

In this context, the phrase 'anomalous' means the deviation from the conventional Fermi liquid 
theory. The Fermi liquid theory has shown the good success in the general description of the 

metals [16]. However, the many quantities including the magnetic and transport properties show 
the 'anomalous' behavior in the under-doped region. The pseudogap phenomena are the typi­

cal ones. With increasing the hole-doping, the anomalous behavior continuously changes to the 

conventional one in the Fermi liquid theory. 

The electron-correlation is considered to be strong in the under-doped region which is near 

the metal-insulator transition. Therefore, the description of the normal state properties has been 

one of the main topics of the strongly correlated electron systems. Needless to say, the normal 

state is the stage in which the High-Tc superconductivity occurs. Therefore, it is expected that 

the understanding of the anomalous properties gives the comprehensive understanding of High-Tc 

superconductivity. 

In particular, the anomalous properties have frequently lead the argument that the Fermi liquid 

state is completely broken in High-Tc superconductors. Many ideas for the non-Fermi liquid state 
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have• he•e•11 proposed and deve•lopC'd. Th<'ll, t.he psPudogap phe•nome•na are the main C'\·ieJc.nn• of 

thes<' argume111s. This is tlw main n•ason t.hat. t.h<· pseudogap phe•nonH•na. have !wen t.hc> main 

issues amoug t.he auomalous properties. 

The pscudogap pheuomeua mean t.he suppression of tlw low fn·que•ucy part. of the various 

spc>ctrum without any long range order. In ot.her words, t.he• gap-like• behavior is ohsc>l'\'C'd above> 

1~ a.JI(l called 'pseudogap'. The pseudogap phc>nonwna are t.lw uniw·rsal pheuonwna ohse•rvc>d 

iu the• various mmpounds of High-Tc supercondud.ors. The> pseudogap is ohserwd in the wide• 

temperature rc•gion in under-doped cupra.tes. TllC' temperatmc• regiou lwmnws narrow wit.h iu­

crC'a.sing the hole-dopiug and lwcomes unobservable> nc>ar the> opt.i mally-doped rc·giou (Fig. 2.2). 

The pseudogap phenomena are the great mysteries wit.hiu t.lw couwutional Fermi liquid tlwory, 

and have been regarded as the characteristics of High-7~ SUJ><'rcoJHiuct.ors. 

Among the nou-F<'rmi liquid theories, the wdl-knowu oue is t]}(' RVB theory [1 1, 12]. The spin­

charge separation is the starting point of the RVB theory and two distinct. <'Xcita.t.ions 'spinon' 

and 'holon' are considered as the low energy excitations. The 'spin on' and 'holon' have the spin 

and charge, respectively. The idea contradicts the Fermi liquid theory in which t.he low euergy 

excitations arc the adiabatically continuated quasi-particles. In the HVD theory, t.hc pscudogap 

phenomena are explained as a singlet pairing of the 'spinons'. The magnetic excitations are 

suppressed by the singlet pairing. Since the 'holons' couple to the 'spinons' only thorough the 

gauge field, the singlet pairing only weakly affects on the transport phenomena. These features 

are consistent with the characteristics of the pseudogap phenomena. Therdore, the pseudogap 

phenomena have been regarded as the evidence of the spin-charge separation. Thus, they arc key 

issues on the argument, 'High-Tc superconductors are Fermi liquid or non-Fermi liquid?'. 

Here, we consider it natural that the anomalous properties are explained by starting from 

the Fermi liquid state and taking into account some characteristic factors of the systems. Such 

explanation is necessary for the comprehensive understanding of the lligh-7~ superconductors iu 

which the anomalous behavior in the under-doped region continuously changes to the conventional 

behavior in the over-doped region. It should be noticed that. there arc no phase transition from 

the over-doped region to the under-doped one. 

Actually, the many theoretical studies have been made from the above point of view. Most 

of 'anomalous' properties have already been explained by these studies. For example, the super­

conducting critical temperature Tc with relevant order of magnitude is obtained by starting from 

the Fermi liquid state. Moreover, the transport phenomena, such as T-linear resistivity p(T), en­

hanced Hall coefficient RH(T) and incoherent c-axis resistivity Pc(T) have been explained. They 

are the typical 'anomalous' properties which are contradictory to the conventional Fermi liquid 

theory. In most of these theories, the anti-ferromagnetic spin fluctuations, which are the origin 

of the pairing interaction, play a dominant role. Thus, many of the 'anomalous' properties are 

explained by the approach based on the Fermi liquid theory. However, the sufficient understanding 

of the pseudogap phenomena have not been obtained from these approaches. The comprehensive 

understanding of the phenomena have remained as the last and important problem for us. 

As an approach from the Fermi liquid state, there are some scenarios on the problem. One 

is the magnetic scenarios which take into account the anti-ferromagnetic spin fluctuations or the 

anti-ferromagnetic hidden order [9, 17, 18, 19]. Another one is the pairing scenarios in which 

the pseudogap is a precursor of the superconductivity. The pairing scenario was proposed in the 

early stage [20]. This scenario became to be noticed [21] after the experiments have indicated the 

close relation between the pseudogap state and the superconducting one [22, 23]. However, the 

theories in the first stage do not correspond to the realistic situation, and therefore the sufficient 
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understanding has not. hc<'n obt.a.ined by t.hes<' theories. 

In this thesis, we derive the pscudogap phenomena under th<' rdevant situation for Iligh­
Tc superconductors [24]. It. is shown by t.he result.s that t.he correct mechanism of pseudogap 
phenomena is different from that. of t.hc early theories. In our scenario, the resonance scattering 

due t.o the strong superconducting f-luctuations derives t.h<> pseudogap plwnomena. The validity 
of our scenario is shown in this thesis. We obtain t.he compreh<·nsiw und<'t·st.anding iucluding 
the characteristic doping depeudence, magnetic field dep<>ndencc [25] and the close rc'lation with 
the supcrconducting state [26, 27]. Moreover, the magnetic and transport. Jli'OJ><'ttic•s arc well 
explained by considering the chara.ct.eristic momentum dependence of the systems [27]. 

We succeed in describing the pscudogap phcnonwna by starting from the Hubbard Hamilto­
nian [28]. In this calculation, we start from t.hc repulsive Hubbard Hamiltonian, and ca.lcula.tc 
the pairing interaction within the fluctuation exchange (FLEX) approximation. We show that 
superconducting fluctuatious arising from the pairing interaction is sulficicnt to give rise t.o the 
pseudogap phenomena. The doping dependence, which includes both the hole-doped and clcct.ron­
doped cases, is also explained consistently. As a result, the comprehensive understanding on the 

basis of the pairing scenario is obtained for the pseudogap phenomena. .r-'· 

Hereafter, we explain our calculation and the obtained results in detail. This thesis is con­
structed as follows. In §2, we review the past results for the IIigh-Tc superconductivity. The 
materials and the phase diagram of the Iligh-Tc superconductors are explained in §2.1. The ex­
perimental results for the pseudogap phenornena. arc reviewed in §2.2. The past theories based 
on the pairing scenario are reviewed in §2.3. Our calculations based on the model with a d-wave 

attractive interaction arc shown in §3. In §3.1, we give the mechanism of the pseudoga.p which 
is derived by the resonance scattering from the superconducting fluctuations. The effect of the 
magnetic field on the pscudogap is clarified in §3.2. The superconducting transition from the 
pseudogap state is investigated in §3.3. The anomalous features in the magnetic a.nd transport 
properties are explained in §3.4. In §4, we explain our results based on the Hubbard Hamilto­
nian. The FLEX+T-ma.trix approximation, which is first developed here, is explained in §4.3.1. 
In §4.3.2, the pseudogap phenomena are derived by using the FLEX+ T-matrix approximations. 
The doping dependence of the superconducting fluctuations is clarified in §4.3.3. The pseudogap 
phenomena. in the magnetic properties are well explained in §4.3.4. Our theory is applied to the 
electron-doped cuprates in §4.3.5. Moreover, the self-consistent FLEX+T-matrix approximation 
is carried out in §4.4. The relation between the spin fluctuations and the superconducting fluctua­
tions is clarified in §4.4.1. The calculated results of the single particle properties and the obtained 
phase diagram a.re shown in §4.4.2. The summary of §4 is given in §4.5. Finally, the conclusion 
of this thesis is given in §5. 
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Chapter 2 

Theories and Experiments on High-Tc 
Superconductivity -Introduction to 
Pseudogap Phenomena-

2.1 Materials and Phase Diagram 

Bednortz and Muller have first discovered the high temperature superconductivity in 
La2_.xBa.xCu04 [1]. After that, many High-7~ compounds have been discovered in the Cop­
per Oxide. The well-known compounds are La2-xSrxCu04 , YBa2Cu306+6, Bi2Sr2CaCu20 8+.s, 
ThBa2CuOG+.s, IlgBa2Cu04+5 and so on. All of these compounds have the perovskite structure 
(Fig. 2.1(a)), and have the Cu02-planes (Fig. 2.1(b)). The High-1~ superconductivity essen­
tially occurs in the two dimensional Cu02-plane. Therefore, these compounds are generally called 
'High-Tc cupratcs'. This thesis also use this generic name. 

La!Srl (b) 

Cu 

Figure 2.1: (a) The crystal structure of the typical High-Tc superconductors. (b) The Cu02 planes. 

The properties of these compounds are controlled by the carrier doping concentration 8 (Fig. 
2.2). The systems are half-filled without any carrier doping (8 = 0). In this case, the system is 
an anti-ferromagnetic Mott insulator. The anti-ferromagnetic pha.se is suppressed by the hole­
doping and the metallic phase appears. The High-Tc superconductivity occurs in the metallic 
phase. First, the superconducting critical temperature Tc increases with increasing the hole­
doping concentration 8. This region is called 'under-doped' region. The critical temperature Tc 
shows its maximum around a finite doping concentration. This region is called 'optimally-doped' 
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region. By inrn•asing the doping roncc•ntration more, t lw critical l<'lll(Wrat.urc dern·ascs. and t.hc 

superconductivity disappears at last. This region is called 'oV<'r-dopcd' n·gion. 

Thf're arc> two import.illlt characteristics of the Iligh-1~. superconductors. Onf' is tlw strong 

eled.ron-clcct.ron correla.t.ion. This is indicated by t.lw phase' diagram in which the metallic phase 

is near the .Mott insulator phase. The other is the quasi-two dimensionality which results from the 

two-dimensional crystal st.ruct.ure. Both the electrou correlation and t.he quasi-two dimensionality 

is expected to he strong in the under-doped n•gion. Thc>se characteristics yield the 'anomalous' 

properties in the under-doped region. However, it. should be noticed that there is 110 phase 

transition between the under-doped region a.nd the over-doped one. In other words, all of the 

regions in the metallic phase are continuously conm·d.cd. The cout.inuit.y is one of the basic 

concept of the Fermi liquid theory. The pseudogap phenomena occur from the optimally- to 

under-doped region. Since the phenomena. arc not the phase transition, the onset line 1' = T* in 

the phase diagram (Fig. 2.2) corresponds to the crossover temperature between the pseudogap 
state and the non-pseudogap state. 

The electron-doping (6 < 0) also induces the superconductivity. However, some different 
features arc observed in the electron-doped cuprates. For example, the anti-ferromagnetic phase 

is robust in these systems. The superconductivity occurs in the narrow doping region. The 

relatively low superconducting critical temperature is observed. The most important. difference 

concerned with this thesis is that the pseudogap phenomena. in the under-doped region is not 

observed in the electron-doped cuprates. 

In this thesis, we give a comprehensive understanding of t.he phase diagram including both t.he 

hole- and electron-doped ca.scs. 

T 

AF 

B=O 
Figure 2.2: The phase diagram of the High-Tc superconductors. The horizontal axis and the 
vertical a.xis show the doping concentration and the temperature, respectively. The character 'AF', 
'SC' and 'PG' mean the anti-ferromagnetic state, the superconducting state, and the pseudogap 
state, respectively. The onset line of the pseudogap T = T* is not the phase transition line. That 
shows the typical crossover temperature. 
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2.2 Experimental Results for the Pseudogap Phenomena 

The normal st. ate excitation gap in the undc•r-doped cu prates has h<'C'n indica t c·d hy various ex­

pe>rinwnts. First, the pse>udogap was found in the magnetic c•xcitat.ion hy til<' nuclc·ar magnetic 

resonance (NMR) experiment. [30]. Therefore, t.he phenonwna were' callc·d 'spin gap' in c•arly y<'ars. 

Tlw phrase> 'spin gap' frequc•ntly implies t.he ma.gnetic origin and t.hc> gap formation only in the 

spin channel. At. JH'CS<'nt, the pseudogap piH•nomC'na have' lwen ohs<'rvc•d in various propert.ic•s 

which include not only the magnetic excitation [30, ~H, 32, 33, ~l4, :l!'i, ~Ui], hut. also t.IH' trans­

port. [40, 11, 12, 43, 41, 15], optical SJ><'CI.rum [1G, 47, 4~], density of st.a.tc•s [·19, !'iO] c•l<'ct.ronic 

specific heat [51, 52], and the single particle spectral weight. [22, 2:1]. In particular, the' ohsc•rva­

tion of the single particle ga.p ha.s presented the important. suggestion. Before• c·xpla.ining t.ha.t., we• 

briefly r<>view the experiment.a.l results for High-J:, Cupra.te>s, mainly t.hosC' showing t.IH' psC'udogap 

phenomena.. The experinwntalresults arc reviewed in Ref. 53. 

2.2.1 NMR 

The nuclear magnetic resonance (NMR) experiments have shown the anomalous tempera.t.mc 

dependence of the spin lattice relaxation rate 1/T1 (Fig. 2.3), the Knight shift. /\ (Fig. 2.4) 

and the spin-echo decay rate 1/T2a (Fig. 2.5) [30, 31, 32, 33, 34, 35, 36]. The quantity 1/1'1T 

takes a constant value independent of the temperature T in the conventional Fermi liquid theory. 

High-Tc cuprates shows the Curie-law of the NMR I/T1T above the pseudoga.p onset. temperature 

T*, namely 1 /T1 T ex: (T + Ot 1• The Curie-law in the metallic state is well explained by the self­

consistent renormalization (SCR) theory [10] which includes the mode coupling effects of the spin 

fluctuations. The Curie-law indicates the existence of the strong spin fluctuations in the High-'/~ 

cuprates. The NMR 1/T1T shows the peak at T* and decreases with decreasing the temperature 

below T*. This is the well-known pseudogap phenomenon discovered first [:JO], a.nd mea.ns the 

suppression of the magnetic excitations in the low frequency part. 

20 
T• "r* T• 

1 +o ~ 
H 

~ ~ 
... 

:.~·r~eoB 'o 
Q) # 0 ~ 8 • 
U) q:> ~ao.• •• 

10 
+($) ... +QQOO ••• 

1- .. ··~0 . 
~ •o • •o - • • .. 
..- 6> 

• Under •o • 
(T0 =79K) 

•o~• o ~tlmally 
'-t ( c = 86 K) 

+Over • (T0 =77.3 K) 

100 200 300 
T(K) 

Figure 2.3: The experimental data of the NMR 1/T1T [34]. 

The Knight shift I< is proportional to the uniform susceptibility x ex K. In the Fermi liquid 

theory, the uniform susceptibility x is a constant and satisfies the Korringa-relation /( 2 ex 1/T1T. 
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100 200 300 
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Figure 2.4: The experimental data. of the Knight shift. [31]. 

However, the Knight shift /( shows the different temperature dependence from that of I /T1 T 
in High-Tc cuprates. The former gradually decreases with decreasing the temperature below tlw 
temperature 1'0 which is much higher than T* [34]. This behavior is observed also in t.he direct 
measurement for the uniform susceptibility x [54]. Some authors have argued from t.he tempera.t.me 
dependence that the pseudogap is not observed in the uniform susceptibility. However, the decrease 
of the Knight shift becomes rapid below T* [34]. Thus, the effect of the pseudoga.p appears also 
in the uniform susceptibility, or Knight shift. 

(a) 
2o ~~;---···· .. ·---- -·la 

I ! - •• 

• 
• --0 u 0 (':;;; • sf ' . 0"' 

u u ., u ... ... 
~~ .. 

"' .. ~ .s 10 0 

0 4 '3' 

" ~ N s i=" . 1/T2G 2 
...:-
::;:-

0 1/(T1T) 

0 '----'-----'---.o...l 0 
0 100 200 300 

1emperalure 

(b) 

o Tc:=50 K 
11 Te=72 K 
• Tc96K 
II Te=3Q K 

%~~~100~~~~~~~~~ 
T (K) 

Figure 2.5: The experimental data of the NMR 1/T2a for (a)YBa2 Cu306.63 [32J and 
(b)HgBa2Cu04+6 [33]. 

The spin echo decay rate 1/T2a reflects the momentum sum of the static spin susceptibility 
x( q, 0). This quantity increases with decreasing the temperature above T*. The experiments 
in early years have shown that the NMR 1/T20 keep increasing also below T* [32]. However, 
the recent experiments shows the different behavior of the NMR 1/T2a for different High-7~ 
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com pounds. In som<' com pounds, t.h(• dc•crease of I /'lie; in t.hc• pseudoga p stat c• is rc•port c•d [:U, :~5]. 
There is an idea t.hat. at.t.ribut.(•s the difference t.o th(• dfect.s of t.hc· inl.<'rlayc•r mupling [:JG]. Anyway, 
the rclati V(']y weak dfC'ct of the pseudogap 011 t.he N lVI H 1 /12G COlli parc•cl with t IH' N 1\'1 R 1 j'/'11' is 
observed in common. 

2.2.2 Neutron scattering 
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Figure 2.6: The experimental data of the dynamical spin susceptibility at the anti-ferromagnetic 
wave vector Imx(Q,w) [37]. 

The neutron scattering experiments have given a more direct information about. the pseu­
dogap in the magnetic excitations (Fig. 2.6) [37]. The dynamical spin susceptibility x(q,w) is 
measured by the neutron scattering experiments. The susceptibility x(q,w) grows 11ear the anti­
ferromagnetic wave vector q = ( 1r, 1r) in 1-Iigh-Tc cuprates. This is a direct. evidence of the strong 
anti-ferromagnetic spin fluctuations. Hereafter, we write the anti-ferromagnetic wave vector as 
Q = (1r, 1r). The experimental results of thew-dependence in x(Q,w) have directly shown the 
pseudogap in the magnetic excitations. Generally, the spin fluctuations grows with decreasing 
the temperature and the weight of the spin fluctuations Imx(Q,w) increases in the low frequency 
part. However, the weight is suppressed and shifts to the high frequency part in the pseudo­
gap state (Tc < T < T*). This behavior is the pseudogap phenomena observed by the neutron 
scattering [37]. 

The other topic indicated by the neutron scattering is the incommensurate structure of the 
dynamical susceptibility x(q,w). The incommensurability has been pointed out by the inelastic 
neutron scattering measurements for the Y-based compounds, and has been discussed in con­

nection with the stripe phase [38]. The incommensurability becomes small with decreasing the 
temperature [39]. We give a comment on this phenomenon in §4.3.4. 

2.2.3 Resistivity and Hall coefficient 

Generally, the pseudogap phenomena in the transport properties are weak compared with the 
magnetic properties. This is a reason why the pseudogap has been called 'spin gap'. However, the 
transport coefficients also change their behavior at T*, and these characteristics are well explained 
by our scenario. 
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Figure 2.7: The experimental data of the in-plane resistivity [43]. 

In the conventional Fermi liquid, the resistivity shows the T 2-law in t.he low temperature region. 
However, the T-linear in-plane resistivity is observed in optimally- and under-doped cuprat.es [11]. 
That is anomalous at a glance, however is well explained by considering the scattering process 
exchanging the spin fluctuations [55, 56, 57]. The in-plane resistivity changes its slope at. T* and 
slightly deviates downward (Fig. 2. 7) [42, 43]. This rather weak deviation have been one of the 
puzzle. However, that is well explained by considering the characteristic momentum dependence 
of High-Tc cuprates. We will explain this point in the following section (§3.4.2). 

Temperature (K) 

Figure 2.8: The experimental data of the Hall coefficient [42]. 

The Hall coefficient RH in High-Tc cuprates show the strong temperature dependence [44], 
while it is temperature independent in the conventional Fermi liquid. Moreover, in under-doped 
cuprates, the Hall coefficient becomes much larger than tha.t obtained by the band calculation. 
The enhanced Hall coefficient has been interpreted as the evidence of the low carrier density n 
because the relation RH ex 1 /n is derived from the Drude theory. However, this interpretation is a 
much superficial expectation. Since only the quasi-particles near the Fermi surface contributes to 
the transport, the number density n of carriers do not appear in the correct theory. Actually, the 
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{'Bhanred llall nwfficic•nt. is well cxplainc·d by t.h<' ll<'<uly ant.i-fc'IToma.gnet.ir Fermi liquid t.lwory [GH, 

59]. 1\ont.a.ni and 1\anki have point.t•d out on t.lw basis of t.hc• 1\ohno's gc>Iwral c·xprC'ssion [GO] that. 
the V{'rt.ex correction plays a.n important. role. Th{' 1\ohno's genc>raJ <'Xpression is dc•rived from t.he 

Kubo formula. a.nd includes t.he vcrt<'x correction which is not included iu tlw Bolt.ztna.nn t.hC'ory. 

The Hall roeffirieut. remarkably d<·viat.es downward in t.hc pseudogap stat<', and dC'crc•as<'s with 
t.empera.tme (Fig. 2.H) ['12]. 
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Figure 2.9: The experimental data of the c-axis resistivity [45]. 

The the c-axis resistivity shows the strong anisotropy Pel Pab in High-Tc cuprates (Fig. 2.9). 
The anisotropy becomes strong in the under-doped and/or low temperature region. Moreover, the 

c-axis resistivity behaves as a semiconductor in under-doped region (Fig. 2.9) (45). The pseudogap 

remarkably affects on the c-axis resistivity which strongly increases in the pseudogap state [45]. 
This qualitatively different behavior from the in-plane resistivity will be also explained in the 

following section (§3.4.2) [57]. 

2.2.4 Optical conductivity 

The c-axis optical conductivity shows no Drude peak in under-doped region (Fig. 2.10) (46, 47, 48]. 

That is consistent with the incoherent c-axis resistivity. The c-axis optical conductivity shows the 

gap structure in the pseudogap state, although the in-plane optical conductivity shows only the 

weak structure in the higher frequency region. The pseudogap observed in the c-a.xis optical 

conductivity smoothly changes to the superconducting gap [46, 47]. 

On the other hand, the in-plane optical conductivity shows the sharp Drude peak. The Drude 

peak remains even in the superconducting state (46, 4 7, 48]. That is a feature of the d-wave 

superconductivity. This behavior is also shown in the following section (§3.4.2). 
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Figure 2.10: The experimental results for the optical conductivity [47]. 

2.2.5 Angle-resolved photo-emission spectroscopy 

The angle-resolved photo-emission spectroscopy (ARPES) has shown the especially important 
suggestion about the pseudogap phenomena [22, 23]. The ARPES directly measures the single 
particle spectral weight at the selected momentum. The results have shown the leading edge gap 
above Tc (Fig. 2.11). In the BCS theory, the leading edge gap corresponds to the superconducting 

r---

gap. Here, the leading edge gap appears without the superconducting long range order. That r­
means the suppression of the single particle spectral weight near the Fermi energy in the normal 
state. The gap starts to open near T* [54]. Thus, it has been shown that the pseudogap occurs 
in the single particle spectrum. Moreover, ARPES experiments have shown the following two 
important results. (i) The shape of the pseudogap is similar to that of the superconducting gap. 
That is to say, the pseudogap has the d-wave form. (ii) The magnitude of the pseudogap does not 
change thorough the superconducting transition [22, 23]. Below Tc, the coherent quasi-particle 
peak appears at the gap edge, and the gap structure becomes sharp. However, the energy scale 
of the gap does not change. This behavior is naturally understood in our scenario (§3.3). 

Thus, the close relation between the pseudogap and the superconductivity is suggested by 
ARPES experiments. These results have remarkably encouraged the pairing scenario, and there­
fore many theoretical studies have been done on the basis of the scenario. 

2.2.6 Tunneling spectroscopy 

The tunneling spectroscopy directly measures the electronic density of states (DOS). The suppres­
sion of the DOS near the Fermi level is shown above Tc (Fig. 2.12) [49, 50]. The energy scale of the 
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Figure 2.11: The results of the ARPES [22]. The leading edge gap is observed above Tc. The 
pseudogap shows the same momentum dependence as that of the superconducting gap. 

pseudogap in the DOS is nearly the same as tha.t of the superconducting gap. The gap structure 
becomes sharp below Tc. The results are consistent with the ARPES, and have supported the 
pairing scenario similarly [49]. 

In this connection, the gap-like structure which is similar to the normal state pseudogap is 
observed in vortex cores in the superconducting state [61]. Although the zero bias peak in the 
vortex core is shown theoretically for the pure d-wave case [62, 63], that is not observed experimen­
tally [61, 64, 65]. The authors have indicated that the pre-formed pairs exist in the vortex core [61]. 
We think, this conclusion is still uncertain. Another proposal on the problem is that the other 
component participates in the dxLy2-wave component of the superconducting order parameter. 
For example, the possibility of dx2-y2 +is-wave [66) or dx2-y2 + idxy-wave (62) is investigated. In 
these cases, the superconductivity becomes node-less near the vortex cores. Therefore, the bound 
state appears around the vortex cores. The other proposal is that the momentum dependence of 
the c-axis hopping matrix t.1(k) suppresses the zero bias peak. The momentum dependence is 
indicated by the band calculation [68). This is the origin of the incoherent c-axis transport which 
will be explained in the following section (§3.4.2) (57, 69). 

2.2. 7 Electronic specific heat 

The electronic specific heat C is proportional to the temperature C ex "YT in the Fermi liquid 
theory. The coefficient "Y is proportional to the quasi-particle density of state which is enhanced 
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Figure 2.12: The results of the tunneling spectroscopy [49]. 

by the electron correlation. The experimental results show the temperature dependence of the 

coefficient 1 in the under-doped region [51]. The coefficient 1 is reduced with decrea.'ling the 

temperature and/or the doping concentration. The reduction occurs well above Tc a.nd T*. The 
step height at Tc becomes small in under-doped cupra.tes. This behavior is inconsistent with the 

simple expression for the strongly correlated electron systems. Generally speaking, the electron 
correlation enhances the specific heat as is observed in the heavy-fermion systems. However, 

since the momentum dependence is one of the characteristics of the low dimensional systems, it 

is natural that the simple theory neglecting the momentum dependence is not applicable to these 
systems. The similar behavior to the cuprat.es is observed also in the organic superconductor 

~~:-(BEDT-TTF) compounds. These results mean that the entropy has been already lost at rather 

high temperature. Generally speaking, the entropy in the strongly correlated electron systems 

mainly originates from the freedom of spins. Therefore, we think that the development of the spin 
correlation reduces the entropy and the specific heat. 
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Figure 2.13: The results for the heat coefficient 1 [51]. 

The recent experiment has shown that the coefficient 1 shows a weak change near T* and 
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decrease's morC' rapidly bdow '/'* [52]. It. should IJC' considC'rC'd t.hat. t.his dc•cr<•asc•s is a rC'sult. oft h<' 

suppressed DOS in t.lw pseudogap siatC'. 

2.2.8 Phase diagran1 

As is explained in this subsC'riion, the pseudogap is obs<•rved by various lliC'asmc•nH'llis. It. is shown 
thai the onset temperature T* measurC'd by t.h<' a.bow <'XJWriment.s is similar and shows the sauw 

doping dependence. One important result is that. the onset temperature '1'* is proportional t.o 
the amplitude of the supereonducting gap (Fig. 2.11) [70]. Although thC' critical t.empC'ra.tun• '/~. 

decreases with under-doping, the superconducting gap increases. Namely, the' superconduct.ing 
gap seems to have a close relation with 1'* rather than 7~. This relation also indicates the close 

relation between the pseudogap phenomena and thC' superconduct.ivity. Thus, the pairing scenario 

is expected to give an comprehensive understanding of the phase diagram of II igh-Tc. cuprates. 
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Figure 2.14: The phase diagram. The doping dependence of the pseudogap onset temperature T* 
and the superconducting gap ~ are plotted [70]. 

2.3 Pairing Scenario and Strong Coupling Superconduc­
tivity 

In this thesis, we develop a theory of the pseudogap phenomena on the basis of the strong super­

conducting fluctuations [24, 25, 26, 27, 28). We consider that the strong fluctuations originates 

from the strong coupling superconductivity and the quasi-two dimensionality. This theory be­

longs to the pairing scenario. However, the pairing scenario is classified into some types. Many of 

them are different from ours and do not correspond to the realistic situation. First, we explain the 
strong coupling superconductivity and review some types of the pairing scenario for the pseudoga.p 

phenomena. 

Generally, the mean field theory based on the BCS theory [2] assume that the superconducting 

critical temperature Tc is much smaller than the effective Fermi energy EF. Therefore, the BCS 
theory is called the weak coupling theory. The effective Fermi energy EF is the typical energy 
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seal<> of t.he <'l<•ct.ron system. This nSSUillption is g<'tl<'rally justified in t.IH' conveiJt.ional sup<'tTOtl­

duct.ors in which t.be eiC'dron-phonon interaction is the pairing interaction. In other words, t.he 

pairing int<'rartion is suffici<'nt.ly small compared wit.b the kitt<'tic energy of the electron syst(•ms. 

Therefore, it. is considered that the supcrconduct.ing fluctuations ar<' sufficiently weak in thC' con­

V<'IJtiona.l supC'rconductors. Tlr<· Stmn.rJ C:oupling Supcrrondudil'ify nwans that. t.lre assmnpt.ion is 

violated and t.h<'refore the superconducting fluctuations play an important. role. The cotT<·ct.ion 

on the two-body correlation function resulting from the superconduct.ing fluctuations has bC'en 

investigated within t.he weak coupling theory [71, 72]. Howew·r, th<' superconduct.ing fluct.ua.tions 

strongly affects the single particle properties in the strong coupling case [24]. 

The strength of the supcrconduct.ing coupling is indicated by the ratio 1:~F/cr. Her<', 1;~F is 

the snperconducting critical temperature ohtained by the mean field t.lwory. The assumption of 

the weak coupling is written a.s 7~MF/cF ~ 1 which is justified in conventional superconductors. 

There arc two important factors in order to realize the strong coupling superconductivity in 

High-7~ cuprates. (i) The effective Fermi energy EF is renorma.lizcd by the eled.ron-electron 

correlation. In this sense, the strong coupling superconductivity is a characteristic phenomenon 

in the strongly correlated electron systems. (ii) The high critical temperature Tc itself which is ,,--... 

derived by the pairing interaction mediated by the anti-ferromagnetic spin fluctuations [7, 8]. The 

strong coupling superconductivity generally induces the strong fluctuations. Moreover, the quasi-

two dimensionality enhances the superconducting fluctuations still more. The above fact.ors, strong 

rcnormalization, High-Tc and the quasi-two dimensionality are the chara.c.t.eristics of the systems. 

Thus, it is natural to consider the strong superconducting fluctuations in High-7:, cnprates. 

The well-known theory describing the strong coupling superconductivity is the Nozieres and 

Schmitt-Rink (NSR) theory [73, 74]. The NSR theory describes the crossover from the weak 

coupling BCS superconductivity t.o the Bose Einstein condensation of the pre-formed pairs. First, 

the ground sta.te in the strong coupling superconductors is formulated by Leggett [73]. In his 

procedure, the BCS wa.ve function in t.he ground state is used. He have shown that the crossover 

is described by the shift of the chemical potential J.L. The wave function changes with the shift 

which is included in the coefficients uk, and Vk in the ordinary notation. 

Nozieres and Schmitt-Rink have extended the formulation to the finite temperature. The 

concept of the NSR theory [74] is taking account of the corrections of the pair fluctuations to the 

thermodynamic potential n shown in Fig. 2.15. The correction is written as, 

(2.1) 
q,ifl, 

(2.2) 

Here, Vk,k is the pairing interaction which is Vk,k = V < 0 in the s-wave case. The function 

Xpo( q, 0) is the bare pairing susceptibility. It should be noticed that the notation of Xpo( q, fl) is 

different from that used by us in the following section. 

In the next procedure, the correction to the fermion number density is calculated by the 

following formula. 

(2.3) 

(2.4) 
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The total fermion df'nsity is obt.ainPd by adding it. t.o t.hc· free• f<·rmion part Nr as N = Nr + N~.. 
These procedur<>s of the NSR theory correspond t.o counting the IlllllllH•r of t.l)(' bosonic pre-fornwd 
pairs. In the NSR t.h<'ory, the ciJ<'mical potential Jl is det.erminc•d sclf-consist.c·nt.ly so as to fix t.he 
total fermion density N. Thus, the essence of t.h<• NSR theory is includf'd in t.he shift. of the' clwmica I 

pot.c>ntiaiJt. The NSR tlwory describes the> crossover betwc>cn t.lw BC'S SIIJ)('r<·onductivity 11 '""'EF, 

N "' Nr to the BE condensation of the pre-formc>d pairs Jt '""' V, N '""' NIJ. Th<' applicability of 
the NSR formalism to the two-dinH'nsional systems haw· be<•n invPst.igat.ed [75, 7GJ, benwse t.lw 

fluct.ua.t.ions in the two-dimensional systems r<>duces the critical t.emJ><•ra.turc' 1;, = 0 even in the 
weak coupling limit. This is caused by the singularity due to the two-dinwnsion. It. should be 

noticed that the NSR theory is justified in the low density limit. [74] as is explained later. 
We can understand this fact hy considering the following easy question. The f'ffect.s consid­

ered in the NSR theory cancel in the particle-hole symmetric case>. Ewn in this case, the two­
dimensionality is sure to reduce the critical temperature 1~ = 0 unless we consider tlw Kosterlitz­
Thoulcss transition. What is the origin '? The answer is the higher order <·orrcct.ions of the 
supcrconducting fluctuations. 

Figure 2.15: The correction to the thermodynamic potential calculated m the Nozieres and 
Schmitt-Rink theory. 

The pairing scenario based on the strong coupling superconductivity was first proposed by 
Randeria et al [20]. The proposal is also based on the NSR theory. In the NSR theory, the gap 
opens in the single particle spectrum in the strong coupling case. That is a natural result because 
the fermions are tightly bound by the strong pairing interaction. In that case, the low energy 
excitation is the motion of the center of mass of the pre-formed pairs. The phase transition is the 
BE condensation of the pre-formed pairs. 

The pseudogap in High-Tc cuprates has lead to the studies based on the NSR theory and 
the BCS-BE crossover [20, 77, 78, 79, 80, 82, 83]. In these studies, the pseudogap state has been 
regarded as the intermediate regime of the BCS-BE crossover. Many of them calculated the s-wave 
case, such as the attractive Hubbard model. For example, the Ginzburg-Landau theory is derived 
by Stintzing and Zwerger [79]. One feature of the GL theory is that the dissipation term becomes 
exponentially small in the BE regime. This is because the DOS of the fermions is completely 

gaped. The reduced dissipation has pointed out by other The NSR formalism has been applied 
to the d-p model by Koikegami and Yamada [82] and Kobayashi et al [83]. The self-consistent 
T-matrix calculation has been carried out [77, 78, 80, 81], first by Haussman [77]. The above 
calculations have treated the Fermi gas model or the low density model. It should be noticed that 

the self-consistent T-matrix approximation describes the same scenario as the NSR theory, when 
the fermion density is chosen to be low density. Although we will use the self-consistent T-matrix 

approximation, the different situation results in the different scenario. 
Some authors have also proposed the phenomenological model in which the fermions and the 
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pr<'-formed bosons coexist [~1, ~!), ~6]. This situation corresponds t.o a11 int.ermc•dinl.e n•ginw in 

the NSR theory. Geshkeubein f.! al. [~H] have propos<'d the ph<'nonwnology with rder<'IIC<' t.o t.h<' 
sign problem of the fluct.uat.ional II all effect. [87]. We bri<'fly discuss the problem la.t.er. 

However, the NSH. theory is justified in the low density limit and not. in I-Iigh-1:. cupra.t.es. 

This is because they are nearly half-filled la.t.ticc syst<'m and should be regarded as t.he ratlwr high 

density system. Morc>over, since the> pseudogap phenomena t.ak<.> place n<.>ar t.he Fermi surface, the 

situation in which the Fermi surface remarkably changes and disappears at. last. is not realistic. 

Actually, it is shown tha.t. t.he pscudogap phenomena are naturally derived by t.he self-en<'rgy 

correction due to the strong superconducting fluctuations [24, 88]. The resonance scattering by 

the low energy superco11duct.ing fluctuations gives rise to t.he anomalous features of the self-em~rgy 

and leads to the pseudoga.p. The self-energy is suflicient.ly small iu the weak coupli11g ca:w, a11d 

therefore usually neglected. However, the self-energy remarkably affects the electronic state in the 

strong coupling ca.se. This scenario is different from the NSR scenario. The resonance scattering 

plays an important role in high density systems, although the shift of the chemical potential is 
dominant in low density systems. First, the importance of the resonance scattering has been 

pointed out by Janko et al [88]. However, their calculation is also based on the Fermi gas model 

with the s-wave pairing interaction. Therefore, their calculation also describes the NSR scenario 

and the BCS-BE crossover a.t. last. In this thesis, we derive the pseudogap phenomena. on the basis 

of the resonance scattering scenario in the relevant situation for 1-Iigh-Tc cuprates. It. is shown 
that the shift of the chemical potential, which is included in our calculation, is actually small [21]. 
It should be noticed that the effective Fermi energy EF in lligh-'/~ cupratcs is reduced by the 

electron-electron correlation and not by the low density. 
The other approach belonging to the pairing scenario is the phase fluctuation scenario. The 

scenario has been proposed by Emery and Kivelson [21] and calculated by other authors [89, 90]. 
Their calculations are based on t.he Kosterlitz-Thouless (KT) transition in the two-dimensional 

system. In the procedures, the vortex excitation plays an important role. The situation may exist 

near the critical temperature. Actually, the recent experiment on the thermal conductivity has 
indicated the vortex excitation [91]. However, the situation in which the amplitude is fixed in 

the wide region of the pseudogap state is inappropriate. Since the real systems are weakly three­
dimensional, the description of the situation is important and difficult problem for the phase 

fluctuation scenario. 
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Chapter 3 

Theory of Pseudogap Phenomena on the 
Basis of the Strong Coupling 
Superconductivity [24, 25, 26, 27] 

In this chapter, we clarify the mechanism of the pseudogap on the basis of the model with the 
d-wave attractive interaction [24, 25, 27, 26]. Our scenario for the pseudogap phenomena will be 
justified in §4 by using the Hubbard model. However, the fundamental features of the supercon­
ducting fluctuations and the pseudogap phenomena are included in this attractive model. 

In §3.1, the basic formalism describing the mechanism of the pseudogap phenomena are ex­
plained. The important factors for realizing the pseudogap is clarified. In §3.2, the effects of the 
magnetic field on the pseudogap phenomena are calculated. The obtained results well explain 
the high field NMR measurements including their doping dependence. The comprehensive un­
derstanding from the over-doped to under-doped region is shown. In §3.3, t.he properties of t.he 
superconducting transition from the pseudoga.p phenomena are investigated. The relevant. under­
standing of the smooth change from the pseudogap state to the superconducting one are obtained. 
In §3.4, the various quantities, such as the magnetic and transport properties, are calculated in the 
pseudogap state and in the superconducting state. The characteristic behavior in each quantities 
is explained by considering the characteristic momentum dependence of High-Tc cupra.tes. 

3.1 Mechanism of the Pseudogap Phenomena [24] 

In this section, we derive the pseudogap phenomena caused by the superconducting fluctuations 
which are enhanced in the quasi-two dimensional strong coupling superconductors. 

This section is constructed as follows. In §3.1.1, we give a model Hamiltonian and explain the 
basic formalism adopted in this chapter. In §3.1.2 and §3.1.3, we explicitly calculate the single 
particle self-energy corresponding to the T-matrix and the self-consistent T-matrix approxima­
tions, respectively. In §3.1.4, we explain the important factors for the pseudogap phenomena and 
discuss the possibility of the pseudogap phenomena in other compounds. 

3.1.1 Theoretical Framework 

In this section, we describe the basic formalism of the idea 'resonances scattering' due to the low 
energy superconducting fluctuations. The formalism is based on the time-dependent-Ginzburg­
Landau (TDGL) expansion for the superconducting fluctuations and the T-matrix a.nd self­
consistent T-matrix approximations for the self-energy of electrons. We show that the strong 
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coupling supercoJHiuct.ivit.y lc•ads to the a.noma.lous normal state• propert.ic:'s above• t.lw SIIJ><'rcon­

duct.ing critical t.c•mpera.t.urc:'. llc:'reaft.C'r, WC' adopt the unit. h = c = ~·H = I. 
\Ve adopt. t.he following t.wo-diJnC'nsional model Ilamilt.olliall which has a. d.1.Ly2"WC\VC' supcr­

c.onduct.illg ground state'. 

JJ = L EJ,~C{,sck,., + L v~.~-q/2,k'-q/2c~-k',lcl,,lck,IC'q-k,l· 
k,s k,k',q 

where vk,k' is the d3,Ly2-WC\.VC separable pairing interaction, 

V~.:,k' = 9'Pk'Pk', 

'Pk = cos kJ, - cos ky. 

( 3.1) 

(3.2) 

(3.3) 

Here, g is negative and 'Pk is the dxLy2-wa.ve form factor. The form factor is a constant in the 
conventional .c;-wa.ve case. We consider the dispersion Ek given by the tight-binding model for a 

square lattice including the nearest- and next-nearest-neighbor hopping t, t', respectively, 

Ek = -2t( COS kx +COS ky) + 4t' COS kx COS ky- I'· (3.4) 

We fix the lattice constant a = 1. We adopt t = 0.5eV and t' = 0.45t. These parameters well 
reproduce the Fermi surface of the typical High-Tc cuprates, YBa2Cu3 0 6H and Bi2Sr2CaCu20sH· 

We choose the chemical potential It so that the filling n = 0.9, which corresponds to the hole doping 
h = 0.1. The rcrmi surface is shown in Fig. 3.1. 

Figure 3.1: The Fermi surface adopted in this chapter. 

Since the Brillouin zone edge acts as a natural momentum cut-off, we do not have to usc the 

renormalization methods in order to remove th~ ultraviolet divergences which exist in the Fermi 

gas model. (20] 
The above Hamiltonian is an effective model in which the paring interaction affects the renor­

malized quasi-particles. Since the energy scale in the above model is the renormalized Fermi energy 

cF, the relatively large paring interaction is considered. The realistic energy scale for cuprates 

is obtained by considering the renormalization as ~ 1/10 which is a relevant order in d-electron 

systems. 
Actually, the origin of the pairing interaction should be considered to be the anti-ferromagnetic 

spin fluctuations (7, 8]. The calculation dealing with the pairing correlations obtained by the spin 

fluctuations on the basis of the fluctuation exchange (FLEX) approximation is carried out in 

the next chapter (28]. Here, adopt the simplified model and show the essential points of the 

pseudogap phenomena derived by the superconducting fluctuations. There is a feedback effect on 
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tlu' pairing int<•ract.ion arising from th<" ps<'udogap. The pseudogap sup]H'<'SS<'S t.IH' low fn·qu<'IICY 
component of t.he spin fluctuations. Ilowc:"ver, t.he pairing i11t.era.rtion is mainly caus<•d by t.he 

high freque11cy compoiwnt compared with the energy scale of t.hC' supercondurt.i11g fluctuations. 
Therefore, qua.lita.t.ively the same results are obtained from the model wit.h a fixed attractive 
interaction. 

First of all, we consider t.he properties of t.he scattering vertex arising from the• superconduct.ing 

fluctuations, r(k, q- k : k', q- k' : inn)· The vertex is described by t.he laddc•r diagrams (T­
matrix) in the part.icle-partidc interaction channel (Fig. 3.2.). 

(a) 

I . 

I 

.. + 

(b) 

= + 

Figure 3.2: The scattering vertex represented by the ladder diagrams in the particle-particle chan­
nel (T-matrix). The dashed lines represent the attractive interaction Vk k'· The single and double 
solid lines represent the propagator of the bare and renormalized fermi~ns, respectively. The sin­
gle and double wavy lines represent the propagator of the bare and renormalized supcrconduct.ing 
fluctuations, respectively. 

It is factorized into r(k,q- k: k',q- k': inn)= Cf'k-q/2t(q,inn)Cf'k'-q/2' where 

t(q,inn) 

Xpo(q, inn) 

[g-l + Xpo(q, inn)t1, 

T L G(k',iwm)G(q- k',inn- iwm)cpk'-q;2· 
k',wm 

(3.5) 

(3.6) 

Here, Wm = 27r(m + ~)T and nn = 27rnT are the fermionic and bosonic Matsubara frequencies, 
respectively. As a result of the analytic continuation, Xpo(q, n) is expressed as 

X~o(q,n) = E J d: [f(w- n)ImGR(q- k,n- w)GR(k,w) 
k 

(3.7) 

Here, Zsc = (1 + 9Xpo(q,n))-1 is regarded as a enhancement factor for the superconducting 
susceptibility Xsc( q, n). When 1 + 9Xpo(O, 0) = 0, the susceptibility Xsc(O, 0) diverges and the 
superconductivity occurs. This is the well-known Thouless criterion which is equivalent to the 
BCS theory in the weak coupling limit. [74] The T-matrix t(q,O) can be regarded as a propagator 
of the fluctuating Cooper pairs. The momentum and the frequency q and n represent the motion 
of the center of mass. The Thouless criterion corresponds to the situation in which t(q, n) has its 
pole at q = n = 0. 
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Her£', WC' arP int.<.'H'St.(•d in tlw normal st.at.e ncar the superconducting crit.iral point., where 

the Zsc grows and the superconductiug fluctuations arc enhanced. Even in the weak coupling 

limit, this divergence affects t.he various physical qua.nt.itics [il, 72], and the several st.udiC's have 

been given for High-7~ on the basis of such a framework [H2, 93, 94, ~)5, !)(), ~J7]. However, in the 

strong or intermediate coupling region, t.he superconducting fluctuations more seriously affect. the 
dectronic states. We will show that below. 

Because the T-matrix t(q, H) is strongly enhanced around q = n = 0, its contribution to the 

single particle self-energy .!7( k, w) is mainly from the vicinity of q = n = 0. Therefore, we expand 

the reciprocal of the T-mat.rix t- 1(q,H) in the vicinity of q = n = 0. The expansion is described 

as follows, 

(:3.9) 

This expansion corresponds to the time-dcpendent-Ginzburg-Landau (TDGL) expansiou. In 

the above description, t0 = 1 + 9Xpo(O, 0). The other parameters b, a 1 + ia2 arc obtained by 

the differentiation of 9Xpo(q, S1) with respect to the momentum and frequency, respectively. 

Later, we explicitly estimate Xpo( q, S1) and the TDGL expansion parameters by using the 
bare Green function GR(o)(k,w) = (w- ck + ib')-1 in §2.2, the renormalized Green function 

GR(k,w) = (w- ck- ER(k,w))-1 in §2.3, respectively. These estimations correspond to the 
T-ma.trix approximation (see Fig. 3.3(a)) and the self-consistent T-matrix approximation (sec 

Fig. 3.3(b) ), respectively. 
In this section, we explain the general properties of the TDGL parameters, and calculate the 

contribution of the superconducting fluctuations to the single particle self-energy En.( k, w ). 

{a) (c) 

0 
I 
I 
I 

Figure 3.3: The diagrams of the single particle self-energy based on (a) the T-matrix approximation 
and (b) the self-consistent T-matrix approximation, respectively. (c) The Hartree-Fock term 
which we exclude afterward. This term should be included in the dispersion relation ck from the 
beginning. 

First, we describe the expression in the weak coupling limit. In this case, we can use the bare 

Green function GR(O). The bare pair susceptibility Xpo( q, n) is expressed as follows: 

(3.10) 

where f(c) is the Fermi distribution function. The TDGL parameters are expressed as follows: 

J tanh(...!...) T- Tc 
t0 - 1 + g de 2c 2T Pd(c) ~ IYIPd(O) Tc , (3.11) 

b _ I I j d Pd(c)v: 82 /(c) ~ I I (O) 7((3) _2 
g c l6c 8c2 g Pd 32( 1rT)2 vF, 

(3.12) 
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a, ( :3.1:3) 

(3.11) 

Here, (( 3) is the Riemann's l'.d.a function and fiF is the m<'an value of the> quasi-particle's veloc­

ity on the FC'rmi surface. Here, we have defined t.h<"' (•ff£'ctive DOS for thC' d.r2-y2-wave symmetry. 

( 3.15) 

where, Pk(c) is the single particle spectral weight Pk(E) = Ak(c-) = -;lmG11 (k, c-). The first 
derivative of the effective DOS is expressed as p~1 (0). It should lw noticc·d that. PcJ(c) is mon' 

sensitive to the pseudogap formation rather than the DOS p(c) = Lk Pk(E). lu the pseudoga.p 
state, the spectral weight near the Fermi level is suppressed around the monwnhtm ( 1r, 0) where 

the form factor IPk is large. One the other hand, the quasi-particle peak remains in the vicinity of 

(7r/2,7r/2). However, this area contributes little to the effective DOS pc~(c:) because of the small 

form factor IPk· Therefore, the pseudogap remarkably suppresses pc~(O) rather than Pd(O). In this 
sense, the difference between the s-wave case and the d-wavc one is small. 

The properties of the TDGL parameters are explained in the following way. The parameter 
t 0 = 1 + gx0 (0, 0) represents the distance to the phase transition, and is sufficiently small near the 
critical point T = Tc. The parameter b is generally related to the coherence length ~0 , b ex ~5. The 

small b generally means the strong fluctuations. The parameter a 2 expresses the time scale of the 

fluctuations. This is the dissipation term of the fluctuations. Roughly speaking, the parameters a2 

and bare described as, a2 ex Pd(O)/T and b ex Pd(O)/T2• Because of the high critical temperature 
Tc and the renormalization effect by the pseudogap, both a2 and b become small in the strong 

coupling superconductivity. The renormalization effect on the dissipation term has been pointed 

out by the other calculation [98). These features of the TDGL parameters indicate that the 

scattering vertex due to the superconducting fluctuations is remarkably enhanced. 

The parameter a 1 is determined by the particle-hole asymmetry of each system. That is 

understood by considering it is proportional to the first derivative Pd(O) and &xp~~O,o) [99). The 

cancelation in the particle-hole symmetric case is robust even in the strong coupling case. In the 

weak coupling limit, the real part a 1 is higher order than the imaginary part a2 with respect to the 

small parameter T~F /c:F. Therefore, the parameter a 1 has usually been neglected. However, the 

real part a 1 should not be neglected for High-Tc cuprates. One reason is that the superconductivity 

is expected to be in the intermediate or strong coupling region. In that case, the ratio TcMF / eF 

increases with the coupling constant IYI· The other reason is the strongly asymmetric band 
structure of the systems. It should be noticed that a 1 is not so reduced even in the case of the 

strong coupling superconductivity. Because the relatively large momentum space contributes to 
the parameter a 1 , it is not so affected by the pseudogap formation. Therefore, it is possible that 

the real part a 1 is the same order of the imaginary part a2 • 

As a result of the above discussion, the extreme condition la11 ~ a2 can be realized near the 

critical point in the strong coupling limit. This expectation is confirmed by our explicit self­

consistent calculation in §2.3. In this case, the superconducting fluctuations have a propagative 

character, although they are over-damped diffusive mode in the conventional weak coupling theory. 

It should be noticed that it is a character of the collective mode and does not mean the tightly 

bound pairs supposed in the NSR scenario [74]. The suppression of the dissipation term a2 has 
the different origin from that in the NSR theory [79]. Especially, the phase transition is the 
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s\1 pt>rcomlHdi vit.y, not the• Bose concknsa.t ion i 11 t. he S<'IIS<' of the NS H t.IIC'ory. Tlw fi 11 i I<• a 1 

induces t.he asymmetry of the T-mat.rix. Act.ua.lly, t.he particle-hole asymmetry is not. llf'n•ssary 

but advantageo\ls to t.he pseudogil p st.at.e in the self-consistent. solu t.ion ( §2.3 ). 

As is explained before, tlw sign of a 1 depends on the· band struct.me. The sign of a. 1 is negative in 

case of Hnder-doped High-Tc cuprates. This fact indicates that the supcrconducting fluctuations 

have hole-like character in the under-doped region. The sign of a1 determines the sign of the 

correction of the superconduct.ing fluct.ua.t.ions on the Hall coefficient. [H!J]. It has been pointed 

out [87] that the experimenta.l results of the Hall coefficient in High-1~ cupra.t.es H))(lPr the high 

magnetic field is not. consistent with the above genera.! expression. The sign-reversal of the Ha.ll 

coefficient occurs in under-doped cuprates. The result means that the electron-like coutribution 

is given by the superconducting fluct.uations. That. is inconsistent with the twgat.ive sign of a 1• 

Geshkenhein ct al. phenomenologically assumed that the pre-formed pairs arc cl(•dron-likc in 

order t.o explain t.hc sign problem [84]. However, the sign of a 1 is negative even in the strong 

coupling region. Moreover, the pre-formed pairs are hole-like even in the NSR scenario. Thus, the 
assumption by Geshkenbein et al. is not justified by the simple strong coupling theory. 

In the remaining part of this section, we calculate the single particle self-energy corresponding ,r---

to the one-loop diagram (Fig. 3.3(a)) on the basis of the above TDGL expansion for the T-matrix. 
Here, we phenomenologically define the TDGL parameters and use the bare Green function for 

simplicity. This calculation corresponds to the T-matrix approximation. Hereafter, we choose the 
TDGL parameter t0 as a small parameter. Therefore, our theory is an approach starting from the 

actual critical point. 

The self-energy is given by 

E(k,iwn.) = T L t(q,inm)G(q- k,inm- iwn)<t'L_q12 . 
q,iflm 

(3.16) 

After the analytic continuation, we obtain 

ER(k,w) = I:] dn[b(n)Imt(q,n)GA(q- k,n- w)- J(n)t(q,n +w)ImGR(q- k,n)] 
q 7r 

X<pk-q/ 2 , (3.17) 

Jdn 
ImER(k,w) = - L -;-[b(n + w) + J(n)]Imt(q, n + w)ImGR(q- k, n)<t'k-q/2" (3.18) 

q 

Here b(n) is the Bose distribution function. In the conventional Fermi liquid theory, the factor 

[b(n + w) + J(n)] gives the common relation ImER(k,w) ex: w2 + (1rT) 2• However, in this case, 
the strong q- and n-dependence of the T-matri~ t(q, n) give rise to the anomalous features as we 

show below. 
Assuming la1 I ~ a2 which is expected in the strong coupling limit, we can describe the 

imaginary part of the T-matrix in the following way, 
7r 

Imt(q, n) = 9-h(n- nq) 
a1 

(3.19) 

Here, we have defined the dispersion relation of the fluctuating Cooper pairs nq = (to + 

bq2 )fa1 • Because the parameter a1 is negative in our case, the pole of the T-matrix is also 
negative nq < 0. This shows that the superconducting fluctuations are not electron-like but 

hole-like. By substituting eq. 3.19 into eq. 3.17, we obtain 
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I c1n . 1 ··ll J 2 
- -./(0-w) l '2 nlm(, (q-k,n-w)~k-q/'2' 

7r fo+ 1q -a, 
( :L20) 

"'q[ j H 2 - ~-:;- b(Hq) + f(Hq - w) lmG (q- k, nq- w);.pk-q; 2• 
q I 

(:L21) 

\Ve can see from the above expn'ssions that the singular cont.rihut.iou in tlw small/0 limit arisc•s 

from the terms proportioual to b(nq ). Therefore, W<' <>stimat.e t.h<> singular t.c•rms by liJH'ari;~;ing 

the bare Green function as, G(o)H(q- k,w) = (w- Ek + 1'kq + ib)- 1• B<•ca.us<' t.lw singular 

contribution arises from the vicinity of q = 0, we restrict. the q-sum to the rc·giou 1nq I ::; T, and 

use the approximate relation b(nq) "' ~. Since only the sma.ll region in tlw vicinit.y ol' q = 0 

contributes to the self-energy, we can neglect the q-dependeuce of the form factor ..Pk-q/'2' By 
using the above procedures, we exactly calculate the q-sum. Since the results are wry conJplicat.c•d, 

we show the approximate results as follows, 

where we have defined as a= w + ek. 

(lol ~ .llL) lad 
(lnl"' ~ ), (:J.22) 

We show the typical features of ReER(k,w), ImER(k,w) and 1rA(k,w) = -ItnGn.(k,w) in 

Fig. 3.4. 

It is notable that the real part of the self-energy has the positive slope in the vicinity of 

a = 0, and the imaginary part of the self-energy has the sharp peak at o = 0 in its absolute 

value. The both features are anomalous compared with the conventional Fermi liquid theory. 

These anomalous features should be regarded as the effects of the resonance scattering of the 

quasi-particles by the thermally fluctuating Cooper pairs. Such drastic phenomena take place on 

the condition IOol ~ T. Of course, the characteristics of the strong coupling superconductivity 

are included in the properties of the TDGL parameters. As the coupling constant 191 increases 

and therefore the critical temperature Tc increases, the effects of the resonance scattering become 

remarkable. On the other hand, these effects are sufficiently weak in the weak coupling case. 

Although we have used the assumption lad ~ a 2 in the above analytic calculation, the results 

change little even in the conventional case la1 1 ::; a2• The only change is that the particle-hole 

asymmetric structure is weakened. However, the large dissipation term a2 reduces the absolute 

value of the self-energy. 

It should be noticed that the self-energy essentially has the asymmetric structure, which arises 

from the hole-like features of the superconducting fluctuations. For example, the imaginary part 

has the long tail on the negative frequency side. 

Norman et al. [100] have used the assumption ER(k,w) oc + 1 +T in order to explain the 
W Ek I 0 

data of the ARPES experiments. Our results are qualitatively consistent with the assumption. 

However, we shall point out in §2.3 that the slight break down of the assumption which originates 

from the asymmetric structure is important for the self-consistent solution. 

The result for the single particle spectral weight A( k, w) is shown in Fig. 3.4( c). According to 

Fig. 3.4(a), there are three solutions of the equation w- ek- ReER(k,w) = 0. However, since the 

imaginary part of the self-energy is extremely large in the vicinity of a = 0, the middle solution 
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Figure 3.4: (a) The real part of the self-energy given by the one loop diagram in Fig. 3.3(a). The 
solid line shows the condition w- c k- ReER( k, w) = 0. (b) The imaginary part of the self-energy. 
(c) The spectral weight. For all figures, the k-point is chosen so as to be on the Fermi surface 
near (0, 1r). (see inset in (a)). Here, the coupling constant and the TDGL parameters are chosen 
as g = -2.0, a1 = -1.0, a2 = 0.2, b = 0.2, to= 0.03, T = 0.2. 
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in Fig. 3.4(a) disappe•ars. TlwrcforC', t.he SJ>C'd.ral WC'ight. shows t.IIC' gap-like· t.wo JH'ak st.rud.me• at 

±.jEk + ~k' (:l.2tJ) 

I I 2 7' I [1'//o] g 'Pk-[ og -. 
471" J CLt 

( 3.25) 

This spectrum is similar to that. of the SUJWrconduct.ing state. Although til<' gap amplitude 

is related to the condensed Cooper pairs in the su pC'rconducting state, here', ~ k is proport.ioua.l 

to the total weight of the superconducting fluctuations. That. is regarded as the nnmlwr of the 

thermally fluctuating Cooper pairs, ns oc Lq b( Oq) in t.he strong coupling limit.. 

Furthermore, the spectral weight also has the asymmetric struct.me. The SJ><'dntm has the 

relatively broad peak on the ucgativc frequency side~ and t.hc sharp peak on tlw positive frcqnC'ncy 

side. Randeria ct al. [101 J have proposed the assumption of the particle-hole symnH'try for the 

spectra.! weight, and actually Norman et al. [22] carried out the analysis for t.h(' A RPES data on 
the basis of the assumption. We consider that this analysis is qualitatively relevant.. However, om 

calculation shows that this assumption is necessarily broken in the strong coupling superconduc­

tors, because the particle-hole asymmetry clearly appear in that case. Indeed, the particle-hole 
asymmetry plays an important role in stabilizing the self-consistent calculation in §2.3. 

We shall numerically carry out the explicit calculation for the TDGL parameters and the single­

particle self-energy corresponding to the T-matrix (in §2.2) and the self-consistent T-matrix (in 

§2.3) approximations in the following sections. 

It should be pointed out that there is a logarithmic singularity of the self-energy and !).k 

near the critical point. This singularity is a characteristic feature of the two-dimensional systems. 

Strictly speaking, the singularity reduces the critical temperature Tc to 0. The result is well­
known as the Marmin-Wagner's theorem. The NSR theory for two-dimensional systems [75, 76] 

has the similar singularity, and the critical temperature Tc = 0. However, there is not such a 
singularity in the layered systems. Although the quasi-two dimensionality enhances the effects of 

the fluctuations, the weak three-dimensionality is sure to remove the singularity. [94] 

Here, we briefly comment on the Nozieres and Schmitt-Rink theory. The NSR theory takes 
account of the shift of the chemical potential by the creation of the bosonic particles, and decides 

the critical temperature Tc using the Thouless criterion for the shifted chemical potential. It 
should be noticed that the chemical potential shifts upward in case of High-Tc cuprates because 

the superconducting fluctuations are not electron-like, but hole-like. It is the opposite direction 

compared to the Fermi gas model or the low density lattice model. (see Fig. 3.5.) We can 
understand this result by considering eqs. {1.3) and (2.13). The derivative of the thermodynamic 

potential with respect to the chemical potential J.L is related to the TDGL parameter a1 . In the 
relation 2a1 = 19 l 8xP~~O,o), the factor 2 corresponds to the two electrons composing the Cooper 

pairs. In the low density case axp~~O,o) > 0, and in case of the under-doped cuprates, axp~~O,o) < 0. 

The upward shift is a natural result because the DOS decreases in that direction. 

We can understand from the above calculations that the NSR scenario is justified in the low 

density limit. In the low density limit, a strong attractive interaction easily creates the bosonic 

pre-formed pairs which can move almost freely. The chemical potential shifts remarkably in that 

case. There is no serious effects on the fermion system except for the shift of the chemical potential 

J.L. This insight is justified by the results in this section that the self-energy is proportional to 

the number of bosons na in rough estimate. Because the number of bosons na can not exceed 

the total fermion density, the effects of the resonance scattering do not appear in the low density 

limit. On the other hand, the effects of the resonance scattering are dominate the shift of the 

31 



(a) (b) 
(0,7t) (7t,7t) (0,7t) (7t,7t) 

\ 
\ 
\ 
\ 

' L' ' ...... --

(7t,O) (0,0) (n,O) 

Figure 3.5: The schematic figures of the transformation of the .Fermi surface by the shift of the 
chemical potential, which is the dominant effect in the NSR theory. The solid line shows the /' 
original Fermi surface, and the long-dashed line shows the shifted Fermi surfaces. (a) The case of 
the Fermi gas model, or the low density lattice model. The chemical potential shifts downward. 
(b) The case of High-Tc cuprates. The chemical potential shifts upward. 

chemical potential in high density systems. Therefore, the chemical potential actually shifts even 
in the high density systems, that is not a dominant effect. The shift of the chemical potential is 
included in our calculation. However, we will not pay attention to it in the following sections. 

3.1.2 Lowest Order Calculation 

In this section we explicitly calculate the single particle self-energy on the basis of the formalism 
described in the previous section. 

First, we calculate the T-matrix around q = n = 0 by using the non-interacting Green function 
QR(O)(k,w) = (w- ck + iS)-1 • We expand the reciprocal of the T-matrix, t(q,flt 1 and estimate 
the TDGL expansion parameters. Of course, the results are equivalent to eq. 3.11. 

Secondly, we calculate the single particle self-energy corresponding to the diagram shown in 
Fig. 3.3(a), using eq. 3.17. This calculation corresponds to the T-matrix approximation. We 
exclude the trivial Hartree-Fock term shown in Fig. 3.3(c). 

Because we use the non-interacting Green furtction, the superconducting critical temperature 
Tc is the same as that obtained by the BCS mean field theory, TcMF. Therefore, our calculation 
in this section is carried out above TcMF. We show the results for the single particle self-energy in 
Fig. 3.6. The self-energy shows the same features as we have calculated analytically in §2.1. The 
effects of the resonance scattering clearly appear. 

The results for the spectral weight is shown in Fig. 3. 7 for various temperatures. The spectral 
weight has the two peak and shows the gap structure clearly near the critical point. As the 
temperature increases, the gap structure is filled up. Thus, the quasi-particles of the normal 
Fermi liquid, which is realized at higher temperature, become unstable near the superconducting 
critical temperature Tc = T~F = 0.185 where the superconducting fluctuations are strong. Thus, 
the resonance scattering produce the pseudogap in the single particle spectral weight. 

The momentum dependence of the spectral weight is shown in Fig. 3.8. We can see that the 
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Figure 3.6: The single particle self-energy on the Fermi surface ncar (0, 1r) obtained by the lowest 
order calculation. (a)The real part. (b)The imaginary part. Here, k = (0.589,11"), g = -1.0, and 
T = 0.21. The k-point is shown in the inset of (a). Here, Tc = TcMF = 0.185. 
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Figure 3.7: The spectral weight for various temperatures T = 0.19(circles), T = 0.21(squares), 
T = 0.30(stars). The other parameters are the same as those in Fig. 3.6. 
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amplitude• of the gap is large in t.he vicinity of (0, 1r), and dPcreascs as t.lw momc·nl\1111 approacll<'s 
( 1r /2, 7r /2). Furthermore, t.he single peak st.ruct ure of quasi-particles a pp<'ars i 11 t.llC' vici 11 i 1 y of 
(1rj2, 7r/2). These features arc consistent with t.he AHPES experiments [22, 2:l]. Til<' monH·nt 11111 

dependence is mainly owing to the d:r2-y2-wave form factor c.pk. Thus, it is naturally lc•d fro111 om 
formalism that the pscudoga.p has the same shape as t.ha.t of the superconducting gap. Siru·<' t.ll<' 
attractive interaction is small in the vicinity of ( 1r /2, 1r /2), quasi-particles are not. a.ffc·ct.c•d hy t.he 
superconducting fl uctua.tions. 
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Figure 3.8: The momentum dependence of the spectral weight (a) across the Fermi surface ncar 
(0, 1r) (b) along the Fermi surface. The respective k-points are shown in the inset. The other 
parameters arc the same as those in Fig. 3.6. 

The results for the DOS p(c-) is shown in Fig. 3.9. The pseudogap clearly appear in the density 
of state. Our calculation is carried out only for the k-points in the vicinity of the Fermi surface. 
Because the quasi-particles far from the Fermi surface are not so affected by the superconducting 
fluctuations, we do not pay attention to them. The DOS in Fig. 3.9 is obtained by summing up 
the momentum on the calculated area. Therefore, the peak position is artificial and depends on 
the summed area. Only the suppression of the density of state near the Fermi level is essential. 

Because the quasi-particles exist around ( 1r /2, 1r /2), the gap structure of the DOS is not so 
clear compared with that in the superconducting states. These results are consistent with the 
results of the tunneling spectroscopy [49]. 

Thus, most of the features related to the pseudogap phenomena are understood from the above 
lowest order calculation. From the above results, we conclude at least that the strong coupling 
superconductivity in the quasi-two dimensional system makes the Fermi liquid state unstable near 
the mean field superconducting critical temperature TcMF. 

As we have pointed out before, the above calculation is applicable to the higher temperature 
than TcMF. In practice, the effects of the superconducting fluctuations remarkably suppress the 
critical temperature. Indeed, we have an interest in the temperature region in which the super­
conductivity is suppressed by the fluctuations. In order to treat this region explicitly, we must 
carry out the self-consistent calculation using the renormalized Green function. We will carry out 
the self-consistent calculation in the next section, §2.3. Although there are some differences, the 
essential results, such as the gap structure and so on, do not change even in the self-consistent 
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Figure 3.9: The DOS p( e) for various temperatures. The parameters a.ud the marks are the same 
as those in Fig. 3.6. The triangles show the non-interacting DOS. Since we calculate only in the 
vicinity of the Fermi surface, the peak position is not exact. The suppression of the DOS at the 
low energy is essential. 

calculation. 

3.1.3 Self-Consistent Calculation 

In this section, we self-consistently calculate the single particle self-energy and the TDGL param­

eters on the basis of the formalism described in §2.1. Furthermore, we calculate the superconduct­
ing critical temperature suppressed by the effects of the fluctuations, and determine the phase 

diagram. 
To begin with, we explain our method of the numerical calculation used in this section. We 

restrict the k- points for which the self-energies are calculated to the region close to the Fermi 
surface. The restricted region is shown in Fig. 3.10. As we have mentioned in the previous 

section, the effects of the superconducting fluctuations (resonance scattering) are important in 
the vicinity of the Fermi surface, and are not important far from the Fermi surface. Except for 
a1, the TDGL parameters mainly determined by the electronic states near the Fermi surface. 
Furthermore, the important Green functions for the self-consistent calculation of the self-energy 
ER(k,w) have the momentum in the vicinity of k, because the main contribution is given by the 

small momentum of the center of mass q "' 0. Therefore, we have only to consider the self-energy 
near the Fermi surface. Thus, our restriction for the momentum space is justified. The other 
justification of the above procedure is obtained in the following way. Generally speaking, the 

renormalized quasi-particles give rise to the superconductivity in the strongly correlated electron 
systems. The renormalized quasi-particles are well defined only near the Fermi surface. Therefore, 

order parameter is expected to be sufficiently small far from the Fermi surface and the electronic 
state is not so affected by the superconducting fluctuations. Since these features are no included 

in the effective model adopted in this chapter, we phenomenologically introduce the features by 
the above procedure. 

We estimate the TDG L parameters by eq. 3. 7 for the renormalized Green function GR ( k, w) = 
(w- ek - ER(k,w)tt, and self-consistently calculate the single particle self-energy ER(k,w), 
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Figure 3.10: In this section, the self-energy is calcula.t.cd in the region between the dashed lines. 

using eq. 3.17 (see Fig. 3.3(b)). Here, we exclude the Hartrec-Fock term corresponding to the 
diagram in Fig. 3.3( c), as we have done in the lowest order calculation in §2.2. This calculation 
corresponds to the self-consistent T-matrix approximation. 

For the purpose of the self-consistent calculation, we divide the Brillouin zone as shown in 
Fig. 3.10, and put L'R(k,w) = 0 outside of the dashed lines. As we have described before, this 
approximation does not change the electronic structure ncar the Fermi surface and is appropriate 
to discuss the pseudogap phenomena. Furthermore, we. introduce the cutoff parameters for the 
integrations by n and q, because the main contribution is obtained from the integrations around 
q = n = 0. The TDGL expansion is not so reliable for large q and n. Owing to the cutoff, we 
might slightly underestimate the effects of the superconducting fluctuations. However, the cutoff 
procedure has no significant effect on our results. 

It should be noticed that we fix the parameter t 0 in this self-consistent calculation instead of 
the coupling constant g. Although the final self-consistent results are identical, the convergence 
of the solution is remarkably improved by using this method. In particular, we need to adopt 
this method in order to calculate near the critical point where the superconducting fluctuations 
are strong. The parameter t0 represents the distance from the superconducting critical point. 
Therefore, if the parameter t0 is varied, the situation remarkably changes. As a result, the solution 
fluctuates and the calculation is impossible near the critical point for the g-fixed calculations in 
many cases [102, 103]. Thus, because of the convenience of the numerical calculation, not the 
coupling constant g but the temperature T and the parameter t0 are fixed in our calculation. 
The coupling constant g is determined by the result of the self-consistent calculation. We do not 
positively change the chemical potential so as to conserve the particle number. However, we have 
verified that the particle number is almost conserved in this calculation. This is an evidence of 
that the NSR scenario is not justified in this case. 

Strictly speaking, the superconducting transition does not occur in the two-dimensional sys­
tems. The fact is well known as the Marmin-Wagner's theorem. Our calculations also satisfy the 
theorem, and the critical temperature is zero Tc = 0 in our formalism. This is because of the loga­
rithmic singularity of the self-energy which arises from the two-dimensionality. However, the weak 
three-dimensionality is sure to remove these singularities in the layered systems. (94] Therefore, 
we phenomenologically introduce the three-dimensionality and define the superconducting critical 
temperature as the temperature in which 1 + 9Xpo(O, 0) = 0.01. This condition corresponds to 
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th<· 100 t.inws c•uhaJH'<'llH'nt. of t.hc SHJ><'l'COJI<Iuct.ing suscept.ihilit.y. Tlw pl1as<' diagram do<'s not 

depend on t.he d<•t.ails of this definition, qualit.at.iv<'ly. 

Figure 3.11: The diagram representing the mode coupling eff('ct in t.h<· lowest. ord('r. Tlw wavy 
and solid lines represent the propagator of t.he fluctuating Cooper pairs a.nd t.ha.t. of the fc•rmions, 
respectively. 

It should be noticed that the self-consistently calculated T-matrix includes the renormalization 

effects of the superconducting fluctuations through the self-energy En.(k,w). The renormalization 

effects include the mode coupling effect. The forth order term in the Ginzburg-Landau action is 

expressed by the diagram shown in Fig. 3. 11, which indicates the repulsive interaction between 

the fluctuating Cooper pairs (that is the lowest order mode coupling term). The effect of the 

mode coupling term is included in the self-consistent T-matrix calculation at least in the Hartree­

Fock approximation. Thus, the self-consistent T-matrix calculation is a method introducing the 

criticality of the superconducting fluctuations. Furthermore, the microscopic renormalization 

effects are included through the single particle properties. They have been discussed in §2.1. 

Then, the properties of the calculated TDGL parameters well reproduce our argument in §2.1. 

The renormalization effects enhance the scattering vertex originated from the superconducting 

fluctuations and accelerate the pseudogap formation. The critical temperature 7~ is reduced by 

the fluctuations. The reduced Tc is due to the reduced density of states (DOS) by the pseudogap. 

The reduced Tc can be regarded as a result of the wide critical region, simultaneously. The 

reduction is remarkable in the strong coupling superconductivity, while it is neglected in the weak 

coupling one. 

We show the results of the spectral weight for various t0 and temperatures in Fig. 3.12. The 

pseudogap structure exists in the small t 0 cases, and becomes clear as t0 decreases. Because the 

parameter t 0 shows the distance to the superconducting critical point, this behavior are natural. 

The effects of the resonance scattering are rather drastic in case of the high temperature, that is 

to say, large 191 where the thermal fluctuations are rather strong. 

In particular, the plural peak structure appears in the small t0 and large T cases. This 

complicated structure is also understood on the basis of the formalism as we have have explained 

below. For example, we show the self-energy for T = 0.10, t0 = 0.01 in Fig. 3.13. In this case, 

the spectral weight shows the three peak structure. 

It should be noticed that the electronic structure around ( -k, -w) plays an important role 

for the estimate of the self-energy ER(k,w). It is because the main contribution comes from the 

integrations in the vicinity of q = n = 0. Therefore, if the spectral weight has its peak at w = Wp, 

the real part of the self-energy has the positive slope at w = -wp, and the imaginary part has the 

peak at w = -wp in its absolute value. In rough estimate, the relation ImER(k,w) ex A(k, -w) is 

expected. 

To put it in detail, the left peak and the middle peak yield the positive slope of the real part on 
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Figure 3.12: The single particle spectral weight on the Fermi surface near (0, 1r) obtained by the 
self-consistent calculation. (a)T = 0.10. t0 is varied as 0.01,0.03,0.05,0.20. (b)T = 0.15. t0 is 
varied as 0.01,0.05,0.10,0.30. The calculated points arc shown in the phase diagram (Fig. 3.16). 
The k-point is the same as that in Fig. 3.6. 

(a) (b) 
1.0 

I 
I 

I 
I 

I 

0.5 I 
I 

I -0.4 I a I a 1\: I 
.:.i I ~ 
'-" 0.0 I '-" ••• ~ I • ~ • • • Q) I • E : ; a: • • -0.8 • • • -0.5 • 

- 1-':3 .... 0 ___ .... 2 ..... 0 ___ ... 1.-0 __ 0 ...... 0--1~.0---'2 ..... 0 ----'3.0 -1.2 ~-~-~~-~-~-~":--~ 
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 

(1) (1) 

Figure 3.13: The single particle self-energy on the Fermi surface near (0, 1r). Here, T = 0.10, 
t0 = 0.01. (a)The real part. The long-dashed line is described in order to show the line w- ek­
ReER( k, w = 0. (b )The imaginary part. The k-point is the same as that in Fig. 3.6. 
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t.lw positive frequc•ncy side, and yi<>ld tlw right J>e•ak. The> right. pe>ak yic•lds til<' positi\'C' slope• of tilt' 

real part on the negative fr<'quency sid<'. Consequently til<' Iwgat.ivc• slope> is fomwd at. the small 

negative frequ<'Hcy. The o11ly solut.io11 w- Ek- R<·~'n(k,w) = 0 exists lu·rc·. This rorrespo1uls to 

the middle peak. Moreover, the right peak yields the sharp pc>ak of -lm.!:H(k,w) at. t.he negative 

fr<:•quency side. The peak yields the double peak stmct.ure on tlw 11egat.ive frequc>ncy side. They 

correspoud to the left and middle peaks. It should be 11ot.iced that. such an asymnwt.ric struct.me 

stabilizes the self-consistent solution. Because of the rough rc>lat.ion IIn~'H(k,w) ex l\(k, -w), the 

peak of the spectral weight at w = Wp suppresses th<' W<'ight. at w = -wJ>. Thus, the symmetric 
structure is unstable in the self-consistent solutio11. In particular, th£' sp<'ctral \·vc·ight at the Fermi 

energy w = 0 is necessarily suppressed. 

The particle-hole asymmetry is not necessary but advantageous for the ps<•udogap state in the 

self-consistent solution. As we mentioned in §2.1, the partid<'-holc asymnwt.ry nat.ma.lly <'xist.s in 

the systems and plays an important role for the self-consistent. solution to he stabilized. Further­

more, 1-Iigh-Tc cuprates are the strongly asymmetric systems because of cxist.c•nce of the Van-Hove 

singularity at ( 1r, 0). It is notable that these results are not consistent. with the assumption by 

Norman et al. [100] and Maly et al. [88]. The assumed self-energy by them does not satisfy the 

self-consistency. 

Here, we pay attention to the change of the spectral weight, once more. In the phase diagram 

(Fig. 3.16), we show the parameters for which we show the spectral weight or the DOS. 

When t0 is large and the temperature T is higher than the mean field critical temperature 

TcMF, the spectral weight has the sharp single peak structure. This structure is common in the 
conventional Fermi liquid theory. As t0 decreases and the temperature becomes lower than TcMF, 

the peak shifts to the negative frequency side and has the long tail to the positive frequency 
side. In this region, as the momentum is varied from (0, 1r) to ( 1r, 1r ), the peak shifts to positive 

frequency side and cross the Fermi level w = 0. However, as a result of the reso11a.nce scattering, 
the damping rate -ImL'R(k,w) is large at the :Fermi level and the spectral weight is suppressed 

there. Therefore, the DOS is reduced at the Fermi level. The superconducting fluctuations are 

gradually affected by the reduced DOS. As t 0 decreases further and the system approaches to the 

critical point, the spectral weight shows the plural peak structure. This behavior is quite different 

from that of the conventional Fermi liquid theory. 

Here, we show the DOS forT= 0.10 and various t0 in Fig. 3.14. As we mentioned above, the 

DOS at the Fermi level is reduced by the superconducting fluctuations. In particular, in case of 
t0 = 0.10, the spectral weight has a sharp single peak in the vicinity of the Fermi surface. However, 

we can see clearly the suppression of the DOS. Generally speaking, the suppression becomes 

distinguished near the mean field critical temperature T = TcMF. The suppression becomes more 

remarkable, as t 0 decreases and the system approaches the critical point. In the vicinity of the 

critical point, the DOS at the Fermi level is mainly given by the contribution from the quasi­

particles near ( 1r /2, 1r /2). Therefore, Pd(O) is more remarkably reduced by the resonance scattering 

due to the superconducting fluctuations. 

In Fig. 3.15, we show the momentum dependence of the spectral weight in the pseudogap 

state. In Fig. 3.15(a), the momentum is varied across the Fermi surface near (0, 1r). Below 

the original Fermi surface, the spectral weight transfers to the left peak. On the other hand, it 

transfers to the right peak on the opposite above the original Fermi surface. All peaks shift to 
the positive frequency side with increasing kx. It should be noticed that the middle peak shifts 

and is found at the Fermi level w = 0 when the momentum slightly deviates from the original 

Fermi surface (represented as C in the inset). However, it is remarkably reduced by the effects 
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Figure 3.14: The DOS p(w) forT= 0.10. t0 is varied as 0.01,0.03,0.10,0.20. The diamonds show 
the non-interacting DOS. Since we calculate only the states in the vicinity of the Fermi surface, 
the peak position is not exact. The suppression of the DOS near the Fermi energy is essential. 
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Figure 3.15: The momentum dependence of the spectral weight. Here, T = 0.15, t0 = 0.05. 
The momentum is varied (a)across the Fermi surface near (0, 11') (b)along the Fermi surface. The 
respective k-points are shown in the inset. 
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of the superconduct.ing fluctuations. With itHTc•asing ~~J., t.his pc·ak cannot. cross t.lw Fermi l<'n·l 

w = 0 a.nd disappears at. last.. Tints, t.he spectral weight shows the double p<'ak struct.m<' at t.hC' 
momentum D (see the inset.). 

In Fig. 3.15(b ), the momentum is varied along the Fermi smface. WC' can seC' t.hat. t.he gap 

structure is clear in t.he vicinity of (0, 1r) where the attractive int<'ra.ction is strong, a.nd hC'comes 

inconspicuous as the momentum approaches to ( 1r /2, 1r /2). Furthermore, t.h(' si ugle peak of quasi­

particles exists in the vicinity of ( 1r /2, 1r /2). This fact shows t.ha.t. t.he Fermi liquid like behavior 

exists in this region. Thus, the d-wave superconducting fluctuations nt•cessarily giv<' ris<> t.o t.he 
pseudoga.p with the same shape as the superconducting gap. The results are consistent. with t.he 

ARPES experiments [22, 23]. 

0.4 ...-----.------.---........ ---jl..,__......., 

Figure 3.16: The phase diagram obtained in this section. The circles and diamonds show the 
superconducting critical temperature based on the mean field theory (TcMF). The circles are 
obtained by using the discrete momentum used in our self-consistent calculation. The diamonds 
are obtained by the explicit calculation for eq. 3.10. The circles at the low temperature are slightly 
off by the numerical error. The squares show the actual critical temperature (7~) reduced by the 
fluctuations. The reduction becomes stronger in the strong coupling region. The marks x show 
the points where we have shown the spectral weight or the DOS. They correspond to t 0 = 0.20, 
t0 = 0.10, t0 = 0.05, t0 = 0.03 from left to right for the temperature T = 0.10, and t0 = 0.30, 
t0 = 0.10, t0 = 0.05, t0 = 0.03 for T = 0.15, respectively. We determine the critical temperature 
1~ by the condition t0 = 0.01. Here, the condition t0 = 0 corresponds to the Thouless criterion, 
and the parameter t0 represents the distance to the superconducting critical point. 

At the last of this section, we show the obtained phase diagram in Fig. 3.16. We show the 
mean field critical temperature TcMF and the critical temperature Tc reduced by the fluctuations. 

The critical temperature is remarkably reduced by the fluctuations. This effect is mainly caused 
by the suppression of the DOS. As the coupling constant increases, the reduction of the critical 

temperature becomes remarkable. It should be noticed that this effect is different from that of 
the Nozieres and Schmitt-Rink theory. According to the NSR theory, the critical temperature is 
reduced by the shift of the chemical potential. The chemical potential shifts so as to decrease the 
density of state. In our formalism, the DOS is reduced by the effects of the resonance scattering 

arising from the superconducting fluctuations. 
Roughly speaking, the pseudo-gap phenomena occurs in the region between TcMF and Tc. This 
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rt>gion is extremely wide in the strong coupling ca~w. The DOS starts t.o decrease, ncar T = 't;~w. 

1\tlost of the physical quantities measured by the various experinwnts, such as N!VI R [~JO, :JJ, :!2, :J;J, 

:H, 3!>, 36), optical conductivity, ['16, 17, '18] t.un1wliug spectroscopy [49, !>OJ, SJ><'rific heat [!>I, 52] 

and so on, reflect. the density of state. Therefor<', their experiments arc cxpc<"l.cd to show sonw 

changes near 1~1 ~". Actually, various changes around 7~1 F are reported by various experiments [51]. 
Moreover, th<' AH.PES experiments dirt>d.ly refl<•d. the spect.ra.l weight.. Our calculation shows 

the plural peak structure of the spectral weight.. However, since the spcct.ra.l wcight. is cxt.rc·111 (')y 

broad when the plural peak structure appears, such a structure may not. he obsC'rvcd act.ually. 

Moreover, by summing up the momentum around the measured momentum, corresponding to 

the experimental resolving power, the plural peak structure may disappear. The reduction of tiH' 
spectral weight at. the Fermi energy w = 0 is essential In this sense, our cakulation is consistent. 

with the ARPES experiments. 

3.1.4 Discussions 

In this section, we have calculated the effects of the strong coupling superconductivity on the 

normal state electronic structure. We have considered that the strong coupling superconductivity 

takes place in under-doped High-Tc cuprates and the pseudogap phenomena are its precursor. 

Considering that the band width e:p is renorma.lized by the electron-electron correlation, the 

ratio 7~MF/ cp is increased by the renormalization. As the doping quantity decreases, the systen1 ap­

proaches to the Matt insulator. Therefore, it is natural to consider that the rcnorma.lization cffect.s 

arc enhanced with decreasing doping concentration. Since the anti-ferromagnetic spin fluctuations 

are enhanced at the same time, the attractive interaction becomes strong in t.he under-doped re­

gion. Therefore, the superconductivity effectively becomes strong coupling with decreasing doping 

concentration. It should be noticed that the superconducting coupling is represented by the ratio 

TcMF / cF, and not by the critical temperature Tc which is suppressed by the fluctuations. Be­

cause of the renormalization of the effective Fermi energy cp and the enhanced fluctuations, the 

superconducting coupling becomes strong with under-doping in spite of the reduced Tc. Thus, 

our theory appropriately explains the pseudogap phenomena in High-Tc cuprates including their 

doping dependence. .!-. 

It should be noticed that both Tc and TcMF are scaled by the band width cp. By considering 

these facts, it is naturally understood that critical temperature Tc decreases with the doping 

concentration, although T* doesn't. Since Tc/cF is almost independent of the coupling constant 

191 in the strong coupling region, Tc decreases with EF in the under-doped region. On the other 

hand, TcMF fe:p increases with 191· Therefore, TcMF increases with the attractive interaction 191 in 

spite the decrease of the effective band width cp in the under-doped region. 

Here, we mention the important condition for the pseudogap phenomena derived from the 

superconducting fluctuations. Of course, the strong coupling superconductivity is most essential. 

The coupling constant 9 does not appear in the formulation explicitly. However, it is included in 

the properties of the TDGL parameters. In particular, the essential factor is that b and a 2 are 

reduced in the strong coupling superconductivity. There are two factors to make the supercon­

ducting coupling strong. One is the strong electron correlation which renormalize the energy scale 

of the quasi-particles. The other is the high critical temperature which is expected in the non 

electron-phonon mechanism. 

In addition to that, there are some important factors for the pseudogap. The high density is 

one of them because the NSR theory dominates the resonance scattering in the low density case. 
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Iligh-1~- cuprates are high density hccausc' they arc' uc'ar t.hc half-filling in tlw Iattin' systc•m. The 

particle-hole asymmetry is also important. to stabilize t.he sC'lf-consist.Pnt solution. 

The quasi-two dimensionality plays an cssentia.l role bC'cattS(' it leads to the strong fluctuations 

which are characteristics of the low-dimensional systems. Such strong fluctuations arc not expected 

in the isotropic three dinwnsional systems. The importancc of t.hC' two dimensionality is shown 

by tltC' calculation in t.h<' following way. J ujo d a/ have applied th<' T-mat.rix approximation to 

the model with an inter-layer hopping lz (Fig. ~J.l7). The results haw shown that. the' anomalous 

features of the self-energy disappear in the thrcC'-dimensional systems and the typical behavior in 

the Fermi liquid theory is revived. 
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Figure 3.17: (a) The re!l-1 part and (b) The imaginary part of the self-energy. Here, the inter-layer 
hopping tz is chosen as tz/t = 0.10 or tz/t = 1.0. (c) The temperature dependence of the density 
of state p(O) and the damping rate -ImER(k,w) at the Fermi level. The results are cited from 
Ref.105. 

These factors properly reflect the characteristics of High-Tc cuprates. Thus, the realistic treat­

ment carried out in this thesis is necessary for the pseudogap phenomena. In other words, the 

pseudogap phenomena well represent the characteristics of High-Tc cuprates. 

It is notable that the organic superconductor K-(BEDT-TTF) compounds also satisfies the 

above conditions. The compounds are quasi-two dimensional systems and have relatively high 

critical temperature near the Mott transition [104]. The pseudogap phenomena are observed also 

in these compounds, although the experimental evidences are not sufficient. The possibility of 

the pseudogap phenomena arising from the superconducting fluctuations has been pointed out for 
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t.hese compounds [105]. 

3.1.5 Observability of the Superconducting Fluctuations 

In the recent. letter [106], .Janko fl al. have propose:•d an expcrinwnt as a dirPct. probe int.o th(• 
superconducting fluctuations. The nwasurcment of the incoherent. pair t.unuc>ling din•ct.ly givc•s 

the imagiuary part of the pair susceptibility (T-matrix) in t.he normal st.atc>. The conduct.ancc> 
due to the incoherent pair tunneling has been calculated a. loug time a.go [107] . .Janke> rt al. have 

shown that the measurement. is possible by using the appropriate tnnucling junction involving 
the under-doped cupra.tcs, the insulator and t.he opt.ima.lly-dopcd cuprat.es. We consider that this 

will be au important measurement, if it is experimentally achieved. Not. only the incohcrc>nt pair 
tunneling is a.n direct evidence of the paring scenarios but also it specifi(•s the correct. sn•ua.rios 
from them. 

In this section, we have argued the importance of the strong thermal supcrcondud.ing fluc­

tuations, which necessarily arise as a result. of the strong coupling superconductivity and the 
quasi-two dimensionality of Iligh-Tc cuprates. In this case, the supercondnct.ing fluctuations show 
the particle-hole asymmetric structure near the critical point 1' = Tc. 

The 1-V characteristic of the pair tunneling measurements give us the direct information for 
the pair susceptibility. The contribution from the pair tunneling on the conductance is expressed 
as, 

I(V) ex lmt(O, 2eV). 

Thus, the 1-V characteristic is proportional to the imaginary part of the 'I'-matrix. 
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Figure 3.18: (a) The schematic figure of the pair tunneling experiments (b) The imaginary part 
of the pair susceptibility which is proportional to the tunneling current I(V). The closed squares 
show the hole-like case obtained by our results. The times ( x) show the electron-like case proposed 
by Janko et al. [88]. The pluses ( +) shows the particle-hole symmetric case which corresponds to 
the conventional weak coupling theory. 

The reciprocal of the T-matrix is described in a TDGL expansion form as gt-1(q,f1.) =to+ 
bq2 - ( a1 + ia2)f1.. The real part a1 is is usually neglected in the conventional weak coupling theory. 

However, in the strong coupling case, a1 is the same order as a2 and plays an important role. The 
parameter a1 induces the asymmetry of the pair susceptibility. Since Janko et al. consider the 
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elc•ct.ron gas model, the> supc>rconduct.ing fluctuations have· t.h(• ('l<•ctron-like· characte•r (aJ > 0) r~~J. 

llowevc>r, th(• supercondurting fluct.uations should have> the> hole·-lik<:' charact.f'r (a 1 < 0) in lligh-7~ 

cuprates as is shown by our f'Xplicit. calculation taking account. of the realistic hand st.ruct.mf' 

(see §3.1.1). The sign of a 1 is dc:'tennined by the> asymmetry of the band structure>. For High-1~ 

cuprates, there is a large> contribution t.o a 1 from the> vicinity of t.he Van Ilove singularity. This 

contribution is not. so influc>nced hy the pseudogap and leads t.o t.he hole·-likC' charactC'r of the 

superconducting fluct.ua.t.ions. As a result, t.he imaginary part. of t.h<:' pair suscept.ihilit.y should 

behave as the closed squares in Fig. 3.18(b). The tunneling current. has the large absolute value 

under t.he negative bias. This asymnwt.ry is opposit.c> to that. proposc>d hy .Janko f'l al. [88]. 

Generally speaking, this experiment is difficult because• the quasi-particles cout.ribut.f' to tlw 

tunneling current more remarkably. Therefore, somewhat. ingenious nH'thod by which t.he• pair 

tunneling process is drawn is desirable. We consider t.hat t.lw asymmetric stmcturc of the pair 

tunneling current will be a strong evidence for the pairing scenario based on the strong coupling 

su percond ucti vi ty. 

3.2 Pseudogap Phenomena in the Magnetic Field [25] 

3.2.1 Introduction 

Recently, the magnetic field effects on the NMR spin-lattice relaxation rate 1 /T1 have been mea­

sured and discussed by several groups to determine the correct scenarios for the pseudogap phe­

nomena [108, 109, 110]. The experimental results are interpreted as follows. The magnetic field 

effects cannot be observed in under-doped cuprates in which the strong pseudogap phenomena 

occurs in the wide temperature region [108, 109]. In particular, the onset temperature 7'* does not 

vary. On the other hand, the magnetic field effects are visible near the optimally-doped region in 

which only the weak pseudogap phenomena are observed in the narrow temperature region (110]. 

In this section, we point out that the magnetic field effects are naturally and continuously 

understood from under-doped to over-doped cuprates on the basis of our resonance scattering 

scenario. In particular, there is an interpretation that regards the experimental results for under­

doped systems as a negative evidence for the pairing scenario [108]. It is generally considered 

that the superconducting fluctuations are remarkably influenced by the magnetic field, while 

the effects of the magnetic field on the spin-fluctuations are considered to be small. Therefore, 

the experimental results have been interpreted as an evidence for the magnetic scenario for the 

pseudogap. Our results conclude that this interpretation is inappropriate. The misinterpretation 

is caused by the loss of the understanding for the strong coupling superconductivity. Therefore, 

we give an explanation for the magnetic field effects on the pseudogap phenomena on the basis of 

the strong coupling superconductivity. Actually, the experimental results including their doping 

dependence rather support our scenario for the pseudogap phenomena. 

This section is constructed as follows. In §3.2.2, we explain the theoretical framework in order 

to calculate the pseudogap in the magnetic field. In §3.2.3, we explicitly calculate the single particle 

self-energy ER( k, w ), DOS p( e), NMR spin-lattice relaxation rate 1 /T1 T and their magnetic field 

dependences. In §3.2.4, we give an comprehensive understanding of the phase diagram in High-Tc 

cuprates. It is shown that the doping dependence of the magnetic field effects well support our 

scenano. 
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3.2.2 Theoretical Fra1nework on the 1nagnetic field effects 

In this Sf'ction, we usc t.IJC' same' model ami the• formulation as in §3.1. Ilerf', Wf' consid<•r t.hc 

magnetic field applif'd along t.hf' r-a.xis, B II r. Tlw main effect of t.lw maguf'l.ic fields is t.he Landau 

level quantization for thf' superconduct.ing fluctuations. It corresponds to t.hc quantization of the 

orbit.a.l motion of the fluctuating Cooper pairs. Thf' quantization is expressed by the replacement 

of the quadratic term of the momeutum as q2 => 4eB(u + ~) [H7). 

The Landau quantization has the following two important effects. One is the Landau degen-

eracy which generally enhances the fluctuations. The Landau degeneracy reduces t.he ('ffective 

dimension of the fluctuations. The other is the suppression of the superconductivity. The pseudo-

gap is suppressed by this effect, since the distance to the critical point. increases as 10 => t0 + 2beB, 
The parameter corresponds to the energy levf'l of the Lowest Landau level. When considering 

at the fixed temperature, t.he dominant effect is t.he latter. We can sec that. the characteristic 

magnetic field Bch for the pseudogap phenomena is scaled hy the quantity t0 jb, that is /Jch ex t0 jb. 
The ratio b/ t 0 corresponds to the square of the GL correlation length ~GL for the supcrconducting 

fluctuations, that is, b/lo = a~L· The magnetic field effects are scaled by the quantity /J~~L· Thus, 
the superconducting fluctuations and the pseudoga.p are affected by the magnetic field according 

to the magnetic flux penetrating the correlated area ~~L· 
As we mentioned above, the parameter b is small in case of the strong coupling superconduc­

tivity. Moreover, the fact that the pseudogap phenomena take place in the wide temperature 
region means that the parameter t0 is large near the pseudogap onset. temperature 1'*. As a re­

sult, the characteristic magnetic field Bch is remarkably large, especially ncar T*. In other words, 
the magnetic field effects are remarkably small in case of the strong coupling superconductivity. 

Especially, the onset temperature T* does not vary. On the other hand, the magnetic field effects 
are sure to a.ppcar near Tc since the correlation length ~GL diverges at the crit.ica.l temperature Tc. 

However, the region in which the effects appear is remarkably small. 

In the relatively weak coupling case, the magnetic field dependence is large and the onset 
temperature T* may be reduced. These features well explain the results of the high field NMR 

measurements including their doping dependence. [108, 109, 110] 
Here, we have neglected the Zeeman coupling term. Although the Zeeman coupling term plays 

, . ....-.... 

an important role at the low temperature in superconducting state [111). it has only higher order ."'"" 

correction in the fluctuating regime. This fact can be simply understood as follows. The lowest 

order correction of the Zeeman coupling term on the superconducting fluctuations is the second 

order and described as 4eB(n + ~) => 4eB(n + ~) + v~(11B) 2 • Here, vis a mean value of the 
quasi-particle velocity on the Fermi surface. 11 = gJl.s/2 is the magnetic moment of the electrons. 

Here, g is the g-value and Jl.B is the Bohr magneton. Thus, the Zeeman coupling term slightly 
weaken the superconducting fluctuations. However, it has only higher order effect with respect to 

the magnetic field compared with the Landau quantization. Therefore, the effect of the Zeeman 

coupling term is extraordinary small in the weak coupling limit since the typical magnetic field is 

small. Also in High-Tc cuprates, it is higher order and remarkably small compared with the effect 

of the Landau quantization in the magnetic field of the experimentally relevant order. Actually, 

the magnetic field adopted in this thesis is the order of eB """ w-2 in our unit. That corresponds 

to B""" 10Tesla. In this case, the effect of the Zeeman coupling term is higher order than that of 

Landau quantization of the order w- 2 • Thus, the justification to neglect the Zeeman coupling term 

is obtained. Of course, we cannot neglect the Zeeman coupling term under the extraordinary high 

magnetic field in the strong coupling limit. However, such an extreme situation is not realistic. 

When the magnetic field is applied perpendicular to the c-axis B j_ c, effects of the Zeeman 
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coupling tc>nn is rc>lativc>ly important. hc>rause the col)(•rc>nrc> lc•ngth along t.IJC' c-axis ~r: is small. 

Therefore, the effects arising from the Landau quantization and those from tht> Z<:'c'maJI coupling 

ran ll<' separated by changing th<' direction of tlw magn<'t.ic fi<•ld. 

3.2.3 Magnetic Field Dependence of the NMR 1/T1 T 

In this section, we actually calculate the NMR spin-lattice relaxation rate 1 /T1 T und(•r tlw mag­

netic field with the recent high field N MR mcasur<'nwnts in mind. We calculat(' 1 /1'1 T hy using 

the general expression, 

( 3.27) 

Here, we neglect the momentum dependence of the hyperflne coupling A( q) for simplicity, which 

docs not affect the magnetic field dependence of 1 /T1 T. 

Figure 3.19: The diagram representing the dynamical spin susceptibility x~(q,w) 

We calculate the spin susceptibility x~(q,w) which corresponds to the two-body correlation 

function shown in Fig. 3.19. Here, the solid lines are the renormalized Green function GR(k,w) = 

(w-E:k-ER(k,w))- 1 • The self-energy ER(k,w) is calculated by using the T-mat.rix approximation 

as we described before. The effects of the superconducting fluctuations are included in the self­

energy. In calculating the self-energy ER( k, w), we linearize the dispersion relation as c k-q = 
ek- vkq. This linearization is justified because the only small region around q = 0 contributes 
to the self-energy. We replace the quadratic term as q2 => 4eB(n + ~). This process corresponds 
to the Landau level quantization for the superconducting fluctuations. 

From eq.(3.1), 1/T1T is expressed as, 

1/TtT = - L j ~ f'(w)ImGR(k,w)ImGR(k + q,w) 
k,q 

1r j dw(-J'(w))p(w) 2• 

(3.28) 

(3.29) 

Here, J'(w) is the first derivative of the Fermi distribution function. This expression is reduced to 

the well-known expression 1/T1T = 1rp(0)2 at T = 0. After all, we calculate the decrease of 1/TtT 
by the suppression of the DOS. 

Generally speaking, we can consider the Aslamazov-Larkin term (AL term) and the Maid­

Thompson term (MT term) as corrections by the fluctuations on the two-body correlation func­

tion [71, 72]. However, the AL term dose not exist in calculating the spin susceptibility x~(q,w). 
We can understand this fact by considering the spin index for the spin singlet pairing [97]. The 
contribution from the MT term is small in case of the d-wave pairing, and is suppressed by the 

slight elastic scattering [97]. Therefore, we have only to calculate the decrease of 1/T1T by the 
pseudogap as the effect of the superconducting fluctuations. 
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Of course, we ha\'e t.o take a.cnnmt. of the a.nt.i-f<'tTomagndic spin-fluct.uat.ions in order to 

describe the whole temperature dep<'ndence of 1 /1'1 T. 1 /'Ii T increases owing to the anti­

ferromagnetic spin fluctuations in the normal phase (T > 1'*), and decreases owing to the su­

perconducting fluctuations in the pseudogap phase (T* > T > 7:,). Generally speaking, t.he 

magnetic field is considered to have a. remarkable effect on the superconducting fiuct.uations, while 

the effect 011 the spin-fluctuations is compa.ra.tivdy small. Because we pay at.t.ent.ion t.o the mag­

netic field dependence in this th<'sis, we ha.vc' only to calculate the decr<'aS<' of 1 /7i T due to the 

superconducting fluctuations and it.s magnetic fidd d<'p<'tHlenc<'. Actually, the misint.erprcta.t.iou 

for the experimental results is caused by the loss of the understanding of t.he tna.gnctic field <'f­

fect on the superconduct.ing fluctuations in ca.s<' of t.hc strong coupling SUJ><'t'Conductivity. Our 

calculation gives a dear understanding about the magnetic field dep<'tHlence of t.hf' psc'udogap 

phenomena. 
Even if the effect of the exchange enhancement is taken into account., the results for the mag­

netic field effect do not change, qualitatively. At the last of this section, we actually ca.lculate the 

effect of the exchange enhancement within the random phase approximation (RPA ). Qualitatively 

the same results are obtained there. 

The calculated results are shown in Figs. 3.20-23. In all figures, the magnetic field is varied as 

4eB = 0.01, 0.02, 0.05 and 0.1 in our unit. The horizontal axis is the temperature scaled by the 

zero-field critical temperature Teo· All results can be understood by considering the characteristic 

magnetic field we have mentioned in the previous section, 

Bch ex to/b =~at· (3.30} 

The results for the relatively weak coupling case g = -0.5 are shown in Fig. 3.20. In this case, 

only the weak pseudogap is observed in the narrow temperature region. This case corresponds 

to the slightly over-doped or optimally-doped cuprates. The magnetic field dependence of 1 /T1 T 
is clearly observed and T* varies. This behavior is consistent with the NMR experiments in the 

slightly over-doped cuprates. [110] 
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Figure 3.20: The calculated results for 1/T1T under the vanous magnetic field 4eB -
0.01, 0.02, 0.05, 0.1. The weak pseudoga.p case g = -0.5. 

In case of g = -0.8, the magnetic field dependence is weak since the parameter b decreases (Fig. 
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3.21 ). In particular, 1 /1'1 Tis almost. iudq){'ndf'Jlt. of the magnetic field JH'cu· the ons<'t t.em1wrat un' 

T* where the parameter 10 is large. On t.h<:' other hand, t.hf' magtl<'t.ic fi<'ld df'J>f'tHI<:'nr<' can hC' 
obs<•rved in the vicinity of t.he critical t.empcra.t.ure J~, since the param<:'ter /0 is small th<'r<'. 
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Figure 3.21: The calculated results for 1/T1T under the magnetic field. The magnetic field IS 

chosen as the same as that in Fig. 3.20. The relatively strong pseudogap case g = -0.8. 

We can see the different magnetic field dependences of the density of states according t.o the 
distance to the critical point (Fig. 3.22). The magnetic field effect is visible just above Tc (Fig. 
3.22(a)). The DOS near the Fermi energy are recovered with increasing the magnetic field. On 
the other hand, the effect is almost invisible when the temperature is apart form Tc (Fig. 3.22(b) ). 
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Figure 3.22: The magnetic field dependence of the DOS. Here, g = -0.8 and Teo= 0.1407. The 
magnetic field is varied as 4eB = 0.01,0.05,0.1. (a) in the vicinity of Tc, T = 0.141. (b) apart 
from Tc, T = 0.15. 

The results for the considerably strong coupling case g = -1.0 is shown in Fig. 3.23. In this 
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case, the strong J>S('udogap anomaly exists in t.he wid<' t<'mperature region. The magnetic field 

effects become still weaker. The magnetic field dependence is narrowly observed in the vicinity of 

1~. vVe consider that these strong coupling cases correspond to t.he under-doped cuprat.es. This 
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Figure 3.23: The calculated results for 1 /T1 T under the magnetic field. The magnetic field is 
chosen as the same as that in Fig. 3.20. The strong pseudogap case ,q = -1.0. 

behavior well explain the experimental results in the under-doped cuprates [108, 109]. The weak 
effect in the vicinity of Tc is also observed in the experimental results [108]. Thus, the interpretation 

of the experimental results as a negative evidence for the pairing scenario is inappropriate. 
It should be noticed that the strength of the superconducting coupling is indicated by the ratio 

TcMF / cF· The ratio increases due to the mass renormalization arising from the electron-electron 
correlation. It should be considered that the mass renormalization is enhanced with decreasing 

the doping concentration. The attractive interaction becomes strong at the same time, since 
the anti-ferromagnetic spin fluctuations are enhanced. Therefore, it is naturally expected that 

the superconductivity becomes the strong coupling as the doping concentration decreases. Thus, r~ 

the strength of the superconducting coupling changes with the doping in accordance with our 
expectation. It should be noticed that the change of the magnetic field effects is continuous from 

weak to strong coupling. In other words, the calculated results explain the NMR measurements 

continuously and entirely from over-doped cuprates to under-doped ones. Therefore, the recent 

high field NMR measurements including their doping dependence are regarded as an affirmativ~ 

evidence for the pairing scenario. 
In order to confirm the effect of the Landau degeneracy to enhance the fluctuations, we show 

the Fig. 3.24. In Fig. 3.24, the horizontal axis is scaled by the critical temperature under the 

magnetic field TcH· By keeping the distance to the critical point, we can remove the effect of the 

suppression of the superconductivity. Therefore, we can see the effect of the Landau degeneracy 

which reduces the effective dimension. 

The results show that 1/T1 T decreases with increasing the magnetic field. It is because of the 

Landau degeneracy. The Landau degeneracy enhances the superconducting fluctuations a.nd make 

the pseudogap stronger. Then, 1/T1T is stillmore reduced. Therefore, even in the rather weak 

pseudogap case, the pseudogap may be observed clearly under the high magnetic field. In other 

words, the magnetic field makes the pseudogap visible in more over-doped cuprates. These features 
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Figure 3.24: The results for 1/T11' in which the temperature is scaled by the critical temperature 
under the magnetic field Tell· The magnetic field is chosen as the same as that. in Fig. 3.24. Here, 
g = -0.8. 

are actually observed in the experimental data [110]. The enhancement of the fluctuations by the 
magnetic field affects the actual critical temperature Tc. The critical temperature is reduced by 
the fluctuations even under the zero magnetic field. It is expected that the enhanced fluctuations 
reduces the critical temperature still more. Therefore, the magnetic field dependence of the critical 
temperature is more drastic than that expected by the mean field theory. We consider that the 
difference between Tc and T* about its magnetic field dependence are explained by the discussion. 
The actual calculation is necessary for the detailed explanation. 

At the last of this section, we consider the effect of the exchange enhancement. The exchange 
enhancement is taken into account within the random phase approximation (RPA). The basic 
results about the magnetic field effects are not changed. However, it is definitely shown that the 
peak of l/T1T (T = T*) does not change in the strong coupling case, while the peak changes in 
the weak coupling case. The dynamical spin susceptibility XRPA(k,w) calculated by the RPA is 
expressed as follows. 

x~(q,w) 
1- Ux~(q,w)' 

xo(q,iwn) -T L G(k, iwm)G(k + q, iS1m + iwn)· 
k,wm 

(3.31) 

(3.32) 

We fix the enhancement parameter U = 1.5 afterward. The relaxation rate l/T1T is calculated 
by eq.(3.1). Here, we take into account the momentum dependence of the hyperfine coupling 

IA(q)l 2 = ![{At +2B(cos(qx) +cos(qy))} 2 + {A2 + 2B(cos(qx) +cos(qy))p]. The hyperfine coupling 
constants A1 , A2 and B is evaluated as At = 0.84B and A2 = -4B [112]. The following results 
are not affected by the choice of the parameters, qualitatively. 

The calculated results are shown in Figs. 3.25 and 3.26. In the high temperature region, 1/TtT 
is enhanced owing to the exchange enhancement. Near the critical temperature, 1/TtT is reduced 
owing to the superconducting fluctuations. As a result, 1/TtT shows its peak at T = T* above 
Tc. It is a well-known pseudogap phenomenon in the NMR measurements. 
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Figure 3.25: The results for 1 /'!'1 T including the effects of the exchange enhancement. The weak 
pseudogap case 9 = -0.5. The magnetic field is varied as 4eB = 0.01, 0.02, and 0.03 in our unit. 
The inset shows the results for the spin echo decay rate 1/T2G. 
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In the weak coupling case g = -0.5 (Fig. 3.2G ), the eff<'ct. of t.he magu<·tic fic•ld is clearly 

obserwd. The onset temperature T"' is lowered by the magnctic ficld. Ou t.hc other hand, in t.hc 
relatively strong coupling case g = -0.8 (Fig. ~l.26), the cffect. of the magnetic filed is remarkably 

small. In particular, the onset temperature T"' is not changed by t.he magnetic field. In this 

case, 1 /T1 T shows the magnetic filed dcpendc~nce only in the vicinity of the nitical temJ)('rat.ure 
Tc. Needless to say, these features are the same as those dcrivc•d hy t.he ca.lcula.t.ion without. t.h<• 

exchange enhancement.. 
The results for the spin-echo decay rate I /12a are shown in the inset. of Figs. 

lfT20 is calculated by the following expression. 

2 2 H 2 "' 12 H 2 I/1~0 = Lq [IAu(q)l Re\s (q,O)] - [L...IAu(q) Rexs (q,O)] . 
q 

~l.25 and 3.2G. 

( 3.3:J) 

Here, the dynamical spin susceptibility is calculated by RPA, and the hypcrfinc coupling is 

expressed as 1Au(q)l2 = {A2 + 2B(cos(qx) + cos(qy))}2 [112]. The spin echo decay ra.t.e l/12a also 
shows the pseudoga.p phenomena. However, the effect of the pseudogap on 1 /T2a is weaker than 

that on 1/T1T. The pseudogap appears in the narrower temperature region. 1/T2a shows its 
peak below the pseudogap onset temperature T* in 1/T1T. These results arc consistent with the 

experimental results [35]. 
These results indicate that the effects of the pseudogap are weak on the real part of the spin 

susceptibility rather than on the imaginary part at the low frequency. The dissipation (imaginary 
part) directly reflects the density of state near the Fermi level. However, the static properties 
(real part) do not necessarily so. In other wards, the pseudogap suppresses the weight of the spin 

fluctuations at low frequency. However, the effect on the total weight is rather small. In particular, 
the d-wave pseudogap only weakly affects the real part near the anti-ferromagnetic wave vector 

q = (1r,1r). The momentum dependence of the hyperfine coupling Au(q) reduces the effect of 
the pseudogap on l/T20 still more. The above features are in common with the superconducting 
state [113]. That is natural because the pseudogap and the superconducting gap have the same 
dx2_y2-wave form and the same energy scale. The magnetic field dependence of 1 /T20 has the 
same features as those of l/T1T. 

3.2.4 Discussions 

In this section, we have shown that the pairing scenario based on the strong coupling supercon­
ductivity well explains the effects of the magnetic field on the pseudogap phenomena in High­
Tc cuprates. There is an interpretation that the magnetic field independence of the pseudogap 

phenomena in under-doped cuprates is an evidence denying the pairing scenarios for the pseu­
dogap (108]. However, the pairing scenario based on the resonance scattering well explains the 
experiments. 

By considering that the effective Fermi energy eF decreases and the attractive interaction 
increases with decreasing the doping concentration, the calculated results well explain the high field 

NMR measurements including their doping dependence and the temperature dependence. The 
comprehensive understanding from over-doped to under-doped cuprates is obtained. Moreover, 

the continuous understanding in the phase diagram rather support the pairing scenario. In the 
pseudogap phase, the self-energy correction due to the superconducting fluctuations is a common 
mechanism in reducing the DOS and 1/T1T. Because the pseudogap phenomena continuously 

take place from slightly over-doped to under-doped cuprates, their magnetic field dependences 
should be continuously understood. The pseudogap becomes strong as the doping concentration 
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decreases. The magnetic fidd depc•udc•Jic<' of t.lw weak ps<'udogap case cau he understood wit.hi11 
the conventional weak coupling theory for the superconducting fluctuations [9i, 110]. Our theory is 
an extension of the theory. This fact indicates the correctness of our description for the pscudoga.p 
phenomena in under-doped cupra.tes on the hasis of the strong coupling superconductivity. 

On the other hand, it is not clear whC'thcr the magnf'tic origin may he consistent. with the 
magnetic field dependenc<', especially in t.he weak pseudogap case. It is because the mag11etic 
exchange coupling J is t.he ord<'r of ./ "' lOOOK and the applied magHet.ic field is t.he order of 

JtsB "' IOK. 
Here, we give a brief discussion on the self-consistent calculation. In t.he self-consistent calcu­

lation the pscudoga.p is described in a. similar way. The fundamental picture docs not change also 
in the self-consistent ca.lcula.tion, although the renorma.liza.t.ion effects on the TDGL parameters 
exist. As we have described before, the self-consistent T-ma.trix ca.kula.tion is a. method treating 
the critical fluctuations. The criticality makes the magnetic field dependence still smaller. To 
put it in detail, in the self-consistent. ca.lcula.tion the parameter t 0 depends on the magnetic field. 
As the magnetic field suppresses the pseudogap, t0 ( B) is reduced. Therefore, the distance to the 
superconductivity t 0 (B) + 2bcB varies more slowly than t 0 (0) + 2beB. Thus, the magnetic field 
dependence is reduced in the critical fluctuation regime. Anyway, the strong coupling supercon­
ductivity is the essential factor for the magnetic field independence, as we have described in this 
section. The existence of the wide critical region is a result of the strong coupling superconduc­
tivity. 

The more systematic measurements of the magnetic field dependences in the various doping 
concentration will be an important verification to determine the origin of the pseudoga.p phenom­
ena in High-Tc cuprates. 

3.3 Superconducting Phase Transition from the Pseudo­
gap State [26, 27] 

3.3.1 Introduction 

The direct measurements of the electronic spectrum, such as ARPES [22, 23] and tunneling r-.. 
spectroscopy[49] have indicated the similarity between the pseudogap and the superconducting 
gap. In particular, the same energy scale and the same momentum dependence between the two 
gaps have been indicated. Thus, the electronic structure changes continuously from the pseu-
dogap state to the superconducting state. This important observations have strongly suggested 
that the pseudogap is a precursor of the superconductivity. The same energy scale of the two 
gaps are self-evident in the NSR theory because the energy scale is the binding energy of the 
pre-formed bosons. However, it is not so self-evident in our scenario and should be confirmed by 
the calculations. Furthermore, the similarity and the difference between the pseudogap state and 
the superconducting state have been reported from the various experiments. The comprehensive 
explanation for the characteristic properties of the phase transition is desired. 

In this section, we extend the self-consistent T-matrix calculation to the superconducting 
state. Our main purpose in this section is to understand the superconducting transition from the 
pseudogap state. The close relation indica.ted by the spectroscopic experiments are confirmed by 
our calculation. 

In this section, we do not use the TDGL expansion because it is not justified in the ordered 
state. The main results obtained in §3.1 are confirmed by the calculation in this section. Moreover, 
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t.he rharad('ristic propert i<'s in the onlc'red state, such as t.hc' order pa.ramet.c•r D. and t!IC' single> 

particle spectral \Wight are given by t.he self-consist.c'nt T-matrix calculation ext.<'IHied t.o t.he 
superconducting st.a.t.e. 

3.3.2 Theoretical Fra1uework 

In this subs<.>ction, we describe the theoretical framework in this section. Hereafter, we• adopt t.he 

unit /i = c = kB = 1. In this section, we use the same model and the formulation as in §3.1. 

The calculation is based on the self-consistent T-ma.t.rix calculation. Tlw Green funct.iou G is 

expressed as G(k, in11 ) = (w- ck- E(k, inn) )- 1 . The self-energy ~is giv('ll by the sC'lf-consistc'nt 

T-mat.rix calculation, (Fig. 3.3(b)) 

E(k,iwm) = T L l(q,inm)G(q- k,inn- iwm)~PLtJ/2 . (3.34) 
q,inn 

In §3.1 and §3.2, we have expanded the reciprocal of the T-ma.trix l- 1 (q, n) around q = n = o. 
This expansion corresponds to the time-dependent-Ginzburg-Landa.u (TDGL) expansion, 

(3.:15) 

The detailed properties of the TDGL parameters are discussed in §3.1.1. In this section, we do 

not use the TDGL expansion with reference to the Landau singularity in the ordered state [114]. 
We explicitly calculate the T-matrix around q = n = 0. The obtained results confirm the above 
behavior of the T-matrix including the renormalization effects. The pseudogap state is obtained 

similarly. We restrict the integrated area for q and n, as is done in §3.1. Namely, the meaningful 
region as a superconducting fluctuation is picked up. There is no qualitative difference by the 

details of the calculation. 

Here, we extend the self-consistent T-matrix calculation to the superconducting state. The 

T-matrix is described as the following 2 x 2 matrix in the superconducting state. (Fig. 3.27(a)) 

T(q,inn) 

where, 

T L G(k',iwm)G(q- k',inn- iwm)C,O~'-q/2 , 
k 1,wm 

-T L F(k',iwm)F(q- k',inn- iwm)C,O~'-q/2 , 
k',wm 

and 1 is the unit matrix. 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

Here, G(k, iwm) and F(k, iwm) are normal and anomalous Green functions including the self­
energy E(k, iwm), respectively. 

G(k, iwm) -
[iwm- ck- E(k, iwm)][iwm + ck + E( -k, -iwm)]- Ll~' 

-Llk 
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The normal self-c·ncrgy ~'( k, iw111 ) is givc•n hy the• sc•lf-consist.c•nt T-matrix approximation (Fig. 
3.27(b)). 

..!:'(k,iwm) = 1' 2: TJJ(q,if2m)G(q- k,inn- iwm)~Lq/2" {:3.42) 
q,ifln 

Ilcre, t.hP trivial Ila.rt.rec-Fock term is excluded (Fig. :J.27(c)). 

The d-wave order parameter b.k = b.~k is determined by the gap equation. 

b.k = -gT 2: F( k', iwm )~k'~k· (3.43) 
k' ,inrn 

The effects of the fluctua.t.ions on the gap equation a.rc included in t.hc normal self-energy in the 
anomalous Green function F( k, iwm ). 

(a) 

= 

+ 

(c) 

0 
I 
I 
I 

Figure 3.27: (a) The diagonal component of the T-matrix in the supcrconducting state. The 
double solid lines represent the normal and anomalous Green functions of the fermions. (b) The 
normal self-energy calculated by the self-consistent T-matrix approximation. (c) The Ha.rtree-Fock 
term which we exclude. 

The T-matrix corresponds to the propagator of the pair field 77(q,inn) = b.(q,inn)- b. [115]. 
By describing the pair field by the amplitude mode .X(q,inn) and the phase mode O(q,inn) as 
77(q,inn) = .X(q,inn) +iO(q,inn), the effective Gaussian action for the pair field is expressed as, 

S2(-X,O) = !T E (.X*,O*) ( 1/lgl-:- /(+- L -if(_ ) (A). 
2 q,inn If(_ 1/lgl - /(+ + L 0 

(3.44) 

Here, I<+ = (I<(q, inn)+ I<( -q, -inn))/2 and/(_ = (I<(q, inn)-/(( -q, -inn))/2. We omit­
ted the indices q and nn. The condition 1/lgl - I<(O, 0) + L(O, 0) = 0 is equivalent to the gap 
equation and is realized in the superconducting state. This fact indicates the existence of the 
gap-less phase mode which corresponds to the Bogoliubov-Anderson mode at the zero tempera­
ture [116]. However, the phase mode have a dissipation due to the quasi-particle excitations at 
the finite temperature. 

In the particle-hole symmetric case, I<( q, inn) = I<( -q, -inn) is satisfied, and the off-diagonal 
component J(_ vanishes. Therefore, the phase mode and the amplitude mode are completely 
decoupled. However, High-Tc cupra.tes are strongly particle-hole asymmetric systems, a.s we have 
emphasized. Therefore, the phase and amplitude fluctuations couples with each other through the 
off-diagonal component. Anyway, since the off-diagonal component vanishes at q =inn = 0, the 
T-matrix has a pole at q = inn = 0 in the superconducting state (This is the Thouless criterion 
for Tc)· Thus, the T-matrix in the superconducting state include both the phase and amplitude 
modes. 
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\Vc> considc>r t.lw pffc>cts of the superconductiug fluctuations on t h<' PIC'ct.ronic stat<' \\'hich ar<' 

the origin of the ps<>udoga.p. In tlw supPr-conducting st.at.P the pffPcts arP lllainly frolll tlw phase> 

mode. However, t.lw effc>ct.s arc> small com pared t.o those in the normal stat.<'. A I though tlw s<'l [­

energy correction makes t.he spectrum broad, the effects makc> no significant. diffcr<>nn· in the low 

<>nergy properties because t.he large sup<>rconducting gap rapidly grows below 7: .. (S<'<' Fig. :l.:W 
in the next. subsection.) 

After carrying out t.he analytic continuation for t.he abow expr<•ssions <>qs. (3.3rl-,12), W<' s<>lf­

consistcntly determine the self-energy .!7" ( k, w), the ord<>r paramet.<•r ~k, normal a.Il<l auoma.lous 

Green functions G"(k,w), Fn(k,w) ami 2 x 2 T-matrix on the real frequ<'Hcy. Tlw calculation is 
carried out both in t.he normal state and in the superconducting state. 

Since the effects of the superconducting fluctuations arc included iu tlw s<>lf-<>IH''rgy ~'n(k,w), 

our formalism reduces to the BCS mean field theory hy ncgl<'ct.ing the· self-energy. In t.ll<' nonnal 
state, off-diagonal components ~k, P(k, iw11 ) and L(q, if111 ) vanish. In this cas<', it ca.u be easily 

confirmed that the above set of equations are reduced to the sdf-coHsistent T-matrix calculation 
used in the normal state. The self-consistent T-matrix calculation gives a. unified description 

for the pseudogap state, the superconducting state and their phase transition, although it is 

not precise on the critical point. As we have done in the previous section §3.1, we keep the 

a = 1 + gl<(O, 0) - gL(O, 0) as small value a = 0.01 in t.hc superconducting state in order 
to avoid the singularity from the two-dimensionality. This operation is justified in the quasi­
two dimensional systems which High-7~ cuprates are considered to be, because the weak three 

dimensionality surely remove the singularity. The finite critical temperature is obtained by this 

operation. The critical temperature Tc is more reduced as a is decreased. That is a. natura.] result 

because the value a represents the three-dimensionality of the systems. The choice of the value a 

makes no qualitative difference on the calculated results in this thesis. 

3.3.3 Order Parameter 

Hereafter, we show the results of the self-consistent calculations for the set of equations in §3.3.1. 
In the main part of this section, we choose the coupling constant g = -1.0, or g = -2.0. Both 

cases give the qualitatively same results. In case of g = -1.0, mean field critical temperature 

TcMF = 0.194, and the calculated critical temperature Tc = 0.099. In case of g = -2.0, TcMF = 

0.472, and Tc = 0.212. The obtained phase diagram is shown in Fig. 3.28, which is similar to Fig 

3.16. Here, we have determined the critical temperature Tc as the highest temperature where the 
solution for the superconducting state is obtained. 

The suppression of Tc from TcMF becomes remarkable with increasing the coupling constant 

jgj. In the strong coupling case, the pseudogap state appears in the wide temperature region. We 

show the region where 0 ~ 1/jgj- Xpo(O, 0) ~ 0.1 in Fig. 3.28. In case of the Gaussian fluctuation, 

1/jgj- Xpo(O, 0) ~ Pd(O) T1t'. Therefore, the width of the region is scaled by Tc. Our result shows 
that the region is enlarged in the strong coupling case. This indicates the wide critical region and 

the wide pseudogap region. 

Once the superconducting order occurs, the effects of the fluctuations are drastically sup­

pressed. The main reason is the following two points. The amplitude mode is suppressed owing 
to the growth of the order parameter. Moreover, the weight of the phase mode shifts to high fre­

quency because the dissipation is reduced in the ordered state~ As a result, the order parameter 

~k = ~'Pk grows more rapidly than the result of the BCS theory. The temperature dependence 
of the order parameter is shown in Fig. 3.29. The rapid growth of the order parameter is a 
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Figure 3.28: The obtained phase diagram. The closed circles show the critical temperature based 
on the mean field theory (T~F). The closed diamonds show the critical temperature (Tc) sup­
pressed by the fluctuations. The suppression becomes remarkable in the st.rong coupling region. 
There are slight differences from Fig. 3.16 because the different calculation is adopted in this 
section. The open squares correspond to the temperature Tsr where 1/lgl - Xpo(O, 0) = 0.10. 

common feature of the theories including the critical fluctuations. It should he noticed that the 
dissipation of the two modes is reduced at the low temperature in accordance with the power law, 
lmK(q,n)±lmL(q,n) ex n4, while it is exponentially reduced in the s-wave superconductor. The 
power law is due to the gap node. Thus, the dissipation remains in the d-wave case more than in 
the s-wave case. 

The rapid growth of the order parameter should be seen in various probes. For example, 
the London penetration depth is a typical one (see §3.4.2). However, the rapid growth is a more 
general feature of the superconductivity caused by the electron correlation. For example, the rapid 
growth of the order parameter is also shown in the FLEX calculation [117]. We consider that the 
rapid growth obtained by the FLEX calculation is caused by the suppression of the de-pairing 
effect arising from the low frequency spin fluctuations. This effect is different from that calculated 
in this thesis. Both effects exist in High-Tc cuprates. Since the de-pairing effect from the spin 
fluctuations is suppressed by the pseudogap and the pseudogap becomes clear with decreasing the 
doping concentration, it is expected that the effect shown in this thesis becomes dominant with 
under-doping. 

3.3.4 Single Particle Properties 

Next, we show the results for the single particle properties. The single particle spectral weight 
A(k,w) = -~ImGR(k,w) is shown in Fig. 3.30. The pseudogap appears in the normal state 
T ~ Tc. Since the calculation using the TDGL expansion is inappropriate in the high frequency 
region, the structure at high frequency is different from the results from the previous section §3.1. 
However, the broad and asymmetric structure of the pseudogap at the low frequency is obtained 
similarly. As is pointed out in §3.1, the asymmetric structure is essential for the self-consistent so­
lution showing the pseudogap. On the other hand, the gap structure becomes clear and symmetric 
below Tc. This is a usual feature of the superconducting gap. This change is smooth, but rapid 
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Figure 3.29: The growth of the order parameter ~- The open circles and the open squares are the 
calculated results for g = -1.0 and g = -2.0, respectively. The dashed-dotted and long-dashed 
lines show the results of the d-wave BCS theory for g = -1.0 and g = -2.0, respectively. The 
order parameter grows more rapidly than the BCS result. 

because of the rapid growth of the order parameter. The pseudoga.p is caused by the self-energy 
correction due to the superconducting fluctuations, while the superconducting gap is caused by 
the superconducting order. The self-energy correction is reduced in the superconducting state 
because the fluctuations are suppressed. 

It should be noticed that the energy scale of the pseudogap and that of the superconducting gap 
are similar including their momentum dependences. The broad pseudogap, the sharp supercon­
ducting gap and the same energy scale are the important properties observed by ARPES [22, 23]. 
However, ARPES experiments can not refer to the asymmetric or symmetric structure, since 
ARPES measures only the spectrum below the Fermi energy. Moreover, the asymmetric structure 
disappears by summing up the momentum corresponding to the experimental resolving power. 

Here, we briefly comment on the properties of the T-matrix in the pseudogap state. The 
calculation in this thesis justifies the calculation using the TDGL expansion in the pseudogap state 
{§3.1). In the TDGL expansion, we have neglected the quadratic term inn which is emphasized 
as the lowest order term in the particle-hole symmetric case [98]. However, the quadratic term 
can be neglected near Tc because it is a higher order term than the linear term which is present 
here. Moreover, our calculation shows that the quadratic term is reduced by the renormalization 
effect. The coefficient of the quadratic term a3 is proportional to the parameter b, a3 = (2/v2)b 
in the Gaussian fluctuation. Here, v is the mean value of the quasi-particle velocity on the Fermi 
surface. The coefficient a3 are reduced by the pseudogap with the parameter b. Therefore, the 
quadratic term is not important in the pseudogap state. On the other hand, The quadratic term 
is restored in the superconducting state, although the sign is opposite to that above Tc. Therefore, 
the T-matrix becomes symmetric in the superconducting state. That is a natural result because 
the superconductivity mixes the particle and the hole. 

We can see more clearly the character of the phase transitiol1 from the pseudogap state to the 
superconducting state by showing the DOS in Fig. 3.31. The DOS p(w) = Lk A(k,w) shows 
the broad pseudogap in the normal state. The DOS remains near the Fermi level to some extent. 
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Figure 3.30: The single particle spectral weight at (a) k = (7r,0.157r), (b) k = (0.57r,0.257r), 
just bellow the Fermi level. The dash-dotted (1' = 0.532) a.nd long-dashed (1' = 0.213) lines arc !"'-..... 

the results above Tc. T = 0.213 is just above Tc and corresponds to the pscudogap state. The 
solid (T = 0.21) and the dashed lines (1' = 0.12) arc results below Tc. The pseudogap smoothly 
changes to the superconducting gap. The gap structure becomes sharp and symmetric in the 
superconducting state. 

These features reflect the broad and asymmetric structure of the single particle spectral weight. 
A(k,w). The pseudogap grows with approaching the critical point. The supcrconducting phase 
transition takes place by the remained DOS. It should be noticed that the phase transition is 
superconductivity, and is not the Bose Einstein condensation in the NSR theory. The shift of the 
chemical potential is actually small. Once the superconducting order occurs, the gap becomes 
sharp with the rapid growth of the order parameter. The change is rapid but smooth across 
Tc. The DOS shows the linear energy dependence p(w) ex: w at the low temperature. This is a 
characteristic feature of the dx2_y2-wave superconductivity. 

It should be noticed that the energy scale of the pscudogap and that of the superconducting 
gap are almost the same. When the coupling constant jgj increases, the energy scale of the 
pseudogap increases with that of the superconducting gap. The energy scale is almost independent 
of the temperature. These features are consistent with the important results of the spectroscopic 
measurements (22, 23, 49]. The same gap scale is not so obvious in the resonance scattering 
scenario, while it is obvious in the NSR scenario. However, the same gap scale is an expected 
result because the two phenomena, the pseudogap and the superconductivity, have the same origin 
in our scenario. This is actually confirmed by the above results. 

3.3.5 Discussions 

In this section, the pseudogap state and the superconducting state in High-Tc cuprates have been 
investigated. It should be noticed that the system is not the low density system. Therefore, our 
scenario is based on the resonance scattering and is not based on the NSR theory. [74] Namely, the 
mechanism of the phase transition should be considered as the superconductivity, and is not the 
Bose Einstein condensation in the sense of the NSR theory. The characteristics of the pseudogap 
state and the superconducting state have been investigated on the basis of the calculated results. 
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Figure 3.31: The DOS for (a) g = -1.0 and (b) g = -2.0. The da.sh-dotted lines show the 
non-interacting DOS. The long-dashed lines ((a.) T = 0.101 (b) T = 0.213) show the pseudogap 
sta.te above Tc. The dashed ((a) T = 0.098 (b) T = 0.21) and solid ((a) T = 0.05 (b)T = 0.12) 
lines are the results bellow Tc. It should be noticed that the gap scale is almost the same between 
in the pseudogap state and in the superconducting state. 

The calculated results well explain the experimental results. The smooth change observed in the 
electronic spectrum has been reproduced. The same energy scale is not so self-evident in the 
resonance scattering scenario, compared with the NSR theory. However, our results have actually 

confirmed the important character. This fact means that the energy gain due to the formation of 
the gap around the Fermi energy is common to both of the pseudogap and the superconductivity. 

In the above sections, we have emphasized the importance of the comprehensive explanation 

of the phase diagram in order to understand the overview of the High-Tc superconductivity. The 

pseudogap is an especially important character of the High-Tc cuprates. The following two points 

are important to understand the pseudogap and the phase diagram. 

One is the continuity with respect to the hole doping. The pseudogap phenomena take place 

from slightly over-doped region to under-doped one. The pseudogap gradually develops with 

decreasing the doping concentration. Our scenario based on the resonance scattering scenario 

is properly consistent with the doping dependence. The typical change due to the doping is 

clearly observed in the magnetic field dependence of the pseudogap phenomena [108, 109, 110). 
The scenario based on the resonance scattering well explains the doping dependent character 

of the pseudogap continuously from the slightly over-doped to under-doped region (§3.2) The 

comprehensive understanding strongly supports our scenario. 

The other important point is the close relation between the pseudogap state and the supercon­

ducting state. It is natural to consider the pairing scenario for the pseudogap which develops with 

approaching the critical point and smoothly changes to the superconducting gap. In this thesis, 

the same aspects between the pseudogap state and the superconducting state are confirmed in 

detail. The results support our scenario more clearly. 
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3.3.6 Conunent on the Magnetic Scenarios 

Ilcre, we give a discussion on the magnetic scenarios forth<' pseudogap phenomena. The magnc>t.ic 
scenarios ba.<;cd on the a.nti-f<'IT<>IlHlgnetir hidd<'n order or t.he anti-ferromagnetic fluctuations 
ha.ve been propos<:'d for the pseudogap phenomena. [9, 18, 19] The RVB theory is also included 
in the magnetic scenario because the spin singlet pairing is caused by the magnetic int<•ract.ion 
(super-exchange interaction). We also think it possible that t.he strong spin fluctua.t.ions ncar the 
magnetic critical point reduce the electronic DOS. However, it. is difficult to give a comprehensive 
understanding of the phase diagram on the basis of the magnetic scenario. First., th<' same energy 
scale of the pscudogap and the superconduct.ing gap is unnatural in the magnetic scenario. This 
is because the spin fluctuations (or the anti-ferromagnetism) and the superconductivity have 
considerably different energy scale. Next, it is not clear whc~ther the magnetic scc•na.rio may be 

consistent with the magnetic field dependence, especially in the weak pscudogap case. It is because 
the magnetic exchange coupling J is the order of J "' lOOOK and the applied magnetic field is the 
order of JI.B B "' lOK. Therefore, we think that the magnetic scenario is inappropriate to explain 
the pseudogap phenomena in High-Tc cuprates. 

Moreover, we comment on the spin-fluctuation-induced pseudogap. There is a calcu-
lation treating the pseudogap phenomena as a precursor of the magnetic instability (anti­
ferromagnetism) [18, 19]. In these theories, 'hot spot', which is a part of the Fermi surface 
in the vicinity of the anti-ferromagnetic Brillouin zone, exists ncar {0, 1r) aud plays an especial 
role. Since the quasi-particles at 'hot spot' are strongly scattered by the anti-ferromagnetic spin 
fluctuations, the gap structure appears at 'hot spot'. Since the spin fluctuations lead to the 
transformation of the Fermi surface, 'hot spot' comes to exist in the wide region near {0, 1r) [57]. 
Therefore, the gap structure would have a similar shape to the dx2-y2-wave superconducting gap. 

However, the scenario is difficult to induce the clear pseudogap. Since the interaction caused by 
the superconducting fluctuations is strong in the vicinity of q = {0, 0), the important k-points for 
the self-energy on the Fermi surface are sure to be on the Fermi surface. On the other hand, in case 
of the anti-ferromagnetic spin fluctuations, the interaction is strong in the vicinity of Q = ( 1r, 1r ). 
Therefore, the important k-points for the quasi-particles with the momentum k exist in the vicin­
ity of k + Q. They are on the Fermi surface only when k is on the 'hot spot'. As a result, the 
quasi-particles slightly apart from 'hot spot' are not directly scattered by the strong fluctuations. 
Thus, the pseudogap is not impossible but difficult to be attributed to the magnetic interaction 
on the quantitative point of view. Moreover, since the phase transition which really occurs is the 
superconductivity, the superconducting critical phenomena necessarily take place. It is not obvi­
ous how the critical spin fluctuations can exist even in the critical region of the superconductivity. 
Indeed, the spin fluctuations are reduced in the pseudogap region [30, 31, 32, 33, 34, 35, 36]. 

On the other hand, a slight suppression of the DOS with large energy scale has been indicated. 
This phenomenon appears at the rather higher temperature than T* and is called 'large pseudo­
gap' [49, 118]. We expect that the 'large pseudogap, results from the magnetic origin. In this case, 
the pseudogap discussed in this thesis results from the origin with more small energy scale. A 
clear understanding is obtained by considering that the origin is the supe1·conductivity. Thus, the 

pairing scenario gives the comprehensive understanding of the High-Tc superconductivity, more 
clearly than the magnetic scenarios. 
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3.4 Anomalous Properties in the Pseudogap State [27] 

In this section, W<' invest.igat.c• til<' magnetic and transport propc•rtic•s which show the pseudogap 

phenomena. The pseudogap phenomena observed in <'ach probe ar<' explained by considc•ring 

the characteristic momentum and frequency dependence of High-1;. ruprates. We calculat.P t.he 

behavior of some quantities from the pscudogap state• to the• superronduct.ing st.at.c•. ThC' self­

consistent T-ma.trix approximation is usC'd in this section. Tlw TDGL expansion is not. used 

because the calcula.t.ion is carried out. in the ordered state [1 14]. Om results giw qua.lit.a.t.ivc•ly 
consistent explanation for the t>Xperiment.al results. 

3.4.1 Magnetic Properties 

In this subsection, we show the results for the magnetic properties. The ma.gnetk field deJ>en­

dence has already been calculated in §3.2. In this subsection the J>I'OJ><'rties ar<' investigated in 

more detail. We calculate the dynamical spin susceptibility Xs(k,w) by using the random phase 

approximation (RPA). The exchange enhancement is taken into account within the RPA. 

x~(q,w) 
x~(q,w) 

(3.45) 
- 1- Ux~(q,w)' 

xo(q, iwn) - -T L [G(k,iwm)G(k + q,i!lm + iwn) + F(k,iwm)F(k + q,i!lm + iwn)I3A6) 
k,wm 

Here, the expression includes the anomalous Green function P because the calculation is ex­
tended to the superconducting state. We fix the enhancement parameter U = 1.5, afterward. The 

following results are not affected by the choice of the parameter, qualitatively. As is explained in 
§3.2.2, we can neglect the correction to the two-body correlation function by the superconducting 

fluctuations (AL term and MT term). The effects of the superconducting fluctuations are included 
in the normal and anomalous Green function G and F thorough the self-energy correction. 

The NMR spin-lattice relaxation rate 1/Tt and spin-echo decay rate 1/T2a are calculated by 
the following expressions. 

" 1 R L...J F.L(q)[-Imxs (q,w) lw-+o], 
q w 

(3.47) 

1/Ti.a - 2:ffll(q)Rex~(q,0)] 2 - [Lfll(q)Rex~(q,O)f (3.48) 
q q 

Here, F.L(q) =!({At+ 2B(cosqx + cosqy)J2 + {A2 + 2B(cosqx + cosqy)J2] and fll(q) = {A2 + 
2B( cos qx +cos qy) J2. The hyperfine coupling constants A1 , A2 and Bare evaluated as At = 0.84B 
and A2 = -4B (112]. The above expression is the same as that used in §3.2.3. 

The calculated results are shown in Fig. 3.32. In the normal state far above Tc, 1/T1T increases 

with lowering the temperature owing to the exchange enhancement. It shows a peak above Tc and 

decreases with lowering the temperature below T*. The decrease is an effect of the superconducting 

fluctuations. It is the well-known pseudogap phenomena in NMR 1/TtT [30, 31, 32, 33, 34, 35, 36]. 

The superconducting fluctuations give rise to the pseudogap in the DOS, and reduce the weight 

of the spin fluctuations at the low frequency. Thus, the pseudogap observed in NMR 1/TtT takes 
place through the single particle pseudogap. However, the decrease in the pseudogap state is rather 
moderate than in the superconducting state. With the growth .of the sharp superconducting gap, 

1/T1T decreases rapidly. The BCS-like behavior is obtained in the superconducting state since the 

superconducting gap opens clearly. These features are consistent with the experimental results. 
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Figure 3.32: The results for 1/7'17'. Here, g = -1.0. The peak appears above Tc = 0.099. I/'1'17' 
is reduced by the pseudogap and decreases with approaching the critical point. The inset shows 
the result for 1/T2G· 

On the other hand, NMR l/T2a shows rather weak temperature dependence both in the 
pseudogap state and in the superconducting state (sec the inset of Fig. a.32). NMH. 1 /12a 
increases with decreasing temperature in the normal state far above 7~ owing to the exchange 
enhancement. The pseudogap also affects the NMR l/T2G. The increase of l/T2G becomes 
moderate in the pseudogap state. Near Tc, NMR l/T2G is almost independent of the temperature. 
These are the effects of the pseudoga.p. However, the effects on 1 /T2G at~ weaker than those on 

1/T1T. In the superconducting state, 1/72a decreases moderately with decreasing the temperature 
as a characteristic result of the d-wave pairing. 

Since 1/T2a reflects the total weight of the spin fluctuations, the effect of the pseudogap is 
weak on 1/T2a. In particular, the static susceptibility Rex~( q, 0) around q = Q = ( 1r, 1r) is not 
reduced so much by the d-wave pseudoga.p, while it is remarkably reduced around q = (0, 0). The 
moment urn dependence of the hyperfine coupling F11 ( q) further weaken the effects of the pseudoga.p 

on 1/T2a. The above features are in common with those in the superconducting state (113]. That 
is a natural result because the pseudogap and the superconducting gap have the same dx2-y2-wave 
form. 

It is natural that the scaling law for the spin fluctuations is violated by the pseudogap, because 
it is violated in the superconducting state. The above results are qualitatively consistent with the 
features indicated by the NMR experiments [30, 31, 32, 33, 34, 35, 36]. Minutely speaking, the 
different behavior of 1/T2a has been reported for different High-Tc compounds. (32, 33, 35, 36] 
There is an idea that attributes the difference to the effects of the interlayer coupling (36]. The 

difference of the hyperfine coupling is also the origin of the different behavior. Anyway, the 

relatively weak effect of the pseudoga.p on 1/T2a than on 1/T1T is observed in common. The 
qualitatively consistent results are obtained here. 

The remaining part of this subsection is concerned with the neutron resonance peak observed 
by the neutron scattering experiments (119, 120]. The neutron resonance peak is observed in the 

superconducting state from optimally-doped to under-doped region. The recent measurements 
have found the development of the weak resonance peak in the pseudogap state [120]. The reso-
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nance peak in thf' SUJWITOIHiuct.ing st.atc• is at.trihutc•d to t.lw int<•rpla.y of t.h(' anti-fC'ITomagiwt.ic 
correlation and the d-wave superconduct.i,·it.y [117, 121, 122]. Onr r<'sult. shows thf' sharp r('so­
nann• peak in tlw sup(•rconducting state, which is causf'd by th<· sanu· mechanism. l'vlon•ov<'I", we 
investigate t.he behavior of the resonance peak in thf' pseudogap state. The neutron scattering 
ii1tensity is proportional to the imaginary part. of the spin susceptihilit.y, Im\!{(q,w). \Ve show 
the calculated results for h11\~(q,u.1) a.t. q = Q in Fig. 3.33. Iler<', Im\!~(Q,w) is expressed as 
follows, 

n Imy~(Q,w) 
Imys (Q,w) = [I- URe\~(Q,w)j2 + [Uimy~(Q,w)j2' (3.49) 

4 
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Figure 3.33: The results for Imx~(Q,w). Here, 9 = -1.0. The inset shows (a) Imx~l.(Q,w) and 
(b) Rex~( Q, w ), respectively. The long-dashed lines, the solid lines, the dashed-lines and the 
dash-dotted lines correspond toT= 0.050 (superconducting state), T = 0.104 (pseudogap state), 
T = 0.165 and T = 0.253, respectively. 

In the superconducting state, the real part Rex~(Q,w) increases with wand the imaginary part 
Imx~(Q,w) is suppressed in the low frequency region w < 2~max· Here, ~max is the maximum gap 
energy. Therefore, there is a point w = Wr where the denominator of eq.(4.5) is remarkably small, 
when the system is near the anti-ferromagnetic instability, 1- URex~(Q, 0) <t: 1. Then, the sharp 
resonance peak appears at w = Wr· In the pseudogap state, the dynamical susceptibility xo behaves 

similarly. Rex~(Q,w) has the positive slope with respect tow. The dissipation Imx~(Q,w) is 
reduced in the low frequency region. This behavior is an essential result of the pseudogap as 
a precursor of the superconductivity. However, the features are rather weak compared to the 
superconducting state. In particular, the finite dissipation remains in the pseudogap state because 
of the remained DOS near the Fermi energy. As a result, the weight of the spin fluctuations shifts 
to the high frequency. This is a precursor of the resonance peak, however it is weak and broad. The 
peak appears at the slightly lower frequency than Wr. The peak smoothly develops to the sharp 
peak in the superconducting state. Far above Tc, the conventional behavior of the normal state 
is obtained. We can see that the low frequency component of the spin fluctuations is suppressed 
by the pseudogap, however, the weight is transfered to the high frequency. This behavior is not 
obtained by considering the spin fluctuations alone. The transfered high frequency component is 
effective as the pairing interaction, and contribute to the NMR 1/T2a as we have explained before. 
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3.4.2 Transport Properties 

The transport phenomena. a.r<' intc>r<'sting <'nough to be discussPd hPrP, because they reflect. the 
cha.ract.eristic momentum dependences of II igh-Tc cu prates and the relationship betw<'cll the spin 
fluctuations and the superconducting fluctuations. In this subsection, we invcst.igatc the transport 
phenomena in High-7~ cuprates. 

First, we describe how t.lw transport phenomena in under-doped ntprat.cs are understood in the 
normal sta.t.e (T > T"'). They are anomalous at. a glance, and therefore' rc•ga.rdc•d as au c•videnc<' of 
the 'anomalous metal'. However, we can understand them by considering the magnetic int.cract.ion 
caused by the anti-ferromagnetic spin fluctuations [56, 57, 58, 59]. 

The momentum dependence of the lifetime of quasi-particles is important. to understand the 
transport properties. The momentum dependent lifetime is due to the scat.t.ering by the anti­
ferromagnetic spin fluctuations [56, 57]. The 'hot spot' means the part of the Fermi surface in 

which ck = ck+Q [56]. Here, Q is a. anti-ferromagnetic wave vector Q = (1r, 1r). At the 'hot spot', 
quasi-particles directly suffer a.n scattering by the anti-ferromagnetic spin fluctuations at q = Q. 
The 'cold spot' is the area on the Fermi surface far from the 'hot spot'. There, quasi-particles 
do not directly scattered by the spin fluctuations. Therefore, the lifetime of the quasi-particles is 
long at the 'cold spot' and short at the 'hot spot'. This momentum dependent lifetime is a general 
property of the systems with an strong anti-ferromagnetic spin fluctuations [123]. For Iligh-1~ 
cuprates, the 'hot spot' is located near (1r,O) and its symmetric points. The 'cold spot' is located 
near ( 1r /2, ?r /2). This momentum dependence of the lifetime is observed experimentally [121]. At 
the same time, the pseudogap is large at the 'hot spot' and small at the 'cold spot' because of its 

dx2-y2-Wave shape. 
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Figure 3.34: (a) The self-energy due to the spin fluctuations within the one loop approximation. 
(b) The 'hot spot' and 'cold spot' of the Fermi surface. 

The 'hot spot' does not contribute to the in-plane conductivity, because the conductivity is 

almost determined by the most easily flowing quasi-particles. The in-plane conductivity is mainly 
determined by the 'cold spot'. The quasi-particles at 'cold spot' are sure to have the T2-damping 
rate at the low temperature limit which is consistent with the conventional Fermi liquid theory. 
However, they have the T-linear damping rate above the crossover temperature (T > Tcr)· It is 
because of the low energy magnetic excitations. The transformation of the Fermi surface which 
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lC'ads t.o a formmorC' appropriate' t.o t.h<> n<>sting rc•ducc•s t.h<' crossover t.emJ'>cratm<> '/:.,. ~ w0 (~~~) 2 . 

Here, the para.mC't<'r ~~~ is showu in Fig. 3.~Jtl (b). The transforllla t.ion itself is <hH' to the anti­
ferromagnetic spin n uctua.tions [57). 

(O,n) (n,n) 

-~m-2 ----- ~=4 
--~=6 

---- 1;::0 

(0,0) 

kx 
Figure 3.35: The transformed Fermi surface for ~ 0 (dot-dashed line), ~ = 2 (dotted line), 
~ = 4 (dashed line) and ~ = 6 (solid line), respectively. Here, the parameter e is the anti­
ferromagnetic correlation length. As ~ increases, the Fermi surface at 'hot spot' approaches to the 
anti-ferromagnetic Brillouin zone. 

As a result, the in-plane resistivity shows a T-linear law in the under-doped region (T > 
T* > Tcr)· It should be noticed that T-linear resistivity is not due to the Curie-Weiss law 

Xs(Q) ex 1/(T + 0), or 1/T1T ex 1/(T + 0). The calculations inappropriately treating the mo­
mentum dependent lifetime attribute the T-linear resistivity to the Curie-Weiss law [7, 125) For 

example, the approximate relation between the in-plane resistivity Pab and 1 /T1 T, Pah ex T 2 / (Tt T) 
is derived [125). If appropriately considering the 'hot spot' and the 'cold spot', the T-linear re­

sistivity is realized more generally, but in more high temperature region [57). This generality 
is important to understand the T-linear in-plane resistivity in the pseudogap state in which the 
Curie-Weiss law is violated. 

The other important character of High-Tc cuprates is a momentum dependence of the interlayer 
hopping matrix element t.L(k). The band calculation has shown that the dispersion along the c­

axis is large at the 'hot spot' and is nearly 0 at the 'cold spot' [68). The hopping matrix element 

t.L(k) is approximately expressed as [68, 69). 

(k) _ ( coskx - cosky )2 t.L - ic 2 . (3.50) 

Since the quasi-particle velocity along the c-axis is nearly 0 at the 'cold spot', the 'cold spot' does 

not contribute to the c-axis conductivity. On the other hand, the contribution from 'hot spot' is 
reduced by the short lifetime, in spite of the large velocity along the c-axis. As a result, the c-axis 

transport becomes incoherent. Thus, we can understand the coherent in-plane conductance and 
the incoherent c-axis conductance at the same time [57]. 
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Figure 3.36: The temperature dependence of the in-pla.ne resistivity. The marks of •, 6 and D 

correspond to under-doped, optimally-doped and over-doped cuprates, respectively. The inset is 
the in-plane resistivity of under-doped cuprates without the transformation of the Fermi surface. 
It doesn't show T-linea.r la.w up to rather high temperature. 
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Figure 3.37: The momentum dependence of the mean free path. The marks of •, and 0 correspond 
to under-doped and over-doped cuprates, respectively. Here,(}= Arctan(ky/kx). The under-doped 
case shows the strong anisotropy. 
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Figure 3.38: The mean free path along the c-axis for (a) the under-doped cuprates and (b)the 
over-doped cuprates. Here, 0 = Arctan(ky/~~x), and cis a lattice space along the c-axis. 

The momentum dependent lifetime enhances the Hall coefficient R = Uxyfu;xH [57]. This is 
because the effective DOS for the in-plane transport is reduced. However, the vertex correction 
plays a more important role for the Hall coefficient [58, 59]. The effect is results from the momen­
tum derivative of the total current J11 in the general formula given by Kohno and Yamada [60]. 
The Hall coefficient is strongly enhanced by the vertex correction. In the conventional metals, the 
vertex correction gives only an constant factor arising from the Umklapp scattering and has no sig­
nificant effect [126]. The significance of the vertex correction is also due to the anti-ferromagnetic 
spin fluctuations. The vertex correction is not so important for the longitudinal conductivity even 

in the systems with spin fluctuations [58, 59] . 
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Figure 3.39: The temperature dependence of the Hall coefficient calculated in Ref 57. The marks 
are the same as Fig. 3.36. RHo is the Hall coefficient without the transformation of the Fermi 
surface and the momentum dependence of the mean free path. 

Hereafter, we investigate the effects of the pseudogap and the superconductivity on the trans-
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port. phenolllC'JJa. The' C'XJWriment.a.l rc•stdt.s dC'arly show the' pseudogap piH•nonH'na in the• f-axis 

transport. ['15, '16] On t.he otlwr hand, the in-plane transport. does not clearly show t.IIC' psc•ndogap. 

The' different. f'ffect.s of t.he ps<'udogap on tlw in-plane' and c-axis transport. an• understood hy 
considering the momentum dependf'nce of the int.c•rlaycr hopping I 1. ( k ). Alt. hough the in-plane 

transport. phenomena. are dom ina.ted by the contri bn tion from the 'cold spot', t.IH' r-a.xis t.ra us port 

is mainly det.C'rmincd by t.ll<' 'hot spot'. Therefore.•, the' qualita.t.ivc>ly different. propert.ic•s bd.wc•c·11 
tiH.' in-plane and r-a.xis transport. arc yif'ldC'd. Since the pseudogap and t.h<' superco11duct.ing gap 

are large at the 'hot spot.', the c-a.xis transport wflc>cts the ps<'udoga.p more cl<'a.rly than t.IIC' 

in-plane transport. 

The expc>riment.a.l r<'sult.s have actually indica.t.c~d so. The c-a.xis resistivity iucreases with 

decreasing temperature in the pseudogap state, while the in-plane resistivity keeps the T-linea.r law 

and slightly deviates downward [42, 43]. The c-axis optical conductivity shows the gap st.rnd.ure 

in the pscudogap state, although the in-plane optical conductivity shows only the weak structme 

in the higher frequency region [46]. The pseudogap observed in the c-axis optical conductivity 

smoothly changes to the superconducting gap [46]. This fact also indicates the close relation 

between the pseudogap and the superconductivity. However, the pseudogap in the c-axis optical ,-... 

conductivity has never been explained on the basis of the pairing scenario. 

Here, we calculate the conductivity by neglecting the vertex corrections. The conductivity 

O"tot(w) is described by the normal fluid part and the superfluid part in the low frequency region, 

O"tot(w) = u(w) + il47rA.2 (w + ih). The second term is proportional to the London constant. (or the 

superfluid density), A= 1l47rA2 and appears in the superconducting state. Here, A is the London 

penetration depth which we calculate later. The in-plane and c-axis optical conductivity at the 

finite frequency is expressed by the normal fluid part in the following way, 

O"ab(w) = c2 1 "" 2 ( ) j dw' [ ( , , J ---L...Jv k -fw +w)-f(w) 
d w k 7r 

x(ImGR(k,w')ImGR(k,w + w') + ImFR(k,w')ImFR(k,w + w')), (3.51) 

O"c(w) 
1 j dw' -4de2 - L ti(k) -[f(w' + w)- f(w')] 
w k 7r 

x(ImGR(k,w')ImGR(k,w + w') + ImFR(k,w')JmFR(k,w + w')). (3.52) 

Here, d is the interlayer distance, and v( k) = Jv~ + v~ is the in-plane velocity, where vJ.L = 
8c:kl8kw The velocity v(k) is almost independent of the momentum on the Fermi surface in our 

model. We have neglected the weak kz dependence of the electronic state. This procedure corre­

sponds to the lowest order calculation with respect to tc. We have neglected the term proportional 

to the delta function h(w) which comes from the superfluid part. 

Here, we comment on the vertex correction neglected here. In particular, the AL term is 

considered to be important for the transport [71]. We think that the effect of the AL term does 

not appear except for the narrow region near Tc. This expectation is explained as follows. The 

current vertex in the AL term parallel to the plane lab(q) is proportional to the TDGL parameter 

b, lab(q) ex: bq. This corresponds to the velocity of the fluctuating Cooper pairs and is small in 

the strong coupling case. Thus, the small b indicates the small velocity of the fluctuating Cooper 

pairs as well as the strong fluctuations. The factors b from the current vertex and from the pair 

propagator cancel each other in two-dimension. The contribution from the AL term is expressed 

as D"AL ex: 1lto (71]. On the other hand, the effects on the single particle properties are estimated as 

1 I Tk = - ImER( k, 0) ex: 1 I~- Since the singularity with respect to the parameter t0 is stronger 
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in the AL t.<:>rm aAL t.han in t.he dampiug rate ljr~,,, aJI(l siun· t.he parametc•r his large', tlw AL 

term is mor<:> importaut t.han t.he latter in t.he> weak coupling limit. However, t.ll<' situation is quit.e 

different in th<:> strong coupling case. The effects on t.h<:> single particle propc•ttic•s cau app<:>ar at. 

T* befor<> the AL term dominate the large conductivity from the 'cold spot.'. 

On th<:> oth<:>r hand, th<:> conductivity is small along the c-axis. However, we can twglc>ct t.hc AL 

term along th<:> c-axis iu t.he quasi-two dimensional systems bC'caus<' th<' A L t.c>nn along the> c-a.xis 

is a higher order t.erm with respect to the ani sot. ropy i.-/ l. It is because t.he cmn·ut vc•rtex .J ... ( q) is 

quadratic with respect to lc J .. ( q) ex t~, although the quasi-partid<' V<'locity is litl<'a.r 1',· ex t ... The 
MT term is considered to be suppressed by the elastic scat.t.cring in th(' d-wave case'. 'I'h<' vertex 

correction arising from the spin Huctuations is showu to be not. important. for t.hC' longitudinal 

conductivity [58, 59]. Tlms, it is justifi<'d to nC'glect the vertex correction. 

Hereafter, we normaliz(' t.he conductivity by the coustaut factor as ac(w) = a,.(w)fa~ and 

D"ab(w) = O"ab(w)fa~b• where a~ = de2 and a~b = e2jd. In this subsection we fix the coupling 

constant g = -2.0 and ic = 0.1. 

0.003 .-----r-~---...---~-----. 

Figure 3.40: The c-axis optical conductivity due to the coherent process for T = 0.395 (dash­
dotted line), T = 0.213 (thin solid line), T = 0.20 (dashed line), T = 0.15 (long-dashed line) and 
T = 0.12 (thick solid line). The Drude peak is suppressed in the pseudogap state (T = 0.213) and 
the superconducting state (T = 0.20,T = 0.15,T = 0.12). The inset shows the normal state c-axis 
resistivity Pc· 

The calculated results are shown in Figs. 3.40 and 3.41. First, the c-axis resistivity shows 
a semi-conductive behavior in the pseudogap state (the inset in Fig. 3.40). This is because the 

scattering due to the superconducting fluctuations increases with approaching the critical point. 

Next, the results for the c-axis optical conductivity are shown in Fig. 3.40. The Drude peak 

is remarkably suppressed by the pseudogap. In other words, the coherent picture of the c-axis 

transport is broken by the pseudogap. In the superconducting state, the c-axis optical conductivity 

is suppressed furthermore and shows the gap structure at low temperatures. It should be noticed 
that the above results in the superconducting state are different from the expectation of the 

conventional d-wave BCS theory. Since the gap node does not contribute to the c-axis transport, 

the c-axis transport behaves like a s-wave superconductor in the ordered state. 

The results for the in-plane optical conductivity are shown in Fig. 3.41. The Drude peak 

remains even in the deeply superconducting state and the gap structure does not appear. These 
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Figure 3.41: The in-plane optical conduct.ivit.y in the normal state T = 0.395 (dash-dotted line), 
the pseudogap state T = 0.213 (solid line) a.nd the superconducting state 1' = 0.12 (long-dashed 
line), respectively. The Drude peak remains in all temperature range. 

features are characteristics of the d-wavc superconductivity and due to the contribution from the 
gap node. The sharp Drude peak appears in the in-plane optical conductivity in the pscudogap 
state, owing to the contribution from the 'cold spot' similarly. The qualitatively different results 
in the c-axis transport originate in the momentum dependence of the interla.ycr hopping tJ.(k). 
Thus, the coherent in-plane transport and the incoherent c-axis transport. in the pseudogap state 
are understood simultaneously in a consistent way. 

The detailed properties of the in-plane longitudinal transport in the pseudogap state arc ex­
plained by considering the feedback effect of the pseudogap on the low frequency spin fluctua­
tions [57]. The superconduct.ing fluctuations remarkably affects the quasi-particles near the 'hot 
spot'. However, these quasi-particles contribute little to the in-plane transport from the begin­
ning. Therefore, the pseudogap affects on the in-plane transport thorough the feedback effect on 
the spin fluctuations. the quasi-particle damping at the 'cold spot' is caused by the low frequency 
part of the anti-ferromagnetic spin fluctuations. Therefore, the quasi-particle damping at the 'cold 
spot' is affected by the pseudogap. The in-plane resistivity slightly deviates downward owing to 
the feedback effect (Fig. 3.42) [57]. This behavior is observed in many under-doped compounds 
and the downward deviation coincides with the pseudogap [43]. The only slight deviation in 
the pseudogap state can not be understood by the phenomenological relation, Pah ex T 2xs( Q) or 
Pah ex T 2 /(T1T). Thus, the calculation appropriately treating the momentum dependence well ex­
plain the experimental results. The optical conductivity in the pseudogap state has been explained 
by considering the feedback effects [127]. 

Moreover, the behavior of the Hall coefficient is also explained by the feedback effects. The 
vertex correction due to the spin fluctuations plays an important role for the strong enhancement 
of the Hall coefficient [58, 59] The vertex correction is also reduced by the feedback effect on the 
spin fluctuations. Moreover, since the effects of the vertex correction is remarkable at 'hot spot' 
where the pseudogap is large, the pseudogap itself reduces the vertex correction. Therefore, the 
Hall coefficient is expected to be reduced by the pseudogap. The reduction is actually observed 
in the experiments [44]. The detailed calculation is an important. future problem. 

As we can see from Fig. 3.40, the coherent part for the c-axis transport is small in the pseu-
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Figure 3.42: The in-plane resistivity for the under-doped cuprates. The marks • and 0 correspond 
to the non-pseudogap and the pseudogap case, respectively. The pseudogap case shows a downward 
deviation. 

dogap state. Therefore, we can not neglect the incoherent process, especially in under-doped 
cuprates. The tunneling process is considered to be a typical incoherent process, although there 

are many other incoherent processes. The contribution from the incoherent process have been dis­

cussed by Hirschfeld ct. al [128]. According to their formalism, we obtain the following expression 

for the conductivity from the tunneling process O"inc(w ). 

1 j dw' O"inc(w) = -de2t~nc- ~ -[f(w' + w)- f(w')]ImGR(k,w')ImGR(k',w + w'). 
w k,k' 7f 

(3.53) 

Here, we have neglected the momentum dependence of the tunneling matrix element tine for 

simplicity. The above expression corresponds to the diffusive hopping process in which the infor­
mation for the in-plane momentum is lost. The contribution from the anomalous Green function 
FR(k,w) vanishes due to the d-wave symmetry. 

The results are shown in Fig. 3.43. We show the results normalized by the constant factor 

as O"inc(w) = O"inc(w)/u~c' where 0"~1c = de2tfnc' Here, O"inc(w) is suppressed at the low frequency 
by the pseudogap and shows the weak gap structure with the energy scale of 2~eff· Here, ~eff 
is the energy scale of the pseudogap. In the superconducting state, the gap structure becomes 

sharp, and the frequency scale of the gap does not change. This is a natural result because the 
same energy scale between the pseudogap and the superconducting gap is shown in the DOS (Fig. 
3.31). These features are qualitatively consistent with the experimental results [46]. Thus, our 

scenario for the pseudogap phenomena well explains the pseudogap observed in the c-axis optical 

conductivity and its smooth change to the superconducting gap. Of course, the de-conductivity 

from the incoherent process shows a semi-conductive behavior. 

Recently, the c-axis optical conductivity has been discussed in connection with the violation 

of the f-sum rule [129]. The f-sum rule along the c-axis is violated in the under-doped cuprates, 

although it is satisfied from the over- to optimally-doped region. The violation has been attributed 

to the effects of the phase fluctuations [129]. Moreover, the manifestation of the quantum fluc­

tuations has been pointed out (129]. It is natural that the quantum fluctuations develop with 
under-doping. However, we think that the more detailed discussion is necessary for the interpre-
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Figure 3.43: The c-axis optical conductivity due to the incoherent process for 1' = 0.526 (dash­
dotted line), T = 0.213 (solid line), T = 0.20 (long-dashed line), and T = 0.12 (dashed line). 
The weak gap structure is shown in the pseudoga.p state. In the superconducting state, the gap 
becomes deep with the same energy scale. 

tation of the experimental results, since the contribution from the incoherent process violates the 
f-sum rule easily. 

3.4.3 London Penetration Depth 

In this subsection, we show the results for the London penetration depth and discuss the anomalous 
behavior at the low temperature. The London penetration depth is related with the imaginary 

part of the conductivity as 1/47rA2 = wlmutot(w) lw-+O· This quantity is proportional to the 
superfluid density and the phase stiffness. Therefore, the London penetration depth characterizes 
the electrodymanics of the superconductor. Here, we calculate the London penetration depth 
when the system goes into the superconducting state from the pseudogap state. In other words, we 
investigate the properties of the superconducting transition which is suppressed by the fluctuations. 
Because the pseudogap exists above the critical point, we can not probe the order parameter by 
measuring the excitation gap. However, because the London constant characterizes the Meissner 
effect, the development of the order parameter is probed by the London penetration depth >... 

The expression for the London constant 1/47r'A2 is derived by subtracting the paramagnetic 
term ex E v2 ( GG + F F) from the diamagnetic term ex E v2 ( GG - F F). Here, the in-plane and 
c-axis London penetration depth is expressed as, 

(3.54) 

(3.55) 

Here, we have used the same approximation as used in §3.4.2. The contribution from the incoherent 
process does not exist because of the d-wave symmetry and the momentum independence of the 

tunneling matrix. Actually, the incoherent process contributes in the under-doped region by the 
momentum dependence of the tunneling matrix [128]. 

74 



1.0 

0.8 

--f-o 0.6 '-" 
"' « ---0 
'-" 0.4 "' « 

0.2 

0.0 
0.0 

-........... 
-... 6., . .. .. 

'· A, 
'· ' ' ' ·.... 'A. 

' ' . ' '· ' 
'· 'A 
' ' . ' '·, ~ ·,, ~ 

G--£> c-axis 
&---A in-plane 
----- BCS (d-wave) 

0.5 

T/Tc 

'·, ~ 
·,, '.+. 

' \ ·, ·, ·,, 
1.0 

Figure 3.44: The temperature dependence of 'A. 2 (0)/ 'A. 2 (T). The open circles and the open triangles 
show the results along the c-axis and along the ab-axis, respectively. The dash-dotted line shows a 
result of the d-wave BCS theory. Here, 'A.(O) is derived by the extrapolation. 1/ 'A. 2 (T) grows rapidly 
near Tc with the rapid growth of the order parameter. The rapid growth is more remarkable along 
the c-axis. 

We show the temperature dependence of the in-plane and c-axis London penetration depth in 
Fig. 3.44. The inverse square of the London penetration depth 1/ 'A. 2 has almost linear temperature 
dependence within the d-wave BCS theory. The linear dependence in the low temperature region 
is due to the quasi-particle excitation near the gap node. Near the critical temperature 7~, the 
temperature dependence of the order parameter~ ex: (Tc- T)ll2 causes the linear dependence in 
the BCS theory. Our calculation shows the more rapid increase of 1/ 'A. 2 near 7~ owing to the rapid 
growth of the order parameter. The rapidness is more remarkable along the c-axis because the 
quasi-particle excitation near the gap node does not contribute. In other words, the paramagnetic 
current is rapidly suppressed along the c-axis. As a result, the temperature dependence of 1/ 'A~ is 
rather weak than that of 1/ 'A.~b at the low temperature. The expression of t.1(k) in eq.(3.49) causes 
T 5-law, 'A.~(O)/ 'A~(T) = 1- aT5 in the low temperature region [130). This behavior is qualitatively 
consistent with the experiment for the several under-doped or optimally-doped cuprates [130, 131). 
although our calculation can not expect the precise temperature dependence near the critical point. 

In this subsection, we have investigated the temperature dependence of the London constant 
A(T) ex: 1/ 'A.(T)2 • We think that the low temperature behavior of the London constant is interesting 
as a typical problem of the superconductivity in the strongly correlated electron systems. [132, 
133, 134, 135, 136) In particular, the strongly anisotropic High-Tc cuprates are expected to have 

the characteristic temperature and doping dependences. The Uemura plot is a typical one [132). 
Moreover, the inconsistency of the value A(O) at the ground state and the coefficient of the T­
linear term of A(T) has been pointed out [133, 134, 135). The absolute value A(O) decreases with 
under-doping, while the coefficient of the T-linear term is almost independent of the doping [133). 
Their discussion is based on the analogy of the result for the isotropic system. 

We consider that the inconsistency is understood by considering the momentum dependence 
of the current vertex lv which is remarkably anisotropic in this systems. The current vertex lv 

is renormalized by the quasi-particle mass renormalization, and includes the back flow due to the 
residual interaction [136, 137, 138). The absolute value A(O) is determined by the total quasi-
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particles near t.he l"enni surface, whiiP t.he T-linca.r 1.<'1'111 is dd.<'l"lllin<'d by 1.lw quasi-part.icl<'s ncar 

the gap node. The London constant. is reduced by t.lw mass renom~ali;r,a.t.ion which is is large 

near ( 1r, 0) and is small near ( 1r /2, 1r /2) [57]. The cancellation due to Fermi I iquid dfect. docs not 
occur in the anisotropic systems [f:J6, 137, l:JH]. Therefore, t.he London constant. A(O) is roughly 

scaled by t.hc effective Fermi energy .:F. By considering that. the critical tc>mpcra.t.ure 7~ is also 

scaled by t.he effective Fermi e1wrgy E'F in t.he st.rong coupling region (§:3), we can understand 

the Ucmura plot. Tc ex A(O) [21, 132] observed in the under-doped region. We consider that the 

vertex correction (that is to sa.y, the Fermi liquid effects) reduces the current. vertex furthermore. 

By considering the llethe-Sa.lpeter equation for the current vertex [137, J:J8], we call see that the 

current vertex is reduced by the vertex correction exchanging the anti-ferromagnetic spin fluctua­

tions. It should be noticed that the vertex correction is different from t.ha.t. for calculating the Hall 

coeflicient. The former corresponds to the non-dissipative regime and t.he latter corresponds to the 

hydrodynamic regime. The vertex correction for the London constant is related to the real part 

of the susceptibility Xs( q, w ), while that for the Hall coefficient is rela.t.ed to the imaginary part. 

Therefore, the correction for the London constant remains even in the superconducting state. The 
vertex correction is also large at 'hot spot' and sma.ll at 'cold spot'. Therefore, the Fermi liquid ,,.-

effect makes the system more anisotropic. As a result, the strong correlation reduces the absolute 

value, while the T-linear term is not reduced so much. The detailed calculation is an important 

future problem. 
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Chapter 4 

Pseudogap Phenomena and 
Superconducting Fluctuations 
Hubbard Model [28] 

4.1 Introduction 

• 
Ill 

In the previous chapter, the pseudogap phenomena are well explained on the basis of the resonance 
scattering scenario. Our calculations are based on the effective model in which the d-wave attrac­
tive interaction affects the renormalized quasi-particles (24, 25, 26, 27, 105]. The superconduct.ing 
coupling has been effectively adjusted by the coupling constant lgl. There are two important 
factors in order to realize the strong coupling superconductivity in High-Tc cuprates. One is that 
the effective Fermi energy £F is renormalized by the electron-electron correlation. In this sense, 
the strong coupling superconductivity is a characteristic phenomenon in the strongly correlated 
electron systems. The other is that the high critical temperature Tc is obtained by the pairing 
interaction mediated by the anti-ferromagnetic spin fluctuations [7, 8]. The anti-ferromagnetic 

spin fluctuations also result from the strong electron-electron correlation. Thus, both factors are 
derived from the electron-electron correlation and should be described in a unified way. 

Therefore, it is an important issue to derive the pseudogap phenomena from the model in­
cluding only the on-site repulsive interaction. It should be confirmed that the superconducting 
coupling is strong enough to lead to the pseudogap phenomena in the under-doped region, and also 
that the doping dependence of the High-Tc cuprates are reproduced. In this chapter, we derive the 
pseudogap phenomena from the Hubbard model which is a typical model for the strongly corre­
lated electron systems. Some authors have calculated the pseudogap phenomena by starting from 
the model with an repulsive interaction [103, 154, 155]. However, the sufficient results describing 
the pseudogap phenomena without any phenomenology have not been obtained. 

In this chapter, we describe the quasi-particles in the Fermi liquid and the anti-ferromagnetic 
spin fluctuations by using the FLEX approximation. The characteristic momentum dependence 
of the quasi-particles due to the anti-ferromagnetic spin fluctuations [56, 57] are described by the 
FLEX approximation. The superconducting fluctuations are derived from the pairing interaction 
mediated by the spin fluctuations. We describe the superconducting fluctuations including the 
characteristic momentum and frequency dependence of the spin fluctuations. The self-energy 
due to the superconducting fluctuations is obtained by the ·one-loop approximation (T-matrix 
approximation). As a result, the comprehensive understanding on the basis of the resonance 
scattering scenario is obtained for the pseudogap phenomena. The doping dependence which 
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indudc·s the elcetron-dopf'd eupratc·s is also explai1wd consiskntly. 
This chapter is constructed as follows. In §'1.2, we explain t.he Hubbard Hamiltonian and t.he 

FLEX approximation. In §4 .3.1, we c•xplain the formalism which dc'scribes the superconducting 
fluctuations arising from the spin fluct.uat.ions and the sclf-etwrgy duf' to the superconducting 
fluctuations. In §4.3.2 the ca.lcula.t.ed rf'stilts for the single particle properties are shown. In §4.3.3 
we show the chara.ct.eristics of the supercondueting fluctuations including their doping dependence. 
In §4.3.4, the magnetic propf'rties in the pseudoga.p state arc explained. The consistent results 
with the NMR and the.> neutron scattering experiments are obtai ned. In §4 .3.5, the tlwory of 
the superconductivity and the pscudoga.p phenomena is applied to the electron-doped cuprates. 
The relevant results including the particle-hole asymmetry arc obtained. In §4.4.1, we clarify 
the relation between the supcrconducting fluctuations and the spin fluctuations in details. In 
§4.4.2, we show the results of the self-consistent ca.lculation including the spin fluctua.t.ions, the 
superconducting fluctuations and the single particle properties. The pseudoga.p phenomena is 
derived by the superconducting fiuctuations, similarly. The critical temperature reduced by the 
fluctuations are ca.lculat.cd. The appropriate phase diagram is obtained. In particular, we show 
that the critical temperature decreases with decreasing the doping concentration in the under- r­
dopcd region. In §4.5, we summarize the obtained results in this chapter. 

4.2 Hubbard Model and FLEX Approximation 

First, we explain the Hubbard model and the FLEX approximation. The Hubbard model has 
been used for a long time as one of the typical models describing the strongly correlated electron 
systems. The Hamiltonian is described as, 

(4.1) 

The first term is the kinetic term. In this chapter, we adopt the two-dimensional dispersion 
relation ck given by the tight-binding model for a square lattice including the nearest- and next­
nearest-neighbor hopping t, t', respectively, 

ck = -2t(cos kx +cos ky) + 4t' cos kx cos ky- J.L. (4.2) 

We fix t = 0.5, t' = 0.25t and the lattice constant a = 1. The chemical potential J.L is determined 
for the filling n. These parameters well reproduce the typical Fermi surface of High-Tc cuprates. 
We define the hole-doping concentration 6 = 1 - n. The main part of this chapter is concerned 
with the hole-doped cuprates 6 > 0. A brief application to the electron-doped cuprates 6 < 0 
will be carried out in §4.3.5. The nearly half-filling systems, which are interested here, should be 
regarded as high-density systems. Therefore, the NSR scenario is not justified in High-Tc cuprates. 
The second term in eq. (4.1) expresses the on-site repulsive interaction between the electrons. All 
of the phenomena described in this chapter result from the electron correlation effects. 

The FLEX approximation has been used in order to describe the strongly correlated electron 
systems near the anti-ferromagnetic instability [139]. The FLEX approximation is a conserving 
approximation [140] and describes the anti-ferromagnetic spin fluctuations including the mode 
coupling effects partly [10, 141]. It has been shown that the superconducting critical temper­
ature with a relevant order Tc "' lOOK is obtained by the FLEX approximation for High-Tc 
cuprates [142, 143, 144, 145, 146, 147, 148]. The relevant results are also obtained for the organic 
superconductor ~~:-(BEDT-TTF) compounds [149, 150, 151] and for the ladder type compound 
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Sr14 -J.CaJ.Cu 2,10 41 [152]. 1\tlon•ovC'r, thf' FLEX approximation is nsf'd to c•xplaiu the> anomalous 
propertiC's resulting from t.he aut.i-fC'rromaguf'lic spiu fluct.uat.ious, such a.s the Ilall codficicut. [5!J]. 
the neutron resonance peak and t.he dip-hump struct.mc in AHPES [117]. 

The self-energy given by the FLEX approximation .!.,!~( k, iw11 } is expressed hy t.hc> Oil<'- loop 
diagram exchanging the normal vertex \'~ 1 (q,if2 71 ) (Fig. 4.1(a.)). 

~r(k, iwu) = '/' L ,,~~(q, inu)G(k - q, iw" - inu ). 
q,in,. 

The normal vertex is expressed as follows, 

Here, Xs(q, inn) and Xc(q, inn) represent the spin and charge susceptibility, respectively, 

( ·n) xo(q,inn) 
Xs q, I n = 1 _ U , ( ·n ) ' Xo q, IHn 

and xo( q, inn) is the irreducible susceptibility, 

k,iwn 

( ·n ) Xo(q, inn) 
Xc q, I n = 1 + ll ' ( ·n ) ' . Xo q,IHn 

(tt.:J) 

(t1.4) 

(t1.5) 

(4.6) 

Figure 4.1: (a) The normal self-energy and (b) the anomalous self-energy obtained by the FLEX 
approximation. 

Here, G(k, iwn) is the dressed Green function G(k, iwn) = (iwn- ek- L'F(k, iwn))-1. The first 
order term in Vn( q, inn) with respect to U is eliminated because it gives only the trivial Hartree­
Fock term. In the FLEX approximation, the self-energy and the spin susceptibility are determined 
self-consistently. Equations ( 4.3-6) are self-consistently solved by the numerical calculation. In 
the main part of this chapter, we divide the first Brillouin zone into 64 x 64 lattice points for 
the numerical calculation. The spin susceptibility given by the FLEX approximation Xs(q, inn) 
is enhanced near the anti-ferromagnetic wave vector Q = ( 11', 1r"). The anti-ferromagnetic spin 
fluctuations described by Xs(q,inn) play a dominant role in the FLEX approximation. The char­
acteristic results of the nearly anti-ferromagnetic Fermi liquid theory (7, 8, 9, 10, 56, 57, 58, 59, 153] 
are qualitatively reproduced within the FLEX approximation. 

The superconducting critical temperature Tc is determined as the temperature below which 
the linearized Dyson-Gor'kov equation has a non-trivial solution (Fig. 4.1(b)). The criterion for 
Tc is described by the Eliashberg equation which is the following eigenvalue equation, 

>.4J(k, iwn) = -T L Va(k - p, iwn- iwm)IG(p, iwm)I 24J(p, iwm)· (4.7) 
p,iwm 
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Here, \i~(q, if2n) is t.he a.noiiHllous vertex for t.he singlet. ch<wnel. This ts gtVPII by t.hf' FLEX 
approximation as follows, 

The critical temperature 7~ is obtained as the t<'mpcraturc where the maximum c'igf'nva.luc 

A111ax becomes the unity. The f'igenfunction rPmax(p, iw111 ) cotTf'sponding to the eigenvalue Amax is 

the wave function of the Cooper pairs. In this chapter, the symmetry of the superconductivity is 

always the dx2-y2-wave. 

Here, we show the typical results of the FLEX approximation in Figs. 4.2, 1.:J and 1.4. 

The results for the analytically cont.innatcd s<'lf-cncrgy .Lf}(k,w) are shown in Fig. 4.2. In this 

chapter, the analytic continuation is carried out by using the Pa.de approximation. Th(' real 

part ReEP(k,w) shows the negative slope and the imaginary part ImLf.3(k,w) ha.s the miuimum 
absolute value at the Fermi level. They are the characteristic features of the Fermi liquid theory 

which is violated in the pseudogap state (§3). 

Some notable features are present in the self-energy. The imaginary part. shows thew-linear 

dependence near the Fermi level contrary to the w-square dependence in the conventional Fermi 

liquid theory. The behavior has the same origin as that of the T-linear resistivity [56, 57]. The 

imaginary part at w = 0, that is the quasi-particle's damping is large ncar (1r,O) ('hot spot') and is 

small near ( 1r /2, 1r /2) ('cold spot'). The above momentum dependence plays a crucial role in the 

coherent in-plane transport and the incoherent c-axis transport. [27, 57, 69] The renormalization 

factor z;;t = 1- 8ReEP(k,w)j8w has the same feature as the quasi-particle's damping. A lot of 
the low energy states near ( 1r, 0) arise from the Van Hove singularity and the large renormalization 

factor Z;;1 . The above features are the characteristics of the nearly anti-ferromagnetic Fermi 

liquid [7, 8, 9, 10, 56, 57, 58, 59, 153]. 
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Figure 4.2: The self-energy obtained by the FLEX approximation. (a) The real part. (b) The 
imaginary part. Here, U = 1.6, 6 = 0.095 and T = 0.010. The solid line and the long-dashed line 
correspond to (~~1r, i4 1r) ('hot spot') and (~:1r, ~~1r) ('cold spot'), respectively. 

The results for the single particle spectral weight and the DOS are shown in Fig. 4.3. In 
spite of the unconventional Fermi liquid behavior, the typical single peak structure appears in the 
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spectral weight.. Thus, the pict.me of the quasi-particle's holds in the nC'arly anti-fc'tTOIIIagn<'l ic 

Fermi liquid. In particular, the pseudogap is not seen. The spectral weight is broad at th<' 'hot 

spot' and sharp at the 'cold spot' reflecting t.hC' monwntum dependence of the quasi-particle's 

lifetime. The low energy states near (1r, 0) give the large DOS n<'a.r the Fermi l<'v<'l. In this 

chapter a. small constant damping is added in the sclf-C'tH'rgy when cakula.t.ing t.lw DOS in order 

to exclude the finite size effect.. This t.reatnwnt ha.s no significant <'ffect. 011 t.l)(' obt.ai11cd results. 

(a) 
15.0 .-----.....-----.,.,....-----r------, 

- (0.9Bn. 0.02n) 
--- (0.45n. 0.43n) 

10.0 -a 
~ -< 

8 '-" 0.5 
Q. 

-1.0 0.0 
(l) 

Figure 4.3: (a) The single particle spectral weight and (b) the DOS obtained by the FLEX 
approximation. The parameters are the same as those in the Fig. 4.2. 

The obtained results for the superconducting critical temperature 1~ are shown in Fig. 4.4. 

It is seen that the critical temperature increases with decreasing the doping concentration 6, or 
increasing the repulsive interaction U. In other words, the critical temperature increases with 
the development of the anti-ferromagnetic spin fluctuations. The critical temperature tends to be 
saturated in the large U and the small h region. It is a common result of the FLEX calculation 
because the spin fluctuations have not only the pairing effects but also the de-pairing effects. 

4.3 FLEX+T-matrix Approximation 

Hereafter, we consider the superconducting fluctuations and their effects on the single particle 
properties and the magnetic properties. In our scenario, the superconducting fluctuations play a 
dominant role for the pseudogap phenomena. Therefore, we have to describe the superconducting 
fluctuations derived from the anomalous vertex Va( q, iOn) given by the FLEX approximation. 
Although the calculation has been difficult (154], we succeed in the description fully including the 
momentum and frequency dependence of the anti-ferromagnetic spin fluctuations. We explain the 
method of the calculation bellow. The obtained results well explain the pseudogap phenomena 
including their doping dependence and some characteristic properties. In this section, the coupling 
constant U is fixed to U = 1.6 unless we specify. 
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Figure 4.4: The superconduct.ing critical temperature obtained by the FLEX approximation. (a) 
The doping concentration dependence for lJ = 1.6. (b) The repulsive intcract.ion dependence for 
fJ = 0.09. 

4.3.1 Formalism 

First, we explain the formalism of the FLEX+ T -matrix calculation which includes the effects 
of superconducting fluctuations within the lowest order. The superconducting fluctuations are 
generally represented by the T-matrix which is the propagator of the superconducting fluctuations. 
The T-matrix is expressed by the ladder diagrams in the particle-particle channel (Fig. 4.5 (a)) 

and is derived from the following Bethe-Salpeter equation. 

Va(kl- k2, iwn- iwm)- T L Va(kl- k, iwn- iwt) 
k,w, 

X G(k,iwt)G(q- k,inn- iwt)T(k,iwt: k2,iwm: q,iOn)· (4.9) 

Here, the pairing interaction is given by the anomalous vertex obtained by the FLEX approxi­
mation. Generally, it is difficult to solve the above integral equation except for the case where 
the separable pairing interaction is assumed [24, 25, 26, 27, 105]. Therefore, we carry out the fol­
lowing two approximations where the meaningful component as the d:r:2-y2-wave superconducting 
fluctuations is properly taken out. 

(a} 
(b) 

= 

+ 

Figure 4.5: (a) The T-matrix. (b) The self-energy due to the superconducting fluctuations. 
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Th<' T-matrix at. q = !1,, = 0 is approximately d<'conJposC>d int.o t.h<' <'ig<·nfunct.ion with t.hc·ir 
respective eigenvalues of t.he Itliashberg equation [155]. 

7,(k · . k · . _ ·n _ O) _ '"'g,1¢>a(kt,iW11 )¢>~(k2,iW111 ) t,lWn• 2,IW111 .q-IH71 - -~ • 

a I - ,\0' 
(tJ.lO) 

The eigenvalue A0 and t.he eigenfunction if>a(k, iw11 ) art' derivf'd from the ltliashh<•rg <'quation, 
eq. ( 4. 7). The index n denotes each mod~ inc.luded in the '1'-mat.rix. II~re, we t.a.k<> out. the com­

ponent with the maximum eigenvalue A111ax and the corresponding eigenfunction if>max which ha.s 
the dx2-y2-wave character. As is understood hy consid~ring that the superconducting transition 

is determined by the condition Amax = 1, the mode described by A111ax and if>m~:~.x represents the 
dx2_y2-wave superconducting fluctuations. The function if>max is the wave function of the fluctuat­
ing Cooper pairs in the fluctuating r~gime. Hereafter, we neglect the other modes since they have 

no significant effect on the superconducting fluctuations. Therefore, we neglect the index 'max' 
for simplicity. The approximation is justified when the superconducting fluctuations is strong. By 
using the above approximation, the T-matrix is expressed by the following equations [154]. 

T(k · k · .0 ) g(q, iOn)cf>(kt, iwn: q, inn)¢>*(k2, iw111 : q, iOn) ) 
•t,IWn: •2 1 lW111 : q,I n = _ \( .0 ) • (4.11 

1 1\ q, lHn 

The function ..\( q, inn) is given by the maximum eigenvalue and 4>( k, iwn : q, iOn) is the corre­
sponding eigenfunction of the following equation, 

..\(q,iOn)cf>(k,iwn:q,iOn) = -T L Va(k-p,iwn-iwm) 
p,iwm 

G(p,iwm)G(q- p,iOn- iwm)<fo(p,iwm: q,iOn)· (4.12) 

The function 1 - ..\( q, iOn) describes the dispersion relation of the fluctuating Cooper pairs. In 
the above expression, the wave function is normalized as, Lk. lcf>(k, iwn : q, i011 )12 = 1, and the 

,twn 

coupling constant is given as, g(q,iOn) = Lk . Lk . cf>*(kt,iWn: q,iOn)lla(kt- k2,iwn-1 11Wn 2 11Wm 

iwm)cP(k2, iwm : q, inn)· 
Here, we perform one more approximation. We neglect the q- and nn dependence of the eigen­

function <fo(k, iwn : q, inn)· The wave function is fixed to that at q =On= 0. This approximation 
is well justified because the region around q = On = 0 gives the dominant contribution as an effect 
of the superconducting fluctuations. Actually, the main q- and On dependence of the eigenvalue 
..\(q, inn) is derived from the differential of the Green function G(q- p, iOn- iwm) in eq. (4.12). 
In other words, the dispersion of the fluctuating Cooper pairs, 1 - ,\( q, inn) is insensitive to the 
change of the eigenfunction. It should be noticed that the wave function cf>(k, iwn : q, inn) is 

independent of q and nn when the separable paring interaction is considered (§3). 
We have explicitly solved the eigenvalue equation (eq. (4.12)) and confirmed that the q- and 

On dependence of the eigenfunction <fo(k, iwn : q, inn) is small in the region where the dominant 
contribution to the self-energy is yielded. In particular, it is confirmed that the value 1- ,\(q, inn) 
is found within the error of 10-20 par cent by the above approximation. Thus, the second ap­

proximation only slightly underestimates the eigenvalue ,\( q, iOn) around q = nn = 0, since the 
precise eigenfunction is determined so as to optimize the eigenvalue. Needless to say, the precise 

eigenvalue is obtained at q =On= 0. In other wards, the TDGL parameter (see eq. (4.18)) b is 
overestimated by the second approximation whereas t 0 is obtained precisely. The approximation 
slightly underestimates the effects of the superconducting fluctuations. Since the approximation is 

not precise for large q and nn, the unphysical contribution to the self-energy is caused. Therefore, 

we eliminate the q- and On independent term g<fo(k11 iwn)<P*(k2 , iwm) in the T-matrix. 
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By using the above two approximat.ious, t.lw T-matrix is expn•ssC'd as follows, 

where 

g>.( q, inn)¢( k1, iwn )¢*( k2. iw111 ) 

1 - J..(q, inn) 

>.(q, in,J -T L L ¢*(k,iwn)Va(k- p,iW71 - iw711 ) 

k,iwn p,jwm 

Here, the coupling constant g is defined as, 

g = L L ¢*(kt,iwn)l~(kt- k2,iwn- iwm)¢(k2,iwm), 
kt,iwn k2,iwm 

and the wave function is normalized as, 

k,iwn 

( 1.15) 

(1.16) 

By taking out the freedom of the superconducting fluctuations, we obtain the pair suscepti­
bility, t(q, inn) = g/(1 - >.(q, inn)) which we have termed the T-matrix in the previous chapter 
§3. 

The self-energy due to the superconducting fluctuations is given by the one-loop diagram in 
the T -matrix approximation (Fig. 4.5(b)). 

Es(k,iwn) = T L T(k,iwn: k,iwn: q,inn)G(q- k,inn- iwn)· (4.17) 
q,inn 

In this section, we use the Green function determined by the FLEX approximation GF(k, iwn) = 

(iwn- ck- L"F(k, iwn))-1 in calculating eqs. (4.13-17). That is to say, we calculate the lowest 
order correction due to the superconducting fluctuations on the FLEX approximation. We call 
the calculation FLEX+T-matrix approximation. The self-energy is determined by the summation, 
E(k,iwn) = EF(k,iwn)+Es(k,iw71 ). We show the results of the FLEX+T-matrix approximation in 
the following subsections. Since the calculation is carried out with the fixed chemical potential Jl, 

the doping concentration 6 decreases with decreasing the temperature T. However, the difference 
is smaller than 0.01 and has no significant effect. 

In §4.4, we carry out the self-consistent calculation in which the fully dressed Green function 
G(k, iwn) = (iwn - ck- EF(k, iwn) - Es(k, iw71 ))-1 is used everywhere. As a result of the self­
consistency, the effect of the superconducting fluctuations are reduced. However, the qualitatively 
similar conclusions are obtained. 

4.3.2 Pseudogap in the single particle properties 

In this subsection the pseudogap, which is the main subject of this thesis, is derived. The cal­
culated results well justify the pairing scenario based on the self-energy correction due to the 
superconducting fluctuations [24, 88]. On the basis of the model with ad-wave attractive interac­
tion, it has been shown that the anomalous properties of the self-energy give rise to the pseudogap 
(§3.1). The characteristics of the self-energy leading to the pseudogap is that the real part has 
the positive slope and the imaginary part has the maximum absolute value at the Fermi level 
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w = 0. They ar<' anomalous compar<•d with th<' typical behavior in thf' Fermi liquid t.lwory. T!tC' 
large imaginary part. reduces t.h<' single particle spectral weight at. the l·hmi level and givPs ris<' 
to pseudogap. The anomalous features seem to compete with the Fermi liquid behavior ohtainPd 
by the FLEX calculations. In particular, the negative slope of the real part. which is r<'iatPd t.o 
the renormalization factor z; 1 is generally increased by the strong e!Pct.ron corrf'la.t.ion. I-Iowf'v<'r, 
the calculated results dearly show the important. mechanism of the psf'udogap formation in thf' 

strongly correlated elf'ctron systems. We show the obtaiJH'd n•sults for the• analytically cont.inua.t<'d 
self-energy ER(k,w) in Fig. 4.6. Here, the doping concentration corresponds to th<• uncler-clopc•cl 
cuprates. 

(a) 0.0 (b) 
- (0.98n. 0.02nl 

0.4 --- (0.45n, 0.4:\n) - (0.981t, (l.021t) 
--- (0.451t, 0.431t) 

-.. -.. -0.2 a 0.2 8 
..'J ..'J ..._, 
j;4 ~ 
Q) 0.0 E a: -0.4 

-0.2 

-0.6 
-2.0 -1.0 0.0 1.0 2.0 -2.0 -1.0 0.0 1.0 2.0 

(l) (l) 

Figure 4.6: The self-energy obtained by the FLEX+T-matrix approximation. (a)Thc real part. 
(b) The imaginary part. Here, U = 1.6, h = 0.095 and T = 0.010. The solid line and the 
long-dashed line correspond to (~~11", d4 11") (hot spot) and (~:11", ~~11") (cold spot), respectively. 

It should be noticed that the Fermi liquid behavior is seen when we look with the large energy 
scale w rv 0.5. However, the anomalous behavior leading to the pseudogap is clearly seen in much 
smaller energy scale w rv 0.05. The anomalous behavior vanishes around ( 11" /2, 11" /2) because of 
the d:~:2_ 112 wave symmetry of the fluctuating Cooper pairs. 

It is the important point that the superconductivity and the pseudogap take place in the 
renormalized quasi-particles which have the small energy scale compared to the original band 
width. In other words, the pseudogap occurs with the much smaller energy scale than that of the 
electron systems. The above results clearly show the small energy scale and justify the calculation 
based on the model in which a d-wave attractive interaction acts on the renormalized quasi­
particles. The superconducting fluctuations give the sufficiently strong effects on the low-energy 
quasi-particles and give rise to the pseudogap phenomena. 

The results for the spectral weight are shown in Fig. 4.7. The pseudogap clearly appears in 
the single particle spectral weight (Fig. 4.7(a)) and the DOS (Fig. 4.7(b)). It is notable that the 
pseudogap is derived from the self-energy correction due to the superconducting fluctuations which 
are enhanced by the strong coupling superconductivity and the quasi-two dimensionality (§3). 
The w-dependence of the wave function furthermore advances the pseudogap formation. Thus, 
our scenario based on the resonance scattering scenario is justified for the pseudogap phenomena. 
The d:~:2_ 112-wave form of the pseudogap is naturally obtained by the d:~:2_ 112-wave symmetry of the 
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su percond uct.ing fluctuations. The i nsd of Fig. '1.8 shows the much sma I kr energy seale of the 
pseudogap compared wit.h t.he hand width. 

Morcovf'r, the f'nergy scale of the pseudogap is consistent with that of t.lw superconducting 
gap. The experimental results show that the energy scale of the pseudogap is nearly the same 
as that of the supcrconducting gap [22, 23, 4fJ]. That has been confirmed by tll<' calculations in 
~3.3. The ratio 21::!.5 /1:: "" 12 is obtained by the FLEX approximation in t.he optimally-doped 
region [117]. Here, !:l.s is the maximum value of the gap function in the ordered state. The larger 
ratio is expected in the under-doped region. Our results for the under-doped cuprat.es show the 
ratio 26.pg/1~ "" 20 (Fig. 4.7(a)). llc're !:l.pg is the energy scale of the pscudogap. Thus, the 
pseudogap obtain<•d by our calculation seems to have the relevant energy scale compared to the 
superconduct.ing gap. 
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Figure 4.7: (a)The single particle spectral weight obtained by the FLEX+T-matrix approximation. 
The solid and long-dashed lines correspond to those in Fig. 4.6, respectively. The dash-dotted 
line corresponds to (!~71', i4 1r). (b) The DOS obtained by the FLEX (long-dashed line) and the 
FLEX+T-matrix (solid line) approximations. The inset is the same result shown in the large 

..--.... 

frequency scale. The other parameters are the same as those in Fig. 4.6. ~. 

We show the detailed results for the DOS in Fig. 4.8. We choose the temperature T = 1.25Tc 
in all figures of Fig. 4.8 in order to fix the distance to the critical point. The doping dependence 
is shown in Fig. 4.8(a). It is shown that the pseudogap becomes weak with increasing the 
hole-doping. The gap structure is filled up and the DOS near the Fermi level increases in the 
optimally-doped region. The effects of the superconducting fluctuations almost disappear in the 
over-doped region 6 > 0.2. 

This is because both the critical temperature and the renormalization of the quasi-particles 
are reduced by the hole-doping. Since the ratio TcMF /cF decreases, the superconducting coupling 
is reduced. Therefore, the effects of the superconducting fluctuations are reduced. The above 
results justify our understanding for the phase diagram of High-Tc cuprates. It should be noticed 
that the pseudogap becomes well-defined near the optimally-doping 6 "" 0.15. Thus, the pairing 
scenario properly explains the pseudogap in High-Tc cuprates including their doping dependence. 

Here, the importance of the strong correlation is shown in Fig. 4.8(b). It is shown that the 
pseudogap becomes remarkable by increasing U. The reason is the same as that in the expla-
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Figure 4.8: (a) The doping dependence of the DOS obtained by the FLEX+T-mat.rix approxi­
mation. The solid, long-dashed and dash-dotted lines correspond to h = 0.095, 0.156 and 0.190, 
respectively. (b) The density of state for the various strength of U. The thin solid, dashed, long­
dashed, dash-dotted and thick solid lines correspond to U = 1.2, 1.3, 1.4, 1.5 and 1.65, respectively. 
In all figures, the temperature is chosen as T = 1.25Tc. 

nation for Fig. 4.8(a). Thus, the strong coupling superconductivity, the strong superconducting 

fluctuations and the resultant pseudogap are the characteristics of the strongly correlated electron 
systems. 

4.3.3 Superconducting fluctuations 

Here, we discuss the character of the superconducting fluctuations m order to emphasize the 

importance of the strong coupling superconductivity. 

In our pervious chapter describing the mechanism of the pseudogap, the TDGL expansion is 
used for the pair susceptibility as follows, 

9 
t(q,w) = ( . ) , 

to + bq2 - al + ta2 n (4.18) 

where the factors arising from the wave function </l(k,iwn) are neglected, namely t(q,iS1n) = 
t-.x(q,inn)' In the notation of this chapter, the TDGL expansion corresponds to the expansion for 

the eigenvalue function ...\(q, n) as 1- ...\(q, n) =to+ bq2 - (at+ ia2)n. 
The TDGL expansion parameters describe the character of the superconducting fluctuations. 

The detailed properties of the TDGL parameters are discussed in §3.1.1. Here, we discuss the 

TDGL parameters on the basis of the calculated results in this chapter. It is confirmed that the 

strong coupling superconductivity is realized as a result of the strong electron correlation. 

The parameter t0 = 1-...\(0, 0) represents the distance to the phase transition, and is sufficiently 

small near Tc. The parameter a2 expresses the time scale of the fluctuations. The parameter a 1 is 

usually neglected within the weak coupling theory because it is higher order than a2 with respect 

to the superconducting coupling TcMF /cF· However, the parameter a 1 has a significant effect in 
the strong coupling case §3. 

The calculated results show that the sign of a1 is negative in under-doped cuprates. This means 
the hole-like character of the superconducting fluctuations. The sign of a 1 which is determined 

87 



by the part.icle-hole asymnwt.ry dd.Prmitws t.ll<' sign of the fluduat.ing IJall conducti,·ity [!J9]. Tlw 

Hall anomaly [87] is phcnoutenologically explained by assuming t.he nist.enn• oft he electron-like 

pre-formed pairs [84]. However, it. has been pointed out in §3 that the explanation is not. justified 

within t.he theory of the strong coupling Sll))('rconduct.ivity. It is confirmed in this chapter that t.he 

charadPr of t.he superconducting fluctuations is not. <.>lectron-like but hole-like in t.he undcr-dopc•d 

reg10n. 

The effect of a 1 ma.ni fests in the particle-hole asymmetry of the pair susrcpti bi li t.y f ( 0, n). It. has 

been pointed out that the pair susceptibility can be measured hy the pair tunneling nHT<'ttt [ 1 OG]. 

Although Ref. 106 shows the electron-like asymmetry on the basis of t.lw electron gas model, t.he 

hole-like asymmetry should be measured in reality (sec §3.1.5). The cakulated results show t.hat. 

the asymmetry lwcomcs strong with dC'creasing the doping concet1tration. 

The parameter b represents the dispersion relation of the fluctuations aud is related t.o the 

superconducting coherence length ~0 , b ex ~6. The small b generally means the strong SliJ><'I'<'on­

ducting fluctuations. Therefore, we show the results for the TDGL parameter bin Fig. 4.D. 
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Figure 4.9: (a) The doping dependence of the TDGL parameter bat the critical point T = Tc. 
Here, the coupling constant is fixed to U = 1.6. The inset shows the same quantity at the fixed 
temperature T = 0.0080 (b) The TDGL parameter b for the various strength of U at T = Tc. 
Here the doping concentration is fixed to 8 = 0.09. The inset shows the same quantity at the fixed 
temperature T = 0.0082 

The TDGL parameter b is expressed by the Fermi liquid description within the weak cou­

pling theory as b = 9dPd(O) ~;S3} ~· Here, 9d is the d-wave component of the residual interaction 

ZkVa(k- k')Zk', namely 9d = Lk,k' </>d(k)ZkVa(k- k')Zk'</>'d(k'). The effective density of state 

of the quasi-particles h(e) is defined as Pd(e) = Lk 8(e- Ek)l</>d(k)j 2 , which is enhanced by the 

renormalization. Here, Ek is the quasi-particle's energy Ek = Zk(ek + ReER(k, 0) ). The VF is the 

effective Fermi velocity for the d-wave symmetry. This is defined as v~ = fFPkFv(~~F) 2 dkF/Pd(O), 
where the integration is carried out on the Fermi surface and ihF = 1</>d( kF )j2 / v( kF). The velocity 

v(kF) is the absolute value of the quasi-particle's velocity vk = dEk/dk on the Fermi surface. It 
should be noticed that the quasi-particle's velocity is reduced by the renormalization, especially 

around ( 1r, 0). Since the effective Fermi velocity VF is mainly determined by the region around 

( 1r, 0), VF is remarkably reduced by the electron correlation. 
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It should be> not.ice>d that. the> TDGL paramd.e>r b is proportional to iit-/1'2 , which is proportional 
to the inverse square ofthc superconducting coupling 1:~·IF/cF. That. is t.o say, til<-' TDC:L paramet.C'r 
b decreases with inneasing the superconducting coupling. We can se>P in Fig. -1.9 that. th(' TDGL 

paramctC'r b decreases with under-doping and/or with incre>asing {1. It. is bC'cause t.lw rritical 

temperature 1~ increases and the renormalizat.ion for the C'ff<•ct.ive> FC'rmi velocity fiF becomes 
remarkable. These effects reduce the TDGL para.met.C'r b in spite• of the' incrC'a.sing coupling 

constant 9dPd(O). The effects of the quasi-particle's renorma.lizat.ion is confimwd hy showing the 

results at the fixed temperature. (s<:>e the inset in Fig. 4.9(b ). ) Although the coupling constant 
9dPd(O) increases and Tis fixed, the parameter b decreases with incr<'asing l!. This is bl"ca.use the 

effective Fermi velocity fiF is reduced. Thus, t.he superconductivity hecomes strong coupling one 
and the pseudoga.p phenomena appear when the electron correlation is strong. The results clearly 
justify the doping dependence in our scenario for the pseudogap plwnonwna. 

4.3.4 Magnetic properties 

In this subsection, we show the results for the magnetic properties which arc measured by NMR, 
neutron scattering and so on. The anti-ferromagnetic spin fluctuations are one of the important 
characters of High-1~ cuprates. The development of the spin fluctuations are well described by the 

FLEX approximation. One the other hand, the suppression of the low frequency spin fluctuations 
have been pointed out by NMR measurements (30, 31, 32, 33, 34, 35, 36]. The phenomena have 

been called 'spin gap' at an initial stage. At present, it is known that not only the spin channel 
but also the single particle properties show the gap-like features (22, 23, 49]. Therefore, the 'spin 
gap' is considered to be a result of the gap formation in the single particle properties, namely 

'pseudogap'. In this chapter, the pseudogap in the magnetic properties are well explained by 
considering the effects of the superconducting fluctuations on tlw single particle properties. 

In the FLEX+T-matrix approximation, the spin susceptibility Xs(q, n) is obtained by extend­
ing the FLEX approximation, 

x~(q,n) -
1- ux~(q, n)' 
-T L G(k,iwn)G(k + q,iwn +inn), 

k,iwn 

( 4.19) 

(4.20) 

where the Green function G(k, iwn) = (iwn - ek - EF(k, iwn) - Es(k, iwn))- 1 • The effects of the 
superconducting fluctuations are included in the self-energy, Es(k, iwn)· 

The NMR spin-lattice relaxation rate 1/T1 and spin-echo decay rate 1/T2a are obtained by 
the following formula. 

'"' 1 R L., F.L(q)(-Imxs (q,w) lw-+o], 
q w 

( 4.21) 

1/Tia L:lFJi(q)Rex~(q, 0)] 2 - lL:: FJi(q)Rex~(q, 0)]2 • (4.22) 
q q 

Here, F.L(q) = H{At + 2B(cos qx +cos qy)}2 + {A2 + 2B(cos Qx +cos qy)J2] and FJI(q) = {A2 + 
2B( cos Qx +cos qy) )2. The hyperfine coupling constants At, A2 and B are evaluated as A1 = 0.84B 
and A2 = -4B (112]. 

The calculated results for the NMR 1/T1T, 1/T20 and the static spin susceptibility are shown 
in Fig. 4.10. The results show the pseudogap in the NMR 1/T1T (Fig. 4.10(a)). In the FLEX 
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calculation, t.he N 1\1 H. 1 /1'1 T i ncn·ases wi t.h decreasing the• t.em pc•rat.\lrC' owing t.o den•lopi ng tl IC' 

spin fluctuations. (sec the inset in Fig IO(a).) In the FLEX+T-ma.trix ca.lcula.t.ion, t.lH' i\1\IH 
1/T1 T increases with decreasing the temperature from high t.emperatme, shows its peak at. T* 
and decreases with decreasing the temperature. This decrease above the critical point T = 1~ is the 
well-known pseudoga.p in NMR measurements. This phenonwno11 is caused by t.he supercond\lct.ing 

fluctuations. Since t.hc DOS is reduced by t.he superconduct.ing fiHc:tua.t.ions, the low frequency 

spin fluctuations are suppressed a.s a. result. Since the NMR 1 /T1 T measures the low frc·qtwncy 

component of the spin fluctuations, 1/T1 T dcneases with approaching the critical point. Thus, 
the pseudogap observed in NMR l/T1 T takes place through the pscudoga.p in the single pa.rt.icle 
states. 
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Figure 4.10: The temperature dependence of (a) the NMR 1/T1T and (b) the NMR 1/T2a cal­
culated by the FLEX+T-matrix approximation. (c) The temperature dependence of static spin 
susceptibility x~(q,O) at q = (0,0) (Open squares) and at q = (11',11') (Closed circles). Here, the 
doping concentration is fixed to the under-doped region 6 = 0.093 "'0.103. The inset in (a), (b) 
and (c) shows the same quantities calculated by the FLEX approximation. 

The NMR 1/T2a also shows the pseudogap (Fig. 4.10(b)) with the same onset temperature T* 
as that in 1/T1T. The NMR 1/T2a decreases with approaching the critical point. This is an effect 
of the superconducting fluctuations. However, the pseudogap in the NMR 1/T2a is weak compared 
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with that. in the Nl'viR 1 /1'1 T hc•causc• tlw Nl'd H 1 /12c: measmc•s the' static spin suscC'ptihilit.y which 
reflects the total Wf:'ight. of the spin fluctuations (§3.2 and §3.:J). It should be not.icc·d that. t.he 
pseudogap suppresses only the' low frequency component. of t.hf' spin fluctuations. It is a natural 
result because the superconductivity has a smaller energy scalf' than t.hat of t.he spin fluctuations. 
Thus, it is no wonder t.hat the scaling relation of the spin fluctuations is violated in tiH' psC'udoga.p 
state. 

The similar featmes of the NMR 1 /T1 1' and 1 /T2c: have bet•n obsc•rved in t.he SU)>('rconducting 

state [30, 31, 32, 33, 34, 35, 36]. In particular, the 1/T2a renul.ins even in the low t.C'mpf'ral.ttr<', 
although the 1 /T1 T rapidly decreases. These' fC'aturcs are the:> characteristics of the d-wa.vc:> super­
conductivity [27, 113]. Therefore, the above results for the pseudogap st.at.e arC' natura.! l><'causC' 
the pseudogap is a precursor of the d-wave superconductivity. The ahow results for t.hf' NM R givf' 
the qualitatively consistent explanation for the experimental results [30, 31, :J2, :13, :1-1, :J5, :JG]. 

While the many quantities show the pseudogap with the same onset. temperature T* [13], the 
uniform spin susceptibility x~(O, 0) decreases from the much higher temperature than 1'* (3<1, M], 
However, the decrease of the uniform susceptibility becomes more rapid near 1'* [3<1]. We consider 
that the ra.pid decrease is caused by the superconduc.ting fluctuations. The calculated results 
confirm the consideration. We show the results for the uniform susceptibility x~(O, 0) and the 
staggard susceptibility x~( Q, 0) in Fig. 4.1 0( c). The staggard susceptibility shows the pseudo­
gap at the pseudogap onset temperature T* observed in 1/T1 T. On the other hand, the uniform 
susceptibility x~(O, 0) decreases with decreasing the temperature from much higher temperature. 
The decrease becomes rapid near T*. The above results well explain results of the NMR measure­
ments (34]. 

The decrease of the uniform susceptibility is shown even in the FLEX approximations. (see 
the inset in Fig. 4.10(c).) Therefore, the decrease of the uniform susceptibility is not necessarily 
attributed to the superconducting fluctuations. However, the superconducting fluctuations sig­
nificantly affect the uniform susceptibility and remarkably reduce the quantity ncar the critical 
point. 

The frequency dependence of the spin susceptibility well describes the character of the pseu­
dogap in the magnetic properties. The results for the dynamical spin susceptibility x~(q, n) at 
q = Q is shown in Fig 11. The real part is suppressed at the low frequency in the pseudoga.p state 
(T = 0.0082 in Fig. 4.ll(a)). Thus, the magnetic order is suppressed by the superconducting 
fluctuations. 

The imaginary part has been measured by the inelastic neutron scattering and shows the 
pseudogap [119]. The calculated results show that the imaginary part is remarkably suppressed 
at the low frequency in the pseudogap state (Fig. 4.11(b)). This is the pseudogap observed in the 
neutron scattering. On the other hand, the spin fluctuations develop in higher frequency region. 
In other words, the pseudogap transfers the spectral weight of the spin fluctuations from the 
low frequency region to the high frequency region. Therefore, the total weight is not so reduced 
by the pseudogap. These features coincide with the above explanation for the NMR I/T1T and 
1/T2o. It is notable that the pairing interaction arising from the spin fluctuations originates in 
the relatively wide frequency region. Therefore, the d-wave pairing interaction is not so reduced 
by the pseudogap. 

In the remaining part of this subsection, we discuss the commensurate and incommensurate 
structure of the spin fluctuations. The incommensurability has been pointed out by the inelastic 
neutron scattering measurements for theY-based compounds, and has been discussed in connec­
tion with the stripe phase (38]. 
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Figure 4.11: The frequency dependence of the staggard spin susceptibility x!l(Q,n) calculated 
by the FLEX+T-matrix approximation for under-doped cuprates. (a) The real part. (b) The 
imaginary part. The solid line, the dash-dotted line and the long-dashed line correspond to 
T = 0.0082, T = 0.016 and T = 0.05, respectively. 

The stripe phase has been measured by the elastic neutron scattering for the La-based com­
pounds and has been actively discussed lately [156, 157, 158, 159, 160, 161, 162]. 

It should be noticed that both commensurate and incommensurate peaks in the spin suscep­
tibility Imx~(q,f2) are obtained within the FLEX approximation (Figs. 4.12(a) and 4.12(c)). 
The incommensurability binc is defined by the peak position of the dynamical spin susceptibility 
QP = { 11' ± hinc, 11') and ( 11', 11' ± hinc)· Whether the spin fluctuations are commensurate or incom­
mensurate is determined by the chosen parameters, t', b and U. One of the general results in our 
calculation is that the incommensurability binc increases with the doping concentration 6. The 
results are consistent with the experiments, qualitatively [39]. The detailed agreement with the 
experimental results has been obtained by the FLEX calculation in the normal state [163]. 

The other general result is that the superconducting fluctuations enhance the incommensura­
bility. Although the commensurate peak is obtained by the FLEX approximation in under-doped 
cuprates (Fig. 4.12(a)), it becomes incommensurate by the effects of the superconducting f-luctua­
tions (Fig. 4.12{b)). The incommensurabilityhinc increases in the FLEX+T-matrix approximation 
in optimally-doped cuprates (Fig. 4.12(d)). The above effect also originates in the pseudogap for­
mation around ( 1r, 0). The results well explain the experimental results of the inelastic neutron 
scattering. The neutron scattering experiments show that the spin fluctuations change from in­
commensurate to commensurate with increasing the measured frequency and the temperature [38]. 
The effect of the pseudogap disappears when the measurement is done at the higher frequency 
than the energy scale of the pseudogap. Thus, the incommensurate peak in the inelastic neutron 
scattering can be explained without any assumption of the charge and/or spin spatial modulation. 

It is expected from the above results that the incommensurate structure tends to appear in the 
superconducting state where the measurements are carried out in many cases. This is because the 
pseudogap is a precursor of the superconductivity and has the same dx2-y2-wave form. Therefore, 
the calculation including the superconducting order is desired for the detailed agreement with the 
experimental results. 
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Figure 4.12: The momentum dependence of the dynamical spin susceptibility Imx~(q, n) at 
n = 0.01. The results for under-doped cuprates (8 = 0.095 and T = 0.010) (a) by the FLEX 
approximation and (b) by the FLEX+T-matrix approximation. The results for optimally-doped 
cuprates (8 = 0.156 and T = 0.0078) (c) by the FLEX approximation and (d) by the FLEX+T­
matrix approximation. 
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4.3.5 Electron-doped cuprates 

In t.his subsection, we apply the above calculation to t.hc C'lc•ctron-dopc•d cupra.t.cs. It. is well 

known t.hat not only t.he hole-doped cupra.tC's but also tlw elect.ron-doped cupra.tc•s such CIS 

Nd2-J·CeJ.Cu04 _y and Pr2-J.CerCu04 _y are the supc>lTOJHiuct.ors [29]. The ded.ron-holc· sym­

metry is eXJ)('ded within the simplc> Hubbard modc>l including only the 1warest.-ncighbor hoppiug. 
IlowcvC'r, some> different. properties from t.he hole-doped cupra.t.es are point.c>d out. for t.lw elc·ct.ron­

doped cuprat.es. The a.nti-ferromagnd.ic ordered state is robust against. t.hC' ca.rric•r doping in t.hP 

elect.ron-dopc•d cupra.tes rather than the hole-doped ones. The relatively low sHpc•rcoJHiud.ing 

critical temperature 1~ is observed in the narrow doping range [29]. 
It has been believed for a long time that. the electron-doped cuprat.c_•s arc an ,<~-wave• or the 

other node-less superconductor. Some experiments have supported the node-less superconduc­

tivity. The exponential dependence of the magnetic penetration depth has been reported [ 1G1 J. 
The absence of the zero bias conductance peak is also reported [165] while it should exist in 

the d-wave superconductor [166]. The possibility of some node-less superconductivity has been 

proposed theoretically [167]. However, some recent experimental results support the dx2-y2-wave 

superconductivity also in the electron-doped cuprates. The power law of the magnetic penetration 
depth [168] and the zero bias conductance peak [169] are shown. The dx2_y2-wavc form of the 
superconducting gap is directly measured by the ARPES [170]. Moreover, the phase sensitive 

evidence for the d-wave superconductivity is also reported by the SQUID microscope [171]. 
We consider that the hole- and electron-doped cuprates should be understood comprehensively 

by the theory including their respective characters. The anomalous properties of the Hall coeffi­
cient are well explained for not only hole- but also electron-doped cuprates on the basis of the same 

formalism treating the spin fluctuations [58, 59]. Therefore, it is natural to expect the same mech­
anism for the superconductivity arising from the spin fluctuations in the electron-doped cuprates. 

Recently, the d-wave superconductivity mediated by the spin fluctuations has been calculated 

theoretically [172]. 
We consider that the application to the electron-doped cuprates is an important test of the­

ories of High-Tc cuprates. Here, it is shown that our theory properly describes the important 

properties of the electron-doped cuprates. The features of the electron-hole asymmetry are nat­
urally explained by our calculations. The electron-hole asymmetric properties are introduced by 

the next-nearest-neighbor hopping term t' in our model. Moreover, some theoretical expectations 

are proposed below. The more experimental verification is desirable. 

The main difference between the electron- and hole-doped cuprates results from the shape of 

the Fermi surface and the distance from the Fermi level to the Van-Hove singularity. The Fermi 

surface of the electron-doped cuprates is obtained by lifting the chemical potential Jt (Fig. 4.13). 
As a result, the Fermi level is lifted from the Van-Hove singularity ( 1r, 0) where the dispersion is 

flat. Therefore, the DOS is rather small in the electron-doped cuprates. The small DOS means 

that the electron correlation is effectively weak. On the other hand, the nesting around ( 1r /2, 1r /2) 
is enhanced and the tendency toward the anti-ferromagnetic order is robust. In the light of the d-p 
model, the carrier is confined in the Cu-site in the electron-doped cases, while it is in the 0-site 
in the hole-doped ones. This fact probably contributes to the robustness of the anti-ferromagnetic 

order. The difference ma.y affect the parameter of the Hubbard model which is an effective model of 

the d-p model in the metallic phase. However, the essential difference is included in the properties 

of the band structure since only the vicinity of the Fermi surface is important for the low energy 

physics. 
Since we define the doping concentration as 6 = 1-n, it is negative in the electron-doped case. 
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Figure 4.13: The Fermi surface of the hole- and the electron-doped cuprates. The thick solid 
line shows the Fermi surface of the hole-doped case 6 = 0.10. The long-dashed and the dash­
dotted lines show the Fermi surface of the electron-doped case 6 = -0.10. The long-dashed and 
the dash-dotted lines correspond to case t' = -0.25t and t' = -0.35t, respectively. The thin 
solid line shows the magnetic Brillouin zone. It should be mentioned that this figure shows the 
non-interacting Fermi surface. Actually, the electron correlation transforms the Fermi surface. 
The transformation is remarkable when the anti-ferromagnetic spin fluctuations are strong. The 
transformation is actually shown in Fig. 3.35. 
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\Vc should not.c t.hat. t.he nunwrical calculation is not. so corr<·ct. for t.lw elect.ron-dopc•d cases as 

for t.he hole-doped ones because of ~omc reasons. The main n•a.son is the finitc siz(' <'ffect.s which 

are serious due.' to t.he large velocity, the weak correlation and t.hc low t.cmJ><'ra.t.mc. Tlw fiuit.c· 

size effects 011 t.he spin- and superronduc.t.ing fluctua.t.ions aw also serious by the sam<' l'<'a.~ons. 

Therefore, we divide the first. Brillouin zone.' int.o 128 x 128 lat.t.ice points in ca.kulat.ion for t.h<' 

dert.ron-dopcd cu pra t.cs. 
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Figure 4.14: The momentum dependence of the dynamical spin susceptibility lmx~(q, n) at. n = 
0.01 calculated by the FLEX approximation. (a) b = -0.123 and (b) b = -0.150 at t' = -0.25t 
and T = 0.01. (c) b = -0.104 and (d) b = -0.130 at t' = -0.35t and T = 0.005. 

For example, the difference from the hole-doped cuprates appears in the magnetic properties. 

We show the results of the FLEX approximation for the momentum dependence of the dynamical 

spin susceptibility in Figs. 4.14 (a) and (b) by using the same parameters t, t' and U. A remarkable 

feature of the spin correlation is tha.t the range of the spin fluctuations is narrow in the momentum 

space. The width of the range and the strength of the anti-ferromagnetic correlation is reduced 

by the electron-doping. The spin correlation is always commensurate in the electron-doped cases. 

That is consistent with the recent experiments [173]. 

It is notable that the FLEX calculation is difficult untill the electron-doping lbl "'0.12 because 

the anti-ferromagnetic correlation is too strong. This fact implies that the anti-ferromagnetic order 

is robust in the electron-doped cuprates than in the hole-doped ones. 

The narrow range of the spin fluctuations means that the mode coupling effects are small 

in the electron-doped cuprates. This favors the anti-ferromagnetic order. Actually, the other 

factors probably contribute to the robustness of the anti-ferromagnetism. For example, the anti­

ferromagnetic order is robust when the three dimensionality (or the interlayer coupling) is strong. 
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Moreover, t.hC' frustration dtw t.o the• carri<'r doping is we-ak wlwn the carriC'r c•nte•rs the- C'u-sit c·. 

ll(•reafter, we discuss the su percond ucti vi t.y and tht> pseudoga p in t.he elect.ron-doped ru pra tc·s. 

The superconductivity mediated hy th<> spin fluct nations is also dc•rivC'd hy using t.hc• FLEX approx­

imations. The most favorable supercouduct.ivity is th<> d.rLy2-Wave. llow<:'ver, the supC'rcoJHiuct.ing 

critical temperature is very low. The rri tical t<>mJwrat.me '/:. higher than 0.002 is not. oht a i nc•d 

within our 111111l<'rical cakula.t.ion. It. is simply understood that. t.he pairing interact ion fro111 t lw 
spin fluct.uatio11s is weak in the <:>lect.ron-doped cuprat.c·s bc•cause of t.he narrow range• of t.lw spin 

fluctuations. It should be noticed that the pairing interaction in t.he holc•-doped cuprat.c•s results 

from t.hc relatively wide rang<' of the spin fluet.uat.ions around Q = (1r, 1r). Iu a.ddit.iou t.o t.his, t.lw 

small DOS remarkably reduces the critical t.C'mpera.t.urf'. 

W<' can obtain a. higher critical tc•mperaturc• '1:. hy choosing t.ll<' hopping pa.rmnC't.c•r I' so as 

to reproduce t.he Fermi surface of N<h-~-Ce,1,Cu04 _y with mon• accuracy. llc'r<', we• choose• I' = 
0.35t and U = 2.0. The commensurate spin flnctua.t.ions owr a wider range arc· oht.ainc•d (Figs. 

4.14(c) and (d)). The spin fluctuations give rise to the d~,2_y2-wavc superconductivity (Fig. ~.15). 

However, the critical t.emperatme is low and the doping ra.uge in which t.he supercouduct.ivity 

occurs is remarkably narrow compared with the hole-doped ones (see the inset of Fig. ~.15). 

The maximum value of the obtained critical temperature is Tc = 0.0045. The doping range is 

h = -0.102"' -0.107. The results for the superconductivity are qualitatively consistent with the 

experimental results [29]. 
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Figure 4.15: The obtained critical temperature Tc for the electron-doped cuprates. The inset 
shows the phase diagram including both hole- and electron-doped cases. 

We show the momentum dependence of the wave function of the superconductivity c/>(k, iwn) in 

Fig. 4.16. Fig. 4.16(a) clearly shows the d-wave superconductivity with the node in the diagonal 

direction. It is a notable difference between the electron- and hole-doped cuprates that a wave 

function shows the sharp momentum dependence in the electron-doped cuprates (Fig. 4.16(a)). 

This is because the quasi-particle and the Fermi surface are more dearly defined in the electron­

doped cases. In the hole-doped cuprates, the many low energy states lie around ( 1r, 0) where 

the quasi-particles are broad because of the strong correlation and the high temperature. On 

the other hand, the electron correlation is effectively weak in the electron-doped case. Therefore, 

the order parameter has a large value only in the vicinity of the Fermi surface. The effectively 
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weak correlation is consist.(•llt wi tit t.lw T-squa rc• resist.i vi t.y in t.he elect ron-dopc·d cu pral.c•s [ 2!J J. Our 
calculation shows t.hc w-squan· depcnde11ce of the imaginary self-enc•rgy hn~,r~·l(k,w) which implic•s 
the 1'-square resistivity. The incommensurate spin flud.uations have lwen rc•garded to give rise to 
the above monwnt.mn depcnd<'nce of t.hc wave function in elc•ct.ron-dopcd cupratcs [172]. llowc·ver, 
it is actually not. the main reason. Artua.lly, the spin fluct.uations arc always comtnellsurat.e in t.lw 
elect.ron-dop<'d cuprat.es within our calculations. 

Thus, t.he FLEX approximation giv<'s t.lw dy2-y2-wa.ve order parameter <P(k, iw11 ) for t.h<' 
elcctron-dop<'d cuprat.C's although the critical temperature is low compar<'d to that of the hole­
doped cupra.t.es. The comprelwnsivc understanding for the phase diagram furthermore support. 
the dy2-y2-wavr• sup<'tTOJHiuctivity mediated hy the anti-ferromagnetic spin fluct.uat.ions. 
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Figure 4.16: The momentum dependence of the wave function of the superconductivity (a) in the 
electron-doped cuprates (h = -0.105 and Tc = 0.0040) and (b) in hole-doped cupra.t.cs (h = 0.093 
and Tc = 0.0080). 

From the above results, we understand that the pseudogap has not been observed in the 
electron-doped cuprates [170, 173]. Because of the low Tc and the weak electron correlation, 
the superconducting coupling TcMF /eF is small. Actually, the large TDGL parameter b = 30 is 
obtained for the parameter set used in Fig. 4.16(a). Therefore, the superconducting fluctuations 
have no significant role as well as in the standard BCS superconductor. The calculated self­
energy shows only the weak effects which are the same order as those in over-doped cuprates. 
For example, the damping -ImER{k, 0) at T = 0.005 and b = -0.104 is about 1/40 of that 
for the under-doped cuprates in Fig. 4.6. Therefore, the pseudogap due to the superconducting 
fluctuations is expected to be weak in the electron-doped cuprates, even if it is seen by some 
experiments. The weak effects give rise to the weak pseudogap in our calculation. However, the 
finite size effect seriously overestimates the effects of the superconducting fluctuations because 
of the large b. Therefore, the effects are precisely much weaker. The results are consistent with 

the experimental results of ARPES [170] and the neutron scattering [173] which do not show the 
pseudogap in the electron-doped cuprates. 

Thus, our calculation naturally explain the doping dependence of High-Tc cuprates including 
the particle-hole asymmetry. The comprehensive understanding including both the hole- and 
electron-doped systems rather supports the pairing scenario for the pseudoga.p. 
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4.4 Self-Consistent Calculation 

In this section, we carry out the' self-consist.Pnt. calculation includiug the' spiu fluct.uHt.ions, sup<'l'­

conducting fluctuations, and the single-particl(• prope•rties. In t.lw sPlf-consist.<'nt. calculation ( \\'" 

call t.he• SC-FLEX+T-matrix calculatiou), C'CJS. (1.:1-H) a11<l ('1.1:3-17) arc• solved sC'If-consiste•ntly 

whC'r<' th<' fully dr<'sse•d Gr<'<'n function (,'(k,iw 11 ) = (iw 11 -Ek- ~'(k,iw11 ))- 1 is us<><l. lh thC' sC'If­

consistent. calculation, W<' cakulat.e• tiH' critical t.e•mpe•rat.Hrc' '/;, rc•dtJC<'d by t.ltC' SIIJ>e'rc·ottcluct ing 

fluctuations. As is described in th<' previous cltapt.c•r §:J, there' C'Xist.s tlw singularity arising from 

the two-dim<'nsionalit.y. The singularity is a.ct.ua.lly r<•movC'd by t.h<' weak t.hrc•c• clim<'nsionalit.y 

which surely exists in t.he• rca.! systems. Th<'rc•forC', we• dd.ermim· the critical tetnpc•rat.me• as t.ltc• 

temperature at which ..\(0, 0) = 0.98 in order to avoid t.lt<' unphysical singularity. TIH' finite• crit.ical 

temperature is obta.itwd by this operation. The lll<'t.hod of t.hC' dete•rmina.t.ion makes no significant. 

difference on the following results. Hcreaft.<'r, we• cousider t.hC' holc•-cloped cuprat.e•s. 

4.4.1 Spin fluctuation and superconducting fluctuation 

First, we clarify the relation between the spin fluctuations and the superconcluct.ing fluct.Ha.tions. 

The two fluctuations complicatedly couple to each other thro11gh the single particle properties. 

Here, we digest the important. factors of the relations. 

The superconduc:ting fluctuations as well as the superconductivity result from the spin fluc­

tuations which act as the d-wave attractive interaction. The spin fluctuations give rise to the 

renormalization of the quasi-particles especially around ( 1r, 0). The rcuormalizat.ion reduces the 

effective Fermi energy cF for the d-wave superconductivity as well as the critical temperature 

Tc. Therefore, the strong superconducting fluctuations are obtained at the rea.~onable critical 

temperature. 

The effects of the superconducting fluctuations on the spin fluctuations have been investiga.ted 

in §4.3.4. The superconduct.ing fluctuations suppress the low frequency spin fluctuations and the 

anti-ferromagnetic order (see Fig. 4.11 ). A residual question is whether the feedback effects of 

the pseudogap on the spin fluctuations suppress the superconductivity itself. 

In order to answer the question, we calculate the feedback effect on the critical temperature 

Tc. We carry out the Modified FLEX (M-FLEX) calculation in which the fully dressed Green 

function is used only in eq. (4.6). In the other equations GF(k, iwn) = (iwn- f:k- LHk, iwn))-1 is 

used. Thus, the effects of the superconducting fluctuations on the spin fluctuations are included, 

however those on the single particle properties are not included. The eqs. ( 4.3-8) and ( 4.12-17) 

are solved self-consistently in the M-FLEX approximation. The results of the FLEX, M-FLEX 

and SC-FLEX+T-matrix calculations are shown in Table 4.1. Here, we determine the critical 

temperature by the condition ..\(0, 0) = 0.98 in the respective calculations for an equity. 

In order to understand the results, it is important that the spin fluctuations have not only 

the paring effect but also the de-pairing effect. The former is from the relatively wide frequency 

region, and the latter is from the low frequency component. The pseudogap remarkably suppresses 

the low frequency component, however the total weight is not so reduced (Fig. 4.11). Thus, the 

de-pairing effect is reduced by the pseudogap rather than the pairing effect. Therefore, the higher 

critical temperature Tc = 0.0098 is obtained by theM-FLEX calculation where Tc = 0.0084 in the 

FLEX calculation. In other words, the feedback effects are advantageous to the superconductivity. 

Thus, only the properties of the low frequency component are not sufficient in order to understand 

the relation between the spin and superconducting fluctuations. 
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FLEX l'vi-FLEX SC-FLEX+ T-tna.trix 

Tc· 0.0084 0.0098 0.0031 
') 

gr/J~nax 24.18 14.23 20.1529 

'Yh 0.06970 0.02747 0.04277 

'Yc 0.00995 0.00971 0.00298 

Table 4.1: The comparison among the FLEX, M-FLEX and SC-FLEX+T-mat.rix approximations. 
The critical temJwratmc Tc. the effective pairing interaction grf>?nax• the damping at 'hot spot' /h 
and tha.t. a.t. 'cold spot'/r. at T = 1:. a.rc shown. The para.mC'ters a.rc~ [! = 1.6 and 8 = 0.083 "'O.OH6. 
Here, the self-energy in theM-FLEX approximation is ~""t,(k,w). 

Needless to sa.y, the pscudogap itself in the single particle properties reduces the critical tem­

perature. The lower critical temperature Tc = 0.0031 is obtained by the SC-FLEX+T-matrix 
calculation. The de-paring effect from the superconducting fluctuations is rather drastic than 

that from the spin fluctuations. (Therefore, the pseudogap is easily caused by the superconduct­
ing fluctuations.) 

In order to make the above understanding clear, we show the quantities g¢?t1ax• /h and /c in 
Table 4.1. Here, ¢max is the maximum value of ¢( k, iwn) and g¢?nax represents the strength of the 

pairing interaction. 

The damping at the 'hot spot' /h = -ImER(kh, 0) at T = Tc represents the strength of the 

de-pairing effect. Here, k11 = (0.9871', 0.021r"). In should be noticed that the obtained /h by the 
M-FLEX calculation has the minimum value in Table 4.1, although the temperature is highest. 

This fact shows the reduction of the de-pairing effect from the spin fluctuations. 

The damping at the 'cold spot' /c = -ImEH(kc,O) determines the in-plane transport [57, 56, 
69]. Here, kc = (0.4571', 0.4271' ). The Table 4.1 shows that the value /c is not so reduced in the 

M-FLEX calculation from the FLEX calculation. Thus, the feedback effects through the spin 
fluctuations are small around the 'cold spot'. Since the self-energy from the superconducting fluc­

tuations Er( kc, w) vanishes at the 'cold spot', we can understand that the effect of the pseudogap. 
on the in-plane transport is small (§3.4.2), as is observed experimentally [33, 43]. The slope of 

the T-linear resistivity is slightly reduced by the feedback effects. The anisotropy lh/lc increases 

due to the superconducting fluctuations. This is important for the incoherent c-axis transport in 
the pseudogap state because the c-axis transport is determined by the 'hot spot' [57, 69]. 

4.4.2 Results of the SC-FLEX+T-matrix calculation 

In this subsection, we show the results of the SC-FLEX+T-matrix approximation. The qualita­

tively similar results to the FLEX+T-matrix approximation are obtained, although the effects of 

the superconducting fluctuations are reduced by the self-consistency. It is notable that the calcu­

lation treating a stronger electron-electron interaction U is possible because the superconducting 

fluctuations suppress the anti-ferromagnetic order. Here, we choose the interaction U = 2.4. 

In Fig. 4.17, we show the self-energy calculated for the under-doped case 8 = 0.073. The 

competition between the pseudogap and the Fermi liquid behavior is shown. The small imaginary 

part and the positive slope of the real part are obtained in the narrow region around the Fermi level. 
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Til<' anomalous fe•at.ur<'s du<' tot IH' sup<'ITOIHiurt.ing flue! uat.ions arc• sllo\\·n in large•r C'nergy scale. 
Th<.'s<' fc•at.mc>s are qualit.at.iwly t.hc> same• as those• ohtain<'d within t.IH' Ill()(lc·l with an attract ivC' 
int.c>raction in §3.1. It. should h(' noticed that this lwhavior is gi\'(•n by tlw sf'lf-consist.enry lwt.wc•c•n 
t.he superconducting fluctuations and the single particle propert.ie·s. Tlw ne'CC'ssit.y of t.he bC'havior 

has lwen c>xplainc·d in §:l.l. 
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Figure 4.17: The self-energy obtained by the SC-FLEX+T-rnatrix approximation. (a) The real 
part. (b) The imaginary part. Here, parameters are lJ = 2.4, h = 0.073 and T = 0.004. The 
solid, dash-dotted and long-dashed lines are correspond to (~~71', 6

1
4 11'), (~!71', :4 11') and (:~71', !~11'), 

respectively. 

The obtained spectral weight is shown in Fig. 4.18. The peak is shown near the Fermi level 

at the momentum around ( 7r, 0). This reflects the Fermi liquid behavior of the self-energy in Fig. 
4.17. The typical three peak structure shown in the under-doped case b = 0.073 (Fig. 4.18(a)) is a 

common feature to the results based on the model with an attractive interaction (§3.1.3). It should 
be noticed that the weight around the Fermi level is remarkably reduced. This is an effect of the 
superconducting fluctuations which give the large self-energy around the Fermi level. As is shown 

in the inset of Fig. 4.18(a), the usual single peak structure is obtained by neglecting the self-energy 
due to the superconducting fluctuations Es(k, iwn), namely G(k, iwn) = (iwn- ek- EF(k, iwn))-1 • 

The spectral weight is recovered and the three peak structure vanishes when the momentum 
leaves ( 7r, 0) along the Fermi surface. Similarly, the effects of the superconducting fluctuations are 
reduced by the hole-doping (Fig. 4.18(b)). The single peak structure is obtained for h = 0.165 
(the inset in Fig. 4.18(b)). In other words, the pseudogap is reduced by the hole-doping because 

the superconducting fluctuations are suppressed. 

The above effect of the superconducting fluctuations becomes more clear by showing the DOS 

in Fig. 4.19. The DOS near the Fermi level is reduced by the superconducting fluctuations and 
the gap structure appears in the under-doped case (solid line). It is confirmed by showing the 

result in which Es(k, iwn) is neglected (long-dashed line) that the pseudogap in the DOS is caused 
by the superconducting fluctuations. The pseudogap is suppressed by the hole-doping, similarly 

(dash-dotted line). Thus, the pseudogap is properly obtained by the self-consistent calculation 
including their doping dependence. 

At last, we show the obtained phase diagram in Fig. 4.20. By the self-consistent calculation, 

101 



4.o (a) 
- (0.98Jt. 0.02Jt) 
---- (0.83Jt. 0.14Jt) 

3.0 
--- (0.73Jt. 0.20Jt) 

-8 
~2.0 -<( 

1.0 

-0.2 0.0 
(0 

0.2 0.4 

(b) 
6.0 ,------.-----..-------, 

4.0 -8 

- (0.98Jt. 0.05Jt) 
---- (0.83Jt. 0.141!) IJJ 

-0.2 0.0 0.2 
~ -<( 

2.0 

-0.1 0.1 0.3 
(0 

Figure 4.18: The single particle spectral weight obtained by the SC-FLEX+T-matrix approxi­
mation. (a.) The under-doped case, h = 0.073 and T = 0.004. Here, 1~ = 0.0032. The solid, 
dash-dot ted and long-dashed lines are correspond to ( ~~ 1r, 6

1
4 1r), ( !~ 1r, i.t 1r) and ( ~~ 1r, ~; 1r), respec­

tively. In the inset, the solid line shows the same results as the main figure. The long-dashed 
lines show the result by neglecting L's(k, iwn)· (b) The optimally-doped ca.se, h = 0.119 and 
T = 0.004. Here, Tc = 0.0035. The solid and dash-dotted lines correspond to (:~1r, 6;11r) and 
(~!7r, i4 1r), respectively. The inset shows the result for the over-doped case, h = 0.165, T = 0.0035 
and k = (:~1r, 6~ 1r ). 
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Figure 4.19: The DOS obtained by the SC-FLEX+T-matrix approximation. The solid and dash­
dotted lines show the under-doped case (h = 0.073 and T = 0.004) and the over-doped case 
(h = 0.165 and T = 0.0035), respectively. The long-dashed line shows the result for the under­
doped case obtained by neglecting the self-energy L's(k, iwn)· 
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t.h<' supc-'rconduct.ing critical tc•mpcraturC' '/;. sttp)>I'<'ssC>d hy t.lw sUJ><'rcmHiuct ing fluctuations is 

calculated. It. should bC> not.in•d t.hat. t.h<' supprc•ssion of 1;. from t.h!' lll<'an fic>ld value lH'comes 

remarkablc-' with undN-doping. This is a nat mal result. hc>cause t hP snpc•rcotHiuct.ing fluct.uat.ions 

become strong with under-doping. In ot.h<>r words, the psc>udogap dc>wlops wit.h undc>r-doping 

and the reduced DOS gives thc> rf'dnc<:>d critical tempc•raturC'. An important. rc•sult. is t.ha.t. t.h<> 

critical tenq>c>ratmc> has t.he maximum vain<:> a.t. ~ "' 0.11 and dc•crc•asc•s wit.h under-doping in 

t.lw SC-FLEX+T-mat.rix cakulat.ion for U = 2.4, whereas 1~ goc-'s 011 incrc>asing in t.ll<' FLEX 

calculation. In other words, the mean field critical tempPrat.urc· given by t.h<' a.nt.i-fc•tTomagnet.ic 

spin fluctuations d<:>vclops with und<'r-doping, howC'vc•r, the strong sttp<'ITonduct.ing flurt.ua.tions 

decreases the critical t.Pmperat.urc• with under-doping in t.he undc•r-dop<'d rc•gion. 
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Figure 4.20: The phase diagram obtained by the FLEX and the SC-FLEX+T-matrix approxima­
tions. The closed circles show the results of the SC-FLEX+T-matrix approximation for U = 2.4. 
The closed and open diamonds show the results of the FLEX and the SC-FLEX+T-matrix ap­
proximations for U = 1.6. 

It is notable to write again that the strength of the superconducting coupling is indicated by the 

ratio TcMF / eF, and not by Tc. Since the effective Fermi energy eF decreases, the superconducting 

coupling becomes strong with under-doping in spite of the decreasing Tc. Thus, the decreasing Tc 
in the under-doped region is obtained by considering the superconducting fluctuations. 

We can see from Fig. 4.20 that the critical temperature for U = 1.6 does not decrease with 

under-doping even in the SC-FLEX+T-matrix calculation. Thus, the strong renormalization of 

the quasi-particles by the electron correlation plays an important role for describing the under­

doped cuprates. It is important that we can treat the strong correlation by considering the 

superconducting fluctuations which suppresses the anti-ferromagnetic order. 
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4.5 Summary 

In this chapter, we have investigated t.hc pscudogap phenomena. starting from the lluhhard model. 

We have succeeded in deriving the pseudogap phenomena. from the on-sit.e repulsive int.C'ract.ion. 

The renorma.lizcd quasi-particles and the pairing intcrad.iou via the anti-ferromagnetic spin flurt.u­

at.ions arc ca.lcula.t.ed by using the FLEX approximation. The a.nt.i-fcrroma.gnet.ir spin fluctuations 

give rise to the strong renorma.liza.t.ion around thC' 'hot spot'. Therefore, the cffect.ivC' Fermi euergy 

E"F for the d-wave symmetry is strongly renormalized. Because of the high critical temperature Tc. 
and the renormalizcd Fermi energy c:r, the superconducting coupling 1~MF/c:F becomes strong iu 

the under-doped region. As a. result, the pseudoga.p phenomC'na occurs owing to the sclf-eucrgy 

correction by the strong supcrconducting fluctua.tions. The n•stdts support. the scenario which is 
described within the model with ad-wave attractive interaction (§a). 

An important. progress is that the pscudogap is described as a phenomenon uear the Fermi 

surface. Because the obtained pairing interaction affects only the quasi-particles near the Fermi 

surface, it is naturally described that the superconducting fluctuations and the pseudogap have 

the small energy scale compared with the electron correlation. These results support the pict.ure 
in which the pairing interaction becomes effectively strong for the renormalized quasi-particles. 

Moreover, it should be emphasized that the calculation in this chapter properly describes 

the doping dependence of the pseudogap phenomena. The superconducting coupling becomes 

weak with hole-doping since the Fermi energy increases and the mean field critical temperature 

TcMF decreases. Therefore, the superconducting f-luctuations gradually become insignificant with 

hole-doping and negligible in under-doped region. The doping dependence well explains the phase 

diagram of the High-Tc superconductors. The obtained doping dependence of the TDG L parameter 
b has confirmed the above picture and gives the comprehensive understanding of the magnetic field 

dependence of the pseudoga.p phenomena (§3.2). 

The application of the calculation to the electron-doped cuprates gives a consistent understand­

ing with the experimental results [29, 168, 169, 170, 171, 173]. We have obtained the dx2-u2-wavc 
superconductivity with low critical temperatures within the narrow doping range. It is shown that 

the pseudogap is not observed in the electron-doped cuprates. The difference from the hole-doped 

case is derived from the particle-hole asymmetry of the band structure. The band structure ob­
tained by the band calculation and observed by the ARPES naturally leads to the particle-hole 

asymmetric properties. It is surprising that such simple explanation is given for the complicated 

problems. The comprehensive understanding including the particle-hole asymmetry furthermore 

supports our scenario for High-Tc cuprates. 

The pseudogap in the magnetic properties has been investigated and explained properly. We 

have calculated the quantities observed by the NMR and the neutron scattering. Our calculation 

has naturally explained the characteristics of the pseudogap phenomena which are subtly different 

from each other. 

We have clarified the relation between the spin fluctuations and the superconducting fluctua­

tions which are complicatedly connected with each other. It is shown that the feedback effects of 

the superconducting fluctuations on the spin fluctuations do not suppress but enhance the super­
conducting correlation. Therefore, the strong coupling superconductivity is not suppressed by the 

feedback effect. Since the relation of the spin- and superconducting fluctuations are complicated, 
we have to understand the different energy scale of the two phenomena, the superconductivity 

and the magnetism in order to clarify it. 

Of course, the superconducting fluctuations themselves suppress the superconducting transi-
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t.iou. This effect. is so strong and the critical t.emp<>ratmf' is rf'markably rC'ducf'd in t.llC' uudc•r­

doped r«:'giou. We have calculated the reduc«:'d critical tempPra.t.urc by t.h«:' SC-FLEX+T-111al.rix 

calculation in which the single particle properties, the spin fluctuations and t.hc superconducting 

fluctuations arc determined self-consistently. Qualitatively the same results for t.he psc•udogap 

phenomena have been obtained by the SC-FLEX+T-matrix calculation. The ca.kulatC'd critical 

temperature shows the maximum value near {J"' 0.11, and dc•creases with und<'r-doping, although 

it k«:'eps increasing in th«:' FLEX calculation. Thus, we hav«:' succcc•ded in d<'scrihing t.he uudn­

doped cuprates by considering the strong superconduct.ing fluctuations in the strongly COJT<•Iat.ccl 

elPd.ron systems. 

Finally, it should be stressed that the calculation in this chapt.c•r starts from the Fc•n11i liquid 

st.ate and properly describes the Iligh-1~ cupra.tPs including the under-dopf'd region. Th<' comprc•­

hensive understanding of High-1~ cuprates ha.s been obtained including their doping dependc•ncc•. 
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Chapter 5 

Conclusion 

In this thesis, we have given an explanation of the pseudogap phenomena in High-7~ cupratcs 
which are the remained highlight of the High-Tc superconductivity. So far, many arguments have 
been given for the anomalous properties in the normal state High-Tc cuprates. Many of them have 
been based on the anomalous state far from t.he Fermi liquid state. The pseudogap phenomena. 
are the main topics among the 'anomalous' properties. In this thesis, we have started from the 
Fermi liquid state and taken into account the strong electron correlation and the resulting super­
conducting fluctuations. The obtained results have properly described t.hc 'anomalous' properties 
in the under-doped region. The pseudoga.p phenomena result from the strong snpcrconducting 
fluctuations. The origin of the strong superconducting fluctuations are the strong electron corre­
lation, the high critical temperature and the quasi-two dimensionality. These important factors 
a.re the characteristics of High-Tc cuprates. Therefore, it is considered that the derived answer is 
reasonable. 

It should be stressed that the reasonable explanation is obtained by starting from the Fermi 
liquid state, although the resulting electronic state is far from the conventional Fermi liquid theory. 
This result strongly indicates the universality of the Fermi liquid theory. The concept of the Fermi 
liquid theory is not restricted within the conventional Fermi liquid state. The continuous change 
from the under-doped region to the over-doped region suggests the validity of the starting point 
based on the Fermi liquid state. In particular, the starting point is necessary for the comprehensive 
description of the High-Tc superconductivity. It should be noticed that the anomalous behavior 
observed in the under-doped region is not essential for the High-Tc superconductivity because 
the superconductivity occurs even in the over-doped region. It is reasonable that the normal 
state is also described by starting from the Fermi liquid state. However, the description has been 
important but difficult problem so far. Although the several problems are solved, the main topics 
(that is, pseudogap phenomena) are remained to be understood. We think that the answer is 
obtained by considering the superconducting fluctuations. It should be stressed that the results 
obtained in this thesis gives the answer and shows the comprehensive description of the High-Tc 
superconductivity. 

The important and remained problem is the description of the under-doped limit. The calcu­
lation in this chapter can not be applied to the limit because the FLEX approximation does not 
describe the Mott transition. Although the calculation describing the Mott transition is difficult 
at present, we think that the essence of the metallic state of High-Tc cuprates has been explained 
in this thesis. 
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