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Abstract

In this thesis we investigate the pseudogap phenomena in High-7¢ superconductors. In our sce-
nario, the superconducting fluctuations are the origin of the pseudogap. They are sufliciently
strong to give rise to the pseudogap in the quasi-two dimensional strong coupling superconduc-
tors. We calculate the effects of the superconducting fluctuations on the normal state electronic
structure. The pseudogap phenomena are naturally derived from the resonance scattcring due to
the superconducting fluctuations. The obtained results comprehensively explain the pscudogap
phenomena in High-7¢ superconductors including their doping dependence. First, we expand the
reciprocal of the T-matrix with respect to the momentum and the frequency, and we discuss the
properties of the expansion paramecters. We estimate these parameters and carry out the cal-
culations for the single particle self-energy using the T-matrix and the self-consistent T-matrix
approximations, respectively (§3.1). The spectral weight and the density of states show the pseudo-
gap by the effects of the resonances scattering. The critical temperature T; is remarkably reduced
owing to the fluctuations. Second, the effect of the magnetic field on the pseudogap phenomena
are investigated. The obtained results well explain the experimental results including their dop-
ing and temperature dependences (§3.2). Third, the superconducting phase transition from the
pseudogap state is investigated. The characteristic features of the phase transitions are naturally
confirmed (§3.3). Moreover, the anomalous properties of High-1 superconductors are investigated
both in the normal state and in the superconducting state. The comprehensive understanding of
the NMR, the neutron scattering, the in-plane and c-axis resistivity, the optical conductivity and
the London penetration depth is obtained (§3.4). Finally, the resonance scaltering scenario on
the pseudogap phenomena is well justified on the basis of the Hubbard model which includes
only the on-site repulsive interaction U (§4). The electronic state and the anti-ferromagnetic
spin fluctuations are calculated by using the fluctuation exchange (FLEX) approximation. The
T-matrix which is the propagator of the superconducting fluctuations is calculated by extending
the Eliashberg equation. The self-energy due to the superconducting fluctuations is calculated
by the FLEX+T-matrix approximation. The pseudogap in the single particle properties and the
magnetic properties is derived. The doping dependence is well reproduced. The comprehensive
explanation for the phase diagram of High-T¢ cuprates is obtained. Furthermore, we apply the the-
ory to the electron-doped cuprates and obtain the consistent results with the recent experiments.
The results of the self-consistent calculation for the spin fluctuations, superconducting fluctua-
tions and the single particle properties are carried out within the FLEX and the self-consistent
T-matrix approximations. The relation between the superconducting fluctuations and the spin
fluctuations are clarified. The calculated superconducting critical temperature T¢ is remarkably
reduced from the results of the mean field (FLEX) calculation. In particular, it is shown that the
critical temperature decreases with decreasing doping concentration in the under-doped region
with large U. Thus, we start from the Fermi liquid state, and succeed in describing the High-T¢
cuprates including the under-doped region.
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Chapter 1

Introduction

Since the discovery of the high-temperature (Iligh-7;) superconductivity by Bednortz and
Miiller [1], many studies on the High-T, superconductors have been carried out for a long time.

In the first stage, the symmetry of the Cooper pairs and the mechanism of the superconduc-
tivity have been the main issucs. The symmetry of the conventional BCS superconductors is the
s-wave which is mediated by the electron-phonon interaction [2]. In the carly stage, some exper-
iments indicated the s-wave superconductivity also in the High-T, superconductivity. However,
the more detailed analysis have shown the d-wave superconductivity both experimentally [3] and
theoretically [4]. After that, the phase-sensitive experiments have supported the d-wave symme-
try [5, 6]. The d-wave superconductivity is a common conclusion at present.

Many scenario on the mechanism of the d-wave superconductivity have been proposed by
many authors. Among them, the nearly anti-ferromagnetic Fermi liquid theory [7, 8] has obtained
a considerable consensus untill now. The nearly anti-ferromagnetic Fermi liquid theory starts from
the Fermi liquid statc and considers the strong anti-ferromagnetic spin fluctuations [9, 10]. The
d-wave pairing interaction mediated by the anti-ferromagnetic spin fluctuations is a natural result
of this theory [7, 8].

The other well-known starting point is the {-J Hamiltonian in which the super-exchange inter-
action J is included. The ¢-J Hamiltonian is used to descrive the resonating valence bond (RVB)
theory which starts from the non-Fermi liquid state [11, 12]. The d-wave superconductivity have
been shown also in the ¢{-J Hamiltonian [13, 14, 15].

In the next stage, the anomalous properties in the normal state have been the current issues.
In this context, the phrase ‘anomalous’ means the deviation from the conventional Fermi liquid
theory. The Fermi liquid theory has shown the good success in the general description of the
metals [16]. However, the many quantities including the magnetic and transport properties show
the ‘anomalous’ behavior in the under-doped region. The pseudogap phenomena are the typi-
cal ones. With increasing the hole-doping, the anomalous behavior continuously changes to the
conventional one in the Fermi liquid theory.

The electron-correlation is considered to be strong in the under-doped region which is near
the metal-insulator transition. Therefore, the description of the normal state properties has been
one of the main topics of the strongly correlated electron systems. Needless to say, the normal
state is the stage in which the High-T, superconductivity occurs. Therefore, it is expected that
the understanding of the anomalous properties gives the comprehensive understanding of High-T,
superconductivity.

In particular, the anomalous properties have frequently lead the argument that the Fermi liquid
state is completely broken in High-T. superconductors. Many ideas for the non-Fermi liquid state
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have been proposed and developed. Then, the pseudogap phenomena are the main evidence of
these arguments. This is the main reason that the pseudogap phenomena have been the main
issues among the anomalous properties.

The pseudogap phenomena mean the suppression of the low frequency part of the various
spectrum without any long range order. In other words, the gap-like behavior is observed above
T. and called ‘pseudogap’. The pseudogap phenomena are the universal phenomena observed
in the various compounds of High-T, superconductors. The pseudogap is observed in the wide
temperature region in under-doped cuprates. The temperature region hecomes narrow with in-
creasing the hole-doping and becomes unobservable near the optimally-doped region (Fig. 2.2).
The pseudogap phenomena are the great mysteries within the conventional Fermi liquid theory,
and have been regarded as the characteristics of High-T, superconductors.

Among the non-Fermi liquid theories, the well-known one is the RV theory [11, 12]. The spin-
charge separation is the starting point of the RV theory and two distinct excitations ‘spinon’
and ‘holon’ are considered as the low energy excitations. The ‘spinon’ and ‘holon’ have the spin
and charge, respectively. The idea contradicts the Fermi liquid theory in which the low energy
excitations are the adiabatically continuated quasi-particles. In the RVB theory, the pseudogap
phenomena are explained as a singlet pairing of the ‘spinons’. The magnetic excitations are
suppressed by the singlet pairing. Since the ‘holons’ couple to the ‘spinons’ only thorough the
gauge field, the singlet pairing only weakly affects on the transport phenomena. These {eatures
are consistent with the characteristics of the pseudogap phenomena. Thercfore, the pseudogap
phenomena have been regarded as the evidence of the spin-charge separation. Thus, they are key
issues on the argument, ‘High-T; superconductors are Fermi liquid or non-Fermi liquid ?’.

Here, we consider it natural that the anomalous properties are explained by starting from
the Fermi liquid state and taking into account some characteristic factors of the systems. Such
explanation is necessary for the comprehensive understanding of the High-7; superconductors in
which the anomalous behavior in the under-doped region continuously changes to the conventional
behavior in the over-doped region. It should be noticed that there are no phase transition from
the over-doped region to the under-doped one.

Actually, the many theoretical studies have been made from the above point of view. Most
of ‘anomalous’ properties have already been explained by these studies. I'or example, the super-
conducting critical temperature T, with relevant order of magnitude is obtained by starting from
the Fermi liquid state. Moreover, the transport phenomena, such as T-linear resistivity p(7"), en-
hanced Hall coefficient Ry(T') and incoherent c-axis resistivity p.(T') have been explained. They
are the typical ‘anomalous’ properties which are contradictory to the conventional Fermi liquid
theory. In most of these theories, the anti-ferromagnetic spin fluctuations, which are the origin
of the pairing interaction, play a dominant role. Thus, many of the ‘anomalous’ properties are
explained by the approach based on the Fermi liquid theory. However, the sufficient understanding
of the pseudogap phenomena have not been obtained from these approaches. The comprehensive
understanding of the phenomena have remained as the last and important problem for us.

As an approach from the Fermi liquid state, there are some scenarios on the problem. One
is the magnetic scenarios which take into account the anti-ferromagnetic spin fluctuations or the
anti-ferromagnetic hidden order [9, 17, 18, 19]. Another one is the pairing scenarios in which
the pseudogap is a precursor of the superconductivity. The pairing scenario was proposed in the
early stage [20]. This scenario became to be noticed [21] after the experiments have indicated the
close relation between the pseudogap state and the superconducting one [22, 23]. However, the
theories in the first stage do not correspond to the realistic situation, and therefore the sufficient
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understanding has not been obtained by these theories.

In this thesis, we derive the pseudogap phenomena under the relevant situation for Iligh-
T superconductors [24]. It is shown by the results that the correct mechanism of pscudogap
phenomena is different from that of the early theories. In our scenario, the resonance scatticring
due to the strong superconducting fluctuations derives the pseudogap phenomena. The validity
of our scenario is shown in this thesis. We obtain the comprehensive understanding including
the characteristic doping dependence, magnetic field dependence [25] and the close relation with
the superconducting state {26, 27]. Moreover, the magnetic and transport properties are well
explained by considering the characteristic momentum dependence of the systems [27].

We succeed in describing the pseudogap phenomena by starting from the Hubbard Hamilto-
nian [28]. In this calculation, we start from the repulsive Hubbard Hamiltonian, and calculate
the pairing interaction within the fluctuation exchange (FLIX) approximation. We show that
superconducting fluctuations arising from the pairing interaction is sufficient to give rise to the
pseudogap phenomena. The doping dependence, which includes both the hole-doped and electron-
doped cases, is also explained consistently. As a result, the comprehensive understanding on the
basis of the pairing scenario is obtained for the pseudogap phenomena.

Hereafter, we explain our calculation and the obtained results in detail. This thesis is con-
structed as follows. In §2, we review the past results for the Iligh-T. superconductivity. The
materials and the phase diagram of the High-T, superconductors are explained in §2.1. The ex-
perimental results for the pseudogap phenomena are reviewed in §2.2. The past theorics based
on the pairing scenario are reviewed in §2.3. Our calculations based on the model with a d-wave
attractive interaction are shown in §3. In §3.1, we give the mechanism of the pseudogap which
is derived by the resonance scattering from the superconducting fluctuations. The effect of the
magnetic field on the pseudogap is clarified in §3.2. The superconducting transition from the
pseudogap state is investigated in §3.3. The anomalous fcatures in the magnetic and transport
properties are explained in §3.4. In §4, we explain our results based on the Hubbard Hamilto-
nian. The FLEX+T-matrix approximation, which is first developed here, is explained in §4.3.1.
In §4.3.2, the pseudogap phenomena are derived by using the FLEX+T-matrix approximations.
The doping dependence of the superconducting fluctuations is clarified in §4.3.3. The pseudogap
phenomena in the magnetic properties are well explained in §4.3.4. Our theory is applied to the
electron-doped cuprates in §4.3.5. Moreover, the self-consistent FLEX+T-matrix approximation
is carried out in §4.4. The relation between the spin fluctuations and the superconducting fluctua-
tions is clarified in §4.4.1. The calculated results of the single particle properties and the obtained
phase diagram are shown in §4.4.2. The summary of §4 is given in §4.5. Finally, the conclusion
of this thesis is given in §5.



Chapter 2

Theories and Experiments on High-T,
Superconductivity -Introduction to
Pseudogap Phenomena-

2.1 Materials and Phase Diagram

Bednortz and Miiller have first discovered the high temperature superconductivity in
Lay_Ba,CuOy4 [1]. After that, many High-7. compounds have been discovered in the Cop-
per Oxide. The well-known compounds are Laj_,Sr,CuQOy4, YBa;Cu3zOg4s, BiSroCaCuyOgys,
T1,Ba;CuOgys, HgBasCuOyys and so on. All of these compounds have the perovskite structure
(Fig. 2.1(a)), and have the CuO;-planes (Fig. 2.1(b)). The High-T¢ superconductivity essen-
tially occurs in the two dimensional CuO,-plane. Therefore, these compounds are generally called

‘High-T. cuprates’. This thesis also use this generic name.

P Ln(Ce)

Figure 2.1: (a) The crystal structure of the typical High-T, superconductors. (b) The CuO; planes.

The properties of these compounds are controlled by the carrier doping concentration é (Fig.
2.2). The systems are half-filled without any carrier doping (6§ = 0). In this case, the system is
an anti-ferromagnetic Mott insulator. The anti-ferromagnetic phase is suppressed by the hole-
doping and the metallic phase appears. The High-T. superconductivity occurs in the metallic
phase. First, the superconducting critical temperature T, increases with increasing the hole-
doping concentration §. This region is called ‘under-doped’ region. The critical temperature Tt
shows its maximum around a finite doping concentration. This region is called ‘optimally-doped’
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region. By increasing the doping concentration more, the critical temperature decreases. and the
superconductivity disappears at last. This region is called ‘over-doped’ region.

There are two important characteristics of the High-T, superconductors. One is the strong
electron-electron correlation. This is indicated by the phase diagram in which the metallic phase
is near the Mott insulator phase. The other is the quasi-two dimensionality which results from the
two-dimensional crystal structure. Both the electron correlation and the quasi-two dimensionality
is expected to be strong in the under-doped region. These characteristics yield the ‘anomalous’
properties in the under-doped region. However, it should be noticed that there is no phase
transition between the under-doped region and the over-doped one. In other words, all of the
regions in the metallic phase are continuously connected. The continuity is one of the basic
concept of the Fermi liquid theory. The pseudogap phenomena occur from the optimally- to
under-doped region. Since the phenomena are not the phase transition, the onset line 7' = T in
the phase diagram (Fig. 2.2) corresponds to the crossover temperature between the pseudogap
state and the non-pseudogap state.

The electron-doping (6 < 0) also induces the superconductivity. Ilowever, some different
features are observed in the electron-doped cuprates. For example, the anti-ferromagnetic phase
is robust in these systems. The superconductivity occurs in the narrow doping region. The
relatively low superconducting critical temperature is observed. The most important difference
concerned with this thesis is that the pscudogap phenomena in the under-doped region is not
observed in the electron-doped cuprates.

In this thesis, we give a comprehensive understanding of the phase diagram including both the

hole- and electron-doped cases.

0

Figure 2.2: The phase diagram of the High-T, superconductors. The horizontal axis and the
vertical axis show the doping concentration and the temperature, respectively. The character ‘AF’,
‘SC’ and ‘PG’ mean the anti-ferromagnetic state, the superconducting state, and the pseudogap
state, respectively. The onset line of the pseudogap T' = T™ is not the phase transition line. That
shows the typical crossover temperature.
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2.2 Experimental Results for the Pseudogap Phenomena

The normal state excitation gap in the under-doped cuprates has been indicated by various ex-
periments. First, the pseudogap was found in the magnetic excitation by the nuclear magnetic
resonance (NMR) experiment [30]. Therefore, the phenomena were called *spin gap’ in carly years.
The phrase ‘spin gap’ frequently implies the magnetic origin and the gap formation only in the
spin channel. At present, the pscudogap phenomena have been observed in various properties
which include not only the magnetic excitation [30, 31, 32, 33, 34, 35, 36], but also the trans-
port [40, 11, 42, 43, 44, 15], optical spectrum [46, 47, 48], density of states [19, 50] electronic
specific heat [51, 52], and the single particle spectral weight [22, 23], In particular, the observa-
tion of the single particle gap has presented the important suggestion. Belore explaining that, we
briefly review the experimental results for High-T.. Cuprates, mainly those showing the pseudogap
phenomena. The experimental results are reviewed in Ref. 53.

2.2.1 NMR

The nuclear magnetic resonance (NMR) experiments have shown the anomalous temperature
dependence of the spin lattice relaxation rate 1/7} (Ilig. 2.3), the Knight shift K (Fig. 2.4)
and the spin-echo decay rate 1/T,g (Fig. 2.5) [30, 31, 32, 33, 34, 35, 36]. The quantity 1/7,T
takes a constant value independent of the temperature T" in the conventional Fermi liquid theory.
High-T, cuprates shows the Curic-law of the NMR 1/T7T above the pseudogap onset temperature
T*, namely 1/T1T o (T + 0)~'. The Curie-law in the metallic state is well explained by the self-
consistent renormalization (SCR) theory [10] which includes the mode coupling effects of the spin
fluctuations. The Curie-law indicates the existence of the strong spin fluctuations in the High-7,
cuprates. The NMR 1/T\T shows the peak at T* and decreases with decreasing the temperature
below T*. This is the well-known pseudogap phenomenon discovered first [30], and means the
suppression of the magnetic excitations in the low {requency part.

20 M T M 1
N T™TT Ti
- *0 l l,
|
X W
0 28860
0 . ) Qa0 u",
~ () 'La *0goo wm, |
O I *esge " 3
iy I o m e ;
- ,d) u w Under
© (To=79K)
| 40n o Optimally
Cu (Te= )
M . *@lman
. 1 1 ° J|
0 100 200 300
T (K)

Figure 2.3: The experimental data of the NMR 1/T7T [34].

The Knight shift K is proportional to the uniform susceptibility x o< K. In the Fermi liquid
theory, the uniform susceptibility y is a constant and satisfies the Korringa-relation K% o< 1/T1T.
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IYigure 2.4: The experimental data of the Knight shift [34].

However, the Knight shift K shows the diflerent temperature dependence from that of 1/777T
in High-T;. cuprates. The former gradually decreases with decreasing the temperature below the
temperature Ty which is much higher than T* [34]. This behavior is observed also in the direct
measurement for the uniform susceptibility x [54]. Some authors have argued {rom the temperature
dependence that the pseudogap is not observed in the uniform susceptibility. However, the decrease
of the Knight shift becomes rapid below T* [34]. Thus, the effect of the pseudogap appears also

in the uniform susceptibility, or Knight shift.

20 rrrrrer
@) b) A
20 ———z;-_._.v....,.__.__e FA15: §§§ % ]
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£ §i§ i |
£ . = 3~ |
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, o 1T,T) : Iﬁz
CREC AT A
emperature 0 100 200 300
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Figure 2.5: The experimental data of the NMR 1/Tyg for (a)YBa;Cu3Oges [32] and
(b)HgBa;CuOy4y4s [33).

The spin echo decay rate 1/T>g reflects the momentum sum of the static spin susceptibility
x(g,0). This quantity increases with decreasing the temperature above T™*. The experiments
in early years have shown that the NMR 1/T3g keep increasing also below T* [32]. However,
the recent experiments shows the different behavior of the NMR 1/T,g for different High-T.
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compounds. In some compounds, the decrease of 1/Tyq in the pseudogap state is reported [33, 35].
There is an idea that attributes the difference to the effects of the interlayer coupling [36]. Anyway,
the relatively weak effect of the pseudogap on the NMR 1/7y¢ compared with the NMR 1/7,7" is

observed in conmimon.

2.2.2 Neutron scattering

Q=(¥2.12.16)

{eo
Te = 50K Jo
¢ Fw = 8 meV _205
0 100 34 ©

Temperature (K)

6 5 10 15235

Energy (meV)
Figure 2.6: The experimental data of the dynamical spin susceptibility at the anti-ferromagnetic
wave vector Imy(Q,w) [37].

The neutron scattering experiments have given a more direct information about the pseu-
dogap in the magnetic excitations (I'ig. 2.6) [37]. The dynamical spin susceptibility x(q,w) is
measured by the neutron scattering experiments. The susceptibility x(g,w) grows necar the anti-
ferromagnetic wave vector ¢ = (m, ) in High-T, cuprates. This is a direct evidence of the strong
anti-ferromagnetic spin fluctuations. Hereafter, we write the anti-ferromagnetic wave vector as
Q = (m, 7). The experimental results of the w-dependence in x(Q,w) have directly shown the
pseudogap in the magnetic excitations. Generally, the spin fluctuations grows with decreasing
the temperature and the weight of the spin fluctuations Imy(@Q,w) increases in the low frequency
part. However, the weight is suppressed and shifts to the high frequency part in the pseudo-
gap state (T, < T < T*). This behavior is the pseudogap phenomena observed by the neutron
scattering [37].

The other topic indicated by the neutron scattering is the incommensurate structure of the
dynamical susceptibility x(g,w). The incommensurability has been pointed out by the inelastic
neutron scattering measurements for the Y-based compounds, and has been discussed in con-
nection with the stripe phase [38]. The incommensurability becomes small with decreasing the
temperature [39]. We give a comment on this phenomenon in §4.3.4.

2.2.3 Resistivity and Hall coefficient

Generally, the pseudogap phenomena in the transport properties are weak compared with the
magnetic properties. This is a reason why the pseudogap has been called ‘spin gap’. However, the
transport coefficients also change their behavior at T*, and these characteristics are well explained
by our scenario.
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Figure 2.7: The experimental data of the in-plane resistivity [43].

In the conventional Fermi liquid, the resistivity shows the T%-law in the low temperature region.
However, the T-linear in-plane resistivity is obscrved in optimally- and under-doped cuprates [41].
That is anomalous at a glance, however is well explained by considering the scattering process
exchanging the spin fluctuations [55, 56, 57]. The in-plane resistivity changes its slope at T* and
slightly deviates downward (Fig. 2.7) [42, 43]. This rather weak deviation have been one of the
puzzle. However, that is well explained by considering the characteristic momentum dependence
of High-T; cuprates. We will explain this point in the following section (§3.4.2).
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Figure 2.8: The experimental data of the Hall coefficient [42].

The Hall coefficient Ry in High-T. cuprates show the strong temperature dependence [44],
while it is temperature independent in the conventional Fermi liquid. Moreover, in under-doped
cuprates, the Hall coefficient becomes much larger than that obtained by the band calculation.
The enhanced Hall coefficient has been interpreted as the evidence of the low carrier density n
because the relation Ry o 1/n is derived from the Drude theory. However, this interpretation is a
much superficial expectation. Since only the quasi-particles near the Fermi surface contributes to
the transport, the number density n of carriers do not appear in the correct theory. Actually, the
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enhanced Hall coefficient is well explained by the nearly anti-ferromagnetic Fermi liquid theory [58,
59]. Kontani and Kanki have pointed out on the basis of the Kolino’s general expression [60] that
the vertex correction plays an important role. The Kohno’s general expression is derived from the
Kubo formula and includes the vertex correction which is not included in the Boltzmann theory.
The Hall coefficient remarkably deviates downward in the pscudogap state, and decrcases with

temperature (Iig. 2.8) [12].
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Figure 2.9: The experimental data of the c-axis resistivity [45].

The the c-axis resistivity shows the strong anisotropy p./pes in High-T, cuprates (Fig. 2.9).
The anisotropy becomes strong in the under-doped and/or low temperature region. Moreover, the
c-axis resistivity behaves as a semiconductor in under-doped region (Fig. 2.9) [45]. The pseudogap
remarkably affects on the c-axis resistivity which strongly increases in the pseudogap state [45].
This qualitatively different behavior from the in-plane resistivity will be also explained in the

following section (§3.4.2) [57].

2.2.4 Optical conductivity

The c-axis optical conductivity shows no Drude peak in under-doped region (Fig. 2.10) [46, 47, 48].
That is consistent with the incoherent c-axis resistivity. The c-axis optical conductivity shows the
gap structure in the pseudogap state, although the in-plane optical conductivity shows only the
weak structure in the higher frequency region. The pseudogap observed in the c-axis optical
conductivity smoothly changes to the superconducting gap [46, 47)].

On the other hand, the in-plane optical conductivity shows the sharp Drude peak. The Drude
peak remains even in the superconducting state [46, 47, 48]. That is a feature of the d-wave
superconductivity. This behavior is also shown in the following section (§3.4.2).
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Figure 2.10: The experimental results for the optical conductivity [47].

2.2.5 Angle-resolved photo-emission spectroscopy

The angle-resolved photo-emission spectroscopy (ARPES) has shown the especially important
suggestion about the pseudogap phenomena [22, 23]. The ARPES directly measures the single
particle spectral weight at the selected momentum. The results have shown the leading edge gap
above T¢ (Fig. 2.11). In the BCS theory, the leading edge gap corresponds to the superconducting
gap. Here, the leading edge gap appears without the superconducting long range order. That
means the suppression of the single particle spectral weight near the Fermi energy in the normal
state. The gap starts to open near T* [54]. Thus, it has been shown that the pseudogap occurs
in the single particle spectrum. Moreover, ARPES experiments have shown the following two
important results. (i) The shape of the pseudogap is similar to that of the superconducting gap.
That is to say, the pseudogap has the d-wave form. (ii) The magnitude of the pseudogap does not
change thorough the superconducting transition [22, 23]. Below T¢, the coherent quasi-particle
peak appears at the gap edge, and the gap structure becomes sharp. However, the energy scale
of the gap does not change. This behavior is naturally understood in our scenario (§3.3).

Thus, the close relation between the pseudogap and the superconductivity is suggested by
ARPES experiments. These results have remarkably encouraged the pairing scenario, and there-
fore many theoretical studies have been done on the basis of the scenario.

2.2.6 Tunneling spectroscopy

The tunneling spectroscopy directly measures the electronic density of states (DOS). The suppres-
sion of the DOS near the Fermi level is shown above T, (Fig. 2.12) [49, 50]. The energy scale of the
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Figure 2.11: The results of the ARPES [22]. The leading edge gap is observed above T.. The
pseudogap shows the same momentum dependence as that of the superconducting gap.

pseudogap in the DOS is nearly the same as that of the superconducting gap. The gap structure
becomes sharp below .. The results are consistent with the ARPES, and have supported the
pairing scenario similarly [49].

In this connection, the gap-like structure which is similar to the normal state pseudogap is
observed in vortex cores in the superconducting state [61]). Although the zero bias peak in the
vortex core is shown theoretically for the pure d-wave case [62, 63], that is not observed experimen-
tally [61, 64, 65]. The authors have indicated that the pre-formed pairs exist in the vortex core [61].
We think, this conclusion is still uncertain. Another proposal on the problem is that the other
component participates in the d;2_,2-wave component of the superconducting order parameter.
For example, the possibility of d,2_,2 + is-wave [66] or dy2_,2 + idg,-wave [62] is investigated. In
these cases, the superconductivity becomes node-less near the vortex cores. Therefore, the bound
state appears around the vortex cores. The other proposal is that the momentum dependence of
the c-axis hopping matrix ¢, (k) suppresses the zero bias peak. The momentum dependence is
indicated by the band calculation [68]. This is the origin of the incoherent c-axis transport which
will be explained in the following section (§3.4.2) [57, 69].

2.2.7 Electronic specific heat

The electronic specific heat C is proportional to the temperature C o 4T in the Fermi liquid
theory. The coeflicient v is proportional to the quasi-particle density of state which is enhanced
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Figure 2.12: The results of the tunncling spectroscopy [49].

by the electron correlation. The experimental results show the temperature dependence of the
coeflicient 4 in the under-doped region [51]. The coeflicient v is reduced with decreasing the
temperature and/or the doping concentration. The reduction occurs well above T, and T*. The
step height at T, becomes small in under-doped cuprates. This behavior is inconsistent with the
simple expression for the strongly correlated electron systems. Generally speaking, the electron
correlation enhances the specific heat as is observed in the heavy-fermion systems. However,
since the momentum dependence is one of the characteristics of the low dimensional systems, it
is natural that the simple theory neglecting the momentum dependence is not applicable to these
systems. The similar behavior to the cuprates is observed also in the organic superconductor
k-(BEDT-TTF) compounds. These results mean that the entropy has been already lost at rather
high temperature. Generally speaking, the entropy in the strongly correlated electron systems
mainly originates from the freedom of spins. Therefore, we think that the development of the spin

correlation reduces the entropy and the specific heat.
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Figure 2.13: The results for the heat coefficient v [51].

The recent experiment has shown that the coefficient v shows a weak change near 7™ and
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decreases more rapidly below 1™ [52]. 1t should be considered that this decreases is a result of the
suppressed DOS in the pseudogap state.

2.2.8 Phase diagram

As is explained in this subsection, the pseudogap is observed by various measurements. It is shown
that the onset temperature 7* measured by the above experiments is similar and shows the same
doping dependence. One important result is that the onset temperature 7' is proportional to
the amplitude of the superconducting gap (Fig. 2.14) [70). Although the critical temperature 7,
decrcases with under-doping, the superconducting gap increases. Namely, the superconducting
gap seems to have a close relation with 7™ rather than 7. This relation also indicates the close
relation between the pseudogap phenomena and the superconductivity. Thus, the pairing scenario
is expected to give an comprehensive understanding of the phase diagram of High-T,. cuprates.
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Figure 2.14: The phase diagram. The doping dependence of the pseudogap onset temperature T
and the superconducting gap A are plotted [70].

2.3 Pairing Scenario and Strong Coupling Superconduc-
tivity

In this thesis, we develop a theory of the pseudogap phenomena on the basis of the strong super-
conducting fluctuations [24, 25, 26, 27, 28]. We consider that the strong fluctuations originates
from the strong coupling superconductivity and the quasi-two dimensionality. This theory be-
longs to the pairing scenario. However, the pairing scenario is classified into some types. Many of
them are different from ours and do not correspond to the realistic situation. First, we explain the
strong coupling superconductivity and review some types of the pairing scenario for the pseudogap
phenomena.

Generally, the mean field theory based on the BCS theory [2] assume that the superconducting
critical temperature T¢ is much smaller than the effective Fermi energy ep. Therefore, the BCS
theory is called the weak coupling theory. The effective Fermi energy ep is the typical energy
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scale of the clectron system. This assumption is generally justified in the conventional supercon-
ductors in which the electron-phonon interaction is the pairing interaction. In other words, the
pairing interaction is sufliciently small compared with the kinetic energy of the clectron systems.
Therefore, it is considered that the superconducting fluctuations are sufficiently weak in the con-
ventional superconductors. The Strong Coupling Supcrconductivily means that the assumption is
violated and therefore the superconducting fluctuations play an important role. The correction
on the two-body correlation function resulting from the superconducting fluctuations has been
investigated within the weak coupling theory [71, 72]. However, the superconducting fluctuations
strongly affects the single particle properties in the strong coupling case [24].

The strength of the superconducting coupling is indicated by the ratio TMF /er. Here, TMY s
the superconducting critical temperature obtained by the mean ficld theory. The assumption of
the weak coupling is written as TMY /e < 1 which is justified in conventional superconductors.
There are two important factors in order to realize the strong coupling superconductivity in
High-T. cuprates. (i) The effective Fermi energy ep is renormalized by the clectron-electron
correlation. In this sense, the strong coupling superconductivity is a characteristic phenomenon
in the strongly correlated electron systems. (ii) The high critical temperature T itsell which is
derived by the pairing interaction mediated by the anti-ferromagnetic spin fluctuations {7, 8]. The
strong coupling superconductivity generally induces the strong fluctuations. Morcover, the quasi-
two dimensionality enhances the superconducting fluctuations still more. The above lactlors, strong
renormalization, High-7. and the quasi-two dimensionality are the characteristics of the systems.
Thus, it is natural to consider the strong superconducting fluctuations in High-7,. cuprates.

The well-known theory describing the strong coupling superconductivity is the Nozieres and
Schmitt-Rink (NSR) theory [73, 74]. The NSR theory describes the crossover from the weak
coupling BCS superconductivity to the Bose Linstein condensation of the pre-formed pairs. I'irst,
the ground state in the strong coupling superconductors is formulated by Leggett [73]. In his
procedure, the BCS wave function in the ground state is used. He have shown that the crossover
is described by the shift of the chemical potential u. The wave function changes with the shift
which is included in the coefficients uy, and v, in the ordinary notation.

Nozieres and Schmitt-Rink have extended the formulation to the finite temperature. The
concept of the NSR theory [74] is taking account of the corrections of the pair fluctuations to the
thermodynamic potential 2 shown in Fig. 2.15. The correction is written as,

W =T Z ]Og[1+XP0(Q7iQn)]7 (21)
i

1~ f(eprar) = f(e_kiq/2)
Xeo(@:0) = PV p— +‘1’26 _*g”. (2.2)
k k+q/2 -k+q/2

Here, Vk,k is the pairing interaction which is Vk,k =V < 0 in the s-wave case. The function
xpo(q, ) is the bare pairing susceptibility. It should be noticed that the notation of xpo(q,2) is
different from that used by us in the following section.

In the next procedure, the correction to the fermion number density is calculated by the
following formula.

Ny = —E'Qb =T —3)('po(q,lﬂ,,)/3u, (2.3)

ou q.i9n, 1+ XpO(Qv i€2,)

q.%. 1 + xpo(q,i€n)
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The total fermion density is obtained by adding it to the free fermion part Ny as N = Ny + Ny,.
These procedures of the NSR theory correspond to counting the number of the bosonic pre-formed
pairs. In the NSR theory, the chemical potential y is determined sell-consistently so as to fix the
total fermion density N. Thus, the essence of the NSR theory is included in the shift of the chemical
potential yt. The NSR theory describes the crossover between the BCS superconductivity j ~ ep,
N ~ Nt to the BE condensation of the pre-formed pairs g ~ V', N ~ N,,. The applicability of
the NSR formalism to the two-dimensional systems have been investigated [75, 76], because the
fluctuations in the two-dimensional systems reduces the critical temperature T. = 0 even in the
weak coupling limit. This is caused by the singularity due to the two-dimension. It should be
noticed that the NSR theory is justified in the low density limit [74] as is explained later.

We can understand this fact by considering the following easy question. The effects consid-
ered in the NSR theory cancel in the particle-hole symmetric case. Sven in this case, the two-
dimensionality is sure to reduce the critical temperature T, = 0 unless we consider the Kosterlitz-
Thouless transition. What is the origin 7 The answer is the higher order corrections of the

superconducting fluctuations.

Figure 2.15: The correction to the thermodynamic potential calculated in the Nozieres and
Schmitt-Rink theory.

The pairing scenario based on the strong coupling superconductivity was first proposed by
Randeria et al [20]. The proposal is also based on the NSR theory. In the NSR theory, the gap
opens in the single particle spectrum in the strong coupling case. That is a natural result because
the fermions are tightly bound by the strong pairing interaction. In that case, the low energy
excitation is the motion of the center of mass of the pre-formed pairs. The phase transition is the
BE condensation of the pre-formed pairs.

The pseudogap in High-T. cuprates has lead to the studies based on the NSR theory and
the BCS-BE crossover [20, 77, 78, 79, 80, 82, 83]. In these studies, the pseudogap state has been
regarded as the intermediate regime of the BCS-BE crossover. Many of them calculated the s-wave
case, such as the attractive Hubbard model. For example, the Ginzburg-Landau theory is derived
by Stintzing and Zwerger [79]. One feature of the GL theory is that the dissipation term becomes
exponentially small in the BE regime. This is because the DOS of the fermions is completely
gaped. The reduced dissipation has pointed out by other The NSR formalism has been applied
to the d-p model by Koikegami and Yamada [82] and Kobayashi et al [83]. The self-consistent
T-matrix calculation has been carried out [77, 78, 80, 81], first by Haussman [77]. The above
calculations have treated the Fermi gas model or the low density model. It should be noticed that
the self-consistent T-matrix approximation describes the same scenario as the NSR theory, when
the fermion density is chosen to be low density. Although we will use the self-consistent T-matrix
approximation, the different situation results in the different scenario.

Some authors have also proposed the phenomenological model in which the fermions and the
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pre-formed bosons coexist [84, 85, 86]. This situation corresponds to an intermediate regime in
the NSR theory. Geshkenbein el al. [84] have proposed the phenomenology with reference to the
sign problem of the fluctuational Hall effect [87]. We briefly discuss the problem later.

However, the NSR theory is justified in the low density limit and not in High-7. cuprates.
This is because they are nearly half-filled lattice system and should be regarded as the rather high
density system. Moreover, since the pseudogap phenomena take place near the Fermi surface, the
situation in which the Fermi surface remarkably changes and disappears at last is not realistic.
Actually, it is shown that the pseudogap phenomena are naturally derived by the sclf-energy
correction due to the strong superconducting fluctuations [24, 88]. The resonance scattering by
the low energy superconducting fluctuations gives rise to the anomalous features of the self-encrgy
and leads to the pseudogap. The self-energy is sufliciently small in the weak coupling case, and
therefore usually neglected. However, the self-energy remarkably affects the electronic state in the
strong coupling case. This scenario is different from the NSR scenario. The resonance scattering
plays an important role in high density systems, although the shift of the chemical potential is
dominant in low density systems. First, the importance of the resonance scattering has been
pointed out by Janko et al [88]. Ilowever, their calculation is also based on the Fermi gas model
with the s-wave pairing interaction. Therefore, their calculation also describes the NSR scenario
and the BCS-BE crossover at last. In this thesis, we derive the pseudogap phenomena on the basis
of the resonance scattering scenario in the relevant situation for High-T, cuprates. It is shown
that the shift of the chemical potential, which is included in our calculation, is actually small [24].
It should be noticed that the effective Fermi energy er in lligh-T. cuprates is reduced by the
electron-electron correlation and not by the low density.

The other approach belonging to the pairing scenario is the phase fluctuation scenario. The
scenario has been proposed by Emery and Kivelson [21] and calculated by other authors [89, 90].
Their calculations are based on the Kosterlitz-Thouless (IXT) transition in the two-dimensional
system. In the procedures, the vortex excitation plays an important role. The situation may exist
near the critical temperature. Actually, the recent experiment on the thermal conductivity has
indicated the vortex excitation [91]. However, the situation in which the amplitude is fixed in
the wide region of the pseudogap state is inappropriate. Since the real systems are weakly three-
dimensional, the description of the situation is important and difficult problem for the phase

fluctuation scenario.
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Chapter 3

Theory of Pseudogap Phenomena on the
Basis of the Strong Coupling
Superconductivity [24, 25, 26, 27]

In this chapter, we clarify the mechanism of the pseudogap on the basis of the model with the
d-wave attractive interaction [24, 25, 27, 26]. Our scenario for the pseudogap phenomena will be
justified in §4 by using the Hubbard model. However, the fundamental features of the supercon-
ducting fluctuations and the pseudogap phenomena are included in this attractive model.

In §3.1, the basic formalism describing the mechanism of the pseudogap phenomena are ex-
plained. The important factors for realizing the pseudogap is clarified. In §3.2, the effects of the
magnetic field on the pseudogap phenomena are calculated. The obtained results well explain
the high field NMR measurements including their doping dependence. The comprehensive un-
derstanding from the over-doped to under-doped region is shown. In §3.3, the properties of the
superconducting transition from the pseudogap phenomena are investigated. The relevant under-
standing of the smooth change from the pseudogap state to the superconducting onc are obtained.
In §3.4, the various quantities, such as the magnetic and transport properties, are calculated in the
pseudogap state and in the superconducting state. The characteristic behavior in each quantities
is explained by considering the characteristic momentum dependence of High-T, cuprates.

3.1 Mechanism of the Pseudogap Phenomena [24]

In this section, we derive the pseudogap phenomena caused by the superconducting fluctuations
which are enhanced in the quasi-two dimensional strong coupling superconductors.

This section is constructed as follows. In §3.1.1, we give a model Hamiltonian and explain the
basic formalism adopted in this chapter. In §3.1.2 and §3.1.3, we explicitly calculate the single
particle self-energy corresponding to the T-matrix and the self-consistent T-matrix approxima-
tions, respectively. In §3.1.4, we explain the important factors for the pseudogap phenomena and
discuss the possibility of the pseudogap phenomena in other compounds.

3.1.1 Theoretical Framework

In this section, we describe the basic formalism of the idea ‘resonances scattering’ due to the low
energy superconducting fluctuations. The formalism is based on the time-dependent-Ginzburg-
Landau (TDGL) expansion for the superconducting fluctuations and the T-matrix and self-
consistent T-matrix approximations for the self-energy of electrons. We show that the strong
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coupling superconductivity leads to the anomalous normal state properties above the supercon-
ducting critical temperature. Hereafter, we adopt the unit h = ¢ = kg = 1.
We adopt the following two-dimensional model Hamiltonian which has a d,2_,2-wave super-

conducting ground state.
I = ZSL:('L",Ck.s + Z ‘4-=—q/2.k'—q/2(’;_k',|CL/,[Ck.IFq-k,l» (3.1)
ks kK g
where V}, s is the d,2_,2-wave separable pairing interaction,

Vi = gorpn, (3.2)
Yk = cos k. — cos ky. (3.3)

Here, g is negative and ¢y, is the d;2_,2-wave form factor. The form factor is a constant in the
conventional s-wave case. We consider the dispersion € given by the tight-binding model for a
square lattice including the nearest- and next-nearest-neighbor hopping ¢, t', respectively,

ex = —2t(cos k; + cos ky) + 4t' cos k. cos ky, — . (3.4)

We fix the lattice constant a = 1. We adopt ¢t = 0.5¢V and t' = 0.45¢t. These parameters well
reproduce the Fermi surface of the typical High-T. cuprates, YBa;Cu3Og4s and BiaSroCaCuzOgys.
We choose the chemical potential x so that the filling n = 0.9, which corresponds to the hole doping
6 = 0.1. The Fermi surface is shown in Fig. 3.1.
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Figure 3.1: The Fermi surface adopted in this chapter.

Since the Brillouin zone edge acts as a natural momentum cut-off, we do not have to use the
renormalization methods in order to remove the ultraviolet divergences which exist in the Fermi
gas model. [20]

The above Hamiltonian is an effective model in which the paring interaction affects the renor-
malized quasi-particles. Since the energy scale in the above model is the renormalized Fermi energy
er, the relatively large paring interaction is considered. The realistic energy scale for cuprates
is obtained by considering the renormalization as 2 1/10 which is a relevant order in d-electron
systems.

Actually, the origin of the pairing interaction should be considered to be the anti-ferromagnetic
spin fluctuations {7, 8]. The calculation dealing with the pairing correlations obtained by the spin
fluctuations on the basis of the fluctuation exchange (FLEX) approximation is carried out in
the next chapter [28]. Here, adopt the simplified model and show the essential points of the
pseudogap phenomena derived by the superconducting fluctuations. There is a feedback effect on
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the pairing interaction arising from the pseudogap. The pseudogap suppresses the low frequency
component of the spin fluctuations. However, the pairing interaction is mainly caused by the
high frequency component compared with the energy scale of the superconducting fluctuations.
Therefore, qualitatively the same results are obtained from the model with a fixed attractive
interaction.

IFirst of all, we consider the properties of the scattering vertex arising from the superconducting
fluctuations, I'(k,q — k : k',q — k' : iQ,,). The vertex is described by the ladder diagrams (T-
matrix) in the particle-particle interaction channel (Fig. 3.2.).

(a)

G N

n
——
==
SR

(b)

/\A/ =

Figure 3.2: The scattering vertex represented by the ladder diagrams in the particle-particle chan-
nel (T-matrix). The dashed lines represent the attractive interaction V}, 1. The single and double
solid lines represent the propagator of the bare and renormalized fermibns, respectively. The sin-
gle and double wavy lines represent the propagator of the bare and renormalized superconducting
fluctuations, respectively.

It is factorized into I'(k,q — k : k', q — k' : iQ2,) = ka_q/zt(q, iQn)SOk'_q/2, where

t(q,i%) = [97" + xpo(q,i20)] 7, (3.5)
xoo(@:i) = T 30 G(K',iwn)G(g = k', i — iwn )@l _g
k' wm

Here, wy, = 27(m+ )T and Q, = 27nT are the fermionic and bosonic Matsubara frequencies,
respectively. As a result of the analytic continuation, xpo(q, §2) is expressed as

(e =2 [ % [fw-)ImGR(g - k,Q - w) G*(k,w) (3.7)
—f(w)GR (g — Kk, — w)ImGR(k,w)]goi_q/z. (3.8)

Here, Zsc = (1 + gxpo(g,€))~! is regarded as a enhancement factor for the superconducting
susceptibility xsc(q,§). When 1 + gxp0(0,0) = 0, the susceptibility xsc(0,0) diverges and the
superconductivity occurs. This is the well-known Thouless criterion which is equivalent to the
BCS theory in the weak coupling limit. [74] The T-matrix ¢(q,) can be regarded as a propagator
of the fluctuating Cooper pairs. The momentum and the frequency g and 2 represent the motion
of the center of mass. The Thouless criterion corresponds to the situation in which ¢(g, ) has its
pole at ¢ = Q = 0.
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Here, we are interested in the normal state necar the superconducting critical point, where
the Zs. grows and the superconducting fluctuations are enhanced. Even in the weak coupling
limit, this divergence affects the various physical quantities [71, 72], and the several studies have
been given for High-T. on the basis of such a framework [92, 93, 94, 95, 96, 97]. llowever, in the
strong or intermediate coupling region, the superconducting fluctuations more seriously affect the
electronic states. We will show that helow.

Because the T-matrix I(q, §1) is strongly enhanced around g = ©Q = 0, its contribution to the
single particle self-energy Y'(k,w) is mainly from the vicinity of ¢ = 2 = 0. Therefore, we expand
the reciprocal of the T-matrix t='(q,Q) in the vicinity of ¢ = Q = 0. The expansion is described
as follows,

g .
(g, Q) = . 3.9
(2.8} to + bg? — (a; +iaz)f (3.9)

This expansion corresponds to the time-dependent-Ginzburg-Landau (TDGL) expansion. In
the above description, {o = 1 4+ gxpo(0,0). The other parameters b, a; + iaz are obtained by
the differentiation of gxpo(q,€) with respect to the momentum and frequency, respectively.
Later, we explicitly estimate xpo(g,f?) and the TDGL expansion parameters by using the
bare Green function GRO(k,w) = (w — e +16)7" in §2.2, the renormalized Green function
GR(k,w) = (w — ep — LR(k,w))™! in §2.3, respectively. These estimations correspond to the
T-matrix approximation (see Fig. 3.3(a)) and the self-consistent T-matrix approximation (see
Fig. 3.3(b)), respectively.

In this section, we explain the general properties of the TDGL parameters, and calculate the
contribution of the superconducting fluctuations to the single particle self-energy L7(k,w).

I >

Figure 3.3: The diagrams of the single particle self-energy based on (a) the T-matrix approximation
and (b) the self-consistent T-matrix approximation, respectively. (c) The Hartree-Fock term
which we exclude afterward. This term should be included in the dispersion relation ey, from the
beginning.

First, we describe the expression in the weak coupling limit. In this case, we can use the bare
Green function GR(®). The bare pair susceptibility xpo(q, Q) is expressed as follows:

1- f(€k+q/2) f(e -k+q/2)

Q k’ (3'10)

X O(q?Q) = Z:
? k Ck+gi2 T kig/2—

where f(e) is the Fermi distribution function. The TDGL parameters are expressed as follows:

o= 149 ds%m@)%mmﬂ(O)T;Tﬂ (3.11)
7
b = lol [ BT o gy o) L) ot (3.12)
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tanh(35) | - ( L
ay = IgI/df——“—(zE)g pa(e) = 5a(0)/pa(0) = 5191 on (3.13)
T
ay = |9|Pd(0)§f- (3.11)

Here, ¢(3) is the Riemann’s zeta function and o is the mean value of the quasi-particle’s veloc-
ity on the I'ermi surface. Here, we have defined the eflective DOS for the d,2_,2-wave symmetry.

pa(€) = D pp(€)eks (3.15)
k

where, pp(€) is the single particle spectral weight pg(e) = Ap(e) = —2ImG"(k,e). The first
derivative of the effective DOS is expressed as pjy(0). It should be noticed that pg(e) is more
sensitive Lo the pseudogap formation rather than the DOS p(e) = 1y, pg(e). In the pseudogap
state, the spectral weight near the Fermi level is suppressed around the momentum (r,0) where
the form factor ¢y, is large. One the other hand, the quasi-particle peak remains in the vicinity of
(w/2,7/2). However, this area contributes little to the effective DOS pq(e) because of the small
form factor ¢p. Therefore, the pseudogap remarkably suppresses p4(0) rather than pg(0). In this
sense, the difference between the s-wave case and the d-wave one is small.

The properties of the TDGL parameters are explained in the following way. The parameter
to = 14 gxo0(0,0) represents the distance to the phase transition, and is sufliciently small near the
critical point T' = T,. The parameter b is generally related to the coherence length &, b o< €2. The
small b generally means the strong fluctuations. The parameter a; expresses the time scale of the
fluctuations. This is the dissipation term of the fluctuations. Roughly speaking, the parameters a;
and b are described as, a; o pa(0)/T and b o pa(0)/T"2. Because of the high critical temperature
T. and the renormalization effect by the pseudogap, both a; and b become small in the strong
coupling superconductivity. The renormalization effect on the dissipation term has been pointed
out by the other calculation [98]. These features of the TDGL parameters indicate that the
scattering vertex due to the superconducting fluctuations is remarkably enhanced.

The parameter a, is determined by the particle-hole asymmetry of cach system. That is
understood by considering it is proportional to the first derivative p}(0) and ?19%(“2'22 [99]. The
cancelation in the particle-hole symmetric case is robust even in the strong coupling case. In the
weak coupling limit, the real part a, is higher order than the imaginary part a; with respect to the
small parameter TMF /ep. Therefore, the parameter a; has usually been neglected. However, the
real part a; should not be neglected for High-T, cuprates. One reason is that the superconductivity
is expected to be in the intermediate or strong coupling region. In that case, the ratio TMF/ep
increases with the coupling constant |g|. The other reason is the strongly asymmetric band
structure of the systems. It should be noticed that a; is not so reduced even in the case of the
strong coupling superconductivity. Because the relatively large momentum space contributes to
the parameter ay, it is not so affected by the pseudogap formation. Therefore, it is possible that
the real part a, is the same order of the imaginary part a,.

As a result of the above discussion, the extreme condition |a;| > a2 can be realized near the
critical point in the strong coupling limit. This expectation is confirmed by our explicit self-
consistent calculation in §2.3. In this case, the superconducting fluctuations have a propagative
character, although they are over-damped diffusive mode in the conventional weak coupling theory.
It should be noticed that it is a character of the collective mode and does not mean the tightly
bound pairs supposed in the NSR scenario [74]. The suppression of the dissipation term a; has
the different origin from that in the NSR theory [79]. Especially, the phase transition is the
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superconductivity, not the Bose condensation in the sense of the NSR theory. The finite «
induces the asymmetry of the T-matrix. Actually, the particle-hole asymmetry is not necessary
but advantageous to the pseudogap state in the self-consistent solution (§2.3).

As is explained before, the sign of @y depends on the band structure. The sign of a; is negative in
case of under-doped High-T;. cuprates. This fact indicates that the superconducting fluctuations
have lole-like character in the under-doped region. The sign of a; determines the sign of the
correction of the superconducting fluctuations on the lall coefficient [99]. It has been pointed
out [87] that the experimental results of the Hall coefficient in High-7% cuprates under the high
magnetic field is not consistent with the above general expression. The sign-reversal of the Hall
coefficient occurs in under-doped cuprates. The result means that the electron-like contribution
is given by the superconducting fluctuations. That is inconsistent with the negative sign of a;.
Geshkenbein et al. phenomenologically assumed that the pre-formed pairs are clectron-like in
order to explain the sign problem [84]. However, the sign of a; is negative cven in the strong
coupling region. Moreover, the pre-formed pairs are hole-like even in the NSR scenario. Thus, the
assumption by Geshkenbein et al. is not justified by the simple strong coupling theory.

In the remaining part of this section, we calculate the single particle self-energy corresponding
to the one-loop diagram (Fig. 3.3(a)) on the basis of the above TDGL expansion for the T-matrix.
Here, we phenomenologically define the TDGL parameters and use the bare Green function for
simplicity. This calculation corresponds to the T-matrix approximation. Hereafter, we choose the
TDGL parameter #o as a small parameter. Therefore, our theory is an approach starting {from the
actual critical point.

The self-energy is given by

. . . | . 2 c
Y(k,iwy) = Tq%; t(q,i,)G(q — k,iQ,, — "‘)")‘pk_q/z' (3.16)

After the analytic continuation, we obtain

kw) = ¥ [ Lp@)imi(a,2)6M g - k.2~ w) - f(@t(a, 2 +0)mGR(g — k)
q
xwi_q/z, (3.17)
ImZR(k,w) = — Z/ d—g[b(ﬂ + w) + f(2)]Imt(q, Q2 + w)ImG®(q — k, Q)cp",’c_q/z. (3.18)
q

Here b(0) is the Bose distribution function. In the conventional Fermi liquid theory, the factor
[b(Q + w) + f()] gives the common relation ImZR(k,w) ox w? + (7T)% However, in this case,
the strong g- and Q2-dependence of the T-matrix (g, ?) give rise to the anomalous features as we

show below. '
Assuming |a;| > ay which is expected in the strong coupling limit, we can describe the

imaginary part of the T-matrix in the following way,

Imt(q, Q) = g;r—l5(ﬂ - Qgq) (3.19)

Here, we have defined the dispersion relation of the fluctuating Cooper pairs Qg = (to +
bg?)/a;. Because the parameter a; is negative in our case, the pole of the T-matrix is also
negative g < 0. This shows that the superconducting fluctuations are not electron-like but
hole-like. By substituting eq. 3.19 into eq. 3.17, we obtain

1
ReZR(k,w) = Zg[ab(ﬂq)ReGR(q -k, Qq —w)
q
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/—/( w)lo_'_ bat (l]QIm( (g —k,Q “")]“fk-q/z‘ (3.20)

Im X = Z [b (Qq) + [(g — w)ImGR (g — k, Qg — u.’)\,JL q/> (3.21)

We can sce from the above expressions that the singular contribution in the small {y limit arises
from the terms proportional to b(€2q). Therefore, we estimate the singular terms by lincarizing
the bare Green function as, GO%(q — k,w) = (w — ef, + vpg +16)71. Because the singular
contribution arises from the vicinity of ¢ = 0, we restrict the g-sum to the region [Qg| < 7, and
use the approximate relation b(Q2q) ~ Ql- Since only the small region in the vicinity of ¢ = 0
contributes to the self-energy, we can neglect the g-dependence of the form factor Ph_q/2 By
using the above procedures, we exactly calculate the g-sum. Since the results are very complicated,
we show the approximate results as follows,

@ i oglgmin(T, o, a®b/las o})] (ol > o)
R B Claria log|4 Lmin(T, o, 1|vg, o .
ReX (lu,(.d) - { _J(pi——é—”alvk(-l(lf — 1) I(Yl i;‘:—l) (';22)
2
2 T (o2 4 ky)-3 <T
ISR (k,w) = { SPRm(e+ )T (o< ' |) (3.23)
ay U A
0 (a Z WL - ﬁ‘h)a

where we have defined as o = w + Efo
We show the typical features of ReXR®(k,w), ImXR(k,w) and 7A(k,w) = —ImGR(k,w) in

Fig. 3.4.

It is notable that the real part of the self-energy has the positive slope in the vicinity of
a = 0, and the imaginary part of the self-energy has the sharp peak al a = 0 in ils absolute
value. The both features are anomalous compared with the conventional Fermi liquid theory.
These anomalous features should be regarded as the effects of the resonance scattering of the
quasi-particles by the thermally fluctuating Cooper pairs. Such drastic phenomena take place on
the condition |Qg| < T. Of course, the characteristics of the strong coupling superconductivity
are included in the properties of the TDGL parameters. As the coupling constant |g| increases
and therefore the critical temperature T, increases, the effects of the resonance scattering become
remarkable. On the other hand, these effects are sufficiently weak in the weak coupling case.
Although we have used the assumption |a;| > a; in the above analytic calculation, the results
change little even in the conventional case |a;| < a;. The only change is that the particle-hole
asymmetric structure is weakened. However, the large dissipation term a; reduces the absolute
value of the self-energy.

It should be noticed that the self-energy essentially has the asymmetric structure, which arises
from the hole-like features of the superconducting fluctuations. For example, the imaginary part

has the long tail on the negative frequency side.

1
w+ek +ilCo
data of the ARPES experiments. Our results are qualitatively consistent with the assumption.
However, we shall point out in §2.3 that the slight break down of the assumption which originates

Norman et al. [100] have used the assumption LR(k,w) o in order to explain the

from the asymmetric structure is important for the self-consistent solution.

The result for the single particle spectral weight A(k,w) is shown in Fig. 3.4(c). According to
Fig. 3.4(a), there are three solutions of the equation w — e, — ReZ®(k,w) = 0. However, since the
imaginary part of the self-energy is extremely large in the vicinity of @ = 0, the middle solution
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Figure 3.4: (a) The real part of the self-energy given by the one loop diagram in Fig. 3.3(a). The
solid line shows the condition w— e, — ReZ®(k,w) = 0. (b) The imaginary part of the self-energy.
(c) The spectral weight. For all figures, the k-point is chosen so as to be on the Fermi surface

near (0,7). (see inset in (a)). Here, the coupling constant and the TDGL parameters are chosen
asg=—20,a; = —1.0, az = 0.2, b = 0.2, to = 0.03, T = 0.2.
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in Fig. 3.4(a) disappears. Therefore, the spectral weight shows the gap-like two peak structure at

B = £/ + A3, (3.24)

AL = 'g'%rzrz log['f‘/i—(: : (3.25)

This spectrum is similar to that of the superconducting state. Although the gap amplitude
is related to the condensed Cooper pairs in the superconducting state, here, A'Zk is proportional
to the total weight of the superconducting fluctuations. That is regarded as the number of the
thermally fluctuating Cooper pairs, ng o< 3-q b(§2q) in the strong coupling limit.

FFurthermore, the spectral weight also has the asymmetric structure. The spectrum has the
relatively broad peak on the negative frequency side and the sharp peak on the positive frequency
side. Randeria et al. [101] have proposed the assumption of the particle-hole symmetry for the
spectral weight, and actually Norman et al. [22] carried out the analysis for the ARPES data on
the basis of the assumption. We consider that this analysis is qualitatively relevant. lowever, our
calculation shows that this assumption is necessarily broken in the strong coupling superconduc-
tors, because the particle-hole asymmetry clearly appear in that case. Indeed, the particle-hole
asymmetry plays an important role in stabilizing the self-consistent calculation in §2.3.

We shall numerically carry out the explicit calculation for the TDGL parameters and the single-
particle self-energy corresponding to the T-matrix (in §2.2) and the self-consistent T-matrix (in
§2.3) approximations in the following sections.

It should be pointed out that there is a logarithmic singularity of the self-cnergy and Ay,
near the critical point. This singularity is a characteristic feature of the two-dimensional systems.
Strictly speaking, the singularity reduces the critical temperature T, to 0. The result is well-
known as the Marmin-Wagner’s theorem. The NSR theory for two-dimensional systems [75, 76]
has the similar singularity, and the critical temperature T, = 0. However, there is not such a
singularity in the layered systems. Although the quasi-two dimensionality enhances the effects of
the fluctuations, the weak three-dimensionality is sure to remove the singularity. [94]

Here, we briefly comment on the Noziéres and Schmitt-Rink theory. The NSR theory takes
account of the shift of the chemical potential by the creation of the bosonic particles, and decides
the critical temperature T, using the Thouless criterion for the shifted chemical potential. It
should be noticed that the chemical potential shifts upward in case of High-T,. cuprates because
the superconducting fluctuations are not electron-like, but hole-like. It is the opposite direction
compared to the Fermi gas model or the low density lattice model. (see Fig. 3.5.) We can
understand this result by considering egs. (1.3) and (2.13). The derivative of the thermodynamic
potential with respect to the chemical potential u is related to the TDGL parameter a;. In the
relation 2a; = |g|?1'%(:)'—0), the factor 2 corresponds to the two electrons composing the Cooper

pairs. In the low density case a_x,%(u(),_m > 0, and in case of the under-doped cuprates, i’ngL—O’—Ol < 0.
The upward shift is a natural result because the DOS decreases in that direction.

We can understand from the above calculations that the NSR scenario is justified in the low
density limit. In the low density limit, a strong attractive interaction easily creates the bosonic
pre-formed pairs which can move almost freely. The chemical potential shifts remarkably in that
case. There is no serious effects on the fermion system except for the shift of the chemical potential
p. This insight is justified by the results in this section that the self-energy is proportional to
the number of bosons npg in rough estimate. Because the number of bosons ng can not exceed
the total fermion density, the effects of the resonance scattering do not appear in the low density
limit. On the other hand, the effects of the resonance scattering are dominate the shift of the
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Figure 3.5: The schematic figures of the transformation of the Fermi surface by the shift of the
chemical potential, which is the dominant effect in the NSR theory. The solid line shows the
original Fermi surface, and the long-dashed line shows the shifted Fermi surfaces. (a) The case of
the Fermi gas model, or the low density lattice model. The chemical potential shifts downward.
(b) The case of High-T, cuprates. The chemical potential shifts upward.

chemical potential in high density systems. Therefore, the chemical potential actually shifts even
in the high density systems, that is not a dominant effect. The shift of the chemical potential is
included in our calculation. However, we will not pay attention to it in the following sections.

3.1.2 Lowest Order Calculation

In this section we explicitly calculate the single particle self-energy on the basis of the formalism
described in the previous section.

First, we calculate the T-matrix around ¢ = 2 = 0 by using the non-interacting Green function
GRO(k,w) = (w — e, +16)~". We expand the reciprocal of the T-matrix, t(g,)~" and estimate
the TDGL expansion parameters. Of course, the results are equivalent to eq. 3.11.

Secondly, we calculate the single particle self-energy corresponding to the diagram shown in
Fig. 3.3(a), using eq. 3.17. This calculation corresponds to the T-matrix approximation. We
exclude the trivial Hartree-Fock term shown in Fig. 3.3(c).

Because we use the non-interacting Green furiction, the superconducting critical temperature
T. is the same as that obtained by the BCS mean field theory, TMF. Therefore, our calculation
in this section is carried out above TMF. We show the results for the single particle self-energy in
Fig. 3.6. The self-energy shows the same features as we have calculated analytically in §2.1. The
effects of the resonance scattering clearly appear.

The results for the spectral weight is shown in Fig. 3.7 for various temperatures. The spectral
weight has the two peak and shows the gap structure clearly near the critical point. As the
temperature increases, the gap structure is filled up. Thus, the quasi-particles of the normal
Fermi liquid, which is realized at higher temperature, become unstable near the superconducting
critical temperature T, = TMF = 0.185 where the superconducting fluctuations are strong. Thus,
the resonance scattering produce the pseudogap in the single particle spectral weight.

The momentum dependence of the spectral weight is shown in Fig. 3.8. We can see that the
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Figure 3.6: The single particle self-energy on the Fermi surface near (0, 7) obtained by the lowest
order calculation. (a)The real part. (b)The imaginary part. Here, k = (0.589,7), ¢ = —1.0, and
T = 0.21. The k-point is shown in the inset of (a). Here, T, = TMF = 0.185.
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Figure 3.7: The spectral weight for various temperatures T' = 0.19(circles), T' = 0.21(squares),
T = 0.30(stars). The other parameters are the same as those in Fig. 3.6.
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amplitude of the gap is large in the vicinity of (0, 7), and decreases as the momentum approaches
(mr/2,7/2). Furthermore, the single peak structure of quasi-particles appears in the vicinity of
(7/2,7/2). These features are consistent with the ARPES experiments (22, 23]. The momentum
dependence is mainly owing to the d,2_,2-wave form factor og,. Thus, it is naturally led from our
formalism that the pscudogap has the same shape as that of the superconducting gap. Since the
attractive interaction is small in the vicinity of (7/2,7/2), quasi-particles are not affected by the

superconducting fluctuations.

Figure 3.8: The momentum dependence of the spectral weight (a) across the Fermi surface near
(0,7) (b) along the Fermi surface. The respective k-points are shown in the inset. The other
parameters arc the same as those in Fig. 3.6.

The results for the DOS p(¢) is shown in Fig. 3.9. The pseudogap clearly appear in the densily
of state. Our calculation is carried out only for the k-points in the vicinity of the Fermi surface.
Because the quasi-particles far from the Fermi surface are not so aflected by the superconducting
fluctuations, we do not pay attention to them. The DOS in Fig. 3.9 is obtained by summing up
the momentum on the calculated area. Therefore, the peak position is artificial and depends on
the summed area. Only the suppression of the densily of state near the Fermi level is essential.

Because the quasi-particles exist around (7/2,7/2), the gap structure of the DOS is not so
clear compared with that in the superconducting states. These results are consistent with the
results of the tunneling spectroscopy [49]. '

Thus, most of the features related to the pseudogap phenomena are understood from the above
lowest order calculation. From the above results, we conclude at least that the strong coupling
superconductivity in the quasi-two dimensional system makes the Fermi liquid state unstable near
the mean field superconducting critical temperature TMF,

As we have pointed out before, the above calculation is applicable to the higher temperature
than TMF. In practice, the effects of the superconducting fluctuations remarkably suppress the
critical temperature. Indeed, we have an interest in the temperature region in which the super-
conductivity is suppressed by the fluctuations. In order to treat this region explicitly, we must
carry out the self-consistent calculation using the renormalized Green function. We will carry out
the self-consistent calculation in the next section, §2.3. Although there are some differences, the
essential results, such as the gap structure and so on, do not change even in the self-consistent
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Figure 3.9: The DOS p(e) for various temperatures. The parameters and the marks are the same
as those in Fig. 3.6. The triangles show the non-interacting DOS. Since we calculate only in the
vicinity of the Fermi surface, the peak position is not exact. The suppression of the DOS at the
low energy is essential.

calculation.

3.1.3 Self-Consistent Calculation

In this section, we self-consistently calculate the single particle self-energy and the TDGL param-
eters on the basis of the formalism described in §2.1. Furthermore, we calculate the superconduct-
ing critical temperature suppressed by the effects of the fluctuations, and determine the phase
diagram.

To begin with, we explain our method of the numerical calculation used in this section. We
restrict the k- points for which the self-energies are calculated to the region close to the Fermi
surface. The restricted region is shown in Fig. 3.10. As we have mentioned in the previous
section, the effects of the superconducting fluctuations (resonance scattering) are important in
the vicinity of the Fermi surface, and are not important far from the Fermi surface. Except for
a;, the TDGL parameters mainly determined by the electronic states near the Fermi surface.
Furthermore, the important Green functions for the self-consistent calculation of the self-energy
ZR(k,w) have the momentum in the vicinity of k, because the main contribution is given by the
small momentum of the center of mass g ~ 0. Therefore, we have only to consider the self-energy
near the Fermi surface. Thus, our restriction for the momentum space is justified. The other
justification of the above procedure is obtained in the following way. Generally speaking, the
renormalized quasi-particles give rise to the superconductivity in the strongly correlated electron
systems. The renormalized quasi-particles are well defined only near the Fermi surface. Therefore,
order parameter is expected to be sufficiently small far from the Fermi surface and the electronic
state is not so affected by the superconducting fluctuations. Since these features are no included
in the effective model adopted in this chapter, we phenomenologically introduce the features by
the above procedure.

We estimate the TDGL parameters by eq. 3.7 for the renormalized Green function GR(k,w) =
(w — e — ZR(k,w))™", and self-consistently calculate the single particle self-energy IR(k,w),
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Figure 3.10: In this section, the sclf-energy is calculated in the region between the dashed lines.

using eq. 3.17 (see Fig. 3.3(b)). Ilere, we exclude the Hartree-Fock term corresponding to the
diagram in Fig. 3.3(c), as we have done in the lowest order calculation in §2.2. This calculation
corresponds to the self-consistent T-matrix approximation.

For the purpose of the self-consistent calculation, we divide the Brillouin zone as shown in
Fig. 3.10, and put Y®(k,w) = 0 outside of the dashed lines. As we have described before, this
approximation does not change the electronic structure ncar the Fermi surface and is appropriate
to discuss the pseudogap phenomena. Furthermore, we introduce the cutoff parameters for the
integrations by €2 and ¢, because the main contribution is obtained from the integrations around
g = Q1 = 0. The TDGL expansion is not so reliable for large ¢ and Q2. Owing to the cutoff, we
might slightly underestimate the effects of the superconducting fluctuations. However, the cutoff
procedure has no significant eflect on our results.

It should be noticed that we fix the parameter {¢ in this self-consistent calculation instead of
the coupling constant g. Although the final self-consistent results are identical, the convergence
of the solution is remarkably improved by using this method. In particular, we need to adopt
this method in order to calculate near the critical point where the superconducting fluctuations
are strong. The parameter {y represents the distance from the superconducting critical point.
Therefore, if the parameter ¢y is varied, the situation remarkably changes. As a result, the solution
fluctuates and the calculation is impossible near the critical point for the g-fixed calculations in
many cases {102, 103]. Thus, because of the convenience of the numerical calculation, not the
coupling constant g but the temperature T" and the parameter to are fixed in our calculation.
The coupling constant g is determined by the result of the self-consistent calculation. We do not
positively change the chemical potential so as to conserve the particle number. However, we have
verified that the particle number is almost conserved in this calculation. This is an evidence of
that the NSR scenario is not justified in this case.

Strictly speaking, the superconducting transition does not occur in the two-dimensional sys-
tems. The fact is well known as the Marmin-Wagner’s theorem. Our calculations also satisfy the
theorem, and the critical temperature is zero T, = 0 in our formalism. This is because of the loga-
rithmic singularity of the self-energy which arises from the two-dimensionality. However, the weak
three-dimensionality is sure to remove these singularities in the layered systems. [94] Therefore,
we phenomenologically introduce the three-dimensionality and define the superconducting critical
temperature as the temperature in which 1 + gxpo(0,0) = 0.01. This condition corresponds to
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the 100 times enhancement of the superconducting susceptibility. The phase diagram does not

depend on the details of this definition, ualitatively.

a

IFigure 3.11: The diagram representing the mode coupling effect in the lowest order. The wavy
and solid lines represent the propagator of the fluctuating Cooper pairs and that of the fermions,
respectively.

It should be noticed that the self-consistently calculated T-matrix includes the renormalization
effects of the superconducting fluctuations through the self-energy Z®(k,w). The renormalization
eflects include the mode coupling effect. The forth order term in the Ginzburg-Landau action is
expressed by the diagram shown in Fig. 3. 11, which indicates the repulsive interaction between
the fluctuating Cooper pairs (that is the lowest order mode coupling term). The effect of the
mode coupling term is included in the self-consistent T-matrix calculation at least in the Hartree-
Fock approximation. Thus, the self-consistent T-matrix calculation is a method introducing the
criticality of the superconducting fluctuations. Furthermore, the microscopic renormalization
eflects are included through the single particle properties. They have been discussed in §2.1.
Then, the properties of the calculated TDGL parameters well reproduce our argument in §2.1.
The renormalization effects enhance the scattering vertex originated from the superconducting
fluctuations and accelerate the pseudogap formation. The critical temperature 7% is reduced by
the fluctuations. The reduced T is due to the reduced density of states (DOS) by the pseudogap.
The reduced T, can be regarded as a result of the wide critical region, simultaneously. The
reduction is remarkable in the strong coupling superconductivity, while it is neglected in the weak
coupling one.

We show the results of the spectral weight for various ¢y and temperatures in Fig. 3.12. The
pseudogap structure exists in the small ¢y cases, and becomes clear as ¢, decreases. Because the
parameter to shows the distance to the superconducting critical point, this behavior are natural.
The effects of the resonance scattering are rather drastic in case of the high temperature, that is
to say, large |g| where the thermal fluctuations are rather strong.

In particular, the plural peak structure appears in the small ¢, and large T cases. This
complicated structure is also understood on the basis of the formalism as we have have explained
below. For example, we show the self-energy for T' = 0.10, t, = 0.01 in Fig. 3.13. In this case,
the spectral weight shows the three peak structure.

It should be noticed that the electronic structure around (—k, —w) plays an important role
for the estimate of the self-energy LR(k,w). It is because the main contribution comes from the
integrations in the vicinity of ¢ = 2 = 0. Therefore, if the spectral weight has its peak at w = wy,

the real part of the self-energy has the positive slope at w = —wy,, and the imaginary part has the
peak at w = —w,, in its absolute value. In rough estimate, the relation InZR(k,w) x A(k, —w) is
expected.

To put it in detail, the left peak and the middle peak yield the positive slope of the real part on
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Figure 3.12: The single particle spectral weight on the Fermi surface near (0, 7) obtained by the
self-consistent calculation. (a)T = 0.10. o is varied as 0.01,0.03,0.05,0.20. (b)T = 0.15. o is
varied as 0.01,0.05,0.10,0.30. The calculated points are shown in the phase diagram (Fig. 3.16).
The k-point is the same as that in Fig. 3.6.
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Figure 3.13: The single particle self-energy on the Fermi surface near (0,7). Here, T = 0.10,
to = 0.01. (a)The real part. The long-dashed line is described in order to show the line w —eg, —
ReZR(k,w = 0. (b)The imaginary part. The k-point is the same as that in Fig. 3.6.
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the positive frequency side, and yield the right peak. The right peak yields the positive slope of the
real part on the negative frequency side. Consequently the negative slope is formed at the small
negative frequency. The only solution w — £k — R('_‘;’R(k,w) = 0 exists here. This corresponds to
the middle peak. Moreover, the right peak yields the sharp peak of —ImY®(k,w) at the negative
frequency side. The peak yields the double peak structure on the negative frequency side. They
correspond to the left and middle peaks. It should be noticed that such an asymmetric structure
stabilizes the self-consistent solution. Because of the rough relation ImYR(k,w) o A(k, —w), the
peak of the spectral weight at w = w,, suppresses the weight at w = —w,,. Thus, the symmetric
structure is unstable in the self-consistent solution. In particular, the spectral weight at the Fermi
energy w = 0 is necessarily suppressed.

The particle-hole asymmetry is not necessary but advantageous for the pseudogap state in the
self-consistent solution. As we mentioned in §2.1, the particle-hole asymmetry naturally exists in
the systems and plays an important role for the self-consistent solution to be stabilized. Further-
more, High-T, cuprates are the strongly asymmetric systems because of existence of the Van-Hove
singularity at (m,0). It is notable that these results are not consistent with the assumption by
Norman et al. [100] and Maly et al. [88]. The assumed self-energy by them does not satisly the
self-consistency.

Here, we pay attention to the change of the spectral weight, once more. In the phase diagram
(Fig. 3.16), we show the parameters for which we show the spectral weight or the DOS.

When {, is large and the temperature 7" is higher than the mean field critical temperature
TMF | the spectral weight has the sharp single peak structure. This structure is common in the
conventional Fermi liquid theory. As t; decreases and the temperature becomes lower than TMF',
the peak shifts to the negative frequency side and has the long tail to the positive frequency
side. In this region, as the momentum is varied from (0,7) to (m, ), the peak shifts to positive
frequency side and cross the Fermi level w = 0. However, as a result of the resonance scattering,
the damping rate —ImX®(k,w) is large at the Fermi level and the spectral weight is suppressed
there. Therefore, the DOS is reduced at the Fermi level. The superconducting fluctuations are
gradually affected by the reduced DOS. As t, decreases further and the system approaches to the
critical point, the spectral weight shows the plural peak structure. This behavior is quite different
from that of the conventional Fermi liquid theory.

Here, we show the DOS for T' = 0.10 and various ¢, in Fig. 3.14. As we mentioned above, the
DOS at the Fermi level is reduced by the superconducting fluctuations. In particular, in case of
to = 0.10, the spectral weight has a sharp single peak in the vicinity of the Fermi surface. However,
we can see clearly the suppression of the DOS. Generally speaking, the suppression becomes
distinguished near the mean field critical temperature T = TMF. The suppression becomes more
remarkable, as ¢, decreases and the system approaches the critical point. In the vicinity of the
critical point, the DOS at the Fermi level is mainly given by the contribution from the quasi-
particles near (7 /2,7 /2). Therefore, pa(0) is more remarkably reduced by the resonance scattering
due to the superconducting fluctuations.

In Fig. 3.15, we show the momentum dependence of the spectral weight in the pseudogap
state. In Fig. 3.15(a), the momentum is varied across the Fermi surface near (0,7). Below
the original Fermi surface, the spectral weight transfers to the left peak. On the other hand, it
transfers to the right peak on the opposite above the original Fermi surface. All peaks shift to
the positive frequency side with increasing k.. It should be noticed that the middle peak shifts
and is found at the Fermi level w = 0 when the momentum slightly deviates from the original
Fermi surface (represented as C in the inset). However, it is remarkably reduced by the effects
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Figure 3.14: The DOS p(w) for T' = 0.10. ¢, is varied as 0.01,0.03,0.10,0.20. The diamonds show
the non-interacting DOS. Since we calculate only the states in the vicinity of the Fermi surface,
the peak position is not exact. The suppression of the DOS near the Fermi energy is cssential.

Figure 3.15: The momentum dependence of the spectral weight. Here, T = 0.15, t, = 0.05.

The momentum is varied (a)across the Fermi surface near (0,7) (b)along the Fermi surface. The
respective k-points are shown in the inset.
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of the superconducting fluctuations. With increasing k., this peak cannot cross the Fermi level
w = 0 and disappears at last. Thus, the spectral weight shows the double peak structure at the
momentum D (see the inset).

In Fig. 3.15(b), the momentum is varied along the I'ermi surface. We can see that the gap
structure is clear in the vicinity of (0, 7) where the attractive interaction is strong, and hecomes
inconspicuous as the momentum approaches to (w/2,7/2). Furthermore, the single peak of quasi-
particles exists in the vicinity of (w/2,7/2). This fact shows that the Fermi liquid like behavior
exists in this region. Thus, the d-wave superconducting fluctuations necessarily give rise to the
pseudogap with the same shape as the superconducting gap. The results are consistent with the
ARPES experiments [22, 23].

0.4

0.3

0.1

0.0
0.0

Figure 3.16: The phase diagram obtained in this section. The circles and diamonds show the
superconducting critical temperature based on the mean field theory (TMF). The circles are
obtained by using the discrete momentum used in our self-consistent calculation. The diamonds
are obtained by the explicit calculation for eq. 3.10. The circles at the low temperature are slightly
off by the numerical error. The squares show the actual critical temperature (7¢) reduced by the
fluctuations. The reduction becomes stronger in the strong coupling region. The marks x show
the points where we have shown the spectral weight or the DOS. They correspond to t, = 0.20,
to = 0.10, o = 0.05, t, = 0.03 from left to right for the temperature T' = 0.10, and ¢, = 0.30,
to = 0.10, to = 0.05, to = 0.03 for T' = 0.15, respectively. We determine the critical temperature
T. by the condition to = 0.01. Here, the condition ¢, = 0 corresponds to the Thouless criterion,
and the parameter to represents the distance to the superconducting critical point.

At the last of this section, we show the obtained phase diagram in Fig. 3.16. We show the
mean field critical temperature TMF and the critical temperature 7. reduced by the fluctuations.
The critical temperature is remarkably reduced by the fluctuations. This effect is mainly caused
by the suppression of the DOS. As the coupling constant increases, the reduction of the critical
temperature becomes remarkable. It should be noticed that this effect is different from that of
the Noziéres and Schmitt-Rink theory. According to the NSR theory, the critical temperature is
reduced by the shift of the chemical potential. The chemical potential shifts so as to decrease the
density of state. In our formalism, the DOS is reduced by the effects of the resonance scattering
arising from the superconducting fluctuations.

Roughly speaking, the pseudo-gap phenomena occurs in the region between TMF and T.. This
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region is extremely wide in the strong coupling case. The DOS starts to decrease, near 1" = 1MV,
Most of the physical quantities measured by the various experiments, such as NMR [30, 31, 32, 33,
34, 35, 36), optical conductivity, [16, 47, 48] tunneling spectroscopy [49, 50], specific heat (51, 52]
and so on, reflect the density of state. Therefore, their experiments are expected to show some
changes near TM'. Actually, various changes around TMF are reported by various experiments [51].

Moreover, the ARPES experiments directly reflect the spectral weight. Our calculation shows
the plural peak structure of the spectral weight. However, since the spectral weight is extremely
broad when the plural peak structure appears, such a structure may not be observed actually.
Moreover, by summing up the momentumn around the measured momentum, corresponding to
the experimental resolving power, the plural peak structure may disappear. The reduction of the
spectral weight at the Fermi energy w = 0 is essential. In this sense, our calculation is consistent,
with the ARPES experiments.

3.1.4 Discussions

In this section, we have calculated the cffects of the strong coupling superconductivity on the
normal state electronic structure. We have considered that the strong coupling superconductivity
takes place in under-doped High-T. cuprates and the pseudogap phenomena are its precursor.

Considering that the band width ep is renormalized by the clectron-clectron correlation, the
ratio TMF /ep is increased by the renormalization. As the doping quantity decreascs, the system ap-
proaches to the Mott insulator. Therefore, it is natural to consider that the renormalization eflects
arc enhanced with decreasing doping concentration. Since the anti-ferromagnetic spin fluctuations
are enhanced at the same time, the attractive interaction becomes strong in the under-doped re-
gion. Therefore, the superconductivity eflectively becomes strong coupling with decreasing doping
concentration. It should be noticed that the superconducting coupling is represented by the ratio
TMF /er, and not by the critical temperature T, which is suppressed by the fluctuations. Be-
cause of the renormalization of the effective Fermi energy er and the enhanced fluctuations, the
superconducting coupling becomes strong with under-doping in spite of the reduced T.. Thus,
our theory appropriately explains the pseudogap phenomena in High-T, cuprates including their
doping dependence.

It should be noticed that both T. and TMF are scaled by the band width er. By considering
these facts, it is naturally understood that critical temperature T, decrcases with the doping
concentration, although T* doesn’t. Since T¢/er is almost independent of the coupling constant
lg| in the strong coupling region, T decreases with ep in the under-doped region. On the other
hand, TMF /ep increases with |g|. Therefore, TMF increases with the attractive interaction |g| in
spite the decrease of the effective band width ef in the under-doped region.

Here, we mention the important condition for the pseudogap phenomena derived from the
superconducting fluctuations. Of course, the strong coupling superconductivity is most essential.
The coupling constant g does not appear in the formulation explicitly. However, it is included in
the properties of the TDGL parameters. In particular, the essential factor is that b and a; are
reduced in the strong coupling superconductivity. There are two factors to make the supercon-
ducting coupling strong. One is the strong electron correlation which renormalize the energy scale
of the quasi-particles. The other is the high critical temperature which is expected in the non
electron-phonon mechanism.

In addition to that, there are some important factors for the pseudogap. The high density is
one of them because the NSR theory dominates the resonance scattering in the low density case.
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High-T, cuprates are high density because they are near the half-filling in the lattice system. The
particle-hole asymmetry is also important to stabilize the self-consistent solution.

The quasi-two dimensionality plays an essential role because it leads to the strong fluctuations
which are characteristics of the low-dimensional systems. Such strong fluctuations are not expected
in the isotropic three dimensional systems. The importance of the two dimensionality is shown
by the calculation in the following way. Jujo et al have applied the T-matrix approximation to
the model with an inter-layer hopping t, (Fig. 3.17). The results have shown that the anomalous
features of the self-energy disappear in the three-dimensional systems and the typical hehavior in

the Fermi liquid theory is revived.
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Figure 3.17: (a) The real part and (b) The imaginary part of the self-energy. Here, the inter-layer
hopping t, is chosen as t,/t = 0.10 or t,/t = 1.0. (c) The temperature dependence of the density
of state p(0) and the damping rate —ImX®(k,w) at the Fermi level. The results are cited from

Ref.105.

These factors properly reflect the characteristics of High-T,. cuprates. Thus, the realistic treat-
ment carried out in this thesis is necessary for the pseudogap phenomena. In other words, the
pseudogap phenomena well represent the characteristics of High-T, cuprates.

It is notable that the organic superconductor x-(BEDT-TTF) compounds also satisfies the
above conditions. The compounds are quasi-two dimensional systems and have relatively high
critical temperature near the Mott transition [104]. The pseudogap phenomena are observed also
in these compounds, although the experimental evidences are not sufficient. The possibility of
the pseudogap phenomena arising from the superconducting fluctuations has been pointed out for
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these compounds [105].

3.1.5 Observability of the Superconducting Fluctuations

In the recent letter [106], Janké ef al. have proposed an experiment as a direct probe into the
superconducting fluctuations. The measurement of the incoherent pair tunneling directly gives
the imaginary part of the pair susceptibility (T-matrix) in the normal state. The conductance
due to the incoherent pair tunneling has been calculated a long time ago [107]. Janké ef al. have
shown that the measurement is possible by using the appropriate tunneling junction involving
the under-doped cuprates, the insulator and the optimally-doped cuprates. We consider that this
will be an important measurement, if it is experimentally achicved. Not only the incoherent pair
tunneling is an direct evidence of the paring scenarios but also it specifies the correct scenarios
from them.

In this section, we have argued the importance of the strong thermal superconducting fluc-
tuations, which necessarily arise as a resull of the strong coupling superconductivity and the
quasi-two dimensionality of High-T, cuprates. In this case, the superconducting fluctuations show
the particle-hole asymmetric structure near the critical point 7' = T..

The I-V characteristic of the pair tunneling measurements give us the direct information for
the pair susceptibility. The contribution from the pair tunneling on the conductance is expressed

as,
I(V) « Imt(0,2eV). (3.26)

Thus, the I-V characteristic is proportional to the imaginary part of the T-matrix.
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Figure 3.18: (a) The schematic figure of the pair tunneling experiments (b) The imaginary part
of the pair susceptibility which is proportional to the tunneling current I(V). The closed squares
show the hole-like case obtained by our results. The times (x) show the electron-like case proposed
by Janké et al. [88]. The pluses (+) shows the particle-hole symmetric case which corresponds to
the conventional weak coupling theory.

The reciprocal of the T-matrix is described in a TDGL expansion form as gt~'(q,Q) = to +
bg? — (a; +1a;)Q. The real part a; is is usually neglected in the conventional weak coupling theory.
However, in the strong coupling case, a; is the same order as a; and plays an important role. The
parameter a; induces the asymmetry of the pair susceptibility. Since Janké et al. consider the
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clectron gas model, the superconducting fluctuations have the clectron-like character (a; > 0) [88).
However, the superconducting fluctuations should have the hole-like character (a; < 0) in High-T.
cuprates as is shown by our explicit calculation taking account of the realistic band structure
(see §3.1.1). The sign of «; is determined by the asymmetry of the band structure. For High-T.
cuprates, there is a large contribution to a; from the vicinity of the Van Ilove singularity. This
contribution is not so influenced by the pseudogap and leads to the hole-like character of the
superconducting fluctuations. As a result, the imaginary part of the pair susceptibility should
behave as the closed squares in Fig. 3.18(b). The tunneling current has the large absolute value
under the negative bias. This asymmetry is opposite to that proposed by Janké el al. [88].

Generally speaking, this experiment is difficult because the quasi-particles contribute to the
tunneling current more remarkably. Therefore, somewhat ingenious method by which the pair
tunneling process is drawn is desirable. We consider that the asymmetric structure of the pair
tunneling current will be a strong evidence for the pairing scenario based on the strong coupling
superconductivity.

3.2 Pseudogap Phenomena in the Magnetic Field [25]

3.2.1 Introduction

Recently, the magnetic field effects on the NMR spin-lattice relaxation rate 1/T; have been mea-
sured and discussed by several groups to determine the correct scenarios for the pseudogap phe-
nomena [108, 109, 110]. The experimental results are interpreted as follows. The magnetic field
effects cannot be observed in under-doped cuprates in which the strong pseudogap phenomena
occurs in the wide temperature region [108, 109]. In particular, the onset temperature 7* does not
vary. On the other hand, the magnetic field effects are visible near the optimally-doped region in
which only the weak pseudogap phenomena are observed in the narrow temperature region [110].

In this section, we point out that the magnetic field effects are naturally and continuously
understood from under-doped to over-doped cuprates on the basis of our resonance scattering
scenario. In particular, there is an interpretation that regards the experimental results for under-
doped systems as a negative evidence for the pairing scenario [108]. It is generally considered
that the superconducting fluctuations are remarkably influenced by the magnetic field, while
the effects of the magnetic field on the spin-fluctuations are considered to be small. Therefore,
the experimental results have been interpreted as an evidence for the magnetic scenario for the
pseudogap. Our results conclude that this interpretation is inappropriate. The misinterpretation
is caused by the loss of the understanding for the strong coupling superconductivity. Therefore,
we give an explanation for the magnetic field effects on the pseudogap phenomena on the basis of
the strong coupling superconductivity. Actually, the experimental results including their doping
dependence rather support our scenario for the pseudogap phenomena.

This section is constructed as follows. In §3.2.2, we explain the theoretical framework in order
to calculate the pseudogap in the magnetic field. In §3.2.3, we explicitly calculate the single particle
self-energy YR (k,w), DOS p(¢), NMR spin-lattice relaxation rate 1/T;T and their magnetic field
dependences. In §3.2.4, we give an comprehensive understanding of the phase diagram in High-T¢
cuprates. It is shown that the doping dependence of the magnetic field effects well support our
scenario.
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3.2.2 Theoretical Framework on the magnetic field effects

In this section, we use the same model and the formulation as in §3.1. Here, we consider the
magnetic ficld applied along the c-axis, B || & The main effect of the magnetic fields is the Landau
level quantization for the superconducting fluctuations. It corresponds to the quantization of the
orbital motion of the fluctuating Cooper pairs. The quantization is expressed by the replacement
of the quadratic term of the momentum as ¢* = 4eB(n + 1) [97].

The Landau quantization has the following two important effects. One is the Landau degen-
cracy which generally enhances the fluctuations. The Landau degencracy reduces the effective
dimension of the fluctuations. The other is the suppression of the superconductivity. The pseudo-
gap is suppressed by this effect, since the distance to the critical point increases as {g = lo+ 2be 3,
The paramcter corresponds to the energy level of the Lowest Landau level. When considering
at the fixed temperature, the dominant effect is the latter. We can sec that the characteristic
magnetic field By, for the pseudogap phenomena is scaled by the quantity o/b, that is By, o< lo/b.
The ratio b/t corresponds to the square of the GL correlation length &gy, for the superconducting
fluctuations, that is, b/t = €%;,. The magnetic field eflects are scaled by the quantity B¢%;,. Thus,
the superconducting fluctuations and the pseudogap are affected by the magnetic field according
to the magnetic flux penetrating the correlated area €%

As we mentioned above, the parameter b is small in case of the strong coupling superconduc-
tivity. Moreover, the fact that the pseudogap phcnomena take place in the wide temperature
region means that the parameter {y is large near the pseudogap onset temperature 7*. As a re-
sult, the characteristic magnetic field By, is remarkably large, especially ncar T*. In other words,
the magnetic field effects are remarkably small in case of the strong coupling superconductivity.
Especially, the onset temperature T* does not vary. On the other hand, the magnetic field eflects
are sure to appear near 7T since the correlation length g, diverges at the critical temperature T..
However, the region in which the eflects appear is remarkably small.

In the relatively weak coupling case, the magnetic field dependence is large and the onset
temperature 7* may be reduced. These features well explain the results of the high field NMR
measurements including their doping dependence. [108, 109, 110]

Here, we have neglected the Zeeman coupling term. Although the Zeeman coupling term plays
an important role at the low temperature in superconducting state [111]. it has only higher order
correction in the fluctuating regime. This fact can be simply understood as follows. The lowest
order correction of the Zeeman coupling term on the superconducting fluctuations is the second
order and described as 4eB(n + 1) = 4eB(n + 1) + 3 (uB)®. Here, v is a mean value of the
quasi-particle velocity on the Fermi surface. u = gup/2 is the magnetic moment of the electrons.
Here, g is the g-value and pp is the Bohr magneton. Thus, the Zeeman coupling term slightly
weaken the superconducting fluctuations. However, it has only higher order effect with respect to
the magnetic field compared with the Landau quantization. Therefore, the effect of the Zeeman
coupling term is extraordinary small in the weak coupling limit since the typical magnetic field is
small. Also in High-T, cuprates, it is higher order and remarkably small compared with the effect
of the Landau quantization in the magnetic field of the experimentally relevant order. Actually,
the magnetic field adopted in this thesis is the order of eB ~ 10~% in our unit. That corresponds
to B ~ 10Tesla. In this case, the effect of the Zeeman coupling term is higher order than that of
Landau quantization of the order 10=2. Thus, the justification to neglect the Zeeman coupling term
is obtained. Of course, we cannot neglect the Zeeman coupling term under the extraordinary high
magnetic field in the strong coupling limit. However, such an extreme situation is not realistic.

When the magnetic field is applied perpendicular to the c-axis B L ¢, effects of the Zeeman
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coupling term is relatively important because the coherence length along the c-axis £ is small.
Therefore, the effects arising from the Landau quantization and those from the Zeeman coupling
can be separated by changing the direction of the magnetic field.

3.2.3 Magnetic Field Dependence of the NMR 1/T\T

In this section, we actually calculate the NMR spin-lattice relaxation rate 1/7yT under the mag-
netic field with the recent high field NMR measurements in mind. We calculate 1/77T by using
the general expression,

1
/LT =Y |A(q)|2[;]m\:‘(q,w) |w—o)- (3.27)
q

[ere, we neglect the momentum dependence of the hyperfine coupling A(gq) for simplicity, which
does not affect the magnetic field dependence of 1/TT.

Figure 3.19: The diagram representing the dynamical spin susceptibility x*(q,w)

We calculate the spin susceptibility x%(g,w) which corresponds to the two-body correlation
function shown in Fig. 3.19. Here, the solid lines are the renormalized Green function G®(k,w) =
(w—ek—ZR(k, w))~'. The self-energy L®(k,w) is calculated by using the T-matrix approximation
as we described before. The eflects of the superconducting fluctuations are included in the self-
energy. In calculating the self-energy YR(k,w), we linearize the dispersion relation as €k-q =
ep, — v}q- This linearization is justified because the only small region around g = 0 contributes
to the self-energy. We replace the quadratic term as ¢*> = 4eB(n + %) This process corresponds
to the Landau level quantization for the superconducting fluctuations.

From eq.(3.1), 1/T1T is expressed as,

1/I'T = =) / @—f’(w)ImGR(k,w)ImGR(k + q,w) (3.28)
k.q i

= 7 [ do(=f/(@))p(w)* (3.29)

Here, f'(w) is the first derivative of the Fermi distribution function. This expression is reduced to
the well-known expression 1/T1T = np(0)? at T' = 0. After all, we calculate the decrease of 1/T7T
by the suppression of the DOS.

Generally speaking, we can consider the Aslamazov-Larkin term (AL term) and the Maki-
Thompson term (MT term) as corrections by the fluctuations on the two-body correlation func-
tion [71, 72]. However, the AL term dose not exist in calculating the spin susceptibility xX(g,w).
We can understand this fact by considering the spin index for the spin singlet pairing [97]. The
contribution from the MT term is small in case of the d-wave pairing, and is suppressed by the
slight elastic scattering [97]. Therefore, we have only to calculate the decrease of 1/T7T by the
pseudogap as the effect of the superconducting fluctuations.
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Of course, we have to take account of the anti-ferromagnetic spin-fluctuations in order to
describe the whole temperature dependence of 1/TyT. 1/1\T increases owing to the anti-
ferromagnetic spin fluctuations in the normal phase (T > 1), and decrcases owing to the su-
perconducting fluctuations in the pseudogap phase (7 > T > T.). Generally speaking, the
magnetic field is considered to have a remarkable effect on the superconducting fluctuations, while
the effect on the spin-fluctuations is comparatively small. Because we pay attention to the mag-
netic field dependence in this thesis, we have only to calculate the decrease of 1/T7T due to the
superconducting fluctuations and its magnetic field dependence. Actually, the misinterpretation
for the experimental results is caused by the loss of the understanding of the magnetic field ef-
fect on the superconducting fluctuations in case of the strong coupling superconductivity. Our
calculation gives a clear understanding about the magnetic field dependence of the pseudogap
phenomena.

Even if the effect of the exchange enhancement is taken into account, the results for the mag-
netic field effect do not change, qualitatively. At the last of this section, we actually calculate the
effect of the exchange enhancement within the random phase approximation (RPA). Qualitatively
the same results are obtained there.

The calculated results are shown in Figs. 3.20-23. In all figures, the magnetic field is varied as
4eB = 0.01,0.02,0.05 and 0.1 in our unit. The horizontal axis is the temperature scaled by the
zero-field critical temperature Teg. All results can be understood by considering the characteristic
magnetic field we have mentioned in the previous section,

The results for the relatively weak coupling case g = —0.5 are shown in [Ilig. 3.20. In this case,
only the weak pseudogap is observed in the narrow temperature region. This case corresponds
to the slightly over-doped or optimally-doped cuprates. The magnetic field dependence of 1/T7T'
is clearly observed and T™ varies. This behavior is consistent with the NMR experiments in the
slightly over-doped cuprates. [110]
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Figure 3.20: The calculated results for 1/TiT under the various magnetic field 4eB =
0.01,0.02,0.05,0.1. The weak pseudogap case g = —0.5.

In case of g = —0.8, the magnetic field dependence is weak since the parameter b decreases (Fig.

48

N



3.21). In particular, 1 /77T is almost independent of the magnetic field near the onset temperature
T* where the parameter fo is large. On the other hand, the magnetic field dependence can be
observed in the vicinity of the critical temperature 1¢, since the parameter {; is small there.
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Figure 3.21: The calculated results for 1/T1T under the magnetic field. The magnetic field is
chosen as the same as that in Fig. 3.20. The relatively strong pseudogap case g = —0.8.

We can see the different magnetic field dependences of the density of states according to the
distance to the critical point (Fig. 3.22). The magnetic field effect is visible just above Tt (Fig.
3.22(a)). The DOS near the Fermi energy are recovered with increasing the magnetic field. On
the other hand, the effect is almost invisible when the temperature is apart form Tt (Fig. 3.22(b)).
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Figure 3.22: The magnetic field dependence of the DOS. Here, g = —0.8 and T,o = 0.1407. The
magnetic field is varied as 4eB = 0.01,0.05,0.1. (a) in the vicinity of T, T = 0.141. (b) apart

from T, T = 0.15.

The results for the considerably strong coupling case ¢ = —1.0 is shown in Fig. 3.23. In this
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case, the strong pscudogap anomaly exists in the wide temperature region. The magnetic ficld
effects become still weaker. The magnetic field dependence is narrowly observed in the vicinity of
T.. We consider that these strong coupling cases correspond to the under-doped cuprates. This
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Figure 3.23: The calculated results for 1/T}T under the magnetic field. The magnetic field is
chosen as the same as that in Fig. 3.20. The strong pscudogap case g = —1.0.

behavior well explain the experimental results in the under-doped cuprates [108, 109]. The weak
effect in the vicinity of T, is also observed in the experimental results [108]. Thus, the interpretation
of the experimental results as a negative evidence for the pairing scenario is inappropriate.

It should be noticed that the strength of the superconducting coupling is indicated by the ratio
TMF /e, The ratio increases due to the mass renormalization arising from the electron-electron
correlation. It should be considered that the mass renormalization is enhanced with decreasing
the doping concentration. The attractive interaction becomes strong at the same time, since
the anti-ferromagnetic spin fluctuations are enhanced. Therefore, it is naturally expected that
the superconductivity becomes the strong coupling as the doping concentration decreases. Thus,
the strength of the superconducting coupling changes with the doping in accordance with our
expectation. It should be noticed that the change of the magnetic field eflects is continuous {rom
weak to strong coupling. In other words, the calculated results explain the NMR measurements
continuously and entirely from over-doped cuprates to under-doped ones. Therefore, the recent
high field NMR measurements including their doping dependence are regarded as an affirmative
evidence for the pairing scenario.

In order to confirm the effect of the Landau degeneracy to enhance the fluctuations, we show
the Fig. 3.24. In Fig. 3.24, the horizontal axis is scaled by the critical temperature under the
magnetic field Toy. By keeping the distance to the critical point, we can remove the effect of the
suppression of the superconductivity. Therefore, we can see the effect of the Landau degeneracy
which reduces the effective dimension.

The results show that 1/T;T decreases with increasing the magnetic field. It is because of the
Landau degeneracy. The Landau degeneracy enhances the superconducting fluctuations and make
the pseudogap stronger. Then, 1/T,T is still more reduced. Therefore, even in the rather weak
pseudogap case, the pseudogap may be observed clearly under the high magnetic field. In other
words, the magnetic field makes the pseudogap visible in more over-doped cuprates. These features
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Figure 3.24: The results for 1/T1T in which the temperature is scaled by the critical temperature
under the magnetic field T¢y;. The magnetic field is chosen as the same as that in Fig. 3.24. Here,
g = —0.8.

are actually observed in the experimental data [110]. The enhancement of the fluctuations by the
magnetic field affects the actual critical temperature 7,. The critical temperature is reduced by
the fluctuations even under the zero magnetic field. It is expected that the enhanced fluctuations
reduces the critical temperature still more. Therefore, the magnetic field dependence of the critical
temperature is more drastic than that expected by the mean field theory. We consider that the
difference between T, and T™* about its magnetic field dependence are explained by the discussion.
The actual calculation is necessary for the detailed explanation.

At the last of this section, we consider the effect of the exchange enhancement. The exchange
enhancement is taken into account within the random phase approximation (RPA). The basic
results about the magnetic field eflects are not changed. However, it is definitely shown that the
peak of 1/ThT (T = T™) does not change in the strong coupling case, while the peak changes in
the weak coupling case. The dynamical spin susceptibility xrpa(k,w) calculated by the RPA is
expressed as follows.

R
R ,w Xo (Qaw) , 3.31
XRPA(q ) 1— UXOR(q,w) ( )
Xo(@,iwn) = =T Y G(k,iwm)G(k+ q,iUn + iwn). (3.32)
kwm

We fix the enhancement parameter U = 1.5 afterward. The relaxation rate 1/T1T is calculated
by eq.(3.1). Here, we take into account the momentum dependence of the hyperfine coupling
|A(q)|* = 3[{A142B(cos(gz) +cos(qy)) }2 + { A2+ 2B(cos(g.) + cos(qy)) }?]. The hyperfine coupling
constants A;, A; and B is evaluated as A; = 0.84B and A, = —4B [112]. The following results
are not affected by the choice of the parameters, qualitatively.

The calculated results are shown in Figs. 3.25 and 3.26. In the high temperature region, 1/TyT
is enhanced owing to the exchange enhancement. Near the critical temperature, 1/T77T is reduced
owing to the superconducting fluctuations. As a result, 1/T;T shows its peak at T = T™ above
Tc.. 1t is a well-known pseudogap phenomenon in the NMR measurements.
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Figure 3.25: The results for 1/T,T including the effects of the exchange enhancement. The weak
pseudogap case ¢ = —0.5. The magnetic field is varied as 4eB = 0.01,0.02, and 0.03 in our unit.
The inset shows the results for the spin echo decay rate 1/T5¢.
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Figure 3.26: The results for 1/T3T including the effects of the exchange enhancement. The
relatively strong pseudogap case ¢ = —0.8. The magnetic field is varied as 4eB = 0.01,0.05, and
0.1 in our unit. The inset shows the results for 1/T5s.
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In the weak coupling case ¢ = —0.5 (IFig. 3.25), the effect of the magnetic field is clearly
observed. The onset temperature T is lowered by the magnetic field. On the other hand, in the
relatively strong coupling case ¢ = —0.8 (I'ig. 3.26), the effect of the magnetic filed is remarkably
small. In particular, the onset temperature 7 is not changed by the magnetic field. In this
case, 1/T1T shows the magnetic filed dependence only in the vicinity of the critical temperature
T.. Needless to say, these features are the same as those derived by the calculation without the
exchange enhancement.

The results for the spin-echo decay rate 1/75¢ are shown in the inset of IFigs. 3.25 and 3.26.
1/Tsc is calculated by the following expression.

1T = Tq A Rexi(q,0)]* — [ 14)(q)*Rey; (g, 0)]%. (3.33)
q

Here, the dynamical spin susceptibility is calculated by RPA, and the hyperfine coupling is
expressed as |A}(q)|* = {Az + 2B(cos(g.) + cos(qy))}? [112]. The spin echo decay rate 1/T3q also
shows the pseudogap phenomena. However, the effect of the pseudogap on 1/T,g is weaker than
that on 1/TyT. The pscudogap appears in the narrower temperature region. 1/T5c shows its
peak below the pseudogap onset temperature 7™ in 1/T,T. These results are consistent with the
experimental results [35].

These results indicate that the effects of the pseudogap are weak on the real part of the spin
susceptibility rather than on the imaginary part at the low frequency. The dissipation (imaginary
part) directly reflects the density of state near the Fermi level. However, the static properties
(real part) do not necessarily so. In other wards, the pseudogap suppresses the weight of the spin
fluctuations at low frequency. However, the effect on the total weight is rather small. In particular,
the d-wave pseudogap only weakly affects the real part near the anti-ferromagnetic wave vector
g = (m,7). The momentum dependence of the hyperfine coupling A(q) reduces the effect of
the pseudogap on 1/Tyq still more. The above features are in common with the superconducting
state [113]. That is natural because the pseudogap and the superconducting gap have the same
dy2_,2-wave form and the same energy scale. The magnetic field dependence of 1/T5g has the
same features as those of 1/TT.

3.2.4 Discussions

In this section, we have shown that the pairing scenario based on the strong coupling supercon-
ductivity well explains the effects of the magnetic field on the pseudogap phenomena in High-
T. cuprates. There is an interpretation that the magnetic field independence of the pseudogap
phenomena in under-doped cuprates is an evidence denying the pairing scenarios for the pseu-
dogap (108]. However, the pairing scenario based on the resonance scattering well explains the
experiments.

By considering that the effective Fermi energy er decreases and the attractive interaction
increases with decreasing the doping concentration, the calculated results well explain the high field
NMR measurements including their doping dependence and the temperature dependence. The
comprehensive understanding from over-doped to under-doped cuprates is obtained. Moreover,
the continuous understanding in the phase diagram rather support the pairing scenario. In the
pseudogap phase, the self-energy correction due to the superconducting fluctuations is a common
mechanism in reducing the DOS and 1/T3T. Because the pseudogap phenomena continuously
take place from slightly over-doped to under-doped cuprates, their magnetic field dependences
should be continuously understood. The pseudogap becomes strong as the doping concentration
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decreases. The magnetic field dependence of the weak pscudogap case can be understood within
the conventional weak coupling theory for the superconducting fluctuations [97, 110]. Our theory is
an extension of the theory. This fact indicates the correctness of our description for the pseudogap
phenomena in under-doped cuprates on the basis of the strong coupling superconductivity.

On the other hand, it is not clear whether the magnetic origin may be consistent with the
magnetic field dependence, especially in the weak pscudogap case. It is because the magnetic
exchange coupling J is the order of J ~ 1000k and the applied magnetic field is the order of
pupB ~ 10K.

Here, we give a brief discussion on the self-consistent calculation. In the self-consistent calcu-
lation the pscudogap is described in a similar way. The fundamental picture does not change also
in the self-consistent calculation, although the renormalization effects on the TDGIL parameters
exist. As we have described before, the self-consistent T-matrix calculation is a method treating
the critical fluctuations. The criticality makes the magnetic field dependence still smaller. To
put it in detail, in the self-consistent calculation the parameter ¢, depends on the magnetic field.
As the magnetic field suppresses the pseudogap, to(B) is reduced. Therefore, the distance to the
superconductivity to(B) + 2beB varies more slowly than to(0) + 2bcB. Thus, the magnetic field
dependence is reduced in the critical fluctuation regime. Anyway, the strong coupling supercon-
ductivity is the essential factor for the magnetic field independence, as we have described in this
section. The existence of the wide critical region is a result of the strong coupling superconduc-
tivity.

The more systematic measurements ol the magnetic field dependences in the various doping
concentration will be an important verification to determine the origin of the pseudogap phenom-
ena in High-T; cuprates.

3.3 Superconducting Phase Transition from the Pseudo-
gap State [26, 27]

3.3.1 Introduction

The direct measurements of the electronic spectrum, such as ARPES [22, 23] and tunneling
spectroscopy[49] have indicated the similarity between the pseudogap and the superconducting
gap. In particular, the same cnergy scale and the same momentum dependence between the two
gaps have been indicated. Thus, the electronic structure changes continuously from the pseu-
dogap state to the superconducting state. This important observations have strongly suggested
that the pseudogap is a precursor of the superconductivity. The same energy scale of the two
gaps are self-evident in the NSR theory because the energy scale is the binding energy of the
pre-formed bosons. However, it is not so self-evident in our scenario and should be confirmed by
the calculations. Furthermore, the similarity and the difference between the pseudogap state and
the superconducting state have been reported from the various experiments. The comprehensive
explanation for the characteristic properties of the phase transition is desired.

In this section, we extend the self-consistent T-matrix calculation to the superconducting
state. Our main purpose in this section is to understand the superconducting transition from the
pseudogap state. The close relation indicated by the spectroscopic experiments are confirmed by
our calculation.

In this section, we do not use the TDGL expansion because it is not justified in the ordered
state. The main results obtained in §3.1 are confirmed by the calculation in this section. Moreover,
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the characteristic properties in the ordered state, such as the order parameter A and the single
particle spectral weight are given by the self-consistent T-matrix calculation extended to the
superconducting state.

3.3.2 Theoretical Framework

In this subsection, we describe the theoretical framework in this section. Hereafter, we adopt the
unit & = ¢ = kg = 1. In this section, we use the same model and the formulation as in §3.1.
The calculation is based on the self-consistent T-matrix calculation. The Green function G is
expressed as G(k,i2,) = (w—ex— T (k,i1Q,))7". The self-energy ¥ is given by the self-consistent
T-matrix calculation, (Fig. 3.3(b))

D(kyiwn) =T Y 1(q,i0)G(g — &y i — iwm)oh_ s (3.34)
q.iQ,

In §3.1 and §3.2, we have expanded the reciprocal of the T-matrix {~'(q, ) around ¢ = Q = 0.
This expansion corresponds to the time-dependent-Ginzburg-Landau (TDGL) expansion,

/ g
T = . 3.35
(q,w) to + bq2 - ((11 + l(lg)ﬂ (‘; ;))

The detailed properties of the TDGL parameters are discussed in §3.1.1. In this section, we do
not use the TDGL expansion with reference to the Landau singularity in the ordered state [114].
We explicitly calculate the T-matrix around ¢ = 2 = 0. The obtained results confirm the above
behavior of the T-matrix including the renormalization effects. The pseudogap state is obtained
similarly. We restrict the integrated area for ¢ and 2, as is done in §3.1. Namely, the meaningful
region as a superconducting fluctuation is picked up. There is no qualitative difference by the
details of the calculation.

Here, we extend the self-consistent T-matrix calculation to the superconducting state. The
T-matrix is described as the following 2 x 2 matrix in the superconducting state. (Fig. 3.27(a))

T(q,i%) = [97'1 + xpo(g,1)] 7 (3.36)
wolain) = (050 e n ) (3:37)
where,
K(q,i%) = T Y G(k,iwm)G(q — kil — iwm)Pks_q/20 (3.38)
k' wom
Lg,i) = T 3 F(K,iwn)F(q — ki — iwn)ek_o/n, (3.39)
k' wm

and 1 is the unit matrix.
Here, G(k,iwn,) and F(k,iwy,) are normal and anomalous Green functions including the self-
energy X(k,iw,,), respectively.

iwp +ex+ L(—k, —iwp)
[lwy — ex, — D(k,iwy)|[iwn + ex + Z(=k, —iwy,)] — A2’
—Ag

F(k,iw,) = = - - ) 3.41
(k, iwn) [iwm — ex — D(k,iwp)][iwm + ex + Z(—k, —iwn )] — A} ( )

G(k,iwy,) = (3.40)
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The normal self-energy V(k, iw,,) is given by the self-consistent T-matrix approximation (I'ig.

3.27(h)).

Yk, iwy,) =T Z T11(q,192,,)G(q — k,i82, — iw,,,)a,of,_q/z. (3.42)
q.i0,

Here, the trivial Hartree-Fock term is excluded (IFig. 3.27(c)).
The d-wave order parameter Ap = Ay, is determined by the gap equation.

A =—gT z (k' iwpy )or or. (3.43)
k' o,

The effects of the fluctuations on the gap equation are included in the normal self-energy in the
anomalous Green function I'(k,iw,,).

Figure 3.27: (a) The diagonal component of the T-matrix in the superconducting state. The
double solid lines represent the normal and anomalous Green functions of the fermions. (b) The
normal self-energy calculated by the self-consistent T-matrix approximation. (c) The Hartree-Fock
term which we exclude.

The T-matrix corresponds to the propagator of the pair field (q,i9,) = A(q,iR2,) — A [115].
By describing the pair field by the amplitude mode A(q,if2,) and the phase mode 0(q,i2,) as
n(q,iQ) = Mq,i,) +10(q,i2,), the effective Gaussian action for the pair field is expressed as,

S(0,0) = %Tq%(r,o*)( Vgl = Ko =L Ul _'II‘{; L ) ( ) ) (3.44)

Here, K = (K(q,iQ)+ K(—q,—i0,))/2 and K_ = (K(q,i1Q,) — K(—q, —i9,))/2. We omit-
ted the indices ¢ and Q,. The condition 1/|g| — K(0,0) + L(0,0) = 0 is equivalent to the gap
equation and is realized in the superconducting state. This fact indicates the existence of the
gap-less phase mode which corresponds to the Bogoliubov-Anderson mode at the zero tempera-
ture [116]. However, the phase mode have a dissipation due to the quasi-particle excitations at
the finite temperature.

In the particle-hole symmetric case, K(q,if,) = K(—gq, —if1,) is satisfied, and the off-diagonal
component K_ vanishes. Therefore, the phase mode and the amplitude mode are completely
decoupled. However, High-T; cuprates are strongly particle-hole asymmetric systems, as we have
emphasized. Therefore, the phase and amplitude fluctuations couples with each other through the
off-diagonal component. Anyway, since the off-diagonal component vanishes at ¢ = 12, = 0, the
T-matrix has a pole at ¢ = iQ2,, = 0 in the superconducting state (This is the Thouless criterion
for T.). Thus, the T-matrix in the superconducting state include both the phase and amplitude
modes.
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We consider the effects of the superconducting fluctuations on the electronic state which are
the origin of the pscudogap. In the superconducting state the effects are mainly from the phase
mode. lowever, the effects are small compared to those in the normal state. Although the self-
energy correction makes the spectrum broad, the effects make no significant difference in the low
energy properties because the large superconducting gap rapidly grows below T.. (See Fig. 3.29
in the next subsection.)

After carrying out the analytic continuation for the above expressions eqs. (3.35-12), we self-
consistently determine the self-encrgy YR (k,w), the order parameter Ay, normal and anomalous
Green functions GR(k,w), FR(k,w) and 2 x 2 T-matrix on the real frequency. The calculation is
carried out both in the normal state and in the superconducting state.

Since the effects of the superconducting fluctuations are included in the self-energy V1 (k, w),
our formalism reduces to the BCS mean field theory by neglecting the self-energy. In the normal
state, ofl-diagonal components Ay, I'(k,iw,) and L(q,i82,) vanish. In this case, it can be casily
confirmed that the above set of equations are reduced to the self-consistent T-matrix calculation
used in the normal state. The self-consistent T-matrix calculation gives a unified description
for the pseudogap state, the superconducting state and their phase transition, although it is
not precise on the critical point. As we have done in the previous scction §3.1, we keep the
a =1+ gK(0,0) — gL(0,0) as small value @« = 0.01 in the superconducting state in order
to avoid the singularity from the two-dimensionality. This operation is justified in the quasi-
two dimensional systems which High-T. cuprates are considered to be, because the weak three
dimensionality surely remove the singularity. The finite critical temperature is obtained by this
operation. The critical temperature T; is more reduced as « is decreased. That is a natural result
because the value « represents the three-dimensionality of the systems. The choice of the value «
makes no qualitative difference on the calculated results in this thesis.

3.3.3 Order Parameter

Hereafter, we show the results of the self-consistent calculations for the set of equations in §3.3.1.
In the main part of this section, we choose the coupling constant ¢ = —1.0, or ¢ = —2.0. Both
cases give the qualitatively same results. In case of ¢ = —1.0, mean field critical temperature
T.MF = 0.194, and the calculated critical temperature T, = 0.099. In case of g = —2.0, TMF =
0.472, and T, = 0.212. The obtained phase diagram is shown in Fig. 3.28, which is similar to Fig
3.16. Here, we have determined the critical temperature T, as the highest temperature where the
solution for the superconducting state is obtained.

The suppression of T, from TMF becomes remarkable with increasing the coupling constant
|g|- In the strong coupling case, the pseudogap state appears in the wide temperature region. We
show the region where 0 < 1/|g| — xp0(0,0) < 0.1 in Fig. 3.28. In case of the Gaussian fluctuation,
1/]9] — xpo(0,0) = pd(O)I;.—fﬁ. Therefore, the width of the region is scaled by T.. Our result shows
that the region is enlarged in the strong coupling case. This indicates the wide critical region and
the wide pseudogap region.

Once the superconducting order occurs, the effects of the fluctuations are drastically sup-
pressed. The main reason is the following two points. The amplitude mode is suppressed owing
to the growth of the order parameter. Moreover, the weight of the phase mode shifts to high fre-
quency because the dissipation is reduced in the ordered state. As a result, the order parameter
Ak = Aypy grows more rapidly than the result of the BCS theory. The temperature dependence
of the order parameter is shown in Fig. 3.29. The rapid growth of the order parameter is a
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Figure 3.28: The obtained phase diagram. The closed circles show the critical temperature hased
on the mean field theory (TMF). The closed diamonds show the critical temperature (T.) sup-
pressed by the fluctuations. The suppression becomes remarkable in the strong coupling region.
There are slight differences from Fig. 3.16 because the different calculation is adopted in this
section. The open squares correspond to the temperature Ty where 1/|g| — xp0(0,0) = 0.10.

common feature of the theories including the critical fluctuations. It should he noticed that the
dissipation of the two modes is reduced at the low temperature in accordance with the power law,
ImK(q,9)+1ImL(q,Q) x Q4, while it is exponentially reduced in the s-wave superconductor. The
power law is due to the gap node. Thus, the dissipation remains in the d-wave case more than in
the s-wave case.

The rapid growth of the order paramecter should be seen in various probes. For example,
the London penetration depth is a typical one (see §3.4.2). However, the rapid growth is a more
general feature of the superconductivity caused by the electron correlation. For example, the rapid
growth of the order parameter is also shown in the FLEX calculation [117]. We consider that the
rapid growth obtained by the FLEX calculation is caused by the suppression of the de-pairing
effect arising from the low frequency spin fluctuations. This effect is different from that calculated
in this thesis. Both effects exist in High-T. cuprates. Since the de-pairing effect from the spin
fluctuations is suppressed by the pseudogap and the pseudogap becomes clear with decreasing the
doping concentration, it is expected that the effect shown in this thesis becomes dominant with

under-doping.

3.3.4 Single Particle Properties

Next, we show the results for the single particle properties. The single particle spectral weight
A(k,w) = —L1ImG®(k,w) is shown in Fig. 3.30. The pseudogap appears in the normal state
T > T.. Since the calculation using the TDGL expansion is inappropriate in the high frequency
region, the structure at high frequency is different from the results from the previous section §3.1.
However, the broad and asymmetric structure of the pseudogap at the low frequency is obtained
similarly. As is pointed out in §3.1, the asymmetric structure is essential for the self-consistent so-
lution showing the pseudogap. On the other hand, the gap structure becomes clear and symmetric
below T.. This is a usual feature of the superconducting gap. This change is smooth, but rapid
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Figure 3.29: The growth of the order parameter A. The open circles and the open squares are the
calculated results for ¢ = —1.0 and g = —2.0, respectively. The dashed-dotted and long-dashed
lines show the results of the d-wave BCS theory for ¢ = —1.0 and g = —2.0, respectively. The
order parameter grows more rapidly than the BCS result.

because of the rapid growth of the order parameter. The pseudogap is caused by the self-energy
correction due to the superconducting fluctuations, while the superconducting gap is caused by
the superconducting order. The self-energy correction is reduced in the superconducting state
because the fluctuations are suppressed.

It should be noticed that the energy scale of the pseudogap and that of the superconducting gap
are similar including their momentum dependences. The broad pseudogap, the sharp supercon-
ducting gap and the same energy scale are the important properties observed by ARPES [22, 23].
However, ARPES experiments can not refer to the asymmetric or symmetric structure, since
ARPES measures only the spectrum below the Fermi energy. Moreover, the asymmetric structure
disappears by summing up the momentum corresponding to the experimental resolving power.

Here, we briefly comment on the properties of the T-matrix in the pseudogap state. The
calculation in this thesis justifies the calculation using the TDGL expansion in the pseudogap state
(§3.1). In the TDGL expansion, we have neglected the quadratic term in  which is emphasized
as the lowest order term in the particle-hole symmetric case [98]. However, the quadratic term
can be neglected near T, because it is a higher order term than the linear term which is present
here. Moreover, our calculation shows that the quadratic term is reduced by the renormalization
effect. The coefficient of the quadratic term a3 is proportional to the parameter b, a3 = (2/92)b
in the Gaussian fluctuation. Here, o is the mean value of the quasi-particle velocity on the Fermi
surface. The coefficient a3 are reduced by the pseudogap with the parameter b. Therefore, the
quadratic term is not important in the pseudogap state. On the other hand, The quadratic term
is restored in the superconducting state, although the sign is opposite to that above T.. Therefore,
the T-matrix becomes symmetric in the superconducting state. That is a natural result because
the superconductivity mixes the particle and the hole.

We can see more clearly the character of the phase transition from the pseudogap state to the
superconducting state by showing the DOS in Fig. 3.31. The DOS p(w) = ¥, A(k,w) shows
the broad pseudogap in the normal state. The DOS remains near the Fermi level to some extent.
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Figure 3.30: The single particle spectral weight at (a) k = (7,0.157), (b) k& = (0.57,0.257) ,
just bellow the IFermi level. The dash-dotted (7" = 0.532) and long-dashed (7" = 0.213) lincs arce
the results above Tc. T = 0.213 is just above T, and corresponds to the pseudogap statc. The
solid (T" = 0.21) and the dashed lines (1" = 0.12) are results below T.. The pseudogap smoothly

changes to the superconducting gap. The gap structure becomes sharp and symmetric in the
superconducting state.

These features reflect the broad and asymmetric structure of the single particle spectral weight
A(k,w). The pseudogap grows with approaching the critical point. The superconducting phase
transition takes place by the remained DOS. It should be noticed that the phase transition is
superconductivity, and is not the Bose Einstein condensation in the NSR theory. The shift of the
chemical potential is actually small. Once the superconducting order occurs, the gap becomes
sharp with the rapid growth of the order parameter. The change is rapid but smooth across
T.. The DOS shows the linear energy dependence p(w) x w at the low temperature. This is a
characteristic feature of the d,._,»-wave superconductivity.

It should be noticed that the energy scale of the pseudogap and that of the superconducting
gap are almost the same. When the coupling constant |g| increases, the energy scale of the
pseudogap increases with that of the superconducting gap. The energy scale is almost independent
of the temperature. These features are consistent with the important results of the spectroscopic
measurements [22, 23, 49]. The same gap scale is not so obvious in the resonance scattering
scenario, while it is obvious in the NSR scenario. However, the same gap scale is an expected
result because the two phenomena, the pseudogap and the superconductivity, have the same origin
in our scenario. This is actually confirmed by the above results.

3.3.5 Discussions

In this section, the pseudogap state and the superconducting state in High-T, cuprates have been
investigated. It should be noticed that the system is not the low density system. Therefore, our
scenario is based on the resonance scattering and is not based on the NSR theory. [74] Namely, the
mechanism of the phase transition should be considered as the superconductivity, and is not the
Bose Einstein condensation in the sense of the NSR theory. The characteristics of the pseudogap
state and the superconducting state have been investigated on the basis of the calculated results.
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Figure 3.31: The DOS for (a) ¢ = —1.0 and (b) ¢ = —2.0. The dash-dotted lines show the
non-interacting DOS. The long-dashed lines ((a) T' = 0.104 (b) T' = 0.213) show the pseudogap
state above T.. The dashed ((a) 7" = 0.098 (b) 7" = 0.21) and solid ((a) 7" = 0.05 (b)T = 0.12)
lines are the results bellow T.. It should be noticed that the gap scale is almost the same between
in the pseudogap state and in the superconducting state.

The calculated results well explain the experimental results. The smooth change observed in the
electronic spectrum has been reproduced. The same energy scale is not so self-evident in the
resonance scattering scenario, compared with the NSR theory. However, our results have actually
confirmed the important character. This fact means that the energy gain due to the formation of
the gap around the Fermi energy is common to both of the pseudogap and the superconductivity.

In the above sections, we have emphasized the importance of the comprehensive explanation
of the phase diagram in order to understand the overview of the High-T. superconductivity. The
pseudogap is an especially important character of the High-T, cuprates. The following two points
are important to understand the pseudogap and the phase diagram.

One is the continuity with respect to the hole doping. The pseudogap phenomena take place
from slightly over-doped region to under-doped one. The pseudogap gradually develops with
decreasing the doping concentration. Our scenario based on the resonance scattering scenario
is properly consistent with the doping dependence. The typical change due to the doping is
clearly observed in the magnetic field dependence of the pseudogap phenomena [108, 109, 110].
The scenario based on the resonance scattering well explains the doping dependent character
of the pseudogap continuously from the slightly over-doped to under-doped region (§3.2) The
comprehensive understanding strongly supports our scenario.

The other important point is the close relation between the pseudogap state and the supercon-
ducting state. It is natural to consider the pairing scenario for the pseudogap which develops with
approaching the critical point and smoothly changes to the superconducting gap. In this thesis,
the same aspects between the pseudogap state and the superconducting state are confirmed in
detail. The results support our scenario more clearly.
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3.3.6 Comment on the Magnetic Scenarios

Ilere, we give a discussion on the magnetic scenarios for the pseudogap phenomena. The magnetic
scenarios based on the anti-ferromagnetic hidden order or the anti-ferromagnetic fluctuations
have been proposed for the pseudogap phenomena. [9, 18, 19] The RVB theory is also included
in the magnetic scenario because the spin singlet pairing is caused by the magnetic interaction
(super-cxchange interaction). We also think it possible that the strong spin fluctuations near the
magnetic critical point reduce the electronic DOS. However, it is diflicult to give a comprehensive
understanding of the phase diagram on the basis of the magnetic scenario. First, the samme energy
scale of the pscudogap and the superconducting gap is unnatural in the magnetic scenario. T'his
is because the spin fluctuations (or the anti-ferromagnetism) and the superconductivity have
considerably different energy scale. Next, it is not clear whether the magnetic scenario may be
consistent with the magnetic field dependence, especially in the weak pscudogap case. It is because
the magnetic exchange coupling J is the order of J ~ 1000K and the applied magnctic field is the
order of ug B ~ 10K. Therefore, we think that the magnetic scenario is inappropriate to explain
the pseudogap phenomena in High-T, cuprates.

Moreover, we comment on the spin-fluctuation-induced pseudogap. There is a calcu-
lation treating the pseudogap phenomena as a precursor of the magnetic instability (anti-
ferromagnetism) [18, 19]. In these theories, ‘hot spot’, which is a part of the Fermi surface
in the vicinity of the anti-ferromagnetic Brillouin zone, exists near (0,7) and plays an especial
role. Since the quasi-particles at ‘hot spot’ are strongly scattered by the anti-ferromagnetic spin
fluctuations, the gap structure appears at ‘hot spot’. Since the spin fluctuations lead to the
transformation of the Fermi surface, ‘hot spot’ comes to exist in the wide region near (0,7) [57].
Therefore, the gap structure would have a similar shape to the d,2_,2-wave superconducting gap.
However, the scenario is difficult to induce the clear pseudogap. Since the interaction caused by
the superconducting fluctuations is strong in the vicinity of ¢ = (0,0), the important k-points for
the self-energy on the Fermi surface are sure to be on the Fermi surface. On the other hand, in case
of the anti-ferromagnetic spin fluctuations, the interaction is strong in the vicinity of @ = (7, 7).
Therefore, the important k-points for the quasi-particles with the momentum k exist in the vicin-
ity of k + Q. They are on the Fermi surface only when k is on the ‘hot spot’. As a result, the
quasi-particles slightly apart from ‘hot spot’ are not directly scattered by the strong fluctuations.
Thus, the pseudogap is not impossible but difficult to be attributed to the magnetic interaction
on the quantitative point of view. Moreover, since the phase transition which really occurs is the
superconductivity, the superconducting critical phenomena necessarily take place. It is not obvi-
ous how the critical spin fluctuations can exist even in the critical region of the superconductivity.
Indeed, the spin fluctuations are reduced in the pseudogap region 30, 31, 32, 33, 34, 35, 36].

On the other hand, a slight suppression of the DOS with large energy scale has been indicated.
This phenomenon appears at the rather higher temperature than T* and is called ‘large pseudo-
gap’ [49, 118]. We expect that the ‘large pseudogap’ results from the magnetic origin. In this case,
the pseudogap discussed in this thesis results from the origin with more small energy scale. A
clear understanding is obtained by considering that the origin is the superconductivity. Thus, the
pairing scenario gives the comprehensive understanding of the High-T. superconductivity, more
clearly than the magnetic scenarios.
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3.4 Anomalous Properties in the Pseudogap State [27]

In this section, we investigate the magnetic and transport properties which show the pseudogap
phenomena. The pseudogap phenomena observed in cach probe are explained by considering
the characteristic momentum and frequency dependence of High-7,. cuprates. We calculate the
behavior of some quantities from the pseudogap state to the superconducting state. The self-
consistent T-matrix approximation is used in this section. The TDGL expansion is not used
because the calculation is carried out in the ordered state [I14]. Our results give qualitatively
consistent explanation for the experimental results.

3.4.1 Magnetic Properties

In this subsection, we show the results for the magnetic properties. The magnetic field depen-
dence has already been calculated in §3.2. In this subsection the properties are investigated in
more detail. We calculate the dynamical spin susceptibility ys(k,w) by using the random phase
approximation (RPA). The exchange enhancement is taken into account within the RPA.

R
R Xo (q’w)
s\q,w) = ) 3.45
@) = T e (249
xo(q,iw,) = =T E [G(k,iwn)G(k + @,y + iw,) + F'(k,iwy) F(k + q,i + 1w, )([3.46)
k.wm

Here, the expression includes the anomalous Green function I’ because the calculation is ex-
tended to the superconducting state. We fix the enhancement parameter U = 1.5, afterward. The
following results are not affected by the choice of the parameter, qualitatively. As is explained in
§3.2.2, we can neglect the correction to the two-body correlation function by the superconducting
fluctuations (AL term and MT term). The effects of the superconducting fluctuations are included
in the normal and anomalous Green function G and I thorough the self-energy correction.

The NMR spin-lattice relaxation rate 1/T; and spin-echo decay rate 1/T,q are calculated by
the following expressions.

T = ZFL(q)[})Imx?(q,w) ool (3.47)
1Tie = %:[FM(Q)Rexs (g,0))* - ZFH )Rex™(q,0)]%. (3.48)

Here, F(q) = 3[{A1 + 2B(cos g, + cos q;)}* + {A; + 2B(cos g; + cos ¢,)}?] and Fj(q) = {Az +
2B(cos g+ cos g;)}2. The hyperfine coupling constants A,, A2 and B are evaluated as A; = 0.84B
and A; = —4B [112]. The above expression is the same as that used in §3.2.3.

The calculated results are shown in Fig. 3.32. In the normal state far above T¢, 1/T7T increases
with lowering the temperature owing to the exchange enhancement. It shows a peak above T and
decreases with lowering the temperature below 7*. The decrease is an effect of the superconducting
fluctuations. It is the well-known pseudogap phenomena in NMR 1/T),T [30, 31, 32, 33, 34, 35, 36].
The superconducting fluctuations give rise to the pseudogap in the DOS, and reduce the weight
of the spin fluctuations at the low frequency. Thus, the pseudogap observed in NMR 1/TT takes
place through the single particle pseudogap. However, the decrease in the pseudogap state is rather
moderate than in the superconducting state. With the growth of the sharp superconducting gap,
1/Th T decreases rapidly. The BCS-like behavior is obtained in the superconducting state since the
superconducting gap opens clearly. These features are consistent with the experimental results.
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Figure 3.32: The results for 1/T}T. Here, g = —1.0. The peak appears above T, = 0.099. 1/1}T
is reduced by the psecudogap and decreases with approaching the critical point. The insct shows
the result for 1/T5:.

On the other hand, NMR 1/Tyc shows rather weak temperature dependence both in the
pseudogap state and in the superconducting stale (sec the inset of Fig. 3.32). NMR 1/T,q
increases with decreasing temperature in the normal state far above T, owing to the exchange
enhancement. The pseudogap also affects the NMR 1/T,5. The increase of 1/T3¢ becomes
moderate in the pseudogap state. Near T, NMR 1/T3¢ is almost independent of the temperature.
These are the effects of the pseudogap. However, the eflects on 1/T5g are weaker than those on
1/TiT. In the superconducting state, 1/75¢ decrcases moderately with deci‘easing the temperature
as a characteristic result of the d-wave pairing.

Since 1/Ty¢ reflects the total weight of the spin fluctuations, the eflect of the pseudogap is
weak on 1/Tyg. In particular, the static susceptibility Rex?(q,0) around ¢ = Q = (7, 7) is not
reduced so much by the d-wave pseudogap, while it is remarkably reduced around q = (0,0). The
momentum dependence of the hyperfine coupling Fj(q) further weaken the effects of the pseudogap
on 1/T,;. The above features are in common with those in the superconducting state [113]. That
is a natural result because the pseudogap and the superconducting gap have the same d,2_,2-wave
form.

It is natural that the scaling law for the spin fluctuations is violated by the pseudogap, because
it is violated in the superconducting state. The above results are qualitatively consistent with the
features indicated by the NMR experiments [30, 31, 32, 33, 34, 35, 36]. Minutely speaking, the
different behavior of 1/T,¢ has been reported for different High-T. compounds. [32, 33, 35, 36]
There is an idea that attributes the difference to the effects of the interlayer coupling [36]. The
difference of the hyperfine coupling is also the origin of the different behavior. Anyway, the
relatively weak effect of the pseudogap on 1/T,; than on 1/T1T is observed in common. The
qualitatively consistent results are obtained here.

The remaining part of this subsection is concerned with the neutron resonance peak observed
by the neutron scattering experiments [119, 120]. The neutron resonance peak is observed in the
superconducting state from optimally-doped to under-doped region. The recent measurements
have found the development of the weak resonance peak in the pseudogap state [120]. The reso-
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nance peak in the superconducting state is attributed to the interplay of the anti-ferromagnetic
correlation and the d-wave superconductivity [117, 121, 122]. Our result shows the sharp reso-
nance peak in the superconducting state, which is caused by the same mechanism. Morcover, we
investigate the behavior of the resonance peak in the pseudogap state. The neutron scattering
intensity is proportional to the imaginary part of the spin susceptibility, Im\*(q,w). We show

the calculated results for hm[(g,w) at ¢ = @ in Iig. 3.33. IHere, Im\¥(Q,w) is expressed as
follows,

ImyR(Q,w) = [ Iy (@) (3.49)

1 = URex(Q,w)]* + [UIm\{(Q,w)]*”
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Figure 3.33: The results for Imy®}(Q,w). Here, g = —1.0. The inset shows (a) Imy}(Q,w) and
(b) Rex}(Q,w), respectively. The long-dashed lines, the solid lines, the dashed-lines and the
dash-dotted lines correspond to T = 0.050 (superconducting state), T' = 0.104 (pseudogap state),
T =0.165 and T = 0.253, respectively.

In the superconducting state, the real part Rex}(Q,w) increases with w and the imaginary part
Imy}(Q,w) is suppressed in the low frequency region w < 2Anax. Here, Apay is the maximum gap
energy. Therefore, there is a point w = w, where the denominator of eq.(4.5) is remarkably small,
when the system is near the anti-ferromagnetic instability, 1 — URex%(Q,0) < 1. Then, the sharp
resonance peak appears at w = w;. In the pseudogap state, the dynamical susceptibility xo behaves
similarly. Rexf(Q,w) has the positive slope with respect to w. The dissipation Imy§(Q,w) is
reduced in the low frequency region. This behavior is an essential result of the pseudogap as
a precursor of the superconductivity. However, the features are rather weak compared to the
superconducting state. In particular, the finite dissipation remains in the pseudogap state because
of the remained DOS near the Fermi energy. As a result, the weight of the spin fluctuations shifts
to the high frequency. This is a precursor of the resonance peak, however it is weak and broad. The
peak appears at the slightly lower frequency than w,. The peak smoothly develops to the sharp
peak in the superconducting state. Far above T, the conventional behavior of the normal state
is obtained. We can see that the low frequency component of the spin fluctuations is suppressed
by the pseudogap, however, the weight is transfered to the high frequency. This behavior is not
obtained by considering the spin fluctuations alone. The transfered high frequency component is
effective as the pairing interaction, and contribute to the NMR 1/T5¢ as we have explained before.
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3.4.2 Transport Properties

The transport phenomena are interesting enough to be discussed here, because they reflect the
characteristic momentum dependences of High-T. cuprates and the relationship between the spin
fluctuations and the superconducting fluctuations. In this subsection, we investigate the transport
phenomena in High-T, cuprates.

First, we describe how the transport phenomena in under-doped cuprates are understood in the
normal state (T > T*). They are anomalous at a glance, and therefore regarded as an evidence of
the ‘anomalous metal’. However, we can understand them by considering the magnetic interaction
caused by the anti-ferromagnetic spin fluctuations [56, 57, 58, 59].

The momentum dependence of the lifetime of quasi-particles is important to understand the
transport propertics. The momentum dependent lifetime is due to the scattering by the anti-
ferromagnetic spin fluctuations [56, 57]. The ‘hot spot’ means the part of the Fermi surface in
which g, = €k+Q [56]. Here, Q is a anti-ferromagnetic wave vector @ = (m, 7). At the ‘hot spot’,
quasi-particles directly suffer an scattering by the anti-ferromagnetic spin fluctuations at ¢ = Q.
The ‘cold spot’ is the area on the Fermi surface far from the ‘hot spot’. There, quasi-particles
do not directly scattered by the spin fluctuations. Therefore, the lifetime of the quasi-particles is
long at the ‘cold spot’ and short at the ‘hot spot’. This momentum dependent lifetime is a general
property of the systems with an strong anti-ferromagnetic spin fluctuations [123]. Tor Iigh-T,
cuprates, the ‘hot spot’ is located near (7,0) and its symmetric points. The ‘cold spot’ is located
near (/2,7 /2). This momentum dependence of the lifetime is observed experimentally [124]. At
the same time, the pseudogap is large at the ‘hot spot’ and small at the ‘cold spot’ because of its

d2_,2-wave shape.
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Figure 3.34: (a) The self-energy due to the spin fluctuations within the one loop approximation.
(b) The ‘hot spot’ and ‘cold spot’ of the Fermi surface.

The ‘hot spot’ does not contribute to the in-plane conductivity, because the conductivity is
almost determined by the most easily flowing quasi-particles. The in-plane conductivity is mainly
determined by the ‘cold spot’. The quasi-particles at ‘cold spot’ are sure to have the T?-damping
rate at the low temperature limit which is consistent with the conventional Fermi liquid theory.
However, they have the T-linear damping rate above the crossover temperature (T > T¢,). It is
because of the low energy magnetic excitations. The transformation of the Fermi surface which
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leads to a form more appropriate to the nesting reduces the crossover temperature Th, o~ wo(Ak)2.
Here, the parameter Ak is shown in IMig. 3.34(b). The transformation itself is due to the anti-
ferromagnetic spin fluctuations [57].
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Figure 3.35: The transformed Fermi surface for ¢ = 0 (dot-dashed line), £ = 2 (dotted line),
¢ = 4 (dashed line) and ¢ = 6 (solid line), respectively. Here, the parameter ¢ is the anti-
ferromagnetic correlation length. As ¢ increases, the Fermi surface at ‘hot spot’ approaches to the
anti-ferromagnetic Brillouin zone.

As a result, the in-plane resistivity shows a T-linear law in the under-doped region (T' >
T* > T,). It should be noticed that T-linear resistivity is not due to the Curie-Weiss law
xs(Q) x 1/(T + 0), or 1/Th\'T x 1/(T + 8). The calculations inappropriately treating the mo-
mentum dependent lifetime attribute the T-linear resistivity to the Curie-Weiss law [7, 125] For
example, the approximate relation between the in-plane resistivity pa, and 1/T1T', pa, < T?/(T1T)
is derived [125]. If appropriately considering the ‘hot spot’ and the ‘cold spot’, the T-linear re-
sistivity is realized more generally, but in more high temperature region [57]. This generality
is important to understand the T-linear in-plane resistivity in the pseudogap state in which the
Curie-Weiss law is violated.

The other important character of High-T.. cuprates is a momentum dependence of the interlayer
hopping matrix element ¢, (k). The band calculation has shrown that the dispersion along the c-
axis is large at the ‘hot spot’ and is nearly 0 at the ‘cold spot’ [68]. The hopping matrix element
t, (k) is approximately expressed as [68, 69].

cosk, — cosk,

5 )2 (3.50)

ti(k) = t(
Since the quasi-particle velocity along the c-axis is nearly 0 at the ‘cold spot’, the ‘cold spot’ does
not contribute to the c-axis conductivity. On the other hand, the contribution from ‘hot spot’ is
reduced by the short lifetime, in spite of the large velocity along the c-axis. As a result, the c-axis
transport becomes incoherent. Thus, we can understand the coherent in-plane conductance and
the incoherent c-axis conductance at the same time [57).
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Figure 3.36: The temperature dependence of the in-plane resistivity. The marks of o, A and O
correspond to under-doped, optimally-doped and over-doped cuprates, respectively. The inset is
the in-plane resistivity of under-doped cuprates without the transformation of the Fermi surface.
It doesn’t show T-linear law up to rather high temperature.
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Figure 3.37: The momentum dependence of the mean free path. The marks of e, and O correspond
to under-doped and over-doped cuprates, respectively. Here, § = Arctan(ky/kx). The under-doped

case shows the strong anisotropy.
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Figure 3.38: The mean free path along the c-axis for (a) the under-doped cuprates and (b)the
over-doped cuprates. Here, 8 = Arctan(k,/ky), and c is a lattice space along the c-axis.

The momentum dependent lifetime enhances the Hall coefficient R = 0,,/02 H [57]. This is
because the effective DOS for the in-plane transport is reduced. However, the vertex correction
plays a more important role for the Hall coefficient [58, 59]. The effect is results from the momen-
tum derivative of the total current J, in the general formula given by Kohno and Yamada [60].
The Hall coeflicient is strongly enhanced by the vertex correction. In the conventional metals, the
vertex correction gives only an constant factor arising from the Umklapp scattering and has no sig-
nificant effect [126]. The significance of the vertex correction is also due to the anti-ferromagnetic
spin fluctuations. The vertex correction is not so important for the longitudinal conductivity even
in the systems with spin fluctuations [58, 59].
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Figure 3.39: The temperature dependence of the Hall coefficient calculated in Ref 57. The marks
are the same as Fig. 3.36. Ryo is the Hall coefficient without the transformation of the Fermi

surface and the momentum dependence of the mean free path.
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Hereafter, we investigate the effects of the pseudogap and the superconductivity on the trans-
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port phenomena. The experimental results clearly show the pseudogap phenomena in the ¢-axis
transport [15, 46] On the other hand, the in-plane transport does not clearly show the pseudogap.
The different effects of the pseudogap on the in-plane and c-axis transport are understood by
considering the momentum dependence of the interlayer hopping 1, (k). Although the m-plane
transport phenomena are dominated by the contribution from the ‘cold spot’, the c-axis transport
is mainly determined by the ‘hot spot’. Therefore, the qualitatively different propertics between
the in-planc and c-axis transport are yiclded. Since the pseudogap and the superconducting gap
are large at the ‘hot spot’, the c-axis transport reflects the pseudogap more clearly than the
in-plane transport.

The experimental results have actually indicated so. The c-axis resistivity increases with
decreasing temperature in the pseudogap state, while the in-plane resistivity keeps the T-lincar law
and slightly deviates downward [12, 43]. The c-axis optical conductivity shows the gap structure
in the pscudogap state, although the in-planc optical conductivity shows only the weak structure
in the higher frequency region [46]. The pseudogap observed in the c-axis optical conductivity
smoothly changes to the superconducting gap [46]. This fact also indicates the close relation
between the pseudogap and the superconductivity. However, the pseudogap in the c-axis optical
conductivity has never been explained on the basis of the pairing scenario.

Here, we calculate the conductivity by neglecting the vertex corrections. The conductivity
Oot(w) is described by the normal fluid part and the superfluid part in the low frequency region,
Orot(w) = o(w) +1/47 % (w + 18). The second term is proportional to the London constant (or the
superfluid density), A = 1/4w\? and appears in the superconducting state. Here, A is the London
penetration depth which we calculate later. The in-plane and c-axis optical conductivity at the
finite frequency is expressed by the normal fluid part in the following way,

| dw’

) = =g T [ U +w) = )]

x(ImG®(k, ") ImGR(k,w 4+ ') + ImFR(k, ) ImFR(k,w 4+ '),  (3.51)
d /
o) = —4de’= S0 [T 4 - 1)
x(ImG®(k,w)ImG®(k,w + ') + ImFR(k, ') ImFR(k,w + ').  (3.52)

Here, d is the interlayer distance, and v(k) = ,/vZ+v2 is the in-plane velocity, where v, =
Oex/0k,. The velocity v(k) is almost independent of the momentum on the Fermi surface in our
model. We have neglected the weak k, dependence of the electronic state. This procedure corre-
sponds to the lowest order calculation with respect to t.. We have neglected the term proportional
to the delta function §(w) which comes from the superfluid part.

Here, we comment on the vertex correction neglected here. In particular, the AL term is
considered to be important for the transport [71]. We think that the effect of the AL term does
not appear except for the narrow region near 7T.. This expectation is explained as follows. The
current vertex in the AL term parallel to the plane J,,(q) is proportional to the TDGL parameter
b, Jus(q) x bg. This corresponds to the velocity of the fluctuating Cooper pairs and is small in
the strong coupling case. Thus, the small b indicates the small velocity of the fluctuating Cooper
pairs as well as the strong fluctuations. The factors b from the current vertex and from the pair
propagator cancel each other in two-dimension. The contribution from the AL term is expressed
as oar, < 1/to [71]. On the other hand, the effects on the single particle properties are estimated as
1/ = —ImEZ®(k,0) o< 1/4/bto. Since the singularity with respect to the parameter ¢, is stronger
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in the AL term oy, than in the damping rate 1/, and since the parameter b is large, the AL
term is more important than the latter in the weak coupling limit. However, the situation is quite
different in the strong coupling case. The eflects on the single particle properties can appear at
T* before the AL term dominate the large conductivity from the ‘cold spot’.

On the other hand, the conductivity is small along the c-axis. However, we can neglect the AL
term along the c-axis in the quasi-two dimensional systems because the AL term along the c-axis
is a higher order term with respect to the anisotropy i./t. 1t is because the current vertex J.(q) is
quadratic with respect to t. J.(q) x t2, although the quasi-particle velocity is linear v, o« f.. The
MT term is considered to be suppressed by the elastic scattering in the d-wave case. The vertex
correction arising from the spin fluctuations is shown to be not important for the longitudinal
conductivity [58, 59]. Thus, it is justified to neglect the vertex correction.

Hereafter, we normalize the conductivity by the constant factor as o.(w) = o.(w)/o? and
oap(w) = oap(w)/0l, where 0 = de? and 03, = e¢?/d. In this subsection we fix the coupling
constant ¢ = —2.0 and ¢, = 0.1.
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Figure 3.40: The c-axis optical conductivity due to the coherent process for T' = 0.395 (dash-
dotted line), T' = 0.213 (thin solid line), T' = 0.20 (dashed line), T = 0.15 (long-dashed line) and
T = 0.12 (thick solid line). The Drude peak is suppressed in the pseudogap state (T' = 0.213) and
the superconducting state (7' = 0.20,7 = 0.15,T = 0.12). The inset shows the normal state c-axis
resistivity p..

The calculated results are shown in Figs. 3.40 and 3.41. First, the c-axis resistivity shows
a semi-conductive behavior in the pseudogap state (the inset in Fig. 3.40). This is because the
scattering due to the superconducting fluctuations increases with approaching the critical point.
Next, the results for the c-axis optical conductivity are shown in Fig. 3.40. The Drude peak
is remarkably suppressed by the pseudogap. In other words, the coherent picture of the c-axis
transport is broken by the pseudogap. In the superconducting state, the c-axis optical conductivity
is suppressed furthermore and shows the gap structure at low temperatures. It should be noticed
that the above results in the superconducting state are different from the expectation of the
conventional d-wave BCS theory. Since the gap node does not contribute to the c-axis transport,
the c-axis transport behaves like a s-wave superconductor in the ordered state.

The results for the in-plane optical conductivity are shown in Fig. 3.41. The Drude peak
remains even in the deeply superconducting state and the gap structure does not appear. These
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Figure 3.41: The in-planc optical conductivity in the normal state 7" = 0.395 (dash-dotted line),
the pseudogap state 7' = 0.213 (solid line) and the superconducting state 7" = 0.12 (long-dashed
line), respectively. The Drude peak remains in all temperature range.

features are characteristics of the d-wave superconductivity and due to the contribution from the
gap node. The sharp Drude peak appears in the in-plane optical conductivity in the pseudogap
state, owing to the contribution from the ‘cold spot’ similarly. The qualitatively different results
in the c-axis transport originate in the momentum dependence of the interlayer hopping ¢, (k).
Thus, the coherent in-plane transport and the incoherent c-axis transport in the pseudogap state
are understood simultaneously in a consistent way.

The detailed properties of the in-plane longitudinal transport in the pseudogap state are ex-
plained by considering the feedback effect of the pseudogap on the low frequency spin fluctua-
tions [57]. The superconducting fluctuations remarkably affects the quasi-particles near the ‘hot
spot’. However, these quasi-particles contribute little to the in-plane transport from the begin-
ning. Therefore, the pseudogap affects on the in-plane transport thorough the feedback effect on
the spin fluctuations. the quasi-particle damping at the ‘cold spot’ is caused by the low frequency
part of the anti-ferromagnetic spin fluctuations. Therefore, the quasi-particle damping at the ‘cold
spot’ is affected by the pseudogap. The in-plane resistivity slightly deviates downward owing to
the feedback effect (Fig. 3.42) [57]. This behavior is observed in many under-doped compounds
and the downward deviation coincides with the pseudogap [43]. The only slight deviation in
the pseudogap state can not be understood by the phenomenological relation, pap x T?xs(Q) or
pab < T?/(T1T). Thus, the calculation appropriately treating the momentum dependence well ex-
plain the experimental results. The optical conductivity in the pseudogap state has been explained
by considering the feedback effects [127].

Moreover, the behavior of the Hall coefficient is also explained by the feedback effects. The
vertex correction due to the spin fluctuations plays an important role for the strong enhancement
of the Hall coefficient [58, 59] The vertex correction is also reduced by the feedback effect on the
spin fluctuations. Moreover, since the effects of the vertex correction is remarkable at ‘hot spot’
where the pseudogap is large, the pseudogap itself reduces the vertex correction. Therefore, the
Hall coefficient is expected to be reduced by the pseudogap. The reduction is actually observed
in the experiments [44]. The detailed calculation is an important future problem.

As we can see from Fig. 3.40, the coherent part for the c-axis transport is small in the pseu-
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dogap state. Therefore, we can not neglect the incoherent process, especially in under-doped
cuprates. The tunneling process is considered to be a typical incoherent process, although there
are many other incoherent processes. The contribution from the incoherent process have been dis-
cussed by Hirschfeld et. al [128]. According to their formalism, we obtain the following expression
for the conductivity from the tunneling process oinc(w).

Oinc(w) = -—deztiznc% > /dTw[f(w’ +w) = f(W)ImGR(k,w)ImGR (', w + W'). (3.53)
kk

Here, we have neglected the momentum dependence of the tunneling matrix element t;,. for
simplicity. The above expression corresponds to the diffusive hopping process in which the infor-
mation for the in-plane momentum is lost. The contribution from the anomalous Green function
FR(k,w) vanishes due to the d-wave symmetry.

The results are shown in Fig. 3.43. We show the results normalized by the constant factor
as Oinc(w) = Oinc(w)/0d., where o2 = de’t? .. Here, oinc(w) is suppressed at the low frequency
by the pseudogap and shows the weak gap structure with the energy scale of 2A.g. Here, A.g
is the energy scale of the pseudogap. In the superconducting state, the gap structure becomes
sharp, and the frequency scale of the gap does not change. This is a natural result because the
same energy scale between the pseudogap and the superconducting gap is shown in the DOS (Fig.
3.31). These features are qualitatively consistent with the experimental results [46]. Thus, our
scenario for the pseudogap phenomena well explains the pseudogap observed in the c-axis optical
conductivity and its smooth change to the superconducting gap. Of course, the dc-conductivity
from the incoherent process shows a semi-conductive behavior.

Recently, the c-axis optical conductivity has been discussed in connection with the violation
of the f-sum rule [129]. The f-sum rule along the c-axis is violated in the under-doped cuprates,
although it is satisfied from the over- to optimally-doped region. The violation has been attributed
to the effects of the phase fluctuations [129]. Moreover, the manifestation of the quantum fluc-
tuations has been pointed out [129]. It is natural that the quantum fluctuations develop with

under-doping. However, we think that the more detailed discussion is necessary for the interpre-
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Figure 3.43: The c-axis optical conductivity due to the incoherent process for T' = 0.526 (dash-
dotted line), T = 0.213 (solid line), T' = 0.20 (long-dashed line), and 7" = 0.12 (dashed line).
The weak gap structure is shown in the pseudogap state. In the superconducting state, the gap
becomes deep with the same energy scale.

tation of the experimental results, since the contribution from the incoherent process violates the
f-sum rule easily.

3.4.3 London Penetration Depth

In this subsection, we show the results for the London penetration depth and discuss the anomalous
behavior at the low temperature. The London penetration depth is related with the imaginary
part of the conductivity as 1/47A? = wlmoy(w) |w—o. This quantity is proportional to the
superfluid density and the phase stiffness. Therefore, the London penetration depth characterizes
the electrodymanics of the superconductor. Here, we calculate the London penetration depth
when the system goes into the superconducting state from the pseudogap state. In other words, we
investigate the properties of the superconducting transition which is suppressed by the fluctuations.
Because the pseudogap exists above the critical point, we can not probe the order parameter by
measuring the excitation gap. However, because the London constant characterizes the Meissner
effect, the development of the order parameter is probed by the London penetration depth A.

The expression for the London constant 1/4w\? is derived by subtracting the paramagnetic
term o Y. v?(GG + FF) from the diamagnetic term o 3" v*(GG — FF). Here, the in-plane and
c-axis London penetration depth is expressed as,

1

JESvR =25 T Z (k)| F (K, iwn) [, (3.54)
1 .

47'-A(2: = Sdeszz ti(k) F(kalwn)lz- (355)

Here, we have used the same approximation as used in §3.4.2. The contribution from the incoherent
process does not exist because of the d-wave symmetry and the momentum independence of the
tunneling matrix. Actually, the incoherent process contributes in the under-doped region by the
momentum dependence of the tunneling matrix [128].
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Figure 3.44: The temperature dependence of A2(0)/A?(T"). The open circles and the open triangles
show the results along the c-axis and along the ab-axis, respectively. The dash-dotted line shows a
result of the d-wave BCS theory. Here, A\(0) is derived by the extrapolation. 1/A*(T') grows rapidly
near T, with the rapid growth of the order parameter. The rapid growth is more remarkable along
the c-axis.

We show the temperature dependence of the in-plane and c-axis London penetration depth in
Fig. 3.44. The inverse square of the London penetration depth 1/A? has almost linear temperature
dependence within the d-wave BCS theory. The linear dependence in the low temperature region
is due to the quasi-particle excitation near the gap node. Near the critical temperature T, the
temperature dependence of the order parameter A o (T, — T')'/? causes the linear dependence in
the BCS theory. Our calculation shows the more rapid increase of 1/A? near Tt owing to the rapid
growth of the order parameter. The rapidness is more remarkable along the c-axis because the
quasi-particle excitation near the gap node does not contribute. In other words, the paramagnetic
current is rapidly suppressed along the c-axis. As a result, the temperature dependence of 1/)? is
rather weak than that of 1/A2, at the low temperature. The expression of ¢, (k) in eq.(3.49) causes
T5-law, A2(0)/A3(T) = 1 — aT" in the low temperature region [130]. This behavior is qualitatively
consistent with the experiment for the several under-doped or optimally-doped cuprates [130, 131].
although our calculation can not expect the precise temperature dependence near the critical point.

In this subsection, we have investigated the temperature dependence of the London constant
A(T) & 1/A(T)?. We think that the low temperature behavior of the London constant is interesting
as a typical problem of the superconductivity in the strongly correlated electron systems. [132,
133, 134, 135, 136] In particular, the strongly anisotropic High-T; cuprates are expected to have
the characteristic temperature and doping dependences. The Uemura plot is a typical one [132].
Moreover, the inconsistency of the value A(0) at the ground state and the coefficient of the T-
linear term of A(T') has been pointed out [133, 134, 135]. The absolute value A(0) decreases with
under-doping, while the coefficient of the T-linear term is almost independent of the doping [133].
Their discussion is based on the analogy of the result for the isotropic system.

We consider that the inconsistency is understood by considering the momentum dependence
of the current vertex J, which is remarkably anisotropic in this systems. The current vertex J,
is renormalized by the quasi-particle mass renormalization, and includes the back flow due to the
residual interaction [136, 137, 138]. The absolute value A(0) is determined by the total quasi-
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particles near the Fermi surface, while the ‘T-lincar term is determined by the quasi-particles near
the gap node. The London constant is reduced by the mass renormalization which is is large
near (m,0) and is small near (7/2,7/2) [57]. The cancellation due to Fermi liquid effect does not
occur in the anisotropic systems [136, 137, 138]. Therefore, the London constant A(0) is roughly
scaled by the effective I'ermi energy p. By considering that the critical temperature 7. is also
scaled by the effective Fermi energy e in the strong coupling region (§3), we can understand
the Uemura plot T, o< A(0) [21, 132] observed in the under-doped region. We consider that the
vertex correction (that is to say, the Fermi liquid effects) reduces the current vertex furthermore.
By considering the Bethe-Salpeter equation for the current vertex [137, 138], we can see that the
current vertex is reduced by the vertex correction exchanging the anti-ferromagnetic spin fluctua-
tions. It should be noticed that the vertex correction is different from that for calculating the Hall
coeflicient. The former corresponds to the non-dissipative regime and the latter corresponds to the
hydrodynamic regime. The vertex correction for the London constant is related to the real part
of the susceptibility xs(q,w), while that for the Hall coefficient is related to the imaginary part.
Therefore, the correction for the London constant remains even in the superconducting state. The
vertex correction is also large at ‘hot spot’ and small at ‘cold spot’. Therefore, the Fermi liquid
eflect makes the system more anisotropic. As a result, the strong correlation reduces the absolute
value, while the T-linear term is not reduced so much. The detailed calculation is an important

future problem.
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Chapter 4

Pseudogap Phenomena and
Superconducting Fluctuations in

Hubbard Model [28]

4.1 Introduction

In the previous chapter, the pseudogap phenomena are well explained on the basis of the resonance
scattering scenario. Our calculations are based on the effective model in which the d-wave attrac-
tive interaction affects the renormalized quasi-particles [24, 25, 26, 27, 105]. The superconducting
coupling has been eflectively adjusted by the coupling constant |g|. There are two important
factors in order to realize the strong coupling superconductivity in High-T, cuprates. One is that
the effective Fermi energy er is renormalized by the electron-electron correlation. In this sense,
the strong coupling superconductivity is a characteristic phenomenon in the strongly correlated
electron systems. The other is that the high critical temperature T, is obtained by the pairing
interaction mediated by the anti-ferromagnetic spin fluctuations [7, 8]. The anti-ferromagnetic
spin fluctuations also result from the strong electron-electron correlation. Thus, both factors are
derived from the electron-electron correlation and should be described in a unified way.

Therefore, it is an important issue to derive the pseudogap phenomena from the model in-
cluding only the on-site repulsive interaction. It should be confirmed that the superconducting
coupling is strong enough to lead to the pseudogap phenomena in the under-doped region, and also
that the doping dependence of the High-T, cuprates are reproduced. In this chapter, we derive the
pseudogap phenomena from the Hubbard model which is a typical model for the strongly corre-
lated electron systems. Some authors have calculated the pseudogap phenomena by starting from
the model with an repulsive interaction [103, 154, 155]. However, the sufficient results describing
the pseudogap phenomena without any phenomenology have not been obtained.

In this chapter, we describe the quasi-particles in the Fermi liquid and the anti-ferromagnetic
spin fluctuations by using the FLEX approximation. The characteristic momentum dependence
of the quasi-particles due to the anti-ferromagnetic spin fluctuations [56, 57] are described by the
FLEX approximation. The superconducting fluctuations are derived from the pairing interaction
mediated by the spin fluctuations. We describe the superconducting fluctuations including the
characteristic momentum and frequency dependence of the spin fluctuations. The self-energy
due to the superconducting fluctuations is obtained by the one-loop approximation (T-matrix
approximation). As a result, the comprehensive understanding on the basis of the resonance
scattering scenario is obtained for the pseudogap phenomena. The doping dependence which
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includes the clectron-doped cuprates is also explained consistently.

This chapter is constructed as follows. In §4.2, we explain the Hubbard Hamiltonian and the
FLEX approximation. In §4.3.1, we explain the formalism which describes the superconducting
fluctuations arising from the spin fluctuations and the self-energy due to the superconducting
fluctuations. In §4.3.2 the calculated results for the single particle properties are shown. In §4.3.3
we show the characteristics of the superconducting fluctuations including their doping dependence.
In §4.3.4, the magnetic properties in the pseudogap state are explained. The consistent results
with the NMR and the neutron scattering experiments are obtained. In §4.3.5, the theory of
the superconductivity and the pseudogap phenomena is applied to the electron-doped cuprates.
The relevant results including the particle-hole asymmetry are obtained. In §4.4.1, we clarify
the relation between the superconducting fluctuations and the spin fluctuations in details. In
§4.4.2, we show the results of the self-consistent calculation including the spin fluctuations, the
superconducting fluctuations and the single particle properties. The pseudogap phenomena is
derived by the superconducting fluctuations, similarly. The critical temperature reduced by the
fluctuations are calculated. The appropriate phase diagram is obtained. In particular, we show
that the critical temperature decrcases with decrcasing the doping concentration in the under-
dopcd region. In §4.5, we summarize the obtained results in this chapter.

4.2 Hubbard Model and FLEX Approximation

First, we explain the Hubbard model and the FLEX approximation. The Iubbard model has
been used for a long time as one of the typical models describing the strongly correlated electron
systems. The Hamiltonian is described as,

H = Zskcl.'sck,, + U Z C;_k/'lCLl'[Ck,ICq_k’l. (4.1)
k,s k'k,»q

The first term is the kinetic term. In this chapter, we adopt the {wo-dimensional dispersion
relation e, given by the tight-binding model for a square lattice including the nearest- and next-

nearest-neighbor hopping ¢, t', respectively,
ex = —2t(cos ky + cos ky) + 41’ cos k, cos k, — p. (4.2)

We fix t = 0.5, t' = 0.25¢ and the lattice constant a = 1. The chemical potential p is determined
for the filling n. These parameters well reproduce the typical Fermi surface of High-T, cuprates.
We define the hole-doping concentration § = 1 — n. The main part of this chapter is concerned
with the hole-doped cuprates 6 > 0. A brief application to the electron-doped cuprates § < 0
will be carried out in §4.3.5. The nearly half-filling systems, which are interested here, should be
regarded as high-density systems. Therefore, the NSR scenario is not justified in High-T; cuprates.
The second term in eq. (4.1) expresses the on-site repulsive interaction between the electrons. All
of the phenomena described in this chapter result from the electron correlation effects.

The FLEX approximation has been used in order to describe the strongly correlated electron
systems near the anti-ferromagnetic instability [139]. The FLEX approximation is a conserving
approximation [140] and describes the anti-ferromagnetic spin fluctuations including the mode
coupling effects partly {10, 141]. It has been shown that the superconducting critical temper-
ature with a relevant order 7. ~ 100K is obtained by the FLEX approximation for High-T,
cuprates [142, 143, 144, 145, 146, 147, 148]. The relevant results are also obtained for the organic
superconductor k-(BEDT-TTF) compounds [149, 150, 151] and for the ladder type compound
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Srpg—,Ca,CuyyOyy [152]. Morcover, the FLEX approximation is used to explain the anomalous
properties resulting from the anti-ferromagnetic spin fluctuations, such as the Hall coeflicient [59].
the neutron resonance peak and the dip-hump structure in ARPES [117].

The self-energy given by the FLEX approximation Yp(k,iw,) is expressed by the one-loop
diagram exchanging the normal vertex V,,(q,i1,) (Fig. 4.1(a)).

Le(k,iw,) = T ) Vi(g,i)G(k — g, iw, —if,). (4.3)
q.i0,

The normal vertex is expressed as follows,

. 3 . 1 ) .
Vn(qa]Qn) = 112[5,\'s(q, 1Qn) + T)'A\’C(Qv IQn) - \olq, ‘Qn)]' (1.1)

Here, xs(q,182,) and x.(q,i$2,) represent the spin and charge susceptibility, respectively,

. Xo(g, i) . xo(g,1§)
s\ d» Qn = " ) c\q, Qn = N 5 5
X (q l ) 1 - UXO(‘.L]Qn) X (q l ) 1 + LIXO(Q7]Qn) (4 ))

and xo(q,if2,) is the irreducible susceptibility,

xo(gq,i2,) = =T Z G(k,iw,)G(k + q,iw, +12,). (4.6)
k,iwn
Va
>

Figure 4.1: (a) The normal self-energy and (b) the anomalous self-energy obtained by the FLEX
approximation.

Here, G(k,iw,) is the dressed Green function G(k,iw,) = (iw, — ex — Zr(k,iw,))~?. The first
order term in V,(q,12,) with respect to U is eliminated because it gives only the trivial Hartree-
Fock term. In the FLEX approximation, the self-energy and the spin susceptibility are determined
self-consistently. Equations (4.3-6) are self-consistently solved by the numerical calculation. In
the main part of this chapter, we divide the first Brillouin zone into 64 x 64 lattice points for
the numerical calculation. The spin susceptibility given by the FLEX approximation xs(q,if,)
is enhanced near the anti-ferromagnetic wave vector @ = (m,7). The anti-ferromagnetic spin
fluctuations described by xs(g,1,) play a dominant role in the FLEX approximation. The char-
acteristic results of the nearly anti-ferromagnetic Fermi liquid theory [7, 8, 9, 10, 56, 57, 58, 59, 153]
are qualitatively reproduced within the FLEX approximation.

The superconducting critical temperature T, is determined as the temperature below which
the linearized Dyson-Gor’kov equation has a non-trivial solution (Fig. 4.1(b)). The criterion for
T is described by the Eliashberg equation which is the following eigenvalue equation,

Ap(k,iw,) = =T Z Va(k — p,iw, — iwm)|G(p, iwm) [ ¢(py iwm)- (4.7)
Piiwm
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Here, Va(q,1€2,) 1s the anomalous vertex for the singlet channel. This is given by the FLIEX

approximation as follows,

, 3 . 1 :
Va(q,182,) = Uz[ixs(q,lﬂn)—Ex'c(q,nﬂn)]ﬂ./. (4.8)

The critical temperature Tt is obtained as the temperature where the maximum cigenvalue
Amax becomes the unity. The eigenfunction @ax(p,iw,,) corresponding to the eigenvalue Apax 18
the wave function of the Cooper pairs. In this chapter, the symmetry of the superconductivity is
always the d,2_,2-wave.

Here, we show the typical results of the FLEX approximation in Figs. 4.2, 4.3 and 4.4.
The results for the analytically continuated self-energy YR(k,w) are shown in Fig. 4.2. In this
chapter, the analytic continuation is carried out by using the Padé approximation. The real
part ReZR(k,w) shows the negative slope and the imaginary part ImXR(k,w) has the minimum
absolute value at the Fermi level. They are the characteristic features of the Fermi liquid theory
which is violated in the pseudogap state (§3).

Some notable features are present in the self-energy. The imaginary part shows the w-lincar
dependence near the Fermi level contrary to the w-square dependence in the conventional Fermi
liquid theory. The behavior has the same origin as that of the T-linear resistivity [56, 57]. The
imaginary part at w = 0, that is the quasi-particle’s damping is large near (7,0) (‘hot spot’) and is
small near (7/2,7/2) (‘cold spot’). The above momentum dependence plays a crucial role in the
coherent in-plane transport and the incoherent c-axis transport. [27, 57, 69] The renormalization
factor Z;' = 1 — OReLf (k,w)/0w has the same feature as the quasi-particle’s damping. A lot of
the low energy states near (7,0) arise from the Van Hove singularity and the large renormalization
factor Z;'. The above features are the characteristics of the nearly anti-ferromagnetic Fermi
liquid [7, 8, 9, 10, 56, 57, 58, 59, 153].
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Figure 4.2: The self-energy obtained by the FLEX approximation. (a) The real part. (b) The

imaginary part. Here, U = 1.6, § = 0.095 and T = 0.010. The solid line and the long-dashed line

correspond to (87, Lx) (‘hot spot’) and (2, Zx) (‘cold spot’), respectively.

The results for the single particle spectral weight and the DOS are shown in Fig. 4.3. In
spite of the unconventional Fermi liquid behavior, the typical single peak structure appears in the
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spectral weight. Thus, the picture of the quasi-particles holds in the nearly anti-ferromagnetic
Fermi liquid. In particular, the pseudogap is not seen. The spectral weight is broad at the ‘hot
spot’ and sharp at the ‘cold spot’ reflecting the momentum dependence of the quasi-particle’s
lifetime. The low energy states near (m,0) give the large DOS near the Fermi level. In this
chapter a small constant damping is added in the sclf-energy when calculating the DOS in order
to exclude the finite size effect. This treatment has no significant effect on the obtained results.

(a) (b)
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Figure 4.3: (a) The single particle spectral weight and (b) the DOS obtained by the FLEX
approximation. The parameters are the same as those in the Fig. 4.2.

The obtained results for the superconducting critical temperature T, are shown in I'ig. 4.4.
It is seen that the critical temperature increases with decreasing the doping concentration é, or
increasing the repulsive interaction U. In other words, the critical temperature increases with
the development of the anti-ferromagnetic spin fluctuations. The critical temperature tends to be
saturated in the large U and the small § region. It is a common result of the FLEX calculation
because the spin fluctuations have not only the pairing effects but also the de-pairing effects.

4.3 FLEX+4T-matrix Approximation

Hereafter, we consider the superconducting fluctuations and their effects on the single particle
properties and the magnetic properties. In our scenario, the superconducting fluctuations play a
dominant role for the pseudogap phenomena. Therefore, we have to describe the superconducting
fluctuations derived from the anomalous vertex V,(q,i{,) given by the FLEX approximation.
Although the calculation has been difficult [154], we succeed in the description fully including the
momentum and frequency dependence of the anti-ferromagnetic spin fluctuations. We explain the
method of the calculation bellow. The obtained results well explain the pseudogap phenomena
including their doping dependence and some characteristic properties. In this section, the coupling
constant U is fixed to U = 1.6 unless we specify.
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I'igure 4.4: The superconducting critical tempcrature obtained by the FLEX approximation. (a)
The doping concentration dependence for U = 1.6. (b) The repulsive interaction dependence for
6 = 0.09.

4.3.1 Formalism

First, we explain the formalism of the FLEX+T-matrix calculation which includes the effects
of superconducting fluctuations within the lowest order. The superconducting fluctuations are
generally represented by the T-matrix which is the propagator of the superconducting fluctuations.
The T-matrix is expressed by the ladder diagrams in the particle-particle channel (Fig. 4.5 (a))
and is derived from the following Bethe-Salpeter equation.

T(ky,iwy, : k2, iwn : q,i0,) = Vi(ks — k2, iw, —iwp,) = T Z Va(ky — k,iw, — iwy)
k.,
x G(k,iw)G(q — k,iQ, —iw)T(k,iw : ka,iwn : q,i0,). (4.9)

Here, the pairing interaction is given by the anomalous vertex obtained by the FLEX approxi-
mation. Generally, it is difficult to solve the above integral equation except for the case where
the separable pairing interaction is assumed [24, 25, 26, 27, 105]. Therefore, we carry out the fol-
lowing two approximations where the meaningful component as the d,2_,2-wave superconducting
fluctuations is properly taken out.

— (b)

Figure 4.5: (a) The T-matrix. (b) The self-energy due to the superconducting fluctuations.
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The T-matrix at g = Q,, = 0 is approximately decomposed into the eigenfunction with their
respective eigenvalues of the Eliashberg equation [155].

¢o-(k1a i""n )¢;(k2 ) iwm )

. (4.10)

T(ky,iwn : kg, iwy : q = i), =0) = S &
=

The cigenvalue A, and the eigenfunction ¢, (k,iw,) are derived from the l:“,lia.slll)org cqualtion,
eq. (4.7). The index « denotes each mode included in the T-matrix. Here, we take out the com-
ponent with the maximum eigenvalue A,ax and the corresponding eigenfunction ¢,,.x which has
the d 2_,2-wave character. As is understood by considering that the superconducting transition
is determined by the condition Aphax = 1, the mode described by ALax and ¢,ax represents the
d2_,2-wave superconducting fluctuations. The function @yax is the wave function of the fluctuat-
ing Cooper pairs in the fluctuating regime. Hereafter, we neglect the other modes since they have
no significant effect on the superconducting fluctuations. Therefore, we neglect the index ‘max’
for simplicity. The approximation is justified when the superconducting fluctuations is strong. By

using the above approximation, the T-matrix is expressed by the following equations [154].

9(q,i2,)p(k1, iwy : q,10,)¢*(kz, 1wy, : q,i,)
1- A(qa]Qn) ‘

T(ky,iwy, : k2,iw, : q,iQ,) = (4.11)
The function A(q,if2,) is given by the maximum eigenvalue and ¢(k,iw, : q,if,) is the corre-
sponding eigenfunction of the following equation,

Aq,i,)o(k,iw, : q,i,) = =T Z Valk — p,iw, — iwn,)
p.in
G(p,iwn)G(q — P, i — iwn ) (P, iwm : q,100,).  (4.12)

The function 1 — A(q,if2,) describes the dispersion relation of the fluctuating Cooper pairs. In
the above expression, the wave function is normalized as, Zk,iw" |p(k,iw, : q,i,)]2 = 1, and the
coupling constant is given as, ¢g(q,if2,) = Zkl.iwn Zkz.iwm #*(kq,iwn : q,i80,)Va(ks — k2, iw, —
iwm )P(R2, iwn, : q,10,).

Here, we perform one more approximation. We neglect the ¢- and 2, dependence of the eigen-
function ¢(k,iw, : q,i,). The wave function is fixed to that at ¢ = 2, = 0. This approximation
is well justified because the region around ¢ = Q,, = 0 gives the dominant contribution as an eflect
of the superconducting fluctuations. Actually, the main ¢- and §2,, dependence of the eigenvalue
A(q,iQ,) is derived from the differential of the Green function G(q — p, i, — iwy,) in eq. (4.12).
In other words, the dispersion of the fluctuating Cooper pairs, 1 — A(q,12,) is insensitive to the
change of the eigenfunction. It should be noticed that the wave function ¢(k,iw, : q,if,) is
independent of ¢ and 2, when the separable paring interaction is considered (§3).

We have explicitly solved the eigenvalue equation (eq. (4.12)) and confirmed that the ¢- and
2, dependence of the eigenfunction ¢(k,iw, : q,if2,) is small in the region where the dominant
contribution to the self-energy is yielded. In particular, it is confirmed that the value 1 — A(q,i82,)
is found within the error of 10-20 par cent by the above approximation. Thus, the second ap-
proximation only slightly underestimates the eigenvalue A(q,if2,) around ¢ = Q, = 0, since the
precise eigenfunction is determined so as to optimize the eigenvalue. Needless to say, the precise
eigenvalue is obtained at ¢ = 2, = 0. In other wards, the TDGL parameter (see eq. (4.18)) b is
overestimated by the second approximation whereas t, is obtained precisely. The approximation
slightly underestimates the effects of the superconducting fluctuations. Since the approximation is
not precise for large ¢ and ,,, the unphysical contribution to the self-energy is caused. Therefore,
we eliminate the ¢- and (2, independent term g@(ky,iw,)¢*(k2,iwn) in the T-matrix.
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By using the above two approximations, the T-matrix is expressed as [ollows,

gM g, i82)B(ky, iwn ) d™ (K2, iw,,)

,]'k)' n:kv. m ,.Qn = 1.1.
(Rq, 1w 2, 1wy, q,182,) A (gaf) , (1.13)
where
Mg,i) = =T > > ¢"(k,iwa)Valk — p,iw, — iw,,)
k,iwn y
G’(p’ iwm)G(q - D, i, — iwr»z)¢(p, i(—'-’m)- (’1.14)

Here, the coupling constant ¢ is defined as,

g= Z Z " (R, iw, ) Va(ky — ka2, iwy, — iwy, )d(k2, iwn, ), (1.15)

kl Jdwn kz dwm

and the wave function is normalized as,

> |k, iwn)|* = 1. (4.16)
k,iwn

By taking out the freedom of the superconducting fluctuations, we obtain the pair suscepti-
bility, ¢(q,iQ,) = g/(1 — M(q,i1,)) which we have termed the T-matrix in the previous chapter
§3.

The self-energy due to the superconducting fluctuations is given by the one-loop diagram in
the T-matrix approximation (Fig. 4.5(b)).

Ts(kyiw,) = T Y T(kyiwn : k,iw, : 4,i2,)G(g — k,iQ, — iwy). (4.17)
q.iQn

In this section, we use the Green function determined by the FLEX approximation Gr(k,iw,) =
(iwp, — ex — Lp(k,iw,))~! in calculating eqs. (4.13-17). That is to say, we calculate the lowest
order correction due to the superconducting fluctuations on the FLEX approximation. We call
the calculation FLEX+T-matrix approximation. The self-energy is determined by the summation,
X (k,iwy,) = Lp(k,iw,)+ Zs(k,iw,). We show the results of the FLEX+T-matrix approximation in
the following subsections. Since the calculation is carried out with the fixed chemical potential p,
the doping concentration § decreases with decreasing the temperature T'. However, the difference
is smaller than 0.01 and has no significant effect.

In §4.4, we carry out the self-consistent calculation in which the fully dressed Green function
G(k,iw,) = (iwn — ex — Zp(k,iwn) — Zs(k,iw,))™" is used everywhere. As a result of the self-
consistency, the effect of the superconducting fluctuations are reduced. However, the qualitatively
similar conclusions are obtained.

4.3.2 Pseudogap in the single particle properties

In this subsection the pseudogap, which is the main subject of this thesis, is derived. The cal-
culated results well justify the pairing scenario based on the self-energy correction due to the
superconducting fluctuations [24, 88]. On the basis of the model with a d-wave attractive interac-
tion, it has been shown that the anomalous properties of the self-energy give rise to the pseudogap
(§3.1). The characteristics of the self-energy leading to the pseudogap is that the real part has
the positive slope and the imaginary part has the maximum absolute value at the Fermi level
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w = 0. They are anomalous compared with the typical behavior in the Fermi liquid theory., The
large imaginary part reduces the single particle spectral weight at the Fermi level and gives rise
to pseudogap. The anomalous features seem to compete with the Fermi liquid behavior obtained
by the FLEX calculations. In particular, the negative slope of the real part which is related to
the renormalization factor Z; ! is generally increased by the strong electron correlation. However,
the calculated results clearly show the important mechanism of the pseudogap formation in the
strongly correlated electron systems. We show the obtained results for the analytically continuated
self-energy TR (k,w) in Fig. 4.6. Here, the doping concentration corresponds to the under-doped

cuprates.

(a)

" —— (0.98m, 0.02m) '
—— (0.98r, 0.02n)

——=—(0.45r, 0.43n)

04 | ——— (0.45m, 0.43n)

ReZ(k,m)
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Figure 4.6: The self-energy obtained by the FLEX+T-matrix approximation. (a)The real part.
(b) The imaginary part. Here, U = 1.6, § = 0.095 and T = 0.010. The solid line and the
long-dashed line correspond to (£x, L) (hot spot) and (27, 2Ix) (cold spot), respectively.

It should be noticed that the Fermi liquid behavior is seen when we look with the large energy
scale w ~ 0.5. However, the anomalous behavior leading to the pseudogap is clearly seen in much
smaller energy scale w ~ 0.05. The anomalous behavior vanishes around (7/2,7/2) because of
the d,2_,2» wave symmetry of the fluctuating Cooper pairs.

It is the important point that the superconductivity and the pseudogap take place in the
renormalized quasi-particles which have the small energy scale compared to the original band
width. In other words, the pseudogap occurs with the much smaller energy scale than that of the
electron systems. The above results clearly show the small energy scale and justify the calculation
based on the model in which a d-wave attractive interaction acts on the renormalized quasi-
particles. The superconducting fluctuations give the sufficiently strong effects on the low-energy
quasi-particles and give rise to the pseudogap phenomena.

The results for the spectral weight are shown in Fig. 4.7. The pseudogap clearly appears in
the single particle spectral weight (Fig. 4.7(a)) and the DOS (Fig. 4.7(b)). It is notable that the
pseudogap is derived from the self-energy correction due to the superconducting fluctuations which
are enhanced by the strong coupling superconductivity and the quasi-two dimensionality (§3).
The w-dependence of the wave function furthermore advances the pseudogap formation. Thus,
our scenario based on the resonance scattering scenario is justified for the pseudogap phenomena.
The d,2_,2-wave form of the pseudogap is naturally obtained by the d,2_,2-wave symmetry of the
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superconducting fluctuations. The inset of Iig. 4.8 shows the much smaller energy scale of the
pseudogap compared with the band width.

Morcover, the energy scale of the pseudogap is consistent with that of the superconducting
gap. The experimental results show that the energy scale of the pseudogap is nearly the same
as that of the superconducting gap [22, 23, 49]. That has been confirmed by the calculations in
§3.3. The ratio 2A,/T,. ~ 12 is obtained by the FLEX approximation in the optimally-doped
region [117]. Here, A, is the maximum value of the gap function in the ordered state. The larger
ratio is expected in the under-doped region. Our results for the under-doped cuprates show the
ratio 2Apg/1. ~ 20 (Fig. 4.7(a)). Here Apg is the energy scale of the pscudogap. Thus, the
pseudogap obtained by our calculation seems to have the relevant energy scale compared to the

superconducting gap.
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Figure 4.7: (a)The single particle spectral weight obtained by the FLEX+T-matrix approximation.

The solid and long-dashed lines correspond to those in IFig. 4.6, respectively. The dash-dotted
Br 2r). (b) The DOS obtained by the FLEX (long-dashed line) and the

line corresponds to (37, &7
FLEX+T-matrix (solid line) approximations. The inset is the same result shown in the large

frequency scale. The other parameters are the same as those in Fig. 4.6.

We show the detailed results for the DOS in Fig. 4.8. We choose the temperature T' = 1.25T,
in all figures of Fig. 4.8 in order to fix the distance to the critical point. The doping dependence
is shown in Fig. 4.8(a). It is shown that the pseudogap becomes weak with increasing the
hole-doping. The gap structure is filled up and the DOS near the Fermi level increases in the
optimally-doped region. The effects of the superconducting fluctuations almost disappear in the
over-doped region § > 0.2.

This is because both the critical temperature and the renormalization of the quasi-particles
are reduced by the hole-doping. Since the ratio TMF /ep decreases, the superconducting coupling
is reduced. Therefore, the effects of the superconducting fluctuations are reduced. The above
results justify our understanding for the phase diagram of High-T, cuprates. It should be noticed
that the pseudogap becomes well-defined near the optimally-doping § ~ 0.15. Thus, the pairing
scenario properly explains the pseudogap in High-T, cuprates including their doping dependence.

Here, the importance of the strong correlation is shown in Fig. 4.8(b). It is shown that the
pseudogap becomes remarkable by increasing U. The reason is the same as that in the expla-
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Figure 4.8: (a) The doping dependence of the DOS obtained by the FLEX+T-matrix approxi-
mation. The solid, long-dashed and dash-dotted lines correspond to 6 = 0.095, 0.156 and 0.190,
respectively. (b) The density of state for the various strength of U. The thin solid, dashed, long-
dashed, dash-dotted and thick solid lines correspond to U = 1.2, 1.3, 1.4, 1.5 and 1.65, respectively.
In all figures, the temperature is chosen as T = 1.25T..

nation for Fig. 4.8(a). Thus, the strong coupling superconductivity, the strong superconducting
fluctuations and the resultant pseudogap are the characteristics of the strongly correlated electron
systems.

4.3.3 Superconducting fluctuations

Here, we discuss the character of the superconducting fluctuations in order to emphasize the
importance of the strong coupling superconductivity.

In our pervious chapter describing the mechanism of the pseudogap, the TDGL expansion is
used for the pair susceptibility as follows,

g
Haw) = to + bg? — (a1 +iaz)’ (4.18)
where the factors arising from the wave function #(k,iw,) are neglected, namely t(q,iQ2,) =
W&Tﬁﬁ' In the notation of this chapter, the TDGL expansion corresponds to the expansion for
the eigenvalue function A(q,9) as 1 — A(q,Q) = to + bg* — (a1 + iaz).

The TDGL expansion parameters describe the character of the superconducting fluctuations.
The detailed properties of the TDGL parameters are discussed in §3.1.1. Here, we discuss the
TDGL parameters on the basis of the calculated results in this chapter. It is confirmed that the
strong coupling superconductivity is realized as a result of the strong electron correlation.

The parameter to = 1—A(0, 0) represents the distance to the phase transition, and is sufficiently
small near T.. The parameter a; expresses the time scale of the fluctuations. The parameter a, is
usually neglected within the weak coupling theory because it is higher order than a; with respect
to the superconducting coupling TMF /er. However, the parameter a; has a significant effect in
the strong coupling case §3. .

The calculated results show that the sign of a; is negative in under-doped cuprates. This means
the hole-like character of the superconducting fluctuations. The sign of a; which is determined
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by the particle-hole asymmetry determines the sign of the fluctuating Iall conductivity [99]. The
Hall anomaly [87] is phenomenologically explained by assuming the existence of the clectron-like
pre-formed pairs [84]. Hlowever, it has been pointed out in §3 that the explanation is not justificd
within the theory of the strong coupling superconductivity. It is confirmed in this chapter that the
character of the superconducting fluctuations is not electron-like but hole-like in the under-doped
region.

The eflect of @y manifests in the particle-hole asymmetry of the pair susceptibility (0, Q). It has
been pointed out that the pair susceptibility can be measured by the pair tunneling current [106).
Although Ref. 106 shows the electron-like asymmetry on the basis of the electron gas model, the
hole-like asymmetry should be measured in reality (see §3.1.5). The calculated results show that
the asymmetry becomes strong with decreasing the doping concentration.

The parameter b represents the dispersion relation of the fluctuations and is related to the
superconducting coherence length &y, b o< £2. The small b generally means the strong supercon-
ducting fluctuations. Therefore, we show the results for the TDGL parameter b in I'ig. 4.9.
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Figure 4.9: (a) The doping dependence of the TDGL parameter b at the critical point T' = T.
Here, the coupling constant is fixed to U = 1.6. The inset shows the same quantity at the fixed
temperature T' = 0.0080 (b) The TDGL parameter b for the various strength of U at T' = T..
Here the doping concentration is fixed to § = 0.09. The inset shows the same quantity at the fixed
temperature T' = 0.0082

The TDGL parameter b is expressed by the Fermi liquid description within the weak cou-
pling theory as b = gdﬁd(O)%gl;?‘%. Here, g4 is the d-wave component of the residual interaction
ZiVa(k — k') Zys, namely ga = T, t $a(k) ZiVa(k — k') Zis 3(k'). The effective density of state
of the quasi-particles pa(€) is defined as pa(e) = L p, 6(¢ — Ex)|da(k)|?, which is enhanced by the
renormalization. Here, Ej, is the quasi-particle’s energy Ex = Zi(ex + ReZR(k,0)). The o is the
effective Fermi velocity for the d-wave symmetry. This is defined as 9% = [g pr, 0(kr)2dkr/pa(0),
where the integration is carried out on the Fermi surface and py, = |¢a(kr)[?/(kr). The velocity
v(kr) is the absolute value of the quasi-particle’s velocity ¥x = dEx/dk on the Fermi surface. It
should be noticed that the quasi-particle’s velocity is reduced by the renormalization, especially
around (7,0). Since the effective Fermi velocity 9 is mainly determined by the region around

(m,0), O is remarkably reduced by the electron correlation.
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It should be noticed that the TDGL parameter bis proportional to v3/72, which is proportional
to the inverse square of the superconducting coupling TMY /e That is to say, the TDGL parameter
b decreases with increasing the superconducting coupling. We can sce in Fig. 4.9 that the TDGL
parameter b decreases with under-doping and/or with increasing /. It is because the critical
temperature T increases and the renormalization for the effective Fermi velocity op becomes
remarkable. These effects reduce the TDGL parameter b in spite of the increasing coupling
constant ¢gqpa(0). The effects of the quasi-particle’s renormalization is confirmed by showing the
results at the fixed temperature. (sce the inset in Fig. 4.9(b).) Although the coupling constant
gapa(0) increases and T is fixed, the parameter b decrcases with increasing /. This is because the
effective Fermi velocity oy is reduced. Thus, the superconductivity becomes strong coupling one
and the pseudogap phenomena appear when the electron correlation is strong. The results clearly
justify the doping dependence in our scenario for the pseudogap phenomena.

4.3.4 Magnetic properties

In this subsection, we show the results for the magnetic properties which arc measured by NMR,
neutron scattering and so on. The anti-ferromagnetic spin fluctuations are one of the important
characters of High-T, cuprates. The development of the spin fluctuations are well described by the
FLEX approximation. One the other hand, the suppression of the low frequency spin fluctuations
have been pointed out by NMR measurements [30, 31, 32, 33, 34, 35, 36]. The phenomena have
been called ‘spin gap’ at an initial stage. At present, it is known that not only the spin channel
but also the single particle properties show the gap-like features [22, 23, 49]. Therefore, the ‘spin
gap’ is considered to be a result of the gap formation in the single particle properties, namely
'pseudogap’. In this chapter, the pseudogap in the magnetic properties are well explained by
considering the effects of the superconducting fluctuations on the single particle properties.

In the FLEX+T-matrix approximation, the spin susceptibility xs(q, §?) is obtained by extend-
ing the FLEX approximation,

R Q)
Rgq) = —X@ 4.19
xo(q,i%) = =T Y G(k,iw,)G(k + q,iwn + i), (4.20)
k,iw"

where the Green function G(k,iw,) = (iw, — ex — Zp(k,iw,) — Zs(k,iw,))~!. The effects of the
superconducting fluctuations are included in the self-energy, Zs(k, iw,).

The NMR spin-lattice relaxation rate 1/7; and spin-echo decay rate 1/T,g are obtained by
the following formula.

I/TIT = ZFJ- [ ImYs (qa )IW—»O]a (421)

1/Tig Z[Fu (g)Rex:'(q,0 [ZFu )Rex;(q,0))*. (4.22)

Here, F\(q) = %[{Al + 2B(cos ¢ + cos q,)}? + { A2 + 2B(cos g, + cos ¢,)}?] and Fy(q) = {A2 +
2B(cos q; + cos g;)}?. The hyperfine coupling constants A;, A; and B are evaluated as A; = 0.84B
and A, = —4B [112].

The calculated results for the NMR 1/T1T, 1/Tyg and the static spin susceptibility are shown
in Fig. 4.10. The results show the pseudogap in the NMR 1/TyT (Fig. 4.10(a)). In the FLEX
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calculation, the NMR /1T increases with decreasing the temperature owing to developing the
spin fluctuations. (see the inset in Fig 10(a).) In the FLEX+T-matrix calculation, the NMR
1/TyT increases with decreasing the temperature from high temperature, shows its peak at 1
and decreases with decrcasing the temperature. This decrease above the critical point 7' = 7% is the
well-known pseudogap in NMR measurements. This phenomenon is caused by the superconducting
fluctuations. Since the DOS is reduced by the superconducting fluctuations, the low frequency
spin fluctuations are suppressed as a result. Since the NMR 1/T7T" measures the low frequency
component of the spin fluctuations, 1/T1T decreases with approaching the critical point. Thus,
the pseudogap observed in NMR 1/T)T takes place through the pseudogap in the single particle

states.

0.045 — . . T
0.19 } X S .
' e,
-®_. ’ .
',0 . ./
0.040 | " : ! L}
; LN 018 [ ¢
'._ ' N . (0] ' N
g ¢ A N .’ 10 \\‘
t : AN t ] AN
v~ 0035 [ 0.4 LS -~ ® *
¢ = 047} Ros °.
PBo2 - =
' S
i L4
0.030 0.0
® 000 002 0.04 0'%.00 0.02 0.04
— 1 L 0.16 + .
0.01 0.02 0.03 0.01 0.02 0.03

0.76
6 0.74
0.72
S s
o S
p— N’
X 5 0.70%%
{ 0.8
4 0.66
0.04

Figure 4.10: The temperature dependence of (a) the NMR 1/T4T and (b) the NMR 1/T,g cal-
culated by the FLEX+T-matrix approximation. (c) The temperature dependence of static spin
susceptibility x(g,0) at g = (0,0) (Open squares) and at ¢ = (7, 7) (Closed circles). Here, the
doping concentration is fixed to the under-doped region § = 0.093 ~ 0.103. The inset in (a), (b)
and (c) shows the same quantities calculated by the FLEX approximation.

The NMR 1/T,g also shows the pseudogap (Fig. 4.10(b)) with the same onset temperature T
as that in 1/T;T. The NMR 1/T>g decreases with approaching the critical point. This is an effect
of the superconducting fluctuations. However, the pseudogap in the NMR 1/T,¢ is weak compared

90



with that in the NMR 1/7,7T because the NMR 1/T5¢ measures the static spin susceptibility which
reflects the total weight of the spin fluctuations (§3.2 and §3.3). It should be noticed that the
pseudogap suppresses only the low frequency component of the spin fluctuations. It is a natural
result because the superconductivity has a smaller energy scale than that of the spin fluctuations.
Thus, it is no wonder that the scaling relation of the spin fluctuations is violated in the pseudogap
state.

The similar features of the NMR 1/T\T" and 1/T>¢ have been observed in the superconducting
state [30, 31, 32, 33, 34, 35, 36]. In particular, the 1/T5g remains even in the low temperature,
although the 1/Ty T rapidly decrecases. These features are the characteristics of the d-wave super-
conductivity [27, 113]. Therefore, the above results for the pseudogap state are natural because
the pseudogap is a precursor of the d-wave superconductivity. The above results for the NMR give
the qualitatively consistent explanation for the experimental results [30, 31, 32, 33, 34, 35, 36].

While the many quantities show the pseudogap with the same onset. temperature 7 [43], the
uniform spin susceptibility x}(0,0) decreases from the much higher temperature than T* [34, 54],
However, the decrease of the uniform susceptibility becomes more rapid near 7 [34]. We consider
that the rapid decrease is caused by the superconducting fluctuations. The calculated results
confirm the consideration. We show the results for the uniform susceptibility x*(0,0) and the
staggard susceptibility x*(@,0) in Fig. 4.10(c). The staggard susceptibility shows the pseudo-
gap at the pseudogap onsel temperature 7 observed in 1/T1T. On the other hand, the uniform
susceptibility x?(0,0) decreases with decreasing the temperature from much higher temperature.
The decrease becomes rapid near T*. The above results well explain results of the NMR measure-
ments [34].

The decrease of the uniform susceptibility is shown even in the FLEX approximations. (see
the inset in Fig. 4.10(c).) Therefore, the decrease of the uniform susceptibility is not necessarily
attributed to the superconducting fluctuations. However, the superconducting fluctuations sig-
nificantly affect the uniform susceptibility and remarkably reduce the quantity near the critical
point.

The frequency dependence of the spin susceptibility well describes the character of the pseu-
dogap in the magnetic properties. The results for the dynamical spin susceptibility x*(q, ) at
g = Q is shown in Fig 11. The real part is suppressed at the low frequency in the pseudogap state
(T = 0.0082 in Fig. 4.11(a)). Thus, the magnetic order is suppressed by the superconducting
fluctuations.

The imaginary part has been measured by the inelastic neutron scattering and shows the
pseudogap {119]. The calculated results show that the imaginary part is remarkably suppressed
at the low frequency in the pseudogap state (Fig. 4.11(b)). This is the pseudogap observed in the
neutron scattering. On the other hand, the spin fluctuations develop in higher frequency region.
In other words, the pseudogap transfers the spectral weight of the spin fluctuations from the
low frequency region to the high frequency region. Therefore, the total weight is not so reduced
by the pseudogap. These features coincide with the above explanation for the NMR 1/TT and
1/T5g. It is notable that the pairing interaction arising from the spin fluctuations originates in
the relatively wide frequency region. Therefore, the d-wave pairing interaction is not so reduced
by the pseudogap.

In the remaining part of this subsection, we discuss the commensurate and incommensurate
structure of the spin fluctuations. The incommensurability has been pointed out by the inelastic
neutron scattering measurements for the Y-based compounds, and has been discussed in connec-
tion with the stripe phase [38].
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Figure 4.11: The frequency dependence of the staggard spin susceptibility x*(@Q, Q) calculated
by the FLEX+T-matrix approximation for under-doped cuprates. (a) The real part. (b) The
imaginary part. The solid line, the dash-dotted line and the long-dashed line correspond to
T = 0.0082, T' = 0.016 and T = 0.05, respectively.

The stripe phase has been measured by the elastic neutron scattering for the La-based com-
pounds and has been actively discussed lately [156, 157, 158, 159, 160, 161, 162].

It should be noticed that both commensurate and incommensurate peaks in the spin suscep-
tibility ImyR(q, ) are obtained within the FLEX approximation (Figs. 4.12(a) and 4.12(c)).
The incommensurability 8, is defined by the peak position of the dynamical spin susceptibility
Q, = (7 & bine, ™) and (7,7 £ binc). Whether the spin fluctuations are commensurate or incom-
mensurate is determined by the chosen parameters, t’, § and U. One of the general results in our
calculation is that the incommensurability é;,. increases with the doping concentration §. The
results are consistent with the experiments, qualitatively [39]. The detailed agreement with the
experimental results has been obtained by the FLEX calculation in the normal state [163].

The other general result is that the superconducting fluctuations enhance the incommensura-
bility. Although the commensurate peak is obtained by the FLEX approximation in under-doped
cuprates (Fig. 4.12(a)), it becomes incommensurate by the effects of the superconducting fluctua-
tions (Fig. 4.12(b)). The incommensurability §inc increases in the FLEX+T-matrix approximation
in optimally-doped cuprates (Fig. 4.12(d)). The above effect also originates in the pseudogap for-
mation around (7,0). The results well explain the experimental results of the inelastic neutron
scattering. The neutron scattering experiments show that the spin fluctuations change from in-
commensurate to commensurate with increasing the measured frequency and the temperature [38].
The effect of the pseudogap disappears when the measurement is done at the higher frequency
than the energy scale of the pseudogap. Thus, the incommensurate peak in the inelastic neutron
scattering can be explained without any assumption of the charge and/or spin spatial modulation.

It is expected from the above results that the incommensurate structure tends to appear in the
superconducting state where the measurements are carried out in many cases. This is because the
pseudogap is a precursor of the superconductivity and has the same d,2_,2-wave form. Therefore,
the calculation including the superconducting order is desired for the detailed agreement with the
experimental results.
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Figure 4.12: The momentum dependence of the dynamical spin susceptibility Imy®(q,Q) at
2 = 0.01. The results for under-doped cuprates (6 = 0.095 and T = 0.010) (a) by the FLEX
approximation and (b) by the FLEX+T-matrix approximation. The results for optimally-doped
cuprates (6 = 0.156 and T = 0.0078) (c) by the FLEX approximation and (d) by the FLEX4T-
matrix approximation.
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4.3.5 Electron-doped cuprates

In this subsection, we apply the above calculation to the electron-doped cuprates. It is well
known that not only the hole-doped cuprates but also the clectron-doped cuprates such as
Nd;-,Ce,CuOy_y and Pr,_,Ce,CuOy_, are the superconductors [29]. The clectron-hole sym-
metry is expected within the simple Hubbard model including only the nearest-neighbor hopping.
However, some different properties from the hole-doped cuprates are pointed out for the clectron-
doped cuprates. The anti-ferromagnetic ordered state is robust against the carrier doping in the
electron-doped cuprates rather than the hole-doped ones. The relatively low superconducting
critical temperature 7t is observed in the narrow doping range [29].

It has been believed for a long time that the electron-doped cuprates arc an s-wave or the
other node-less superconductor. Some experiments have supported the node-less superconduc-
tivity. The exponential dependence of the magnetic penetration depth has been reported [164].
The absence of the zero bias conductance peak is also reported [165] while it should exist in
the d-wave superconductor [166]. The possibility of some node-less superconductivity has been
proposed theoretically [167]. However, some recent experimental results support the dy2_,2-wave
superconductivity also in the electron-doped cuprates. The power law of the magnetic penetration
depth [168] and the zero bias conductance peak [169] are shown. The d,2_,2-wave form ol the
superconducting gap is directly measured by the ARPES [170]. Moreover, the phase sensitive
evidence for the d-wave superconductivity is also reported by the SQUID microscope [171].

We consider that the hole- and electron-doped cuprates should be understood comprehensively
by the theory including their respective characters. The anomalous properties of the Hall coefli-
cient are well explained for not only hole- but also electron-doped cuprates on the basis of the same
formalism treating the spin fluctuations [58, 59]. Therefore, it is natural to expect the same mech-
anism for the superconductivity arising from the spin fluctuations in the electron-doped cuprates.
Recently, the d-wave superconductivity mediated by the spin fluctuations has been calculated
theoretically [172].

We consider that the application to the clectron-doped cuprates is an important test of the-
ories of High-T. cuprates. Here, it is shown that our theory properly describes the important
properties of the electron-doped cuprates. The features of the electron-hole asymmetry are nat-
urally explained by our calculations. The electron-hole asymmetric properties are introduced by
the next-nearest-neighbor hopping term ¢’ in our model. Moreover, some theoretical expectations
are proposed below. The more experimental verification is desirable.

The main difference between the electron- and hole-doped cuprates results from the shape of
the Fermi surface and the distance from the Fermi level to the Van-Hove singularity. The Fermi
surface of the electron-doped cuprates is obtained by lifting the chemical potential u (Fig. 4.13).
As a result, the Fermi level is lifted from the Van-Hove singularity (7, 0) where the dispersion is
flat. Therefore, the DOS is rather small in the electron-doped cuprates. The small DOS means
that the electron correlation is effectively weak. On the other hand, the nesting around (7/2,7/2)
is enhanced and the tendency toward the anti-ferromagnetic order is robust. In the light of the d-p
model, the carrier is confined in the Cu-site in the electron-doped cases, while it is in the O-site
in the hole-doped ones. This fact probably contributes to the robustness of the anti-ferromagnetic
order. The difference may affect the parameter of the Hubbard model which is an effective model of
the d-p model in the metallic phase. However, the essential difference is included in the properties
of the band structure since only the vicinity of the Fermi surface is important for the low energy
physics.

Since we define the doping concentration as § = 1 —n, it is negative in the electron-doped case.
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Figure 4.13: The Fermi surface of the hole- and the electron-doped cuprates. The thick solid
line shows the Fermi surface of the hole-doped case § = 0.10. The long-dashed and the dash-
dotted lines show the Fermi surface of the electron-doped case § = —0.10. The long-dashed and
the dash-dotted lines correspond to case t' = —0.25¢ and t' = —0.35¢, respectively. The thin
solid line shows the magnetic Brillouin zone. It should be mentioned that this figure shows the
non-interacting Fermi surface. Actually, the electron correlation transforms the Fermi surface.
The transformation is remarkable when the anti-ferromagnetic spin fluctuations are strong. The
transformation is actually shown in Fig. 3.35.
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We should note that the numerical calculation is not so correct for the electron-doped cases as
for the hole-doped ones because of some reasons. The main reason is the finite size effects which
are serious due to the large velocity, the weak correlation and the low temperature. The finite
size effects on the spin- and superconducting fluctuations are also serious by the same reasons.
Therefore, we divide the first Brillouin zone into 128 x 128 lattice points in calculation for the
electron-doped cuprates.

(@) 6=-0.12 (b) 6=-0.15

Im x(9.9)

(c) 6=—0.10 (d) 5=-0.13

Im x(q.£2)

Figure 4.14: The momentum dependence of the dynamical spin susceptibility Imy®(q, ) at Q =
0.01 calculated by the FLEX approximation. (a) § = —0.123 and (b) § = —0.150 at ¢’ = —0.25¢
and T'=0.01. (c) 6 = —0.104 and (d) 6§ = —0.130 at ¢’ = —0.35¢ and T = 0.005.

For example, the difference from the hole-doped cuprates appears in the magnetic properties.
We show the results of the FLEX approximation for the momentum dependence of the dynamical
spin susceptibility in Figs. 4.14 (a) and (b) by using the same parameters ¢, t' and U. A remarkable
feature of the spin correlation is that the range of the spin fluctuations is narrow in the momentum
space. The width of the range and the strength of the anti-ferromagnetic correlation is reduced
by the electron-doping. The spin correlation is always commensurate in the electron-doped cases.
That is consistent with the recent experiments [173].

It is notable that the FLEX calculation is difficult untill the electron-doping |6| ~ 0.12 because
the anti-ferromagnetic correlation is too strong. This fact implies that the anti-ferromagnetic order
is robust in the electron-doped cuprates than in the hole-doped ones.

The narrow range of the spin fluctuations means that the mode coupling effects are small
in the electron-doped cuprates. This favors the anti-ferromagnetic order. Actually, the other
factors probably contribute to the robustness of the anti-ferromagnetism. For example, the anti-
ferromagnetic order is robust when the three dimensionality (or the interlayer coupling) is strong.
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Morcover, the frustration due to the carrier doping is weak when the carrier enters the Cu-site.

Hercafter, we discuss the superconductivity and the pseudogap in the electron-doped cuprates.
The superconductivity mediated by the spin fluctuations is also derived by using the FLEX approx-
imations. The most favorable superconductivity is the d,2_,2-wave. However, the superconducting
critical temperature is very low. The critical temperature T, higher than 0.002 is not obtained
within our numerical calculation. It is simply understood that the pairing interaction from the
spin fluctuations is weak in the electron-doped cuprates because of the narrow range of the spin
fluctuations. It should be noticed that the pairing interaction in the hole-doped cuprates results
from the relatively wide range of the spin fluctuations around @ = (m, 7). In addition to this, the
small DOS remarkably reduces the critical temperature.

We can obtain a higher critical temperature T, by choosing the hopping parameter ' so as
to reproduce the Fermi surface of Ndj;—,Ce,CuO4-, with more accuracy. Here, we choose ! =
0.35¢ and U = 2.0. The commensurate spin fluctuations over a wider range are obtained (1%igs.
4.14(c) and (d)). The spin fluctuations give rise to the d,2_,2-wave superconductivity (I'ig. 4.15).
However, the critical temperature is low and the doping range in which the superconductivity
occurs is remarkably narrow compared with the hole-doped ones (see the insel of Fig. 4.15).
The maximum value of the obtained critical temperature is T, = 0.0045. The doping range is
6 = —0.102 ~ —0.107. The results for the superconductivity are qualitatively consistent with the
experimental results [29].
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Figure 4.15: The obtained critical temperature T, for the electron-doped cuprates. The inset
shows the phase diagram including both hole- and electron-doped cases.

We show the momentum dependence of the wave function of the superconductivity ¢(k,iwy,) in
Fig. 4.16. Fig. 4.16(a) clearly shows the d-wave superconductivity with the node in the diagonal
direction. It is a notable difference between the electron- and hole-doped cuprates that a wave
function shows the sharp momentum dependence in the electron-doped cuprates (Fig. 4.16(a)).
This is because the quasi-particle and the Fermi surface are more clearly defined in the electron-
doped cases. In the hole-doped cuprates, the many low energy states lie around (7,0) where
the quasi-particles are broad because of the strong correlation and the high temperature. On
the other hand, the electron correlation is effectively weak in the electron-doped case. Therefore,
the order parameter has a large value only in the vicinity of the Fermi surface. The effectively
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weak correlation is consistent with the T-square resistivity in the electron-doped cuprates [29]. Our
calculation shows the w-square dependence of the imaginary self-energy Im V¥ (k,w) which implies
the T-square resistivity. The incommensurate spin fluctuations have been regarded to give rise to
the above momentum dependence of the wave function in electron-doped cuprates [172]. However,
it is actually not the main reason. Actually, the spin fluctuations are always commensurate in the

clectron-doped cuprates within our calculations.

Thus, the FLEX approximation gives the d,2_,.-wave order parameter ¢(k,iw,) for the
electron-doped cuprates although the critical temperature is low compared to that of the hole-
doped cuprates. The comprehensive understanding for the phase diagram furthermore support
the d,2_,2-wave superconductivity mediated by the anti-ferromagnetic spin fluctuations.

(a) electron-doped (b) hole-doped
ok, miT) ‘ ok, 7T)
0.006 ‘ 8‘83
0.003 0.01
0 001
-0.006 -0.03

Figure 4.16: The momentum dependence of the wave function of the superconductivity (a) in the
electron-doped cuprates (6 = —0.105 and T, = 0.0040) and (b) in hole-doped cuprates (6 = 0.093
and 7T, = 0.0080).

From the above results, we understand that the pseudogap has not been observed in the
electron-doped cuprates [170, 173]. Because of the low T, and the weak electron correlation,
the superconducting coupling TMF /ep is small. Actually, the large TDGL parameter b = 30 is
obtained for the parameter set used in Fig. 4.16(a). Therefore, the superconducting fluctuations
have no significant role as well as in the standard BCS superconductor. The calculated self-
energy shows only the weak effects which are the same order as those in over-doped cuprates.
For example, the damping —ImX®(k,0) at T = 0.005 and § = —0.104 is about 1/40 of that
for the under-doped cuprates in Fig. 4.6. Therefore, the pseudogap due to the superconducting
fluctuations is expected to be weak in the electron-doped cuprates, even if it is seen by some
experiments. The weak effects give rise to the weak pseudogap in our calculation. However, the
finite size effect seriously overestimates the effects of the superconducting fluctuations because
of the large b. Thercfore, the effects are precisely much weaker. The results are consistent with
the experimental results of ARPES [170] and the neutron scattering [173] which do not show the
pseudogap in the electron-doped cuprates.

Thus, our calculation naturally explain the doping dependence of High-T, cuprates including
the particle-hole asymmetry. The comprehensive understanding including both the hole- and
electron-doped systems rather supports the pairing scenario for the pseudogap.
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4.4 Self-Consistent Calculation

In this section, we carry out the self-consistent calculation including the spin fluctuations, super-
conducting fluctuations, and the single-particle properties. In the self-consistent calculation (We
call the SC-FLEX4T-matrix calculation), eqs. (4.3-8) and (1.13-17) are solved self-consistently
where the fully dressed Green function G(k,iw, ) = (iw, — ek — Y(k,iw,))™" is used. By the self-
consistent calculation, we calculate the critical temperature T, reduced by the superconducting
fluctuations. As is described in the previous chapter §3, there exists the singularity arising from
the two-dimensionality. The singularity is actually removed by the weak three dimensionality
which surely exists in the real systems. Therefore, we determine the critical temperature as the
temperature al which A(0,0) = 0.98 in order to avoid the unphysical singularity. The finite critical
temperature is obtained by this operation. The method of the determination makes no significant
difference on the following results. Hereafter, we consider the hole-doped cuprates.

4.4.1 Spin fluctuation and superconducting fluctuation

First, we clarify the relation between the spin fluctuations and the superconducting [luctuations.
The two fluctuations complicatedly couple to each other through the single particle properties.
Here, we digest the important factors of the relations.

The superconducting fluctuations as well as the superconductivity result from the spin fluc-
tuations which act as the d-wave attractive interaction. The spin fluctuations give rise to the
renormalization of the quasi-particles especially around (m,0). The renormalization reduces the
eflective FFermi energy er for the d-wave superconductivity as well as the critical temperature
T.. Therefore, the strong superconducting fluctuations are obtained at the reasonable critical
temperature.

The effects of the superconducting fluctuations on the spin fluctuations have been investigated
in §4.3.4. The superconducting fluctuations suppress the low frequency spin fluctuations and the
anti-ferromagnetic order (see Fig. 4.11). A residual question is whether the fcedback eflects of
the pseudogap on the spin fluctuations suppress the superconductivity itself.

In order to answer the question, we calculate the feedback eflect on the critical temperature
T.. We carry out the Modified FLEX (M-FLEX) calculation in which the fully dressed Green
function is used only in eq. (4.6). In the other equations G (k,iwy) = (iw, — ex — Lr(k,iw,)) ! is
used. Thus, the effects of the superconducting fluctuations on the spin fluctuations are included,
however those on the single particle properties are not included. The eqs. (4.3-8) and (4.12-17)
are solved self-consistently in the M-FLEX approximation. The results of the FLEX, M-FLEX
and SC-FLEX+T-matrix calculations are shown in Table 4.1. Here, we determine the critical
temperature by the condition A(0,0) = 0.98 in the respective calculations for an equity.

In order to understand the results, it is important that the spin fluctuations have not only
the paring effect but also the de-pairing effect. The former is from the relatively wide frequency
region, and the latter is from the low frequency component. The pseudogap remarkably suppresses
the low frequency component, however the total weight is not so reduced (Fig. 4.11). Thus, the
de-pairing effect is reduced by the pseudogap rather than the pairing effect. Therefore, the higher
critical temperature T; = 0.0098 is obtained by the M-FLEX calculation where T, = 0.0084 in the
FLEX calculation. In other words, the feedback effects are advantageous to the superconductivity.
Thus, only the properties of the low frequency component are not sufficient in order to understand
the relation between the spin and superconducting fluctuations.
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FLEX | M-FLEX | SC-FLEX+T-matrix
T. | 0.0084 | 0.0098 0.0031
g Il 24.18 | 14.23 20.1529
| 0.06970 | 0.02747 0.04277
Yo {/0.00995| 0.00971 0.00298

Table 4.1: The comparison among the FLEX, M-FLEX and SC-FLEX+T-matrix approximations.
The critical temperature T¢, the effective pairing interaction g¢? | the damping at ‘hot spot’ y,
and that at ‘cold spot’y. at T" = T, are shown. The paramecters are [/ = 1.6 and § = 0.083 ~ 0.096.

Here, the sell-encrgy in the M-FLEX approximation is YR (k,w).

Needless to say, the pseudogap itself in the single particle properties reduces the critical tem-
perature. The lower critical temperature T, = 0.0031 is obtained by the SC-FLEX+T-matrix
calculation. The de-paring effect from the superconducting fluctuations is rather drastic than
that from the spin fluctuations. (Therefore, the pseudogap is easily caused by the superconduct-

ing fluctuations.)

2
max?

In order to make the above understanding clear, we show the quantities g¢ yn and v in

2

2 ax Tepresents the strength of the

Table 4.1. Here, ¢max is the maximnum value of ¢(k,iw,) and g¢
pairing interaction.

The damping at the ‘hot spot’ 4, = —ImIR(ky,0) at T = T, represents the strength of the
de-pairing effect. Here, k = (0.987,0.027). In should be noticed that the obtained 7, by the
M-FLEX calculation has the minimum value in Table 4.1, although the temperature is highest.
This fact shows the reduction of the de-pairing effect from the spin fluctuations.

The damping at the ‘cold spot’ 7. = ~ImZR(k,,0) determines the in-plane transport [57, 56,
69]. Here, k. = (0.457,0.427). The Table 4.1 shows that the value -, is not so reduced in the
M-FLEX calculation from the FLEX calculation. Thus, the feedback effects through the spin
fluctuations are small around the ‘cold spot’. Since the self-energy from the superconducting fluc-
tuations L (k.,w) vanishes at the ‘cold spot’, we can understand that the effect of the pseudogap
on the in-plane transport is small (§3.4.2), as is observed experimentally [33, 43]. The slope of
the T-linear resistivity is slightly reduced by the feedback effects. The anisotropy yn/7. increases
due to the superconducting fluctuations. This is important for the incoherent c-axis transport in
the pseudogap state because the c-axis transport is determined by the ‘hot spot’ [57, 69].

4.4.2 Results of the SC-FLEX+T-matrix calculation

In this subsection, we show the results of the SC-FLEX+T-matrix approximation. The qualita-
tively similar results to the FLEX+T-matrix approximation are obtained, although the effects of
the superconducting fluctuations are reduced by the self-consistency. It is notable that the calcu-
lation treating a stronger electron-electron interaction U is possible because the superconducting
fluctuations suppress the anti-ferromagnetic order. Here, we choose the interaction U = 2.4.

In Fig. 4.17, we show the self-energy calculated for the under-doped case § = 0.073. The
competition between the pseudogap and the Fermi liquid behavior is shown. The small imaginary
part and the positive slope of the real part are obtained in the narrow region around the Fermi level.
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The anomalous features due to the superconducting fluctuations are shown in larger energy scale.
These features are qualitatively the same as those obtained within the model with an atiractive
interaction in §3.1. It should be noticed that this behavior is given by the self-consistency hetween
the superconducting fluctuations and the single particle properties. The necessity of the behavior

has been explained in §3.1.
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Figure 4.17: The self-energy obtained by the SC-FLIEX+T-matrix approximation. (a) The real
part. (b) The imaginary part. Here, parameters are U = 2.4, § = 0.073 and T = 0.004. The
solid, dash-dotted and long-dashed lines are correspond to (£x, Lr), (27, Zx) and (i, 21),

respectively.

The obtained spectral weight is shown in Fig. 4.18. The peak is shown near the Fermi level
at the momentum around (7, 0). This reflects the Fermi liquid behavior of the self-energy in Fig.
4.17. The typical three peak structure shown in the under-doped case § = 0.073 (Ilig. 4.18(a)) is a
common feature to the results based on the model with an attractive interaction (§3.1.3). It should
be noticed that the weight around the Fermi level is remarkably reduced. This is an effect of the
superconducting fluctuations which give the large self-energy around the Fermi level. As is shown
in the inset of Fig. 4.18(a), the usual single peak structure is obtained by neglecting the self-energy
due to the superconducting fluctuations Ys(k,iw,), namely G(k,iw,) = (iw, — e — Tr(k, iw,)) 1.
The spectral weight is recovered and the three peak structure vanishes when the momentum
leaves (7,0) along the Fermi surface. Similarly, the eflects of the superconducting fluctuations are
reduced by the hole-doping (Fig. 4.18(b)). The single peak structure is obtained for 6 = 0.165
(the inset in Fig. 4.18(b)). In other words, the pseudogap is reduced by the hole-doping because
the superconducting fluctuations are suppressed.

The above effect of the superconducting fluctuations becomes more clear by showing the DOS
in Fig. 4.19. The DOS near the Fermi level is reduced by the superconducting fluctuations and
the gap structure appears in the under-doped case (solid line). It is confirmed by showing the
result in which Zs(k,iw,) is neglected (long-dashed line) that the pseudogap in the DOS is caused
by the superconducting fluctuations. The pseudogap is suppressed by the hole-doping, similarly
(dash-dotted line). Thus, the pseudogap is properly obtained .by the self-consistent calculation
including their doping dependence.

At last, we show the obtained phase diagram in Fig. 4.20. By the self-consistent calculation,

101



(a) (b)

4.0 - ; . 6.0
~—— (0.98r.0.02r) Y ey s . —
—-=- (0.83n.0.14m) 3 —— (0.98r. 0.05m) ]
| === (0.73.0.20m) 2} H : —-== (0.83n.0.14m)

TS Sl SR —
NG

40}

-
=
]

=]

N

4

[=)

[}

[N

e T e T T VA e
o N s O o

A(k,w)

A(k,w)

Figure 4.18: The single particle spectral weight obtained by the SC-FLEX+T-matrix approxi-
mation. (a) The under-doped case, § = 0.073 and T' = 0.004. Here, T, = 0.0032. The solid,
dash-dotted and long-dashed lines are correspond to (£, 2-7), (2, & ) and (27, 81), respec-
tively. In the inset, the solid line shows the same resultq as the main figure. The long-dashed
lines show the result by neglecting Ys(k,iw,). (b) The optimally-doped case, § = 0.119 and

T = 0.004. Here, T. = 0.0035. The solid and dash-dotted lines correspond to (631r, 57) and

(giﬂ, &W) 1eqpectively. The inset shows the result for the over-doped case, § = 0.165, T' = 0.0035
and k = (8x, 2r).

T T

— 08=0.07 |

0.8 | A
,.' —-—-= 8=0.16
e —=== Z.only

-0.4 -0.2 0.0 0.2 0.4

Figure 4.19: The DOS obtained by the SC-FLEX+T-matrix approximation. The solid and dash-
dotted lines show the under-doped case (§ = 0.073 and T' = 0.004) and the over-doped case

(6 = 0.165 and T = 0.0035), respectively. The long-dashed line shows the result for the under-
doped case obtained by neglecting the self-energy Xs(k,iw,).
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the superconducting critical temperature T, suppressed by the superconducting fluctuations is
calculated. It should be noticed that the suppression of T, from the mean field value becomes
remarkable with under-doping. This is a natural result because the superconducting fluctuations
become strong with under-doping. In other words, the pseudogap develops with under-doping
and the reduced DOS gives the reduced critical temperature. An important result is that the
critical temperature has the maximum value at § ~ 0.11 and decreases with under-doping in
the SC-FLEX+4T-matrix calculation for I/ = 2.4, whereas T goes on increasing in the FLEX
calculation. In other words, the mean field critical temperature given by the anti-ferromagnetic
spin fluctuations develops with under-doping, however, the strong superconducting fluctuations
decrcases the critical temperature with under-doping in the under-doped region.
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Figure 4.20: The phase diagram obtained by the FLEX and the SC-FLEX+T-matrix approxima-
tions. The closed circles show the results of the SC-FLEX+T-matrix approximation for U = 2.4.
The closed and open diamonds show the results of the FLEX and the SC-FLEX+T-matrix ap-

proximations for U = 1.6.

It is notable to write again that the strength of the superconducting coupling is indicated by the
ratio TMF /ep, and not by T,. Since the effective Fermi energy ep decreases, the superconducting
coupling becomes strong with under-doping in spite of the decreasing T,. Thus, the decreasing T,
in the under-doped region is obtained by considering the superconducting fluctuations.

We can see from Fig. 4.20 that the critical temperature for U = 1.6 does not decrease with
under-doping even in the SC-FLEX+T-matrix calculation. Thus, the strong renormalization of
the quasi-particles by the electron correlation plays an important role for describing the under-
doped cuprates. It is important that we can treat the strong correlation by considering the
superconducting fluctuations which suppresses the anti-ferromagnetic order.

103



4.5 Summary

In this chapter, we have investigated the pscudogap phenomena starting from the Hubbard model.
We have succeeded in deriving the pseudogap phenomena from the on-site repulsive interaction.
The renormalized quasi-particles and the pairing interaction via the anti-ferromagnetic spin fluctu-
ations are calculated by using the FLEX approximation. The anti-ferromagnetic spin fluctuations
give rise to the strong renormalization around the ‘hot spot’. Therefore, the effective Fermi energy
er for the d-wave symmetry is strongly renormalized. Because of the high critical temperature 7.
and the renormalized Fermi energy ep, the superconducting coupling TM¥ /e becomes strong in
the under-doped region. As a result, the pseudogap phenomena occurs owing to the self-energy
correction by the strong superconducting fluctuations. The results support the scenario which is
described within the model with a d-wave attractive interaction (§3).

An important progress is that the pseudogap is described as a phenomenon near the Fermi
surface. Because the obtained pairing interaction affects only the quasi-particles near the Iermi
surface, it is naturally described that the superconducting fluctuations and the pseudogap have
the small energy scale compared with the electron correlation. These results support the picture
in which the pairing interaction becomes effectively strong for the renormalized quasi-particles.

Moreover, it should be emphasized that the calculation in this chapter properly describes
the doping dependence of the pseudogap phenomena. The superconducting coupling becomes
weak with hole-doping since the Fermi energy increases and the mean field critical temperature
TMF decreases. Therefore, the superconducting fluctuations gradually become insignificant with
hole-doping and negligible in under-doped region. The doping dependence well explains the phase
diagram of the High-T, superconductors. The obtained doping dependence of the TDGL paramecter
b has confirmed the above picture and gives the comprehensive understanding of the magnetic field
dependence of the pseudogap phenomena (§3.2).

The application of the calculation to the electron-doped cuprates gives a consistent understand-
ing with the experimental results [29, 168, 169, 170, 171, 173]. We have obtained the d,2_,-wave
superconductivity with low critical temperatures within the narrow doping range. It is shown that
the pseudogap is not observed in the electron-doped cuprates. The difference from the hole-doped
case is derived from the particle-hole asymmetry of the band structure. The band structure ob-
tained by the band calculation and observed by the ARPES naturally leads to the particle-hole
asymmetric properties. It is surprising that such simple explanation is given for the complicated
problems. The comprehensive understanding including the particle-hole asymmetry furthermore
supports our scenario for High-T, cuprates.

The pseudogap in the magnetic properties has been investigated and explained properly. We
have calculated the quantities observed by the NMR and the neutron scattering. Our calculation
has naturally explained the characteristics of the pseudogap phenomena which are subtly different
from each other.

We have clarified the relation between the spin fluctuations and the superconducting fluctua-
tions which are complicatedly connected with each other. It is shown that the feedback effects of
the superconducting fluctuations on the spin fluctuations do not suppress but enhance the super-
conducting correlation. Therefore, the strong coupling superconductivity is not suppressed by the
feedback effect. Since the relation of the spin- and superconducting fluctuations are complicated,
we have to understand the different energy scale of the two phenomena, the superconductivity
and the magnetism in order to clarify it.

Of course, the superconducting fluctuations themselves suppress the superconducting transi-
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tion. This effect is so strong and the critical temperature is remarkably reduced in the under-
doped region. We have calculated the reduced critical temperature by the SC-FLEX+T-matrix
calculation in which the single particle properties, the spin fluctuations and the superconducting
fluctuations are determined self-consistently. Qualitatively the same results for the pscudogap
phenomena have been obtained by the SC-FLEX+T-matrix calculation. The calculated critical
temperature shows the maximum value near 6 ~ 0.11, and decreases with under-doping, although
it keeps increasing in the FLEX calculation. Thus, we have succeeded in describing the under-
doped cuprates by considering the strong superconducting fluctuations in the strongly correlated
electron systems.

Finally, it should be stressed that the calculation in this chapter starts from the Fermi liguid
state and properly describes the Iligh-7% cuprates including the under-doped region. The compre-
hensive understanding of High-7¢. cuprates has been obtained including their doping dependence.
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Chapter 5

Conclusion

In this thesis, we have given an explanation of the pseudogap phenomena in High-T, cuprates
which are the remained highlight of the High-T, superconductivity. So far, many arguments have
been given for the anomalous properties in the normal state High-7¢. cuprates. Many of them have
been based on the anomalous state far from the Fermi liquid state. The pseudogap phenomena
are the main topics among the ‘anomalous’ properties. In this thesis, we have started from the
Fermi liquid state and taken into account the strong electron correlation and the resulting super-
conducting fluctuations. The obtained results have properly described the ‘anomalous’ properties
in the under-doped region. The pseudogap phenomena result from the strong superconducting
fluctuations. The origin of the strong superconducting fluctuations are the strong electron corre-
lation, the high critical temperature and the quasi-two dimensionality. These important factors
are the characteristics of High-T, cuprates. Therefore, it is considered that the derived answer is
reasonable.

It should be stressed that the reasonable explanation is obtained by starting from the Fermi
liquid state, although the resulting electronic state is far from the conventional Fermi liquid theory.
This result strongly indicates the universality of the Fermi liquid theory. The concept of the Fermi
liquid theory is not restricted within the conventional Fermi liquid state. The continuous change
from the under-doped region to the over-doped region suggests the validity of the starting point
based on the Fermi liquid state. In particular, the starting point is necessary for the comprehensive
description of the High-T, superconductivity. It should be noticed that the anomalous behavior
observed in the under-doped region is not essential for the High-7, superconductivity because
the superconductivity occurs even in the over-doped region. It is reasonable that the normal
state is also described by starting from the Fermi liquid state. However, the description has been
important but difficult problem so far. Although the several problems are solved, the main topics
(that is, pseudogap phenomena) are remained to be understood. We think that the answer is
obtained by considering the superconducting fluctuations. It should be stressed that the results
obtained in this thesis gives the answer and shows the comprehensive description of the High-T,
superconductivity.

The important and remained problem is the description of the under-doped limit. The calcu-
lation in this chapter can not be applied to the limit because the FLEX approximation does not
describe the Mott transition. Although the calculation describing the Mott transition is difficult
at present, we think that the essence of the metallic state of High-T. cuprates has been explained
in this thesis.
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