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Cluster algebras and higher order generalizations of
the ¢-Painlevé equations of type A(71) and Aél)

By

Tetsu MASUDAY Naoto OKUBO* and Teruhisa T'SuDA**

Abstract

We construct higher order generalizations of the ¢g-Painlevé equations of surface type A(71)
and Aél) based on the cluster algebras corresponding to certain quivers. These equations
possess the affine Weyl group symmetries of type A§1> and (A1 + A'l)(l), respectively. We show
that these equations and symmetries can be realized as birational canonical transformations.
A relationship between the quivers and the discrete KdV equation is also discussed.

§1. Introduction

It is known that some discrete soliton equations and g-Painlevé equations can be
described as birational mappings generated by sequences of mutations in the cluster
algebras corresponding to quivers appropriately chosen so that the quivers are invariant
under the sequences of mutations. In [6, 11], g-analogues of the Painlevé T and IT equa-
tions were obtained from cluster algebras corresponding to quivers with mutation-period
one, i.e. the shape of the quiver is invariant under a single mutation; see also [4]. In
[12], g-analogues of the Painlevé IIT and VI equations, together with the discrete KAV
equation and some other soliton equations, were obtained from cluster algebras corre-
sponding to more complicated quivers. In [1], all the ¢g-Painlevé equations in Sakai’s list
[15] and their underlying Weyl group symmetries were derived from cluster algebras cor-
responding to the quivers arising from cluster integrable systems. In our previous work
[8], we present a unified way to construct birational representations of Weyl groups,
which are relevant to the g-Painlevé equations and their higher order generalizations,
from cluster algebras by means of a graph-combinatorial point of view; the key ingre-
dients of the argument is the reflections associated with cycle-subgraphs in the quiver
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under consideration. In [14], a specific construction of a higher order generalization of
the ¢-Painlevé VI equation was demonstrated by using such reflections in terms of a
certain toroidal quiver.

However, even for the second order ¢-Painlevé equations in Sakai’s list, a few rel-
atively degenerated ones, i.e. the g-Painlevé equations of surface type A$1) and Aél),
can not be dealt with in the general framework [8] since their underlying Weyl groups
contain a reflection which seems not to be associated with any cycle-subgraphs. Recall
here that, to each of the Painlevé equations and discrete Painlevé equations, we can
associate a rational surface classified by Dynkin diagrams of affine root systems as the
space of initial conditions [15].

The aim of this paper is to construct higher order generalizations of the g-Painlevé
equations of surface type A;l) and Aél) together with their Weyl group symmetries
based on the cluster algebras corresponding to certain quivers.

To illustrate our results, we prepare some basic notions of cluster algebras [2] min-
imum required. Let @ be a quiver (directed graph) with a vertex set V = {1,2,..., N}

represented by the signed adjacency matrix B = (biyj)ﬁfj:l,

i.e. b;; indicates the num-
ber of arrows from the vertex ¢ to j if b; ; > 0. Let y = (v;)icv be an N-tuple of
variables. Define the transformation uy : (Q,y) — (Q',y’) called the mutation at the
vertex k € V as follows. A new quiver @' = ux(Q) is obtained by the following proce-
dure on the quiver Q.

1. For all subgraphs i — k — j, add b; by ; arrows from i to j;

2. remove all 2-cycles;

3. reverse the orientation of all arrows which have edges at the vertex k.

In parallel, the new variables ¥y’ = (y});cv are defined by

Y (i =k)
y; = :UJIC(yZ) = ) (1 + yk)maX{biyk’O} (’L 7& k)
y"(l +yk—1)max{bk,i,0} :

We suppose that a composition of mutations w = p;, o p;, o --- o ;, acts on a rational
function ¢ = ¢(y) as w.p(y) = p(y.w), i.e. w acts on the variables from the right. It
holds that

(1.1) pi® =id and piop; = pjopu; if bi; =0,

A permutation o of the vertex set V' is extended to the variables as o(y;) = yo(;). An
operation ¢, called the inversion, which reverses the orientation of all arrows is extended
as t(y;) = 1/y;. It is easy to see that

(12) (i7j)oﬂizﬂjo(i7j)u (ivj)oukzuko(ivj) (Vlajakfb#.?#k?él)
and ¢ commutes with any mutation and permutation. We focus on the stabilizer of
the quiver, i.e. the group consisting of compositions of mutations, permutations of the
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vertices and the inversion that keeps the quiver invariant; cf. [1]. The birational action
of the stabilizer of the quiver on the variables y provides a nontrivial group of birational
transformations on the field C(y) of rational functions.

In this paper, we start from the specific quiver ) = Qn with a vertex set V =
{1,2,..., N} represented by the signed adjacency matrix

By = (big);

ij=1
N-2 N-2

=Fky1 —FEi12+2 Z (Bit1,; — Eiiy1) + Env—1 — En_1 v + Z (Eiive — Eivo,)
i—2 i—1

+FEi N1 —En1a+Ean —Eno+En_12—FEan_1+En1— BN,

where N > 4 and E; ; denotes a matrix element, i.e. a matrix in which the (7, j) entry is
unity and all the others are zero. Some examples of Q) are shown in (2.1) and (3.1). In
the cases where N is even and odd, the affine Weyl groups of type Agl) and (A; + A7)
respectively emerge as (subgroups of) the stabilizers of @y ; see Theorems 2.1 and 3.1.
Via a certain normalization of the skew-symmetric integer matrix By by the use of
unimodular matrices, we describe the Weyl group actions as the group of birational
canonical transformations; see Theorems 2.2 and 3.2. The dimension of the phase space
of the discrete dynamical system thus obtained turns out to be 2/ for both N = 21 + 2
(even) and N = 2] + 3 (odd) cases. We regard the birational mapping arising from a
lattice part of the affine Weyl group as the higher order generalization of the ¢g-Painlevé
equations. In fact the first two cases, i.e. N = 4 and N = 5, recover the ¢-Painlevé
equations of surface type Agl) and Aél), respectively. In the last section, we discuss an
interesting relationship between the quiver () and an infinite quiver corresponding to
the discrete KdV equation.

Remark 1.1.  Two types of variables usually appear in the context of cluster al-
gebras [2]; one is called a cluster variable and the other a coefficient. The variables
Yy = (Y:)iev, mainly concerned in this paper, are the coefficients. The mutation puy at
the vertex k € V' acts birationally on the cluster variables & = (x;);cv as follows:

xk_l H xj+ H Z; (i=k)

bj k>0 bj,k<0

() =

Remark 1.2.  The higher order generalizations of the ¢g-Painlevé equations of sur-
face type Agl) and Aél) were firstly found by the second author, without concerning
any Weyl group symmetries; see [13] in which the coprimeness property, an integrability

criterion for nonlinear recurrence relations, was proven for these equations.
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§2. The ¢-Painlevé equation of type Agl) and its higher order

generalization

In this section we construct the ¢g-Painlevé equation of surface type Aél) and its 2[-
th order generalizations, each of which admits the symmetry of the affine Weyl group of
type Agl), starting from the quiver (J9;42 or the corresponding signed adjacency matrix
Bsyyo. The first few examples of the quiver and the matrix are given by

7N

37— 4
235——3 % '\ 6
(21) Q4: \X{ ) QGZ 2 2 s QSZ H H
1<—4 w 2 7
s Ni==7"
1<—8
and
0—-1 1 0 1-1
0-1 2-1 1 0-2 1-1 1
1 0-3 2 -1 2 0-2 1 0
B4: ) B6_
-2 3 0-1 0-1 2 0-2 1
1-2 1 0 -1 1-1 2 0-1
1-1 0-1 1 0
0-1 1 0 0 0 1-1
1 0-2 1 0 0-1 1
-1 2 0-2 1 0 0 O
0-1 2 0-2 1 0 O
BSZ ’
0 0-1 2 0-2 1 O
0 0 0-1 2 0-2 1
-11 0 0-1 2 0-1
1-1. 0 0 0-1 1 O
respectively.

Theorem 2.1.

of vertices and the inversion v defined by

Let tg,t1 and m be the compositions of mutations, permutations

to=(20+2,2l+1,...,2,1) 0o py,
tl:(1527"'72Z+172l+2)ou2l+25
m=(1,214+2)0(2,204+1)o---0o(l+1,14+2) 0y,
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where (i1,12,...,1) denotes a cyclic permutation of vertices. Then these elements pre-
serve the quiver QQo9i12 tnvariant and thus generate a group. Also these satisfy the
fundamental relations

(22) totl = tlto = 7T2 = 1d, to = 7Tt17T.

Proof. The invariance of the quiver follows directly from the definition of muta-
tions. The fundamental relations are verified by using the relations (1.1) and (1.2). O

The fundamental relations (2.2) tell us that the group G = (to, t1, 7) is isomorphic
to the affine Weyl group of type Agl). For instance, if we put rg = ti7m and r = 7tq,
then it holds that 79?2 = r;?2 = 72 = id and ro = 7ri7. The elements 7; (i = 0,1) are
simple reflections and 7 is the Dynkin automorphism of Agl).

The birational action of the group G on the field C(y) of rational functions is easily
obtained. When [ = 1, it is described by

2

Y1 1

to:y1 — y2(l 4+ 1), yzHysm, yz — ya(1 4+ 1), y4H£,
1 Y4 9 Y
ti:yr— —, Yar>y s ys =yl +ya)”, yarry
1 1 Y 2 11+y4 3 2( 4) 4 31+y4
and .
T Y (1<i<4).
Ys—;

When [ > 2, the action is described by

to:y1 — Y21 + 1), yzHylerly s Vi Y (3<i<20-1),
1
1 1
Y21 = Y2141 y Y2141 > y21+2(1 + yl), Yai+2 > —,
L+ Y1
1 Y2142
ty:y1 — s Yoyt Y3 = Y2l + y2uy2),
Y2142 1+ Y42 ( +2)
. Y2142
vy yic1r (A<i<2l), yas1 = ya(l+yuse), Youte — Yupi————
1+ y2142

and

Ty (1<i<20+42).

Y21+3—i

Prepare the column vectors in Z2*2

2042 204+1

vy = Z(k— Der, v = Z(Ql+2—k)ek,

k=2 k=1
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k
where e = T(0,...,0,1,0,...,0) is the k-th standard basis vector. Note that these
two vectors vy and vy span Ker Byy5. We introduce the variables by and by defined by

2042 2041
g0 k-1 _ o 22—k
bo=vy" = [[w"" bi=v"=]]wm ;

2042
where we use the multi-index notation y? = H ypt for v = (vg)it? € Z2F2. Tt is

k=1
easy to see that by and b; simply behave under the action of GG as

to:bo — q by, by — gby,
(2.3) t1:bo — qbo, by — q by,
™ Ib0|—>b171, bl'_>b0717

2142
where ¢ = H Yk, and therefore boby = ¢*'*1, to(q) = t1(q) = q and w(q) = ¢ 1.
k=1
Let us introduce the matrix U = (uy,...,ug,v9,v1) € Matg12(Z), where the
column vectors wi, us, ..., uy € Z21? are given by

u; = €2, U = €,
Ugi—1 = €2, — U2i—2 (2<1i <),

1—1
Ug; = ie] + Z(Z —k)(ea +ear1) (2<i<I).
k=1

Then the matrix U is unimodular, i.e. U € GLg42(Z), and the skew-symmetric integer
matrix By, is transformed into the following normal form [10]

@l
01
TUle+2U: (_1()) ® Oa.

This fact leads to a choice of canonical variables; cf. [3, 8]. Let us introduce the variables
fi,gi (1 <i <) defined by

fi=y ", gi=y" (1<i<l).

Theorem 2.2. Let K(f,g9) = K(f1,...,f1,91,...,91) be the field of rational
functions of fi,g; (1 < i < 1), where the coefficient field is K = C(bg,b1). Then

l
df; Ndg;
the action of G = (to,t1,m) on K(f,g) is birational. The 2-form w = Z —ff-g- J

=1

18

invariant under the action of to and t; and 7(w) = —w.
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Proof. By definition the variables f;,g; (1 < i < [) are monomials in y; (1 <
k < 20 4 2). Conversely the variables y; (1 < k < 2] + 2) are also monomials in f;, g;
(1 < i <) since the matrix U is unimodular. Then the action on C(y) yields the
birational action of G on K(f,g). The invariance of the 2-form w has been shown in a

general framework [8]. O

The second statement of this theorem means that log f;,logg; (1 < i < [) are
Darboux coordinates for the symplectic 2-form w and that the birational action of G
on K(f,g) gives rise to canonical transformations.

Let us present the birational action on K(f,g). When [ = 1, it is described by

b1
to: f1— ;g1 fi(l+ag1),
211+ g1)?
qf191° by
t1: —_ — )
i b1 + qf1912 o qf1912
1012913 b1
T f1 e : g1 +— :
by qf191?

When [ > 2, the action is described by

i 9 !
919i+1 1 ) b1g1 1
to:f'i—> (1SZ§l_1)7 fl’_> )
Y (g 1;[ Jrgr (1+91)%g kl;[l fi’gr?

I+q
g1

I fror 1 <i<,

k=1

g; —

l l
q9191 | =1 frax q9:91 ,
tfoes Wi figi e kagk (2<i<l),
b1 +qq Hk:1 Jrgk 19i—1

z lf
1— H—lgl z—l—l .
T fi ek, Gi <i<lI).
' H " G i1 H fkgk )

When [ = 1, the transformation 7' = t is exactly the time evolution of the g-
Painlevé equation of surface type A(71). In fact, one obtains the second order g-difference

equation
1+ ¢[n+1]

p[n +1]?
for p[n] = T"(g1), which is known as a g-analogue of the Painlevé I equation; see e.g.
[7].

pln + 2pln] = ¢"b
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§3. The ¢-Painlevé equation of type Aél) and its higher order

generalization

In a similar way to Section 2, one can obtain the ¢-Painlevé equation of surface
type Aél) and its 2[-th order generalizations starting from the quiver ()s;+3. The first
few examples of the quiver are given by

N
(3.1) @ = \1475/ , Q7 U

l«<—9

Note that the quiver Q9,43 contains the (I +2)-cycle 1 -3 — -+ — 2[+3 — 1 and the
(l4+1)-cycle2 +4 — --- — 2[+2 — 2 as subgraphs. As is shown in [8] the stabilizer of
Q2143 thus contains reflection transformations associated with these cycle-subgraphs.

Theorem 3.1.  Let sg, s1,tg,t1 and w be the compositions of mutations, permu-
tations of vertices and the inversion v defined by

So = 1,3, 2141 ° (20 + 1,20 + 3) 0 por41,... 3.1,
S1=fi24,.. 210 (20,2l +2) 0 poy,. . a2,
to=(20+3,2l+2,...,2,1) o puy,

= (1,2,...,20+ 2,20 +3) 0 jist s,
T=(1,2043)0(2,2l+2)o---0(l+1,l+3) o,

where L iy, i = iy O [iy © <+ 0 i, . Then these elements preserve the quiver Q243
invariant and thus generate a group. Also these satisfy the fundamental relations
802 = 812 = totl = tlto = 7'('2 = ld,

(3.2) |
TS = 8§;T (2 == 0, 1), t() = 7Tt17'(', S0 = t081t1 = tlslto.

Proof. The invariance of the quiver follows directly from the definition of muta-
tions. As is shown in [8], reflection transformations associated with cycle-subgraphs are
invariant under cyclic permutations of indices, namely one can alternatively express sg
as

S0 = M2143,1,3,...,21—1 0 (20 = 1,20 + 1) 0 puoy—1,... 3,1,21+3-

Then it is easy to verify the relation tgsi1t; = so by using (1.2). The relation so = t1s1to
can be shown similarly. The other fundamental relations are obvious. O
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The fundamental relations (3.2) tell us that the group G = (sq,s1,to,t1,7) is
isomorphic to the affine Weyl group of type (A; + A})). For instance, if we put
ro = m,m = 7t and p = 7ty, then it holds that

ro? =ri2=p>=1id, s =psip, To= prip, sir; =18 (1,7 =0,1).
Both (sg,s1) and (rg,r1) are isomorphic to the affine Weyl group of type A(ll). They
mutually commute and p plays the role of a Dynkin automorphism; cf. [9, 15].
For the purpose of describing the transformations sg and s; on the field C(y) of

rational functions explicitly, we introduce two families of polynomials F; (i € Z/(142)Z)
and G; (j € Z/(l 4+ 1)Z). The polynomials F; are defined by

+2 m

F; = Z H Y2it2k—3,

m=1 k=1

where the subscripts of the variables y are regarded as the elements of Z/(2] 4+ 4)Z.
Similarly the polynomials G; are defined by

I+1 m
G; = E H Y2j+2k—2,
m=1k=1

where the subscripts of the variables y are regarded as the elements of Z/(2] + 2)Z.
Then the transformations sg and s; are described by
Fiio Fiq

y Y21 2§Z§l+27
Yoi+3F% ‘ Yo2i—3Fi41 ( )

So Y1 —

2 2 2
Y1- Y2432 Yoi—1Fir1 .
s g 2B 2 by [ 2L 2<i<l
Y2 Y2 FiioFl y o Y2 ym( F, ) ( <1 < )7

2
You+1°Y21+3F1 Fly2

Y2142 = Y2142

Fiq? ’

G+ G .
S1:Y2 > ————, Y2t ————— 2§]§l+17
Y21+2G2 T yoj0Giia ( )

2
2+2G1 2i—2Gj ,
Y1 y1y+—, Yoj—1 > Y251 (yJ—J) (2<ji<l+1),
Gy G

Y214+2G1
Y2143 = Y2143~
Gii1

in terms of the family of polynomials F; and G;. The transformations ¢y,?; and 7 are
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described by

1 .
to:yr = y2(1+y1), Y2+ ys s Y=y (3<i<21),
I+
1 1
Y2i+1 F Y2142 y Y2142 y21+3(1 +v1), Yauysz— —,
T+y Y1
1 Y2143
t1:y1 — , — Yy, — 1+ yy ,
St Cind (k wwep i & Y2 (1 4 y2143)
. Y2i+3
yiryic1r (A<i<20+1), youter— yur1(l+y2+3), Y2ut+s — Yoo —,
1+ yaiy3

T Y (1<i<20+3).

Y21+4—i

Prepare the column vectors in Z2*3

142 I+1
Uy = E €2k—1, U1 = E €2k,
k=1 k=1

l

vo = (I+ e + Y (I —k+1)(exw + eari1),

k=1
l

vi = (I +1)egt3 + Z k(eart+1 + eapy2).
k=1

These are elements of Ker By 3 and one can choose ug,u; and vy as the basis vectors
of Ker By 3. We introduce the variables ag, a1, by and by defined by

142 +1

ag =y* = H Yok-1, a1 =y" = H Y2k
k=1 k=1

l

l
bo =" = " [ [ (warvar )" b= ™ = yars' [ [ ek r1vania).

These variables simply behave under the action of G as

So Qg ao_l, ai — a1a02, bo — b0a0_17 b1 — blao_l,
S1:ag > a0a12, ay +—r CLl_l, bo — alb(), by — albl,
to :ag — aq, a1 — ap, bo — a1bg, b1 — blao_l,
t1 :ag — aq, a1 — ap, bo — b0a0_17 by — albl,
T Iaof—>ao_1, alr—>a1_1, bof—>b1_1, bll—>b0_1.

Let us introduce the matrix U = (w1, . .., Wy, Ug, w1, Vo) € Maty13(Z), where the
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column vectors wi, ws, ..., wy € Z213 are given by

w; = €2, w2 =€,
wyj_1 = ez —waj_o (275 <),

7j—1
woj = je; + Z(j —k)(eaw +eans1) (2<5<1).
k=1

Then the matrix U is unimodular, i.e. U € GLg;43(Z), and the skew-symmetric integer
matrix Bgj13 is transformed into the following normal form

@l
01
"UBaysU = (_1()) ® Os.

Introduce the variables f;,g; (1 <14 <) defined by

w2i—1

fi=y ;o gi=yvrr (1<i<l).
Then we have the following.

Theorem 3.2. Let K(f,g9) = K(f1,...,f1,91,---,q1) be the field of rational

functions of fi, g; (1 <i <), where the coefficient field is K = C(ag, a1, bo, b1). Then the
l

df; ANdg;
action of G = (sg, s1,to,t1,m) on K(f,g) is birational. The 2-form w = Z %
| i9i
is invariant under the action of sg, s1,to and t; and m(w) = —w.
When [ = 1, the birational action on K(f,¢g1) is described by
s0: f1 J1(bo + ao frg1 + ao fr191%)? " g1(bo + f191 + f1917)
' (bo + fig1 + f1912)(bo + a0 frgr + f1912) bo + ao frg1 + ao frg1?’
fi g1(a1 + f1)
s1:f1 =, T
1: /1 & g1 1+
Y e — — fi(1+g1)
0:J1 f1g1(1+g1)7 g1 1 gi),
a0 f1912 bo
t i —— — ,
LS bo + ao f191 & ao f191
b
T fie ﬁ7 g1 ——.
ay ap f191

It is not difficult to describe the birational action on K(f,g) for [ > 2, but the explicit
formula is slightly complicated. Then we show only the transformation ty, which is
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given as
i !
919i+1 1 . bog1 1

tO:f'H 1§Z§l_1)7 fl'_> )

C (Tt g)gi i frok ( (1+g1)a kl:[l Jrgr

1+g T ,
gi = gglnfkgk (1<i<l).
1

k=1

Note that the transformation t¢? acts on the variables a;, b; (1=0,1) as

2 1
to” 1 ag > ag, ai+rai, borrqgby, b1 q by,

2143
where ¢ = H yr. Also we see that
k=1

apa1 = q, boby = ¢'ag

and
si(g) =ti(g) =q (1=0,1), w(qg)=q "

Hence the transformation T = t? is regarded as a time evolution and the variable b
plays the role of independent variable.

When [ = 1, the transformation T gives the time evolution of the g-Painlevé equa-
tion of surface type Aél). In fact, one obtains the system of ¢-difference equations

Yn]
1+ ¢[n](1 +1[n])’

1+ ¢[n](1 + ¢n])
pln]yln](1 + ¢ln])

Yln+1] = q"bg

pln+1]=a
for ¢[n] = T™(f1) and v[n] = T™(g1), which is known as a g-analogue of the Painlevé

IT equation; see e.g. [7].

§4. Relation with the discrete KdV equation

We shall discuss a relationship between our quiver Qn and one for the discrete
KdV equation. The bilinear form of the discrete KdV equation [5] is given by

(4.1) Tit2,j+1%ij = Tit1,j+1Tit1,j + Tij+12Li42,5,

where (i, j) € Z? are regarded as independent variables. In [12], a family of quivers with
infinite number of vertices corresponding to the discrete KAV equation was proposed.
Each quiver of the family represents the type of boundary conditions.
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Among them, we consider the following quiver:

(0,1)<—(1,1)
(0, cee T (N =2,0) (N —1,0)
~ \_>Q/
Qn =
(N —2,-1) TN, - T (2N —4,-1) «— (2N -3,-1)
\_></ I

(2N —4,-2) <— (2N —3,-2)

which consists of the vertices
V={@Gi+(N-2)k —k)|k€Z;0<i<N-1} CcZ?
and the arrows of multiplicity one

(i+1+ (N =2k —k) — (i+ (N -2k —k) (k€Z;i=0,N—2),
(i+ (N =2k, —k) = (i+2+(N—2k k) (keZ;0<i<N-—3),
i+ (N =2k —k) = (i+(N-2k1—k) (ke€Z;i=0,1),
(1+ (N —2)k,1—k) — (N —2)k,~k) (k€ Z),
(N =2k, 1—k) = (14 (N —2)k,~k) (ke Z)

and the arrows of multiplicity two
4+ (N—=-2k,—-k)=@G+14+(N-2)k,—k) (k€Z;1<i<N-3),
where N > 4. Let us consider the composition

T'=o00 H H((N—2)k,—k)
kez

of an infinite sequence of commuting mutations {((n—2)k,—&) | k¥ € Z} and a permutation
of vertices
o:(i+(N—-2)k,—k)— (i—1+(N—-2)k,—k)(k€Z;1<i<N-1),
(N =2k, k)= (1+(N-2k,1-k) (ke

Then the quiver @ ~ is invariant under 7. This yields the birational mapping of the
cluster variables x; j := x(; ;) of the form (see Remark 1.1)

T Tl 41T 1,5 T Tij41Ti42,5
(zi;) = o :
/Lh]

If we extend the discrete domain V' of the variable z; ; to the whole plane Z? by setting

(4.2) Tivaj+1 = T (i),
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then the iteration of this birational mapping and its inverse determines xz; ; for any
(i,7) € Z* from the boundary values {z; ;| (i,j) € V'}. Notice that (4.2) is exactly the
bilinear form of the discrete KdV equation (4.1).

Since the shape of éN is periodic with the period (N —2, —1), one can fold up this
quiver by identifying the infinite number of vertices {(i+ (N —2)k, —k) | k € Z} with the
vertex (i,0) for each i € {0,1,..., N —1}. The resulting quiver is exactly the quiver Qx
corresponding to the higher order generalizations of the ¢-Painlevé equations of surface
type Agl) and Aél). Note that this fact was already pointed out by the second author
[11] for the first two cases, i.e. N =4 and N = 5. One can impose the (N — 2, —1)-
periodicity on the cluster variables as z;yny—2 j—1 = x; ;, which is compatible with the
above reduction of the quiver @ ~ to @Qn. The recurrence relation

Tidt NTi = Tit N—1Tit1 T Tit N—2Ti12

thus obtained for 7; := x; ¢ (i € Z) is regarded as the bilinear form of the higher order
generalization of the ¢g-Painlevé equation of surface type Agl) (resp. Aél)) with special
values of parameters by = by = 1 (resp. ag = a1 = bg = by = 1) and thereby ¢ = 1
if N is even (resp. odd); cf. Section 2 (resp. 3). In the case where N = 4 (resp. 5),
the above recurrence relation is known as the Somos-4 (resp. Somos-5) recurrence; the
general case also appeared in the investigation [6].
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