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Introduction

This thesis is a reorganisation of three papers, jointly written with Soichiro Fujii and Yuki Maehara [FHM24;
FHM25a; FHM25b], into a single coherent account. The most essential parts of these three papers are reflected
in Chapters 2, 3, and 4, respectively, while the background material and technical preliminaries common to all
three have been extracted and arranged into Chapter 1. Each chapter begins with an introduction based on
the introduction of the corresponding paper, and so we refrain here from entering into the detailed discussion
of each chapter separately.

In this Introduction, we first give a brief overview of Grothendieck’s homotopy hypothesis [Gro22], which is
the common theme underlying the three papers, and we explain how the present work fits into this picture. We
then describe the structure of the thesis, and finally list some of the notation that will be used throughout.

In his long, unpublished manuscript Pursuing Stacks [Gro22], Grothendieck suggested that homotopy types
should be understood in terms of so-called ω-groupoids. The idea that homotopy types, usually modelled by
Kan complexes or CW-complexes and their variants, might instead be described by algebraic objects such as
ω-groupoids is now known as Grothendieck’s homotopy hypothesis [Mal10; Hen16].

The central idea itself is simple, and already visible at a very early stage in the study of homotopy and
category theory. For instance, in an undergraduate course on algebraic topology, the notion of homotopy is
often introduced as follows. A 1-homotopy is a path between points of a space, a 2-homotopy is a path between
paths, a 3-homotopy is a path between 2-homotopies, and so on. In other words, the concept of homotopy is
obtained by iterating and formalising a notion of ‘being connected by a path’ as a higher-dimensional structure.
On the other hand, when one first encounters the notion of natural transformation in category theory, it is
introduced as a ‘morphism between morphisms’, that is, a morphism between functors, and afterwards the
idea of a 2-category is presented as a formalisation of this picture. In both explanations, it is natural to draw
intuitive diagrams of the following ‘globular’ shapes.

• • • • • • • . . .

If we forget, for the moment, the additional structure coming from homotopies or compositions and
identities, and retain only these globular diagrams, we obtain what is called a globular set. Very roughly,
Grothendieck’s homotopy hypothesis is the question of whether one can recover the notion of homotopy type
completely by putting suitable algebraic structure on such globular sets, which can be thought of as a ‘bare
shape’ of homotopy (cf. [Mal10; Ara10]).

In recent years, by enhancing homotopy types (Kan complexes) in various ways to encode a notion of
‘direction’ of homotopies, many different models of (∞, n)-categories have been constructed, and the equivalences
between these models have been intensively studied [Lur09; CKM25; Ver08; BS20; CH24b]. On the algebraic
side, however, there remain highly non-trivial issues: for example, it is now well understood that the most naive
notion, that of a strict ω-groupoid, is not suitable as a model for general homotopy types [Sim98]. Motivated in
part by this failure, Grothendieck himself and many other researchers have sought more appropriate algebraic
notions of ω-groupoid or ω-category. A variety of models have been proposed, and the relationships between
them have been clarified to a significant extent in recent years [Bat98; Lei04; Mal10; Che11; Ara10; Hen16].

Considering this background, it is reasonable to formulate the homotopy hypothesis in the following way.

Whether there exists a model of algebraic weak ω-categories on globular sets whose homotopy
theory is (in the homotopical sense) equivalent to that of any given model of directed spaces,
that is, of (∞,∞)-categories.

The most essential step towards answering this question is to develop homotopy theory on the algebraic
side. More concretely, one would like to equip the category of weak ω-categories with a (weak) model structure
or a suitable variant, and to develop a homotopy theory that is rich enough to be comparable with the usual
homotopy theory of spaces.
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2 INTRODUCTION

In this thesis we work with one particular candidate for such an algebraic model of ω-categories, namely
the Batanin–Leinster style weak ω-categories introduced by Batanin [Bat98] and subsequently formulated by
Leinster [Lei04], and we develop a fragment of homotopy theory in this setting. In Chapter 2 we introduce the
notion of a weakly invertible cell as a way of measuring ‘internal equivalences’ within a single weak ω-category,
and we study its basic properties in detail. In Chapter 3 we define and investigate a notion of equivalence
between weak ω-categories, which plays a central role in the homotopy theory. Finally, in Chapter 4 we define
a notion of fibration between weak ω-categories, extending the notions of isofibration between categories and
equifibration between 2-categories, and we establish its fundamental properties. This notion of fibration is one
of the basic building blocks for (weak) model structures on the category of weak ω-categories.

As indicated above, the problems addressed in this thesis arise from an attempt to extract directly the
algebraic properties that the notion of homotopy should satisfy, without passing through ‘richer’ geometric
objects such as topological spaces or simplicial sets. Consequently, phenomena that are usually regarded as
almost ‘trivial’ in standard homotopy theory appear here in a highly non-trivial form. For instance, the main
theorem of Chapter 2 shows that invertible cells, that is, equivalences internal to a weak ω-category, are closed
under all the compositions defined in this setting. The main theorem of Chapter 3 establishes that weak
equivalences between weak ω-categories satisfy the 2-out-of-3 property, a property that would normally be
considered almost obvious for many familiar notions of homotopy equivalence and their natural extensions.

In this sense, the theory developed in this thesis could be described as taking a deliberately ‘naive’ approach
to the phenomenon of homotopy. Precisely for this reason, however, homotopical phenomena present themselves
here in their most elementary form. To deal with them adequately, the work in this thesis demands a close
interaction between intricate combinatorial methods and categorical techniques for organising and structuring
them. Indeed, all of the chapters deal with highly involved combinatorics concerning the manipulation of cells
of globular sets. At the same time, cartesian monads, coinductive methods for capturing invertibility, and the
theory of algebraic weak factorisation systems [Gar09b; BG16a; BG16b; GT06] play crucial roles in ensuring that
these constructions can be carried out safely and smoothly. We collect this technical background in Chapter 1.

The three original papers [FHM24; FHM25a; FHM25b] lay the most basic foundations for a homotopy
theory on Batanin–Leinster style weak ω-categories, and at the same time form part of an ongoing project
towards resolving Grothendieck’s homotopy hypothesis. The present thesis is intended as an ‘interim report’,
bringing together the techniques and results obtained so far into a single place. I hope that this report will
serve as a modest guide for readers seeking to understand the nature of homotopy and of higher categorical
structures.

Outline of this thesis. This thesis is organised as follows.

Chapter 1 fixes the basic setting and notation used in the rest of the thesis. We begin by recalling globular
sets, strict ω-categories, and the Batanin–Leinster notion of weak ω-categories, and we describe the free weak
ω-category monad on globular sets. We then review further categorical tools that underlie our constructions,
including cartesian monads, algebraic weak factorisation systems, and algebraic injectivity, with particular
emphasis on the small object argument and fibrant/cofibrant replacement. Finally, we introduce a simple
coinductive framework which will later be used to define and analyse notions of invertibility in weak ω-categories.

Chapter 2 develops the notion of weakly invertible cells in a weak ω-category. These are intended to play the
role of internal equivalences within a single object. The main result of the chapter shows that weakly invertible
cells are closed under all the compositions defined.

Chapter 3 introduces a notion of ω-weak equivalence between weak ω-categories, modelled on the idea that
a functor should be an equivalence if it is essentially surjective in all dimensions. After proving that ω-weak
equivalences satisfy the 2-out-of-3 property, we extend our scope to weak ω-functors, and show that weak ω-weak
equivalences also satisfy the 2-out-of-3 property. We also relate such weak ω-weak equivalences to more classical
notions of equivalence in low-dimensional truncations of weak ω-categories.

Chapter 4 studies equivalence cells and fibrations between weak ω-categories. We first show that two
natural definitions of equivalence cells in a weak ω-category—via a two-sided inverse, or via separate left and
right inverses—agree. We then define ω-equifibrations and characterise them by a right lifting property against a
set J of strict ω-functors, obtained from families of maps between marked weak ω-categories using the algebraic
small object argument. By specifying a certain family KF , we describe the resulting universal set JF explicitly,
and show that this construction produces a weak version of Ozornova–Rovelli’s coherent walking ω-equivalence.
Finally, we show that between strict ω-categories, ω-equifibrations coincide with the fibrations in the folk model
structure.
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Deferred proofs and additional remarks are collected in Chapter A. In Chapter B, we revisit the construction
of the free strict ω-category monad on globular sets developed in [Lei04, Appendix F], from the viewpoint of
familial representability, and provide more detailed expressions for some of the structures involved.

General notation. By a category we mean a locally small (possibly large) category. We write

IdX for the identity morphism on X, Id when the object is clear from context.

We denote by 2 the walking arrow (the category with two objects and a single non-identity arrow 0→ 1).
For any category C, its arrow category is C2: its objects are morphisms f : A B of C, and a morphism
(u, v) : f f ′ is a commutative square in C, i.e. v ◦ f = f ′ ◦ u with u : A A′, v : B B′. We write dom

and cod for the domain and codomain, which form functors C2 C for each category C.

Given categories A and B, we write [A,B] for the functor category whose objects are functors A B
and whose morphisms are natural transformations.

If C has an initial object ∅ and a terminal object 1, then for each object Y ∈ Obj(C) we write

!Y : ∅ Y and !Y : Y 1

for the unique morphisms.

For a set S, we write S∗ for the set of all finite lists (finite sequences) of elements of S; the empty list is
written nil.

We use the following size conventions.

Set is the category of (small) sets, SET is the (huge) category of classes,

Cat is the category of small categories, CAT is the (huge) category of possibly large categories,
Cat is the 2-category of small categories, CAT is the (huge) 2-category of possibly large categories.

Given a category C, we write Obj(C) for its (possibly large) class of objects. Given composable morphisms
f : A B and g : B C in C, we use any of the following equivalent notations for their composite:

• g ◦ f (the ‘classical’ order composition)
• gf (abbreviation of the above)
• f # g (the ‘diagrammatic’ (left-to-right) order composition)

We adopt the same convention for the composition of functors and natural transformations.

We write N for the set of natural numbers, taken to include 0: N = {0, 1, 2, . . . }. Indices and generic
natural numbers are denoted i, j, k, l, ℓ,m, n, r ∈ N. Unless stated otherwise, we use x, y, z, u, v, w, p, q for cells
of appropriate dimensions, and f, g, h for morphisms (in particular, for strict or weak ω-functors when C is a
category of ω-categories).





CHAPTER 1

Preliminary

In the first two sections of this chapter, we recall Leinster’s definition of weak ω-categories [Lei04], which is
based on an earlier definition by Batanin [Bat98]. Along the way, we also introduce some notation. In short, we
shall define a weak ω-category as an Eilenberg–Moore algebra of a suitable monad L on the category GSet of
globular sets. The monad L for weak ω-categories is defined using the monad T on GSet for strict ω-categories:
L is the initial cartesian monad over T with contraction.

The last two sections (Sections 1.3 and 1.4) of this chapter is devoted to some other preliminary notions
and results that will play important roles throughout this thesis: that is, algebraic injectivity and coinduction.

1.1. Strict ω-categories as algebras over globular sets

Although there are several ways to define strict ω-categories, the one most directly related to the Batanin–
Leinster definition of weak ω-categories is the approach that treats them as algebraic structures on globular
sets. This rests on the idea that, among the ingredients appearing in the definitions of strict ω-categories, the
only structure that weak ω-categories should (in a strict sense) share is the globular set structure — that is,
the source and target data for cells. Put differently, a Batanin–Leinster-style weak ω-category is defined by
weakening every part of the structure of a strict ω-category other than its underlying globular set structure.

This observation directly motivates the following advantage of this style of definition: suitably ‘weakening’
arguments that work for strict ω-categories allows one to convert them into statements and proofs for weak
ω-categories. To realise this programme, we must capture the notion of ‘weakness’ with precision and weave
it appropriately into the proofs in the strict setting. For this, all combinatorics concerning strict ω-categories
need to be described in detail at the level of algebraic structure on globular sets.

In this section, we carry out a detailed analysis of the structure of strict ω-categories as algebras on globular
sets — equivalently, the structure of the free strict ω-category monad T — and provide tools adequate to handle
the various combinatorics that will arise in the later chapters.

Almost all of the contents of this section are taken from [FHM24, Section 2], although some results and
descriptions are added or modified for clarity, and some results have also been extracted from the preliminary
sections of [FHM25a; FHM25b]. For items (definitions, propositions, etc.) drawn from the latter two papers,
we have attached explicit citations to the corresponding blocks to make this provenance clear.

1.1.1. Globular sets.

Definition 1.1.1.1. Let G be the category freely generated by the graph

0 1 2 · · · n n+ 1 · · ·
σ0

τ0

σ1

τ1

σn

τn

subject to the following equations

σn # σn+1 = σn # τn+1, τn # σn+1 = τn # τn+1. (1.1.1.1.1)

Explicitly, we have

G
(
[m], [n]

)
=


{σm

n , τmn } if m < n;
{Id[n]} if m = n;
∅ if m > n,

where σm
n = σn−1 ◦ σn−2 ◦ · · · ◦ σm and τmn = τn−1 ◦ τn−2 ◦ · · · ◦ τm. ⌟

Definition 1.1.1.2. A globular set is a presheaf over G. We write GSet for the presheaf category [Gop,Set] of
G. Explicitly, a globular set X is a graded set (Xn)n∈N equipped with functions

sm,X
n (:= Xσn

m
) : Xm Xn, tm,X

n (:= Xτn
m
) : Xm Xn

5



6 1. PRELIMINARY

for each n < m in G, which are called the source and target maps, respectively. They are subject to the
equations corresponding to (1.1.1.1.1). For convenience, we also write sn,Xn and tn,Xn for the identity map on
Xn. We sometimes omit the superscripts, and write simply like sn, tn and sXn , tXn for sm,X

n and tm,X
n .

Given a globular set X and a natural number n ∈ N, elements of Xn are called n-cells of X. ⌟

Definition 1.1.1.3. Let X be a globular set, and let n ∈ N be a natural number. Two n-cells x and y of X
are said to be parallel if sXm(x) = sXm(y) and tXm(x) = tXm(y) hold for each m < n. In other words, all 0-cells of
X are parallel, and when n ≥ 1, x, y ∈ Xn are parallel if and only if sXn−1(x) = sXn−1(y) and tXn−1(x) = tXn−1(y)

hold. For an n-cell u of X (n ≥ 1), we write u : x→ y to mean sXn−1(u) = x and tXn−1(u) = y. ⌟

Definition 1.1.1.4. Let n be a natural number. We write Gn for the representable globular set G(−, [n]); it
has precisely one n-cell, two m-cells for 0 ≤ m < n, and no m-cells for m > n. We write σn : Gn Gn+1 and
τn : Gn Gn+1 for the morphisms in GSet corresponding to σn and τn in G, respectively.

For any globular set X, the morphisms Gn X in GSet correspond to the n-cells of X by the Yoneda
lemma; for x ∈ Xn, we also denote the corresponding morphism by x : Gn X. ⌟

Definition 1.1.1.5 ([FHM25b, Section 2.1]). Let n be a natural number. We write ∂Gn for the boundary of
Gn; i.e., the largest proper globular subset of Gn. In other words, ∂Gn is obtained from Gn by removing its
unique n-cell. We denote the associated inclusion by ιn : ∂Gn Gn. The factorisation of σn−1 : Gn−1 Gn

through ιn is written as σn−1
∂ :

∂Gn−1

Gn−1 Gn Gn−1

ιn

σn−1

σn−1
∂

τn−1

τn−1
∂ (1.1.1.5.1)

τn−1
∂ is defined similarly as the factorisation of τn−1 through ιn. ⌟

Remark 1.1.1.6 ([FHM25b, Section 2.1]). For a globular set X, we have u : x → y in X if and only if the
diagram

∂Gn X

Gn

⟨x,y⟩

ιn u

commutes in GSet. ⌟

Remark 1.1.1.7. These morphisms ιn in Definition 1.1.1.5 may be depicted as follows:( )

(
•
)ι0

(
• •

)

(
• •

)ι1

(
• •

)

(
• •

)ι2

(
• •

)

(
• •

)ι3 . . .

Inductively, ∂G0 is the empty (initial) globular set, and for n ≥ 1, we have a pushout diagram

∂Gn−1 Gn−1

Gn−1 ∂Gn

ιn−1

ιn−1 σn−1
∂

τn−1
∂

⌜

in GSet. Therefore for any globular set X, the morphisms ∂Gn X correspond to the parallel pairs of
(n− 1)-cells if n ≥ 1; for each pair (u, v) of parallel (n− 1)-cells of X, we denote the corresponding morphism
by ⟨u, v⟩ : ∂Gn X. ⌟

Definition 1.1.1.8. We write GSet∗∗ for the under category G0 ⊔G0/GSet, which is the category of 2-pointed
globular sets. Given a 2-pointed globular set (X, (x, y)), we define the hom globular set X(x, y) as the following
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pullback in GSet:
X(x, y) X−+1

1 ∆(X0)×∆(X0)

⌟
(sX0 ,tX0 )

(x,y)

Here, 1 is the terminal globular set and ∆: Set GSet is the constant presheaf functor. The globular set
X−+1 is defined by (X−+1)n = Xn+1 for each n ∈ N. In more elementary terms, n-cells of X(x, y) are n+1-cells
f of X satisfying sX0 (f) = x and tX0 (f) = y. This extends to a functor (X, (x, y)) 7→ X(x, y) : GSet∗∗ GSet
in an obvious way. ⌟

Remark 1.1.1.9. The hom-globular set functor has a left adjoint X 7→ (ΣX, (⋆, ⋆′)) : GSet GSet∗∗, and
we write Σ: GSet GSet for the composite of this left adjoint with the forgetful functor GSet∗∗ GSet,
which we call the suspension functor. Observe that Σ preserves connected colimits, since the forgetful functor
GSet∗∗ GSet is a projection from an under category, and hence it creates connected colimits.

This sends a globular set A to the 2-pointed globular set (⋆, ⋆′) : G0 ⊔G0 ΣA given by

(ΣA)n =

{
{⋆, ⋆′} n = 0,

An−1 n ≥ 1

where s
ΣA
0 (a) = ⋆ and t

ΣA
0 (a) = ⋆′ for all a ∈ A′

1. See also Remark B.3.18. ⌟

Notation 1.1.1.10. The terminal globular set 1 is the globular set such that 1n is a singleton for each n ∈ N.
We write ∗n for the unique n-cell of 1. ⌟

1.1.2. The free strict ω-category monad T. In this thesis, our treatment of strict ω-categories is as
follows: we give an explicit description of the free strict ω-category monad T on GSet, and think of strict
ω-categories as algebras over this monad. However, since it is useful to give a direct and concise definition of
strict ω-categories, we present the following definitions of strict ω-categories and of the free strict ω-category
monad.

Definition 1.1.2.1. A strict ω-category is a globular set X equipped with the following additional structure.

• A structure (∗Xn,m, idXn,m) of a category on the graph (sXn , tXn ) : Xm ⇒ Xn for each n < m.
* For each n < m < l, the 2-globular set Xl ⇒ Xm ⇒ Xn is a 2-category with the structures of categories
(∗Xm,l, id

X
m,l), (∗Xn,l, id

X
n,l), and (∗Xn,m, idXn,m): i.e., for any cells x, y, a, b in Xn ⊔Xm ⊔Xl, the left- and

the right-hand sides below are defined simultaneously, and these equations hold:

(x∗Xm,ly)∗Xn,l(a∗Xm,lb) = (x∗Xn,la)∗Xm,l(y∗Xn,lb)

(idXm,lx)∗Xn,l(id
X
m,la) = idXm,l(x∗Xn,ma)

idXm,l(id
X
n,mx) = idXn,lx

A strict ω-functor between strict ω-categories is a morphism of the underlying globular sets preserving all the
additional structures above. Let Str-ω-Cats be the category of small strict ω-categories and strict ω-functors. ⌟

Definition 1.1.2.2. The forgetful functor Str-ω-Cats GSet is monadic [Lei04, Theorem F.2.2], and the
induced monad on GSet is denoted by T = (T, ηT, µT). ⌟

Reconstructing the proof of the theorem [Lei04, Theorem F.2.2] carefully, we obtain the following inductive
description of the monad T. See Chapter B for more details.

Fact 1.1.2.3 (Theorem B.4.1). Here, we summarise some known1 facts about the monad T, which in fact
characterise it. Here we give these in an inductive form, which is discussed in detail in Section B.4.

(i) T is a familial monad (see Definition B.3.13 for more details): i.e., it satisfies the following properties.
• There exists a familial representation functor (̂−) : G/T1 GSet such that the sliced functor
T/1 : GSet GSet/T1 is isomorphic to the nerve of (̂−), through the canonical equivalence
GSet/T1 ≃ Psh(G/T1). Here, G/T1 is the category of elements of the globular set T1.

1Indeed, the familial representation of T is discussed in all sort of literature like [Lei04], but here we give it in an inductive
form, which seems not to have appeared explicitly in the literature. Moreover, as far as the author knows, the explicit description
of the multiplication of T has not appeared in the literature.
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• The natural transformations µT : TT T and ηT : IdGSet T are cartesian: i.e., their natu-
rality squares are pullback diagrams (see Definition 1.2.2.1).

(ii) The set of n-cells (T1)n is 1∗n for each n ∈ N, which is the n-fold iteration of (−)∗ applied to the
terminal object in Set.

(iii) The source and target maps of type (T1)n+1 (T1)n in Set coincide with each other, which we
denote by ∂T1

n . This is inductively determined as follows.
• ∂T1

0 : (T1)1 (T1)0 is the unique one towards the terminal set.
• ∂T1

n+1 = (∂T1
n )∗ is the image of ∂T1

n under the functor (−)∗ : Set Set.

(iv) The familial representation ̂(n+ 1, π⃗) is the colimit of the diagram

Σ (̂n, π1) Σ (̂n, π2) · · · Σ (̂n, πn)

G0 G0 G0 · · · G0 G0

⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′

(see also (B.3.25.1) for c = n), and (̂0, ∗) is the representable globular set G0. Note that (T1)n+1 is
the same as the set of lists (T1)∗n, and we regard the list π⃗ = (πi+1)i<n of elements of (T1)n as an
element of (T1)n+1.

The leftmost ⋆ and the rightmost ⋆′ in the above diagram give the parallel morphisms

σ̂0
n+1, τ̂

0
n+1 : ∂

T1
0 (n+ 1, π⃗)
∧

= (̂0, ∗) ̂(n+ 1, π⃗),

and for each m ≤ n, the parallel morphisms

σ̂m+1
n+1 , τ̂

m+1
n+1 : ∂T1

m+1(n+ 1, π⃗)
∧

̂(n+ 1, π⃗)

are those induced from the universal property of the above colimit by the morphisms

Σ(σ̂m
n ),Σ(τ̂mn ) : Σ(∂T1

m (n, πi+1)
∧

) Σ ̂(n, πi+1)

for each i < n, respectively.
(v) (ηT1 )n+1(∗n+1) ∈ T1n+1 = T1∗n is the list of length 1 whose unique element is (ηT1 )n(∗n) ∈ T1n. ⌟

The remainder of this section is devoted to unpacking the above inductive description of the monad T. To
this end, we employ the following notions of pasting schemes, which gives a direct description of the globular
set T1.

Definition 1.1.2.4 (See [Web01, Section 2.1] and [Web04, Section 4]). A (globular) pasting scheme k is a pair
((ki)i≤r, (ki+1)i<r) of sequences of non-negative integers satisfying ki > ki+1 < ki+1 for each i < r. We often
denote a pasting scheme k as a table of non-negative integers

k =

[
k0 k1 . . . kr

k1 k2 . . . kr

]
.

We call r the rank of k, which is denoted by rank(k). The level of k, defined by max{ki | i ≤ r}, is denoted
by level(k). For n ≥ 0, a pasting scheme of dimension n is a pasting scheme k as above which moreover
satisfies level(k) ≤ n for all i ≤ r. We write PSn for the set of all pasting schemes of dimension n, and write
PS = ∪n∈NPSn for the set of all pasting schemes. Note that a single pasting scheme k might belong to several
of the sets PSn for different n’s, and the minimum such n is level(k).

When a pasting scheme k is regarded as an element of PSm for some m ∈ N with m ≥ level(k), we write
k(m) to indicate the (ambient) dimension m. ⌟

Definition 1.1.2.5. Define the successor pasting scheme of a pasting scheme k by S(k) = ((ki)i≤r, (ki+1)i<r)
by Sk = ((ki + 1)i≤r, (ki+1 + 1)i<r).

Given two pasting schemes k and k′, we define the concatenation

k ⌢ k′ := ((li)i≤R, (li+1)i<R)

as follows:

• If k′ =
[
0
]
, then l = k and R = r. If k =

[
0
]
, then l = k′ and R = r′.
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• Otherwise, R = r + r′ + 1 and k ⌢ k′ is defined by

li =

{
ki if i ≤ r

k′i−r−1 if i > r
, li+1 =


ki+1 if i < r

0 if i = r

k′i−r if i > r.

Using the table notation, it is expressed as

k ⌢ k′ =

[
k0 k1 . . . kr k′0 k′1 . . . k′r′

k1 k2 . . . kr 0 k′1 k′2 . . . k′r′

]
.

Note that −⌢ − endows PS with a monoid structure with the unit
[
0
]
. ⌟

Definition 1.1.2.6. Given a pasting scheme k of dimension n and of rank r, and a natural number m with
m ≤ n, an m-transversal component of k is a subsequence of k of the form[

ki ki+1 . . . kj
ki+1 ki+2 . . . kj

]
(1.1.2.6.1)

with 0 ≤ i ≤ j ≤ r such that

• kl > m for all i ≤ l ≤ j,
• kl ≥ m for all i+ 1 ≤ l ≤ j,
• either i = 0 or ki < m, and
• either j = r or kj+1 < m.

(The first clause is not completely redundant because of the case i = j.) We also use the phrase m-transversal
component 0 ≤ i ≤ j ≤ r of k to refer to the subsequence (1.1.2.6.1).

We say that k is m-transversal if k itself is an m-transversal component. Note that any pasting scheme k
is 0-transversal unless it is of dimension 0. ⌟

Definition 1.1.2.7. Define a function br: PS∗ PS by

br[k1, . . . , kn] = (Sk1) ⌢ (Sk2) ⌢ · · ·⌢ (Skn), br[nil] =

[
0
]

. ⌟

This function br unpacks the inductive characterisation of T1 in Fact 1.1.2.3.(ii) as follows.

Proposition 1.1.2.8. For each natural number m ∈ N, the function br gives a bijection PS∗m−1
∼= PSm, where

we set PS−1 = ∅. ⌟

Proof. Clearly we have PS0 = {br[nil]}, since the rank of a pasting scheme must be 0 when its level is 0.
We prove that br restricts to a bijection PS∗m

∼= PSm+1 for each m ∈ N. Since the level of br[k1, . . . , kn] is
equal to max{level(ki+1) + 1 | i < n} for each list k⃗ = (ki+1)i<n of pasting schemes, br restricts to a function
PS∗m PSm+1.

To show this is a bijection, suppose we are given a pasting scheme k of dimension m+1, and we show that
there exists a unique list (ki+1)i<n of pasting schemes of dimension m satisfying br[k1, . . . , kn] = k. Since we
have PS0 = {br[nil]}, we may assume level(k) > 0. Let us define k′i+1 as the i + 1-th 1-transversal component
of k, which is uniquely determined by the definition of 1-transversal components. We write n for the number
of 1-transversal components of k, which is larger than 0 since level(k) > 0. Then for each k′i+1, there exists a
unique pasting scheme ki+1 satisfying k′i+1 = Ski+1, and we have br[k1, . . . , kn] = k by the definition of br. □

We thus have the bijection PSm ∼= (T1)m for each m ∈ N by identifying PSm with PS∗m−1 via br and using
the description of (T1)m appeared as Fact 1.1.2.3.(ii). In the rest of this thesis, we identify PSm with (T1)m
via this bijection.

Notation 1.1.2.9. An n-cell k = k(n) ∈ (T1)n is degenerate if level(k) < n. ⌟

Moreover, by the above proposition, we have the following characterisation of PS, which underlies several
inductive definitions of T1 in the literature (see e.g., the definition of Batanin trees in [Dea+24]).

Corollary 1.1.2.10. (PS,br) is the initial algebra of the endofunctor (−)∗ : Set Set. ⌟

Proof. Given a (−)∗-algebra (X,x), a homomorphism x̄ : (PS, br) (X,x) is a function x̄ : PS X satisfying

x̄(br[nil]) = x(nil) and x̄(br[k1, . . . kn]) = x(x̄(k1), . . . , x̄(kn)).
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Since we have PS ∼=
⋃

m∈N PS∗m−1 by Proposition 1.1.2.8, these equations uniquely determine such x̄, which
shows that (PS,br) is the initial algebra of (−)∗. □

The source (or target) map of T1, which is denoted by ∂T1
n in Fact 1.1.2.3.(iii), is described in terms of

pasting schemes as follows.

Proposition 1.1.2.11. For each pasting scheme k ∈ PSn, the pasting scheme ∂T1
m k(n) is obtained from k by

replacing each of its m-transversal components with the sequence[
m
]

.

In particular, ∂T1
m k(n) does not depend on the (ambient) dimension n, and hence we just write ∂T1

m k for ∂T1
m k(n).

⌟

Proof. Let us write ∂T1
m for the operation on pasting schemes defined in the statement. Considering the inductive

characterisation of ∂T1
m in Fact 1.1.2.3.(iii), it suffices to show that

∂T1
m+1(br[k1, . . . , kn]) = br

[
∂T1
m k1, . . . , ∂

T1
m kn

]
(1.1.2.11.1)

for each list (k1, . . . , kn) of pasting schemes. This is straightforward when we observe that m + 1-transversal
components of br[k1, . . . , kn] are exactly those coming from m-transversal components of each ki via the con-
struction of br. □

Example 1.1.2.12. We have

∂T1
4

([
3 6 5 7 2 6

2 3 4 0 1

])
=

[
3 4 4 2 4

2 3 0 1

]
.

⌟

Proposition 1.1.2.13 (See [Lei04, Section 8.1], [Web01, Section 2.1], and [Web04, Section 4]). Let k =
((ki)i≤r, (ki+1)i<r) be a pasting scheme, seen as an element of T1m = PSm for some m ≥ level(k). Then the
familial representation k̂(m) is isomorphic to the colimit of the diagram

Gk0 Gk1 · · · Gkr

Gk1 Gk2 Gkr

τ
k1
k0

σ
k1
k1

τ
k2
k2

σ
kr
kr

(1.1.2.13.1)

In particular, it does not depend on the (ambient) dimension m, and hence we just write k̂ for k̂(m), and call it
the realisation of the pasting scheme k. ⌟

Proof. By Fact 1.1.2.3.(iv), it suffices to show that, for each list (k1, . . . , kn) of pasting schemes, the realisation
br[k1, . . . , kn]
∧

is isomorphic to the colimit of the diagram

Σ k̂1 Σ k̂2 · · · Σ k̂n

G0 G0 G0 · · · G0 G0

⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′
. (1.1.2.13.2)

Observe first that the suspension Σ sends a representable Gn to Gn+1, and morphisms τkn , σ
k
n : G

k Gn to
τk+1
n+1 , σ

k+1
n+1 : G

k+1 Gn+1 respectively, for each n ∈ N and k ≤ n. Moreover, through this identification, the
points ⋆, ⋆′ in ΣGn correspond to σ0

n+1, τ
0
n+1 : G

0 Gn+1 respectively. Therefore, since Σ preserves connected
colimits, we have an isomorphism Σ k̂ ∼= Ŝk for each pasting scheme k = ((ki)i≤r, (ki+1)i<r), and the point ⋆

in Σ k̂ corresponds to the source 0-cell of Gk1+1 and ⋆′ to the target 0-cell of Gkr+1 in Ŝk. On the other hand,
k1 ⌢ k2
∧

is isomorphic to the pushout of the cospan

k̂1
τ0

←− G0 σ0

−→ k̂2,

where τ0 is the target 0-cell of the last component of k1 and σ0 is the source 0-cell of the first component of k2.
These observations conclude that br[k1, . . . , kn]

∧

is isomorphic to the colimit of the diagram above. □

Accordingly, using the morphism part of Fact 1.1.2.3.(iv), we obtain the following characterisation of the
action of (̂−) on morphisms in G/T1.
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Proposition 1.1.2.14. For each m < n and each n-dimensional pasting scheme k, the parallel morphisms
σ̂m
m , τ̂mn : ∂T1

m k
∧

k̂ are characterised as follows:

• If k is m-transversal, then we have ∂T1
m k =

[
m
]
, and σ̂m, τ̂m : Gm k̂ are the source and target

maps of Gk0 and Gkr respectively.
• Let l1, . . . , lN be the m-transversal components of k. Then by replacing each m-transversal component

appearing in (1.1.2.13.1) with their realisations, k is expressed as the colimit

X0 X1 · · · Xr′

Gn1 Gn2 Gnr′
τn1 σn1 τn2 σn

r′
(1.1.2.14.1)

where Xi is either Gkj for some j with kj ≤ m or ̂lj′+1 for some j′ < N , and r′ is the rank of ∂T1
m k.

Morphisms defined in the above item for each lj′+1 and the identity on Gkj for each kj ≤ m define a
parallel pair of morphisms of diagrams from the diagram (1.1.2.13.1) for ∂̂T1

m k to the above diagram,
which result in the parallel morphisms σ̂m

n , τ̂mn : ∂T1
m k
∧

k̂.

In particular, the morphisms σ̂m
n , τ̂mn are independent of the (ambient) dimension n of k, so we just write them

as σ̂m, τ̂m : ∂T1
m k
∧

k̂. ⌟

These results explain the finitarity of the underlying endofunctor T on GSet.

Proposition 1.1.2.15 ([Lei04, Theorem F.2.2]). T preserves filtered colimits and coproducts. ⌟

Proof. By Proposition 1.1.2.13, the familial representation (̂−) : G/T1 GSet has its image contained in the
full subcategory of finitely presentable and connected globular sets, since each realisation of a pasting scheme
is a finite connected colimit of representables. Now the result follows from Fact 1.1.2.3.(i). □

Example 1.1.2.16. The following are some examples of pasting schemes and their realisations:

•

[
0
]

• • •

[
1 1

0

]

• • • •

[
2 1 2 2

0 0 1

]

Here, all n-cells appearing in the realisation of a pasting scheme are distinct. ⌟

Using the inductive description (1.1.2.13.2) in the proof of Proposition 1.1.2.13, we also obtain the following
property of the realisation of pasting schemes, which plays a key role in the next subsection. We defer its proof
to Section A.1.

Proposition 1.1.2.17. For any pasting schemes k and k′, if there is an isomorphism k̂ ∼= k̂′ in GSet, then we
have k = k′ and the isomorphism is the identity morphism. ⌟

Definition 1.1.2.18. Let X be a globular set and k be a pasting scheme of rank r. A pasting diagram of shape
k in X is a sequence u = ((ui)i≤r, (ui+1)i<r) of cells in X satisfying ui ∈ Xki

for each i ≤ r, ui+1 ∈ Xki+1
for

each i < r, and
tXki+1

(ui) = ui+1 = sXki+1
(ui+1)

for each i < r. The level and the rank of u are defined as those of k. We often denote a pasting diagram u as a
table of cells in X

u =

[
u0 u1 . . . ur

u1 u2 . . . ur

]
.

⌟

Remark 1.1.2.19. For each globular set X, the set of all pasting diagrams of shape k in X is in bijection
with the hom-set GSet(k̂, X). Through this bijection, we identify an element of TXm with a pasting diagram
together with an (ambient) dimension m for its shape. In the same way as in Definition 1.1.2.18, when a pasting
diagram u is regarded as an element of (TX)m, we write u(m) to indicate the (ambient) dimension m.
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The action of T on morphisms of globular sets is straightforward: if f : X Y is a morphism of globular
sets, then Tf : TX TY is a morphism of globular sets which maps each pasting diagram

u =

[
u0 u1 . . . ur

u1 u2 . . . ur

]
in X to the pasting diagram

(Tf)(u) =

[
fu0 fu1 . . . fur

fu1 fu2 . . . fur

]
in Y . In particular, for the unique morphism ! : X 1 to the terminal globular set 1, the induced morphism
T!: TX T1 maps each pasting diagram u in X to its shape k. ⌟

The following is a direct consequence of Proposition 1.1.2.14.

Proposition 1.1.2.20. Let m < n be natural numbers and u = u[n] be a pasting diagram as in Defini-
tion 1.1.2.18 of shape k, seen as an element of (TX)n. Then sTX

m (u) is obtained from u by, for each of the
m-transversal components 0 ≤ i ≤ j ≤ r of k, replacing the corresponding subsequence[

ui ui+1 . . . uj

ui+1 ui+2 . . . uj

]
(1.1.2.20.1)

of u with the sequence [
sXm(ui)

]
.

Similarly, tTX
m (u) ∈ (TX)m is obtained from u by replacing each instance of (1.1.2.20.1) with[

tXm(uj)
]
.

⌟

Example 1.1.2.21. Given a 2-dimensional pasting diagram

u =

[
α h β γ

b c j

]
in X, which may be depicted as

a b c d,

f

g

h

i

j

k

α

β

γ

we have

sTX
1 (u) =

[
sX1 (α) h sX1 (β)

b c

]
=

[
f h i

b c

]
,

which may be depicted as

a b c d,
f h i

and

tTX
1 (u) =

[
tX1 (α) h tX1 (γ)

b c

]
=

[
g h k

b c

]
,

which may be depicted as

a b c d,
g h k

as expected. ⌟
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1.1.3. Unit and multiplication of the monad T. In this subsection, we give a way to deal with the
unit and multiplication of the monad T on GSet. Before getting into the details, we first observe that cartesian
transformations between familially represented functors are characterised in the following way.

Lemma 1.1.3.1 ([GH18, Proposition 3.8], [Sha25, Proposition 1.7]. See also Remark B.3.11.). Suppose we are
given two endofunctors F, F ′ : GSet GSet and two functors (̂−) : G/F1 GSet and (̂−)

′
: G/F ′1 GSet

such that the sliced functors F/1 : GSet GSet/F1 and F ′
/1 : GSet GSet/F ′1 are nerve functors of (̂−)

and (̂−)
′
through the canonical equivalences GSet/F1 ≃ Psh(G/F1) and GSet/F ′1 ≃ Psh(G/F ′1) respectively.

Then a natural transformation α : F F ′ is cartesian if and only if there exists a natural isomorphism

φ : α̂1(−)
′ ∼= (̂−) : G/F1 GSet such that the following diagram commutes in Set for each object X ∈ GSet:

(FX)n
∐

π∈(F1)n
GSet(π̂, X)

(F ′X)n
∐

ρ∈(F ′1)n
GSet(ρ̂′, X)

∼

(αX)n (π,x)7→(α1(π),φπ#x)

∼

where the horizontal maps are the isomorphisms given by the familial representations. ⌟

For the unit, we obtain the following explicit description using Fact 1.1.2.3.(v) and cartesianness of η
(Fact 1.1.2.3.(i)).

Proposition 1.1.3.2. The unit ηTX : X TX maps each n-cell x of X to the n-cell[
x
]

of TX. In particular, ηT1 : 1 T1 maps the unique n-cell of 1 to the n-cell[
n
]

of T1. We have
[
n
]
:
[
n−1

]
→
[
n−1

]
for each n ≥ 1. ⌟

Proof. Rewriting Fact 1.1.2.3.(v) via br, we have ηT1 (∗0) =
[
0
]

and ηT1 (∗n+1) = br
[
ηT1 (∗n)

]
= S(ηT1 (∗n)), which

concludes the latter part (X = 1) of the statement. For the general case, because of the cartesianness of ηT,
there is an isomorphism η̂T1 (∗n) ∼= Gn and ηTX(x) is obtained by precomposing it with the morphism x : Gn X

corresponding to an n-cell x. By virtue of Proposition 1.1.2.17, the isomorphism η̂T1 (∗n)(= Gn) ∼= Gn is the
identity morphism, which concludes the former part. □

For the multiplication µT, we propose a general procedure to compute it by introducing the notion of
2-pasting schemes, which are just pasting diagrams in T1.

Definition 1.1.3.3. A 2-pasting scheme n = ((ni)i≤r, (ni+1)i<r) is a sequence of pasting schemes equipped
with its shape k ∈ PS such that for each i ≤ r, ni is of dimension ki, for each i < r, ni+1 is of dimension ki+1,
and ∂T1

ki+1
ni = ni+1 = ∂T1

ki+1
ni+1 for each i < r. To indicate the shape of a 2-pasting scheme, we often write it

as n(k). One can readily observe that a 2-pasting scheme is nothing but a pasting diagram in T1.

We write P2S for the set of all 2-pasting schemes. We write shp: P2S PS for the function assigning to
each 2-pasting scheme its shape, and write P2Sk for the fibre of shp over a pasting scheme k. ⌟

Remark 1.1.3.4. For each globular set X, an n-cell u in TTX of dimension n is a pasting diagram u in TX
with shape k: i.e., it is specified as a table

u =

[
u
(k0)
0 u

(k1)
1 . . . u

(kr)
r

u
(k1)
1 u

(k2)
2 . . . u

(kr)
r

](n)

of pasting diagrams in X with their ambient dimensions indicated.

Taking shapes of each component, we obtain a 2-pasting scheme n of shape k, which is the image of (k, u)
under the morphism TT!X : TTX TT1. We call n the underlying 2-pasting scheme of the n-cell u in
TTX. ⌟
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This remark immediately leads to the following realisation result for 2-pasting schemes, which indeed gives
the familial representation of the composite endofunctor TT.

Proposition 1.1.3.5. Let us define the realisation n̂ of a 2-pasting scheme n = ((n
(ki)
i )i≤r, (n

(ki+1)

i+1 )i<r) by the
colimit

n̂0 n̂1 · · · n̂r

n̂1 n̂2 n̂r
τ̂k1 σ̂k1 τ̂k2 σ̂kr

.

Then we have a (natural) bijection from GSet(n̂, X) to the fibre of the function (TT!X)n : TTX TT1. ⌟

Now by virtue of cartesianness of the multiplication µT (Fact 1.1.2.3.(i)) and Proposition 1.1.2.17, we
immediately obtain the following characterisation of µT

1 :

Proposition 1.1.3.6. For any 2-pasting scheme n, there is a unique isomorphism n̂ ∼= µ̂T
1 (n) in GSet. Moreover,

if we have a pasting scheme l and an isomorphism n̂ ∼= l̂ in GSet, then we have l = µT
1 (n) and the isomorphism

coincides with the one above. ⌟

Remark 1.1.3.7. Proposition 1.1.3.6 indeed gives a general procedure to compute the multiplication. To see
this, let u be an n-cell of TTX (as in Remark 1.1.3.4), whose underlying 2-pasting scheme is n. The above
proposition shows that there is a unique pasting scheme l with an isomorphism l̂ ∼= n̂, and by Lemma 1.1.3.1,
the multiplication µT

X(u) is obtained as the composite

l̂ ∼= n̂ u X,

where the latter morphism n̂ X is that corresponding to u ∈ TTX. Therefore, to compute µT
X(u), it suffices

to find at least one pasting scheme l with l̂ ∼= n̂. ⌟

In particular, since the realisation n̂ of a 2-pasting scheme n does not depend on the ambient dimension
and its shape, we conclude:

Corollary 1.1.3.8. For any 2-pasting scheme n =

((
n
(ki)
i

)
i≤n

,
(
n
(ki+1)

i+1

)
i≤n

)
seen as a cell of TT1, the

multiplication µT
1 (n

(k)) is independent of the ambient dimension of n and those of the pasting schemes appearing
in the table n. Consequently, given a pasting diagram u in TX seen as an n-cell of TTX, the multiplication
µT
X(u(n)) is independent of the ambient dimension n. ⌟

Example 1.1.3.9. For a pasting scheme k of dimension m and any natural number n ≥ m, we have

µT
1

([
k
](m)

)(n)

= k(n).

This follows from Corollary 1.1.3.8 and the unit law of the monad T. ⌟

Example 1.1.3.10. Suppose we are given natural numbers k < m1 ≤ n and k < m2 ≤ n, and a 2-pasting
scheme

n =

[
m(m1) n(m2)

l(k)

]
.

Then the multiplication µT
1 (n) is the pasting scheme obtained as follows. Let m1, . . .mN be the components of

the form
[
k
]

and the k-transversal components of m, ordered from left to right. In the same way, let n1, . . . ,nN ′

be those of n. Because n forms a 2-pasting scheme, we have N = N ′ and tT1
k mi+1 =

[
k
]
= sT1

k ni+1 for each
i < N . The pasting scheme µT

1 (n) is obtained from m by replacing each mi+1 with the ‘concatenation of mi+1

and ni+1 at k’:

mi+1 (if ni+1 =
[
k
]
)

ni+1 (if mi+1 =
[
k
]
)[

mi+1,0 . . . mi+1,ri+1
ni+1,0 . . . ni+1,r′i+1

mi+1,1 . . . mi+1,ri+1
k ni+1,1 . . . ni+1,r′i+1

]
(otherwise)

where ri+1 and r′i+1 are the ranks of mi+1 and ni+1 respectively.
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This can be shown as follows. First observe that by Proposition 1.1.2.14 the realisation n̂ is obtained as the
colimit of the following diagram:

X0 Gl1 X1 Gl2 X2 · · · Xr−1 Glr Xr

Gl0 Gl1 Gl1 Gl2 Gl2 · · · Glr−1 Glr Glr

Y0 Gl1 Y1 Gl2 Y2 · · · Yr−1 Glr Yr

•◦ •◦ •◦ •◦

•◦ •◦ •◦ •◦ •◦ •◦ •◦ •◦

•◦ •◦ •◦ •◦

Here, the top and bottom rows are the diagrams for m̂ and n̂ considered in Proposition 1.1.2.14 respectively.
The middle row is the diagram for l̂ considered in Proposition 1.1.2.13, and the vertical arrow from mid to
top comprises the morphism of diagrams inducing τ̂km1

in Proposition 1.1.2.14, while that from mid to bottom
comprises the one inducing σ̂k

m2
. One can remove from this diagram all the morphisms marked by ◦ without

changing the colimit, and unpacking the colimits defining each Xi and Yi (i ≤ r), we obtain the diagram for
µ̂T
1 (n) as desired. ⌟

1.2. Weak ω-categories

1.2.1. The idea of weak ω-categories. In this subsection, we shall give a heuristic discussion that
motivates the definition of the monad L (on GSet) for weak ω-categories; an actual definition is carried out
in the next subsection. First note that, whatever we define L to be, there should be a monad morphism
arL : L T since we would want strict ω-categories to be a special case of weak ω-categories. (Here the
notation arL stands for arity, and this terminology will be justified below where we consider its component arL1
at the terminal globular set 1.)

Suppose that a globular set X contains a sequence of 1-cells:

a b c d.
f g h

In contrast to the strict case where we would have a unique composite hgf in TX, the free weak ω-category LX
should contain distinct 1-cells (hg)f and h(gf) (and also other composites with identities inserted in various
positions). Motivated by such examples, we claim that (LX)n should consist of the pasting instructions (ϕ,u)
of dimension n in X, by which we mean a pasting diagram u ∈ (TX)n of dimension n in X together with an
additional piece of data ϕ that encodes how to compose the pasting diagram u.

Since it should be the shape of the pasting diagram u (rather than the labels ui and ui) that determines
what ϕ can be, we may simply take ϕ to be an element of (L1)n with appropriate arity; that is, we want the
globular set LX to be the pullback

LX L1

TX T1

L!

arLX

⌟
arL1

T!

(1.2.1.0.1)

where arL : L T is the monad morphism mentioned earlier. We also call elements ϕ of (L1)n pasting
instructions.

Thus, a major part of the definition of the monad L is reduced to describing what L1 is. Recall that, in the
previous subsection, we saw a description of strict ω-categories as those globular sets equipped with a unique
composite for each pasting diagram. The structure of L1 should somehow encode a weak version of this, so we
want each pasting diagram to have some composite, which should moreover be unique up to suitably invertible
higher cell. To make this precise, we draw insight from the pasting theorem in the 2-dimensional case.

The pasting theorem for strict 2-categories [Pow90] tells us that a pasting diagram such as

a b c d

f

g

h

i

j

k

α

β

γ

(or much more complicated ones) admits a unique composite 2-cell ihf → khg. In the weak case of bicategories
[Ver11, Appendix A], however, we must first specify how to interpret ‘ihf ’ and ‘khg’; once we have fixed the
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bracketing on these 1-cells, we obtain a unique composite 2-cell. When defining L, we can follow the same
pattern at least for the existence part: given a pasting scheme of dimension n together with pasting instructions
on its (n− 1)-dimensional source and target, it must be possible to extend them to a pasting instruction on the
whole pasting scheme.

More precisely, we ask that arL1 : L1 T1 have the right lifting property with respect to the boundary
inclusion ιn : ∂Gn Gn for each n ≥ 1 (cf. [Gar09a]). This means that given any u and v making the outer
square in the following diagram commutative, there exists a (not necessarily unique) morphism w making both
triangles in the diagram commutative:

∂Gn L1

Gn T1

u

ιn v

arL1

w

Note that, thanks to the pullback condition (1.2.1.0.1), the component arLX at any globular set X inherits the
right lifting property from arL1 ; given a commutative square as below left, we can first find a lift of the outer
square using the right lifting property of arL1 , and then use the universal property of the pullback to obtain the
desired lift:

∂Gn LX L1

Gn TX T1

u

ιn

L!

arLX
arL1

v T!

Thus we have taken care of the existence part of the pasting theorem, and in fact formalising these ideas (com-
bined with a suitable universal property) essentially leads to the precise definition given in the next subsection.
The uniqueness part turns out to be a theorem (see Proposition 2.3.7 and Remark 2.3.9) rather than part of
the definition.

1.2.2. The definition of weak ω-category. Before turning to the definition, we recall the notion of
cartesianness, which has already appeared in Fact 1.1.2.3 and will play an important role in defining weak
ω-categories.

Definition 1.2.2.1. A natural transformation α : F G : A B is said to be cartesian if for each morphism
f : a a′ in A, the naturality square

Fa Ga

Fa′ Ga′

αa

Ff Gf

αa′

is a pullback square in B.

A monad (S, ηS , µS) on a category with pullbacks is cartesian if its functor part S preserves all pullbacks
and its unit ηS and multiplication µS are cartesian natural transformations. If S and S′ are monads on a
category with pullbacks, then an (icon) monad morphism α : S S′ is cartesian if it is cartesian as a natural
transformation. ⌟

The following are immediate from the pasting lemma of pullback squares.

Lemma 1.2.2.2. Let A and B be categories with pullbacks.

• For any functor G : A B that preserves pullbacks and a cartesian natural transformation α : F
G, the domain F also preserves pullbacks.

• Suppose we are given a commutative square

F G

H

α

γ
β

in [A,B] such that β is cartesian. Then α is cartesian if and only if γ is cartesian. ⌟

Lemma 1.2.2.3. Given a monad morphism α : S S′ between monads S and S′ on a category with pullbacks,
if S′ is a cartesian monad and α is cartesian, then S is also a cartesian monad. ⌟
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As is mentioned in Fact 1.1.2.3.(i), the monad T for strict ω-categories is cartesian (see also [Lei04, Theo-
rem F.2.2]).

Definition 1.2.2.4. A cartesian monad over T is a monad P = (P, ηP , µP ) on GSet equipped with a cartesian
monad morphism arP : P T, which is necessarily cartesian as a monad by Lemma 1.2.2.3. ⌟

Definition 1.2.2.5. Let P = (P, arP ) be a cartesian monad over T. A contraction on P is a function κ̄P

which assigns for each n ≥ 1, u : ∂Gn P1, and v : Gn T1 such that arP1 ◦ u = v ◦ ιn, a morphism
κ̄P (u, v) : Gn P1 such that u = κ̄P (u, v) ◦ ιn and v = arP1 ◦ κ̄P (u, v):

∂Gn P1

Gn T1

u

ιn arP1

v

κ̄P (u,v)

Let Q be another cartesian monad over T with a contraction κ̄Q, and let α : P Q be a monad morphism
over T, which is necessarily cartesian by Lemma 1.2.2.2. Then we say α preserves contractions if the following
diagram commutes (i.e., α1 ◦ κ̄P (u, v) = κ̄Q(α1 ◦ u, v) holds) for each n ≥ 1, u : ∂Gn P1, and v : Gn T1

such that arP1 ◦ u = v ◦ ιn:
∂Gn P1 Q1

Gn T1 T1

u

ιn

α1

arPX

arP1

v

κ̄P (u,v)

κ̄Q(α1◦u,v)

⌟

Example 1.2.2.6. Let us slightly unpack the definition of a contraction. Let P = (P, arP , κ̄P ) be a cartesian
monad over T with a contraction. Suppose we are given n ≥ 1, a parallel pair of (n−1)-cells ϕ, ϕ′ in P1 (inducing
the morphism ⟨ϕ, ϕ′⟩ : ∂Gn P1), and a pasting scheme k of dimension n such that arP1 (ϕ) = ∂T1

n−1(k) =

arP1 (ϕ
′); then we have an n-cell κ̄P (⟨ϕ, ϕ′⟩, k) in P1 such that κ̄P (⟨ϕ, ϕ′⟩, k) : ϕ→ ϕ′ and arP1

(
κ̄P (⟨ϕ, ϕ′⟩, k)

)
= k.

∂Gn P1

Gn T1

⟨ϕ,ϕ′⟩

ιn arP1κ̄P (⟨ϕ,ϕ′⟩,k)

k

⌟

The following is (an alternative formulation of) [Lei04, Corollary G.1.2].2 See also Example 1.3.22 for a
sketch of a proof of this proposition.

Proposition 1.2.2.7. The category of cartesian monads over T with contractions and monad morphisms
preserving contractions has an initial object, which we write as L = (L, ηL, µL, arL, κ̄L). ⌟

Definition 1.2.2.8 ([Lei04]). A weak ω-category is an Eilenberg–Moore algebra (X, ξ : LX X) for the
monad L = (L, ηL, µL).

We define the category Wk-ω-Cats of weak ω-categories and strict ω-functors between them as the
Eilenberg–Moore category of the monad L. ⌟

Proposition 1.2.2.9 ([FHM25b, 2.2.1]). Observe that, in terms of Eilenberg–Moore categories, the monad
morphism arL : L T is described as a commutative triangle

Str-ω-Cats Wk-ω-Cats

GSet

inclusion

UT UL

(1.2.2.9.1)

of right adjoint functors, where the top horizontal functor sends a strict ω-category (X, ξ) to the weak ω-category
(X, ξ ◦ arLX). This inclusion functor is full and faithful. ⌟

2In [Lei04], cartesian monads over T are (equivalently) described as T-operads (or globular operads), and its Corollary G.1.2
states the existence of an initial T-operad with contraction. See Section A.2.1 for more details.
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Proof. Since the forgetful functors UT and UL are both faithful, the inclusion functor is also faithful. To see that
it is full, it suffices to check that each component of arL is an epimorphism in GSet. To this end, it suffices to
check that the component arL1 : L1 T1 at the terminal globular set 1 is an epimorphism since epimorphisms
are pullback stable in a presheaf category like GSet.

This3 follows because arL1 has the right lifting property with respect to the morphisms ιn : ∂Gn Gn for
every n > 0 by definition, and with respect to ι0 : ∅ G0 as well, since (ηT1 )0 is a bijection and arL1 ◦ηL1 = ηT1 . □

Through this fully faithful right adjoint, we often regard Str-ω-Cats as a reflective full subcategory of
Wk-ω-Cats, and identify a strict ω-category (X, ξ) with the weak ω-category (X, ξ ◦ arX).

Note that, although there is such an inclusion identifying strict ω-categories with weak ω-categories, this
inclusion does not, in general, preserve the free ‘walking objects’; rather, these are preserved by the associated
free functors.

Notation 1.2.2.10. Let us write FT and FL for the free functors for the Eilenberg–Moore categories of the
monads T and L, respectively. The left adjoint of the inclusion functor in (1.2.2.9.1) is referred to as the strict
ω-categorical reflection. ⌟

Notation 1.2.2.11 (cf. [FHM25b, Section 2.2]). For each n ≥ 0, we write

• Cn for the free strict ω-category FTG
n on Gn,

• ∂Cn for the free strict ω-category FT∂G
n on the boundary of Gn,

• Cn for the free weak ω-category FLG
n on Gn, and

• ∂Cn for the free weak ω-category FL∂G
n on the boundary of Gn.

(The letter C stands for ‘cell’.) Abusing the notation, the images of (1.1.1.5.1) under FT and FL are written as

∂Cn−1

Cn−1 Cn Cn−1

ιn

σn−1

σn−1
∂

τn−1

τn−1
∂ and

∂Cn−1

Cn−1 Cn Cn−1

ιn

σn−1

σn−1
∂

τn−1

τn−1
∂ (1.2.2.11.1)

Since the free functors preserve colimits, those form the same pushout squares as in Remark 1.1.1.7. ⌟

1.2.3. The free weak ω-category monad. In this subsection, we shall describe the structure of the
monad L in some detail. From now on, we employ the following abbreviations and notations.

Notation 1.2.3.1. We write arLX as arX , arL1 as ar, and κ̄L as κ̄ for brevity.

• By a pasting instruction, we mean an element ϕ of (L1)n for some n ∈ N. n is called the dimension of
the pasting instruction ϕ, and ar(ϕ) ∈ (T1)n is called the arity of ϕ.

• For each n ≥ 0, we denote the image of the unique n-cell of 1 under the unit ηL1 : 1 L1 of L by
ẽn ∈ (L1)n, whose arity is

[
n
]

(see Proposition 1.1.3.2). ⌟

Remark 1.2.3.2 (cf. [FHM24, Section 2.5],[FHM25b, proof of Proposition B.0.7]). Given a globular set X, the
globular set LX is obtained as the pullback

LX L1

TX T1

L!

arX
⌟

ar1

T!

(1.2.3.2.1)

Moreover, they fit into the following commutative cubes

LLX LX X

LL1 L1 1

TLX

TL1

TTX TX X

TT1 T1 1

µL
X

LL!

arLX

⌟ L!

arX

ηL
X

µL
1

arL1

ar1

ηL
1

TL!

TarX

⌟

Tar

µT
X

TT!

T!
ηT
X

µT
1 ηT

1

⌟

3arL1 is in fact a split epimorphism, with a section given in Definition 1.2.3.6.
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such that all the squares on the left, the central sliced square, and the vertical squares on the right are pullback
squares. Thus we have the following concrete description of L:4

(i) An n-cell of LX is a pair (ϕ,u) consisting of a pasting instruction ϕ and a pasting diagram u in X
whose shape is the arity of ϕ.

(ii) We have

sLX
m (ϕ,u) =

(
sL1
m (ϕ), sTX

m (u)
)

and tLX
m (ϕ,u) =

(
tL1
m (ϕ), tTX

m (u)
)
.

(iii) For each morphism f : X Y in GSet, the morphism Lf : LX LY maps an n-cell (ϕ,u) of LX
to the n-cell (ϕ,Tf(u)) of LY .

(iv) By Proposition 1.1.3.2 and the pullback (1.2.3.2.1) defining LX, the unit ηLX : X LX maps each
n-cell x of X to the n-cell (

ẽn,

[
x
])

of LX.
(v) An n-cell of LLX is a pair (ϕ, ũ) of a pasting instruction ϕ and a pasting diagram ũ in LX of shape

ar(ϕ). Using the above description of LX, we may write ũ as

ũ =

[
(χ0,u0) . . . (χr,ur)

(χ
1
,u1) . . . (χ

r
,ur)

]
.

Thus ũ can be decomposed into

χ =

[
χ0 . . . χr

χ
1

. . . χ
r

]
∈ (TL1)n and u =

[
u0 . . . ur

u1 . . . ur

]
∈ (TTX)n.

Now we have µL
X(ϕ, ũ) = (µL

1 (ϕ,χ), µ
T
X(u)). ⌟

This description (in particular, the third item) immediately yields the following lemma, which explains the
terminology ‘strict ω-functor’.

Lemma 1.2.3.3. Suppose we are given a strict ω-functor f : X Y between weak ω-categories, and a pasting
instruction ϕ of dimension n ≥ 0 with arity k. Then f preserves the ‘paste according to ϕ’: for any pasting
diagram u in X of shape k and of dimension n ≥ 0, we have

f
(
ξX
(
ϕ,u

))
= ξY

(
ϕ, (Tf)(u)

)
. ⌟

Proof. The left hand side is equal to ξY
(
(Lf)

(
ϕ,u

))
since f is a morphism of L-algebras, and it is equal to the

right hand side because of the definition of L (see Remark 1.2.3.2.(iii)). □

On the other hand, considering the pullback description (1.2.3.2.1) functorially, we can observe the following
fact (mentioned in, e.g., [Gar10, Section 5]).

Proposition 1.2.3.4 ([FHM25a, Proposition 2.2.5]). The functor L: GSet GSet is finitary; that is, it
preserves filtered colimits. ⌟

Proof. Up to natural isomorphism, we can factorise L as

GSet GSet/T1
ar∗1 GSet/L1 GSet

where the first factor sends X ∈ GSet to T!: TX T1 (which preserves filtered colimits because T does by
[Lei04, Theorem F.2.2] or [Ara+25, Proposition 14.2.8]), the second factor is pullback along ar1 (which preserves
filtered colimits because it is a left adjoint; note that GSet, being a presheaf category, is locally cartesian closed),
and the last factor is the canonical projection. □

Corollary 1.2.3.5 ([FHM25b, Proposition 2.2.2]). All categories in the triangle (1.2.2.9.1) are locally finitely
presentable, and all functors in it are finitary right adjoints. ⌟

Proof. The category GSet is a presheaf category and hence is locally finitely presentable. The remaining
claims follow from the facts that the monads T and L are finitary; the former is [Lei04, Theorem F.2.2] or
Proposition 1.1.2.15 and the latter is Proposition 1.2.3.4. □

Definition 1.2.3.6. For any n ≥ 0 and a pasting scheme k of dimension n, we define a pasting instruction
spin(k) of dimension n with arity k inductively as follows.

4In fact, the description applies to an arbitrary cartesian monad P over T in place of L.
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• If k =
[
n
]
, then spin

([
n
])

= ẽn.
• Otherwise, suppose that k is of the form k′ → k′ in T1, where k′ is a pasting scheme of dimension

n− 1 (note that necessarily n ≥ 1). We set spin(k) = κ̄
(
⟨spin−1(k

′), spin−1(k
′)⟩, k

)
∈ (L1)n.

The pasting instruction spin(k) is called the standard pasting instruction of shape k. We often abbreviate the
subscript n when the dimension is clear from the context. The graded function spi : T1 L1 is a globular
map and a section of ar, and it commutes with ηT1 and ηL1 . ⌟

Notation 1.2.3.7. Let X = (X, ξ) be a weak ω-category. For any n ≥ 0 and any pasting scheme k of dimension
n, we have the standard pasting operation of arity k in X:

u 7→ ξ(spin(k),u) : GSet(k̂, X) Xn ⌟

We introduce a notation (extending the corresponding notation for strict ω-categories) for certain standard
pasting operations we shall use in the sequel.

Definition 1.2.3.8 ([FHM25a, Definition 2.3.5]). Let X = (X, ξ) be a weak ω-category.

(i) Given natural numbers k ≤ n and a k-cell x in X, we define the n-cell

idXk,n(x) = ξ

(
spin

([
n− 1

](n))
,

[
x
](n))

of X. We also write idXn (x) for idXk,n(x) when the dimension k of x is clear from the context.
(ii) Given natural numbers k,m1,m2, n with k < mi ≤ n for each i = 1, 2, an m1-cell u and an m2-cell v

in X such that tXk (u) = sXk (v), we define the n-cell

u∗Xk,nv = ξ

(
spin

([
m1 m2

k

](n)
)
,

[
u v

x

](n)
)

of X, where x = tXk (u) = sXk (v). When n = max{m1,m2}, we also write u∗Xk,nv for u∗Xk v.5 ⌟

Lemma 1.2.3.9. For any weak ω-category X = (X, ξ) and any n-cell x in X, we have idXn,n(x) = x. ⌟

Proof. Using the description Remark 1.2.3.2.(iv) of LX, we have

idXn,n(x) = ξ

(
spin

([
n
])

,

[
x
])

= ξ

(
ẽn,

[
x
])

= ξ ◦ ηLX(x)

= x. □

These operations satisfy the following source and target formulas.

Proposition 1.2.3.10 ([FHM25a, Proposition 2.3.6]). Let X = (X, ξ) be a weak ω-category.

(i) Let m,n be natural numbers with m < n and x an m-cell in X. Let ℓ be another natural number.
(a) If ℓ < m, then we have

sℓ(idn(x)) = sℓ(x) and tℓ(idn(x)) = tℓ(x).

(b) We have
sm(idn(x)) = x = tm(idn(x)).

(c) If m < ℓ < n, then we have

sl(idn(x)) = idℓ(x) = tl(idn(x)).

(ii) Let k,m1,m2, n be natural numbers with k < mi ≤ n for each i = 1, 2, u an m1-cell and v an m2-cell
in X such that tk(u) = sk(v) holds. Let ℓ be another natural number.
(a) If ℓ < k, then we have

sℓ(u∗k,nv) = sℓ(u) = sℓ(v) and tℓ(u∗k,nv) = tℓ(u) = tℓ(v).

5Note that, in the abbreviated notation, the displayed subscripts serve different purposes: in ∗Xk , the number k indicates the
lowest dimension present in the input pasting diagram, whereas in idXn the number n indicates the dimension of the output of the
operation.
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(b) We have
sk(u∗k,nv) = sku and tk(u∗k,nv) = tkv.

(c) If k < ℓ < min{m1,m2}, then we have

sℓ(u∗k,nv) = sℓ(u)∗k,ℓsℓ(v) and tℓ(u∗k,nv) = tℓ(u)∗k,ℓtℓ(v).
(d) If m1 ≤ ℓ < m2, then we have

sℓ(u∗k,nv) = u∗k,ℓsℓ(v) and tℓ(u∗k,nv) = u∗k,ℓtℓ(v).
(e) If m2 ≤ ℓ < m1, then we have

sℓ(u∗k,nv) = sℓ(u)∗k,ℓv and tℓ(u∗k,nv) = tℓ(u)∗k,ℓv.
(f) If max{m1,m2} ≤ ℓ < n, then we have

sℓ(u∗k,nv) = u∗k,ℓv = tℓ(u∗k,nv). ⌟

Proof. These are all straightforward consequences of the description of the source and target operations of LX
given in Proposition 1.1.2.20 and the fact that the standard pasting instructions form a globular subset of
L1. For example, the first equation in Proposition 1.2.3.10.(ii).(d) can be proved as follows, writing the k-cell
tk(u) = sk(v) as x:

sXℓ (u∗Xk,nv) = sXℓ

(
ξ

(
spi

([
m1 m2

k

](n))
,

[
u v

x

](n)))
= ξ

(
sL1ℓ

(
spi

([
m1 m2

k

](n)
))

, sTX
ℓ

([
u v

x

](n)
))

= ξ

(
spi

([
m1 ℓ

k

](ℓ))
,

[
u sXℓ (v)

x

](ℓ))
= u∗Xk,ℓsXℓ (v). □

In later sections, whenever we use the notation idXn (x) for an m-cell x of X, we have m = n− 1.

Remark 1.2.3.11 (cf. [FHM25a, Remark 2.3.8]). Under the identification remarked immediately after Propo-
sition 1.2.2.9, strict ω-categories are precisely those weak ω-categories X for which, for every n ≥ 0 and every
n-dimensional pasting diagram u in X, the ‘paste according to ϕ’ map

u 7→ ξ(ϕ,u) : GSet(ar(u), X) Xn

is independent of the choice of pasting instruction ϕ ∈ (L1)n. This way, we identify these operations appearing
in Definition 1.1.2.1 for strict ω-categories with the standard pasting operations in Definition 1.2.3.8 (although
∗Xk,n in Definition 1.1.2.1 is defined only when the input cells have the same dimension n).

In particular, for a strict ω-category X, idXn,m and ∗Xk,n defined in Definition 1.2.3.8 satisfy all the axioms
listed in Definition 1.1.2.1. ⌟

Remark 1.2.3.12. For the case of the free strict ω-category TX on a globular set X, we have[
u
]
∗TX
k,n

[
v
]
= µT

X

([[
u
] [

v
][

x
] ])

= µT
X

(
T(ηTX)

([
u v

x

](n)
))

=

[
u v

x

](n)

in the situation of Definition 1.2.3.8.(ii).6

More generally, suppose that we are given natural numbers k < m1 ≤ n and k < m2 ≤ n, and pasting dia-
grams u, v, and x in X of dimensions m1, m2, and k respectively. Then by Example 1.1.3.10 and Remark 1.1.3.7,
the composition

u(m1)∗TX
k,n v

(m2) = µT
X

([
u v

x

])
6One can also show this equation using Proposition 1.1.3.6 and Remark 1.1.3.7, just by checking that the realisation of the

underlying 2-pasting scheme concerned on the first line is precisely the realisation of the shape of the right-most pasting diagram.
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is obtained as follows. Let u1, . . .uN be the components of the form
[
ui+1

]
with ui+1 ∈ Xk and the k-transversal

components of u, ordered from left to right. In the same way, let v1, . . . , vN ′ be those of n. Because n forms a
2-pasting scheme, we have N = N ′ and tT1

k ui+1 = sT1
k vi+1 for each i < N . We write

[
xi+1

]
for this common

k-cell tT1
k ui+1 = sT1

k vi+1 appearing as a segment of x. The pasting scheme u(m1)∗TX
k,n v

(m2) is obtained from u

by replacing each ui+1 with ui+1∗TX
k,n vi+1, which is explicitly given as the ‘concatenation of ui+1 and vi+1 at

xi+1’:

mi+1 (if ui+1 =
[
xi+1

]
)

ni+1 (if mi+1 =
[
xi+1

]
)[

ui+1,0 . . . ui+1,ri+1 vi+1,0 . . . vi+1,r′i+1

ui+1,1 . . . ui+1,ri+1
xi+1 vi+1,1 . . . vi+1,r′i+1

]
(otherwise)

where ri+1 and r′i+1 are the ranks of ui+1 and vi+1 respectively.

Similarly, we have idTX
n (u(m)) = u(n) by using Example 1.1.3.9. ⌟

The pasting instructions for the identity and binary composition operations are themselves given by the
identity and binary composition in the free weak ω-category L1 = (L1, µL

1 ) in the following sense.

Proposition 1.2.3.13. For any pasting instruction ϕ ∈ (L1)n of arity

k =

[
k0 k1 . . . kr

k1 k2 . . . kr

]
we have ϕ = µL

1 (ϕ, ẽk) where

ẽk =

[
ẽk0

ẽk1
. . . ẽkr

ẽk1
ẽk2

. . . ẽkr

]
Consequently, given a weak ω-category X = (X, ξ),

(i) we have idXn (x) = ξ(idL1n (ẽm),
[
x
](n)

) for all natural numbers m < n and m-cells x in X, and
(ii) we have

u∗Xk,nv = ξ

(
ẽm1
∗L1
k,nẽm2

,

[
u v

x

](n)
)

for all natural numbers k,m1,m2, n with k < mi ≤ n for each i = 1, 2, and all m1-cells u and m2-cells
v in X such that tXk (u) = sXk (v) holds. ⌟

Proof. Let us first make the following observations.

(1) If we denote the unique n-cell ∗n of the terminal globular set 1 simply by ‘n’, then we may regard each
pasting scheme k as a pasting diagram u in the globular set 1, and this is unambiguous in the sense
that both k and u specify the same n-cell in T1.

(2) When we apply the description of the cells in LX as pairs (ϕ,u) given in Remark 1.2.3.2.(i) to the
case X = 1, we end up identifying each pasting instruction ϕ of arity k with the pair (ϕ, k).

It follows that, for any pasting instruction ϕ of arity k and of dimension n as in the statement, we have

ϕ = (µL
1 ◦ LηL1 )(ϕ) (µL ◦ LηL = 1L)

= (µL
1 ◦ LηL1 )(ϕ, k) (ii)

= µL
1

(
ϕ, (TηL1 )(k)

)
. (action of Lf in the case f = ηL1 )

Using (1) and Remark 1.1.2.19 and Notation 1.2.3.1, we can compute (TηL1 (k)) as

(TηL1 )

([
k0 k1 . . . kr

k1 k2 . . . kr

])
=

[
ηL1 (k0) ηL1 (k1) . . . ηL1 (kr)

ηL1 (k1) ηL1 (k2) . . . ηL1 (kr)

]
= ẽk

This proves the first assertion. Moreover, the case ϕ = spin(
[
m
](n)

) yields

spin

([
m
])

= µL
1

(
spin

([
m
])

,

[
ẽm
])

= idL1
n (ẽm)

where the second equality is by the definition Definition 1.2.3.8.(i) of idL1n (ẽm). This completes the proof of the

assertion 1.2.3.13.(i), and similarly 1.2.3.13.(ii) follows from the case ϕ = spin

([
m1 m2

k

](n)
)

. □
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Remark 1.2.3.14 ([FHM25a, Remark 2.3.8]). Let X be a weak ω-category. Using identities and compositions
in the free strict ω-category TX observed in Remark 1.2.3.12, Proposition 1.2.3.13.(i) is expressed as idXn (x) =

ξ
(
idL1n (ẽm), idTX

n (
[
x
])

. Here is an alternative proof of this:

ξ

(
idL1n (ẽm) , idTX

n

([
x
]))

= ξ

(
idLXn

(
ẽm,

[
x
]))

(LX is a pullback of L1 and TX in Wk-ω-Cats)

= idXn

(
ξ

(
ẽm,

[
x
]))

(ξ : (LX,µL
X) (X, ξ) is a strict ω-functor)

= idXn (x) (ξ ◦ ηLX = IdX)

Similarly, in the situation of Proposition 1.2.3.13.(ii), Remark 1.2.3.12 allows us to express the main claim
there as u∗Xk,nv = ξ

(
ẽm1∗L1k,nẽm2 ,

[
u
]
∗TX
k,n

[
v
])

. This can be proved similarly:

ξ

(
ẽm1
∗L1
k,mẽm2

,

[
u
]
∗TX
k,n

[
v
])

= ξ

((
ẽm1

,

[
u
])
∗LX
k,n

(
ẽm2

,

[
v
]))

= ξ

(
ẽm1

,

[
u
])
∗Xk,nξ

(
ẽm2

,

[
v
])

= u∗Xk,nv. ⌟

1.2.4. The hom weak ω-category. Given a weak ω-category X and two 0-cells a, b in X, we have the
hom weak ω-category X(a, b) defined in [Lei04, Section 9.3] and [CFP18], whose underlying globular set is that
given in Definition 1.1.1.8. The latter is captured by the forgetful functor

Us : Wk-ω-Cats (Wk-ω-Cats)-Gph

mapping each weak ω-category X to the (Wk-ω-Cats)-enriched graph [Wol74] UsX consisting of the same
objects as X together with the hom weak ω-categories of X. This subsection is devoted to recalling the
definition of this functor Us.

To this end, first observe that the successor S : PS PS (Definition 1.1.2.5) restricts to a function
(ST1 )n : (T1)n (T1)n+1 for each n ≥ 0, which assembles into a globular map ST1 : T1 T1−+1. Moreover,
given a globular set X and two 0-cells a, b in X, a pasting diagram in X(a, b) of dimension n is identified
with a pasting diagram in X of dimension n + 1 whose source and target 0-cells are a and b, respectively.
This identification means there is an inclusion (T(X(a, b)))n ((TX)(a, b))n that sends a pasting diagram

k̂ u X(a, b) to another pasting diagram Ŝ(k) X of shape Sk, which we denote by STX,a,b(u).

In [CFP18, Section 3], it is shown that there is a canonical lift

L1 (L1)−+1

T1 (T1)−+1

SL1

ar ar−+1

ST1

of ST1 : T1 (T1)−+1, compatible with the monad structure µL
1 and ηL1 of L at 1 in a suitable sense. Using

these data, we can define the hom weak ω-category as follows.

Fact 1.2.4.1 ([CFP18, Section 3]). For each weak ω-category X = (X, ξ) and each pair of 0-cells a, b in X, the
globular map ξa,b : L(X(a, b)) X(a, b) defined by

ξa,b(ϕ,u) = ξ
(
SL1 (ϕ), S

T
X,a,b(u)

)
makes X(a, b) = (X(a, b), ξa,b) a weak ω-category. ⌟

Proposition 1.2.4.2. SL1 preserves standard pasting instructions. ⌟

Proof. Among the compatibility conditions of SL1 with the structure of L and ST1 are the properties that we have
SL1 (ẽn) = ẽn+1 for all n ≥ 0, and that we have

SL1 (κ̄(⟨ϕ, ϕ′⟩, k)) = κ̄
(
⟨SL1 (ϕ), SL1 (ϕ′)⟩, ST1 (k)

)
for all n ≥ 1, all parallel ϕ, ϕ′ ∈ (L1)n−1, and all k ∈ (T1)n with ar(ϕ) = ar(ϕ′) = ∂T1

n−1(k). The claim follows
from a straightforward induction on n. □
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It follows that the standard pasting operation of arity k ∈ (T1)n on a hom weak ω-category X(x, y) is given
by (a restriction of) the standard pasting operation of arity ST1 (k) ∈ (T1)n+1 on X. In particular, we shall use
the following.

Corollary 1.2.4.3. Let X be a weak ω-category and x, y ∈ X0.

(i) Given a natural number n ≥ 1 and an (n− 1)-cell z of X(x, y), we have

idX(x,y)
n (z) = idXn+1(z).

(ii) Given natural numbers k,m1,m2, n with k < m1 ≤ n and k < m2 ≤ n, an m1-cell u of X(x, y), and
an m2-cell v of X(x, y) such that t

X(x,y)
k (u) = s

X(x,y)
k (v), we have

u∗X(x,y)
k,n v = u∗Xk+1,n+1v. ⌟

1.3. Algebraic injectivity

The algebraic weak factorisation system (awfs) introduced in [GT06] is an ‘algebraic’ refinement of the
notion of weak factorisation system. A weak factorisation system is defined by imposing a property expressed
using an existential quantifier on a pair of classes of morphisms, whereas an awfs recovers, as algebraic structure,
the data that are forgotten when one passes to such an existential formulation. In this thesis we use awfs, and
in particular the theory of the small object argument for awfs [Gar09b; BG16a], in order to introduce several
of our central notions.

For example, this point of view already appears in the definition of L (see Example 1.3.22, whose underlying
idea goes back to [Gar09a]). We also adopt, as our definition of weak ω-functor between weak ω-categories, the
one introduced in [Gar10], which is based on the notion of cofibrant replacement comonad associated with an
awfs. Furthermore, in Chapter 4 we shall make use of techniques from awfs in order to give a presentation of
the coherent walking equivalence. However, these definitions depend only on a small portion of the data of an
awfs, and in this subsection we therefore refrain from introducing the full structure of an awfs. Instead, we
introduce a smaller structure, which we call algebraic injectivity.7 This is an ‘algebraic’ refinement, in the same
sense as above, of the notions of injective morphism and injective object. Most of the definitions and results in
this section are taken from [FHM25a, Section 4].

For each category C, we write SET ↓ C2 for the comma category:

SET ↓ C2 CAT/C2

SET CAT

⌟
domain

whose objects are called indexed families of morphisms in C. Suppose we are given a category C, and let
K ∈ SET ↓ C2 be an indexed family of morphisms in C. Abusing the notation, we write K = (K, | − |) where
K is a class and | − | : K C2 is a functor from the discrete category.

Remark 1.3.1. In almost all cases of interest to us, K is just a class of morphisms. Given such a class K in
C, we may regard it as an indexed family of morphisms by taking | − | : K C2 to be the inclusion functor.
However, it is sometimes convenient to keep the functor | − | explicit; moreover, this slightly more general notion
fits better with the general theory of the algebraic small object argument developed in [Gar09b; BG16a]. ⌟

We say K is small if the indexing class K is a (small) set.

Definition 1.3.2. We say that a morphism (or an object) in C2 is K-injective if it has the right lifting property
with respect to morphisms in the image of the functor | − | : K C2. If C has a terminal object 1 ∈ C, then
an object A is K-injective if and only if the unique morphism !A : A 1 is a K-injective morphism. We write
K-Inj for the full subcategory of C spanned by K-injective objects.

We say a morphism f : C D in C is K-cofibration if it has the left lifting property with respect to all
K-injective morphisms, and write K-cof for the class of all K-cofibrations in C. ⌟

7In [FHM25a], this notion is called algebraic trivial fibration. This is because in that paper, the main focus is to capture an
algebraic refinement of the notion of trivial fibration Example 1.3.3. However, since the same notion can be used to refine several
notions which are no longer considered trivial fibrations, we change the name to algebraically injective morphism in this thesis, so
that it also suits the terminology in [FHM25b, Section 5].
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Example 1.3.3 ([FHM25a, Definition 4.1.8]). Let f : X Y be a morphism in GSet. We say that f is a
trivial fibration if it is Io-injective, where we set Io = (Io, | − |) as

Io = {∂Gn ιn Gn | n ∈ N}

and | − | is the inclusion.

A strict ω-functor f : X Y between weak ω-categories is a trivial fibration if it is a trivial fibration as a
morphism in GSet. Using the universality of the left adjoint of the adjunction (see Notation 1.2.2.11):

FL : GSet ⊤ Wk-ω-Cats : UL, (1.3.3.1)

we can also see a trivial fibration between weak ω-categories as a I-injective morphism in Wk-ω-Cats, where
we set I = (I, | − |) as

I = {∂Cn ιn Cn | n ∈ N}
and | − | is the inclusion. ⌟

Example 1.3.4 (Definition 2.3.2). Removing the 0-dimensional boundary inclusion from Example 1.3.3 and
setting

I×o = {∂Gn ιn Gn | n ≥ 1},
we define a contractible morphism in GSet as an I×o -injective morphism, and a contractible strict ω-functor

between weak ω-categories as an I×-injective morphism in Wk-ω-Cats where we set I× = {∂Cn ιn Cn | n ≥
1}. The latter is defined and used in Section 2.3. ⌟

Remark 1.3.5. Let f : C D be a morphism in C, and consider the following composite of morphisms in
[K,Set]:

C(cod(| − |), C) ∼= C2(Idcod(|−|), f) C2(| − |, f) (1.3.5.1)
Here, the first isomorphism is the adjunction isomorphism for Id ⊣ dom, and the second morphism is pre-
composition of units of the adjunction cod ⊣ Id. For each j ∈ K, this composite sends u : cod |j| C to the
pair (|j| #u, u #f). Then, f is a K-injective morphism if and only if the above morphism in [K,Set] is a surjection.

Similarly, if we are given an object A in C, we have the following morphism in [K,Set]:

C(cod | − |, A) C(dom | − |, A) (1.3.5.2)

which sends u : cod |j| A to |j| # u : dom |j| A for each j ∈ K. Then, A is a K-injective object if and only
if the above morphism in [K,Set] is a surjection. ⌟

Definition 1.3.6 (cf. [Gar09b, Proposition 3.8], [BG16a, Proposition 15]). Suppose we are given a morphism
f : C D in C. A (right) K-lifting structure κ on f is a section in [K,Set] of the morphism (1.3.5.1). More
explicitly, a K-lifting structure κ on a morphism f is a function which assigns to each commutative square with
j ∈ K as in the solid part below, a morphism κ(j;x, y) making both triangles commutative:

· C

· D.

|j|

x

f

y

κ(j;x,y)

In other words, κ(j;x, y) is the solution for the lifting problem given by the solid part of the above diagram.

Given two morphisms f, g in C and K-lifting structure κf , κg on them, we say a morphism (u, v) : f g

in C2 preserves the K-lifting structure if we have

κg(j;x # u, y # v) = κf (j;x, y) # u

for all j ∈ K, (x, y) : |j| f , and (u, v) : f g:

· · ·

· · ·

|j|

x u

f
g

y

κg(j;x#u,y#v)κf (j;x,y)

v

An algebraically K-injective morphism is a morphism f equipped with a K-lifting structure κ. We write
K-AIMor for the category of algebraically K-injective morphisms in C and morphisms preserving K-lifting
structures. We often write f ,g,h : C D for algebraically K-injective morphisms whose underlying morphisms
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are f, g, h : C D respectively. The category K-AIMor is precisely the same as J ⋔ defined in [BG16a,
Proposition 15] where J = K.

For each X ∈ C, we write K-AIMorX for the fibre over X of the composite

cod: K-AIMor C2 cod C (1.3.6.1)

where the first functor is the forgetful and the second functor is the codomain functor. In other words,
K-AIMorX is the pullback of cod: K-AIMor C in CAT along the functor 1 C picking out X. ⌟

Definition 1.3.7. Suppose we are given an object A in C. A K-lifting structure κ on A is a section in [K,Set]
of the morphism (1.3.5.2). Equivalently, a K-lifting structure κ on an object A is a function which assigns to
each morphism x : dom |j| A with j ∈ K, its lift κ(j;x) : cod |j| A satisfying |j| # κ(j;x) = x.

An algebraically K-injective object is an object C equipped with a K-lifting structure κ. We write K-AInj
for the category of algebraically K-injective objects in C and morphisms preserving K-lifting structures: i.e.
those morphisms u : C D in C satisfying

κD(j;x # u) = κC(j;x) # u,

where κC and κD are the K-lifting structures on C and D, respectively. ⌟

Remark 1.3.8. Consider the composite

| − |′ : K
| − |

C2 (C2)2

where the second functor is the one induced by the join 2 × 2 2 of the lattice 2. Let K′ be the pair
(K, | − |′) ∈ SET ↓ (C2)2. Then the category K-AIMor is isomorphic to the category K′-AInj.

For the converse, suppose the category C has a terminal object 1 ∈ C. Then the category K-AInj is
isomorphic to the fibre K-AIMor1 at 1 of the composite cod in (1.3.6.1). ⌟

Remark 1.3.9 (cf. [BG16a, 4.5]. See also the proof of [BG16a, Proposition 16]). The forgetful functor
K-AInj C fits into the following pullback square:

K-AInj SpEpi([K,Set])

C [K,Set]2

⌟
forget (1.3.9.1)

Here the bottom horizontal functor is the nerve of the uncurrying K×2 C of | − |. The category SpEpi(D)8

for a category D is the category whose objects are morphisms in D, each equipped with a chosen section, and
whose morphisms are morphisms in D2 that preserve the chosen sections. ⌟

Remark 1.3.10. If C is locally presentable and K is small, we can apply the algebraic small object argument
(see [Gar09b, Theorem 4.4] and [BG16a, Proposition 16]) to K, and obtain the algebraic weak factorisation
system (L,R) on C cofibrantly generated by K (in the sense of [BG16a, 3.2]), which is a pair of a comonad L and
a monad R on C2. More precisely, the forgetful functor K-AIMor C2 is strictly monadic and the induced
monad on C2 is isomorphic to R. An algebraically K-injective object is precisely an algebraically fibrant object
in the sense of [BG16a, 2.3] with respect to this awfs.

We now give a direct proof for the strict monadicity of the forgetful functor K-AIMor C2 without rely-
ing on the algebraic small object argument, which is slightly different from the proof of [BG16a, Proposition 16].
First observe that the right vertical forgetful functor in (1.3.9.1) is strictly monadic, whose monad is given by
the endofunctor on [K,Set]2 sending each morphism f : C D to the morphism ⟨IdD, f⟩ : C +D D, and
the unit and multiplication are defined by (left) coprojections and codiagonals for coproducts respectively (see
[BG16a, 4.1]). Then by the (strict version of) Beck’s theorem and the pullback square (1.3.9.1) for the case
where K = K′ as in Remark 1.3.8, we conclude that the forgetful functor U : K-AIMor C2 strictly creates
U -split coequalisers. Now it remains to show that U has a left adjoint, which follows from [Bir84, Theorem 2.18]
by observing that the bottom horizontal nerve functor in (1.3.9.1) is right adjoint and the right vertical forgetful
functor in (1.3.9.1) is an isofibration. ⌟

8If D has pullbacks, the codomain functor SpEpi(D) D is a Grothendieck fibration, which is called the fibration of points
in [nLa25] or the fibration of pointed objects in [Bou91, Section 3].
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Definition 1.3.11 ([BG16a, (2.10)]). Suppose that we have a composable pair of algebraically K-injective
morphisms

C
(g, κg)

D
(h, κh)

E.

Then we define the composite (g, κg) # (h, κh) to be the algebraically K-injective morphism (g # h, κg#h) where
the K-lifting structure κg#h is defined by

κg#h(j;x, y) = κg(j;x, κh(j;x # g, y))

for each j ∈ K and each (x, y) : |j| g # h in C2. Diagrammatically, the right-hand side is the canonical
morphism fitting into the following commutative diagram:

· C

D

· E

x

|j|

g

h

y

κg(j;x,κh(j;x#g,y))

κh(j;x#g,y)

⌟

Definition 1.3.12 ([BG16a, 5.2]). The composite (Definition 1.3.11) defines a (strict) double categoryK-AIMor
as follows.

• Objects are objects in C, and the horizontal category is C.
• A vertical morphism is an algebraically K-injective morphism in C.
• A configuration of the following form

C C ′

D D′

k

g g′

l

is filled by a unique cell if and only if the pair (k, l) : g g′ is a morphism in K-AIMor: i.e.,
the square commutes in C and the pair (k, l) preserves the K-lifting structure as a morphism in C2

between algebraically K-injective morphisms.
• Vertical composition is defined by the composite of algebraically K-injective morphisms, and vertical

identity (IdX , ωX) on X is the identity morphism equipped with the unique K-lifting structure ωX

defined by ωX(j;u, v) = v. ⌟

This double category K-AIMor is precisely the same as J ⋔⋔ defined in [BG16a, 5.2] where J = K.

Remark 1.3.13 (cf. [BG16a, 3.4]). If C has pullbacks along K-injective morphisms, cod: C2 → C is a
Grothendieck fibration, then it is straightforward to check that the double category K-AIMor is right-connected,
and hence the forgetful functor K-AIMor C2 is a discrete pullback-fibration [BG16a, 3.4]. Consequently,
the codomain functor cod observed in (1.3.6.1) is a Grothendieck fibration. Moreover, the forgetful functor
K-AIMor C2 sends cartesian morphisms to pullback squares in C. ⌟

Note that by the pullback square (1.3.9.1), the forgetful functor K-AInj C satisfies (strict) Beck’s
monadicity condition, since SpEpi(D) D does so for any category D.

Definition 1.3.14 ([FHM25b, Section 5]). Suppose that the forgetful functor K-AInj C has a left adjoint.
Then the induced monad on C is called the algebraically K-injective replacement monad, and given an object
C in C, its image under the left adjoint is called the algebraically K-injective replacement of C. ⌟

Remark 1.3.10 implies that the situation there is sufficient for the existence of the algebraically K-injective
replacement.

Proposition 1.3.15 (cf. remarks before [FHM25b, Definition 5.0.2]). If C is locally presentable and K is small,
the algebraically K-injective replacement exists. ⌟

Remark 1.3.16 ([FHM25b, Lemma 5.0.3]). In the situation of Proposition 1.3.15, the induced monad on C is
precisely the restriction of the monad R in Remark 1.3.10 on the slice category C/1 ∼= C, where 1 is the terminal
object in C. Such a restriction is possible since R does not change the codomain. This monad is precisely the
fibrant replacement monad with respect to the awfs (L,R) in the sense of [BG16b, 3.1]. By the definition of
awfs, the unit at C ∈ C of the induced monad is the image of !C : C 1 under L; see e.g. [BG16a, 2.1]. In
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particular, it lies in the left class of the underlying weak factorisation system (in the sense of [BG16a, 2.6]) of
the awfs (L,R), which in this case coincides with the class K-cof of K-cofibrations. ⌟

As explained in the preceding remark, in a suitably good situation, the algebraically K-injective replacement
monad is precisely the fibrant replacement monad associated with the cofibrantly generated awfs (L,R) on C
by K. Thus the notion of algebraically K-injective replacement captures the same structure without requiring
the full data of an awfs. Dually, the cofibrant replacement comonad ([BG16b, 3.1]) associated with (L,R) can
likewise be characterised by a construction that does not assume the whole awfs structure, as follows.

Construction 1.3.17 ([FHM25a, Definition 4.1.1.(3)]). Suppose that the functor cod: K-AIMor C as in
(1.3.6.1) has a left adjoint right inverse (lari), i.e., a left adjoint with identity unit. Explicitly, this means the
following: for any object X ∈ C, there exists an algebraically K-injective morphism (εX : QX X,κX) over
X such that, for any algebraically K-injective morphism (g : Z W,κg) and any morphism k : X W in C,
there exists a unique morphism h : QX Z in C such that (h, k) is a morphism of algebraically K-injective
morphisms (εX , κX) (g, κg).9 Under this situation, we can make the following definitions.

• For each X ∈ C, let δX : QX QQX be the unique morphism in C such that the following
configuration

QX QQX

QX

X X

δX

(εX ,κX)

(εQX ,κQX)

(εX ,κX)

(D)

has a filler in K-AIMor. In other words, the pair (δX , IdX) is a morphism of algebraically K-injective
morphisms of above type.

• For each morphism f : X Y in C, let Qf : QX QY be the unique morphism in C such that
the following configuration

QX QY

X Y

Qf

(εX ,κX) (εY ,κY )

f

(Q)

has a filler in K-AIMor. In other words, the pair (Qf, f) is a morphism of algebraically K-injective
morphisms of above type. ⌟

Remark 1.3.18. Notice that the vertical identity (IdX : X X,ωX) is the terminal object in the category
K-AIMorX . For any (f, κ) ∈ K-AIMorX , the unique map is given as the square

• X

X X.

f

(f,κ) (IdX ,ωX) (I)

⌟

Remark 1.3.19. If cod: K-AIMor C has a lari, then the value (εX : QX → X,κX) of the lari at X ∈ C
is an initial object in K-AIMorX . In particular, if C has a terminal object 1, then Q1 is an initial object of
K-AInj, and, if C has an initial object, Q1 is its algebraically K-injective replacement.

The converse holds if the functor cod: K-AIMor C is a (Grothendieck) fibration; that is, the existence of
an initial object in each fibre K-AIMorX implies that cod: K-AIMor C has a lari in that case. A sufficient
condition for cod: K-AIMor C to be a fibration is that C has pullbacks along K-injective morphisms as is
observed in Remark 1.3.13. ⌟

Proposition 1.3.20 ([FHM25a, Proposition 4.1.4]). In the situation of Construction 1.3.17, the data (Q, ε, δ)
give rise to a comonad on C. ⌟

We call this comonad the algebraically K-cellular replacement comonad.10

9This is equivalent to the condition that the unique morphism in the slice 2-category CAT /C from the object cod: K-
AIMor C to the terminal object IdC : C C has a left adjoint in CAT /C.

10This terminology follows Riehl’s use of the term cellular for certain objects and morphisms; see [Rie11b; Rie11a; Rie14].
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Proof. In short, one can verify the functoriality of Q, the naturality of ε and δ, and the comonad axioms, using
the universality of (εX , κX). The functoriality of Q and the naturality of ε are immediate from the definitions.

To show the naturality of δ, it suffices to show the following: for any morphism f : X Y in C, both
(δY ◦ Qf, f) and (QQf ◦ δX , f) are morphisms (εX , κX) (εQY , κQY ) # (εY , κY ) in K-AIMor. This can be
done by forming the following pasting composites in K-AIMor:

QX QY QQY

QY

X Y Y

(εX ,κX)

Qf

(Q)

δY

(εY ,κY ) (D)

(εQY ,κQY )

(εY ,κY )

f

QX QQX QQY

QX QY

X X Y

(εX ,κX)

δX

(D)

QQf

(εQX ,κQX)(Q) (εQY ,κQY )

Qf

(εX ,κX) (Q) (εY ,κY )

f

For the axiom δX # εQX = IdQX = δX # QεX , it suffices to show that both (εQX , IdX) and (QεX , IdX) are
morphisms (εQX , κQX) # (εX , κX) (εX , κX) in K-AIMor (then (εQX ◦ δX , IdX), (IdQX , IdX), and (QεX ◦
δX , IdX) are parallel morphisms with domain (εX , κX) over the same morphism IdX , and hence have to coincide).
These can be seen by the following composites in K-AIMor:

QQX QX

QX QX

X X

εQX

(εQX ,κQX) (I) (IdX ,ωX)

(εX ,κX) = (εX ,κX)

QQX QX

QX X

X X

QεX

(εQX ,κQX) (Q) (εX ,κX)

εX

(εX ,κX) (I) (IdX ,ωX)

Finally, for the axiom δX # δQX = δX # QδX , it suffices to show that (δQX , IdX) and (QδX , IdX) are parallel
morphisms in K-AIMor, which can be seen as follows:

QQX QQQX

QQX

QX QX

X X

δQX

(εQX ,κQX) (D)

(εQQX ,κQQX)

(εQX ,κQX)

(εX ,κX) = (εX ,κX)

QQX QQQX

QX QQX

QX

X X

QδX

(εQX ,κQX) (Q) (εQQX ,κQQX)

δX

(εX ,κX) (D)

(εQX ,κQX)

(εX ,κX)

□

As indicated before Construction 1.3.17, a sufficient condition for cod: K-AIMor C to have a lari (and
hence for the algebraically K-cellular replacement Q to be defined) is given by the following.

Proposition 1.3.21 ([FHM25a, Proposition 4.1.6 and Remark 4.1.7]). If C is a locally presentable category
and K is small, the functor cod: K-AIMor C has a lari. Moreover, the algebraically K-cellular replacement
comonad coincides with the cofibrant replacement comonad with respect to the awfs cofibrantly generated by
K. ⌟

Proof. The existence of a lari follows from the left adjoint of the forgetful functor K-AIMor C2 observed
in Remark 1.3.10; the lari sends an object X ∈ C to the free algebraically K-injective morphism on the unique
morphism !X : ∅ X from the initial object ∅ in C. For the second part, let us write (Q′, ε′, δ′) for the cofibrant
replacement comonad, which is just the dual of the fibrant replacement monad observed in Remark 1.3.16. As
observed there, the counit ε′X is obtained by applying the monad R to the object !X : ∅ X in C2, which
agrees with the above construction of the image εX : QX X under the lari. On the other hand, [Gar10,
Proposition 2.8] (or [BG16a, (2.11)]) implies that the comultiplication δ′X is determined as in (D). Finally, given
a morphism f : X → Y , the morphism Q′f : Q′X → Q′Y is determined as in (Q), since (Q′f, f) is obtained by
applying R to the morphism (Id∅, f) : !

X → !Y in C2, and hence is a morphism in R-Alg ∼= K-AIMor. □
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Example 1.3.22 (cf. [Gar09a]). For a cartesian monad P over T (see Definition 1.2.2.4), a contraction κ̄P on P
(see Definition 1.2.2.5) is exactly a I×o -lifting structure on the morphism arP1 : P1 T1 in GSet. Moreover, if
we write OC for the category of cartesian monads with contractions (Definition 1.2.2.5 and Proposition 1.2.2.7),
then it fits into the left-hand pullback square below:

OC I×o -AIMorT1 SpEpi
([
Ĩ×o ,Set

])

CartMnd/T GSet/T1
[
Ĩ×o ,Set

]2
⌟

forget
⌟

forget

ev1

Here, we write CartMnd/T for the category of cartesian monads over T. The pullback square on the right is
(1.3.9.1) in the case where C = GSet and K = Ĩ×o := (Ĩ×o , |−̃|), where Ĩ×o is defined as follows: the underlying
set is

Ĩ×o = {(n, k) |n ≥ 1 and k : Gn T1}

and we set |(̃n, k)| to be the morphism

ιn : (∂Gn, ⟨∂T1
n−1k, ∂

T1
n−1k⟩) (Gn, k)

in GSet/T1.

The functor labelled ev1 is the evaluation at the terminal object. Using the observation made in Section A.2.1
and Fact A.2.6, one sees that it is equivalent to a right adjoint functor between locally presentable categories.
Therefore, by [Bir84, Theorem 2.18], OC is locally presentable and the left vertical functor above has a left
adjoint. This in particular gives another proof of Proposition 1.2.2.7.

Moreover, post-composing the left adjoint of ev1 with |−̃|, we obtain another I×o ∈ SET ↓ (CartMnd/T)2.
Again by (1.3.9.1) in the case where C = CartMnd/T and K = I×o , we conclude that OC is equivalent to the
category I×o -AInj. Therefore, by Remark 1.3.19, the initial object (L, κ̄) is characterised as the algebraically
I×o -cellular replacement of the terminal object in CartMnd/T, which is simply T. This gives another homotopy-
theoretic characterisation of L that is parallel to the characterisation in [Gar09a]; however, note that this is
different from the one given there, since we are working in the category of cartesian monads over T here, whereas
[Gar09a] works in the category of normalised globular operads (see also Section A.2.2). ⌟

Finally, we describe a ‘change of base’ result for algebraic injectivity and for algebraically cellular replace-
ment. For the case Remark 1.3.10 of locally presentable categories and small indexing classes, the same thing
can also be achieved by more directly applying some change of base results for awfs established in [BG16a];
see Remark 1.3.26. This will be used in Section 3.3.3.

Definition 1.3.23 ([FHM25a, Definition 4.3.1]). Let F : D ⊤ C :U be an adjunction between categories, and
let Ko = (Ko, | − |) ∈ Set ↓ D2 be an indexed family of morphisms in D. Now we obtain an indexed family K
of morphisms in C by post-composing F 2 : D2 C2 with | − | : Ko D2; i.e., we set K = (Ko, j 7→ F |j|).

(i) We have a functor U -AIMor : K-AIMor Ko-AIMor defined by mapping each algebraically K-
injective morphism (f : X Y, κ) to the algebraically Ko-injective morphism (Uf : UX UY, κ†),
where the Ko-lifting operation κ† on Uf is determined by the following correspondence under the
adjunction F ⊣ U .

• UX

• UY

u†

|j| Uf

v†

κ†(j;u†,v†)

• X

• Y

u

F |j| f

v

κ(j;u,v)

Notice that the following square is a pullback in CAT:

K-AIMor Ko-AIMor

C2 D2.

U-AIMor

forget
⌟

forget

U2

(1.3.23.1)
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(ii) Now suppose that both functors cod: K-AIMor C and cod: Ko-AIMor D have laris. As in
Construction 1.3.17, we write (εX : QX X,κX) and (ε′A : Q′A A, κ′

A) for the values under these
laris of objects X ∈ C and A ∈ D, respectively. For each object X ∈ C, we define σX : Q′UX UQX
as the unique morphism in D such that the following configuration

Q′UX UQX

UX UX

σX

(ε′UX ,κ′
UX) (UεX ,κ†

X)
(S)

is filled with a unique cell in Ko-AIMor. ⌟

Lemma 1.3.24 (cf. [BG16a, Proposition 21]). In the situation of Definition 1.3.23, U -AIMor preserves vertical
composition of algebraically injective morphisms, and hence defines a double functor

K-AIMor Ko-AIMor.U-AIMor (1.3.24.1)
⌟

Proof. Let (g, κ) : C C ′ and (h, λ) : C ′ C ′′ be algebraically K-injective morphisms in C, and write
(Ug, κ†) and (Uh, λ†) for their images under U -AIMor. To show that U -AIMor preserves this composite,
observe the following diagrams commute:

• UC

UC ′

• UC ′′

u†

|j|

Ug

Uh

v†

κ†(j;u†,λ†(j;u†#Ug,v))

λ†(j;u†#Ug,v†)

• C

C ′

• C ′′

u

F |j|

g

h

v

κ(j;u,λ(j;u#g,v))

λ(j;u#g,v)

for any j ∈ Ko, a commutative square (u, v) : F |j| g #h, and its adjunct (u†, v†) : |j| Ug #Uh. Since u† #Ug

is the adjunct of u # g with respect to the adjunction F ⊣ U , by definition of κ† and λ†, the resulting diagonal
towards UC on the left is the adjunct of the corresponding diagonal towards C on the right. This shows that
the composite (Ug, κ†) # (Uh, λ†) is equal to the image of (g, κ) # (h, λ) under U -AIMor. □

Proposition 1.3.25 ([FHM25a, Proposition 4.3.3]). In the situation of Definition 1.3.23.(ii), the family (σX)X∈C

is a natural transformation
C C

D D

Q

U U

Q′

σ ⇒

such that the pair (U, σ) is a comonad opfunctor [Str72, Section 4] from (C, Q) to (D, Q′). ⌟

Proof. As in the proof of Proposition 1.3.20, one can verify the naturality of σ and the compatibility of σ with
the comonads Q and Q′ using the universality of (ε′UX , κ′

UX); below are the details.

The compatibility of σ with the counits (i.e., that ε′UX = UεX ◦ σX holds for any X ∈ C) is immediate
from the definition of σX .

To show the naturality of σ, it suffices to show that for any morphism f : X → Y in C, both (σY ◦Q′Uf,Uf)

and (UQf ◦ σX , Uf) are morphisms (ε′UX , κ′
UX) (UεX , κ†

X) in Ko-AIMor. These can be seen by the
following diagrams, which can be regarded either as composition of morphisms in the category Ko-AIMor or
horizontal composition of squares in the double category Ko-AIMor.

Q′UX Q′UY UQY

UX UY UY

Q′Uf

(ε′UX ,κ′
UX) (Q)

σY

(ε′UY ,κ′
UY ) (S) (UεY ,κ†

Y )

Uf

Q′UX UQX UQY

UX UX UY

σX

(ε′UX ,κ′
UX) (S)

UQf

(UεX ,κ†
X) (Q) (UεY ,κ†

Y )

Uf
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Finally, the compatibility of σ with the comultiplications means that for any object X ∈ C, the diagram

Q′UX UQX

Q′Q′UX Q′UQX UQQX

σX

δ′UX UδX

Q′σX
σQX

(1.3.25.1)

commutes. To see this, observe that the two composites in (1.3.25.1) lift to the top horizontal composites in
the following diagrams in the double category Ko-AIMor:

Q′UX UQX UQQX

UQX

UX UX UX

σX

(ε′UX ,κ′
UX) (S)

UδX

U(D)(UεX ,κ†
X)

(UεQX ,κ†
QX)

(UεX ,κ†
X)

Q′UX Q′Q′UX Q′UQX UQQX

Q′UX UX UQX

UX UX UX UX

δ′UX

(ε′UX ,κ′
UX) (D)

Q′σX

(Q)(ε′
Q′UX

,κ′
Q′UX

) (ε′UQX ,κ′
UQX) (S)

σQX

(UεQX ,κ†
QX)

(S)(ε′UX ,κ′
UX)

σX

(UεX ,κ†
X) = (UεX ,κ†

X)

The square labelled by U(D) in the first diagram is the image of (D) in K-AIMor under U -AIMor (1.3.24.1).
This means that the two composites of (1.3.25.1) define parallel morphisms in Ko-AIMorUX from the initial
object (see Remark 1.3.19), and hence they must be equal. □

Remark 1.3.26 ([FHM25a, Remark 4.3.5]). Let us consider the situation of Definition 1.3.23, and assume
moreover that the categories C and D are locally presentable and the indexing set Ko is small. Then by
Proposition 1.3.21, the assumptions in Definition 1.3.23.(ii) are satisfied. We now explain that in this case, the
result of Proposition 1.3.25 can also be obtained via the theory of awfs.

As explained in Remark 1.3.10, there exist awfss (L,R) on C cofibrantly generated by K and (Lo,Ro) on D
cofibrantly generated by Ko. (The awfs (Lo,Ro) coincides with the one obtained by projectively lifting (L,R)
along U : C→ D [BG16a, Section 4.5], i.e., the pullback square (1.3.23.1) lifts to a suitable pullback of double
categories.) By [BG16a, Proposition 22], the universality of (Lo,Ro) induces a canonical oplax morphism of
awfs (Lo,Ro) (L,R) whose functor part is F . This involves a comonad functor from (D2, Lo) to (C2, L)

whose functor part is F 2. Since F preserves the initial object, we can restrict it and obtain a comonad functor

C C

D D

Q

F F

Q′

⇒τ

from (D, Q′) to (C, Q). The comonad opfunctor (U, σ) in Proposition 1.3.25 and (F, τ) form a (doctrinal)
adjunction [Kel74], i.e., σ is the mate of τ under F ⊣ U . (To see this, observe that we also have a canonical lax
morphism of awfs (L,R) → (Lo,Ro) whose functor part is U by [BG16a, Section 2.10]. One can also restrict
this to obtain a comonad opfunctor from Q to Q′, which coincides with (U, σ) and is also the right adjoint of
(F, τ).) ⌟

A comonad opfunctor (such as the one in Proposition 1.3.25) induces a functor between the respective
Kleisli categories, and in Section 3.3.3, this gives the notion of underlying globular map of a weak ω-functor in
a functorial way.
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1.4. Coinduction

We work with invertible cells in a weak ω-category throughout this thesis, and in particular, they are
discussed in Chapters 2 and 4. Our definition of invertible cells is a coinductive one, which is also discussed in
[Che07] for the weak case and in [LMW10] for the strict case. In this subsection, we observe some basic results
on a lattice-theoretic formalisation of the notion of coinduction, which will be used in Chapters 2 and 4. The
substance of this subsection is largely based on [FHM25b, Section 3.1], which formalises the technique employed
in the proof of the main theorem of [FHM24].

A complete lattice A is a poset such that every subset S ⊆ A has a join
∨
S ∈ A, or equivalently, every subset

S ⊆ A has a meet
∧
S ∈ A. Let F : A A be an monotone endomap on a complete lattice A. For each element

x ∈ A, we write ↓ x = {a ∈ A | a ≤ x} for the downward closure of x in A, and write ↑ x = {a ∈ A |x ≤ a} for
the upward closure of x in A.

Definition 1.4.1. A pre-fixed point of F is an element x ∈ A such that F (x) ≤ x. Dually, a post-fixed point of
F is an element x ∈ A such that x ≤ F (x). We write Pre(F ) and Post(F ) for the full subposets of A spanned
by pre-fixed points and post-fixed points of F , respectively. ⌟

Definition 1.4.2. Given an element x ∈ A, we write

Prex(F ) = {y ∈ A |x ≤ y and F (y) ≤ y} = Pre(F )∩ ↑ x
for the set of pre-fixed points of F above x. ⌟

Proposition 1.4.3. Pre(F ) is reflective in A and the reflection is given by x 7→
∧
(Prex(F )). Dually, Post(F )

is coreflective. In particular, those posets Post(F ) and Pre(F ) are complete lattices. ⌟

Proof. By the universality of meets, for each x ∈ A, we have F (
∧
(Prex(F ))) ≤

∧
(Prex(F )) and hence∧

(Prex(F )) is the minimum element in Prex(F ), which shows that
∧
(Prex(F )) is the reflection of x into

Pre(F ). The remaining part follows immediately. □

We write νF for the greatest element in Post(F ), which is called the greatest post-fixed point [Tar55] of F .
This exists by the above proposition, and coincides with

∨
(Post(F )).

The following lemma shows that, when we are considering the greatest post-fixed point of F , we may replace
F with a deflationary monotone map.

Lemma 1.4.4. Consider another monotone endomorphism F ∧IdA : A A defined by (F ∧IdA)(x) = F (x)∧x
for each x ∈ A. Then we have Post(F ∧ IdA) = Post(F ), and hence ν(F ∧ IdA) = νF . ⌟

Now the following11 is the main proposition of this subsection, which is a formalisation of the technique
used in [FHM24].

Proposition 1.4.5. Let F,G : A A be monotone maps. If PreνF (G) is closed under F , then we have
G(νF ) ≤ νF . ⌟

Proof. Take the reflection b =
∧
(PreνF (G)) of νF into Pre(G), which is the least element in PreνF (G). By

assumption, we have Fb ∈ PreνF (G). The minimality of b then implies b ≤ Fb, i.e., that b is a post-fixed point
of F . It follows that we have b ≤ νF . Therefore νF = b ∈ PreνF (G) and hence in particular G(νF ) ≤ νF . □

Remark 1.4.6. In order to check that the assumption of Proposition 1.4.5 is satisfied, we only need to show
that for any b ∈ PreνF (G), we have GFb ≤ Fb. The condition νF ≤ Fb follows from νF ≤ b since we have
νF = F (νF ). ⌟

Applying Proposition 1.4.5 to F = F ∧ IdA and using Lemma 1.4.4, we obtain the following variant12.

Corollary 1.4.7. Let F,G : A A be monotone maps. If PreνF (G) is closed under F ∧ IdA, then we have
G(νF ) ≤ νF . ⌟

11After my PhD defence, Galal Zeinab pointed out a similarity between this proposition and the (constructive) proof of
Pataraia’s fixed point theorem [nLa26]. While I agree that there is a genuine analogy, I was not able to make the relationship
precise; we leave this as future work.

12Galal Zeinab also pointed out to me that this corollary might be seen as an example of (co)induction up-to techniques
[Bon+16]. Concretely, to show that νF is a pre-fixed point of G, it suffices to prove G ◦ (F ∧ IdA) ≤ F on PreνF (G). If we regard
G ◦ − as an operator on the lattice [PreνF (G), A], then this statement can be seen as an instance of induction up to the operator
H 7→ H ∧ IdA.





CHAPTER 2

Weakly invertible cells in a weak ω-category

2.1. Introduction

In (higher-dimensional) category theory, the ‘correct’ notion of equivalence is often something weaker than
that of equality. When working inside an ordinary category, it is the notion of isomorphism; when working on
the totality of all (small) categories, or more generally in a 2-category, the word ‘equivalence’ already has a well-
established meaning. For general n-categories where n ∈ N \{0}, one can define such a notion of equivalence, or
more generally the notion of equivalence k-cell, or weakly invertible k-cell1, by induction: equivalence n-cells in
an n-category X are the same as strictly invertible n-cells, and a k-cell u : x y for 0 < k < n is an equivalence
cell if there exists a k-cell v : y x and equivalence (k + 1)-cells vu 1x and uv 1y. Unravelling the
induction, a witness for weak invertibility of a k-cell u : x y in an n-category involves a k-cell v : y x

together with 2m−k+1 m-cells of suitable types for each k < m ≤ n, which are subject to 2n−k+1 equations at
the top dimension n (cf. exponential wedge in [Str87, Section 1]).

In an ω-category, one can still define equivalence cells in the same manner, using the unravelled description:
a k-cell u : x y in an ω-category X is an equivalence cell if there exist a k-cell v : y x and 2m−k+1 m-cells
in X for each m > k, of suitable types. (This time, we do not demand any equations between these cells.) This
definition can be stated more succinctly as: a k-cell u : x y in an ω-category X is an equivalence if there
exist a k-cell v : y x and equivalence (k + 1)-cells vu 1x and uv 1y in X. To remove ambiguity in
this seemingly circular definition, we should also add that here we are defining weak invertiblity coinductively
(see Remark 2.2.2 and Section 1.4 for details of coinduction). This notion of equivalence cell in an ω-category
plays a key role in e.g. the definition of a model structure on the category of strict ω-categories [LMW10] (see
also [Che07]).

In this chapter, we study equivalence cells in a weak ω-category in the sense of Leinster [Lei04] (which is
based on an earlier definition by Batanin [Bat98]). Our main theorem (Theorem 2.4.7) states that the set of
equivalence cells in a weak ω-category is closed under the operations of (globular) pasting.2 For example, if we
are given a 2-dimensional pasting diagram

a b c d,

f

g

h

i

j

k

α

β

γ

(2.1.0.1)

in a weak ω-category, in which all 2-cells α, β, and γ appearing in the diagram are equivalences, then so is
their composite, regardless of the way of ‘bracketing’ (Recall that in a weak ω-category, composition is neither
unital nor associative, so for example the 1-dimensional domain of the above composite could be taken either
as (ih)f or i(hf), and these might be different). We remark that for the composite 2-cell of (2.1.0.1) to be an
equivalence, the 1-cells in the diagram (such as f) need not be invertible.

The special case of our main theorem, where there is no n-cell in an n-dimensional pasting diagram, can
be regarded as a coherence result for weak ω-categories. For example, one can regard (2.1.0.1) not as a 2-
dimensional pasting diagram but as a 3-dimensional one in which no 3-cell appears. Then, the assumption of
the main theorem (i.e., all 3-cells in (2.1.0.1) should be equivalences) is vacuously satisfied. Consequently, we
see that any two composite 2-cells δ and δ′ of (2.1.0.1) are connected by an equivalence 3-cell (provided that δ
and δ′ are parallel). See Proposition 2.3.7 and Remark 2.3.9 for more details.

1Although the title of this chapter follows [FHM24] in using the term weakly invertible cell, for the sake of consistency of
terminology throughout this thesis we shall also freely use the term equivalence for this notion.

2We prove this only for globular pasting operations since Leinster’s definition of weak ω-category is based on them. Of course,
the result trivially extends to whatever notion of pasting operation, as long as it is expressible as a repeated application of globular
pasting operations.

35
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A typical application of our main theorem would proceed as follows. Firstly, one takes some elementary
fact about strict ω-categories (starting either an equality between cells or existence of an equivalence cell) which
one wishes to generalise to the weak setting. Then one inserts a coherence cell whenever one sees an equality
in the proof of the strict case. This yields a chain of whiskerings of equivalence cells, which can be composed
to a single cell. Finally, using the main theorem, one deduces that the resulting cell is itself invertible. We give
a couple of examples in Corollaries 2.4.15 and 2.4.16.

Another immediate consequence of the main theorem is that any weak ω-category X has a largest weak
ω-subgroupoid k(X) which we call the core of X. Indeed, let k(X) consists of all (hereditary) equivalence
cells of X. Then the main theorem ensures that k(X) is a weak ω-subcategory of X. We obtain a functor
k : Wk-ω-Cats → Wk-ω-Gpds from the category of weak ω-categories to its full subcategory consiting of
all weak ω-groupoids, which is characterised as the right adjoint of the incllusion functor Wk-ω-Gpds

Wk-ω-Cats. This generalises the well-known universal property of the core groupoid functor k : Cat Gpd.

Related work. After presenting our main theorem at Category Theory 2023 in Louvain-la-Neuve, we learnt
from Emily Riehl that tslil clingman had independently proved a similar result. More precisely, Leinster gives
a ‘non-algebraic’ variant of his definition of weak ω-category in [Lei02, Definition L′] and [Lei04, Section 10.2].
In [cli22, Section 3.2], cllingman shows that the equivalence cells in a slight variant of these non-algebraic weak
ω-categories (called proof-relevant categories in [cli22]) are closed under compositions.

Outline of this chapter. After recalling the coinductive definition of equivalence cells in a weak ω-category
in Section 2.2, and establishing a few facts about coherence in Section 2.3, we state and prove the main theorem
in Section 2.4, and discuss a few applications including core weak ω-groupoids of weak ω-categories, which is in
Section 2.5.

2.2. The definition of invertible cells in a weak ω-category

In order to define (weakly) invertible cells (or equivalence cells) in a weak ω-category X, we only need a
small part of its structure. Specifically, we use the following operations, where n ≥ 1: the operation mapping
each (n − 1)-cell x of X to the n-cell idn(x) of X, and the operation mapping each pair of n-cells u and v of
X such that tn−1(u) = sn−1(v) to the n-cell u∗n−1v of X; see Definition 1.2.3.8. (Globular sets equipped with
such operations are called ω-precategories in [Che07].)

Definition 2.2.1 ([Che07; LMW10]). An n-cell u : x→ y (with n ≥ 1) in a weak ω-category X is an equivalence
cell or a weakly invertible cell if there exist

• an n-cell v : y → x,
• an equivalence (n+ 1)-cell p : u∗n−1v → idn(x), and
• an equivalence (n+ 1)-cell q : v∗n−1u→ idn(y)

in X. In this situation, we say v is a pseudo inverse of u. For n-cells x and y (with n ≥ 0), we write x ∼ y if
there exists an equivalence (n+ 1)-cell u : x→ y in X. ⌟

Since in this thesis the notion of (strictly) invertible cell in a strict ω-category seldom appears, we shall
abbreviate ‘weakly invertible cell’ to ‘invertible’ and ‘pseudo inverse’ to ‘inverse’ in what follows.

Remark 2.2.2. In Definition 2.2.1, the notion of equivalence n-cell is defined coinductively. In this block, we
formalise this coinductive definition using the lattice-theoretic framework prepared in Section 1.4. First, we
define an endo-monotone function ΦX on the poset ℘(

∐
n∈N Xn) of all sets of cells in X as follows.

ΦX(S) =
{
(u : x→ y) ∈ Xn

∣∣n ≥ 1, ∃(v : y → x) ∈ Xn,

∃
(
p : u∗n−1v → idn(x)

)
∈ S ∩Xn+1, ∃

(
q : v∗n−1u→ idny

)
∈ S ∩Xn+1

}
In words, ΦX(S) is the set of all cells in X which are ‘invertible up to S’. Since ℘(

∐
n∈N Xn) is a complete

lattice, ΦX has a greatest post-fixed point νΦX , and Definition 2.2.1 says that we define this νΦX to be the set
of all equivalence cells of X. Observe that the characterisation of νΦX as the greatest post-fixed point of ΦX

yields the following proof method to show that a certain cell in X is invertible: in order to show that a cell u
in X is an equivalence cell, it suffices to find a set W ⊆

∐
n∈N Xn with W ⊆ ΦX(W ) and u ∈W .

We occasionally omit the superscript X when the weak ω-category is clear from context; this is done in
particular in Section 2.4. ⌟

Remark 2.2.3. Let X be a weak ω-category. By Corollary 1.2.4.3, for n ≥ 2, an n-cell u of X is an equivalence
cell if and only if it is invertible as an (n− 1)-cell in the hom weak ω-category X

(
sX0 (u), tX0 (u)

)
. (This is also

commented in [CF22, Section 6].) ⌟



2.3. COHERENCE 37

2.3. Coherence

We now prove elementary properties of equivalence cells, and establish the existence of enough coherence
cells in a weak ω-category, which plays an important role throughout this paper.

Proposition 2.3.1 (cf. [LMW10, Lemma 4.3]). Any strict ω-functor preserves equivalence cells. ⌟

Proof. Let f : X Y be a strict ω-functor between weak ω-categories. Define the set W ⊆
∐

n∈N Yn as

W = {u′ ∈ Yn |n ≥ 1 and there exists an equivalence n-cell u of X with u′ = fu },

which is exactly the image of νΦX under f . We show that W ⊆ ΦY (W ), which concludes W ⊆ νΦY . If
u′ ∈ W ∩ Yn, then there exists an equivalence n-cell u : x → x′ of X with u′ = fu. So there exist an n-
cell v : x′ → x and equivalence (n + 1)-cells p : u∗Xn−1v → idXn (x) and q : v∗Xn−1u → idXn (x′) in X. Then
fp, fq ∈ W and we have fp : fu∗Yn−1fv → idYn (fx) and fq : fv∗Yn−1fu → idYn (fx

′) in Y by Lemma 1.2.3.3,
showing u′ = fu ∈ ΦY (W ). □

Definition 2.3.2 (Example 1.3.4). A strict ω-functor f : X Y between weak ω-categories is contractible
(or locally a trivial fibration) [Lei04, Section 9.1] if its underlying morphism of globular sets has the right lifting
property with respect to ιn : ∂Gn Gn for each n ≥ 1. As is observed in Example 1.3.4, contractible strict
ω-functors are precisely I×-injective morphisms. In more elementary terms, f is contractible if for any n-cell
v : fx→ fx′ in Y , there exists an n-cell v : x→ x′ in X with fv = v. ⌟

Proposition 2.3.3 (cf. [LMW10, Lemma 4.9]). Any contractible strict ω-functor reflects equivalence cells. ⌟

Proof. Let f : X Y be a contractible strict ω-functor between weak ω-categories. Define the set W ⊆∐
n∈N Xn by

W = {u ∈ Xn |n ≥ 1 and fu is invertible in Y },
which is exactly the inverse image of νΦY under f . We show that W ⊆ ΦX(W ). If (u : x → x′) ∈ W ∩ Xn,
then fu : fx → fx′ is invertible in Y and hence we can take its inverse v : fx′ → fx. By contractibility of
f , there exists v : x′ → x in X with fv = v. We also have equivalence cells p : fu∗Yn−1v → idYn (fx) and
q : v∗Yn−1fu→ idYn (fx

′). By Lemma 1.2.3.3, we have p : f(u∗Xn−1v)→ f(idXn (x)) and q : f(v∗Xn−1u)→ f(idXn (x′))

in Y , and hence by contractibility of f again, we obtain p : u∗Xn−1v → idXn (x) and q : v∗Xn−1u → idXn (x′) in X

with fp = p and fq = q. Since p and q are in W , we have u ∈ ΦX(W ). □

Recall from Proposition 1.2.2.9 that any strict ω-category can be regarded as a weak ω-category.

Proposition 2.3.4 ([LMW10, Proposition 4.4. (1)]). Any identity cell in a strict ω-category is invertible. ⌟

Proof. Given a strict ω-category X, consider the set W of all identity cells in X. □

It follows that any strictly invertible cell in a strict ω-category is invertible (in the sense of Definition 2.2.1).
Note that in the free strict ω-category T1 = (T1, µT

1 ), an n-cell k is an identity n-cell if and only if it is
degenerate in the sense of Notation 1.1.2.9 (see Remark 1.2.3.12). Similarly, for any globular set X, an n-cell u
of the strict ω-category TX is an identity n-cell if and only if its shape is degenerate.

Proposition 2.3.5. Let X = (X, ξ) be a weak ω-category, n ≥ 1, and (ϕ,u) ∈ (LX)n. If ar(ϕ) ∈ (T1)n is
degenerate, then the n-cell ξ(ϕ,u) in X is invertible. ⌟

Proof. Since ξ is a strict ω-functor from (LX,µT
X) to X, by Proposition 2.3.1 it suffices to show that the n-cell

(ϕ,u) in (LX,µT
X) is invertible. This follows from the facts that arX : LX TX is a contractible strict

ω-functor, and that u is an identity n-cell in TX by Proposition 2.3.4. □

Applying Proposition 2.3.5 to the case where ϕ = spin+1(
[
n
]
) (see Definition 1.2.3.8.(i)) and u =

[
x
](n+1),

we can now generalise Proposition 2.3.4 to weak ω-categories.

Proposition 2.3.6. If (X, ξ) is a weak ω-category, n ≥ 0, and x ∈ Xn, then idXn+1(x) ∈ Xn+1 is invertible. ⌟

More generally, notice that if n ≥ 0 and ϕ, ϕ′ ∈ (L1)n are parallel n-cells with ar(ϕ) = ar(ϕ′) = k ∈ (T1)n,
then we can regard k as an (n+ 1)-cell k(n+1) : k(n) → k(n) in T1 and hence obtain an (n+ 1)-cell

κ̄
(
⟨ϕ, ϕ′⟩, k(n+1)

)
: ϕ→ ϕ′

of L1. Since k(n+1) is degenerate, by Proposition 2.3.5 we have the following coherence result.
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Proposition 2.3.7 (Coherence, cf. [FHM25a, Proposition 2.4.6]). Let n ≥ 0 and ϕ, ϕ′ ∈ (L1)n be parallel
n-cells with ar(ϕ) = ar(ϕ′) = k ∈ (T1)n. Then for any weak ω-category (X, ξ) and any pasting diagram u in X
of shape k, the (n+ 1)-cell

ξ
(
κ̄
(
⟨ϕ, ϕ′⟩, k(n+1)

)
,u(n+1)

)
: ξ(ϕ,u)→ ξ(ϕ′,u)

in X is invertible. In particular, we have ξ(ϕ,u) ∼ ξ(ϕ′,u) in X. By Remark 1.2.3.12, we can rewrite the above
coherence cell as

ξ
(
κ̄
(
⟨ϕ, ϕ′⟩, k(n+1)

)
,u(n+1)

)
= ξ

(
κ̄
(
⟨ϕ, ϕ′⟩, idT1

n+1(k)
)
, idTX

n+1(u)
)

⌟

When we take

k =

[
n n n

n− 1 n− 1

]
and ϕ = (ẽn∗L1n−1ẽn)∗L1n−1ẽn, ϕ′ = ẽn∗L1n−1(ẽn∗L1n−1ẽn), (2.3.7.1)

by Remark 1.2.3.2.(v) and ξ ◦ µL
X = ξ ◦ Lξ, we have the following associativity result:

Corollary 2.3.8 ([FHM25b, Proposition 2.2.9]). Let X be a weak ω-category and p : x → y, q : y → z, and
r : z → w be n-cells of X with n ≥ 1. Then we have (p∗Xn−1q)∗Xn−1r ∼ p∗Xn−1(q∗Xn−1r). ⌟

Note that Proposition 2.3.7 shows that any two parallel (in the sense of being induced from parallel n-cells
of L1) composites of a pasting diagram in a weak ω-category are equivalent up to an equivalence cell.

Remark 2.3.9. Proposition 2.3.7 is the uniqueness part of the pasting theorem promised in Section 1.2.1; it
states precisely that, in a weak ω-category, any two ways of composing a given n-dimensional pasting diagram
yield the same composite up to an equivalence (n + 1)-cell, as long as they agree on how to compose the
boundary. However, it is possible to give a different formulation of the uniqueness, namely as the contractibility
of a suitable ‘space’ of composites.

Recall that, given a weak ω-category X and 0-cells x, y ∈ X0, we may construct the hom weak ω-category
X(x, y) (Fact 1.2.4.1). It is easy to see that if (the underlying globular map of) a strict ω-functor f : X Y has
the right lifting property with respect to ιk : ∂Gk Gk for some k ≥ 1, then the induced map fx,y : X(x, y)

Y (fx, fy) has the right lifting property with respect to ιk−1 : ∂Gk−1 Gk−1.

Now, let X be a weak ω-category, n ≥ 1, k be an n-dimensional pasting scheme, u a pasting diagram of
shape k in X, and ϕ, ϕ′ ∈ (L1)n−1 parallel cells of arity ∂T1

n−1(k). Then we can construct the following trivial
fibration in the sense of Example 1.3.3 (that is, a strict ω-functor whose underlying globular map has the right
lifting property with respect to ιk : ∂Gk Gk for all k ≥ 0) by repeatedly taking the hom weak ω-categories:

LX
(
(ϕ, sTX

n−1(u)), (ϕ
′, tTX

n−1(u))
)

TX
(
sTX
n−1(u), t

TX
n−1(u)

)
.

The codomain is a strict ω-category (by Fact 1.2.4.1 and Remark 1.2.3.11), so there is a strict ω-functor from
the terminal weak ω-category into it that picks out the 0-cell u. The pullback in Wk-ω-Cats of the resulting
cospan is then the weak ω-category of possible composites of u satisfying the boundary conditions specified
by ϕ and ϕ′. Since it admits a trivial fibration to the terminal weak ω-category, one can reasonably call it a
contractible space; at least it is a weak ω-groupoid (i.e., a weak ω-category in which every cell of dimension ≥ 1
is an equivalence cell) by Propositions 2.3.3 and 2.3.4. ⌟

2.4. The main theorem

The main theorem of this chapter is the following: if (X, ξ) is a weak ω-category and (ϕ,u) is an n-cell of
LX such that all n-cells of X appearing in the pasting diagram u are equivalences in X, then the n-cell ξ(ϕ,u)
is also an equivalence in X. Notice that the special case of this claim where u does not contain any n-cell of
X, is precisely Proposition 2.3.5. However, since the n-cell (ϕ,u) is not an equivalence in LX whenever u is
non-degenerate, we will need more discussion in the general case.

Definition 2.4.1. Let k be a pasting scheme of dimension n and rank r. Let 0 ≤ i ≤ r and suppose ki = n:

k =

[
k0 . . . n . . . kr

k1 . . . ki ki+1 . . . kr

]
We write δi(k) for the n-dimensional pasting scheme defined by

δi(k) = µT
1

([[
k0

]
. . .

[
n−1

](n)
. . .

[
kr

][
k1

]
. . .

[
ki

] [
ki+1

]
. . .

[
kr

] ])
.
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Explicitly, we have the following description of δi(k).

• If i > 0 and ki = n− 1, then δi(k) is obtained from k by removing ki and ki.
• If i < r and ki+1 = n− 1, then δi(k) is obtained from k by removing ki and ki+1.
• Otherwise, δi(k) is obtained from k by replacing ki = n by n− 1.

(Note that, although it is possible for k to satisfy the premises of both the first and second clauses, the two
definitions of δi(k) agree in that case.)

Let u be a pasting diagram of shape k in a weak ω-category X. Suppose that there exists x ∈ Xn−1 such
that ui = idXn (x):

u =

[
u0 . . . idXn (x) . . . ur

u1 . . . ui ui+1 . . . ur

]
.

We write δi(u) for the pasting diagram of shape δi(k) in X defined by

δi(u) = µT
X

([[
u0
]

. . .
[
x
](n)

. . .
[
ur
][

u1

]
. . .

[
ui

] [
ui+1

]
. . .

[
ur

] ])
Explicitly, we have the following description of δi(u).

• If i > 0 and ki = n− 1, then δi(u) is obtained from u by removing ui and ui = x.
• If i < r and ki+1 = n− 1, then δi(u) is obtained from u by removing ui and ui+1 = x.
• Otherwise, δi(u) is obtained from u by replacing ui by x.

(Note that, although it is possible for u to satisfy the premises of both the first and second clauses, the two
definitions of δi(u) agree in that case.)

Let ϕ be an n-cell of L1 with ar(ϕ) = k as above. We write δi(ϕ) for the n-cell of L1 defined as δi(ϕ) =
κ̄
(
⟨sL1n−1(ϕ), t

L1
n−1(ϕ)⟩, δi(k)

)
. ⌟

Example 2.4.2. Let

k =

[
2 2 2 1 2

1 1 0 0

]
,

and suppose we have a 2-dimensional pasting diagram

u =

[
α id2(g) β i γ

g g b c

]
of shape k in a weak ω-category X, which may be depicted as

a b c d.

f

g

g

h

α

id2(g)

β

i

j

k

γ (2.4.2.1)

Then we have

δ1(u) =

[
α β i γ

g b c

]
,

which may be depicted as

a b c d.

f

g

h

α

β

i

j

k

γ (2.4.2.2)
⌟

The following lemma formalises the idea that composites of diagrams such as (2.4.2.1) and (2.4.2.2) in a
weak ω-category should be equivalent up to an equivalence cell.
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Proposition 2.4.3. Let n ≥ 1, k be a pasting scheme of dimension n and rank r, X = (X, ξ) be a weak
ω-category, and (ϕ,u) ∈ (LX)n be an n-cell such that ar(ϕ) = k. Then we have

ξ(ϕ,u) ∼ ξ
(
δi(ϕ), δi(u)

)
in X. ⌟

Proof. By the assumption, we have

k =

[
k0 . . . n . . . kr

k1 . . . ki ki+1 . . . kr

]
∈ (T1)n

and

u =

[
u0 . . . idXn (x) . . . ur

u1 . . . ui ui+1 . . . ur

]
∈ (TX)n.

Define a pasting diagram ũ in LX by

ũ =

[
(ẽk0

,
[
u0
]
) . . . (idL1n (ẽn−1),

[
x
]
) . . . (ẽkr

,
[
ur
]
)

(ẽk1
,
[
u1

]
) . . . (ẽki

,
[
ui

]
) (ẽki+1

,
[
ui+1

]
) . . . (ẽkr

,
[
ur

]
)

]
.

Since ũ is also of shape k, we obtain (ϕ, ũ) ∈ (LLX)n. By ξ(ẽkj
,
[
uj
]
) = uj , ξ(ẽkj

,
[
uj
]
) = uj , and

ξ(idL1n (ẽn−1),
[
x
]
) = idXn (x), we have

(Lξ)(ϕ, ũ) = (ϕ, (Tξ)(ũ)) = (ϕ,u) ∈ (LX)n.

Let us calculate µL
X(ϕ, ũ) ∈ (LX)n. To this end, we decompose ũ ∈ (TLX)n into

χ =

[
ẽk0

. . . idL1n (ẽn−1) . . . ẽkr

ẽk1
. . . ẽki

ẽki+1
. . . ẽkr

]
∈ (TLX)n

and

u =

[[
u0
]

. . .
[
x
](n)

. . .
[
ur
][

u1

]
. . .

[
ui

] [
ui+1

]
. . .

[
ur

] ]
∈ (TTX)n.

(See also Remark 1.2.3.2.(v).) Then we have

µL
X(ϕ, ũ) =

(
µL
1 (ϕ,χ), µ

T
X(u)

)
=
(
µL
1 (ϕ,χ), δ

i(u)
)

On the other hand, the n-cells µL
1 (ϕ,χ) and δi(ϕ) = κ̄

(
⟨sL1n−1(ϕ), t

L1
n−1(ϕ)⟩, δi(k)

)
of L1 are parallel. This is

because

sL1n−1

(
µL
1 (ϕ,χ)

)
= µL

1

(
sL1n−1(ϕ), s

TL1
n−1(χ)

)
= µL

1

(
sL1n−1(ϕ), (Tη

L
1 )
(
ar(sL1n−1(ϕ))

))
= µL

1 ◦ (LηL1 )(sL1n−1(ϕ))

= sL1n−1(ϕ)

and similarly tL1n−1

(
µL
1 (ϕ,χ)

)
= tL1n−1(ϕ). Hence by Proposition 2.3.7, we have

ξ(ϕ,u) = ξ ◦ (Lξ)(ϕ, ũ)
= ξ ◦ µL

X(ϕ, ũ)

= ξ
(
µL
1 (ϕ,χ), δ

i(u)
)

∼ ξ
(
δi(ϕ), δi(u)

)
. □

As a special case of Proposition 2.4.3, we have the following ‘ordinary’ unit law.

Corollary 2.4.4 ([FHM25b, Proposition 2.2.9]). Let X be a weak ω-category and u : x→ y be an n-cell of X
with n ≥ 1. Then we have idXn (x)∗Xn−1u ∼ u ∼ u∗Xn−1id

X
n (y). ⌟

Definition 2.4.5. Let k be a pasting scheme of dimension n and rank r, and let u be a pasting diagram of
shape k in a globular set X. By the set of full-dimensional labels in u, we mean the set

fdln(u) = {ui | 0 ≤ i ≤ r, ki = n }

We sometimes omit the subscript n when the dimension specified on u is clear from the context. ⌟
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Definition 2.4.6. Let S ⊆ X be a set of cells of a weak ω-category X (i.e., it consists of Sn ⊆ Xn for each
n ≥ 0 subject to no conditions). By the set of S-labelled pastings, we mean the set

pstX(S) =
{
ξ(ϕ,u)

∣∣n ≥ 0, (ϕ,u) ∈ (LX)n, fdln(u) ⊆ S
}

of cells of X. We often omit the superscript X when the weak ω-category is clear from the context. ⌟

Note that the set pst(S) may contain n-cells in S whiskered with m-cells not in S with m < n. Using pst,
we can now state our main theorem as follows.

Theorem 2.4.7. Let X = (X, ξ) be a weak ω-category and let νΦ be the set of all equivalence cells in X. Then
we have pst (νΦ) ⊆ νΦ. ⌟

Remark 2.4.8 (cf. [FHM25a, Theorem 2.4.8]). In more explicit terms, Theorem 2.4.7 is stated as follows. Let
X = (X, ξ) be a weak ω-category and let (ϕ,u) ∈ (LX)n with n ≥ 1 and

ar(ϕ) =

[
k0 . . . kr

k1 . . . kr

]
.

Suppose that, for each i ≤ r with ki = n, the n-cell ui appearing in u is invertible. Then ξ(ϕ,u) is invertible. ⌟

We need some definitions for the proof of Theorem 2.4.7.

Definition 2.4.9. For each n ≥ 0 and each n-dimensional pasting scheme k of rank r, define a natural number

∥k∥(n) =
∣∣{ i ≤ r

∣∣ ki = n
}∣∣ ,

which is the number of occurrences of n in the upper row of k. ⌟

Notice that k is non-degenerate as an n-cell of T1 if and only if ∥k∥(n) > 0.

Definition 2.4.10. Let X be a weak ω-category and S ⊆ X be a set of cells of X. Given any n ≥ 1 and
any n-cell u : x → y of X, an n-cell v : y → x of X is called an S-inverse of u if there exist (n + 1)-cells
p : u∗n−1v → idn(x) and q : v∗n−1u→ idn(y) in S.

Let n ≥ 1, (ϕ,u) ∈ (LX)n, and k = ar(ϕ). An S-inverse instruction of (ϕ,u) is an n-cell (ϕinv,uinv)
satisfying the following conditions.

• sL1n−1(ϕ
inv) = tL1n−1(ϕ),

• tL1n−1(ϕ
inv) = sL1n−1(ϕ), and

• uinv ∈ (TX)n is obtained from u by replacing, for each (n − 1)-transversal component 0 ≤ i ≤ j ≤ r
of k, the corresponding segment [

ui . . . uj

ui+1 . . . uj

]
,

with [
vi . . . vj

ui+1 . . . uj

]
,

where vl is an S-inverse of ul for each i ≤ l ≤ j. ⌟

Note that u admits an S-inverse if and only if u ∈ Φ(S), and (ϕ,u) admits an S-inverse instruction if and
only if fdl(u) ⊆ Φ(S). Also note that the shape of uinv is the same as that of u (recall that the cell ul is of
dimension (n− 1) for each i+ 1 ≤ l ≤ j), and that the types of (ϕ,u) and (ϕinv,uinv) in LX are related by

sLXn−1(ϕ,u) tLXn−1(ϕ,u)

tLXn−1(ϕ
inv,uinv) sLXn−1(ϕ

inv,uinv).

(ϕ, u)

(ϕinv, uinv)

= = (2.4.10.1)

(Here we are not claiming that this diagram ‘commutes’.)

Although the proof of Theorem 2.4.7 is rather long, the underlying idea is simple; we show that any n-cell of
the form ξ(ϕ,u) with fdl(u) ⊆ νΦ admits an (νΦ-)inverse, namely ξ(ϕinv,uinv), where (ϕinv,uinv) is an νΦ-inverse
instruction of (ϕ,u) (whose existence follows from fdl(u) ⊆ νΦ = Φ(νΦ)). The non-trivial part is constructing
equivalence (n + 1)-cells witnessing the invertibility of ξ(ϕ,u). Even in the simplest case of u0∗0u1, where the
1-cells u0 : x→ y and u1 : y → z admit inverses v0 : y → x and v1 : z → y respectively, connecting the composite
(u0∗0u1)∗0(v1∗0v0) to id1(x) requires
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• rebracketing the expression (using coherence) so that we are composing u1 and v1 first,
• whiskering with u0 and v0 the 2-cell p1 witnessing the invertibility of u1,
• applying the unit law (Proposition 2.4.3) to obtain u0∗0v0 (getting rid of an extra identity in the

middle), and
• using the 2-cell p0 witnessing the invertibility of u0.

The following diagram illustrates the situation.

x x

y y

z

u0∗0u1 v1∗0v0

u0∗0v0

u1∗0v1

u0 v0

id1(x)

id1(y)

∼

p1∼

∼

p0∼

Moreover, we must show that the resulting 2-cell is itself invertible. In the actual proof, this last part is treated
by considering certain (pre-)fixed points ofpst.

When connecting (u0∗0u1)∗0(v1∗0v0) to id1(x) in this example, we first cancelled out just one of the inverse
pairs (namely u1 and v1) and obtained u0∗0v0. In the general case, writing out such intermediate composites
can be rather cumbersome. This is our motivation for introducing the following notation, which allows us to
write e.g.

δ1+

([
u0 u1

y

])
=

[
u0

]
and δ0−

([
v1 v0

y

])
=

[
v0
]

.

Definition 2.4.11. Let k be a pasting scheme of dimension n and rank r. Let 0 ≤ i ≤ r and suppose ki = n:

k =

[
k0 . . . n . . . kr

k1 . . . ki ki+1 . . . kr

]
.

Recall the pasting scheme δi(k) of Definition 2.4.1. Let u be a pasting diagram of shape k in a weak ω-category
X.

(i) Suppose that either i = r or ki+1 < n− 1 holds. We write δi+(u) for the following pasting diagram of
shape δi(k) in X.
• If i > 0 and ki = n− 1, then δi+(u) is obtained from u by removing ui and ui.
• Otherwise, δi+(u) is obtained from u by replacing ui by sXn−1(ui).

(ii) Suppose that either i = 0 or ki < n − 1 holds. We write δi−(u) for the following pasting diagram of
shape δi(k) in X.
• If i < r and ki+1 = n− 1, then δi−(u) is obtained from u by removing ui and ui+1.
• Otherwise, δi−(u) is obtained from u by replacing ui by tXn−1(ui). ⌟

Example 2.4.12. For

k =

[
2 2 2 1 2

1 1 0 0

]
and u =

[
α id2(g) β i γ

g g b c

]
of Example 2.4.2, we have

δ2+(u) =

[
α id2(g) i γ

g b c

]
,

which may be depicted as

a b c d,

f

g

g

α

id2(g)

i

j

k

γ

and
δ4−(u) =

[
α id2(g) β i k

g g b c

]
,
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which may be depicted as

a b c d.

f

g

g

h

α

id2(g)

β

i k
⌟

Proof of Theorem 2.4.7. Observe that pst defines a monotone map on ℘(
∐

n≥0 Xn), and by Proposition 1.4.5,
it suffices to show that PreνΦ(pst) is closed under Φ. Note that since S ⊆pst(S) holds for any S ⊆

∐
n≥0 Xn,

all pre-fixed points ofpst are in fact fixed points.

To this end, take S ∈ PreνΦ(pst). Then Φ(S) contains all equivalence cells since νΦ = Φ(νΦ) ⊆ Φ(S). Thus
it suffices to show that pst(Φ(S)) ⊆ Φ(S) holds. Since every cell in pst(Φ(S)) is of the form ξ(ϕ,u) for some
pasting instruction (ϕ,u) (of dimension ≥ 1) that admits an S-inverse instruction, we would want to prove that:

for each n ≥ 1, each (ϕ,u) ∈ (LX)n, and each S-inverse instruction (ϕinv,uinv) of (ϕ,u), there
exist (n+ 1)-cells

ξ(ϕ,u)∗Xn−1ξ(ϕ
inv,uinv)→ idXn (sXn−1ξ(ϕ,u))

and
ξ(ϕinv,uinv)∗Xn−1ξ(ϕ,u)→ idXn (tXn−1ξ(ϕ,u))

in S (or equivalently in pst(S)).

(2.4.12.1)

We shall do so by induction on ∥ar(ϕ)∥(n).

The base case ∥ar(ϕ)∥(n) = 0 is covered by Proposition 2.3.5; recall that νΦ ⊆ S. So fix N ≥ 0 and suppose
that (2.4.12.1) holds for each n ≥ 1 and (ϕ,u), (ϕinv,uinv) ∈ (LX)n with ∥ar(ϕ)∥(n) ≤ N . Take (ϕ,u) ∈ (LX)n
with ∥ar(ϕ)∥(n) = N + 1 and its S-inverse instruction (ϕinv,uinv).

A sketch of the rest of the proof is as follows. We shall show that there exist

• a sequence of (n+ 1)-cells in S from ξ(ϕ,u)∗Xn−1ξ(ϕ
inv,uinv) to idXn (sXn−1ξ(ϕ,u)), and

• a sequence of (n+ 1)-cells in S from ξ(ϕinv,uinv)∗Xn−1ξ(ϕ,u) to idXn (tXn−1ξ(ϕ,u)).

Notice that this suffices because S =pst(S) is closed under compositions. We only carry out the construction
of the former sequence. We eventually obtain the sequence

ξ(ϕ,u)∗Xn−1ξ(ϕ
inv,uinv)

ξ
(
(ϕ,u)∗LXn−1(ϕ

inv,uinv)
)

ξ(ϕ′,u⋆)

ξ(ϕ′,uid)

ξ
(
δȷ̄(ϕ′), δȷ̄(uid)

)
ξ
((
δȷ̄(ϕ), δȷ̄+(u)

)
∗LXn−1

(
δı̄(ϕinv), δı̄−(u

inv)
))

ξ
(
δȷ̄(ϕ), δȷ̄+(u)

)
∗Xn−1ξ

(
δı̄(ϕinv), δı̄−(u

inv)
)

idXn (sXn−1ξ(ϕ,u)).

w1∼

w2 = ξ(ϕ′′, up)

w3∼

w4∼

w5

=
=

(2.4.12.2)

Here, ı̄ and ȷ̄ are suitable integers for which the cells indicated (such as δȷ̄+(u)) are well-defined, and the two
equations hold because ξ is a strict ω-functor from LX to X. The (n+ 1)-cells w1, w3, and w4 are equivalence
cells induced by coherence (Proposition 2.3.7), and hence they are in νΦ ⊆ S. The (n+ 1)-cells w2 and w5, on
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the other hand, are cells in S =pst(S), where the latter is produced by the induction hypothesis (2.4.12.1) with
respect to N .

Let
ar(ϕ) = k =

[
k0 . . . kr

k1 . . . kr

]
Since (ϕinv,uinv) is an S-inverse instruction of (ϕ,u), for each 0 ≤ i ≤ r with ki = n, we have (n+ 1)-cells

pi : ui∗Xn−1vi → idXn (sXn−1(ui)) and qi : vi∗Xn−1ui → idXn (tXn−1(ui)) (2.4.12.3)

in S. Also notice that (ϕ,u) and (ϕinv,uinv) are n-cells in LX composable along the (n−1)-dimensional boundary
(see (2.4.10.1)), and hence the first equality

ξ(ϕ,u)∗Xn−1ξ(ϕ
inv,uinv) = ξ

(
(ϕ,u)∗LXn−1(ϕ

inv,uinv)
)

in (2.4.12.2) indeed makes sense (and it holds by Lemma 1.2.3.3 because ξ is a strict ω-functor).

The n-cell (ϕ,u)∗LXn−1(ϕ
inv,uinv) of LX is equal to (ϕ∗L1n−1ϕ

inv,u∗TX
n−1u

inv), since both L! : LX L1 and
arX : LX TX are strict ω-functors.

As a pasting diagram, u∗TX
n−1u

inv is obtained from u by replacing, for each (n − 1)-transversal component
0 ≤ i ≤ j ≤ r of k, the corresponding subsequence[

ui . . . uj

ui+1 . . . uj

]
with [

ui . . . uj vj . . . vi
ui+1 . . . uj tn−1(uj) uj . . . ui+1

]
.

Now let 0 ≤ ı̄ ≤ ȷ̄ ≤ r be the leftmost (or first)3 (n− 1)-transversal component of k. Let k′ = δȷ̄(k∗T1
n−1k);

that is, k′ is the pasting scheme obtained from k∗T1
n−1k by removing one n in the top row and one n − 1 in

the bottom row from the segment corresponding to the first (n − 1)-transversal component of k. Let ϕ′ =
κ̄
(
⟨sL1n−1(ϕ), s

L1
n−1(ϕ)⟩, k′

)
and let u⋆ be the pasting diagram of shape k′ obtained from

u∗TX
n−1u

inv =

[
u0 . . . uȷ̄ vȷ̄ . . .

u1 . . . uȷ̄ tXn−1(uȷ̄) uȷ̄ . . .

]
(see Remark 1.2.3.12) by replacing the segment[

uȷ̄ vȷ̄
tXn−1(uȷ̄)

]
with [

uȷ̄∗Xn−1vȷ̄
]
;

that is,

u⋆ =

[
u0 . . . uȷ̄∗Xn−1vȷ̄ . . .

u1 . . . uȷ̄ uȷ̄ . . .

]
.

Let ũ be the pasting diagram of shape k′ in LX defined as

ũ =

[
(ẽk0

,
[
u0
]
) . . . (ẽn∗L1n−1ẽn,

[
uȷ̄
]
∗TX
n−1

[
vȷ̄
]
) . . .

(ẽk1
,
[
u1

]
) . . . (ẽkȷ̄

,
[
uȷ̄
]
) (ẽkȷ̄

,
[
uȷ̄
]
) . . .

]
,

where [
uȷ̄

]
∗TX
n−1

[
vȷ̄
]
=

[
uȷ̄ vȷ̄

tXn−1(uȷ̄)

]
∈ (TX)n.

Notice that (ϕ′, ũ) is an n-cell of LLX, and that we have

(Lξ)(ϕ′, ũ) = (ϕ′, (Tξ)(ũ)) = (ϕ′,u⋆).

Next we calculate µL
X(ϕ′, ũ). To this end, we decompose ũ into

χ =

[
ẽk0

. . . ẽn∗n−1L1ẽn . . .
ẽk1

. . . ẽkȷ̄
ẽkȷ̄

. . .

]
∈ (TL1)n

and
u =

[[
u0
]

. . .
[
uȷ̄
]
∗TX
n−1

[
vȷ̄
]

. . .[
u1

]
. . .

[
uȷ̄
] [

uȷ̄
]

. . .

]
∈ (TTX)n.

3One can choose any (n− 1)-transversal component here, but this choice simplifies the indices involved.
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Then we have

µL
X(ϕ′, ũ) = (µL

1 (ϕ
′,χ), µT

X(u))

=
(
µL
1 (ϕ

′,χ),u∗TX
n−1u

inv
)
∈ (LX)n.

Now, the n-cells µL
1 (ϕ

′,χ) and ϕ∗L1n−1ϕ
inv of L1 are parallel. This is because

sL1n−1

(
µL
1 (ϕ

′,χ)
)
= µL

1

(
sL1n−1(ϕ

′), sTL1
n−1(χ)

)
= µL

1

(
sL1n−1(ϕ), (Tη

L
1 )
(
ar(sL1n−1ϕ)

))
= µL

1 ◦ (LηL1 )(sL1n−1(ϕ))

= sL1n−1(ϕ)

= sL1n−1

(
ϕ∗L1n−1ϕ

inv
)

(Proposition 1.2.3.10)

and similarly

tL1n−1

(
µL
1 (ϕ

′,χ)
)
= µL

1

(
tL1n−1(ϕ

′), tTL1
n−1(χ)

)
= µL

1

(
sL1n−1(ϕ), (Tη

L
1 )
(
ar(sL1n−1ϕ)

))
= µL

1 ◦ (LηL1 )(sL1n−1(ϕ))

= sL1n−1(ϕ)

= tL1n−1(ϕ
inv)

= tL1n−1

(
ϕ∗L1n−1ϕ

inv
)
. (Proposition 1.2.3.10)

Thus by Proposition 2.3.7, we have an equivalence (n+ 1)-cell

w1 : ξ
(
ϕ∗L1n−1ϕ

inv,u∗TX
n−1u

inv
)
→ ξ

(
µL
1 (ϕ

′,χ),u∗TX
n−1u

inv
)

in X. Here, the n-dimensional domain of w1 is

ξ
(
ϕ∗L1n−1ϕ

inv,u∗TX
n−1u

inv
)
= ξ

(
(ϕ,u)∗n−1LX(ϕinv,uinv)

)
,

whereas the n-dimensional codomain of w1 is

ξ
(
µL
1 (ϕ

′,χ),u∗TX
n−1u

inv
)
= ξ ◦ µL

X(ϕ′, ũ)

= ξ ◦ (Lξ)(ϕ′, ũ)

= ξ(ϕ′,u⋆),

as indicated in (2.4.12.2).

To define w2, let k′′ be the pasting scheme obtained from k′ by replacing the middle n in the first (n− 1)-
transversal component by n+ 1, and let ϕ′′ = κ(⟨ϕ′, ϕ′⟩, k′′). Combining this ϕ′′ with the pasting diagram

up =

[
u0 . . . pȷ̄ . . .

u1 . . . uȷ̄ uȷ̄ . . .

]
,

which is obtained from u⋆ by replacing uȷ̄∗Xn−1vȷ̄ with the (n+ 1)-cell

pȷ̄ : uȷ̄∗Xn−1vȷ̄ → idXn (sXn−1(uȷ̄))

in S as in (2.4.12.3), we obtain

w2 = ξ(ϕ′′,up) : ξ(ϕ′,u⋆)→ ξ(ϕ′,uid)

in pst(S), where

uid =

[
u0 . . . idXn (sXn−1(uȷ̄)) . . .

u1 . . . uȷ̄ uȷ̄ . . .

]
.

By Proposition 2.4.3, we obtain an equivalence (n+ 1)-cell

w3 : ξ(ϕ
′,uid)→ ξ

(
δȷ̄(ϕ′), δȷ̄(uid)

)
in X.
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Next, to define w4, we show that the n-cells δȷ̄(ϕ′) and δȷ̄(ϕ)∗L1n−1δ
ȷ̄(ϕinv) of L1 are parallel. Indeed, we

have

sL1n−1

(
δȷ̄(ϕ′)

)
= sL1n−1(ϕ

′)

= sL1n−1(ϕ)

= sL1n−1

(
δȷ̄(ϕ)

)
= sL1n−1

(
δȷ̄(ϕ)∗L1n−1δ

ȷ̄(ϕinv)
)

(Proposition 1.2.3.10)

and

tL1n−1

(
δȷ̄(ϕ′)

)
= tL1n−1(ϕ

′)

= sL1n−1(ϕ)

= tL1n−1(ϕ
inv)

= tL1n−1

(
δȷ̄(ϕinv)

)
= tL1n−1

(
δȷ̄(ϕ)∗L1n−1δ

ı̄(ϕinv)
)
. (Proposition 1.2.3.10)

Moreover, we have
δȷ̄(uid) = δȷ̄+(u)∗TX

n−1δ
ı̄
−(u

inv).

Therefore by Proposition 2.3.7, we obtain an equivalence (n+ 1)-cell

w4 : ξ
(
δȷ̄(ϕ′), δȷ̄(uid)

)
→ ξ

(
δȷ̄(ϕ)∗L1n−1δ

ı̄(ϕinv), δȷ̄+(u)∗TX
n−1δ

ı̄
−(u

inv)
)

in X. The n-dimensional codomain of w4 is

ξ
(
δȷ̄(ϕ)∗L1n−1δ

ı̄(ϕinv), δȷ̄+(u)∗TX
n−1δ

ı̄
−(u

inv)
)
= ξ

((
δȷ̄(ϕ), δȷ̄+(u)

)
∗LXn−1

(
δı̄(ϕinv), δı̄−(u

inv)
))

,

as indicated in (2.4.12.2).

The second equation in (2.4.12.2) holds since ξ is a strict ω-functor.

Since ∥ar(δȷ̄(ϕ))∥(n) = N and
(
δı̄(ϕinv), δı̄−(u

inv)
)

is an S-inverse instruction of
(
δȷ̄(ϕ), δȷ̄+(u)

)
, we obtain

an (n+ 1)-cell

w5 : ξ
(
δȷ̄(ϕ), δȷ̄+(u)

)
∗Xn−1ξ

(
δı̄(ϕinv), δı̄−(u

inv)
)
→ idXn (sXn−1ξ(δ

ȷ̄(ϕ), δȷ̄+(u)))

in S, by the induction hypothesis (2.4.12.1). Because we have

sL1n−1(δ
ȷ̄(ϕ)) = sL1n−1(ϕ) and sTX

n−1(δ
ȷ̄
+(u)) = sTX

n−1(u),

the n-dimensional codomain of w5 is idXn (sXn−1ξ(ϕ,u)), as indicated in (2.4.12.2). □

Applying Remark 2.4.8 to the case of ϕ = ẽn∗L1n−1ẽn, we conclude ∼ is transitive. Together with Proposi-
tion 2.3.4, we obtain the following corollary.

Corollary 2.4.13. Let X be a weak ω-category. Then ∼ is an equivalence relation on the set of cells of X. ⌟

Moreover, if we consider the case when ϕ = ẽn+1∗L1n−1ẽn+1, we concludes that ∼ is a congruence with respect
to the composition operation:

Corollary 2.4.14 (see [LMW10, Proposition 4.4] for the strict case). Let X be a weak ω-category. Suppose
that u, u′ : x → y and v, v′ : y → z are n-cells of X with n ≥ 1. If u ∼ u′ and v ∼ v′, then we have
u∗Xn−1v ∼ u′∗Xn−1v

′. ⌟

Inverses are unique up to ∼:

Corollary 2.4.15. Let X be a weak ω-category, n ≥ 1, u : x→ y be an equivalence n-cell in X, and v, v′ : y → x
be inverses of u. Then we have v ∼ v′. ⌟

Proof. By Corollary 2.4.4, we have v ∼ v∗n−1idn(x). Thus we have

v ∼ v∗n−1idn(x)

∼ v∗n−1(u∗n−1v
′)

∼ (v∗n−1u)∗n−1v
′ (Corollary 2.3.8)

∼ idn(y)∗n−1v
′

∼ v′. □
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Finally for this section, we show that invertibility is invariant under ∼:

Corollary 2.4.16. Let X be a weak ω-category, n ≥ 1, and u, v : x→ y be a parallel pair of n-cells in X such
that u ∼ v. Suppose that u is invertible. Then v is invertible too. ⌟

Proof. Since u is invertible, it has an inverse w with u∗n−1w ∼ idn(x) and w∗n−1u ∼ idn(y). Thus we have

v∗n−1w ∼ u∗n−1w ∼ idn(x)

and similarly w∗n−1v ∼ idn(y). □

2.5. The core weak ω-groupoid of a weak ω-category

We conclude this chapter with the construction of the core weak ω-groupoid of a weak ω-category.

Definition 2.5.1. Let X be a weak ω-category and n ≥ 0. An n-cell x ∈ Xn is hereditarily invertible if either

• n = 0, or
• n ≥ 1, x is invertible, and sXn−1(x) and tXn−1(x) are hereditarily invertible.

By definition, the set of all hereditarily invertible cells of X is closed under sXn and tXn , and hence forms a
globular subset k(X) of X. ⌟

Moreover, k(X) is closed under pasting:

Proposition 2.5.2. Let X = (X, ξ) be a weak ω-category, n ∈ N, and (ϕ,u) ∈ (L (k(X)))n ⊆ (LX)n. Then
ξ(ϕ,u) ∈ k(X)n. Therefore, k(X) is also a weak ω-category, which is a weak ω-subcategory (i.e, subobject in
Wk-ω-Cats) of X. ⌟

Note that, since L preserves pullbacks, it also preserves monomorphisms. Therefore it makes sense to regard
L (k(X)) as a globular subset of LX.

Proof. We prove this by induction on n. The base case n = 0 is clear, so let m ≥ 1 and suppose that the
claim holds when n = m − 1. Take any (ϕ,u) ∈ (L(k(X)))m−1 and let x = ξ(ϕ,u). Then x is invertible by
Theorem 2.4.7. Moreover, sXm−1(x) = ξ

(
sL1m−1(ϕ), s

TX
m−1(u)

)
is hereditarily invertible by the induction hypothesis

since
(
sL1m−1(ϕ), s

TX
m−1(u)

)
∈ (L(k(X))). Similarly, tXm−1(x) is hereditarily invertible. □

We define a weak ω-groupoid to be a weak ω-category in which every cell of dimension ≥ 1 is invertible, or
equivalently, every cell is hereditarily invertible.

Let Wk-ω-Gpds be the full subcategory of Wk-ω-Cats consisting of all weak ω-groupoids. Since every
strict ω-functor preserves (hereditarily) invertible cells, we see that any strict ω-functor X Y from a weak ω-
groupoid X to a weak ω-category Y factors through the inclusion k(Y ) Y . Since k(Y ) is a weak ω-groupoid,
k : Wk-ω-Cats Wk-ω-Gpds is the right adjoint of the inclusion Wk-ω-Gpds Wk-ω-Cats.

Remark 2.5.3. We remark that k also gives rise to the right adjoint of the inclusion functor Wk-ω-Gpdw

Wk-ω-Catw, where Wk-ω-Catw is the category (defined in [Gar10] and Definition 3.3.1.4) of weak ω-categories
and weak ω-functors, and Wk-ω-Gpdw is the full subcategory of Wk-ω-Catw consisting of all weak ω-
groupoids. To show this, it is essentially enough to observe that weak ω-functors ‘preserve’ invertible cells
(and hence also hereditarily invertible ones). However, the latter statement perhaps needs some clarification.

We recall that if X and Y are weak ω-categories, then a weak ω-functor X Y defined in [Gar10] and
later in Definition 3.3.1.4 comes equipped with a span

QX

X Y

εX f (2.5.3.1)

of strict ω-functors, where εX is moreover a trivial fibration (Example 1.3.3) in the sense that its underlying
map between globular sets has the right lifting property with respect to ιn : ∂Gn Gn for all n ≥ 0. (Q is in
fact a comonad on Wk-ω-Cats, and Wk-ω-Catw is defined as the Kleisli category of Q.) Since every trivial
fibration is contractible, we see by Propositions 2.3.1 and 2.3.3 that for any equivalence n-cell u of X, every
n-cell u of QX such that εX(u) = u is invertible, and so is the n-cell f(u) of Y . (Note also that for any cell u of
X there exists some cell u of QX with εX(u) = u, since a trivial fibration is surjective.) This is what we mean
by ‘weak ω-functors preserve equivalence cells’.
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In order to show that k is the right adjoint of the inclusion Wk-ω-Gpdw Wk-ω-Catw, observe that
if X is a weak ω-groupoid, then so is QX (by the presence of a trivial fibration εX), and hence the right leg
f of the span (2.5.3.1) factors through k(Y ). Therefore the weak ω-functors X Y correspond to the weak
ω-functors X k(Y ). ⌟

A completely parallel argument works more generally for (∞, n)-categories with n ∈ N in place of weak ω-
groupoids, where we say that a weak ω-category is an (∞, n)-category if every cell of dimension > n is invertible.
Thus we can also obtain the core (∞, n)-category of any weak ω-category.



CHAPTER 3

ω-weak equivalences between weak ω-categories

3.1. Introduction

In the previous chapter (which is based on [FHM24]), we studied equivalence cells (or weakly invertible
cells) in a weak ω-category. The purpose of this chapter is to investigate equivalence ω-functors between weak
ω-categories.

Although one might be tempted to define the equivalence ω-functors between weak ω-categories as the
weakly invertible 1-cells in a putative ‘weak ω-category of all (small) weak ω-categories,’ the latter has not yet
been defined; hence, we adopt a more hands-on definition in this chapter. We first define ω-weak equivalences
as the strict ω-functors between weak ω-categories which are essentially surjective in every dimension. One
of the main purposes of this chapter is to prove that these ω-weak equivalences enjoy the 2-out-of-3 property
(Theorem 3.2.3.3); that is, given a composable pair f : X Y , g : Y Z of strict ω-functors between weak
ω-categories, if any two of f , g, and gf are ω-weak equivalences then so is the third. We believe that this
result is a necessary step towards the construction of a (left semi-)model structure on the category of weak
ω-categories and strict ω-functors, in which the weak equivalences are the ω-weak equivalences.

In the case of strict ω-categories, such a model structure was constructed by Lafont, Métayer, and Wory-
tkiewicz [LMW10]. In particular, they established the 2-out-of-3 property of the ω-weak equivalences between
strict ω-categories; our result is its generalisation to the context of weak ω-categories. Although our proof is
partly inspired by theirs, we also face a brand new kind of complication that arises from the fact that we are
dealing with weak ω-categories. For example, there is a seemingly innocuous step in their argument which uses
the fact that a 2-cell w (or more generally an n-cell w, with n ≥ 2, whose 0-source is x) in a strict ω-category,
as in the left diagram below, is the same as the composite id1(x)∗0w, as in the right diagram below.

x y

u

v

w x x y
id1(x)

u

v

w

When generalising such an argument to the context of weak ω-categories, it is natural to attempt to formalise the
intuition that id1(x)∗0w is still ‘essentially just w’. However, in doing so, one readily realises that w : u v and
id1(x)∗0w : id1(x)∗0u → id1(x)∗0v may not even be parallel, which makes unclear what the formal statement
should be.

In order to deal with this sort of problem, we introduce the padding construction (Construction 3.2.2.4).
Armed with a kind of naturality (Lemma 3.2.2.8), this construction allows us to go back and forth between
non-parallel composites arising from the same pasting diagram. Since ‘applying’ the unit, associativity, or
interchange law to compositions of high codimension (i.e., composition of n-cells along k-cells for k < n − 1)
can always result in such non-parallel composites, we believe the padding construction to be of interest even
beyond the scope of this chapter.

After establishing the 2-out-of-3 property, we extend the scope of study to the more general class of weak ω-
weak equivalences, where the first ‘weak’ indicates that these maps are not necessarily strictly ω-functorial. The
notion of weak ω-functor that we adopt is due to Garner [Gar10], which is essentially a span of strict ω-functors
with the left-pointing leg a trivial fibration. In addition to generalising the 2-out-of-3 property to the larger
class (Proposition 3.3.2.5), we characterise the weak ω-weak equivalences in terms of the essential ω-surjectivity
of their ‘underlying’ globular maps (Proposition 3.3.3.3), establishing an analogy with the accepted notions of
‘equivalence’ in low-dimensional cases such as biequivalences and triequivalences.

Related work. At the conference (∞, n)-Categories and Their Applications held in Utrecht in April 2024,
where Yuki Maehara presented this work, we learnt from Clémence Chanavat that a similar technique to our
padding construction was being developed independently in the setting of diagrammatic sets. This work later
appeared in her joint paper with Amar Hadzihasanovic [CH24a].

49
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Outline of the chapter. We introduce the notion of ω-weak equivalence and prove that they enjoy the
2-out-of-3 property in Section 3.2. This result is extended to weakly ω-functorial maps in Section 3.3.

Remark 3.1.0.1 ([FHM25a, Remark 2.4.11]). There are two kinds of approaches to infinite-dimensional cat-
egorical structures, namely inductive and coinductive ones. The purpose of this remark is to address why we
adopt the latter instead of the former in this chapter; if the reader is not already familiar with this dichotomy,
they may safely skip to the next section.

The main difference between the two kinds of approaches is that, in an inductive setting, the notion of
‘invertible cell’ is a primitive one. Implemented in our setting (analogously to the case of strict ω-categories
treated in [HL25]), this translates to considering pairs (X,E) where X is a weak ω-category in the sense of
Definition 1.2.2.8 and E ⊆

∐
n≥1 Xn is a set of marked cells (see also Section 4.3.2), which are to be thought of

as ‘abstract invertible cells’. Of course the set E must satisfy some conditions in order to present a reasonable
notion of invertibility (cf. Remark 4.3.2.2), and our best guess for the ‘correct’ conditions (cf. [HL25, Definition
2.15 and Theorem 3.38]) is that

(i) E is ‘closed under all pastings’ in the sense analogous to Theorem 2.4.7, and
(ii) ΦX(E) = E holds.

Note that (3.1.0.1.(i)) in particular implies that all identities and coherence cells (as in Proposition 2.3.7) are
always marked. Both directions of (3.1.0.1.(ii)) are non-trivial, where E ⊆ ΦX(E) says that each marked cell is
coinductively invertible (with all witness cells also marked), and the inclusion ΦX(E) ⊆ E may be regarded as
a sort of completeness (as in Segal spaces) or saturation (as in complicial sets).

In fact, we suspect that it is possible to prove (though with additional non-trivial work) marked analogues
of the results in Section 3.2 and possibly those in Section 3.3 after making the following modifications.

• The relation ‘x ∼ y’ should be interpreted as ‘there exists a marked (as opposed to invertible) cell
x→ y.’

• In Definition 3.2.1.3, define an ω-weak equivalence to be a marking-preserving strict ω-functor that is
essentially ω-surjective (in the sense of Definition 3.2.1.1 but with the modified meaning of ‘x ∼ y’)
and further reflects marked cells (cf. [HL25, Proposition 3.33] and Proposition 3.2.1.8).

• In Example 1.3.3, replace the adjunction ((1.3.3.1)) with the suitable marked variant, add to Io the
inclusion of the standard (unmarked) n-globe into the standard marked n-globe for n ≥ 1, and add
their images under the left adjoint to I. (These modifications make sure that the corresponding ‘trivial
fibrations’ reflect marked cells.)

The caveat is that, if one is to actually pursue the inductive approach, one must consider pairs (X,E)
which do not necessarily satisfy the condition (3.1.0.1.(ii)) in order to obtain a well-behaved category so that
e.g., the adjunction in the third bullet point above actually exists. (Whether one chooses to impose (3.1.0.1.(i))
does not matter too much in this respect.) It is expected that one can then single out those pairs that do
satisfy ((3.1.0.1.(i)) and) (3.1.0.1.(ii)) as the fibrant objects using a left semi-model structure analogous to that
in [HL25, Theorem 2.43]. Since our arguments below rely on (3.1.0.1.(ii)) (or more precisely, an analogue of
prefibrancy in the sense of [HL25, Definition 3.18]), the best we can prove in the marked setting is the 2-out-of-3
property only for ω-weak equivalences between putative fibrant objects (cf. [HL25, Proposition 3.33]). In fact,
for the above definition of ω-weak equivalence, all three parts of the 2-out-of-3 property ((A), (B), and (C) in
the next section) can be shown to fail between not-necessarily-fibrant marked weak ω-categories; it seems to
us that the ‘correct’ notion of weak equivalence should be defined, and also the 2-out-of-3 property for that
class should be proved, using a more abstract means as done in [HL25]. Thus, instead of generalising our work
to include such partial results, we simply leave a detailed development of the inductive approach for future
work. ⌟

3.2. The 2-out-of-3 property for ω-weak equivalences

In this section, we define and study the class of ω-weak equivalences between weak ω-categories. In par-
ticular, we show that this class enjoys the 2-out-of-3 property ; that is, for strict ω-functors f : X Y and
g : Y Z between weak ω-categories, if two of f , g, and gf are ω-weak equivalences, then so is the third. In
other words, it is the conjunction of the following three statements.

(A) If f and g are ω-weak equivalences, then so is gf .
(B) If g and gf are ω-weak equivalences, then so is f .
(C) If f and gf are ω-weak equivalences, then so is g.
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After defining ω-weak equivalences, we prove the easy two thirds ((A) and (B)) of the 2-out-of-3 property
in Section 3.2.1. In order to prove the other third (C) of the 2-out-of-3 property, we study whiskering maps in a
weak ω-category in Section 3.2.2, which culminates in a proof of a key intermediate result (Theorem 3.2.2.12).
Using this, we complete our proof of the 2-out-of-3 property in Section 3.2.3. Finally, we mention some additional
properties of ω-weak equivalences in Section 3.2.4.

3.2.1. Essential ω-surjectivity and ω-weak equivalences. The following definition concerns arbitrary
globular maps between weak ω-categories (and not just strict ω-functors) because we shall apply it also to e.g.
whiskering maps, which are not strict ω-functors in general.

Definition 3.2.1.1 (cf. [BS10, Definition 4]). Let X and Y be weak ω-categories and f : X Y be a globular
map between the underlying globular sets of X and Y .

• f is essentially 0-surjective if for each y ∈ Y0 there exists x ∈ X0 such that fx ∼ y.
• f is essentially (n + 1)-surjective (n ∈ N) if f is essentially 0-surjective and for each x, x′ ∈ X0, the

induced globular map fx,x′ : X(x, x′) Y (fx, fx′) is essentially n-surjective.
• f is essentially ω-surjective if it is essentially n-surjective for all n ∈ N. ⌟

Remark 3.2.1.2. Unravelling the induction, a globular map f : X Y between weak ω-categories is essen-
tially n-surjective (n ≥ 0) if and only if

• for each y ∈ Y0, there exists x ∈ X0 such that fx ∼ y, and
• for any 1 ≤ k ≤ n, any parallel pair (u, v) of (k− 1)-cells in X, and any k-cell w : fu→ fv in Y , there

exists a k-cell w : u→ v in X such that fw ∼ w. (The case k = 2 may be visualised as below.)

• •

u

v

w

• •

fu

fv

fw w∼

X

Y

f (3.2.1.2.1)

⌟

For example, if we regard a functor f : X Y between ordinary categories as a strict ω-functor between
weak ω-categories (here we define the underlying globular set of a category X by setting sXk , tXk : Xk+1 Xk

to be the identity function for all k ≥ 1 (see [Lei04, Theorem 9.3.17])), then f is

• essentially 0-surjective if and only if it is essentially surjective on objects (in the usual sense),
• essentially 1-surjective if and only if it is essentially surjective on objects and full, and
• essentially 2-surjective if and only if it is essentially surjective on objects, full, and faithful (because

the existence of w as above is equivalent to fu = fv, and similarly for w), if and only if it is essentially
ω-surjective.

Definition 3.2.1.3. An ω-weak equivalence is an essentially ω-surjective strict ω-functor between weak ω-
categories. ⌟

It is easy to see from the above rephrasing of essential n-surjectivity that, when restricted to those between
strict ω-categories, our definition of ω-weak equivalence recovers precisely [LMW10, Definition 4.7].

Notice that a globular map f : X Y between weak ω-categories is essentially ω-surjective if and only if it
is essentially 0-surjective and the induced globular map fx,x′ : X(x, x′) Y (fx, fx′) is essentially ω-surjective
for each x, x′ ∈ X0. The following is an immediate consequence of this fact.

Proposition 3.2.1.4. A strict ω-functor f : X Y between weak ω-categories is an ω-weak equivalence if
and only if it is essentially 0-surjective and the induced strict ω-functor fx,x′ : X(x, x′) Y (fx, fx′) is an
ω-weak equivalence for each x, x′ ∈ X0. ⌟

Remark 3.2.1.5. The statement of Proposition 3.2.1.4 can be taken as an alternative, coinductive definition
of ω-weak equivalences (see Section 1.4 for details of coinduction). More precisely, define the monotone map

Φ : ℘ (Mor(Wk-ω-Cats)) ℘ (Mor(Wk-ω-Cats))
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on the powerset lattice ℘ (Mor(Wk-ω-Cats)) of the set Mor(Wk-ω-Cats) of all strict ω-functors between weak
ω-categories as follows. It maps each S ⊆ Mor(Wk-ω-Cats) to the set Φ(S) of all strict ω-functors which are
essentially 0-surjective and locally in S, i.e.,

Φ(S) =
{
(f : X Y ) ∈ Mor(Wk-ω-Cats)

∣∣ f is essentially 0-surjective and

we have
(
fx,x′ : X(x, x′) Y (fx, fx′)

)
∈ S for each x, x′ ∈ X0

}
.

Then the set E of all ω-weak equivalences is the largest (post-)fixed point νΦ of Φ. Indeed, Proposition 3.2.1.4
says that we have E = Φ(E), which implies E ⊆ νΦ. On the other hand, given any S ⊆ Mor(Wk-ω-Cats) with
S ⊆ Φ(S), it is easy to see that all strict ω-functors in S are essentially n-surjective, by induction on n ∈ N.
Thus we have S ⊆ E, and hence E is the largest (post-)fixed point νΦ of Φ. ⌟

We now prove two thirds ((A) and (B)) of the 2-out-of-3 property. We prove these under rather weak
assumptions, partly to illuminate the properties we actually use, and partly because we use some of the extra
generality later.

The following implies (A) of the 2-out-of-3 property by Proposition 2.3.1.

Lemma 3.2.1.6. Let n ∈ N, X,Y, Z be weak ω-categories, f : X Y be a globular map, and g : Y Z be
a globular map preserving equivalence cells. If f and g are essentially n-surjective, then so is gf . ⌟

Proof. We prove this by induction on n.

The base case n = 0 is shown as follows. Take any z ∈ Z0. Then since g is essentially 0-surjective, there
exists y ∈ Y0 with gy ∼ z. Since f is essentially 0-surjective, there exists x ∈ X0 with fx ∼ y. Then we have
gfx ∼ gy ∼ z since g preserves equivalence cells.

For the inductive step, let n > 0. For each x, x′ ∈ X0, we have (gf)x,x′ = gfx,fx′ ◦ fx,x′ . Here, fx,x′ and
gfx,fx′ are essentially (n − 1)-surjective, and gfx,fx′ preserves equivalence cells. Hence (gf)x,x′ is essentially
(n− 1)-surjective by the inductive hypothesis. □

The following implies (B) of the 2-out-of-3 property, by Proposition 3.2.1.8 below.

Lemma 3.2.1.7. Let n ∈ N, X,Y, Z be weak ω-categories, f : X Y be a globular map, and g : Y Z be
a globular map reflecting equivalence cells. If g is essentially (n+1)-surjective and gf is essentially n-surjective,
then f is essentially n-surjective. ⌟

Proof. We prove this by induction on n.

The base case n = 0 is shown as follows. Take any y ∈ Y0. Then we obtain gy ∈ Z0. Since gf is essentially
0-surjective, there exist x ∈ X0 and an equivalence 1-cell u : gfx→ gy in Z. Since g is essentially 1-surjective,
there exists a 1-cell u : fx → y in Y with gu ∼ u. By Corollary 2.4.16, gu is invertible. Since g reflects
equivalence cells, u is invertible. This shows f is essentially 0-surjective.

For the inductive step, let n > 0. For each x, x′ ∈ X0, we have (gf)x,x′ = gfx,fx′ ◦ fx,x′ . Here, gfx,fx′ is
essentially n-surjective and reflects equivalence cells, and (gf)x,x′ is essentially (n − 1)-surjective. Hence fx,x′

is essentially (n− 1)-surjective by the inductive hypothesis. □

Proposition 3.2.1.8. Any ω-weak equivalence reflects equivalence cells. More generally, let f : X Y be a
globular map between (the underlying globular sets of) weak ω-categories X and Y . Suppose that

(i) f is essentially ω-surjective,
(ii) for each n-cell x in X with n ≥ 0, there exists an equivalence (n + 2)-cell idYn+1(fx) ∼ f

(
idXn+1(x)

)
in Y , and

(iii) for each pair of n-cells u : x → x′ and u′ : x′ → x′′ in X composable along the (n − 1)-dimensional
boundary, with n ≥ 1, there exists an equivalence (n+ 1)-cell f(u∗Xn−1u

′) ∼ fu∗Yn−1fu
′ in Y .

Then f reflects equivalence cells. ⌟

Proof. Let f : X Y be a globular map between weak ω-categories satisfying (i)–(iii). Let

W =

u ∈
∐
n≥1

Xn fu is invertible in Y

 ,

which is the inverse image under f of the set of all equivalence cells in Y . It suffices to show W ⊆ ΦX(W )
(cf. Remark 2.2.2 and Proposition 2.3.3).
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Let u : x → x′ be an n-cell in W . Then there exist an n-cell v : fx′ → fx and equivalence (n + 1)-cells
p : fu∗Yn−1v → idYn (fx) and q : v∗Yn−1fu→ idYn (fx

′) in Y . By (i), there exists v : x′ → x in X such that fv ∼ v
in Y . Let p′ be a composite of

f(u∗Xn−1v) ∼ fu∗Yn−1fv ∼ fu∗Yn−1v
p−→ idYn (fx) ∼ f

(
idXn (x)

)
where the first and the last factors are instances of (iii) and (ii) respectively, and the second factor is invertible by
Theorem 2.4.7. It follows from (i) that there exists an (n+1)-cell p : u∗Xn−1v → idXn (x) such that fp ∼ p′. Note
that fp is invertible in Y by Theorem 2.4.7 and Corollary 2.4.16, so p ∈ W . Similarly, there is an (n + 1)-cell
q : v∗Xn−1u→ idXn (x′) in W that is sent by f to a composite of

f(v∗Xn−1u) ∼ fv∗Yn−1fu ∼ v∗Yn−1fu
q−→ idYn (fx

′) ∼ f
(
idXn (x′)

)
modulo the equivalence relation ∼. This completes the proof. □

We conclude this subsection with an informal explanation of why the remaining third (C) of the 2-out-of-3
property is much more difficult to prove than (A) and (B).

Remark 3.2.1.9. The difficulty of proving (C) lies in the fact that ω-weak equivalences are defined in terms
of essential surjectivity rather than actual surjectivity (the latter gives the definition of trivial fibrations (Ex-
ample 1.3.3)). In particular, the ω-weak equivalence f may not be surjective on the nose, and one is led to
consider the following sort of diagram in an attempt to prove (C):

• •x

x′

• •

• •

y

y′

fx

fx′

∼ ∼

• •

• •

gy

gy′

gfx

gfx′

w

∼ ∼

X

Y

Z

f

g

That is, starting with a parallel pair of (n−1)-cells (y, y′) in Y and an n-cell w : gy → gy′ in Z, one would hope
to use the assumption that gf is an ω-weak equivalence to obtain some v : y → y′ with gv ∼ w. However, this
is not immediately possible since (y, y′) may not be of the form (fx, fx′) for any parallel pair of (n − 1)-cells
(x, x′) in X. Instead, the assumption that f is an ω-weak equivalence yields cylinder-like diagrams as above.

In the case of strict ω-categories [LMW10], the authors construct a globular set ΓY of cylinders (see also
Section A.4) in Y in order to prove (C).1 We avoid the use of ΓY by essentially unravelling their transport
construction [LMW10, Lemma 4.22] into a series of whiskerings (introduced in the next subsection) and in-
terleaving them into a suitable inductive argument. This modification repackages the proof, but we still need
similar ingredients to those used in [LMW10]. In particular, we need a weak ω-categorical counterpart of
[LMW10, Lemma 4.6], which is Theorem 3.2.2.12 below. ⌟

3.2.2. Whiskering with an invertible cell. The purpose of this subsection is to establish a key inter-
mediate result (Theorem 3.2.2.12) for proving (C), which concerns whiskering maps defined as follows.

Definition 3.2.2.1. For each weak ω-category X, object z ∈ X0, and 1-cell u : x → y in X, the whiskering
map

X(u, z) = u∗X0 (−) : X(y, z) X(x, z)

is defined by mapping each n-cell v of X(y, z) to the n-cell u∗X0 v of X(x, z). Dually, for each object x ∈ X0 and
1-cell v : y → z in X, we have the whiskering map

X(x, v) = (−)∗X0 v : X(x, y) X(x, z). ⌟

1They then endow it with a suitable strict ω-category structure, but this is not strictly necessary for proving (C).
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Remark 3.2.2.2. Let X be a weak ω-category, z ∈ X0, and u : x→ y a 1-cell of X. Then X(u, z) : X(y, z)
X(x, z) is a globular map by Proposition 1.2.3.10, but is not necessarily a strict ω-functor unless X is a strict
ω-category.2 It also preserves equivalence cells by Theorem 2.4.7 and Remark 2.2.3. ⌟

Theorem 3.2.2.12 below states that the whiskering map X(u, z) : X(y, z) X(x, z) is essentially ω-
surjective whenever the 1-cell u : x→ y is invertible in X. We note that its proof constitutes the most technical
part of this chapter, and if the reader is willing to take this theorem for granted, they may safely skip the rest
of this subsection.

The proof of Theorem 3.2.2.12 turns out to require the following notion of essential ω-injectivity.

Definition 3.2.2.3. Let X and Y be weak ω-categories and f : X Y be a globular map between the
underlying globular sets of X and Y .

• f is essentially 0-injective if, for each x, x′ ∈ X0, fx ∼ fx′ implies x ∼ x′.
• f is essentially (n + 1)-injective (n ∈ N) if f is essentially 0-injective and for each x, x′ ∈ X0, the

induced globular map fx,x′ : X(x, x′) Y (fx, fx′) is essentially n-injective.
• f is essentially ω-injective if it is essentially n-injective for all n ∈ N. ⌟

See Lemma 3.2.4.1 for a relationship between the notions of essential n-injectivity and essential n-surjectivity.
Unravelling the induction, f is essentially n-injective (n ≥ 0) if and only if, for any 0 ≤ k ≤ n and any parallel
pair (u, v) of k-cells in X, fu ∼ fv in Y implies u ∼ v in X.

Our proof of Theorem 3.2.2.12 proceeds in the following four steps.

(Step 1) Prove that X(u, z) : X(y, z) X(x, z) is essentially ω-injective in the special case u = idX1 (y).
(Step 2) Extend (Step 1) to the general case of an arbitrary equivalence 1-cell u.
(Step 3) Prove that X(u, z) : X(y, z) X(x, z) is essentially ω-surjective in the special case u = idX1 (y).
(Step 4) Extend (Step 3) to the general case of an arbitrary equivalence 1-cell u.

Before embarking on the actual proof, let us discuss why even (Step 1) is non-trivial. For example, given
a parallel pair of 2-cells

y z

s

t

u v

in a weak ω-category (X, ξ) with id1(y)∗0u ∼ id1(y)∗0v, one must prove u ∼ v. One may be tempted to resort
to the ‘unit law’ and argue

u ∼ id1(y)∗0u ∼ id1(y)∗0v ∼ v,

but in general u : s→ t and id1(y)∗0u : id1(y)∗0s→ id1(y)∗0t are not even parallel, so ‘u ∼ id1(y)∗0u’ does not
make sense. (Note that Proposition 2.4.3 is not applicable here.)

A key observation here is that both u and id1(y)∗0u can be obtained from the same pasting diagram
[
u
]
∈

(TX)2 by pasting according to different pasting instructions, namely χ = ẽ2 ∈ (L1)2 and ϕ = idL11 (ẽ0)∗L10 ẽ2 ∈
(L1)2, respectively. (See the proof of Lemma 3.2.2.5.) The following construction, which transforms a cell of
the form

w : ξ(ϕ,u)→ ξ(ϕ, v)

(such as an equivalence 3-cell witnessing id1(y)∗0u ∼ id1(y)∗0v) into one of the form

w′ : ξ(χ,u)→ ξ(χ, v)

(such as an equivalence 3-cell witnessing u ∼ v) by inserting ‘pads’ in each dimension, is designed to deal with
this kind of situation. Note that if ϕ and χ were parallel cells in L1, this could be achieved by means of suitable
coherence cells (see Proposition 2.3.7); idL11 (ẽ0)∗L10 ẽ2 and ẽ2 are not parallel, however.

Construction 3.2.2.4. Let n ≥ 1 and suppose we are given ϕ, χ ∈ (L1)n such that ar(ϕ) = ar(χ) = k. Note
that ϕ and χ are not necessarily parallel. Let ϕ0 = ϕ. We will construct a sequence of n-cells ϕ1, . . . , ϕn in L1

2In fact, we suspect that X(u, z) is the underlying globular map of a weak ω-functor in the sense of Section 3.3.3, but this is
beyond the scope of this chapter.
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where each ϕi is to be thought of as ‘ϕ after inserting pads of dimension ≤ i so that it has the (i− 1)-boundary
of χ’. The following diagram describes ϕ2 with ϕ, χ ∈ (L1)2.

sL10 (χ) sL10 (ϕ) tL10 (ϕ) tL10 (χ)
λ1

sL1
1 (ϕ)

tL1
1 (ϕ)

sL1
1 (χ)

tL1
1 (χ)

ρ1

λ2

ϕ

ρ2

(3.2.2.4.1)

For 1 ≤ i ≤ n, we set:

• λi = κ̄
(
⟨sL1i−1(χ), s

L1
i−1(ϕi−1)⟩, idT1

i (sT1
i−1(k))

)
∈ (L1)i,

• ρi = κ̄
(
⟨tL1i−1(ϕi−1), t

L1
i−1(χ)⟩, idT1

i (tT1
i−1(k))

)
∈ (L1)i, and

• ϕi = λi∗L1i−1(ϕi−1∗L1i−1ρi) ∈ (L1)n.

To see that these expressions indeed define valid cells in L1, we must check

• ar(ϕi) = k,
• sL1i−1(ϕi) = sL1i−1(χ), and
• tL1i−1(ϕi) = tL1i−1(χ).

The first condition holds because ar : L1→ T1, being a strict ω-functor between the weak ω-categories (L1, µL
1 )

and (T1, µT
1 ◦ arT1) (the latter is induced by the strict ω-category (T1, µT

1 )), preserves ∗i−1 and sends λi, ρi to
identities. The second and third hold by construction of ϕi and Proposition 1.2.3.10. Note that, in particular,
ϕn and χ are parallel n-cells in L1 with the same arity, so the above formulas for λi and ρi make sense for
i = n+ 1 too:

• λn+1 = κ̄
(
⟨χ, ϕn⟩, idT1

n+1(k)
)
∈ (L1)n+1 and

• ρn+1 = κ̄
(
⟨ϕn, χ⟩, idT1

n+1(k)
)
∈ (L1)n+1.

Now suppose further that we are given a weak ω-category (X, ξ), a parallel pair of pasting diagrams
u, v ∈ (TX)n of shape k, and an (n+ 1)-cell w : ξ(ϕ,u)→ ξ(ϕ, v). Let w0 = w. For 1 ≤ i ≤ n+ 1, we set

• ℓi = ξ
(
λi, id

TX
i (sTX

i−1(u))
)
∈ Xi,

• ri = ξ
(
ρi, id

TX
i (tTX

i−1(v))
)
∈ Xi, and

• wi = ℓi∗Xi−1(wi−1∗Xi−1ri) ∈ Xn+1.

(When i = n+ 1, we interpret the expressions sTX
n (u) and tTX

n (v) in the definitions of ℓn+1 and rn+1 as u and
v, respectively.) We may inductively prove that the expression in the definition of wi is well typed by checking
sXn (wi) = ξ(ϕi,u) and tXn (wi) = ξ(ϕi, v) for 1 ≤ i ≤ n. We only spell out the former:

sXn (wi) = sXn
(
ℓi∗Xi−1(wi−1∗Xi−1ri)

)
(definition of wi)

= ℓi∗Xi−1

(
sXn (wi−1)∗Xi−1ri

)
(Proposition 1.2.3.10)

= ξ
(
λi, id

TX
i (sTX

i−1(u))
)
∗Xi−1

(
ξ(ϕi−1,u)∗Xi−1ξ

(
ρi, id

TX
i (tTX

i−1(v))
))

(definitions of ℓi and ri, and inductive hypothesis)

= ξ
(
λi, id

TX
i (sTX

i−1(u))
)
∗Xi−1

(
ξ(ϕi−1,u)∗Xi−1ξ

(
ρi, id

TX
i (tTX

i−1(u))
))

(u and v are parallel)

= ξ
((

λi, id
TX
i (sTX

i−1(u))
)
∗LXi−1

(
(ϕi−1,u)∗LXi−1

(
ρi, id

TX
i (tTX

i−1(u))
)))

(ξ : (LX,µL
X) (X, ξ) is a strict ω-functor)

= ξ
(
λi∗L1i−1(ϕi−1∗L1i−1ρi),u

)
(Remark 1.2.3.2.(v) and Remark 1.2.3.11)

= ξ(ϕi,u). (definition of ϕi)
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We call the resulting (n+1)-cell wn+1 : ξ(χ,u)→ ξ(χ, v) the ϕ-to-χ padding of w (with respect to (u, v)). Note
that all the pads (ℓi and ri) are coherence cells (Proposition 2.3.7), and hence are invertible in X. This in
particular implies that, if w is invertible then so is its ϕ-to-χ padding (see Theorem 2.4.7). ⌟

Using this padding construction, (Step 1) is straightforward.

Lemma 3.2.2.5. Let (X, ξ) be a weak ω-category and y, z ∈ X0. Then the whiskering map

X
(
idX1 (y), z

)
: X(y, z) X(y, z)

is essentially ω-injective. ⌟

Proof. Let n ≥ 1 and u, v ∈ Xn be parallel n-cells with sX0 (u) = sX0 (v) = y and tX0 (u) = tX0 (v) = z. Suppose
that there exists an equivalence (n+ 1)-cell w : idX1 (y)∗X0 u→ idX1 (y)∗X0 v in X. Observe that we have

idX1 (y)∗X0 u = ξ
(
idL11 (ẽ0)∗L10 ẽn,

[
u
])

and idX1 (y)∗X0 v = ξ
(
idL11 (ẽ0)∗L10 ẽn,

[
v
])

.

For example, the former can be proved as follows:

idX1 (y)∗X0 u = ξ
(
idL11 (ẽ0), id

TX
1 (

[
y
]
)
)
∗X0 ξ(ẽn,

[
u
]
) (Proposition 1.2.3.13 and Remark 1.2.3.2.(iv))

= ξ
((

idL11 (ẽ0), id
TX
1 (

[
y
]
)
)
∗LX0 (ẽn,

[
u
]
)
)

(ξ : (LX,µL
X)→ (X, ξ) is a strict ω-functor)

= ξ
(
idL11 (ẽ0)∗L10 ẽn,

[
u
])
. (Remark 1.2.3.2.(v) and Remark 1.2.3.11)

(We shall omit similar verifications in what follows.) Thus the
(
idL11 (ẽ0)∗L10 ẽn

)
-to-ẽn padding of w witnesses

u ∼ v. □

The following lemma, which corresponds to (Step 2), generalises the ‘weak uniqueness’ part of [LMW10,
Lemma 4.6] from strict ω-categories to weak ω-categories.

Lemma 3.2.2.6. Let X be a weak ω-category, x, y, z ∈ X0, and u : x → y an equivalence 1-cell. Then the
whiskering map

X(u, z) : X(y, z) X(x, z)

is essentially ω-injective. ⌟

Remark 3.2.2.7. We will prove, by induction on n, that X(u, z) is essentially n-injective. Before presenting
the general proof, let us illustrate how the inductive step proceeds by considering the lowest-dimensional case.

Suppose that we are given a parallel pair (v1, v2) of 1-cells in X(y, z) which are ∼-related after whiskering
with u. We may visualise the situation as:

x y z
u

s

t

v1 ∼ x y z
u

s

t

v2

Now we can whisker both sides with an inverse ǔ of u, and then with one of the witness equivalence 2-cells
q : ǔ∗X0 u→ idX1 (y), and obtain:

y x y z
ǔ u

s

t

v1

∗X1

y x y z
ǔ u t

idX
1 (y)

q

∼

y x y z
ǔ u

s

t

v2

∗X1

y x y z
ǔ u t

idX
1 (y)

q
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By padding, we can turn this equivalence 3-cell in X into one of type:

y y z
idX

1 (y)

s

t

v1

∗X1

y

x

y z

ǔ u

s

idX
1 (y)

q

∼

y y z
idX

1 (y)

s

t

v2

∗X1

y

x

y z

ǔ u

s

idX
1 (y)

q

The common upper cell in both sides may be regarded as an equivalence 1-cell in X(y, z), so the essential
0-injectivity of whiskering with this cell (together with Lemma 3.2.2.5) implies v1 ∼ v2. ⌟

Proof of Lemma 3.2.2.6. We prove the statement
for any weak ω-category (X, ξ), any x, y, z ∈ X0, and any equivalence 1-cell u : x → y in X, the
whiskering map X(u, z) : X(y, z) X(x, z) is essentially n-injective (3.2.2.7.1)

by induction on n ∈ N (note the universal quantification over (X, ξ)).

For the base case n = 0, let (X, ξ), x, y, z, and u be as in (3.2.2.7.1), and let ǔ : y → x be an inverse of u.
Take any v1, v2 ∈ (X(y, z))0 with u∗X0 v1 ∼ u∗X0 v2. Since we have

v1 ∼ idX1 (y)∗X0 v1 ∼ (ǔ∗X0 u)∗X0 v1 ∼ ǔ∗X0 (u∗X0 v1)

by the unit law (Proposition 2.4.3), and similarly v2 ∼ ǔ∗X0 (u∗X0 v2), we can deduce v1 ∼ v2.

For the inductive step, let n ≥ 1 and let (X, ξ), x, y, z, and u be as in (3.2.2.7.1), and let ǔ : y → x be an
inverse of u, with equivalence 2-cell q : ǔ∗X0 u → idX1 (y). Let v1, v2 ∈

(
X(y, z)

)
n

be parallel n-cells. Suppose
that there exists an equivalence (n+ 1)-cell

w : u∗X0 v1 → u∗X0 v2

in X(x, z). Then we can whisker it with ǔ and obtain an equivalence (n+ 1)-cell

ǔ∗X0 w : ǔ∗X0 (u∗X0 v1)→ ǔ∗X0 (u∗X0 v2)

in X(y, z). Let ϕ = ẽ1∗L10 (ẽ1∗L10 ẽn+1) ∈ (L1)n+1 and χ = (ẽ1∗L10 ẽ1)∗L10 ẽn+1 ∈ (L1)n+1. Then by Re-
mark 1.2.3.2.(v) and ξ ◦ µL

X = ξ ◦ Lξ, the above cell ǔ∗X0 w is of type

ξ

(
ϕ,

[
ǔ u v1

x y

])
→ ξ

(
ϕ,

[
ǔ u v2

x y

])
(note that v1 and v2 are (n+ 1)-cells of X). Hence its ϕ-to-χ padding is an equivalence (n+ 2)-cell

w′ : (ǔ∗X0 u)∗X0 v1 → (ǔ∗X0 u)∗X0 v2

of X. We can now compose w′ with the equivalence 2-cell q∗X0 tX1 (v1) = q∗X0 tX1 (v2) of X and obtain the
equivalence (n+ 2)-cell

w′∗X1
(
q∗X0 tX1 (v1)

)
:
(
(ǔ∗X0 u)∗X0 v1

)
∗X1
(
q∗X0 tX1 (v1)

)
→
(
(ǔ∗X0 u)∗X0 v2

)
∗X1
(
q∗X0 tX1 (v2)

)
of X. Let ϕ′ = (ẽ1∗L10 ẽn+1)∗L11 (ẽ2∗L10 ẽ1) ∈ (L1)n+1 and χ′ = (ẽ2∗L10 ẽ1)∗L11 (ẽ1∗L10 ẽn+1) ∈ (L1)n+1. Then, again
by Remark 1.2.3.2.(v) and ξ ◦ µL

X = ξ ◦ Lξ, the cell w′∗X1 (q∗X0 tX1 (v1)) has the type

ξ

(
ϕ′,

[
q v1

y

])
→ ξ

(
ϕ′,

[
q v2

y

])
.

(See Example 1.1.3.10 for the calculation of the multiplication of the shapes of ϕ′ and χ′.) Therefore, its ϕ′-to-χ′

padding is an equivalence (n+ 2)-cell of type(
q∗X0 sX1 (v1)

)
∗X1
(
idX1 (y)∗X0 v1

)
→
(
q∗X0 sX1 (v2)

)
∗X1
(
idX1 (y)∗X0 v2

)
,

which can also be written as(
q∗X0 sX1 (v1)

)
∗X(y,z)
0

(
idX1 (y)∗X0 v1

)
→
(
q∗X0 sX1 (v2)

)
∗X(y,z)
0

(
idX1 (y)∗X0 v2

)
.

Using the inductive hypothesis to the weak ω-category X(y, z) and the equivalence 1-cell q∗X0 sX1 (v1) in X(y, z),
we obtain idX1 (y)∗X0 v1 ∼ idX1 (y)∗X0 v2. By Lemma 3.2.2.5, we conclude v1 ∼ v2. □
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Observe that, thanks to Corollary 1.2.4.3, the above lemma immediately generalises to maps of the form
u∗Xk−1(−) where u is an equivalence k-cell in X with k ≥ 1: for any n ≥ k and any parallel pair (v1, v2) of
n-cells of X such that sXk−1(v1) = sXk−1(v2) = tXk−1(u), u∗Xk−1v1 ∼ u∗Xk−1v2 implies v1 ∼ v2.

Before moving on to (Step 3), we need to prove the following lemmas.

Lemma 3.2.2.8. In the situation of Construction 3.2.2.4, suppose further that we are given:

• an (n+ 1)-dimensional pasting scheme k̇ : k→ k,
• (n+ 1)-dimensional pasting instructions ϕ̇ : ϕ→ ϕ, χ̇ : χ→ χ of arity k̇, and
• an (n+ 1)-dimensional pasting diagram w : u→ v of shape k̇ in X

such that w = ξ(ϕ̇,w). Then there exists an equivalence (n + 2)-cell in X from the ϕ-to-χ padding wn+1 to
ξ(χ̇,w). ⌟

Remark 3.2.2.9. We can think of this lemma as stating a kind of naturality of the padding construction as
a “transformation” from “paste according to ϕ̇” to “paste according to χ̇.” For example, the case n = 1 may be
visualised as follows:

• •

• •

ℓ2

ℓ1 r1

ξ(χ, v)

ξ(χ, u)

ξ(ϕ, v)

ξ(ϕ, u)

ξ(ϕ̇,w)

ξ(χ̇,w)

r2

The lemma yields an equivalence 3-cell from the ϕ-to-χ padding of w = ξ(ϕ̇,w) (obtained by pasting all faces
but the bottom) to ξ(χ̇,w) (the bottom face), filling the interior of this ‘naturality’ cylinder from ξ(ϕ̇,−) to
ξ(χ̇,−). ⌟

Proof of Lemma 3.2.2.8. Recall the cells λi, ρi ∈ (L1)i, ϕi ∈ (L1)n, ℓi, ri ∈ Xi, and wi ∈ Xn+1 (1 ≤ i ≤ n+ 1)
defined in Construction 3.2.2.4. Let ϕ̇0 = ϕ̇ : ϕ→ ϕ. By induction on 1 ≤ i ≤ n+ 1, we define

ϕ̇i = λi∗L1i−1(ϕ̇i−1∗L1i−1ρi);

the expression on the right-hand side is well typed because we have ϕ̇i : ϕi → ϕi in L1 for each 1 ≤ i ≤ n, as
can be seen by applying Proposition 1.2.3.10 inductively. When i = n+1, we have ϕ̇n+1 : χ→ χ. We also have
ar(ϕ̇i) = k̇ and wi = ξ(ϕ̇i,w) for each 1 ≤ i ≤ n+ 1; the latter can be checked inductively as follows:

wi = ℓi∗Xi−1(wi−1∗Xi−1ri)

= ξ
(
λi, id

TX
i (sTX

i−1(w))
)
∗Xi−1

(
ξ(ϕ̇i−1,w)∗Xi−1ξ

(
ρi, id

TX
i (tTX

i−1(w))
))

= ξ
((

λi, id
TX
i (sTX

i−1(w))
)
∗LXi−1

(
(ϕ̇i−1,w)∗LXi−1

(
ρi, id

TX
i (tTX

i−1(w))
)))

= ξ
(
λi∗L1i−1(ϕ̇i−1∗L1i−1ρi),w

)
= ξ(ϕ̇i,w).

In particular, the ϕ-to-χ padding of w can be written as wn+1 = ξ(ϕ̇n+1,w). Since χ̇ is parallel to ϕ̇n+1 in L1,
the desired equivalence (n+ 2)-cell may be obtained using coherence (Proposition 2.3.7). □

Lemma 3.2.2.10. In the situation of Construction 3.2.2.4, suppose we are given another (n+1)-cell w′ : ξ(ϕ,u)→
ξ(ϕ, v). Then the ϕ-to-χ paddings of w and w′ are connected by an equivalence (n+2)-cell if and only if w and
w′ themselves are. ⌟
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Proof. We are whiskering w and w′ with exactly the same (invertible) pads, so the ‘if’ and ‘only if’ directions
follow from Theorem 2.4.7 and Lemma 3.2.2.6 respectively. □

Now we are ready to prove (Step 3).

Lemma 3.2.2.11. Let (X, ξ) be a weak ω-category and let y, z ∈ X0. Then the whiskering map

X
(
idX1 (y), z

)
: X(y, z) X(y, z)

is essentially ω-surjective. ⌟

Proof. The unit law (Proposition 2.4.3) implies that X
(
idX1 (y), z

)
is essentially 0-surjective. Let n ≥ 1,

s, t ∈ Xn be parallel n-cells which are in X(y, z), and suppose there exists an (n+ 1)-cell

u : idX1 (y)∗X0 s→ idX1 (y)∗X0 t

in X. Define v : s→ t to be the
(
idL11 (ẽ0)∗L10 ẽn

)
-to-ẽn padding of u. We wish to prove

idX1 (y)∗X0 v ∼ u.

By Lemma 3.2.2.10, it suffices to provide an equivalence (n + 2)-cell between the
(
idL11 (ẽ0)∗L10 ẽn

)
-to-

ẽn paddings of both sides, but this padding of the right-hand side is precisely v. Since we can write v as
v = ξ(ẽn+1,

[
v
]
), the desired equivalence (n+ 2)-cell can be obtained by applying Lemma 3.2.2.8 to

• ϕ̇ = idL11 (ẽ0)∗L10 ẽn+1,
• χ̇ = ẽn+1, and
• w =

[
v
]
. □

Finally we can prove (Step 4). We note that combining it with Lemma 3.2.2.6 yields a generalisation of
[LMW10, Lemma 4.6] from strict ω-categories to weak ω-categories.

Theorem 3.2.2.12. Let X be a weak ω-category, x, y, z ∈ X0, and u : x → y an equivalence 1-cell. Then the
whiskering map

X(u, z) : X(y, z) X(x, z)

is essentially ω-surjective. ⌟

Remark 3.2.2.13. The following diagrams summarise the idea of the inductive step in the proof:

y

x

y z

ǔ u

idX
1 (y)

v1q

∗X1

y y z
idX

1 (y)

v1

v2

∃w

∼

y x

y

y

z
ǔ

u

u

v1

v2

w

∗X1

y

x

y z

ǔ u

idX
1 (y)

v2q

More precisely, they depict the two sides of (3.2.2.13.6) below in the case n = 1 with all paddings suppressed. ⌟

Proof of Theorem 3.2.2.12. We prove the statement
for any weak ω-category (X, ξ), any x, y, z ∈ X0, and any equivalence 1-cell u : x→ y in X, the
whiskering map X(u, z) : X(y, z) X(x, z) is essentially n-surjective (3.2.2.13.1)

by induction on n ∈ N.

For the base case n = 0, let (X, ξ), x, y, z, and u be as in (3.2.2.13.1), and let ǔ : y → x be an inverse of u.
Take any w ∈ (X(x, z))0. Then we have

w ∼ idX1 (x)∗X0 w ∼ (u∗X0 ǔ)∗X0 w ∼ u∗X0 (ǔ∗X0 w)

and this completes the base case. (Note that, for a higher dimensional w, no two of the four expressions in the
above displayed line necessarily yield parallel cells. In particular, the two sides of the second ‘∼’ may not be
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parallel even when X is a strict ω-category. Our inductive step below overcomes this problem in exactly the
same way as the strict case [LMW10, Lemma 4.6].)

For the inductive step, let n ≥ 1 and let (X, ξ), x, y, z, and u be as in (3.2.2.13.1), and let ǔ : y → x be an
inverse of u, with equivalence 2-cell q : ǔ∗X0 u → idX1 (y) of X. Let (v1, v2) be a parallel pair of (n − 1)-cells of
X(y, z) and let w : u∗X0 v1 → u∗X0 v2 be an n-cell of X(x, z). We wish to find an n-cell w : v1 → v2 of X(y, z)
such that

u∗X0 w ∼ w. (3.2.2.13.2)
To this end, we shall consider conditions (3.2.2.13.3)–(3.2.2.13.6) on an n-cell w : v1 → v2 of X(y, z), show that
they are all equivalent to (3.2.2.13.2), and observe that there exists w satisfying the last condition (3.2.2.13.6)
(hence also (3.2.2.13.2)).

By the essential ω-injectivity of whiskering with ǔ (Lemma 3.2.2.6), (3.2.2.13.2) is equivalent to

ǔ∗X0 (u∗X0 w) ∼ ǔ∗X0 w. (3.2.2.13.3)

Let ϕ = ẽ1∗L10 (ẽ1∗L10 ẽn) and χ = (ẽ1∗L10 ẽ1)∗L10 ẽn. Then (3.2.2.13.3) relates two cells of type

ξ

(
ϕ,

[
ǔ u v1

x y

])
→ ξ

(
ϕ,

[
ǔ u v2

x y

])
.

Hence, thanks to Lemma 3.2.2.10, (3.2.2.13.3) is equivalent to the existence of an equivalence (n+2)-cell between
their ϕ-to-χ paddings. Combining this observation with Lemma 3.2.2.8, we see that (3.2.2.13.3) is equivalent to

(ǔ∗X0 u)∗X0 w ∼ v′, (3.2.2.13.4)

where v′ is the ϕ-to-χ padding of the right-hand side of (3.2.2.13.3).

By the essential ω-injectivity of whiskering with q∗X0 tX1 (w) (Lemma 3.2.2.6 applied to X(y, z)), (3.2.2.13.4)
is in turn equivalent to (

(ǔ∗X0 u)∗X0 w
)
∗X1
(
q∗X0 tX1 (w)

)
∼ v′∗X1

(
q∗X0 tX1 (w)

)
. (3.2.2.13.5)

Note that tX1 (w) is either equal to v2 (when n = 1) or to tX1 (v1) = tX1 (v2) (when n ≥ 2), and hence the
right-hand side of (3.2.2.13.5) does not depend on w.

Observe that the left-hand side of (3.2.2.13.5) can be written as

ξ

(
(ẽ1∗L10 ẽn+1)∗L11 (ẽ2∗L10 ẽ1),

[
q w

y

])
.

Thus again by applying Lemmas 3.2.2.8 and 3.2.2.10, this time to the pasting instructions

ϕ′ = (ẽ1∗L10 ẽn)∗L11 (ẽ2∗L10 ẽ1) and

χ′ = (ẽ2∗L10 ẽ1)∗L11 (ẽ1∗L10 ẽn),

we see that (3.2.2.13.5) is equivalent to(
q∗X0 sX1 (w)

)
∗X1
(
idX1 (y)∗X0 w

)
∼ v′′ (3.2.2.13.6)

where v′′ is the ϕ′-to-χ′ padding of the right-hand side of (3.2.2.13.5). But ∗X1 in the left-hand side can be
replaced by ∗X(y,z)

0 thanks to Corollary 1.2.4.3, so the essential (n−1)-surjectivity of whiskering with q∗X0 sX1 (w)
(in X(y, z); note again that sX1 (w) is either equal to v1 or to sX1 (v1) = sX1 (v2)) and Lemma 3.2.2.11 imply that
we can construct w : v1 → v2 satisfying (3.2.2.13.6). This completes the proof. □

We can also prove the converse to this theorem (although we will not use this converse in what follows).

Proposition 3.2.2.14. Let (X, ξ) be a weak ω-category and u : x → y a 1-cell in X. Suppose that the
whiskering map

X(u, z) : X(y, z) X(x, z)

is essentially ω-surjective for all z ∈ X0. Then u is invertible in X. ⌟

Proof. Since X(u, x) : X(y, x) X(x, x) is essentially 0-surjective, there exists ǔ : y → x such that u∗X0 ǔ ∼
idX1 (x). We wish to show ǔ∗X0 u ∼ idX1 (y).

Observe that the images of ǔ∗X0 u and idX1 (y) under X(u, y) : X(y, y) X(x, y) are connected by the
following chain of invertible 2-cells:

u∗X0 (ǔ∗X0 u) ∼ (u∗X0 ǔ)∗X0 u ∼ idX1 (x)∗X0 u ∼ u ∼ u∗X0 idX1 (y)

It thus suffices to prove that X(u, y) reflects equivalence cells.
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We will apply Proposition 3.2.1.8 to X(u, y). Since we already know that X(u, y) is essentially ω-surjective,
we only need to check that it satisfies 3.2.1.8.(ii) and 3.2.1.8.(iii). They both are straightforward consequences
of coherence (Proposition 2.3.7); for example, given a pair v, v′ of n-cells in X(y, y) composable along the
(n− 1)-dimensional boundary, we have

u∗X0
(
v∗X(y,y)

n−1 v′
)
= u∗X0 (v∗Xn v′)

= ξ

(
ẽ1∗L10 (ẽn+1∗L1n ẽn+1),

[
u v v′

y tXn (v)

])
∼ ξ

(
(ẽ1∗L10 ẽn+1)∗L1n (ẽ1∗L10 ẽn+1),

[
u v v′

y tXn (v)

])
= (u∗X0 v)∗Xn (u∗X0 v′) (Remark 1.2.3.2.(v) and ξ ◦ µL

X = ξ ◦ Lξ)

= (u∗X0 v)∗X(x,y)
n−1 (u∗X0 v′),

which proves that X(u, y) satisfies 3.2.1.8.(iii). The calculation for 3.2.1.8.(ii) is similar. □

3.2.3. The 2-out-of-3 property. Now we are ready to complete the proof of the 2-out-of-3 property.

Lemma 3.2.3.1. Let X,Y be weak ω-categories, f : X Y be a strict ω-functor, u : x→ x′ be a 1-cell of X,
and x′′ be a 0-cell of X. Then the following diagram of globular maps commutes:

X(x′, x′′) Y (fx′, fx′′)

X(x, x′′) Y (fx, fx′′)

fx′,x′′

X(u,x′′) Y (fu,fx′′)

fx,x′′

⌟

Proof. Given any cell v in X(x′, x′′), we have(
Y (fu, fx′′) ◦ fx′,x′′

)
(v) = fu∗Y0 fv

= f(u∗X0 v) (Lemma 1.2.3.3)

=
(
fx,x′′ ◦X(u, x′′)

)
(v). □

The following implies (C) of the 2-out-of-3 property.

Lemma 3.2.3.2. Let n ∈ N, X,Y, Z be weak ω-categories, f : X Y be a globular map, and g : Y Z be
a strict ω-functor. If f and gf are essentially n-surjective, then so is g. ⌟

Proof. We prove this by induction on n.

The base case n = 0 is easy and only requires the essential 0-surjectivity of gf .

For the inductive step, let n > 0. Let y, y′ ∈ Y0. We want to show that gy,y′ : Y (y, y′) Z(gy, gy′) is
essentially (n − 1)-surjective. Since f is essentially 0-surjective, there exist x, x′ ∈ X0 and equivalence 1-cells
u : y → fx and u′ : fx′ → y′ in Y . Consider the following diagram of globular maps.

X(x, x′) Y (fx, fx′) Z(gfx, gfx′)

Y (y, y′) Z(gy, gy′)

fx,x′

(gf)x,x′

Y (u,u′)

gfx,fx′

Z(gu,gu′)

gy,y′

Here, Y (u, u′) = Y (y, u′) ◦ Y (u, fx′) and Z(gu, gu′) = Z(gy, gu′) ◦ Z(gu, gfx′). Then the above diagram
commutes by Lemma 3.2.3.1 and its dual.

Since fx,x′ and (gf)x,x′ are essentially (n − 1)-surjective, gfx,fx′ is essentially (n − 1)-surjective by the
inductive hypothesis. Since Z(gu, gu′) is essentially ω-surjective by Theorem 3.2.2.12, Z(gu, gu′) ◦ gfx,fx′ =
gy,y′ ◦Y (u, u′) is essentially (n−1)-surjective by Remark 3.2.2.2 and Lemma 3.2.1.6. Since Y (u, u′) is essentially
ω-surjective by Theorem 3.2.2.12, gy,y′ is essentially (n− 1)-surjective by the inductive hypothesis. □
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Theorem 3.2.3.3. Let f : X Y and g : Y Z be strict ω-functors between weak ω-categories. If two of
f , g, and gf are ω-weak equivalences, then so is the third. ⌟

Proof. This follows from Lemmas 3.2.3.2, 3.2.1.6 and 3.2.1.7. □

We can also establish the stronger 2-out-of-6 property (so we have a homotopical category in the sense of
[Dwy+04]).

Corollary 3.2.3.4 (2-out-of-6). Let f : X Y , g : Y Z, and h : Z W be strict ω-functors between
weak ω-categories. Suppose that gf and hg are ω-weak equivalences. Then f, g, h, and hgf are also ω-weak
equivalences. ⌟

Proof. We will show that hgf is an ω-weak equivalence; the rest will follow by the 2-out-of-3 property.

To see that hgf is essentially 0-surjective, let w ∈ W0. Since hg is essentially 0-surjective, there exists
y ∈ Y0 with hgy ∼ w. Moreover, since gf is essentially 0-surjective, there exists x ∈ X0 such that gfx ∼ gy.
Then we have hgfx ∼ hgy ∼ w by Proposition 2.3.1.

By applying the above argument to the hom weak ω-categories, we can deduce that hgf is essentially
n-surjective for all n ∈ N. □

3.2.4. Other properties of ω-weak equivalences. Here we collect miscellaneous properties of ω-weak
equivalences.

Recall the notion of essential n-injectivity from Definition 3.2.2.3.

Lemma 3.2.4.1. Let n ∈ N, X,Y be weak ω-categories, and f : X Y be a globular map reflecting
equivalence cells. If f is essentially (n+ 1)-surjective, then f is essentially n-injective. ⌟

Proof. We prove this by induction on n.

The base case n = 0 can be proved as follows. Suppose that f : X Y is essentially 1-surjective. Let
x, x′ ∈ X0 be 0-cells such that there exists an equivalence 1-cell u : fx → fx′ in Y . Then there exists a 1-cell
u : x→ x′ in X such that fu ∼ u. By Corollary 2.4.16, fu is invertible, and since f reflects equivalence cells, u
is invertible. Therefore we have x ∼ x′.

For the inductive step, let n > 0 and suppose that f : X Y is essentially (n + 1)-surjective. Then for
each x, x′ ∈ X0, fx,x′ is essentially n-surjective. By the inductive hypothesis, fx,x′ is essentially (n−1)-injective.
Hence f is essentially n-injective. □

Definition 3.2.4.2. Any ω-weak equivalence is essentially ω-injective. ⌟

Proof. This follows from Proposition 3.2.1.8 and Lemma 3.2.4.1. □

Proposition 3.2.4.3 (cf. [LMW10, Lemma 4.12] and [Ara+25, Proposition 20.1.18]). The class of ω-weak
equivalences is closed under retracts in the arrow category Wk-ω-Cats

2. More generally, if n ∈ N and if

X X ′ X

Y Y ′ Y

IdX

i

f

p

f ′ f

IdY

j q

is a commutative diagram of globular maps between (the underlying globular sets of) weak ω-categories such
that q preserves equivalence cells, then f is essentially n-surjective whenever f ′ is. ⌟

Proof. We prove the latter statement by induction on n.

The base case n = 0 is shown as follows. Take any y ∈ Y0. Then we obtain jy ∈ Y ′
0 . Since f ′ is essentially

0-surjective, there exist x′ ∈ X ′
0 and an equivalence 1-cell u : f ′x′ → jy in Y ′. The 1-cell qu : qf ′x′ → qjy in Y

is invertible by the assumption. Since qf ′x′ = fpx′ and qjy = y, we have fpx′ ∼ y for px′ ∈ X0, as desired.
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For the inductive step, let n > 0. For each x, x′ ∈ X0, we have the commutative diagram

X(x, x′) X ′(ix, ix′) X(x, x′)

Y (fx, fx′) Y ′(f ′ix, f ′ix′) Y (fx, fx′)

IdX(x,x′)

ix,x′

fx,x′

pix,ix′

f ′
ix,ix′ fx,x′

IdY (fx,fx′)

jfx,fx′ qf′ix,f′ix′

of globular maps between weak ω-categories. Since f ′
ix,ix′ is essentially (n − 1)-surjective, so is fx,x′ , by the

inductive hypothesis. □

Proposition 3.2.4.4 (cf. [LMW10, Lemma 4.12] and [Ara+25, Proposition 20.1.19]). The class of ω-weak
equivalences is closed under filtered colimits in the arrow category Wk-ω-Cats

2 and transfinite compositions
in Wk-ω-Cats. ⌟

Proof. The proof is almost identical to that of [Ara+25, Proposition 20.1.19]. The only thing we must check is
that the forgetful functor Wk-ω-Cats → GSet preserves filtered colimits. This follows from the fact that the
functor L: GSet GSet preserves filtered colimits, which we established in Proposition 1.2.3.4. □

3.3. Weak ω-weak equivalences

Whereas the notion of ω-weak equivalence we have studied so far is natural from the viewpoint of model
category theory (cf. [LMW10]), the requirement that an ω-weak equivalence should be a strict ω-functor is
too restrictive as a fully general notion of ‘equivalence’ between weak ω-categories, i.e., as a suitable higher-
dimensional analogue of a biequivalence between bicategories or a triequivalence between tricategories. In this
section, we define and study a more general class of weak ω-weak equivalences, which are weak ω-functors [Gar10]
with suitable essential ω-surjectivity. In particular, we show that they also satisfy the 2-out-of-3 property. For
the sake of clarity, in this section we call ω-weak equivalences in the sense of Definition 3.2.1.3 strict ω-weak
equivalences.

3.3.1. Weak ω-functors. We first recall the definition of weak ω-functor in the sense of Garner [Gar10],
which is based on the theory of awfs [Gar09b; BG16a; BG16b]. We are, however, based on the notion of
algebraic injectivity, which is prepared in Section 1.3. For weak functors, we are walking on the category
C = Wk-ω-Cats, and for the indexed family K, we take I that is defined in Example 1.3.3.

Definition 3.3.1.1. An algebraic trivial fibration is an algebraically I-injective morphism in the sense of
Definition 1.3.6. ⌟

Definition 3.3.1.2. Let I ∈ Set ↓Wk-ω-Cats
2 be the set of boundary inclusions ιn : ∂Gn Gn for n ∈ N,

defined in Example 1.3.3. We define the weak ω-functor classifier comonad Q = (Q, ε, δ) as the algebraically
I-cellular replace comonad on Wk-ω-Cats in the sense of Proposition 1.3.20.

We write κQ
X for the canonical I-lifting structure on the counit εX : QX X that has the universality

as the free object with respect to the codomain functor cod: I-AIMor Wk-ω-Cats, which is unpacked in
Construction 1.3.17. ⌟

Remark 3.3.1.3. As observed for the non-algebraic case in Example 1.3.3, I-lifting structures on a strict
ω-functor f : X Y may be identified with Io-lifting structures on the underlying globular map of f . Using
this identification, and writing ιn simply as n for brevity, we regard κQ

X as a function which, to each n ≤ 0,
each parallel pair u : ∂Gn QX, and each n-cell v : Gn X such that (sXn−1(v), t

X
n−1(v)) = εX ◦ u, assigns

an n-cell κQ
X(n;u, v) in QX. ⌟

By Corollary 1.2.3.5 and Proposition 1.3.21, such a comonad exists and coincides with the cofibrant re-
placement comonad in the sense of [Gar10; BG16b]. Therefore, the following notion of weak ω-functor agrees
with that of [Gar10] and the notion of weak map in [BG16b].

Definition 3.3.1.4 ([Gar10]). Let X and Y be weak ω-categories. A weak ω-functor from X to Y is a strict
ω-functor QX Y . The category Wk-ω-Catw of weak ω-categories and weak ω-functors is defined as the
(co-)Kleisli category of the comonad Q. ⌟
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We write a weak ω-functor p from X to Y as p : X Y . By definition, it is a strict ω-functor from QX
to Y ; we call the latter the classifying strict ω-functor of p, and denote it by ps : QX Y . The composite
of weak ω-functors p : X Y and q : Y Z, denoted by p # q = q ◦ p : X Z, is defined by specifying its
classifying strict ω-functor (q ◦ p)s as the composite

QX
δX QQX

Qps
QY

qs
Z.

in Wk-ω-Cats.

We have the identity-on-objects right adjoint functor J : Wk-ω-Cats Wk-ω-Catw associated with the
Kleisli category Wk-ω-Catw. It maps each strict ω-functor f : X Y to the weak ω-functor Jf classfied by
(Jf)s = f ◦ εX : QX Y .

3.3.2. Weak ω-weak equivalences.

Definition 3.3.2.1. Let X and Y be weak ω-categories. A weak ω-weak equivalence from X to Y is a weak
ω-functor p : X Y whose classifying strict ω-functor ps : QX Y is an ω-weak equivalence in the sense of
Definition 3.2.1.3. ⌟

Recall that the binary relation ∼ on the set of cells of a weak ω-category, defined by the existence of an
equivalence cell (see Definition 2.2.1), is reflexive (see Corollary 2.4.13). This implies the following:

Lemma 3.3.2.2. Any trivial fibration between weak ω-categories is a strict ω-weak equivalence. ⌟

Therefore, the trivial fibration εX is a strict ω-weak equivalence, and hence Theorem 3.2.3.3 implies the
following:

Lemma 3.3.2.3. A strict ω-functor f : X Y is a strict ω-weak equivalence if and only if the corresponding
weak ω-functor Jf : X Y is a weak ω-weak equivalence. ⌟

The comonad (Q, ε, δ) on Wk-ω-Cats is compatible with the strict ω-weak equivalences in the following
sense.

Proposition 3.3.2.4. For each weak ω-category X, the components εX : QX X and δX : QX → QQX
are strict ω-weak equivalences, and the functor Q : Wk-ω-Cats Wk-ω-Cats preserves and reflects strict
ω-weak equivalences. ⌟

Proof. We have already seen that εX is a strict ω-weak equivalence. One of the axioms for a comonad states
that the diagram

QX QQX

QX

δX

εQX

commutes. Since IdQX and εQX are strict ω-weak equivalences, so is δX by Theorem 3.2.3.3. Moreover, for any
strict ω-functor f : X Y , the diagram

QX QY

X Y

Qf

εX εY

f

commutes. Hence by Theorem 3.2.3.3, f is a strict ω-weak equivalence if and only if Qf is. □

Now it is straightforward to show that the class of weak ω-weak equivalences has the 2-out-of-3 property
(in the category Wk-ω-Catw).

Proposition 3.3.2.5 (2-out-of-3 for weak ω-weak equivalences). Let p : X Y and q : Y Z be weak
ω-functors between weak ω-categories. If two of p, q, and q ◦ p are weak ω-weak equivalences, then so is the
third. ⌟

Proof. Consider the commutative diagram

QX Z

QQX QY

(q◦p)s

δX

Qps

qs
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in Wk-ω-Cats. It is easy to see that if two of ps, qs, and (q ◦ p)s are strict ω-weak equivalences, then so is the
third, using Proposition 3.3.2.4 and Theorem 3.2.3.3. □

Corollary 3.3.2.6 (2-out-of-6 for weak ω-weak equivalences). Let p : X Y , q : Y Z, and r : Z W
be weak ω-functors between weak ω-categories. Suppose that q ◦ p and r ◦ q are weak ω-weak equivalences.
Then p, q, r, and r ◦ q ◦ p are also weak ω-weak equivalences. ⌟

Proof. We will show that r ◦ q ◦ p is a weak ω-weak equivalence; the rest will follow by the 2-out-of-3 property
for weak ω-weak equivalences.

The classifying strict ω-functor (r ◦ q ◦ p)s of r ◦ q ◦ p is the composite of

QX
δX QQX

QδX QQQX
QQps

QQY
qs

QZ
rs W

in Wk-ω-Cats. Since δX and QδX are strict ω-weak equivalences by Proposition 3.3.2.4, it suffices to show that
rs ◦Qqs ◦QQps is a strict ω-weak equivalence. Since q◦p is a weak ω-weak equivalence, qs ◦Qps is a strict ω-weak
equivalence. Hence so is Qqs ◦QQps, by Proposition 3.3.2.4. Since r ◦ q is a weak ω-weak equivalence, rs ◦Qqs is
a strict ω-weak equivalence. Therefore rs ◦ Qqs ◦ QQps is a strict ω-weak equivalence by Corollary 3.2.3.4. □

We also have a characterisation of weak ω-weak equivalences along the lines of Proposition 3.2.1.4. We first
note the following fact. The proof is deferred to Section A.3.

Proposition 3.3.2.7. For each weak ω-categry X, the strict ω-functor εX : QX → X is bijective on objects. ⌟

From now on, we identify the objects of QX with those of X via εX . We recall from [CF22, Section 5] that,
given any weak ω-functor p : X Y between weak ω-categories and x, x′ ∈ X0, we obtain a weak ω-functor
px,x′ : X(x, x′) Y (px, px′) between the hom weak ω-categories as follows. For each x, x′ ∈ X0, we obtain an
algebraically I-injective morphism(

(εX)x,x′ : (QX)(x, x′)→ X(x, x′), (κQ
X)x,x′

)
by restricting (εX , κQ

X). Indeed, a commutative square

∂Cn (QX)(x, x′)

Cn X(x, x′)

Fιn (εX)x,x′

can be identified with a commutative square

∂Cn+1 QX

Cn+1 X

⟨u,v⟩

ιn+1 εX

w

with sX0 (u) = sX0 (v) = sX0 (w) = x and tX0 (u) = tX0 (v) = tX0 (w) = x′. The latter square admits a lift

k = κQ
X (n+ 1; ⟨u, v⟩, w)

which necessarily satisfies sX0 (k) = x and tX0 (k) = x′, and we can set the lift of the former square to be the map
corresponding to this k.

On the other hand, the initial algebraically I-injective morphism over X(x, x′) is(
εX(x,x′) : Q (X(x, x′)) X(x, x′), κQ

X(x,x′)

)
,

and hence we obtain a unique strict ω-functor (αX)x,x′ : Q (X(x, x′)) (QX)(x, x′) such that(
(αX)x,x′ , IdX(x,x′)

)
:
(
εX(x, x′), κQ

X(x,x′)

) (
(εX),(κ

Q
X)x,x′

)
is a morphism in I-AIMor. In particular, (αX)x,x′ makes the diagram

Q (X(x, x′)) (QX)(x, x′)

X(x, x′)

(αX)x,x′

εX(x,x′) (εX)x,x′
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commute, and hence is a strict ω-weak equivalence by Proposition 3.2.1.4 and Theorem 3.2.3.3. The weak
ω-functor px,x′ : X(x, x′) Y (px, px′) is defined by setting its classifying strict ω-functor (px,x′)s to be the
composite of

Q (X(x, x′))
(αX)x,x′

(QX)(x, x′)
(ps)x,x′

Y (px, px′)

We now give the characterisation of weak ω-weak equivalences alluded to just above Proposition 3.3.2.7.
We say that a weak ω-functor is essentially 0-surjective if its classifying strict ω-functor is so.

Proposition 3.3.2.8. A weak ω-functor p : X ⇝ Y between weak ω-categories is a weak ω-weak equivalence if
and only if it is essentially 0-surjective and the induced weak ω-functor px,x′ : X(x, x′) Y (px, px′) is a weak
ω-weak equivalence for each x, x′ ∈ X0. ⌟

Proof. Since (αX)x,x′ is a strict ω-weak equivalence, (ps)x,x′ is a strict ω-weak equivalence if and only if (px,x′)s
is, by Theorem 3.2.3.3. Therefore the claim follows from Proposition 3.2.1.4. □

Remark 3.3.2.9. Just like the strict case mentioned in Remark 3.2.1.5, the statement of Proposition 3.3.2.8
can be taken as a coinductive definition of weak ω-weak equivalences. Define the monotone map

Ψ : ℘ (Mor(Wk-ω-Catw)) ℘ (Mor(Wk-ω-Catw))

by mapping S ⊆ Mor(Wk-ω-Catw) to the set Ψ(S) of all weak ω-functors which are essentially 0-surjective
and locally in S, i.e.,

Ψ(S) =
{
(p : X Y ) ∈ Mor(Wk-ω-Catw)

∣∣ p is essentially 0-surjective and

we have
(
px,x′ : X(x, x′) Y (fx, fx′)

)
∈ S for each x, x′ ∈ X0

}
.

Then the set E of all weak ω-weak equivalences is the greatest (post-)fixed point νΨ of Ψ. Indeed, Proposi-
tion 3.3.2.8 says that we have E = Ψ(E), which implies E ⊆ νΨ. On the other hand, given S ⊆ Mor(Wk-ω-Catw)
with S ⊆ Ψ(S), one can show that the classifying strict ω-functor ps of each p ∈ S is essentially n-surjective,
by induction on n ∈ N. (In the inductive step, apply Lemma 3.2.3.2 to the commutative triangle

(QX)(x, x′)

Q (X(x, x′)) Y (px, px′)

(ps)x,x′(αX)x,x′

(px,x′)
s

in Wk-ω-Cats.) Therefore we have S ⊆ E, and hence E is the greatest (post-)fixed point νΨ of Ψ. ⌟

3.3.3. Weak ω-weak equivalences via underlying globular maps. Let us consider the relationship
between the weak ω-weak equivalences and similar known notions in low dimensions, such as biequivalences be-
tween bicategories and triequivalences between tricategories. Recall that in low dimensions, notions of weak func-
tors (such as homomorphisms of bicategories [Bén67, Section 4] or trihomomorphisms of tricategories [GPS95,
Definition 3.2]) are commonly defined as globular maps between the underlying globular sets equipped with
coherence cells. (We define the underlying globular set of a weak n-dimensional category X for n ∈ N by setting
sXk , tXk : Xk+1 Xk to be the identity function for all k ≥ n.) For example, a homomorphism p : X Y
of bicategories is a globular map pg : X → Y between the underlying globular sets equipped with coherence
2-cells, such as an equivalence 2-cell pg(u)∗Y0 pg(u)→ pg(u∗X0 v) in Y for each composable pair of 1-cells (u, v) in
X. However, the definition of biequivalence only refers to the underlying globular map of a homomorphism: a
homomorphism p : X Y is a biequivalence if and only if its underlying globular map pg : X Y is essen-
tially 3-surjective [Str80, (1.33)], which implies that pg is essentially ω-surjective. Similarly, a trihomomorphism
p : X Y is a triequivalence if and only if its underlying globular map pg : X Y is essentially 4-surjective
[GPS95, Definition 3.5] (or equivalently, is essentially ω-surjective).

We characterise weak ω-weak equivalences in a similar fashion: we define the underlying globular map
pg : X Y of a weak ω-functor p : X Y (which is a genuine globular map X Y and is in particular
different from the classifying strict ω-functor ps : QX Y of p), and show that a weak ω-functor p : X Y
is a weak ω-weak equivalence if and only if its underlying globular map pg : X Y is essentially ω-surjective.

Hence our first goal is to define the operation of taking the underlying globular map of a weak ω-functor. We
would like this operation to be functorial, i.e., giving rise to a functor V : Wk-ω-Catw → GSet. This turns out to
be a consequence of an appropriate ‘change of base’ result for the notions Definition 1.3.6 and Proposition 1.3.20,
which is observed in the last part of Section 1.3.
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The following proposition ensures that, in the case of our interest, the codomain of the resulting functor is
indeed GSet.

Proposition 3.3.3.1. The cofibrant replacement comonad on GSet with respect to Io in Example 1.3.3 is
isomorphic to the identity comonad. ⌟

Proof. In view of Remark 1.3.19, it suffices to show that for each A ∈ GSet, the vertical identity (IdA, ωA) in
Io-AIMor is an initial object3 in the fibre Io-AIMorA. To this end, suppose that we are given an algebraic
trivial fibration (f : B A, κ) over A. Then a morphism h : A B in GSet determines a morphism
(h, IdA) : (IdA, ωA) (f, κ) in Io-AIMorA if and only if

• for each a ∈ A0, we have h(a) = κ(0; !B , a), where !B : ∅ B; and
• for each n > 0 and each c : a→ b in An, we have h(c) = κ (n; ⟨h(a), h(b)⟩, c).

In fact, these conditions define h inductively, which means that there exists precisely one such h. □

Applying Proposition 1.3.25 to the situation Example 1.3.3 of the free-forgetful adjunction GSet ⊥ Wk-ω-Cats
and Ko = Io, we obtain a canonical natural transformation

Wk-ω-Cats Wk-ω-Cats

GSet GSet

Q

UL UL

IdGSet

σ ⇒

such that (UL, σ) is a comonad opfunctor from (Wk-ω-Cats,Q) to (GSet, IdGSet). Concretely, for each weak
ω-category X, the globular map σX : X QX is obtained by applying the function κQ

X associated to εX
inductively:

• A 0-cell x of X is mapped to the 0-cell σX(x) = κQ
X(0; !QX , x) of QX where !QX : ∅ QX.

• For n ≥ 1, an n-cell u : x→ y in X is mapped to the n-cell σX(u) = κQ
X (n; ⟨σX(x), σX(y)⟩, u) : σX(x)→

σX(y) in QX.

By Proposition 3.3.3.1, it follows that (UL, σ) induces a functor V : Wk-ω-Catw GSet between the
Kleisli categories making the diagram

Wk-ω-Cats Wk-ω-Catw

GSet

J

UL V

commute, where J is the identity-on-objects functor mentioned at the end of Section 3.3.1. Explicitly, V maps
each weak ω-category to its underlying globular set, and each weak ω-functor p : X Y to the composite of the
globular map σX : X QX and the classifying strict ω-functor ps : QX Y , which we call the underlying
globular map pg of the weak ω-functor p. See also [Gar10, Sections 3 and 4], where a notion of weak functor
between tricategories in the style of Definition 3.3.1.4 is related to the classical definition of trihomomorphism,
and in which the underlying globular map of a weak functor is given by a similar construction.

Remark 3.3.3.2. One can also induce the functor V : Wk-ω-Catw GSet using the universal property of
Wk-ω-Catw given in [BG16b, Theorem 10], which is different from its universal property as a Kleisli category.
In this approach, it suffices to construct a double functor from I-AIMor to SpEpi(GSet), which is possible
because there exists a canonical double functor I-AIMor SpEpi(GSet). The latter corresponds to the
identity functor on GSet (again by [BG16b, Theorem 10]); see Proposition 3.3.3.1. ⌟

Proposition 3.3.3.3. Let p : X Y be a weak ω-functor between weak ω-categories. Then p is a weak ω-weak
equivalence if and only if its underlying globular map pg = ps ◦ σX : X Y is essentially ω-surjective. ⌟

Proof. Since εX ◦σX = IdX holds in GSet, the map σX : X QX is essentially ω-surjective by Lemma 3.2.1.7.
Hence ps : QX Y is essentially ω-surjective if and only if ps ◦σX : X Y is, by Lemmas 3.2.3.2 and 3.2.1.6.

□

Lemma 3.3.3.4. For each weak ω-category X, the globular map σX : X → QX preserves and reflects equiva-
lence cells. ⌟

3By Remark 1.3.18, it is always a terminal object, and hence a zero object in IoAIMorA. In particular, this concludes that
any algebraically Io-injective morphism over A has a canonical section.
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Proof. This follows from the fact that the retraction εX of σX , being a strict ω-weak equivalence, reflects and
preserves equivalence cells (Propositions 2.3.1 and 3.2.1.8). □

Proposition 3.3.3.5. The underlying globular map of a weak ω-functor preserves equivalence cells. ⌟

Proof. By Proposition 2.3.1 and Lemma 3.3.3.4. □

Proposition 3.3.3.6. The underlying globular map of a weak ω-weak equivalence reflects equivalence cells and
is essentially ω-injective. ⌟

Proof. The first statement follows from Proposition 3.2.1.8 and Lemma 3.3.3.4. The second statement follows
from the first, Proposition 3.3.3.3, and Lemma 3.2.4.1. □

Proposition 3.3.3.7. The class of weak ω-weak equivalences is closed under retracts in the arrow category
Wk-ω-Catw

2. ⌟

Proof. By Proposition 3.3.3.3, we can work at the level of underlying globular maps. We can apply Proposi-
tion 3.2.4.3 thanks to Proposition 3.3.3.5. □

Remark 3.3.3.8. Given a weak ω-weak equivalence p : X Y , one might expect to be able to construct its
(pseudo-)inverse q : Y X. Although this is entirely plausible, it seems rather difficult to actually achieve it
for the following two reasons.

Firstly, we do not currently have a way of constructing any weak ω-functor Y X from just the data of
p (even assuming the axiom of choice). The most natural approach seems to be somehow factorising the strict

ω-weak equivalence ps : QX Y as QX s Z
f

Y in such a way that f is an (algebraic) trivial fibration
and s is a strict ω-functor admitting a retraction r in Wk-ω-Cats. The initiality of the algebraic trivial fibration
εY : QY Y then induces the first factor of the following composite, which classifies the putative inverse q:

qs : QY Z r QX
εX X

The problem is obtaining the factorisation ps = fs. We can apply the small object argument to ps with respect
to I in Example 1.3.3, but then we do not know if i would have a retraction r. Instead of this ‘(cofibration,
trivial fibration)-factorisation,’ we might want to try the ‘(trivial cofibration, fibration)-factorisation,’ but in
this case we do not even know what the ‘generating trivial cofibrations’ should be.

Secondly, even if we can construct a weak ω-functor q : Y X, we do not know what it means for q to be
an inverse of p, let alone how to prove it. A potential approach might be to define a notion of pseudo-natural
equivalence using cylinders (and in particular a weak ω-categorical version of ΓX in [LMW10] and Section A.4),
although we currently have no concrete ideas beyond that. ⌟



CHAPTER 4

ω-equifibrations between strict and weak ω-categories

4.1. Introduction

The purpose of the present chapter is to introduce and study the notion of ω-equifibration, which is a weak
ω-categorical analogue of isofibrations between ordinary categories.

The definition of ω-equifibration is the ‘obvious’ one, namely a strict ω-functor f : X Y between weak
ω-categories is an ω-equifibration if and only if, for any (n − 1)-cell x in X and for any equivalence n-cell (in
the coinductive sense) u : fx → y in Y , there exists an equivalence n-cell ū : x → ȳ in X such that fū = u.
In the special case where both X and Y are ordinary categories, this recovers precisely the isofibrations, or
equivalently, precisely the fibrations in the folk model structure on Cat. With an eye towards constructing a
weak ω-categorical analogue of the folk model structure (cf. [LMW10; Lac02; Lac11]), our main result provides
a characterisation of ω-equifibrations between weak ω-categories via the right lifting property.

A subtle point here is that the above definition of ω-equifibration refers to the property, as opposed to a
structure, of u (or ū) being an equivalence. Recall (from Chapter 2, or from [LMW10] in the case of strict
ω-categories) that an n-cell u : a→ b in a weak ω-category is an equivalence if and only if there exist an n-cell
v : b → a and equivalence (n + 1)-cells p : u∗v → id(a) and q : v∗u → id(b); this seemingly circular definition
is formalised using coinduction. Although it is not difficult to construct a weak ω-category En with a specified
n-cell in such that

an n-cell u in a weak ω-category Y is an equivalence if and only if
there exists a strict ω-functor g : En Y with g(in) = u,

specifying such g necessarily involves choosing a witness to the fact that u is an equivalence. Therefore the
lifting property of the form

Cn−1 X

En Y

s(in) f

g

(where Cn−1 is the weak ω-category freely generated by a single (n − 1)-cell and s(in) is the strict ω-functor
picking out the (n − 1)-dimensional source of in) encodes that we can lift not only the equivalence n-cell, but
also the chosen witness (specified by g) through f , which is in general a stronger condition than f being an
ω-equifibration. In order for this lifting property to characterise precisely the ω-equifibrations, intuitively the
weak ω-category En must be ‘coherent’ so that for any equivalence n-cell u, the choice of corresponding g is
essentially unique (although the precise statement of this essential uniqueness is beyond the scope of this thesis).

Inspired by various known results (and conjectures) [Lac04; Lac11; UFP13; Ric20; Had+25], we provide two
solutions to this problem, or more precisely two characterisations of equivalences that lead to concrete models
for such ‘coherent’ En. The first of these two apparently weakens the original definition by allowing the left and
right inverses to be distinct. It still captures the same notion of equivalence essentially for the familiar reason
that, if a cell u : a→ b has a right inverse v and a left inverse w, then we have

v ∼ id(b)∗v ∼ (w∗u)∗v ∼ w∗(u∗v) ∼ w∗id(a) ∼ w

which implies that both v and w qualify as a two-sided inverse of u. In contrast, the second characterisation
apparently strengthens the original definition by asking for an additional witness for one of the triangular
identities. That this strengthening is only superficial can be deduced from the well-known special case in
dimension 2, namely that any equivalence in a bicategory can be upgraded to an adjoint equivalence.

Our homotopical intuition for why these two characterisations may yield models for ‘coherent’ En is as
follows. In the original definition, where we ask for the equivalence u to have a single inverse v and two
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witnesses p : u∗v → id(a) and q : v∗u→ id(b), topologically these cells form a sphere:1

a b

u

v

p

q

(4.1.0.0.1)

which is not contractible, and it is this homotopical non-triviality that spoils the essential uniqueness of g : En
Y corresponding to u. The first characterisation cuts open this sphere by separating the left and right inverses:

a bu

w

v

q

p

(4.1.0.0.2)

whereas the second characterisation attaches an extra 3-dimensional cell in the interior of the sphere, both of
which produce a contractible space.

We then investigate how our results relate to what is known about strict ω-categories. In particular, we
prove that a strict ω-functor between strict ω-categories is an ω-equifibration if and only if it is a fibration in
the folk model structure constructed by Lafont, Métayer, and Worytkiewicz [LMW10]. Consequently, by taking
either of the two families of models for ‘coherent’ En and reflecting them to the strict ω-categories, we obtain
an explicit generating set of folk trivial cofibrations. Moreover, for the version with separate left and right
inverses, the strict ω-categorical reflection of (a certain universal model of) E1 turns out to be isomorphic to
Ozornova and Rovelli’s coherent walking ω-equivalence ω̂E [OR24]. As a corollary, we recover the main theorem
of [Had+25], namely that ω̂E is weakly equivalent to the terminal strict ω-category in the folk model structure.

Outline of the chapter. We show in Section 4.2 that two definitions of equivalence cells in a weak ω-
category—one via a two-sided inverse and the other via separate left and right inverses—coincide. Then in
Section 4.3, we define ω-equifibrations and show that they can be characterised by the right lifting property
with respect to a suitable family J of strict ω-functors. More precisely, we give a general procedure to turn
a suitable family K of morphisms between marked weak ω-categories into such a set J , and then provide an
example KF of K based on the definition of equivalences via separate left and right inverses. (Another example
KH of K based on ‘half-adjoint’ equivalences is given in Section A.6.) Because this procedure involves choices
of factorisations, the set J is not completely determined by K. However, the algebraic small object argument
[Gar09b] provides a universal one among all possible J , and in particular we obtain a universal set JF of strict
ω-functors from KF . In Section 4.4, we give two explicit presentations of the morphisms in JF . The second of
these allows us to show that the strict ω-categorical reflection of the weak ω-category E1F appearing in JF is
isomorphic to Ozornova and Rovelli’s coherent walking ω-equivalence [OR24]. Finally, in Section 4.5, we show
that the ω-equifibrations between strict ω-categories coincide with the fibrations in the folk model structure
[LMW10].

Before getting into the main content of this chapter, we recollect some facts about (a special case of) the
(higher dimensional) whiskering operation, which are basically observed in the previous chapter.

4.1.1. Whiskering operations. Let X be a weak ω-category. We have the following operations, which
are special cases of Definition 1.2.3.8.

• Let 1 ≤ n < m be natural numbers. Given an n-cell u and an m-cell v : s → t of X such that
tn−1(u) = sn−1(v), we have an m-cell

u∗n−1v : u∗n−1s→ u∗n−1t

of X.

1The diagrams (4.1.0.0.1) and (4.1.0.0.2) are admittedly somewhat ambiguous. For example, the boundary of p would be more
clearly represented as

x

y.

x

id1x

u

v

p

The sole purpose of (4.1.0.0.1) and (4.1.0.0.2) is to convey the geometric intuition.
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• Similarly, given an m-cell u : s → t and an n-cell v of X such that tn−1(u) = sn−1(v), we have an
m-cell

u∗n−1v : s∗n−1v → t∗n−1v

of X.

Intuitively, these are whiskering operations composing e.g.

• • •.u

t

s

v

Analogously to Lemma 1.2.3.3 and Corollary 2.4.14, strict ω-functors preserve whiskerings, and whiskering an
n-cell to a pair of m-cells connected by an equivalence (m+1)-cell yields again a pair connected by an equivalence
(m+ 1)-cell. Moreover, we have the following.

Proposition 4.1.1.1. Let X be a weak ω-category and u : x→ y be an equivalence n-cell of X with n ≥ 1.

(i) For any n-cell w : x→ z in X, there exists an n-cell v : y → z in X such that w ∼ u∗n−1v.
(ii) For any m > n, any parallel pair of (m − 1)-cells s and t in X with sn−1(s) = sn−1(t) = y, and any

m-cell w : u∗n−1s→ u∗n−1t in X, there exists an m-cell v : s→ t in X such that w ∼ u∗n−1v.

Moreover, in both of these situations, v is an equivalence if and only if w is. ⌟

Proof. Both (i) and (ii) follow from Theorem 3.2.2.12, in view of Remark 2.2.3 (or from [LMW10, Lemma 4.6]
in the strict case).

If v is an equivalence, then so is w by Theorem 2.4.7. The converse is shown in the last paragraph of the
proof of Proposition 3.2.2.14, given the ∼-invariance Corollary 2.4.16 of invertibility. □

The dual statements of Proposition 4.1.1.1 (concerning post-composition of an equivalence cell) also hold.

4.2. Two definitions of equivalence cells

There are two seemingly different ways to define equivalence cells in a weak ω-category X. Informally, these
two definitions can be stated as follows.

• First definition [Che07; LMW10] and Definition 2.2.1: An n-cell u : x→ y in X is an equivalence if there
exists an n-cell v : y → x (a two-sided inverse) in X such that u∗n−1v ∼ idn(x) and v∗n−1u ∼ idn(y).

• Second definition [Had+25]: An n-cell u : x→ y in X is an equivalence if there exist n-cells v : y → x
(a right inverse) and w : y → x (a left inverse) in X such that u∗n−1v ∼ idn(x) and w∗n−1u ∼ idn(y).

In this section, we adapt an argument from [Ric20] and show that these two definitions in fact define the same
class of cells in X. In order to avoid confusion, in this section only we use the terms spherical equivalence
and flat equivalence to refer to the notions of equivalence defined in these two manners (see Definitions 4.2.0.2
and 4.2.0.3).

Remark 4.2.0.1. Whereas the fact that the two notions of equivalence coincide would probably follow from
[Ric20, Theorem 18], we decided to include a proof for the following reasons.

• In order to apply [Ric20, Theorem 18] to weak ω-categories, one has to show that weak ω-categories
respect the graphical calculus in the sense of [Ric20, Definition 7], which we find highly non-trivial.
Although it is sufficient to only verify the special cases of [Ric20, Definition 7] that are actually used
in the proof of [Ric20, Theorem 18], the reader would then have to go through that proof in order to
check that we have indeed covered all the necessary cases, which seems burdensome.

• We found the proofs of [Ric20] rather hard to follow for those not familiar with type-theoretic treatment
of coinduction (such as ourselves). Instead, we make use of Section 1.4, which states and justifies the
necessary coinductive proof principles in ordinary mathematical (lattice-theoretic) terms.

Nevertheless, a quick inspection would reveal the similarity between our argument below and that in [Ric20]. ⌟

Using the lattice-theoretic formulation of coinduction estabilished in Section 1.4, we formalise the above
two notions of equivalence cells as follows.
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Definition 4.2.0.2 (Definition 2.2.1 and Remark 2.2.2 revisited). Let X be a weak ω-category. Define the
monotone map Φ: ℘

(∐
n≥0 Xn

)
℘
(∐

n≥0 Xn

)
by

Φ(S) =
{
(u : x→ y) ∈ Xn

∣∣n ≥ 1, ∃(v : y → x) ∈ Xn,

∃
(
p : u∗n−1v → idn(x)

)
∈ S ∩Xn+1, ∃

(
q : v∗n−1u→ idn(y)

)
∈ S ∩Xn+1

}
.

We say that a cell in X is a spherical equivalence if it is in the greatest (post-)fixed point νΦ ⊆
∐

n≥0 Xn. ⌟

The adjective ‘spherical’ derives from the fact that, for example, a witness for a 1-cell u : x→ y in a weak
ω-category X to be a spherical equivalence consists of a 1-cell v : y → x together with spherical equivalence
2-cells p : u∗0v → id1(x) and q : v∗0u→ id1(y), which constitute a spherical shape; see (4.1.0.0.1).

Definition 4.2.0.3. Let X be a weak ω-category. Define the monotone map Ψ: ℘
(∐

n≥0 Xn

)
℘
(∐

n≥0 Xn

)
by

Ψ(S) =
{
(u : x→ y) ∈ Xn

∣∣n ≥ 1, ∃(v : y → x) ∈ Xn, ∃(w : y → x) ∈ Xn,

∃
(
p : u∗n−1v → idn(x)

)
∈ S ∩Xn+1, ∃

(
q : w∗n−1u→ idn(y)

)
∈ S ∩Xn+1

}
.

We say that a cell in X is a flat equivalence if it is in the greatest (post-)fixed point νΨ ⊆
∐

n≥0 Xn. ⌟

Clearly we have Φ(S) ⊆ Ψ(S) for each S ∈ ℘
(∐

n≥0 Xn

)
, from which it follows νΦ ⊆ νΨ, i.e., that every

spherical equivalence is a flat equivalence.

In the previous chapters, we always considered spherical equivalences. In particular, various facts mentioned
in Chapter 2 (including Corollaries 2.3.8 and 2.4.4 which will be used below) are to be interpreted as statements
regarding spherical equivalences until we prove the two notions to coincide.

4.2.1. Closure properties of flat equivalences. Here we establish various closure properties of flat
equivalences. Throughout this subsection, we fix a weak ω-category (X, ξ).

In Theorem 2.4.7, it is shown that the class νΦ of all spherical equivalences in X is closed under pasting.
More precisely, we defined in Definition 2.4.6 the monotone mappst : ℘(

∐
n≥0 Xn)→ ℘(

∐
n≥0 Xn) by

pst(S) =
{
ξ(ϕ,u)

∣∣n ≥ 0, (ϕ,u) ∈ (LX)n, fdl(u) ⊆ S
}
,

and showed pst(νΦ) ⊆ νΦ. Recall here from Definition 2.4.5 that, for an n-dimensional pasting diagram u in
X, we denote by fdl(u) the set of all n-cells in X appearing in the list u, which are called the full-dimensional
labels of u.

This is proved by showing that PreνΦ(pst) is closed under Φ in light of Proposition 1.4.5. We first prove that
the class νΨ of all flat equivalences in X is also closed under pasting, using the same strategy; Proposition 1.4.5
shows that it suffices to show the following.

Proposition 4.2.1.1. PreνΨ(pst) is closed under Ψ. ⌟

Proof. We can adapt the proof of Theorem 2.4.7 to the current situation; the details (using the notation of
Chapter 2) are as follows.

We first modify Definition 2.4.10. Let S be a set of cells of X.

• Given any n ≥ 1 and any n-cell u : x→ y of X, an n-cell v : y → x of X is called a right S-inverse of
u if there exist an n-cell w : y → x and (n + 1)-cells p : u∗n−1v → idn(x) and q : w∗n−1u → idn(y) in
X, with p, q ∈ S.
• Similarly, an n-cell w : y → x of X is called a left S-inverse of u if there exist an n-cell v : y → x and
(n+ 1)-cells p : u∗n−1v → idn(x) and q : w∗n−1u→ idn(y) in X, with p, q ∈ S.
• Let n ≥ 1, (ϕ,u) ∈ (LX)n, and k = ar(ϕ). A right S-inverse instruction of (ϕ,u) is an n-cell
(ϕinv,urinv) of LX satisfying the following conditions.

– sL1n−1(ϕ
inv) = tL1n−1(ϕ),

– tL1n−1(ϕ
inv) = sL1n−1(ϕ), and

– urinv ∈ (TX)n is obtained from u by replacing, for each (n − 1)-transversal component Defini-
tion 1.1.2.6 0 ≤ i ≤ j ≤ r of k, the corresponding segment[

ui . . . uj

ui+1 . . . uj

]
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with [
vj . . . vi

uj . . . ui+1

]
,

where vℓ is a right S-inverse of uℓ for each i ≤ ℓ ≤ j.
• Similarly, define the notion of left S-inverse instruction.

Just like the remark immediately after Definition 2.4.10, we note that an n-cell u in X admits a right S-inverse
if and only if it admits a left S-inverse, if and only if u ∈ Ψ(S); and an n-cell (ϕ,u) in LX admits a right
S-inverse instruction if and only if it admits a left S-inverse instruction, if and only if fdl(u) ⊆ Ψ(S).

Now, as in the second paragraph of the proof of Theorem 2.4.7 just before (2.4.12.1), we take S ∈ PreνΨ(pst).
In view of Remark 1.4.6, it suffices to show thatpst(Ψ(S)) ⊆ Ψ(S). To this end, instead of (2.4.12.1), we prove
the following statement by induction on the number of occurences of n-cells in u (denoted by ∥ar(ϕ)∥(n) in
Definition 2.4.9):

for each n ≥ 1, each (ϕ,u) ∈ (LX)n, each right S-inverse instruction (ϕinv,urinv) of (ϕ,u), and
each left S-inverse instruction (ϕinv,ulinv) of (ϕ,u), there exist (n+ 1)-cells

ξ(ϕ,u)∗Xn−1ξ(ϕ
inv,urinv)→ idXn (sXn−1ξ(ϕ,u))

and
ξ(ϕinv,ulinv)∗Xn−1ξ(ϕ,u)→ idXn (tXn−1ξ(ϕ,u))

in S (or equivalently in pst(S)).

(4.2.1.1.1)

This can be done exactly as in the proof of Theorem 2.4.7, bearing in mind that because we already know
that spherical equivalences (called equivalence cells in Chapter 2) are flat equivalences, all cells induced by the
coherence (Proposition 2.3.7) or the unit law (Proposition 2.4.3) are flat equivalences and hence in S. □

To show that all flat equivalences are spherical equivalences, we also need to show that every right inverse
of a flat equivalence is again a flat equivalence. (Note that the analogous statement for spherical equivalences
is trivial.) To state this more precisely, we define the monotone map rinv : ℘(

∐
n≥0 Xn) ℘(

∐
n≥0 Xn) as

follows.

rinv(S) =
{
(v : y → x) ∈ Xn

∣∣n ≥ 1, ∃(u : x→ y) ∈ Xn, ∃(w : y → x) ∈ Xn,

∃
(
p : u∗n−1v → idn(x)

)
∈ S ∩Xn+1, ∃

(
q : w∗n−1u→ idn(y)

)
∈ S ∩Xn+1

}
(4.2.1.1.2)

In the terminology introduced in the proof of Proposition 4.2.1.1, rinv(S) is the set of all cells in X which are
right S-inverses of some cells in X. (One can also define the monotone map linv for left inverses similarly, but
we do not need it.) The claim is that we have rinv(νΨ) ⊆ νΨ. In light of Corollary 1.4.7, it suffices to show the
following.

Proposition 4.2.1.2. PreνΨ(pst ∨ rinv) is closed under Ψ ∧ id. ⌟

Proof. Let S ∈ PreνΨ(pst∨ rinv) = PreνΨ(pst)∩PreνΨ(rinv); we want to show Ψ(S)∩S ∈ PreνΨ(pst∨ rinv). By
a reason similar to Remark 1.4.6, it suffices to show

pst(Ψ(S) ∩ S) ∪ rinv(Ψ(S) ∩ S) ⊆ Ψ(S) ∩ S.

We first show pst(Ψ(S) ∩ S) ⊆ Ψ(S) ∩ S. Since S is in PreνΨ(pst), we have pst(S) ⊆ S, and hence
pst(Ψ(S) ∩ S) ⊆ S. Now observe that Proposition 4.2.1.1 implies Ψ(S) ∈ PreνΨ(pst). In particular, we have
pst(Ψ(S)) ⊆ Ψ(S). Thus we obtain pst(Ψ(S) ∩ S) ⊆ Ψ(S) ∩ S.

Next observe that rinv(Ψ(S) ∩ S) ⊆ S follows from S ∈ PreνΨ(rinv).

It remains to show rinv(Ψ(S)∩ S) ⊆ Ψ(S). Suppose we are given an n-cell v : y → x in rinv(Ψ(S)∩ S). By
the definition of rinv, this means that we have

(u : x→ y) ∈ Xn, (w : y → x) ∈ Xn,(
p : u∗n−1v → idn(x)

)
∈ Ψ(S) ∩ S ∩Xn+1, and

(
q : w∗n−1u→ idn(y)

)
∈ Ψ(S) ∩ S ∩Xn+1.

Our aim is to show v ∈ Ψ(S). Since we already have p ∈ S, it remains to construct q′ : v∗n−1u→ idn(x) in S.
Thanks topst(S) ⊆ S, it suffices to find r : v → w in S, since we can then set q′ = (r∗n−1u)∗nq. We define r as
the composite of the following string of (n+ 1)-cells in X.

v idn(y)∗n−1v (w∗n−1u)∗n−1v w∗n−1(u∗n−1v) w∗n−1idn(x) w
(unit) (i) (assoc) (ii) (unit)
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Here, the cells labeled by (unit) are spherical equivalences witnessing Corollary 2.4.4, whereas the cell labeled
by (assoc) is a spherical equivalence witnessing Corollary 2.3.8. They are in S because all spherical equivalences
are flat equivalences and we have νΨ ⊆ S by the assumption. The cell (ii) is w∗n−1p, which is in S by p ∈ S
and pst(S) ⊆ S. Finally, to define the cell (i), observe that q admits a right S-inverse (in the sense defined in
the proof of Proposition 4.2.1.1) qR : idn(y)→ w∗n−1u since q ∈ Ψ(S). We have qR ∈ rinv(S) ⊆ S. The cell (i)
is defined to be qR∗n−1v, which is in S bypst(S) ⊆ S. Usingpst(S) ⊆ S once again, we see that the composite
(n+ 1)-cell r is in S. □

We record the closure properties of the class of flat equivalences we have established.

Corollary 4.2.1.3. We have pst(νΨ) ⊆ νΨ and rinv(νΨ) ⊆ νΨ. ⌟

Proof. By Corollary 1.4.7 and Proposition 4.2.1.2. □

4.2.2. Flat equivalences are spherical equivalences. We are now ready to show that the two defini-
tions of equivalence cells agree.

Proposition 4.2.2.1. A cell in a weak ω-category is a flat equivalence if and only if it is a spherical equivalence.
⌟

Proof. It suffices to show that all flat equivalences in a weak ω-category X are spherical equivalences. For this,
it suffices to show νΨ ⊆ Φ(νΨ). Suppose that u : x→ y is a flat equivalence n-cell in X. Thus we have n-cells
v, w : y → x and flat equivalence (n + 1)-cells p : u∗n−1v → idn(x) and q : w∗n−1u → idn(y) in X. We now
construct a flat equivalence (n+1)-cell v∗n−1u→ idn(y). The (n+1)-cell r : v → w constructed as in the proof
of Proposition 4.2.1.2 is a flat equivalence by Corollary 4.2.1.3. Hence so is (r∗n−1u)∗nq : v∗n−1u → idn(y),
again by Corollary 4.2.1.3. Therefore we have u ∈ Φ(νΨ) as desired. □

Having now shown that spherical equivalences and flat equivalences coincide, we may call them simply
equivalences in what follows.

Finally we redefine the notion of inverse of an equivalence cell.

Proposition 4.2.2.2. Let X be a weak ω-category, n ≥ 1, and u : x→ y be an equivalence n-cell in X. Then,
for any n-cell v : y → x in X, the following conditions are equivalent.

(i) We have u∗n−1v ∼ idn(x) in X.
(ii) We have v∗n−1u ∼ idn(y) in X.

Moreover, these conditions imply that v is an equivalence in X. ⌟

Proof. By Definition 4.2.0.2, there exists an n-cell v′ : y → x with u∗n−1v
′ ∼ idn(x) and v′∗n−1u ∼ idn(y).

Given u∗n−1v ∼ idn(x), we can derive v∗n−1u ∼ idn(y) as follows.

v∗n−1u ∼ idn(y)∗n−1(v∗n−1u) (by Corollary 2.4.4)

∼ (v′∗n−1u)∗n−1(v∗n−1u) (by Corollary 2.4.14)

∼ v′∗n−1

(
(u∗n−1v)∗n−1u

)
(by Corollaries 2.3.8, 2.4.13 and 2.4.14)

∼ v′∗n−1

(
idn(x)∗n−1u

)
(by Corollary 2.4.14)

∼ v′∗n−1u (by Corollaries 2.4.4 and 2.4.14)
∼ idn(y).

The converse direction is similar.

The second statement is immediate from Definition 4.2.0.2. □

Definition 4.2.2.3 (Definition 2.2.1 revisited). Let X be a weak ω-category and u : x → y be an equivalence
n-cell in X, with n ≥ 1. An n-cell v : y → x in X is called an inverse of u if the equivalent conditions of
Proposition 4.2.2.2 are satisfied. ⌟

Recall from Corollary 2.4.15 that inverses are unique up to ∼.
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4.3. ω-equifibrations

In this section, we define the class of ω-equifibrations between weak ω-categories and show that it can
be characterised by the right lifting property with respect to a set J of morphisms in Wk-ω-Cats. Whereas
formally we will deal with weak ω-categories, the corresponding result for strict ω-categories can be obtained
by replacing ‘weak’ by ‘strict’ (and Wk-ω-Cats by Str-ω-Cats) throughout. (Alternatively, one can apply the
strict ω-categorical reflection functor Wk-ω-Cats → Str-ω-Cats to J ; see Lemma 4.5.2.1.)

4.3.1. The definition of ω-equifibrations. The following definition generalises the notion of isofibration
between categories to the context of weak ω-categories. Analogous classes of fibrations between 2-categories
[Lac02], bicategories [Lac04], and Gray-categories [Lac11] have been investigated by Lack.

Definition 4.3.1.1. We say that a strict ω-functor f : X → Y between weak ω-categories is an ω-equifibration
if for each n ≥ 1, (n− 1)-cell x in X, and equivalence n-cell u : fx→ y in Y , there exists an equivalence n-cell
ū : x→ ȳ in X such that fū = u. ⌟

Although it may seem arbitrary that we consider equivalences u with domain (rather than codomain) fx
in the above definition, this asymmetry is only superficial.

Proposition 4.3.1.2. Let f : X → Y be an ω-equifibration between weak ω-categories. Then for each n ≥ 1,
(n − 1)-cell x in X, and equivalence n-cell v : y → fx in Y , there exists an equivalence n-cell v̄ : ȳ → x in X
such that fv̄ = v. ⌟

Proof. Let u : fx → y be an inverse of v. Since u is also an equivalence, there exists an equivalence n-cell
ū : x → ȳ in X such that fū = u. Take an inverse v̄′ of ū in X. Since f preserves equivalence (n + 1)-cells by
Proposition 2.3.1, it sends inverses of ū to inverses of fū = u. Therefore, fv̄′ and v are both inverses of u. By
Corollary 2.4.15, there exists an equivalence (n + 1)-cell p : fv̄′ → v in Y , which we can lift to an equivalence
(n + 1)-cell p̄ : v̄′ → v̄ in X. In particular, we have fv̄ = v. Thanks to Corollary 2.4.16, v̄ is an equivalence in
X since v̄′ is. □

As a sanity check, we show the expected identity

{ trivial fibrations } = {weak equivalences } ∩ { fibrations }.

Recall from Example 1.3.3 that a trivial fibration f : X Y between weak ω-categories is just an I-
injective morphism, i.e., a strict ω-functor that has the right lifting property against ιn : ∂Cn Cn for each
n ≥ 0. Equivalently, f is a trivial fibration if

• for each 0-cell y in Y , there exists a 0-cell x in X such that fx = y, and
• for each n ≥ 1, parallel pair of (n − 1)-cells x, x′ in X, and n-cell u : fx → fx′ in Y , there exists an
n-cell ū : x→ x′ such that fū = u.

Also recall from Definitions 3.2.1.1 and 3.2.1.3 that a strict ω-functor f : X Y between weak ω-categories is
an ω-weak equivalence if

• for each 0-cell y in Y , there exists a 0-cell x in X such that fx ∼ y, and
• for each n ≥ 1, parallel pair of (n − 1)-cells x, x′ in X, and n-cell u : fx → fx′ in Y , there exists an
n-cell ū : x→ x′ such that fū ∼ u.

Proposition 4.3.1.3. For a strict ω-functor f : X Y between weak ω-categories, the following conditions
are equivalent.

(i) f is a trivial fibration.
(ii) f is both an ω-weak equivalence and an ω-equifibration. ⌟

Proof. If f is a trivial fibration, then it is clearly an ω-weak equivalence, as is observed in Lemma 3.3.2.2. In
particular, by Proposition 2.3.3 or Proposition 3.2.1.8, f reflects equivalence cells. Using this, we can easily see
that f is an ω-equifibration.

Conversely, suppose that f is both an ω-weak equivalence and an ω-equifibration. We fix n ≥ 1 and prove
that f has the right lifting property with respect to ιn : ∂Cn Cn; the case n = 0 can be proven similarly. Let
x, x′ be a parallel pair of (n− 1)-cells in X and let u : fx→ fx′ be an n-cell in Y . Then, since f is an ω-weak
equivalence, there exist an n-cell u′ : x → x′ in X and an equivalence (n + 1)-cell v : fu′ → u in Y . Moreover,
since f is an ω-equifibration, there exists an equivalence (n+1)-cell v : u′ → u in X with fv = v. In particular,
we have fu = u. This completes the proof. □
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4.3.2. Marked weak ω-categories. In the introduction, we argued that the ω-equifibrations are difficult
to characterise via the right lifting property because their definition refers to the property, rather than a structure,
of certain cells being equivalences. It turns out that such a characterisation is easy to obtain if one can encode
properties of cells as extra structure. This is our motivation for introducing the following notion.

Definition 4.3.2.1. A marked weak ω-category (X, tX) is a weak ω-category X equipped with distinguished
subsets tXn ⊆ Xn of marked cells for each n ≥ 1. A strict ω-functor f : X Y between the underlying weak
ω-categories of marked weak ω-categories (X, tX) and (Y, tY ) is marking-preserving if for each n ≥ 1 and each
x ∈ tXn, we have fx ∈ tYn ⌟

Let m-Wk-ω-Cats be the category of marked weak ω-categories and marking-preserving strict ω-functors
between them. The forgetful functor m-Wk-ω-Cats Wk-ω-Cats mapping (X, tX) to X has both left and
right adjoints. In particular, the left adjoint (−)♭ : Wk-ω-Cats m-Wk-ω-Cats maps each weak ω-category
X to X♭ = (X, ∅). (The right adjoint (−)♯ : Wk-ω-Cats m-Wk-ω-Cats maps X to X♯ = (X,

∐
n≥1 Xn),

but we shall not use this.) Thanks to Proposition 2.3.1, we have another functor (−)♮ : Wk-ω-Cats
m-Wk-ω-Cats mapping each weak ω-category X to the marked weak ω-category X♮ = (X, eX), where eX is
the set of all equivalence cells in X.

Remark 4.3.2.2. In the above definition of marked weak ω-category (X, tX), we do not require the set tX to
contain the identity cells nor be closed under compositions. Thus, even if the underlying weak ω-category X
happens to be a strict ω-category, the pair (X, tX) may not be an∞-marked∞-category in the sense of [HL25,
Definition 2.15]. ⌟

Recall from Notation 1.2.2.11 that Cn ∈Wk-ω-Cats is the weak ω-category freely generated by the repre-
sentable globular set Gn for each n ≥ 0.

Definition 4.3.2.3. For each n ≥ 1, we write mCn ∈m-Wk-ω-Cats for the marked weak ω-category (Cn, {cn})
where cn is the image of the unique n-cell in Gn under the inclusion Gn Cn. We refer to cn as the fundamental
n-cell of Cn. ⌟

For each n ≥ 1, the strict ω-functor σn−1 : Cn−1 → Cn as in (1.2.2.11.1) gives rise to the marking-preserving
strict ω-functor σn−1 : (Cn−1)♭ mCn. The following is the easy characterisation of ω-equifibrations alluded
to at the beginning of this subsection.

Proposition 4.3.2.4. A strict ω-functor f : X Y between weak ω-categories is an ω-equifibration if and
only if the morphism f ♮ : X♮ Y ♮ in m-Wk-ω-Cats has the right lifting property2 with respect to the
morphism σn−1 : (Cn−1)♭ mCn for each n ≥ 1. ⌟

We conclude this subsection by establishing the following result, which will be used later when we perform
the small object argument in m-Wk-ω-Cats.

Proposition 4.3.2.5. The category m-Wk-ω-Cats is locally finitely presentable. ⌟

Proof. Observe that m-Wk-ω-Cats fits into the following pullback square:

m-Wk-ω-Cats Sub(SetN)

Wk-ω-Cats GSet SetN

⌟

X 7→(n7→Xn+1)

(The functor from GSet to SetN forgets X0; recall that, by definition, marked cells in a marked weak ω-category
have positive dimension.) Here, the right vertical functor is the subobject fibration of SetN, which is in particular
an isofibration. Therefore the pullback square is a bipullback square [JS93]. By Corollary 1.2.3.5, all functors in
the cospan defining the pullback are finitely accessible right adjoint functors between locally finitely presentable
categories. This concludes that m-Wk-ω-Cats is locally finitely presentable by [Bir84, Theorem 2.17]. □

2In terms of Section 1.3, this means that f♮ is injective with respect to the set of morphisms {σn−1 : (Cn−1)♭ mCn | n ≥ 1},
although we will not use this viewpoint here since we do not need algebraic version for this generating set.
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4.3.3. Characterising ω-equifibrations via the right lifting property in Wk-ω-Cats. In this sub-
section, we turn Proposition 4.3.2.4 into a characterisation of ω-equifibrations via the right lifting property
in Wk-ω-Cats (rather than m-Wk-ω-Cats) assuming the existence of a (small) set K of morphisms in
m-Wk-ω-Cats satisfying conditions (K1)–(K3) stated below. We will present an example of such a set K
in Section 4.3.4, and another example in Section A.6.

Let K be a class of morphisms, seen as an indexed family of morphisms (see Remark 1.3.1), in a category
C with a terminal object 1. Recall from Definition 1.3.2 that a morphism f : X Y in C with right lifting
property with respect to each morphism in K is called a K-injective morphism, and K-cofibrations are those
having the left lifting property with respect to all K-injective morphisms. An object X is K-injective if and
only if the unique morphism X 1 is K-injective.

Now let K be a set of morphisms in m-Wk-ω-Cats. We consider the following conditions on K.

(K1) For any ω-equifibration f : X Y between weak ω-categories, the morphism f ♮ : X♮ Y ♮ in
m-Wk-ω-Cats is K-injective.

Note that the unique strict ω-functor X 1 to the terminal weak ω-category 1 is an ω-equifibration for
any weak ω-category X, and 1♮ = 1♯ is the terminal object in m-Wk-ω-Cats. Thus, if (K1) holds, then the
functor (−)♮ : Wk-ω-Cats m-Wk-ω-Cats factors through the full subcategory K-Inj of m-Wk-ω-Cats.
The following condition (K2) is stated under this assumption.

(K2) The functor (−)♮ : Wk-ω-Cats K-Inj is right adjoint to the forgetful functorK-Inj Wk-ω-Cats.
(K3) For each n ≥ 0, the object (Cn)♭ in m-Wk-ω-Cats is in K-Inj.

For the rest of this subsection, we fix a (small) set K of morphisms in m-Wk-ω-Cats satisfying the
conditions (K1)–(K3). For each n ≥ 1, we further fix an object En ∈ K-Inj and a morphism in : mCn En
in K-cof. Such data can be obtained, for example, by applying the small object argument with respect to
K to the unique morphism mCn 1 in m-Wk-ω-Cats, where 1 is the terminal object of m-Wk-ω-Cats.
(Proposition 4.3.2.5 ensures that we may indeed apply the small object argument in this category.)

Remark 4.3.3.1. Under the assumptions (K1) and (K2), the underlying weak ω-category of the K-injective
object En can be thought of as a walking equivalence n-cell, in the following sense. Let X be a weak ω-category,
and let x be an n-cell in X seen as a morphism Cn X in Wk-ω-Cats. Then En represents equivalence
n-cells in the sense that x is an equivalence n-cell in X if and only if the morphism Cn X factors through
the underlying weak ω-functor in : Cn En of the K-cofibration. The ‘if’ direction follows since in is a K-
cofibration and X♮ is K-injective by (K1). The ‘only if’ direction follows since any morphism En X in
Wk-ω-Cats defines a morphism En X♮ in K-Inj by (K2). Here we use that the unit for the adjunction in
(K2) is identity on underlying weak ω-categories by one of the triangle identities. ⌟

Define a set J of morphisms in Wk-ω-Cats by

J =

{
Cn−1 σn−1

Cn in En n ≥ 1

}
. (4.3.3.1.1)

Theorem 4.3.3.2. Let f : X Y be a strict ω-functor between weak ω-categories. Then f is an ω-
equifibration if and only if f has the right lifting property with respect to J . ⌟

Proof. We show that the following three conditions on f are equivalent.

(a) The morphism f ♮ : X♮ Y ♮ in m-Wk-ω-Cats has the right lifting property (in m-Wk-ω-Cats)
with respect to σn−1 : (Cn−1)♭ mCn for each n ≥ 1.

(b) The morphism f ♮ : X♮ Y ♮ in m-Wk-ω-Cats has the right lifting property (in m-Wk-ω-Cats)
with respect to inσn−1 : (Cn−1)♭ En for each n ≥ 1.

(c) The morphism f : X Y in Wk-ω-Cats has the right lifting property (in Wk-ω-Cats) with respect
to inσn−1 : Cn−1 En for each n ≥ 1.

Notice that this suffices because f is an ω-equifibration if and only if f satisfies (a) by Proposition 4.3.2.4. The
equivalence of (b) and (c) follows from (K2), because the object (Cn−1)♭ is in K-Inj by (K3), whereas the object
En is in K-Inj by construction. Therefore it remains to show the equivalence of (a) and (b).
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First suppose that (a) holds. Take any n ≥ 1 and any commutative diagram

(Cn−1)♭ X♮

mCn

En Y ♮

x

σn−1

f♮

in

u

in m-Wk-ω-Cats. By (a), we obtain a morphism v : mCn → X♮ making the diagram

(Cn−1)♭ X♮

mCn

En Y ♮

x

σn−1

f♮

in

v

u

commute. Since in ∈ K-cof and f ♮ is K-injective, ((K1)), we obtain a morphism w : En X♮ making the
diagram

(Cn−1)♭ X♮

mCn

En Y ♮

x

σn−1

f♮

in

v

u

w

commute. Therefore (b) holds.

Now suppose that (b) holds and take any n ≥ 1 and any commutative square

(Cn−1)♭ X♮

mCn Y ♮

x

σn−1 f♮

u

(4.3.3.2.1)

in m-Wk-ω-Cats. By in ∈ K-cof and Y ♮ ∈ K-Inj, there exists a morphism v in m-Wk-ω-Cats making the
following triangle commute.

mCn Y ♮

En

u

in v

Thus we obtain the commutative square

(Cn−1)♭ X♮

En Y ♮

x

inσn−1 f♮

v

in m-Wk-ω-Cats, which admits a diagonal filler w : En → X♮ by (b). The morphism win : mCn → X♮ provides
a diagonal filler for (4.3.3.2.1), and hence (a) holds. □

4.3.4. An example of K. In this subsection, we construct a set K of morphisms in m-Wk-ω-Cats
satisfying conditions (K1)–(K3).

Definition 4.3.4.1. For each n ≥ 1, we define a marked weak ω-category (Fn, tFn). (The letter F stands for
‘flat (equivalence)’.) The underlying weak ω-category Fn is constructed as follows:

• start with Cn, and call its fundamental n-cell uF : xF yF ,
• freely adjoin n-cells vF : yF xF and wF : yF xF , that is, take the colimit of the solid part of

the following diagram in Wk-ω-Cats:

∂Cn Cn ∂Cn

Cn Dn Cn

⟨yF ,xF ⟩

uF

⟨yF ,xF ⟩

vF wF
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fx fy

fx

fu

idZ
n (fx)

fv̄′ v

fp̄′

∃v‡

∼ ∼

fx fy

fx

fu

idZ
n (fx)

v

p

Figure 1. Lifting v

and
• freely adjoin (n+ 1)-cells pF : uF∗n−1vF idn(xF ) and qF : wF∗n−1uF idn(yF ).

The marked cells are uF , pF , and qF . Notice that there exists a unique marking-preserving strict ω-functor
knF : mCn Fn, which maps the fundamental n-cell cn of mCn to uF . ⌟

We claim that the set KF = {knF : mCn Fn |n ≥ 1} satisfies conditions (K1)–(K3). We first verify (K1).

Proposition 4.3.4.2. For any ω-equifibration f : X Z between weak ω-categories, the marking-preserving
strict ω-functor f ♮ : X♮ Z♮ is KF -injective. ⌟

Proof. Consider a commutative square in m-Wk-ω-Cats, with n ≥ 1:

mCn X♮

Fn Z♮

kn
F

u

f♮

Such data are equivalent to:

• an equivalence n-cell u : x→ y in X,
• n-cells v : fy → fx and w : fy → fx in Z, and
• equivalence (n+ 1)-cells p : fu∗Zn−1v → idZn (fx) and q : w∗Zn−1fu→ idZn (fy) in Z.

We wish to extend u to a quintuple (u, v̄, w̄, p̄, q̄) of cells of suitable types in X (so that it corresponds to a
marking-preserving map Fn X♮) such that f sends it to (fu, v, w, p, q). Observe that, since u : x→ y is an
equivalence in X, we can choose

• n-cells v̄′ : y → x and w̄′ : y → x in X, and
• equivalence (n+ 1)-cells p̄′ : u∗Xn−1v̄

′ → idXn (x) and q̄′ : w̄′∗Xn−1u→ idXn (y) in X.

Of course there is no guarantee that fv̄′ = v (or any of the analogous equations for the other cells) holds,
which is why we are calling it v̄′ rather than v̄. Nevertheless, we can rectify this defect and turn it into a proper
lift v̄ as follows; part of the following argument is visualised in fig. 1.

Since fp̄′ : fu∗Zn−1fv̄
′ → idZn (fx) (which indeed has this type by Lemma 1.2.3.3) is an equivalence in Z by

Proposition 2.3.1, (the dual of) Proposition 4.1.1.1.(i) implies that there exists an equivalence (n+ 1)-cell

v† : fu∗Zn−1v → fu∗Zn−1fv̄
′

in Z satisfying
v†∗Zn fp̄′ ∼ p. (4.3.4.2.1)

Similarly, since fu : fx→ fy is an equivalence in Z, Proposition 4.1.1.1.(ii) implies that there exists an equiv-
alence (n+ 1)-cell

v‡ : v → fv̄′

in Z satisfying
fu∗Zn−1v

‡ ∼ v†. (4.3.4.2.2)
Since f is an ω-equifibration, Proposition 4.3.1.2 allows us to lift v‡ to an equivalence (n+ 1)-cell in X, which
we denote as v̄‡ : v̄ → v̄′. This completes the lifting of v.

Next, we rectify the (n+ 1)-cell p̄′. Observe that we have an equivalence (n+ 1)-cell

(u∗Xn−1v̄
‡)∗Xn p̄′ : u∗Xn−1v̄ → idXn (x)
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in X, and moreover (4.3.4.2.2) and (4.3.4.2.1) provide equivalence (n+ 2)-cells

f
(
(u∗Xn−1v̄

‡)∗Xn p̄′
)
= (fu∗Zn−1v

‡)∗Zn fp̄′ ∼ v†∗Zn fp̄′ ∼ p

in Z. Since f is an ω-equifibration, we can lift the composite of the latter to an equivalence (n+ 2)-cell

(u∗Xn−1v̄
‡)∗Xn p̄′ ∼ p̄

in X. The resulting (n+1)-cell p̄ is an equivalence in X by Corollary 2.4.16, and this completes the lifting of p.

In a similar manner, one can lift w and q. □

Next we verify (K2).

Proposition 4.3.4.3.

(i) If a marked weak ω-category (X, tX) is KF -injective, then all cells in tX are equivalences in the
underlying weak ω-category X.

(ii) For any weak ω-category X, the marked weak ω-category X♮ is KF -injective. ⌟

Proof. For any marked weak ω-category (X, tX), the containment tX ⊆ Ψ(tX) holds if and only if (X, tX) is
KF -injective, which implies both statements. □

Finally, (K3) is obvious because, for each n ≥ 1, mCn has a marked cell. In fact, for any weak ω-
category X, the object X♭ in m-Wk-ω-Cats is in KF -Inj simply because there is no morphism mCn X♭ in
m-Wk-ω-Cats.

4.4. Presentations of En

Let KF = {knF : mCn Fn |n ≥ 1} be the set of morphisms in m-Wk-ω-Cats constructed in Section 4.3.4.
Then Theorem 4.3.3.2 provides a characterisation of ω-equifibrations in terms of a family of KF -injective marked
weak ω-categories En, but we said almost nothing about the structure of En in Section 4.3.3 aside from pointing
out that they can be obtained using the small object argument. The aim of this section is to provide an explicit
presentation of a certain universal model of En, which we denote by EnF .

In fact, we provide two presentations of EnF . The first presentation (given in Definitions 4.4.1.1 and 4.4.1.5
and justified in Proposition 4.4.1.7) essentially traces the steps of the algebraic small object argument outlined
in [Gar09b, Section 6] (although we do not explicitly prove that the individual steps of our construction actually
coincide with those in [Gar09b]) whereas the second (given in Definitions 4.4.3.3 and 4.4.3.4 and justified in
Proposition 4.4.3.5) constructs everything in one go. We will also deduce from the latter presentation that
the strict ω-categorical reflection of E1F is isomorphic to the coherent walking ω-equivalence ω̂E constructed in
[OR24] (which was later shown in [Had+25] to be indeed weakly equivalent to the terminal strict ω-category in
the folk model structure [LMW10]).

Let us first make precise the sense in which our EnF is universal; precisely speaking, we define EnF as the
algebraically KF -injective replacement (Definition 1.3.14) of mCn.

Notation 4.4.0.1 (cf. [FHM25b, Definition 5.0.1]). Following Definition 1.3.7, we write KF -AInj for the
category of algebraically KF -injective objects in m-Wk-ω-Cats. Given an algebraically KF -injective object
(X,κX), n ≥ 1, and a marked n-cell x ∈ tXn, we proceed as follows. Writing knF : mCn Fn ∈ KF simply as
n, and identifying morphisms from mCn with marked n-cells, we define κX(n;x) to be κX(knF ; ⌈x⌉) : Fn X,
where ⌈x⌉ = (cn 7→ x) : mCn X is the morphism corresponding to x. Diagrammatically, this means that the
following diagram commutes:

mCn X

Fn

cn 7→x

kn
F

κX(n;x)

⌟

By Proposition 4.3.2.5, we may apply Proposition 1.3.15 (which is essentially the algebraic small object
argument, see Remark 1.3.10)) and we have the following definition.

Definition 4.4.0.2. For each n ≥ 1, we write (EnF , κF ) for the algebraically KF -injective replacement of mCn,
and inF : mCn EnF for the unit map. ⌟

Remark 1.3.16 implies that this indeed gives an example of En as in Section 4.3.3.

Lemma 4.4.0.3. For each n ≥ 1, the unit map inF : mCn EnF is in KF -cof. ⌟
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(An alternative proof for this lemma can be obtained at the end of Section 4.4.1: Proposition 4.4.1.7 shows
that inF = λ0, the latter being constructed from members of KF by pushouts and transfinite composition.)

Combining Theorem 4.3.3.2 and the content of Section 4.3.4, we obtain the following.

Proposition 4.4.0.4. Let f : X Y be a strict ω-functor between weak ω-categories. Then f is an ω-
equifibration if and only if f has the right lifting property with respect to

JF = { Cn−1 σn−1

Cn inF EnF | n ≥ 1 }. ⌟

Since we will be dealing with various colimits in m-Wk-ω-Cats, let us record the following observation.

Remark 4.4.0.5. The forgetful functor m-Wk-ω-Cats Wk-ω-Cats admits a right adjoint (see Sec-
tion 4.3.2), and thus preserves colimits. In other words, for any small diagram X : I m-Wk-ω-Cats,
the underlying weak ω-category of colimX may be computed in Wk-ω-Cats. The marking t(colimX) is given
by
⋃

i∈I λ
i(tX(i)) where λi : X(i) colimX is the leg of the colimiting cocone at i ∈ I. ⌟

4.4.1. Presenting EnF by unravelling the algebraic small object argument. Fix n ≥ 1. In this
subsection, we present the marked weak ω-category EnF as the colimit of an infinite sequence in the manner
outlined in [Gar09b, Section 6]. This sequence comprises of the following family of marked weak ω-categories.

Definition 4.4.1.1. For each m ∈ N, we define

• a marked weak ω-category En,mF = (En,mF , tEn,mF ), whose set of marked (n + m)-cells is denoted by
Tn,m = (tEn,mF )n+m,

• a marking-preserving strict ω-functor em+1 : En,mF En,m+1
F , and

• a marking-preserving strict ω-functor fm+1 :
∐

u∈Tn,m Fn+m En,m+1
F

inductively as follows.

• Set En,0F = mCn (so that Tn,0 = {cn}).
• For m ≥ 0, the marked weak ω-category En,m+1

F is defined by the following pushout in m-Wk-ω-Cats:∐
u∈Tn,m

mCn+m En,mF

∐
u∈Tn,m

Fn+m En,m+1
F

(u,cn+m)7→u

⌜
em+1

fm+1

(4.4.1.1.1)

Thus the restriction of fm+1 to the u-th summand, which we denote by fm+1
u , sends uF to em+1(u). ⌟

Remark 4.4.1.2. By Remark 4.4.0.5, the underlying weak ω-category of En,m+1
F for m ≥ 0 can be obtained by

computing the pushout (4.4.1.1.1) in Wk-ω-Cats, and a cell in En,m+1
F is marked if and only if it is the image

of a marked cell under either fm+1 or em+1. In fact, one can easily check by induction on m that

• En,m+1
F has no marked k-cells for k < n,

• a k-cell in En,m+1
F with n ≤ k < n+m is marked if and only if it is the image of a marked k-cell under

em+1 if and only if it is the image of a marked k-cell under em+1 ◦ · · · ◦ ek−n+1,
• an (n+m)-cell in En,m+1

F is marked if and only if it is the image of a marked (n+m)-cell under fm+1

if and only if it is the image of a marked (n+m)-cell under em+1,
• an (n + m + 1)-cell in En,m+1

F is marked if and only if it is the image of a marked (n + m + 1)-cell
under fm+1, and

• En,m+1
F has no marked k-cells for k > n+m+ 1. ⌟

The following lemma provides an even more explicit description of the marked cells in En,m+1
F .

Lemma 4.4.1.3. For any m ≥ 0 and n ≤ k ≤ n+m, the functions

(tem+1)k : (tEn,mF )k (tEn,m+1
F )k and (tfm+1)n+m+1 :

∐
u∈Tn,m

(tFn+m)n+m+1 (tEn,m+1
F )n+m+1

(4.4.1.3.1)
(between sets of marked k- and (n+m+ 1)-cells) are bijective. ⌟
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Proof. First observe that the pushout square (4.4.1.1.1) induces the commutative square∐
u∈Tn,m

(
t(mCn+m)

)
k

(tEn,mF )k

∐
u∈Tn,m

(tFn+m)k (tEn,m+1
F )k

(tem+1)k

(tfm+1)k

(4.4.1.3.2)

of functions between sets of marked k-cells for each k ≥ 1, in which the functions (tem+1)k and (tfm+1)k are
jointly surjective by Remark 4.4.0.5 (or by Remark 4.4.1.2). We begin with the proof of the surjectivity of the
functions (4.4.1.3.1). When k < n +m, the function (tem+1)k is surjective because the set

∐
u∈Tn,m(tFn+m)k

is empty. Similarly, the function (tfm+1)n+m+1 is surjective because the set (tEn,mF )n+m+1 is empty. Finally,
when k = n + m, both the top horizontal arrow and the left vertical arrow in (4.4.1.3.2) are bijections, and
hence both (tem+1)n+m and (tfm+1)n+m are surjective.

To show the injectivity of the functions (4.4.1.3.1), we introduce the following strict ω-categories.

Definition 4.4.1.4. For k ≥ 1, we write Wk for the following strict ω-category. Its cells are given by

Wk
l =


{⋆} l < k,

{wk, ⋆} l = k,

{wk, ⋆}2 l > k,

and the source and target operations are given by the identity except for

sk−1(wk) = sk−1(⋆) = tk−1(wk) = tk−1(⋆) = ⋆,

sk = π1 and tk = π2.

In other words, the underlying globular set of Wk is the one that classifies ‘sets of k-cells’, in the sense that for
any globular set X, giving a globular map g : X Wk is equivalent to giving a subset of Xk corresponding to
g−1(wk). This follows from the fact that the underlying globular set of Wk is obtained by applying the right
adjoint of the ‘evaluation at k’ functor GSet Set, mapping each X ∈ GSet to Xk ∈ Set, to the two-element
set.

The strict ω-category structure on Wk is given as follows. Each l-cell shares its name with the identity
(l + 1)-cell on it except for

idk+1(wk) = (wk, wk) and idk+1(⋆) = (⋆, ⋆).

Note that we have only identity cells in all positive dimensions but k and k+1. The compositions of k-cells are
given by

x∗ly =

{
⋆ x = y = ⋆,

wk otherwise

for all 0 ≤ l < k. The compositions of (k + 1)-cells are given by

(x1, x2)∗l(y1, y2) =

{
(x1∗ly1, x2∗ly2) 0 ≤ l < k,

(x1, y2) l = k (and hence x2 = y1).

The compositions of l-cells for l > k are determined by these because all l-cells are identity cells. ⌟

Observe that the unique strict ω-functor Wk 1 from Wk to the terminal weak ω-category 1 is a
trivial fibration in the sense of Example 1.3.3. This can be seen by transposing lifting problems along suitable
adjunctions as follows. Suppose that we are given the lifting problem in Wk-ω-Cats as in the left below. Using
the adjunction FL ⊣ UL and the fact that ιn : ∂Cn Cn is in the image of FL, we see that this lifting problem
is equivalent to the lifting problem in GSet as in the right below.

∂Cn Wk

Cn 1

ιn

∂Gn ULW
k

Gn 1

ιn

Using the adjunction consisting of the ‘evaluation at k’ functor GSet Set and its right adjoint, and the fact
that ULW

k 1 is in the image of this right adjoint, we see that the latter lifting problem is equivalent to a
trivial lifting problem in Set, and thus can be solved.
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Claim 1. Let m ≥ 0, and let a, b be distinct marked (n+m+ 1)-cells in
∐

u∈Tn,m Fn+m. Then there exists
a strict ω-functor g : En,m+1

F Wn+m+1 such that gfm+1(a) = wn+m+1 and gfm+1(b) = ⋆.
∵ (Proof of Claim 1) Observe that (the underlying weak ω-category of) En,m+1

F can be written as the iterated
pushout ∐

u∈Tn,m

Cn+m En,mF

X Y ∂Cn+m+1

En,m+1
F Cn+m+1

(u,cn+m)7→u

⌜

⌝
a

where X is ‘
∐

u∈Tn,m Fn+m with a removed’. The desired g can be thus obtained as the unique strict ω-functor

induced by Y ! C0 ⋆ Wn+m+1 and Cn+m+1 wn+m+1
Wn+m+1. This completes the proof of Claim 1. ♢

Claim 2. For any m ≥ 0 and any distinct marked k-cells a, b in En,mF with k ≥ 1, there exist

(1) a strict ω-functor g : En,mF Wk such that g(a) = wk and g(b) = ⋆, and
(2) a strict ω-functor h : En,m+1

F Wk such that hem+1(a) = wk and hem+1(b) = ⋆.

∵ (Proof of Claim 2) We proceed by induction on m. The base case m = 0 is vacuous since En,0F = mCn has
only one marked cell. For the inductive step, let m ≥ 0 and let a, b be distinct marked k-cells in En,m+1

F . Note
that we have n ≤ k ≤ n+m+ 1.

We first prove (1) for m+1, that is, the existence of a suitable strict ω-functor g : En,m+1
F Wk (note the

index). In the case k ≤ n+m, there exist (necessarily distinct) marked k-cells a′, b′ in En,mF with em+1(a′) = a

and em+1(b′) = b. By the inductive hypothesis (2), we have a strict ω-functor h′ : En,m+1
F Wk such that

h′(a′) = wk and h′(b′) = ⋆, and we can simply take g = h′. In the case k = n+m+1, there exist (necessarily
distinct) marked k-cells a′, b′ in

∐
u∈Tn,m Fn+m such that fm+1(a′) = a and fm+1(b′) = b. The desired g can

be thus obtained by applying Claim 1 to the pair a′, b′.

Next we prove (2) for m+1, that is, the existence of a suitable strict ω-functor h : En,m+2
F Wk. Since

we have already constructed g : En,m+1
F Wk, it suffices to construct a strict ω-functor hu : Fn+m+1 Wk

satisfying hu(uF ) = g(u) for each u ∈ Tn,m+1. This can be achieved by solving the following lifting problem:

Cn+m+1 Wk

Fn+m+1 1

g(u)

uF

in which the strict ω-functor uF : Cn+m+1 Fn+m+1 is a cofibration (i.e., is an I-cofibration) and Wk 1
is a trivial fibration (i.e., is an I-injective morphism). This completes the proof of Claim 2. ♢

The injectivity of the functions (4.4.1.3.1) follows from (2) of Claim 2 and Claim 1. This completes the
proof of Lemma 4.4.1.3. □

Now we consider the colimit of the marked weak ω-categories En,mF , corresponding to the final result of the
algebraic small object argument.

Definition 4.4.1.5. We write En,ωF for the colimit of the sequence

En,0F En,1F En,2F · · ·e1 e2 e3 (4.4.1.5.1)

in m-Wk-ω-Cats, and write (λm : En,mF En,ωF )m≥0 for the colimiting cocone. ⌟

Again by Remark 4.4.0.5, the underlying weak ω-category of En,ωF can be computed as the colimit of the
sequence in Wk-ω-Cats, and the marking tEn,ωF is given by the union

⋃
m≥0 λ

m(tEn,mF ). In particular, all
marked cells in En,ωF have dimension at least n, and λ0(cn) is the only marked n-cell in En,ωF . In fact, we can
say the following about the marked cells in En,ωF .

Lemma 4.4.1.6. The (graded) function tλm : tEn,mF tEn,ωF is a monomorphism for each m ≥ 0. Conse-
quently, λm : En,mF En,ωF induces a bijection Tn,m ∼= (tEn,ωF )n+m for each m ≥ 0. ⌟
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Proof. By Corollary 1.2.3.5, the (filtered) colimit defining En,ωF is created by the forgetful functor to GSet. There-
fore we have (En,ωF )k =

∐
m∈N(E

n,m
F )k/∼, where (m,x) ∼ (m′, x′) if and only if there exists m̄ ≥ max(m,m′)

such that em̄/m(x) = em̄/m′
(x′) where em̄/m : En,mF En,m̄F is the composite em̄ ◦ · · · ◦ em+1. Hence, given

x, x′ ∈ tEn,mF with λm(x) = λm(x′), we can pick m̄ ≥ m such that em̄/m(x) = em̄/m(x′). Since tem̄/m is a
monomorphism by Lemma 4.4.1.3, we can conclude x = x′. This completes the proof of the first assertion, and
the second assertion follows from Remark 4.4.1.2. □

Finally we are ready to prove the main result of this subsection.

Proposition 4.4.1.7. There is a structure κ of algebraically KF -injective object on En,ωF such that

mCn = En,0F
λ0

En,ωF

exhibits (En,ωF , κ) as the algebraically KF -injective replacement of mCn. In particular, we have (En,ωF , κ) ∼=
(EnF , κF ). ⌟

Proof. We must specify, for each marked (n+m)-cell uω in En,ωF with m ≥ 0, a strict ω-functor

κ(n+m;uω) : Fn+m En,ωF

that sends uF to uω. Given such uω, Lemma 4.4.1.6 provides unique u ∈ Tn,m such that λm(u) = uω. We set

κ(n+m;uω) = λm+1 ◦ fm+1
u ,

and this defines an algebraically KF -injective object (En,ωF , κ).

We now prove that (En,ωF , κ) enjoys the desired universal property. Let (Z, κZ) be an algebraically KF -
injective object and z be a marked n-cell in Z. We wish to show that there exists a unique morphism

g : (En,ωF , κ) (Z, κZ)

in KF -AInj such that g◦λ0(cn) = z. Define a cocone (gm)m∈N under the sequence (4.4.1.5.1) in m-Wk-ω-Cats
inductively as follows.

• g0 : mCn Z is the unique morphism that sends cn to z.
• Define ḡm+1 :

∐
u∈Tn,m Fn+m Z so that its restriction to the u-th summand is

κZ (n+m; gm(u)) : Fn+m Z,

and define gm+1 as the morphism induced by gm and ḡm+1 via the universality of the pushout square
(4.4.1.1.1). In other words, the strict ω-functor gm+1 is the unique one satisfying gm+1 ◦ em+1 = gm

and gm+1 ◦ fm+1
u = κZ (n+m; gm(u)) for all u ∈ Tn,m.

This cocone induces a marking-preserving strict ω-functor g : En,ωF Z, and we claim that this is the desired
morphism in KF -AInj.

For g to be a morphism in KF -AInj, we must have

g ◦ κ(n+m;uω) = κZ (n+m; g(uω))

for each marked (n + m)-cell uω in En,ωF with m ≥ 0. Let u ∈ Tn,m be the unique (n + m)-cell provided by
Remark 4.4.1.2 such that λm(u) = uω. The desired equality can be verified as

g ◦ κ(n+m;uω) = g ◦ λm+1 ◦ fm+1
u (definition of κ)

= gm+1 ◦ fm+1
u (definition of g)

= κZ (n+m; gm(u)) (definition of gm+1)

= κZ (n+m; g ◦ λm(u)) (definition of g)

= κZ (n+m; g(uω)) .

It remains to prove the uniqueness of g. To this end, let g′ : (En,ωF , κ) (Z, κZ) be a morphism in KF -AInj

such that g′ ◦ λ0(cn) = z. We will prove by induction on m ≥ 0 that we necessarily have g′ ◦ λm = gm. The
base case g′ ◦ λ0 = g0 is precisely the assumption g ◦ λ0(cn) = z. For the inductive step, let m ≥ 0 and suppose
that g′ ◦λm = gm holds. Since En,m+1

F is defined as the pushout (4.4.1.1.1), in order to prove g′ ◦λm+1 = gm+1,
it suffices to show that

• g′ ◦ λm+1 ◦ fm+1
u = gm+1 ◦ fm+1

u holds for each u ∈ Tn,m, and
• g′ ◦ λm+1 ◦ em+1 = gm+1 ◦ em+1 holds.
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These conditions can be verified as

g′ ◦ λm+1 ◦ fm+1
u = g′ ◦ κ (n+m; λm(u)) (definition of κ)

= κZ (n+m; g′ ◦ λm(u)) (g′ is a morphism in KF -AInj)

= κZ (n+m; gm(u)) (inductive hypothesis)

= gm+1 ◦ fm+1
u (definition of gm+1)

and

g′ ◦ λm+1 ◦ em+1 = g′ ◦ λm (cocone condition)
= gm (inductive hypothesis)

= gm+1 ◦ em+1. (cocone condition)

Thus we can conclude g′ = g, and this completes the proof. □

4.4.2. Suspension construction. Before giving another presentation of EnF , we need to introduce and
analyse a suspension construction for (marked) weak ω-categories. In order to reassure that it is compatible
with the familiar suspension construction for strict ω-categories, we first recall from [CF22] the following fact
about the hom weak ω-category (see Section 1.2.4).

Remark 4.4.2.1. Given a weak ω-category X and a pair of 0-cells x, y in X, we defined in Fact 1.2.4.1 the
hom weak ω-category X(x, y). Varying x and y, we obtain a Wk-ω-Cats-enriched graph, and this extends to
a functor which fits into middle row of the following diagram:

Str-ω-Cats (Str-ω-Cats)-Gph

Wk-ω-Cats (Wk-ω-Cats)-Gph

GSet GSet-Gph,

∼=

∼=

∼

(4.4.2.1.1)

where the other two horizontal maps are the more familiar hom functors. This is essentially the main result of
[CF22, Section 3], but a clarification is in order.

The authors of [CF22] use the category ω-Gph of ω-graphs (informally speaking, ‘ω-fold’ enriched graphs)
instead of GSet as the underlying category of the monads T and L (so that, in particular, the bottom horizontal
map in (4.4.2.1.1) becomes an isomorphism). We can obtain (4.4.2.1.1) by transferring the corresponding
(strictly commutative) diagram for ω-Gph along an equivalence GSet ≃ ω-Gph (cf. [Lei04, Appendix F] and
Remark B.3.4). Such a diagram can be extrapolated from [CF22] as follows. The perimeter of [CF22, (19)] is
a commutative square

⌈L⌉ L

(T(ω)-Gph)1 T(ω)1

of globular operads [Bat98; Lei04] and Section A.2.1 (or T(ω)-operads in [CF22]), which can be thought of as
representing certain monads on GSet or ω-Gph (see [CF22, Subsection 2.1] and Section A.2.1 for a summary or
[Lei04] for full details). Unravelling their notations [CF22, Subsections 2.2, 2.4, and Section 3], one can check
that

• T(ω)1 corresponds to the monad for strict ω-categories,
• (T(ω)-Gph)1 corresponds to the monad for Str-ω-Cats-enriched graphs,
• L corresponds to the monad for weak ω-categories, and
• ⌈L⌉ corresponds to the monad for Wk-ω-Cats-enriched graphs.

Taking the categories of algebras thus yields the upper half of (4.4.2.1.1), and the lower half simply witnesses
that these functors commute with the forgetful functors to the base category of the monads. ⌟
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Proposition 4.4.2.2. Taking each 2-pointed weak ω-category (x, y) : C0⊔C0 X to the hom weak ω-category
X(x, y) extends to a functor C0 ⊔ C0/Wk-ω-Cats Wk-ω-Cats which fits into the following diagram:

C0 ⊔ C0/Str-ω-Cats Str-ω-Cats

C0 ⊔ C0/Wk-ω-Cats Wk-ω-Cats

(GSet∗∗ =)G0 ⊔G0/GSet GSet

hom

∼=

hom

∼=

hom

(4.4.2.2.1)

Moreover, all functors in this diagram are right adjoints. ⌟

Proof. The first assertion follows from Remark 4.4.2.1, so we only need to prove the second assertion. We know
that all categories in (4.4.2.2.1) are cocomplete and moreover the functors

Str-ω-Cats GSet, Wk-ω-Cats GSet

and their sliced variants are all monadic. Hence, by [BW85, Theorem 3.7.3.(b)], it suffices to show that the
bottom horizontal functor is a right adjoint. As observed in Remark 1.1.1.9. it indeed admits a left adjoint. □

Remark 4.4.2.3. We do not know whether the hom-suspension adjunction for weak ω-categories in Proposi-
tion 4.4.2.2 coincides with the version constructed by Benjamin and Markakis [BM24]; see the ‘related work’
section of that paper. ⌟

Definition 4.4.2.4. For each weak ω-category X, we write (ΣX, (⋆, ⋆′)) for its image under the left adjoint
of hom: C0 ⊔ C0/Wk-ω-Cats Wk-ω-Cats. The components of the unit of this adjunction will be denoted
by Σ : X ΣX(⋆, ⋆′). The suspension functor Σ: Wk-ω-Cats Wk-ω-Cats is the composite of this left
adjoint with the forgetful functor C0 ⊔ C0/Wk-ω-Cats Wk-ω-Cats. ⌟

Note that the functor Σ preserves all connected colimits.

Proposition 4.4.2.5. For each weak ω-category X, the family of functions (Σ : Xn ΣXn+1)n∈N preserves
binary compositions and identities. More precisely, we have

Σ
(
idXn+1(z)

)
= idΣX

n+2(Σz) and Σ(u∗Xn v) = Σu∗ΣX
n+1Σv

for any n ≥ 0, n-cell z, and composable pair of n+ 1-cells u, v in X. ⌟

Proof. This follows from Corollary 1.2.4.3 and the fact that Σ : X ΣX(⋆, ⋆′) is a strict ω-functor using
Lemma 1.2.3.3. □

For each n ≥ 0, the left adjoint of hom: G0⊔G0/GSet GSet sends Gn and ∂Gn to Gn+1 and ∂Gn+1 (with
the obvious distinguished points) respectively. Therefore, Proposition 4.4.2.2 implies that we have canonical
isomorphisms ΣCn ∼= Cn+1 and Σ∂Cn ∼= ∂Cn+1. For each weak ω-category X and an n-cell x in X, the strict
ω-functor Cn+1 ΣX picking out Σx is the composite

Cn+1 ∼= ΣCn ΣX

where the first isomorphism is this canonical one and the second factor is obtained by applying Σ to the the
strict ω-functor Cn X picking out x.

Definition 4.4.2.6. We define the suspension of a marked weak ω-category (X, tX) to be the weak ω-
category ΣX equipped with the marking tΣX = {Σx |x ∈ tX}. This assignation extends to a functor
Σ: m-Wk-ω-Cats m-Wk-ω-Cats in the obvious manner. ⌟

It easily follows from Remark 4.4.0.5 that the suspension functor Σ: m-Wk-ω-Cats m-Wk-ω-Cats
preserves all connected colimits. In particular, it preserves the marked weak ω-categories Fn in the following
sense.

Proposition 4.4.2.7. For each n ≥ 1, there is an isomorphism Fn+1 ∼= ΣFn in m-Wk-ω-Cats that sends
the generating cells uF , vF , wF , pF , and qF of Fn+1 in Definition 4.3.4.1 to ΣuF , ΣvF , ΣwF , ΣpF , and ΣqF
respectively. ⌟
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Proof. Recall that Fn is constructed in the following two steps. Firstly we take the colimit of the solid part of

(∂Cn)♭ mCn (∂Cn)♭

(Cn)♭ Dn (Cn)♭

⟨τn−1,σn−1⟩

⟨σn−1,τn−1⟩ ⟨yF ,xF ⟩ uF

⟨τn−1,σn−1⟩

⟨σn−1,τn−1⟩

vF wF

which yields a marked weak ω-category Dn. Then we take the colimit of the solid part of

(∂Cn+1)♭ Dn (∂Cn+1)♭

mCn+1 Fn mCn+1

⟨uF∗n−1vF ,idn(xF )⟩ ⟨wF∗n−1uF ,idn(yF )⟩

pF qF

which yields Fn. The suspension functor Σ: m-Wk-ω-Cats m-Wk-ω-Cats preserves connected colimits,
and in particular the above defining colimit diagram of Dn. Combining the resulting diagram with the the
canonical isomorphisms Σ∂Cn ∼= ∂Cn+1 and ΣCn ∼= Cn+1 yields the following colimit diagram.

(∂Cn+1)♭ mCn+1 (∂Cn+1)♭

(Cn+1)♭ ΣDn (Cn+1)♭

⟨τn,σn⟩

⟨σn,τn⟩

⟨τn,σn⟩

⟨σn,τn⟩

Comparing it with the defining colimit diagram of Dn+1, we obtain an isomorphism ΣDn ∼= Dn+1 that sends
Σu, Σv, Σw to u, v, w in Dn+1.

The desired isomorphism ΣFn ∼= Fn+1 can be obtained by applying a similar argument to the second
diagram. The compatibility of the upper horizontal maps and the canonical isomorphisms Σ∂Cn+1 ∼= ∂Cn+2

follows from Proposition 4.4.2.5. □

4.4.3. Presenting EnF as the free system of witnesses. Fix n ≥ 1. In this subsection, we provide
another presentation of EnF which uses the suspension construction. The starting point is the following obser-
vation.

Lemma 4.4.3.1. For each m ≥ 0, there is a bijection

Tn,m × {p, q} ∼= Tn,m+1

which sends (u, p) to fm+1
u (pF ) and (u, q) to fm+1

u (qF ) where pF and qF are the (generating) marked (n+m+1)-
cells of Fn+m in Definition 4.3.4.1 and fm+1

u : Fn+m En+m+1
F is the strict ω-functor in Definition 4.4.1.1. ⌟

Proof. This follows from Lemma 4.4.1.3, as we have (tFn+m)n+m+1 = {pF , qF} and (tEn,m+1
F )n+m+1 = Tn,m+1.

□

Applying this lemma iteratively, we obtain an isomorphism Tn,m ∼= {p, q}m and so the pushout square
(4.4.1.1.1) can be rewritten as ∐

ϕ∈{p,q}m

mCn+m En,mF

∐
ϕ∈{p,q}m

Fn+m En,m+1
F

gm

⌜
em+1

fm+1

where g0 : mCn En,0F = mCn is the identity, and gm+1 is characterised as the unique strict ω-functor such
that, for each ϕ ∈ {p, q}m, its restrictions

gm+1
ϕp , gm+1

ϕq : mCn+m+1 En,m+1
F

onto the ϕp-th and the ϕq-th factors send cn+m+1 to fmϕ (pF ) and fmϕ (qF ) respectively; here the expression ϕp
means the sequence obtained from ϕ by appending p, and similarly for ϕq.

It follows that unpacking the data of a cocone under the sequence (4.4.1.5.1) with nadir X (we borrowed
this terminology from [Rie16, Definition 3.1.2]) yields precisely the following data.



88 4. ω-EQUIFIBRATIONS BETWEEN STRICT AND WEAK ω-CATEGORIES

Definition 4.4.3.2. Let X be a marked weak ω-category and let n ≥ 1. A system of witnesses of dimension
n in X consists of

• a marked (n+m)-cell xϕ in X, and
• (n+m)-cells xϕv, xϕw in X

for each sequence ϕ ∈ {p, q}m of length m ≥ 0, whose source and target are given by
xϕv, xϕw : tn+m−1(xϕ)→ sn+m−1(xϕ),

xϕp : xϕ∗n+m−1xϕv → idn+m(sn+m−1(xϕ)), and
xϕq : xϕw∗n+m−1xϕ → idn+m(tn+m−1(xϕ)).

Equivalently, the quintuple (xϕ, xϕv, xϕw, xϕp, xϕq) must specify a (marking-preserving) strict ω-functor Fn+m

X for each ϕ ∈ {p, q}m. ⌟

We now describe a more elementary diagram in m-Wk-ω-Cats such that a cocone under that diagram with
nadir X is precisely a system of witnesses in X.

Definition 4.4.3.3. We write Ξ for the free category generated by the following graph.

• The set of vertices is
{
ϕ | ϕ ∈ {p, q}∗

}
∪
{
ϕ | ϕ ∈ {p, q}∗

}
.

• For each ϕ ∈ {p, q}∗, there are edges

αϕ : ϕ→ ϕ, βϕp : ϕp→ ϕ, and βϕq : ϕq → ϕ. ⌟

The generating graph of the category Ξ can be visualised as follows:
ε

p ε q

pp p pq qp q qq

· · · · · · · · · · · ·

...
...

...
...

...
...

...
...

αε

βp

αp

βq

αq

βpp

αpp

βpq

αpq

βqp

αqp

βqq

αqq

βppp βppq βpqp βpqq βqpp βqpq βqqp βqqq

Note that specifying a diagram D : Ξ C in a category C is equivalent to specifying the image of the full
subcategory

ϕ

ϕp ϕ ϕq

αϕ

βϕp βϕq

(4.4.3.3.1)

for each ϕ ∈ {p, q}m in a coherent manner. More precisely, for each ϕ ∈ {p, q}m with m ≥ 1, the object ϕ
appears in exactly two of such full subcategories (once at the top and once in the bottom row), and the value
D(ϕ) must be consistent between these two appearances.

Definition 4.4.3.4. For each n ≥ 1, define a functor C
F

n
: Ξ m-Wk-ω-Cats by sending (4.4.3.3.1) to

mCn+m

mCn+m+1 Fn+m mCn+m+1,

uF

pF qF

(4.4.3.4.1)

for each ϕ ∈ {p, q}m where uF , pF , qF are the generating marked cells of Fn+m in Definition 4.3.4.1. ⌟

The admittedly strange notation C
F

n is motivated by the following mnemonics.

• The relative position C
F suggests that the vertical map in (4.4.3.4.1) has domain mCn+m and codomain

Fn+m.
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• The upper half C suggests that underlined objects ϕ are sent to mCn+m.
• The lower half F suggests that overlined objects ϕ are sent to Fn+m.

We have defined the functor C
F

n so that the following holds.

Proposition 4.4.3.5. The category of cocones under C
F

n is isomorphic to the category of cocones under the
sequence (4.4.1.5.1), and this isomorphism commutes with the evident forgetful functors to m-Wk-ω-Cats. In
particular, EnF is a colimit of C

F

n. ⌟

Corollary 4.4.3.6. For each n ≥ 1, the isomorphisms (Fn+1+m ∼= ΣFn+m)m∈N and (mCn+1+m ∼= ΣmCn+m)m∈N
in Proposition 4.4.2.7 induce an isomorphism En+1

F
∼= ΣEnF . ⌟

Proof. Since the category Ξ is connected, we have

ΣEnF ∼= Σ(colim C
F

n
) ∼= colim(Σ ◦ C

F

n
)

by the comment just below Definition 4.4.2.6. By Proposition 4.4.2.7, the diagram Σ ◦ C
F

n is isomorphic to
C
F

n+1. □

4.4.4. Comparison to the Ozornova–Rovelli model. In this subsection, we prove that reflecting (the
underlying weak ω-category of) E1F to Str-ω-Cats yields the strict ω-category ω̂E , which was first introduced
in [OR24] and later shown to be weakly contractible (in the folk model structure) in [Had+25]. We first define
a weak ω-category E1OR by imitating the original construction of ω̂E .

Definition 4.4.4.1. Let E1,0OR = C0 ⨿ C0, whose 0-cells we call xOR and yOR. Let E1,1OR be the weak ω-category
obtained from E1,0OR by freely adjoining 1-cells

uOR : xOR yOR and vOR, wOR : yOR → xOR.

Write e1 : E1,0OR E1,1OR for the inclusion, and write f1p , f
1
q : ΣE

1,0
OR E1,1OR for the strict ω-functors corresponding

via the adjunction Σ ⊣ hom to

⟨uOR∗0vOR, id1(xOR)⟩ : E1,0OR E1,1OR(xOR, xOR) and ⟨wOR∗0uOR, id1(yOR)⟩ : E1,0OR E1,1OR(yOR, yOR),

respectively, where we identify morphisms from E1,0OR with pairs of 0-cells. For m ≥ 1, define the weak ω-category
E1,m+1
OR and strict ω-functors

em+1 : E1,mOR E1,m+1
OR and fm+1

p , fm+1
q : ΣE1,mOR E1,m+1

OR

to be the legs of the colimiting cocone

ΣE1,m−1
OR E1,mOR ΣE1,m−1

OR

ΣE1,mOR E1,m+1
OR ΣE1,mOR

fmp

Σem em+1 Σem

fmq

fm+1
p fm+1

q

(4.4.4.1.1)

in Wk-ω-Cats. We write E1OR for the colimit of the sequence

E1,0OR
e1 E1,1OR

e2 E1,2OR
e3 . . . (4.4.4.1.2)

in Wk-ω-Cats. ⌟

Remark 4.4.4.2. Although we have intentionally chosen the notations

em+1 : E1,mOR E1,m+1
OR and fm+1

p , fm+1
q : ΣE1,mOR E1,m+1

OR

which resemble
em+1 : En,mF En,m+1

F and fm+1
u : Fn+m En,m+1

F

from Section 4.4.1, we are not claiming any rigorous relationship between them beyond their playing similar
roles. In particular, we are giving the same name em+1 to two different strict ω-functors, but this should cause
no serious confusion because em+1 : En,mF En,m+1

F never appears in this subsection outside of this remark. ⌟

Proposition 4.4.4.3. The strict ω-categorical reflection of E1OR is isomorphic to the coherent walking ω-
equivalence ω̂E constructed in [OR24]. ⌟
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Proof. By virtue of Proposition 4.4.2.2, the strict ω-categorical reflection functor Wk-ω-Cats Str-ω-Cats

sends the defining colimits of each E1,mOR and E1OR to those of ω̂E
(m)

and ω̂E in [OR24, Constructions 1.5.12 and
1.5.13] respectively. □

We now prove that E1OR is in fact isomorphic to E1F . To this end, let E
E : Ξ Wk-ω-Cats be the unique

diagram that sends (4.4.3.3.1) to

ΣmE1,0OR

Σm+1E1,0OR ΣmE1,1OR Σm+1E1,0OR

Σme1

Σmf1p Σmf1q

(4.4.4.3.1)

for each ϕ ∈ {p, q}m.

Lemma 4.4.4.4. The category of cocones under E
E is isomorphic to the category of cocones under the sequence

(4.4.4.1.2), and this isomorphism commutes with the evident forgetful functors to Wk-ω-Cats. In particular,
E1OR is a colimit of E

E . ⌟

Proof. For each m ≥ 0, we write Ξm for the full subcategory of Ξ spanned by the subset{
ϕ ϕ ∈ {p, q}≤m

}
⊔
{
ϕ ϕ ∈ {p, q}<m

}
,

and E
E

m for the restriction of E
E to Ξm. The inclusion Ξm Ξm+1 induces a strict ω-functor

gm+1 : colim(EE
m
) colim(EE

m+1
)

on their colimits. This defines a sequence

colim(EE
0
) colim(EE

1
) colim(EE

2
) · · ·g1 g2 g3

and clearly the category of cocones under this sequence is isomorphic to that of cocones under E
E . Therefore

it suffices to show that this sequence is naturally isomorphic to the sequence (4.4.4.1.2). We will do so by
constructing suitable strict ω-functors hm+1

p , hm+1
q : Σ colim(EE

m
) colim(EE

m+1
) and comparing the diagram

Σ(colim E
E

m−1
) colim E

E

m
Σ(colim E

E

m−1
)

Σ(colim E
E

m
) colim E

E

m+1
Σ(colim E

E

m
)

hm
p

Σgm gm+1

hm
q

Σgm

hm+1
p hm+1

q

(4.4.4.4.1)

to (4.4.4.1.1).

For each r ∈ {p, q}, the function r++: {p, q}∗ {p, q}∗ given by r++ϕ = rϕ defines a fully faithful functor
Ξm → Ξm+1. We write rΞm for its image, which is precisely the full subcategory of Ξm+1 spanned by those
objects of the form rϕ or rϕ. Moreover, we have a commutative square

Ξm Wk-ω-Cats

Ξm+1 Wk-ω-Cats

E
E

m

r++ Σ

E
E

m+1

which induces a map between colimits colim(Σ ◦ E
E

m
) colim(EE

m+1
). Since Ξm is connected, the functor Σ

preserves Ξm-shaped colimits, and we obtain a morphism

hm+1
r : Σ colim(EE

m
) colim(EE

m+1
).

Clearly these strict ω-functors fit into the commutative diagram (4.4.4.4.1).

Observe that the category Ξm+1 can be written as the union of three full subcategories

Ξm+1 = pΞm ∪ qΞm ∪ Ξm

and the intersection rΞm ∩ Ξm is precisely rΞm−1 for each r ∈ {p, q} whereas pΞm ∩ qΞm is empty. It follows
that (4.4.4.4.1) presents colim(EE

m+1
) as the colimit of the solid part. Since h1

r and g1 are isomorphic to f1r and
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e1 respectively, we can now prove by induction on m that the diagram (4.4.4.4.1) is isomorphic to (4.4.4.1.1)
for each m ≥ 1. This completes the proof. □

Now we are ready to prove the desired isomorphism.

Theorem 4.4.4.5. The weak ω-category E1OR is isomorphic to (the underlying weak ω-category of) the alge-
braically KF -injective replacement E1F of mC1. More generally, we have ΣnE1OR

∼= En+1
F for each n ≥ 0. ⌟

Proof. Since we have E1,0OR = ∂C1 and E1,1OR = D1, Proposition 4.4.2.5 implies that we can identify the diagram
(4.4.4.3.1) with the following diagram

∂Cm+1

∂Cm+2 Dm+1 ∂Cm+2

⟨xF ,yF ⟩

⟨uF∗mvF ,idm+1(xF )⟩ ⟨wF∗muF ,idm+1(yF )⟩

in Wk-ω-Cats. It is straightforward to see from this description that a cocone under E
E with nadir X is

precisely a system of witnesses of dimension 1 in X. Thus the universal property of E1OR
∼= colim(EE ) exhibited

in Lemma 4.4.4.4 coincides with that of E1F . The last assertion follows from Corollary 4.4.3.6. □

4.5. ω-equifibrations and folk fibrations

Let us recall the folk model structure on Str-ω-Cats constructed in [LMW10, Theorem 4.39]. Recall from
Notation 1.2.2.11 that we write Cn = FTG

n for the free strict ω-category generated by a single n-cell, and call
the generating n-cell cn. The cofibrations in the folk model structure are cofibrantly generated by{

ιn : ∂Cn Cn n ≥ 0
}
.

It follows that the trivial fibrations are precisely those defined in Example 1.3.3 (but between strict ω-categories).
The weak equivalences are the ω-weak equivalences of Definition 3.2.1.3 (but again between strict ω-categories).
The fibrations can be characterised as follows. For n ≥ 1, define the collapse map ∂Cn Cn−1 by

∂Cn−1 Cn−1

Cn−1 ∂Cn

Cn−1.

⌜

Recall the notation (1.2.2.11.1).

Proposition 4.5.0.1 ([LMW10, Corollary 4.38]). Suppose that, for each n ≥ 1, we are given a factorisation

∂Cn in∂ En rn Cn−1

of the collapse map such that in∂ is a folk cofibration and rn is a folk trivial fibration. Then{
Cn−1 σn−1

∂ ∂Cn in∂ En n ≥ 1

}
is a generating set of folk trivial cofibrations. ⌟

The purpose of this section is to give a much more explicit characterisation of the folk fibrations, namely
that they are precisely the ω-equifibrations between strict ω-categories.

4.5.1. Folk fibrations are ω-equifibrations. For each n ≥ 1, let

Cn in⋆ En
⋆

rn⋆ Cn−1

be a factorisation of the map picking out idn(cn−1) into a folk cofibration in⋆ followed by a folk trivial fibration
rn⋆ , obtained by using e.g. the small object argument. (The notation is intended to suggest that En

⋆ is ‘pointed’,
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i.e., it comes equipped with a distinguished n-cell in⋆ .) Then the composite ∂Cn ιn Cn in⋆ En
⋆ is clearly a folk

cofibration, so

{Cn−1 σn−1

Cn in⋆ En
⋆ | n ≥ 1}

is a generating set of folk trivial cofibrations by Proposition 4.5.0.1. Note that, since the trivial fibration
rn⋆ : E

n
⋆ → Cn−1 reflects equivalences by [LMW10, Lemma 4.9], the n-cell in⋆ (cn) (and similarly every k-cell in En

⋆

with k ≥ n) is an equivalence.

The statement of the following lemma appears in [HL25, Proposition 4.22]. Although the authors of [HL25]
state that it is merely a reformulation of [LMW10, Lemma 4.36], we believe that this is not quite true, so we
provide a separate proof.

Lemma 4.5.1.1. Let let u : x→ y be an n-cell in a strict ω-category X with n ≥ 1. Then u is an equivalence
if and only if the map Cn → X picking out u can be extended along in⋆ : C

n → En
⋆ . ⌟

Proof. The ‘if’ direction follows from Proposition 2.3.1. The ‘only if’ direction is deferred to Section A.4. □

Proposition 4.5.1.2. Any folk fibration is an ω-equifibration. ⌟

Proof. Let f : X Y be a folk fibration between strict ω-categories. Let n ≥ 1 and suppose that we are given
an equivalence n-cell of the form u : fx → y in Y . Then by Lemma 4.5.1.1, the map Cn Y picking out u
can be extended to En

⋆ , which fits into the commutative square

Cn−1 X

En
⋆ Y.

x

in⋆σ
n−1 f

Since the left vertical map is a folk trivial cofibration, this square admits a lift En
⋆ X. In particular, it sends

the n-cell picked out by in⋆ : C
n En

⋆ to an equivalence n-cell of the form ū : x→ ȳ with fū = u. □

4.5.2. ω-equifibrations are folk fibrations. Recall from Section 4.4 that, for each n ≥ 1, inF : Cn EnF
is (the underlying strict ω-functor of) the unit map associated to the algebraically KF -injective replace-
ment (of mCn). We will write inF : C

n En
F for its image under the strict ω-categorical reflection functor

Wk-ω-Cats Str-ω-Cats defined in Notation 1.2.2.10; in particular, we have E1
F
∼= ω̂E by Proposition 4.4.4.3

and Theorem 4.4.4.5. The following is an immediate consequence of Proposition 4.4.0.4.

Lemma 4.5.2.1. A strict ω-functor between strict ω-categories is an ω-equifibration if and only if it has the
right lifting property with respect to

JF = {Cn−1 σn−1

Cn inF En
F | n ≥ 1 }. ⌟

In order to prove that ω-equifibrations are folk fibrations, it thus suffices to show that JF is a generating
set of folk trivial cofibrations. The first step is straightforward.

Lemma 4.5.2.2 (See [Had+25, Theorem 1.33] for the second assertion). The map inFσ
n−1 : Cn−1 En

F is a
folk trivial cofibration for each n ≥ 1. In particular, the coherent walking ω-equivalence ω̂E is weakly equivalent
to the terminal strict ω-category in the folk model structure. ⌟

Proof. Proposition 4.5.1.2 and Lemma 4.5.2.1 imply that each inFσ
n−1 has the left lifting property with respect

to all folk fibrations, which proves the first assertion. The second assertion follows from the case n = 1. □

Our next step is to modify Proposition 4.5.0.1 using a seemingly trivial observation regarding ω-equifibrations.

Definition 4.5.2.3. We call a strict ω-category X gaunt if every equivalence in X is an identity. ⌟

Lemma 4.5.2.4. Let f : X Y be a morphism in Str-ω-Cats with Y gaunt. Then f is an ω-equifibration. ⌟

Proof. Let x ∈ Xn−1 and let u : fx → y be an equivalence n-cell in Y . Then u is the identity on fx by
assumption, so we may simply lift it to the identity on x. □

Lemma 4.5.2.5. Suppose that, for each n ≥ 1, we are given a factorisation

∂Cn in∂ En rn Cn−1

of the collapse map such that
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• in∂ is a folk cofibration, and

• the composite Cn−1
σn−1
∂ ∂Cn in∂ En is a folk trivial cofibration.

Then {
Cn−1 σn−1

∂ ∂Cn in∂ En n ≥ 1

}
is a generating set of folk trivial cofibrations. ⌟

Proof. Since Cn−1 is gaunt, the map rn is automatically an ω-equifibration. Moreover, since rn is a retraction
of in∂σ

n−1
∂ , the 2-out-of-3 property implies that rn is an ω-weak equivalence. It follows that rn is a folk trivial

fibration. Hence the claim follows by Proposition 4.5.0.1. □

Now we are ready to prove the desired statement.

Theorem 4.5.2.6. The set JF is a generating set of folk trivial cofibrations. Consequently, the folk fibrations
are precisely the ω-equifibrations between strict ω-categories. ⌟

Proof. We apply Lemma 4.5.2.5 to the strict ω-functors in∂ and rn defined as follows. The former is the strict

ω-categorical reflection of ∂Cn ιn Cn inF EnF . Note that this composite in Wk-ω-Cats can be written as a
transfinite composite of pushouts of maps of the form ∂Cm Cm, so its image in∂ is a transfinite composite of
pushouts of ∂Cm Cm, and in particular it is a folk cofibration. Moreover, the composite(

Cn−1 σn−1
∂ ∂Cn in∂ En

F

)
=

(
Cn−1 σn−1

Cn inF En
F

)
is a folk trivial cofibration by Lemma 4.5.2.2.

Recall that the map inF : mCn EnF in m-Wk-ω-Cats is in KF -cof. It follows that the map mCn
(Cn−1)♮ picking out idn(cn−1) can be extended along inF : mCn EnF . The strict ω-functor rn : En

F Cn−1

is the strict ω-categorical reflection of the underlying map of this extension. Clearly the composite rnin∂ is the
collapse map by construction, and this completes the proof. □





APPENDIX A

Deferred proofs and additional remarks

In this chapter we collect several technical results and deferred proofs whose statements were used in the
main body of the thesis. Our aim is to separate these more involved arguments from the main narrative while
keeping the exposition essentially self-contained.

In Section A.1 we give a detailed proof that realisation embeds the discrete category of pasting schemes
into the core groupoid of GSet, via an analysis of the auxiliary functor Br.

In the following section we recall the description of L as a globular operad and show that the associated
globular operad is normalised, a fact used later in Section A.3. Section A.3 is then devoted to the proof that
εX is bijective on objects, obtained by an adjointness argument involving the coskeleton construction.

In Section A.4 we complete the proof of Lemma 4.5.1.1 by recalling and adapting the cylinder machinery
of [LMW10].

Section A.5 constructs the quotient bicategory τ2(X) by identifying 2-cells up to the equivalence relation
generated by equivalence cells, and relates equivalences in X to equivalences in τ2(X). Using this construction,
in Section A.6 we present an alternative choice of the set K based on half-adjoint equivalences and verify that
it satisfies conditions (K1)–(K3), thereby yielding a second characterisation of ω-equifibrations.

A.1. Realisation embeds pasting schemes into GSet

We show the following proposition, which rephrases Proposition 1.1.2.17.

Proposition A.1.1. The realisation defines a fully faithful functor (̂−) : PS k(GSet) from the discrete
category PS of pasting schemes to the core groupoid of the category GSet. ⌟

To this end, we first check the following lemma.

Lemma A.1.2. Consider the functor Br: Set∗ Gph defined in Construction B.3.21 for C = 1 that sends a
list of sets (X1, . . . , Xk) to the colimit

ΣX1 ΣX2 · · · ΣXk

G0 G0 G0 · · · G0 G0.
⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′

Here ΣS is the graph that has exactly two vertices ⋆ and ⋆′ and whose only edges are those in ΣS(⋆, ⋆′) = S.

Then, given two lists of sets (X1, . . . , Xk) and (Y1, . . . , Yl) such that each Xi and Yj is non-empty, and
an isomorphism ϕ : Br(X1, . . . , Xk)

∼ Br(Y1, . . . , Yl) in Gph, we have k = l and there exists a unique list of
bijections ϕi : Xi Yi for i = 1, . . . , k such that Br(ϕ1, . . . , ϕk) = ϕ. ⌟

Proof. Br(X1, . . . , Xk) is described as follows:

• Br(X1, . . . , Xk)0 = {⋆0, ⋆1, ⋆2, . . . , ⋆k} is a k + 1-element set.
• Br(X1, . . . , Xk)(⋆i, ⋆i+1) = Xi+1 for each i < k, and those are the only non-empty hom-sets.

Now the statement is clear from this description. □

Now we are ready to prove the proposition.

Proof of Proposition A.1.1. Suppose we are given two pasting schemes k = br[k1, . . . , kl] and k′ = br[k′1, . . . , k
′
l′ ]

and an isomorphism φ : k̂ ∼ k̂′ in GSet. When k =
[
0
]
= br[], we have k̂ = G0 ∼= k̂′, which implies k′ =

[
0
]

95
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since k′ must be of dimension 0, and
[
0
]

is the only pasting scheme of dimension 0. By (1.1.2.13.2), any
isomorphism φ in GSet induces an isomorphism

φ0 : Br((k̂1)0, . . . , (k̂l)0) ∼= Br((k̂′1)0, . . . , (k̂
′
l′)0) in Gph,

which, by Lemma A.1.2, implies l = l′ and that it decomposes as Br(φ1
0, . . . , φ

l
0). Now this shows that φ sends

cells coming from k̂i to those coming from k̂′i since their source and target 0-cells are sent correspondingly by
φ0. Thus φ decomposes as the colimit of isomorphisms Σ(φi) : Σ k̂i

∼ Σ k̂′i, and by induction on the level of
k, we have ki = k′i and φi = Idk̂i for each i, which concludes k = k′ and φ = Idk̂. □

A.2. L as a normalised globular operad

Using the fact that T is a cartesian monad, one can see that the entire structure of a cartesian monad
over T with contraction (P, ηP , µP , arP , κ̄P ) is determined by the tuple (P1, ηP1 , µ

P
1 , ar

P
1 , κ̄

P ) of its components
at the terminal globular set 1. This latter description leads to the notion of globular operad with contraction,
which is the actual structure used by Leinster to define weak ω-categories in [Lei04]. From this point of view,
we will prove that the globular operad corresponding to the initial cartesian monad L over T with contraction
is normalised, which has been mentioned in literature but the proof has not been explicitly given. Most of the
contents in this section are splitted out from [FHM25a, Appendix A].

A.2.1. Globular operad. We first recall the notion of globular operads and observe that this is equivalent
to cartesian monads over T, and hence L can be seen as a globular operad (see also [CF22, Section 2]).

Definition A.2.1. Let E be a finitely complete category. We define [E,E]cart as the category of all pullback-
preserving endofunctors on E and cartesian natural transformations between them. Since pullback-preserving
functors and cartesian natural transformations are closed under composition of functors and horizontal com-
position of natural transformations respectively, this category [E,E]cart is equipped with a structure of a sub-
monoidal category of the (strict) monoidal category [E,E]. ⌟

Remark A.2.2. For a finitely complete category E, a cartesian monad on E is precisely a monoid object in
the monoidal category [E,E]cart. Moreover, a cartesian monad equipped with a cartesian monad morphism to
a fixed cartesian monad S on E is precisely a monoid object in the slice monoidal category [E,E]cart/S. ⌟

The following is the core of the equivalence between cartesian monads over T and globular operads:

Lemma A.2.3 ([Kel92, 3.1 and 3.2]). Let E be a finitely complete category, and S be a cartesian monad on
E. Then the evaluation functor ev1 : [E,E]cart/S E/S1 at the terminal object 1 ∈ E is an equivalence of
categories. ⌟

Definition A.2.4. Let E be a finitely complete category, and S be a cartesian monad on E. Along the
equivalence ev1 in Lemma A.2.3, we can transport the (strict) monoidal structure on the slice monoidal category
[E,E]cart/S to induce a (not necessarily strict) monoidal structure on E/S1.

An S-operad is a monoid object in E/S1 with respect to this monoidal structure. ⌟

From the monoidal equivalence ev1, it is clear that an S-operad corresponds to a cartesian monad on E
equipped with a cartesian monad morphism to S.

Remark A.2.5. More explicitly, the monoidal strucure on E/S1 is described as follows. The monoidal unit in
E/S1 is the component ηS1 : 1 S1 of the unit ηS of the monad S at the terminal object 1 ∈ E. Given two
objects f : X S1 and g : Y S1 in E/S1, their monoidal product f ⊗ g in E/S1 is the composite of the
top horizontal row in the following diagram.

SX ×S1 Y SX S21 S1

Y S1

⌟
S!

Sf µS
1

g

⌟

The most important fact about S-operads for us is the following, which is essential in the proof of the
existence of L (Proposition 1.2.2.7).
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Fact A.2.6 ([Lei04, Proposition 6.5.4 and 6.5.6]). If E is a presheaf category and S is finitary and preserves
wide pullbacks, then the forgetful functor Mon(E/S1) E/S1 from the catgeory of S-operads is a finitary
monadic functor. ⌟

Remark A.2.7. This fact can be checked in a more general setting as follows. In general, given a monoidal
category V that is locally presentable as a category and whose monoidal product ⊗ preserves filtered colimits
in each variable, the category Mon(V) of monoid objects in V is also locally presentable, and the forgetful
functor Mon(V) V is finitary monadic. This is observed in [Por08] for symmetric case, and the same
argument works for non-symmetric case as well, which is observed in [AV25, Proposition 2.1.7]. Since E/S1 is
locally presentable if so is E, it suffices to show that the monoidal product on E/S1, equivalently, the monoidal
product on [E,E]cart/S, preserves filtered colimits in each variable, provided that E is locally presentable and
S preserves filtered colimits.

To see this, first observes that filtered colimits in [E,E]cart/S are computed pointwise if E is locally pre-
sentable, because filtered colimits commutes with pullbacks in E. This immediately implies that the monoidal
product on [E,E]cart/S preserves filtered colimits in one variable. For the other variable, it suffices to show
that if S preserves filtered colimits and there is an endofunctor F over S in [E,E]cart/S, then F also preserves
filtered colimits. This can be shown in a similar way as Proposition 1.2.3.4. ⌟

Definition A.2.8. A globular operad is a T-operad, where T is the free strict ω-category monad on the category
GSet of globular sets. ⌟

Remark A.2.9. Explicitly, a globular operad consists of an object a : O T1 and morphisms e : ηT1 a
and m: a ⊗ a a in GSet/T1 satisfying the monoid axioms. In particular, e is a globular map e : 1 → O,
and hence it gives rise to an n-cell en ∈ On of the globular set O for each natural number n. A contraction
on the monad over T corresponding to a globular operad (O, a, e,m) is precisely an I×o -lifting structure on
a : O T1, where I×o = {ιn : ∂Cn Cn |n ≥ 1} is the set of boundary inclusions defined in Example 1.3.4.
See also Example 1.3.22 for this perspective. ⌟

A.2.2. L is normalised. A globular operad O is said to be normalised if the set O0 of its 0-cells is a
singleton. The objective of this subsection is to show that L is normalised as a globular operad; i.e., the set (L1)0
of 0-cells of the globular set L1 is a singleton. This result is in particular used in the next section Section A.3.
(Although it should be possible, as mentioned in [Gar09a, Proof of Theorem 10], to deduce this statement from
results in [Che10], we found it rather non-trivial to actually do so, which is why give a different proof here.)

Following Remark A.2.9, let O = (O, a, e,m) be a globular operad, and write en ∈ On for the n-cell of O
corresponding to the unique element of 1n via the globular map e : 1→ O.

Definition A.2.10. We define the normal part Onorm of the T -operad O = (a : O → T1, e,m) as the globular
subset Onorm ⊆ O defined as follows.

• There is only one 0-cell in Onorm, namely e0.
• For n > 0, the set Onorm

n of all n-cells of Onorm consists of all n-cells x ∈ On of O satisfying sO0 (x) =
e0 = tO0 (x).

Note that to give a globular map X → Onorm from X ∈ GSet is equivalent to giving a globular map X → O
which maps every 0-cell of X to e0. ⌟

Lemma A.2.11. Onorm (more precisely, the subobject Onorm O a T1 of a in GSet/T1) is closed under
the monoid structure of O, and hence defines a globular suboperad of O. ⌟

Proof. It is clear that the globular map e : 1 O factors through Onorm. To see that Onorm is closed under
m, observe that the monad T is trivial at the dimension 0, i.e., the unit component ηTX : X TX indues a
bijection X0

∼= (TX)0 for any globular set X. This implies that the functor (−)0 : GSet/T1 → Set, mapping
each object f : X → T1 of GSet/T1 to the set X0, is strong monoidal with respect to the cartesian monoidal
structure on Set. Hence the set O0 of 0-cells of the globular operad O is an ordinary monoid, with e0 ∈ O0 as
the unit element. Now it is easy to see that Onorm is closed under m, using the fact that m commutes with the
source and target operations. □

If the underlying object a : O → T1 of a globular operad O = (a : O → T1, e,m) has a contraction κ̄O, then
κ̄O restricts to the normal part Onorm of O because the globular map ιn : ∂G

n Gn is bijective on 0-cells for
all n > 0. Now, recall that the globular operad OL for weak ω-categories (which corresponds to the monad L
for weak ω-categories) is defined as the initial object in the category of globular operads with contraction; see
[Lei04, Section 9.2] for details.
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Proposition A.2.12. OL is a normalised globular operad. ⌟

In terms of the monad L, this means that the set (L1)0 is a singleton.

Proof. The above observations imply that the normal part Onorm
L of OL is also a globular operad with contraction,

and the inclusion map Onorm
L → OL, being a monomorphism into an initial object, must then be an isomorphism.

Therefore we have Onorm
L

∼= OL, i.e., the set (OL)0 is a singleton. □

Moreover, we have the following corollary by considering the cartesianness of the unit ηL:

Corollary A.2.13. The component ηLX : X → LX of the unit induces a bijection X0
∼= (LX)0 for any globular

set X. ⌟

A.3. εX is bijective on objects

This section is devoted to the proof of Proposition 3.3.2.7, which is split off from [FHM25a, Appendix A].

Proposition A.3.1. The functor (−)0 : Wk-ω-Cats Set, mapping each weak ω-category X to its set X0

of objects, has a right adjoint Cosk: Set Wk-ω-Cats. ⌟

Proof. Observe that we have a lax monad morphism (i.e., a monad functor in the sense of [Str72])(
(−)0, (−)0 ◦ ηL

)
: (GSet,L) (Set, IdSet),

where (−)0 : GSet Set is the functor mapping each globular set X to its set X0 of 0-cells. The func-
tor (−)0 : Wk-ω-Cats Set is induced by this lax monad morphism. Now, Corollary A.2.13 implies that(
(−)0, (−)0 ◦ ηL

)
is in fact a strong monad morphism.

The underlying functor (−)0 : GSet Set of this strong monad morphism has both left and right adjoints,
given by left and right Kan extensions along the (fully faithful) inclusion ⌜0⌝ : 1 G. In particular, the right
adjoint Ran⌜0⌝ : Set GSet of (−)0 : GSet Set induces (by doctrinal adjunction [Kel74]) a right adjoint
of
(
(−)0, (−)0 ◦ ηL

)
: (GSet,L) (Set, IdSet) in the 2-category of monads and lax monad morphisms, which

induces the desired right adjoint Cosk: Set Wk-ω-Cats of (−)0 : Wk-ω-Cats Set. □

Proof of Proposition 3.3.2.7. Let X be a weak ω-category. For any object x ∈ X0 of X, let x ∈ (QX)0 be the
object of QX corresponding to the diagonal strict ω-functor κX(0; !QX , x) below:

∅ QX

C0 X

!QX

ι0 εX

x

κQ
X(0;!QX ,x)

We claim that the function (−) : X0 (QX)0, mapping x ∈ X0 to x ∈ (QX)0, is an inverse of the function
(εX)0 : (QX)0 X0, mapping y ∈ (QX)0 to εX(y) ∈ X0. For any x ∈ X0, we clearly have εX(x) = x by the
commutativity of the above diagram.

It suffices to show that the function (−) : X0 (QX)0 is surjective. To this end, consider a two-element
set S = {a, b}, and let E = CoskS ∈ Wk-ω-Cats. The adjointness (−)0 ⊣ Cosk implies that E is right
orthogonal to I× = {ιn : ∂Cn Cn |n ≥ 1}. Hence, in order to equip the unique strict ω-functor !E : E 1

to the terminal weak ω-category 1 with an I-lifting structure λ, we only need to specify λ(0; !E , ∗) : C0 E.
We set it to the transpose of the function (C0)0 S mapping the unique element of (C0)0 = (LG0)0 ∼= (G0)0
to a. The last bijection follows from Corollary A.2.13.

By the universality of (εX : QX X,κQ
X), the unique strict ω-functor !X : X 1 uniquely extends to

a morphism (h, !X) : (εX , κQ
X) (!E , λ) in I-AIMor. The strict ω-functor h : QX E is necessarily the

transpose of some function ĥ : (QX)0 S, and one can check that the pair (h, !X) is a morphism (εX , κQ
X)

(!E , λ) in I-AIMor if and only if we have ĥ(y) = a for all y in the image of the function (−) : X0

(QX)0. Therefore the uniqueness of such h, or equivalently that of such ĥ, implies that (−) : X0 (QX)0 is
surjective. □
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A.4. Proof of Lemma 4.5.1.1

Based on [FHM25b, Appendix A], in this section, we complete the proof of Lemma 4.5.1.1. Our proof below
is essentially a ‘proof-relevant’ version of that of [LMW10, Lemma 4.36], and in particular, we will use their
notion of cylinder. (In the following definition of cylinder, we adopt (and slightly modify) the notations (−)♭,
(−)♯, and (−)♮ from [LMW10], but note that they are unrelated to the functors Wk-ω-Cats m-Wk-ω-Cats
introduced in Section 4.3.2.)

Definition A.4.1. Let X be a strict ω-category and let x be a cell of dimension ≥ 1 in X. We write x♭ = s0(x)
and x♯ = t0(x). ⌟

Definition A.4.2 ([LMW10, Definition 4.14]). The notion of n-cylinder U : x ↷ y in a strict ω-category X,
where x and y are n-cells in X, is defined inductively as follows.

• A 0-cylinder U : x ↷ y is an equivalence 1-cell U : x→ y.
• For n ≥ 1, an n-cylinder U : x ↷ y is a triple U = (U ♭, U ♯, U ♮) where

– U ♭ : x♭ → y♭ is an equivalence 1-cell,
– U ♯ : x♯ → y♯ is an equivalence 1-cell, and
– U ♮ : (x∗X0 U ♯) ↷ (U ♭∗X0 y) is an (n− 1)-cylinder in the hom strict ω-category X(x♭, y♯).

For n ≥ 1, the source of such U is the (n − 1)-cylinder sn−1(U) : sn−1(x) ↷ sn−1(y) defined inductively as
follows.

• If n = 1, then s0(U) = U ♭.
• If n ≥ 2, then sn−1(U)♭ = U ♭, sn−1(U)♯ = U ♯, and sn−1(U)♮ = sn−2(U

♮).

The target (n−1)-cylinder tn−1(U) : tn−1(x) ↷ tn−1(y) is defined similarly. These operations make the collection
of all cylinders in X into a globular set, which we denote by Γ(X). ⌟

Theorem A.4.3 ([LMW10, Theorem 4.21 and Corollary 4.23]). The globular set Γ(X) can be made into a
strict ω-category such that the projections

πX
1 , πX

2 : Γ(X) X

given by πX
1 (U : x ↷ y) = x and πX

2 (U : x ↷ y) = y are folk trivial fibrations (and in particular they are strict
ω-functors). ⌟

Lemma A.4.4. Let X be a strict ω-category and let

x y x′ y′u v u′

be a chain of equivalence n-cells in X with n ≥ 1. Then there exists an n-cylinder

UX
n (u, v, u′) : u ↷ u′.

⌟

Proof. We proceed by induction on n. In the case n = 1, we must provide a 1-cylinder u ↷ u′, which amounts
to a commutative-up-to-equivalence-2-cell square such that

• the top edge is u,
• the bottom edge is u′, and
• both vertical edges are equivalences.

We indeed have such a square, namely:

x′ y′

x y

u′

u

u∗X
1 v v∗X

1 u′
idX

3 (u∗X
1 v∗X

1 u′)

For n ≥ 2, we define the n-cylinder UX
n (u, v, u′) by
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• UX
n (u, v, u′)

♭
= idX1 (x♭),

• UX
n (u, v, u′)

♯
= idX1 (x♯), and

• UX
n (u, v, u′)

♮
= U

X(x♭,x♯)
n−1 (u, v, u′). □

Proof of Lemma 4.5.1.1 continued. Suppose that u : x → y is an equivalence n-cell in X. Observe that the
n-cylinder UX

n

(
idXn (x), idXn (x), u

)
has type idXn (x) ↷ u, so the strict ω-functor Cn Γ(X) picking out this

cylinder fits into the following commutative diagram:

Cn Γ(X) X

En
⋆ Cn−1 X

UX
n (idX

n (x),idX
n (x),u)

u

in⋆

πX
2

πX
1

rn⋆
x

Since in⋆ is a folk cofibration by construction, and πX
1 is a folk trivial fibration by Theorem A.4.3, we obtain a

lift as indicated. Composing this lift with πX
2 yields the desired extension. □

A.5. Quotient bicategory of a weak ω-category

This section is based on [FHM25b, Appendix B].

Recall from Corollary 2.4.13 that the binary relation ∼ defined by the existence of equivalence cells is an
equivalence relation on the set of cells in a given weak ω-category X. The purpose of this appendix is to show
that quotienting the 2-cells by this relation ∼ yields a bicategory τ2(X). This construction will be used in
Section A.6 in which we provide another example of a set K of maps in m-Wk-ω-Cats satisfying (K1)–(K3)
based on coinductive half-adjoint equivalences.

We will define the quotient bicategory construction by applying the quotient category construction to the
hom weak ω-categories, which is in turn defined by applying the quotient set construction to the hom. The
seemingly strange choice of letters in the definitions and propositions below is intended to accord with this
context.

Definition A.5.1. Let Z be a weak ω-category. We write τ0(Z) for the quotient set Z0/∼, and JpK ∈ τ0(Z)
for the equivalence class containing p ∈ Z0. ⌟

Definition A.5.2. Let Y be a weak ω-category. We write τ1(Y ) for the graph whose vertex set is Y0 and whose
edges are given by

τ1(Y )(u, v) = τ0 (Y (u, v)) . ⌟

Proposition A.5.3. Let Y be a weak ω-category. Then setting

• id
τ1(Y )
1 (u) =

r
idY1 (u)

z
for each 0-cell u in Y , and

• JpK ∗0τ1(Y ) JqK =
q
p∗Y0 q

y
for each composable pair of 1-cells p, q in Y

makes τ1(Y ) into a category. ⌟

Proof. The composition is well defined by Corollary 2.4.14, and the category axioms follow from Corollaries 2.3.8
and 2.4.4. □

The following straightforward observation will be useful later.

Proposition A.5.4. Let Y be a weak ω-category and let p : u→ v be a 1-cell in Y . Then p is an equivalence
in Y if and only if JpK is an isomorphism in τ1(Y ). ⌟

Proof. By definition of τ1(Y ), the morphism JpK is an isomorphism if and only if there exists a 1-cell q : v → u

such that p∗Y0 q ∼ idY1 (u) and q∗Y0 p ∼ idY1 (v). □

Now we can define the underlying category-enriched graph of the desired quotient bicategory.

Definition A.5.5. Let X be a weak ω-category. We write τ2(X) for the category-enriched graph whose vertex
set is X0 and whose hom categories are given by

τ2(X)(a, b) = τ1 (X(a, b)) . ⌟
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Before describing the entire bicategory structure, we need to give names to certain instances of coherence
(Proposition 2.3.7).

Definition A.5.6. Given an n-cell u : a→ b in a weak ω-category X, we write:

• λX
n+1(u) : id

X
n (a)∗Xn−1u→ u

• λ̌X
n+1(u) : u→ idXn (a)∗Xn−1u

• ρXn+1(u) : u∗Xn−1id
X
n (b)→ u

• ρ̌Xn+1(u) : u→ u∗Xn−1id
X
n (b)

for equivalence (n+ 1)-cells in X witnessing the unit law (Corollary 2.4.4).

Given a composable triple of n-cells ui : ai−1 → ai for 1 ≤ i ≤ 3, we write

• αX
n+1(u1, u2, u3) : (u1∗Xn−1u2)∗Xn−1u3 → u1∗Xn−1(u2∗Xn−1u3)

• α̌X
n+1(u1, u2, u3) : u1∗Xn−1(u2∗Xn−1u3)→ (u1∗Xn−1u2)∗n−1Xu3

for equivalence (n+ 1)-cells in X witnessing the associative law (Corollary 2.3.8). ⌟

Proposition A.5.7. Let (X, ξ : LX X) be a weak ω-category. For each 0-cell a in X, define id
τ2(X)
1 (a) =

idX1 (a). For each triple of 0-cells a, b, c in X, define a graph morphism

−∗τ2(X)
0 − : τ1 (X(a, b))× τ1 (X(b, c)) τ1 (X(a, c))

as follows.

• For 1-cells u : a→ b and v : b→ c in X, the 1-cell u∗τ2(X)
0 v : a→ c is u∗X0 v.

• For 2-cells p : u→ u′ : a→ b and q : v → v′ : b→ c in X, the equivalence class

JpK ∗τ2(X)
0 JqK ∈ τ1 (X(a, c)) (u∗X0 v, u′∗X0 v′)

is
q
p∗X0 q

y
.

This is well defined and moreover defines a functor −∗τ2(X)
0 − : τ1 (X(a, b))× τ1 (X(b, c)) τ1 (X(a, c)).

Furthermore, the morphisms

α
τ2(X)
2 (u, v, w) =

q
αX
2 (u, v, w)

y
:
(
u∗τ2(X)

0 v
)
∗τ2(X)
0 w → u∗τ2(X)

0

(
v∗τ2(X)

0 w
)

,

λ
τ2(X)
2 (u) =

q
λX
2 (u)

y
: id

τ2(X)
1 (x)∗τ2(X)

0 u→ u, and

ρ
τ2(X)
2 (u) =

q
ρX2 (u)

y
: u∗τ2(X)

0 id
τ2(X)
1 (y)→ u

in the hom-categories of τ2(X) form suitable natural isomorphisms, making τ2(X) into a bicategory. ⌟

Proof. We first verify that −∗τ2(X)
0 − is well defined. Suppose we are given

• 1-cells u, u′ : a→ b and v, v′ : b→ c,
• 2-cells p1, p2 : u→ u′ and q1, q2 : v → v′, and
• equivalence 3-cells h : p1 → p2 and k : q1 → q2

in X. We must provide an equivalence 3-cell p1∗X0 q1 → p2∗X0 q2. A 3-cell of correct type can be constructed as
h∗X0 k, and it is moreover an equivalence in X by Remark 2.4.8.

To see that −∗τ2(X)
0 − is a functor, suppose we are given

• 1-cells u, u′, u′′ : a→ b and v, v′, v′′ : b→ c, and
• 2-cells p : u→ u′, p′ : u′ → u′′, q : v → v′, and q′ : v′ → v′′

in X. We wish to prove that
id

X(a,b)
1 (u)∗X0 id

X(b,c)
1 (v) ∼ id

X(a,c)
1 (u∗X0 v)

and (
p∗X(a,b)

0 p′
)
∗X0
(
q∗X(b,c)

0 q′
)
∼ (p∗X0 q)∗X(a,c)

0 (p′∗X0 q′)

hold. By Corollary 1.2.4.3, we can rewrite these expressions as

idX2 (u)∗X0 idX2 (v) ∼ idX2 (u∗X0 v) (A.5.7.1)

and
(p∗X1 p′)∗X0 (q∗X1 q′) ∼ (p∗X0 q)∗X1 (p′∗X0 q′).

Because their proofs are similar, we will only spell out the former.
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The left-hand side of (A.5.7.1) can be rewritten in terms of the corresponding operations in L1 (as opposed
to X) as follows.

idX2 (u)∗X0 idX2 (v) = ξ

(
ẽ2∗L1

0 ẽ2,

[
idX2 (u) idX2 (v)

b

])
(Remark 2.4.8)

= ξ

(
ẽ2∗L10 ẽ2,

[
ξ
(
idL12 (ẽ1),

[
u
])

ξ
(
idL12 (ẽ1),

[
v
])

ξ
(
ẽ0,
[
b
]) ])

(Proposition 1.2.3.13.(i) and Remark 1.2.3.2.(iv))

= ξ

(
µL
1

(
ẽ2∗L10 ẽ2,

[
idL12 (ẽ1) idL12 (ẽ1)

ẽ0

])
, µT

X

[[
u
] [

v
][

b
] ])

(Remarks 1.2.3.2.(iii) and 1.2.3.2.(v))

= ξ

(
idL12 (ẽ1)∗L10 idL12 (ẽ1),

[
u v

b

])
(Proposition 1.2.3.13.(i) and action of µT

X (see Remark 1.1.3.7 or Remark 1.2.3.11))

Similarly, the right-hand side of (A.5.7.1) can be rewritten as

idX2 (u∗X0 v) = ξ

(
idL12 (ẽ1∗L10 ẽ1),

[
u v

b

])
.

Since both idL12 (ẽ1)∗L10 idL1
2 (ẽ1) and idL1

2 (ẽ1∗L10 ẽ1) are 2-cells in L1 of type ẽ1∗L10 ẽ1 → ẽ1∗L10 ẽ1 and arity[
1 1

0

](2)
, the existence of the desired invertible 3-cell can be deduced from Proposition 2.3.7.

For the second part of the proposition, that they are invertible follows from Proposition A.5.4. Their
naturality, the pentagon identity, and the triangle identity can all be proved using the same strategy as above.
To give a little more detail, by Corollary 1.2.4.3, we can reduce the desired commutativity conditions to the
following statements: given

• 0-cells a, b, c, d, e,
• 1-cells u, u′ : a→ b, v, v′ : b→ c, w,w′ : c→ d, x : d→ e, and
• 2-cells p : u→ u′, q : v → v′, r : w → w′

in X, there exist equivalence 3-cells

αX
2 (u, v, w)∗X1

(
p∗X0 (q∗X0 r)

)
∼ ((p∗X0 q)∗X0 r)∗X1 αX

2 (u′, v′, w′),

λX
2 (u)∗X1 p ∼

(
idX1 (a)∗X0 p

)
∗X1 λX

2 (u′),

ρX2 (u)∗X1 p ∼
(
p∗X0 idX1 (b)

)
∗X1 ρX2 (u′)

αX
2 (u∗X0 v, w, x)∗X1 αX

2 (u, v, w∗X0 x) ∼
((

αX
2 (u, v, w)∗X0 idX2 (x)

)
∗X1 αX

2 (u, v∗X0 w, x)
)
∗X1
(
idX2 (u)∗X0 αX

2 (v, w, x)
)
,

αX
2 (u, idX1 (b), v)∗X1

(
idX2 (u)∗X0 λX

2 (v)
)
∼ ρX2 (u)∗X0 v.

Each of these can be proved by rewriting both sides in terms of the corresponding operations in L1 using
Proposition 1.2.3.13 and then applying Proposition 2.3.7. □

Proposition A.5.8. Let X be a weak ω-category, and let u : x→ y be a 1-cell in X. Then u is an equivalence
in X if and only if u is an equivalence when regarded as a 1-cell in τ2(X). ⌟

Proof. By definition of τ2(X), the 1-cell u is an equivalence in τ2(X) if and only if there exists a 1-cell v : y → x

such that there are isomorphisms u∗X0 v ∼= idX1 (x) and v∗X0 u ∼= idX1 (y) in τ1(X(x, x)) and τ1(X(y, y)) respectively,
which, by Proposition A.5.4, is equivalent to u∗X0 v ∼ idX1 (x) and v∗X0 u ∼ idX1 (y). □

A.6. An example of K based on half-adjoint equivalences

This section is based on [FHM25b, Appendix C].

Here we give another example of a set K of morphisms in m-Wk-ω-Cats satisfying conditions (K1)–(K3)
stated in Section 4.3.2. By the results of Section 4.3.3, it gives rise to a set of morphisms in Wk-ω-Cats
characterising ω-equifibrations via the right lifting property. Whereas the example in Section 4.3.4 is based on
the notion of flat equivalence, the example given here is based on half-adjoint equivalences. See Section 4.1 for
the homotopical intuition.
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Remark A.6.1. We declare each ∗Xn to be notationally left associative. That is, given enough cells ui of
dimension > n in a weak ω-category X with each consecutive pair being composable along the n-dimensional
boundary, the expression u1∗Xn u2∗Xn u3 is understood as (u1∗Xn u2)∗Xn u3, and u1∗Xn u2∗Xn u3∗Xn u4 is understood as(
(u1∗Xn u2)∗Xn u3

)
∗Xn u4 etc. ⌟

Definition A.6.2. For each n ≥ 1, we define a marked weak ω-category (Hn, tHn). (Here H stands for
‘half-adjoint’.) The underlying weak ω-category Hn is constructed as follows:

• start with Cn, and call its fundamental n-cell uH : xH → yH,
• freely adjoin an n-cell vH : yH → xH, that is, take the pushout

∂Cn Cn

Cn •

(yH,xH)

uH

vH

• freely adjoin (n+ 1)-cells pH : idn(xH)→ uH∗n−1vH and qH : vH∗n−1uH → idn(yH), and
• freely adjoin an (n+ 2)-cell rH from idn+1(uH) to

λ̌n+1(uH)∗n(pH∗n−1uH)∗nαn+1(uH, vH, uH)∗n(uH∗n−1qH)∗nρn+1(uH).

The marked cells are uH, pH, qH, and rH.

We define the marking-preserving strict ω-functor knH : mCn → Hn as the one picking out uH. ⌟

We claim that the set
KH = { knH : mCn → Hn | n ≥ 1 }

of morphisms in m-Wk-ω-Cats satisfies conditions (K1)–(K3).

We first show that KH satisfies (K1). The proof of the following proposition (especially the use of Proposi-
tion 4.1.1.1 in it) is inspired by [Lac04, Proof of Proposition 6].

Proposition A.6.3. Let f : X → Z be an ω-equifibration between weak ω-categories, and let n ≥ 1. Suppose
that we are given a commutative square

mCn X♮

Hn Z♮

kn
H

u

f♮

in m-Wk-ω-Cats. Then this square admits a lift. ⌟

Proof. The data of the given commutative square are equivalent to:

• an equivalence n-cell u : x→ y in X,
• an n-cell v : fy → fx in Z,
• equivalence (n+ 1)-cells p : idZn (fx)→ fu∗Zn−1v and q : v∗Zn−1fu→ idZn (fy) in Z, and
• an equivalence (n+ 2)-cell r from idZn+1(fu) to

λ̌Z
n+1(fu)∗Zn (p∗Zn−1fu)∗ZnαZ

n+1(fu, v, fu)∗Zn (fu∗Zn−1q)∗ZnρZn+1(fu)

in Z.

We wish to extend u to a quintet (u, v̄, p̄, q̄, r̄) of suitable type in X (so that it corresponds to a marking-
preserving map Hn → X♮) such that f sends it to (fu, v, p, q, r).

We lift v and p using an argument similar to that in the proof of Proposition 4.3.4.2; the details are as
follows.

Since u is an equivalence, we can choose an n-cell v̄′ : y → x and an equivalence (n + 1)-cell p̄′ : idXn (x) →
u∗Xn−1v̄

′ in X. Since fp̄′ : idZn (fx) → fu∗Zn−1fv̄
′ is an equivalence in Z by Proposition 2.3.1, there exists an

equivalence (n+ 1)-cell
v† : fu∗Zn−1fv̄

′ → fu∗Zn−1v

in Z such that fp̄′∗Zn v† ∼ p by (1) of Proposition 4.1.1.1. Similarly, since fu is an equivalence in Z, there exists
an equivalence (n+ 1)-cell

v‡ : fv̄′ → v
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fx fy

fx

fu

idZ
n (fx)

fv̄′ v

fp̄′

∃v‡

∼ ∼

fx fy

fx

fu

idZ
n (fx)

v

p

Figure 1. Lifting v

idZn+1(fu)
fr̄′

fx fy

fx fy

fu

idZ
n (fx)

v
idZ

n (fy)

fu

p

fq̄′

q

∃q†



∼ r

Figure 2. Lifting q (with λ̌, α and ρ omitted)

such that fu∗n−1Zv‡ ∼ v† by (2) of Proposition 4.1.1.1. Since f is an ω-equifibration, we can lift v‡ to an
equivalence (n+ 1)-cell in X, which we denote as v̄‡ : v̄′ → v̄. This completes the lifting of v.

Next, we lift the (n+ 1)-cell p. Observe that we have an equivalence (n+ 1)-cell

p̄′∗Xn (u∗Xn−1v̄
‡) : idXn (x)→ u∗Xn−1v̄

in X, and equivalence (n+ 2)-cells witnessing

f
(
p̄′∗Xn (u∗Xn−1v̄

‡)
)
= fp̄′∗Zn (fu∗Zn−1v

‡) ∼ fp̄′∗Zn v† ∼ p

in Z. Since f is an ω-equifibration, we can lift the composite of the latter to an equivalence (n+ 2)-cell

p̄′∗Xn (u∗Xn−1v̄
‡) ∼ p̄

in X. Note that p̄ is an equivalence in X by Corollary 2.4.16.

The way we will lift q and r will be similar to how we lifted v and p, and fig. 2 provides its summary.
Consider the quotient bicategory τ2

(
X(sn−2(x), tn−2(x))

)
, where X(sn−2(x), tn−2(x)) is the suitable (iterated)

hom weak ω-category of X. (When n = 1, we interpret X(sn−2(x), tn−2(x)) as X.) In this bicategory, u and v̄′

are pseudo-inverse equivalence 1-cells, and moreover we have v̄′ ∼= v̄. It follows that v̄ is also a pseudo-inverse
of u, and so the triple (u, v̄, Jp̄K) can be completed to an adjoint equivalence. In other words, we can pick an
equivalence (n+ 1)-cell q̄′ : v̄∗Xn−1u→ idXn (y) in X and an equivalence (n+ 2)-cell r̄′ from idXn+1(u) to

λ̌X
n+1(u)∗Xn (p̄∗Xn−1u)∗Xn αX

n+1(u, v̄, u)∗Xn (u∗Xn−1q̄
′)∗Xn ρXn+1(u)

in X. Making use of Proposition 4.1.1.1 with various equivalence cells, we can obtain an equivalence (n+2)-cell
q† : f q̄′ → q such that there is an equivalence (n+ 3)-cell from

f r̄′∗Zn+2

(
λ̌Z
n+1(fu)∗Zn (p∗Zn−1fu)∗ZnαZ

n+1(fu, v, fu)∗Zn (fu∗Zn−1q
†)∗ZnρZn+1(fu)

)
to r in Z. Since f is an ω-equifibration, we can lift q† to an equivalence (n + 2)-cell q̄† : q̄′ → q̄. Finally, we
observe that the domain of the above equivalence (n + 3)-cell is in the image of f , and we take r̄ to be the
codomain of its lift through f . □

We then check that KH satisfies (K2) by showing an analogue of Proposition 4.3.4.3.
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Proposition A.6.4.

(i) If a marked weak ω-category (X, tX) is KH-injective, then all cells in tX are equivalences in the
underlying weak ω-category X.

(ii) For any weak ω-category X, the marked weak ω-category X♮ is KH-injective. ⌟

Proof. If a marked weak ω-category (X, tX) is KH-injective, then we have tX ⊆ Φ(tX), where Φ is defined in
Definition 4.2.0.2. This proves (i).

(ii) follows from Proposition A.6.3. □

Finally, that KH satisfies (K3) is obvious.

Applying the construction of Section 4.3.3 to KH, we obtain a set JH of strict ω-functors characterising the
ω-equifibrations.





APPENDIX B

Free strict ω-category monad

In this chapter, we will recollect about strict ω-categories from [Lei04], and rearrange its basic constructions
from the viewpoint of the familial representation.

B.1. Preliminaries on infinitary distributive and lextensive categories

This section fixes terminology and establishes an infinitary counterpart of the standard characterisations of
distributive and lextensive categories. Working with the category of families Fm(E)—the canonical coproduct
completion— we package distributivity and lextensivity as left-exactness properties of the coproduct functor∐
− : Fm(E) E. For lextensivity we prove that, for a category with finite limits and small coproducts,

the following are equivalent: (i) the sliced-coproduct adjunction is an equivalence for all families; (ii) small
coproducts are disjoint and stable under pullback; and (iii)

∐
− preserves finite limits. The novelty is a direct

infinitary proof of (ii) ⇔ (iii) that avoids appeal to general cofibration theory used in [GL12]; the argument
reduces finite-limit preservation to the preservation of four template pullback squares in Fm(E).

Definition B.1.1. A category E is infinitary distributive if it has finite products and small coproducts that
distribute over finite products: i.e., for any finite family of sets (Ij)j∈J and a family (Xj,i)j∈J,i∈Ij of objects in
E, the canonical morphism

λ⟨u, ξ⟩.(λj.⟨u(j), ξ(j)⟩) :
∐

u∈
∏

j∈J Ij

∏
j∈J

Xj,u(j)

∏
j∈J

∐
i∈Ij

Xj,i

is an isomorphism. ⌟

For each category E, let us denote by Fm(E) for the category of (small) families of objects in E: the objects
of Fm(E) are families (Xj)j∈J of objects in E indexed by a small set J , and a morphism (f0, f) : (Xj)j∈J

(Yk)k∈K consists of a function f0 : J → K and a family f = (fj : Xj → Yf0(j))j∈J of morphisms in E. This
category Fm(E) is the coproduct completion of E, and in particular, E has small coproducts if and only if the
unit E Fm(E) has a left adjoint

∐
: Fm(E) E, which sends a family to its coproduct.

The following characterisation is not only well known but also easy to see. See, for example, [Coc93].

Proposition B.1.2. Let E be a category with finite products and small coproducts. The following are equiv-
alent.

(i) E is infinitary distributive.
(ii) The functor E ×− : E E is connected for each E ∈ E.
(iii) The functor

∐
: Fm(E) E preserves finite products. ⌟

Now we turn to infinitary lextensive categories. Observe that if we have a category E with small coproducts
and (certain) pullbacks, any slice of the coproduct functor

∐
j∈J − : [J,E] E is a left adjoint:∐

j∈J −/(Xj)j∈J
:
∏

j∈J E/Xj ⊤ E/
∐

j∈J Xj : (ι∗j−)j∈J (B.1.2.1)

for each small family (Xj)j∈J of objects in E, whose right adjoint sends a morphism f : A
∐

j∈J Xj in E to
the family (ι∗j (A, f))j∈J of morphisms in E obtained by pulling back (A, f) along the coproduct injections.

Definition B.1.3. A category E is infinitary lextensive if it has finite limits and small coproducts and the
adjunction (B.1.2.1) is an adjoint equivalence for each small family (Xj)j∈J of objects in E.

We write ∞-LextCAT for the huge 2-category of infinitary lextensive categories, functors preserving
pullbacks (not necessarily all finite limits) and small coproducts, and natural transformations. We write
∞-LextCART for the locally wide sub-2-category of ∞-LextCAT consisting of cartesian natural transfor-
mations. ⌟

107
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There is a characterisation of infinitary lextensive categories similar to Proposition B.1.2. To state it, we
need to recall two notions on coproducts.

Definition B.1.4. Let E be a category with finite limits and small coproducts.

• Small coproducts are stable under pullbacks if for each morphism f : X Y in E, the pullback
functor f∗ : E/Y E/X along f preserves small coproducts.

• A coproduct
∐

j∈J Xj in E is disjoint if there are the following pullback squares for each i, k ∈ J .

Xi Xi

Xi

∐
j∈J Xj

Id

Id

⌟
ιi

ιi

,

∅ Xk

Xi

∐
j∈J Xj

!

!

⌟
ιk

ιi

(i ̸= k)

⌟

Now the statement is as follows.

Proposition B.1.5. Let E be a category with finite limits and small coproducts. Then the following are
equivalent.

(i) E is infinitary lextensive.
(ii) Small coproducts in E are disjoint and stable under pullbacks.
(iii) The coproduct functor Fm(E) E preserves finte limits. ⌟

The equivalence of the first two conditions is well-known; see, for example, [CLW93]. The equivalence of
the last two conditions is observed in [GL12, §5.3] for the finitary case; the proof there relies on a very general
result by [RW86].

Here, we give a direct proof for the infinitary version. To this end, we first rephrase the several conditions
recalled above in terms of pullback squares and their preservation by the coproduct functor

∐
: Fm(E) E.

The proofs for the following rephrasings are straightforward.

Lemma B.1.6. Let E be a category with finite limits and small coproducts. Consider the following classes of
pullback squares in Fm(E). Functions labelled by ι are subset inclusions.

(i) (J ∈ Set and (bj : Bj Y )j∈J is a coproduct diagram in E.)

(Aj)j∈J (Bj)j∈J

(X)∗∈1 (Y )∗∈1

(IdJ ,(fj)j∈J )

(!J ,(aj)j∈J )
⌟

(!J ,(bj)j∈J )

(Id1,f)

(ii) (J ∈ Set and i ∈ J .)

(Aj)j∈{i} (Aj)j∈J

(Xj)j∈{i} (Xj)j∈J

(ι,Id)

(Id{i},uj)
⌟

(IdJ ,(uj)j∈J )

(ι,Id)

(iii) (J ∈ Set.)

(Aj)j∈J (Bj)j∈J

(X)∗∈1 (Y )∗∈1

(IdJ ,(fj)j∈J )

(!J ,(aj)j∈J )
⌟

(!J ,(bj)j∈J )

(Id1,f)

(iv) (J ∈ Set and i, k ∈ J .)

(Xj)j∈{i}∩{k} (Xj)j∈{k}

(Xj)j∈{i} (Xj)j∈J

(ι,Id)

(ι,Id)
⌟

(ι,Id)

(ι,Id)

Then the coproduct functor
∐

: Fm(E) E preserves pullbacks of the form
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• B.1.6.(i) if and only if the counit of each adjunction (B.1.2.1) is an isomorphism.
• B.1.6.(ii) if and only if the unit of each adjunction (B.1.2.1) is an isomorphism.
• B.1.6.(iii) if and only if small coproducts in E are stable under pullbacks.
• B.1.6.(iv) if and only if small coproducts in E are disjoint. ⌟

Lemma B.1.7. Let E be a category with finite limits and small coproducts. Then for the coproduct functor∐
: Fm(E) E,

(i) preservation of pullbacks of the form B.1.6.(i) is equivalent to that of B.1.6.(iii), and
(ii) preservation of pullbacks of the form B.1.6.(ii) implies that of B.1.6.(iv). ⌟

Proof. Pullbacks of the form B.1.6.(i) are special cases of those of the form B.1.6.(iii), so suppose that
∐
−

preserves pullbacks of the form B.1.6.(i), and we show that
∐
− preserves pullbacks of the form B.1.6.(iii).

To this end, let us first take the factorisation of the right vertical arrow (!J , (bj)j∈J) in B.1.6.(iii) through a
coproduct diagram as in the right vertical part of the following diagram. Then take the pullback for the lower
part of the factorisation, which results in the following diagram. By the pasting lemma, the top square is also a
pullback, and hence by the preservation of pullbacks of the form B.1.6.(i), the outer square is sent to a pullback
square since the lower square is sent to a pullback square by definition of pullbacks in Fm(E).

(Aj)j∈J (Bj)j∈J

(C)∗∈1 (
∐

j∈J Bj)∗∈1

(X)∗∈1 (Y )∗∈1

(!J ,(āj)j∈J ) (!J ,(ιj)j∈J )

(!J ,(bj)j∈J )

⌟
(Id,⟨bj⟩)

(Id,f)

Next, suppose that
∐
− preserves pullbacks of the form B.1.6.(ii), and we show that it preserves pullbacks

of the form B.1.6.(iv). Consider the following pullback square in Fm(E), which is a special case of B.1.6.(ii),
and hence it is sent to a pullback square by

∐
−.

(
∐

l∈{j}∩{k} Xl)j∈{i} (
∐

l∈{j}∩{k} Xl)j∈J

(Xj)j∈{i} (Xj)j∈J

(ι,Id)

⌟

(ι,Id)

Here, the right vertical arrow is the family of images of (ι, Id) : (Xl)l∈{j}∩{k} (Xl)l∈{j} under
∐
−. It is

easy to see that the image of the above square under
∐
− coincides with that of the square B.1.6.(iv), which

completes the proof. □

Now we are ready to prove Proposition B.1.5.
Proof (of Proposition B.1.5). By Lemma B.1.6, it is obvious that B.1.5.(iii) implies both B.1.5.(ii) and B.1.5.(i).
Moreover, Lemmas B.1.6 and B.1.7 show B.1.5.(i) ⇒B.1.5.(ii).

Finally, we show B.1.5.(ii)⇒B.1.5.(iii). Suppose small coproducts in E are stable under pullbacks and
disjoint. Since

∐
− always preserves the terminal object, it suffices to show that

∐
− preserves pullbacks. To

this end, observe that any pullback square in Fm(E) is of the following form:

(Wi,j)i∈I,j∈J,f(i)=g(j) (Yj)j∈J

(Xi)i∈I (Zk)k∈K

(prr,(ui,j)i,j)

(prl,(vi,j)i,j)
⌟

(g,(gj)j∈J )

(f,(fi)i∈I)

(B.1.7.1)
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For these data, we have the following pullback squares in Fm(E) for each i ∈ I and j ∈ J .

(Wi,j)k∈{f(i)}∩{g(j)} (Yj)k∈{f(i)}∩{g(j)} (Yj)k∈{g(j)}

(Xi)k∈{f(i)}∩{g(j)} (Zk)k∈{f(i)}∩{g(j)} (Zk)k∈{g(j)}

(Xi)k∈{f(i)} (Zk)k∈{f(i)} (Zk)k∈K

(Id,ui,j)

(Id,vi,j) (a)
⌟

(ι,Id)

(Id,gj) (b)
⌟

(Id,gj)

(Id,fi)

(ι,Id) (b)
⌟

(ι,Id)

(ι,Id) (c)
⌟

(ι,Id)

(Id,fi) (ι,Id)

The pullback square labelled by (a) is preserved by
∐
− because the indexing sets of its vertices are the same

and are singletons or empty. Those labelled by (b) are also preserved by
∐
− because of stability of the initial

object (i.e. the empty coproduct) under pullback. Finally, the pullback square labelled by (c) is preserved by∐
− because of the disjointness. Thus the outer pullback square is also preserved by

∐
−. Applying pullback-

stability twice to its image, we obtain a pullback square in E that coincides with the image of B.1.7.1 under∐
−, which completes the proof. □

B.2. Cartesian sharp construction

Given a category E with finite products, we can consider the category E-Cat of E-enriched categories.
Forgetting the structure of categories, we have a forgetful functor E-Cat E-Gph to the category of E-enriched
graphs [Wol74]. This functor is monadic if E is an infinitary distributive category [Kel80, Theorem 23.4], and
the induced monad is cartesian if E is an infinitary lextensive category [CFP18]. Moreover, if we have a good
monad on E, then the category (T -Alg)-Cat is monadic over E-Gph, which results in a construction T 7→ T ♯

of a monad on E-Gph from a monad on E ([Lei04, Appendix F]). The free ω-category monad is a fixed point
of this operation by [CL19, Theorem 4.14].

In this section, we revisit these results from the viewpoint of the characterisation of infinitary lextensive
categories observed in the previous section. We believe almost all of the contents in this section are known and
can be found in the literature (e.g., [Wol74; Kel80; Lei04; CFP18; CL19]), so the objective of this section is
to organise them in a coherent manner. Moreover, we give the 2-functorial aspect of the construction, which
seems to be missing in the literature.

Notation B.2.1. We introduce some notations about lists and non-empty lists.

• The empty list is denoted by nil.
• Given a list x, we write x.length for the length of x.
• For each 0 ≤ i < x.length, we write x[i] ∈ S for the i-th element of x.
• We write S+ for the set of all non-empty finite lists of elements of S.
• Given a list x, we write x.lind for the last index of x, i.e., x.lind = x.length− 1.
• For each a, b ∈ S, we write S+⟨a, b⟩ for the subset of S+ consisting of all lists x such that x[0] = a

and x[x.lind] = b.
• For each function f : S A and each pair of elements s, s′ ∈ S, we write f+

s,s′ : S
+⟨s, s′⟩

S+⟨fs, fs′⟩ for the function sending a list x to (f(x[i]))i≤x.lind.
• For each non-empty list x ∈ S+, the concatenation of lists defines a function1

concat :
∏

i<x.lind

S+⟨x[i],x[i+ 1]⟩ S+⟨x[0],x[x.lind]⟩.

⌟

We use the notation C∗ to denote the list object of an object C in any category (if exists) other than Set.
The following lemma is obvious but fundamental for later arguments.2

1Given a set S, consider its coskeleton graph S × S ⇒ S, and take its free category. Then the objects of this category are the
elements of S and the hom-set Hom(a, b) is precisely S+⟨a, b⟩. The concatenation is precisely the composition in this category.

2One can prove this lemma by hand, but there is a more conceptual way to check it: as mentioned in the previous footnote,
the assignment S 7→ (S+⟨a, b⟩)a,b∈S can be considered as a composite of the coskeleton Set Gph and the free category monad
Gph Gph. The former is a right adjoint functor, and hence it preserves limits. The latter preserves pullbacks, and the
multiplication and unit for the monad, which give the concatenation of lists, are cartesian natural transformations.
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Lemma B.2.2. For each function f : S A and each x ∈ S+, the following square is a pullback square in
Set. ∏

i<x.lind S
+⟨x[i],x[i+ 1]⟩

∏
i<x.lind A

+⟨f(x[i]), f(x[i+ 1])⟩

S+⟨x[0],x[x.lind]⟩ A+⟨f(x[i]), f(x[i+ 1])⟩

concat

∏
i<x.lind f

+
x[i],x[i+1]

⌟
concat

f+
x[0],x[x.lind]

On the other hand, if we have a pullback square in Set as on the left below, then the induced square on the
right below is also a pullback square for each list x ∈ A+.

A C

B D

u

v
⌟

g

f

7→

∏
i<x.lind A

+⟨x[i],x[i+ 1]⟩
∏

i<x.lind C
+⟨u(x[i]), u(x[i+ 1])⟩

∏
i<x.lind B

+⟨v(x[i]), v(x[i+ 1])⟩
∏

i<x.lind D
+⟨f(v(x[i])), f(v(x[i+ 1]))⟩

∏
u+

∏
v+

⌟ ∏
g+

∏
f+

⌟

Definition B.2.3. Let E be a category. An E-enriched graph or just E-graph is a pair (X0, X(−,−)) of a set
X0 and a functor X(−,−) : X0×X0 → E from the discrete category. An E-graph morphism from (X0, X(−,−))
to (Y0, Y (−,−)) consists of a function f0 : X0 → Y0 and a natural transformation

f−,− : X(−,−) Y (f0(−), f0(−)) : X0 ×X0 E.

We often omit subscripts when the meaning is clear from the context. We denote the category of E-graphs and
E-graph morphisms by E-Gph. ⌟

Definition B.2.4. Given a functor F : E E′, we define a functor F -Gph : E-Gph E′-Gph by the post-
composition of F with the hom-functor: i.e., for each E-enriched graph X = (X0, X(−,−)), we define F -Gph(X)
by (X0, F (X(−,−))). This assignment −-Gph defines a 2-functor CAT CAT in an obvious way. ⌟

Remark B.2.5. Let α : F G : E E′ be a natural transformation. Then we have a natural transformation
α-Gph : F -Gph G-Gph : E-Gph E′-Gph, and α-Gph is cartesian if α is so. ⌟

Definition B.2.6. Let E be a category with finite products. An E-enriched category or just an E-category is an
E-enriched graph X equipped with two families of morphisms (compx,y,z : X(x, y)×X(y, z) X(x, z))x,y,z∈X0

and (idx : 1 X(x, x))x∈X0
in E satisfying associativity and identity axioms: i.e., for each E ∈ E, the pair

(E(E, comp),E(E, id)) endows the graph (E(E,X(x, y)))x,y∈X0
with a category structure.

Given two E-enriched categories X and Y , an E-enriched functor from X to Y is an E-enriched graph
morphism f : X → Y preserving the composition and identity morphisms, i.e., for each x, y, z ∈ X0, we have
fx,y×fy,z #compfx,fy,fz = compx,y,z #fx,z and idx #fx,x = idfx. We denote the category of E-enriched categories
and E-enriched functors by E-Cat. ⌟

Lemma B.2.7. If E has small coproducts, then so does E-Gph. If E and E′ are categories with small coproducts
and a functor F : E E′ preserves them, then so is the functor F -Gph : E-Gph E′-Gph. If E is moreover
infinitary distributive, small coproducts are created by the forgetful functor E-Cat E-Gph. ⌟

Proof. If E has coproduct, the Grothendieck fibration E-Gph Set is a bifibration that has opfibred coprod-
ucts. Therefore by a folklore fact of opfibrations, the coproduct in the total category E-Gph is calculated using
coproducts in Set and each fibre. The functor F -Gph : E-Gph E-Gph is an opfibred functor over Set if F
preserves small coproducts, and hence F -Gph preserves small coproducts.

In detail, the coproduct is calculated as follows. Let S be a set and suppose that E has S-coproducts and
initial object ∅. Then given a family (Xs)s∈S of E-graphs, the coproduct

∐
s∈S Xs is defined by (

∐
s∈S Xs)0 =∐

s∈S(Xs)0 and (∐
s∈S

Xs

)
((s, x), (s′, x′)) =

∐
s0∈{s}∩{s′}

Xs0(x, x
′). (B.2.7.1)

Now using the distributivity,3 the product of composable homs is calculated as follows.∐
s0∈{s}∩{s′}

Xs0(x, x
′)×

∐
s′0∈{s′}∩{s′′}

Xs′0
(x′, x′′) ∼=

∐
s0∈{s}∩{s′}∩{s′′}

Xs0(x, x
′)×Xs0(x

′, x′′)

3Indeed, here we only need the distributivity for coproducts indexed by propositions (sets with at most one elements).
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Using this identification, we can define the composition and identity for
∐

s∈S Xs in the obvious way, if we are
given an E-category structure on each Xs. This indeed gives the coproduct in E-Cat, which is obviously created
by the (conservative) forgetful functor E-Cat E-Gph. □

Lemma B.2.8. Let E be a category. Let I be a small category. Then E-Gph has I-limits if and only if E has
them. Moreover, given any functor F : E E′, if F preserves I-limits then the functor F -Gph also preserves
them. ⌟

Proof. The forgetful functor E-Gph Set is a fibration such that E has I-limits if and only if the fibration
E-Gph Set has fibred I-limits. Now the statement follows from a folklore fact that limits in the total
category of a fibration is calculated using reindexing functors and limits in the base category and each fibre.
Observe here that the functor F -Gph : E-Gph E′-Gph is a fibred functor over Set. □

Example B.2.9. Let E be a category with pullbacks. Then by Lemma B.2.8, the category E-Gph has pullbacks.
A square

(W (w,w′))w,w′∈W0 (Y (y, y′))y,y′∈Y0

(X(x, x′))x,x′∈X0
(Z(z, z′))z,z′∈Z0

(u0,(uw,w′ )w,w′∈W0
)

(v0,(vw,w′ )w,w′∈W0
) (g0,(gy,y′ )y,y′∈Y0

)

(f0,(fx,x′ )x,x′∈X0
)

(B.2.9.1)

is a pullback square if and only if the underlying square in Set is a pullback square, and for each w,w′ ∈ W0,
the following square is a pullback square in E.

W (w,w′) Y (y, y′)

X(x, x′) Z(z, z′)

uw,w′

vw,w′
⌟

gy,y′

fx,x′

Here we write (x, x′), (y, y′), (z, z′) for the images of (w,w′) under v0, u0, v0 # f0 respectively. ⌟

Proposition B.2.10. The category E-Gph is infinitary lextensive if E is so. ⌟

Proof. Consider a pullback square in Fm(E-Gph):

((Wh(w,w
′))w,w′∈(Wh)0))h∈H ((Yj(y, y

′))y,y′∈(Yj)0))j∈J

((Xi(x, x
′))x,x′∈(Xi)0))i∈I ((Zk(z, z

′))z,z′∈(Zk)0))k∈K

⌟ (B.2.10.1)

We show that this pullback is preserved by the coproduct functor
∐
− : Fm(E-Gph) E-Gph.

Since Set is obviously infinitary lextensive, we have the following pullback square in Set, which shows that
the image under

∐
is a pullback square at the level of objects.∐

h∈H(Wh)0
∐

j∈J(Yj)0

∐
i∈I(Xi)0

∐
k∈K(Zk)0

u

v
⌟

g

f

Now it remains to show the hom-part of the coproduct of (B.2.10.1) is a pullback square in E. To this end, for
the above diagram in Set, suppose we are given the following elements.

(h,w) (j, y)

(i, x) (k, z)

u

v g

f

(h′, w′) (j′, y′)

(i′, x′) (k′, z′)

u

v g

f
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Observe that, by the description of pullback square in E-Gph (Example B.2.9), there is a pullback square in
Fm(E) of the following form.

(Wh0
(w,w′))h0∈{h}∩{h′} (Yj0(y, y

′))j0∈{j}∩{j′}

(Xi0(x, x
′))i0∈{i}∩{i′} (Zk0

(z, z′))k0∈{k}∩{k′}

⌟

By definition of coproducts in E-Gph (Lemma B.2.7 and (B.2.7.1)), it suffices to show that the above pullback
is preserved by coproduct

∐
− : Fm(E) E, which follows from the infinitary distributivity of E. □

Construction B.2.11. Let E be an infinitary distributive category. We define a monad Id♯E on E-Gph as
follows.

• Id♯E does nothing on objects; i.e., for each X ∈ E-Gph, we have Id♯E(X)0 = X0. Moreover, the
multiplication and unit for Id♯E are identity-on-objects.

• Suppose we are given X ∈ E-Gph and a, b ∈ X0.
– The hom-object for Id♯E(X) is defined as follows.

Id♯E(X)(a, b) =
∐

x∈X+
0 ⟨a,b⟩

∏
i<x.lind

X(x[i],x[i+ 1])

– There is a canonical inclusion

X(a, b)
(ab,−) ∐

x∈X+
0 ⟨a,b⟩

∏
i<x.lind

X(x[i],x[i+ 1]) = Id♯E(X)(a, b)

for the summand indexed by ab ∈ X+
0 ⟨a, b⟩, which defines the hom-part of the unit ηX : X

Id♯E(X).
– By the infinitary distributivity of E, we have the following isomorphism

Id♯E(Id
♯
E(X))(a, b) ∼=

∐
x∈X+

0 ⟨a,b⟩
u∈

∏
i<x.lind X

+
0 ⟨x[i],x[i+1]⟩

∏
i<x.lind

j<u(i).lind

X(u(i)[j],u(i)[j + 1]), (B.2.11.1)

which are natural in X ∈ E-Gph. The multiplication µX : Id♯E(Id
♯
E(X)) Id♯E(X) acts on the

hom-object via the concatenation (see Notation B.2.1)∐
x∈X+

0 ⟨a,b⟩

∏
i<x.lind

X+
0 ⟨x[i],x[i+ 1]⟩ X+

0 ⟨a, b⟩. (B.2.11.2)

⌟

Proposition B.2.12. Let E be an infinitary distributive category. Then the forgetful functor E-Cat E-Gph

is monadic and the induced monad is Id♯E. ⌟

Proof. Suppose we are given X ∈ E-Gph. We set the identity ida : 1 Id♯E(X)(a, a) to be the coproduct
injection at a ∈ X+

0 ⟨a, a⟩:

1 ∼=
∏
i<0

X(a[i], a[i+ 1])
∐

x∈X+
0 ⟨a,a⟩

∏
i<x.lind

X(x[i],x[i+ 1])

On the other hand, we define the composition compa,b,c : Id
♯
E(X)(a, b)× Id♯E(X)(b, c) Id♯E(X)(a, c) as the one

induced from the infinitary distributivity of E and the canonical isomorphism∏
i<x.lind

X(x[i],x[i+ 1])×
∏

j<y.lind

X(y[j],y[j + 1]) ∼=
∏

i<(x++by).lind

X(x++b y[i],x++b y[i+ 1])

for each x ∈ X+
0 ⟨a, b⟩,y ∈ X+

0 ⟨b, c⟩, where x++b y is the concatenation as in (B.2.11.2). It is a routine to check
that these data satisfy the axioms of an E-category.

We now show that the E-category Id♯EX equipped with the unit ηX : X Id♯EX (Construction B.2.11) is
free on X. Let Y be an E-category and f : X Y be an E-graph morphism. There exists a unique E-functor
f̄ : Id♯EX Y such that ηX # f̄ = f in E-Gph. Indeed, it must satisfies the following conditions.

(1) f̄0 is equal to f0.
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(2) For each x ∈ X+
0 ⟨a, b⟩, the morphism f̄a,b restricts the following composite:∏

i<n

X(x[i],x[i+ 1])

∏
i<n fx[i],x[i+1] ∏

i<n

Y (f0(x[i]), f0(x[i+ 1]))
comp

Y (f0(a), f0(b))

Here, the latter morphism labelled by ‘comp’ is the n-fold composition in Y , which is uniquely deter-
mined by axioms of an E-category.

These conditions obviously show the uniqueness of such E-functor f̄ . It is also obvious that they define (at
least) an E-graph morphism f̄ . One can readily check that such graph morphism f̄ preserves the identity and
composition, and hence it is the desired E-functor.

Applying the above construction to the case when X = Id♯EX, Y = Id♯EX, and f = Id, we show that the
multiplication µX coincides with the one defined in Construction B.2.11.

It remains to show the monadicity. Now the comparison functor K : E-Cat Id♯E-Alg is described as
follows.

• For each E-category Y , the underlying E-graph of KY is the same as that of Y . The structure
morphism αKY : Id♯EY Y of an Id♯E-algebra is constructed as 2 with f : Y Y is the identity
graph morphism on Y .

• For each E-functor g : Y Y ′, one can easily check f preserves the Id♯E-algebra structures because
the αY and α′

Y are defined by iterated use of concatenations in Y and Y ′ respectively.

Given an Id♯E-algebra (Z,αZ), restricting αZ to the summands whose indices are sequences of length 0 and 2,
we obtain identity and composition for Z, and this indeed defines an E-category. Obviously, KZ coincides with
Z by the coherence, and this shows (essential) surjectivity of K. By the same reason, an E-graph morphism
becomes an E-functor when it preserves the structures of Id♯E-algebras, which shows the fully faithfulness of
K. □

By Lemma B.2.7, we conclude the following.

Corollary B.2.13. Id♯E preserves small coproducts for each infinitary distributive category E. ⌟

Corollary B.2.14. For each infinitary distributive category E, the forgetful functor E-Cat E-Gph is
faithful and creates small coproducts and limits. In particular, E-Cat is infinitary distributive, and it is infinitary
lextensive if E is so. ⌟

The next proposition is the point at which the assumption that E is infinitary lextensive becomes indis-
pensable in our development.

Proposition B.2.15 ([CFP18, Theorem 3.7]). Let E be an infinitary lextensive category. Then the monad
Id♯E is cartesian. ⌟

Proof. Suppose we are given a pullback square (B.2.9.1) in E-Gph. Since Id♯E does nothing on objects, the image
of (B.2.9.1) under Id♯E is a pullback square at the level of objects. Now it remains to show that the hom-part of
the image of (B.2.9.1) under Id♯E is a pullback square in E. To this end, we observe that the following square is
a pullback square in Fm(E) for each w,w′ ∈ W0. Here, we write (x, x′), (y, y′), (z, z′) for the images of (w,w′)
under v0, u0, v0 # f0 respectively.

(
∏

i<w.lind W (w[i],w[i+ 1]))w∈W+
0 ⟨w,w′⟩ (

∏
i<y.lind Y (y[i],y[i+ 1]))y∈Y +

0 ⟨y,y′⟩

(
∏

i<x.lind X(x[i],x[i+ 1]))x∈X+
0 ⟨x,x′⟩ (

∏
i<z.lind Z(z[i], z[i+ 1]))z∈Z+

0 ⟨z,z′⟩

⌟

Indeed, this follows from Lemma B.2.2, the description of pullbacks (Example B.2.9) in E-Gph, and that
pullbacks commute with products. By sending it by

∐
− : Fm(E) E, the infinitary distributivity of E

concludes that the hom-part of the image of (B.2.9.1) under Id♯E is a pullback square in E.

Now it remains to show the multiplication and unit of Id♯E are cartesian natural transformations. We only
show the cartesianness of the multiplication, as the other case is similar and easier. Suppose that we are given a
morphism f : X Y in E-Gph. The hom-part of the naturality square for the multiplication at f is, through
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the isomorphism obtained by using the infinitary distributivity of E (B.2.11.1), identified with the image of the
following square under

∐
: Fm(E) E.

(∏
i<x.lind

j<u(i).lind
X(u(i)[j],u(i)[j + 1])

)
x∈X+

0 ⟨a,b⟩
u∈

∏
i<x.lind X

+
0 ⟨x[i],x[i+1]⟩

(∏
i<y.lind

j<v(i).lind

Y (v(i)[j],v(i)[j + 1])

)
y∈Y +

0 ⟨f(a),f(b)⟩
v∈

∏
i<y.lind Y

+
0 ⟨y[i],y[i+1]⟩

(
∏

i<x.lind X(x[i],x[i+ 1]))x∈X+
0 ⟨a,b⟩ (

∏
i<y.lind Y (y[i],y[i+ 1]))y∈Y +

0 ⟨f(a),f(b)⟩

Here, the horizontal morphisms are induced from f in an obvious way, and each component of the vertical
morphisms is a canonical isomorphism rearranging indices of the products, and hence the square above is a
pullback square by Lemma B.2.2. Now infinitary distributivity of E concludes the desired cartesianness. □

Lemma B.2.16. Let F : A B be a functor between finitely complete categories that preserves pullbacks.
Let I be a finite set. Observe that I-products are captured as the right adjoints of the diagonal functors
const : A AI , const : B BI . Then the mate with respect to those adjunctions of the following commu-
tative square is cartesian.

AI BI

A B

F I

=

F

const const

⌟

Proof. The commutative square above is the composite of the following commutative squares:

AI (B/F1)I BI

A B/F1 B

(F/1)
I

(F1)I!

F/1

const

(F1)!

const const

where F/1 : A B/F1 is the functor obtained from F by slicing over 1, and (F1)! : B/F1 B is the
forgetful (domain) functor. Since F/1 preserves I-products, the mate of the left square is an isomorphism.
Thus, it suffices to show that the mate of the right square is cartesian. The desired mate, however, is the mate
of a square of the following type, with respect to the adjunctions (F1)! ⊣ (F1×−) and (F1)I! ⊣ (F1×−)I .

(B/F1)I BI

B/F1 B

∏
∼=

∏
(F1)∗I

(F1)∗

One can easily observe that the units and counits of these adjunctions are cartesian, which completes the
proof. □

Construction B.2.17. Let E,E′ be infinitary lextensive categories and F : E E′ be a functor that preserves
small coproducts. We define a natural transformation Id♯F : Id♯E # F -Gph F -Gph # Id♯E as follows. Let
X ∈ E-Gph be an E-graph, and let a, b ∈ X0 be objects of X.

• The function ((Id♯F )X)0 : F -Gph(Id♯E(X))0 Id♯E(F -Gph(X))0 is the identity on X0.
• The morphism ((Id♯F )X)a,b : F -Gph(Id♯E(X))(a, b) Id♯E(F -Gph(X))(a, b) is, through the identifica-

tion

F

 ∐
x∈X+

0 ⟨a,b⟩

∏
i<x.lind

X(x[i],x[i+ 1])

 ∼= ∐
x∈X+

0 ⟨a,b⟩

F

( ∏
i<x.lind

X(x[i],x[i+ 1])

)
(B.2.17.1)

obtained by using the preservation of small coproducts by F , defined as the image (under
∐
− : Fm(E)

E) of the family of canonical morphisms(
F

( ∏
i<x.lind

X(x[i],x[i+ 1])

) ∏
i<x.lind

F (X(x[i],x[i+ 1]))

)
x∈X+

0 ⟨a,b⟩



116 B. FREE STRICT ω-CATEGORY MONAD

that is obtained as components of the mate of the commutative square F #const = const #Fx.lind : E

Ex.lind with respect to const ⊣
∏

i<x.lind. Note here that such mate is cartesian by Lemma B.2.16 if F
preserves pullbacks, and an isomorphism if F preserves finite products. ⌟

Remark B.2.18. By the last remark of the second item of Construction B.2.17, in the setting there, the
transformation Id♯F is an isomorphism if F preserves finite products. On the other hand, by the characterisation
Proposition B.1.5 of infinitary lextensive categories, this transformation Id♯F is cartesian if F preserves pullbacks.

⌟

Lemma B.2.19. In the setting of Construction B.2.17, the pair (F -Gph, Id♯F ) defines an oplax monad morphism
of type (E, Id♯E) (E′, Id♯E′). ⌟

Proof. We only check the compatibility with the multiplication, as the unit case is similar and easier. Let X
be an E-graph and a, b ∈ X0. Since all the transformations we consider are identity-on-objects, it suffices to
show suitable commutativity at the level of hom-objects. The two morphisms we want to compare are, through
the identifications (B.2.11.1) and (B.2.17.1) coming from the infinitary distributivity and the preservation of
small coproducts by F , described as the images under

∐
: Fm(E) E of the two composites from top-left to

bottom-right in the diagram below. Thus, it suffices to show that the square commutes in Fm(E).(
F
∏

i<x.lind
j<u(i).lind

X(u(i)[j],u(i)[j + 1])

)
x∈X+

0 ⟨a,b⟩
u∈

∏
i<x.lind X

+
0 ⟨x[i],x[i+1]⟩

(
F
∏

i<x.lind X(x[i],x[i+ 1])
)
x∈X+

0 ⟨a,b⟩

(∏
i<x.lind

j<u(i).lind
FX(u(i)[j],u(i)[j + 1])

)
x∈X+

0 ⟨a,b⟩
u∈

∏
i<x.lind X

+
0 ⟨x[i],x[i+1]⟩

(∏
i<x.lind FX(x[i],x[i+ 1])

)
x∈X+

0 ⟨a,b⟩

(concat,−)

(Id,−) (Id,−)

(concat,−)

(B.2.19.1)
Let us explain each component of the morphisms in the diagram above.

• Each component of the left and right vertical morphisms is a component of the mate of the commutative
squares

∏
i<x.lind E

u(i).lind
∏

i<x.lind E
′u(i).lind

Ex.lind E′x.lind

E E′

∏
i<x.lind F

u(i).lind

∏
i<x.lind const

∏
i<x.lind const

F

const const

and
Ex.lind E′x.lind

E E′

Fx.lind

F

const const

with respect to the adjunctions

const #
∏

i<x.lind

const ⊣
∏

i<x.lind

(∏
j<u(i).lind−

)
#
∏

i<x.lind− and const ⊣
∏

i<x.lind− (B.2.19.2)

respectively.
• Each component of the bottom horizontal morphism is a component of the mate of the commutative

square ∏
i<x.lind E

′u(i).lind E′concat(u).lind

E′ E′

∼=

const#
∏

i<x.lind const const

with respect to the adjunctions (B.2.19.2). Here, the function concat is the concatenation of lists
observed in (B.2.11.2), and the top horizontal isomorphism is the canonical one rearranging indices.
Since this is an isomorphism, the resulting mate is an isomorphism.

For the top horizontal morphism, we can argue similarly using E instead of E′, but consider the
images under F of the components.
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Now the commutativity of (B.2.19.1) follows from the obvious commutative square∏
i<x.lind E

u(i).lind Econcat(u).lind

∏
i<x.lind E

′u(i).lind E′concat(u).lind,

∼=

∏
i<x.lind F

u(i).lind F concat(u).lind

∼=

using the uniqueness of the mates. □

Proposition B.2.20. Let us write mndo(K) for the 2-category of monads and oplax monad moprhisms in a
2-category K. The assignment E 7→ (E-Gph, Id♯E) (Construction B.2.11), together with Construction B.2.17 on
1-cells, extends to 2-functors making the following diagram commute.

∞-LextCAT mndo(∞-LextCAT )

∞-LextCART mndo(∞-LextCART )

CAT CAT

(−-Gph,Id♯−)

(−-Gph,Id♯−)

−-Gph

(B.2.20.1)

Here, the upward vertical arrows are the inclusions, and the downward vertical arrows are the forgetful 2-
functors. ⌟

Proof. By Proposition B.2.10, Lemmas B.2.7, B.2.8 and B.2.19, Corollary B.2.13, and Remarks B.2.5 and B.2.18,
considering the local faithfulness of the forgetful 2-functor mndo(K) K, it remains to show

• the 1-functoriality of this assignment and that
• for each 2-cell α : F G : E E′, the natural transformation α-Gph : F -Gph G-Gph : E-Gph

E′-Gph defines a modification of oplax monad morphisms of type (F -Gph, Id♯F ) (G-Gph, Id♯G).

The 1-functoriality is obvious from the Construction B.2.17 because taking mates is compatible with com-
positions of squares. Thus, we show the latter modification condition. By the Construction B.2.17, this reduces
to showing that for each E-graph X and x ∈ X+

0 , the following diagram commutes. Here, the top and bot-
tom horizontal morphisms are those used in Construction B.2.17: i.e., components of the mates of suitable
commutative squares.

F
(∏

i<x.lind X(x[i],x[i+ 1])
) ∏

i<x.lind F (X(x[i],x[i+ 1]))

G
(∏

i<x.lind X(x[i],x[i+ 1])
) ∏

i<x.lind G(X(x[i],x[i+ 1]))

F
∏

i<x.lind αX(x[i],x[i+1])
∏

i<x.lind αX(x[i],x[i+1])
(B.2.20.2)

This follows from the following obvious identity of transformations

Ex.lind E′x.lind

E E′

Gx.lind

Fx.lind

αx.lind⇑

F

const

=

const =

Ex.lind E′x.lind

E E′,

Gx.lind

G

F

α⇑

const
=

const

since the top-right composite of (B.2.20.2) is a component of the mate of the left-hand side square above, while
the bottom-left composite is a component of the mate of the right-hand side square above. □

Using the above 2-functorial construction, we obtain a 2-functorial alternative of [CL19, Definition 4.8]
taking care of cartesianness of transformations, which enhances Leinster’s T ♯ in [Lei04, Proposition F.1.1].
Before stating it, let us recall some basic facts and notations on 2-categories and formal monad theory.

Fact B.2.21. By K, we mean a (possibly huge) 2-category. As noted in Proposition B.2.20, we write mndo(K)
for the 2-category of monads, oplax monad morphisms, and modifications. We also write mnds(K) for the sub
2-category of mndo(K) spanned by strong monad morphisms.

(i) The assignment K 7→ mndo(K) is 2-functorial in an obvious way.
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(ii) A distributive law in K is precisely a monad in mndo(K), and taking composition of distributive laws
assembles into a 2-functor of the type

mndo(mndo(K)) mndo(K)
in a natural way. ⌟

Now we are ready to define the sharp construction in a 2-functorial way.

Definition B.2.22 (cf.[Lei04, Proposition F.1.1]). Applying the 2-functorial assignment B.2.21.(i) to the top
and mid horizontal 2-functors in (B.2.20.1) and post-compose them with the 2-functor B.2.21.(ii) for K =
∞-LextCAT and K =∞-LextCART , we obtain an endo-2-functor

(E, T ) 7→ (E-Gph, T ♯) : mndo(∞-LextCAT ) mndo(∞-LextCAT )
that restricts to an endo-2-functor on mndo(∞-LextCART ). We call them the sharp construction. ⌟

Remark B.2.23. Considering Remark B.2.18, the endo-2-functors in Definition B.2.22 give rise to another
endo-2-functor on the locally full sub-2-catgeory of mnds(∞-LextCAT ) spanned by monads in ∞-LextCART
and strong monad moprhisms whose underlying functors preserve finite limits. ⌟

Remark B.2.24. Unpacking Definition B.2.22, we obtain the following explicit description of the sharp con-
struction. See also [Lei04, Appendix F].

Let E be a infinitary lextensive category and T be a monad on E in∞-LextCAT . The monad T ♯ on E-Gph
is described as follows:

(i) (T ♯X)0 = X0

(ii) For each a, b ∈ X0,

(T ♯X)(a, b) =
∐

x⃗∈X+
0 ⟨a,b⟩

∏
i<x⃗.lind

T (X(x⃗[i], x⃗[i+ 1])).

In particular, we have

(T ♯1)0 = 1 = {∗}, (T ♯1)(∗, ∗) =
∐
n∈N

(T1)n = (T1)∗, (B.2.24.1)

where (−)∗ is the list object in E. Moreover,

(T ♯(T ♯1))0 = 1, T ♯(T ♯1)(∗, ∗) =
∐
n∈N

(
T

(∐
m∈N

(T1)m

))n

∼=
∐
n∈N

(∐
m∈N

T ((T1)m)

)n

.

(iii) Consider the following morphisms in E.

T ♯(T ♯1)(∗, ∗) ∼=
∐
n∈N

(∐
m∈N

T ((T1)m)

)n ∐
n∈N

(∐
m∈N

(TT1)m

)n

∐
n(
∐

m(µT
1 )

m)n ∐
n∈N

(∐
m∈N

(T1)m

)n

c

= T1∗∗ T1∗ = T ♯1(∗, ∗)

Here, the first morphism is the canonical one induced by the universality of (−)m, and the last
morphism is the concatenation of lists. The composite gives the multiplication µT ♯

1 at 1 for the monad
T ♯, while the unit ηT

♯

1 : 1 T ♯1 is given by the composite

1(∗, ∗) = 1
ηT
1

T1 T1∗ = T ♯1(∗, ∗)
where the latter function is the unit for the free monoid monad. ⌟

Our construction is different from [CL19, Definition 4.8] in the following points:

• We work in a 2-categorical level, which means the construction is 2-functorial.
• We are taking care of cartesianness of transformations, while [CL19] does not.
• Objects of our 2-categories are infinitary lextensive categories, while [CL19] works with infinitary

distributive categories.
• Morphisms in the category of monads in [CL19] are lax monad morphisms with underlying functors

preserving finite products and small coproducts, while we work with oplax monad morphisms whose
underlying functors preserves pullbacks and small coproducts.
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However, since those two constructions are identical on objects up to isomorphism, we can safely use [CL19,
Theorem 4.15] to some extent, and obtain the following theorem. Before stating it, let us recall, for example,
from [Lei04, Section F.2], that there is an equivalence ω-Gph ∼ GSet from the category of ω-graphs (i.e.,
iterated enriched graphs) to the category of globular set (see also Remark B.3.5). This in particular induces an
equivalence GSet-Gph ∼ GSet, which in turn coincides with that we will observe in Proposition B.3.1 in more
general setting (see Remark B.3.4).

Theorem B.2.25 (cf. [CL19, Theorem 4.15]). Let T be the free strict ω-category monad on GSet. Then there
is an equivalence (GSet-Gph,T♯) ∼ (GSet,T) of monads whose underlying functor GSet-Gph ∼ GSet is the
above equivalence. ⌟

The following follows from several known results like [Lei04, Proposition F.1.1] and [CL19, Lemma 4.11],
but we also give a proof from our perspective.

Corollary B.2.26 (cf. [Lei04, Proposition F.1.1], [CL19, Lemma 4.11]). Suppose we are given an infini-
tary lextensive category E equipped with a monad T in ∞-LextCAT on it. Then the forgetful functor
(T -Alg)-Cat E-Gph is monadic and the induced monad is T ♯. ⌟

Proof. Observe that the forgetful functor T -Alg E creates small coproducts and pullbacks, and hence T -Alg

is infinitary lextensive. Moreover, by the Construction B.2.11 and Proposition B.2.12, the monad Id♯T -Alg on
T -Alg-Gph lifts the monad Id♯E on E-Gph along the forgetful functor, which means that the following square
commutes and the multiplications and units are compatible.

(T -Alg)-Gph (T -Alg)-Gph

E-Gph E-Gph

Id♯T -Alg

Id♯E

On the other hand, an algebra for the monad T -Gph on E-Gph is precisely a T -Alg-enriched graph. Therefore, it
suffices to show that the lax monad morphism (E-Gph, T -Gph) (E-Gph, T -Gph) induced by the above square
coincides with (Id♯E, Id

♯
T ). To this end, let us write U : T -Alg ⊥ E :F for the free-forgetful adjunction. It suffices

to show that the transformation Id♯F coincides with the mate of the above square. By the Construction B.2.17,
this is reduced to showing that for each X ∈ E-Gph and x ∈ X+

0 , the following diagram commutes.

F (
∏

i<x.lind X(x[i],x[i+ 1]))
∏

i<x.lind F (X(x[i],x[i+ 1]))

F (
∏

i<x.lind UF (X(x[i],x[i+ 1]))) FU(
∏

i<x.lind F (X(x[i],x[i+ 1])))

F
∏

i<x.lind ηX(x[i],x[i+1])

∼=

ε∏
i<x.lind FX(x[i],x[i+1]) (B.2.26.1)

Here, the top horizontal morphism is a component of the mate of the square on the left below with respect to
the adjunctions associated to functors named const in the diagram. On the other hand, the composite of the
path of morphisms is a component of the following natural transformation: First take the mate for the square
on the right below with respect to the adjunctions const ⊣

∏
i<x.lind, and then take the mate for the resulting

square with respect to the adjunctions F ⊣ U,Fx.lind ⊣ Ux.lind again.

Ex.lind T -Algx.lind

E T -Alg

Fx.lind

F

const const

T -Algx.lind Ex.lind

T -Alg E

Ux.lind

U

const const

Now the commutation of (B.2.26.1) follows from the obvious fact that the left hand square above is the mate
of the right hand square with respect to the adjunctions F ⊣ U,Fx.lind ⊣ Ux.lind. □

B.3. Familial sharp construction

Proposition B.3.1. If E is a presheaf category, then so is the category E-Gph. Moreover, given a shape C of
E, the shape G[C] of E-Gph is given by the collage of the constant copresheaf ∆({σ0, τ0}) : C Set, viewed
as a profunctor {0}× C Set: that is, the objects of G[C] form the disjoint union {0} ⊔ { c+1 | c ∈ ObjC };4

4Here, c+ 1 is the copy of an object c ∈ C in G[C].
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the morphisms are those coming from C, denoted f + 1 for each f ∈ MorC; and, for each c ∈ C, we have
G[C](0, c+ 1) = {σ0, τ0}, subject to the relation σ0 # (f + 1) = τ0 # (f + 1).

The equivalence
PshG[C] ∼ PshC-Gph (B.3.1.1)

sends a presheaf X : G[C]op Set to an PshC-graph (X0, X(−,−)), where X(a, b) is defined as the pullback

X(a, b) (−+ 1)op # X

1 ∆(X0 ×X0)

⌟

(a,b)

in PshC. Here, (−+ 1): C G[C] is the inclusion defining the collage G[C]. ⌟

Proof. Since E is an infinitary distributive category, for each set S, there is an equivalence

[S × S,E] ≃ E/
∐
S×S

1 = E/∆(S × S),

which is natural in S ∈ Set. Here, ∆: Set E is the ‘diagonal’ functor, i.e., the left adjoint to the global
sections functor E(1,−) : E Set. This implies that the category E-Gph is the Artin glueing [CJ95, Section 4]
of the functor ∆ × ∆: Set E (defined by S 7→ ∆(S) × ∆(S)), which is the nerve of the profunctor
{0}×C Set defined above. By [CJ95, Lemma 4.9], the category E-Gph is a presheaf category and its shape
is the collage of this profunctor, namely G[C] as described. □

Remark B.3.2. Let F : C C′ be a functor between small categories. Then F induces a functor G[F] : G[C]
G[C′] defined by 0 7→ 0, c+ 1 7→ F (c) + 1 for each c ∈ C, and σc, τc 7→ σF (c), τF (c). In the same way, a natural
transformation α : F F ′ : C C′ induces a natural transformation G[α] : G[F] G[F′] defined by 0 7→ Id0
and c+1 7→ αc+1 for each c ∈ C. This assignment defines a 2-functor G[−] : Cat Cat, and it is compatible with
the 2-functor −-Gph : CAT CAT through the contravariant presheaf construction Psh(−) : Catcoop CAT
and the equivalence (B.3.1.1). ⌟

Proposition B.3.3. The functor G[−] : Cat Cat is a parametric left 2-adjoint : i.e., it lifts through the
forgetful functor Cat∗ Cat from the 2-category Cat∗ of pointed categories, and the resulting functor is a left
2-adjoint. ⌟

Proof. Note that G[∅] is the terminal category {0}, and the slice of G[−] under ∅ gives a functor G[−]∅/ : Cat
Cat∗. It suffices to show that this functor is a left adjoint. For each pointed category D = (D, d0), we can
construct a category C as the category of elements for the copresheaf D(d0,−)2 : D Set obtained by powering
the representable copresheaf D(d0,−) by 2. Let us write p : C D for the discrete opfibration. Define the
counit G[C] D to be the pointed functor induced from the morphism ∆({σ, τ}) D(d0, p(−)) in [C,Set]
sending σ and τ to a and b respectively, for each (x, (a, b)) ∈ Obj(C) =

∐
x∈D D(d0, x)

2. It is routine to verify
that these data indeed give the cofree object on D with respect to the functor G[−]∅/ : Cat Cat∗. □

Remark B.3.4. Starting from G−1 = ∅, we can inductively obtain categories Gn by Gn+1 = G[Gn], and this
coincides with the categories defined in Definition 1.1.1.1. The inclusion Gn Gn+1 is the image of the unique
functor ! : G−1 G0 under the n-fold iteration of G[−] : Cat Cat. Moreover, the category G of globes is the
colimit of the sequence G−1 G0 · · · Gn−1 Gn · · · obtained in this way.

By Proposition B.3.3, the 2-functor G[−] preserves all connected (conical) colimits. Therefore, this expres-
sion of G equips it with the structure of the initial G[−]-algebra, by Adamek’s fixed point theorem. In particular,
the algebra structure G[G] ∼= G is an isomorphism, and through this isomorphism, we identify G[G] with G. This
identification indeed means that the formal symbol 0 and the formal addition −+ 1 in G[G] are interpreted as
the zero and successor of natural numbers underlying G.

Under this identification, the equivalence (B.3.1.1) gives an equivalence GSet-Gph ≃ GSet, and this coincides
with the equivalence appearing in Theorem B.2.25. ⌟

Remark B.3.5. Remark B.3.4 explains how G is obtained as a colimit of the iterated application of G[−], and
hence we obtain the category GSet as the limit of the sequence 1 Set · · · PshGn−1 PshGn

· · · . On the other hand, the category ω-Gph of ω-graphs is defined as the limit of an equivalent sequence 1
Set · · · (n − 1)-Gph n-Gph · · · obtained by iterating the enriched graph construction −-Gph
starting from the terminal category 1. However, this does not show the equivalence GSet ≃ ω-Gph immediately,
since we must first check that those limits are bilimits in CAT . These can be checked directly by computing
the pseudo-limits of those sequences, but we can also verify this by observing that PshGn−1 PshGn and
(n− 1)-Gph n-Gph are isofibrations for each n ≥ 0. ⌟
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Fact B.3.6 ([CJ95]). Let A,B be small categories and F : PshA → PshB be a functor between the presheaf
categories. Then the following are equivalent:

• F is a parametric right adjoint, i.e., the sliced functor F/1 : PshA PshB/F1 over the terminal
object 1 ∈ PshA is a right adjoint.

• There is a functor (̂−) : B/F1 PshA such that the slice F/1 is isomorphic to the nerve of (̂−).

A functor F satisfying these equivalent conditions is called familial. By virtue of the second item, F is completely
determined by the pair (F1, (̂−)) of a presheaf on B and a functor (̂−) : B/F1 PshA from the category of
elements. We call this pair the familial representation of F . ⌟

The above fact implies that familial representations and familial functors are essentially the same notion.
This observation can be enhanced to an equivalence of categories.

Definition B.3.7. Let A,B be small categories. We write Fam(A,B) for the category of familial functors
PshA PshB and natural transformations between them. In other words, Fam(A,B) is the Grothendieck
construction of the functor

X 7→ RA(PshA,PshB/X) : PshBop (PshB)/−
RA

RA(PshA,−)
CAT ,

where RA is the huge 2-category of categories, right adjoints, and natural transformations. ⌟

From this perspective, cartesian morphisms between familial functors can be characterized as follows. The
proof is straightforward from the pasting lemma for pullback squares and the definition of cartesian morphisms
in a Grothendieck fibration.

Lemma B.3.8. In the situation of Definition B.3.7, a morphism in Fam(A,B) is cartesian with respect to the
Grothendieck fibration over PshB if and only if the corresponding natural transformation is cartesian. ⌟

We write Famcart for the locally wide sub-2-category of Fam consisting of cartesian morphisms.

Definition B.3.9. Let A and B be small categories. We define a category FamR(A,B) as the Grothendieck
construction of the functor

X 7→ [B/X,PshA]op : PshBop (B/−)op
Catop

[−,PshA]op
CAT

We write FamRcart(A,B) for the wide subcategory of FamR(A,B) consisting of cartesian morphisms with respect
to the Grothendieck fibration. ⌟

The following are well-known and obvious from the folklore results on the nerve construction.

Lemma B.3.10. The nerve construction gives an equivalence

[B/X,PshA]op ≃ RA(PshA,PshB/X)

for each X ∈ PshB. These equivalences are pseudo-natural in X and hence induce equivalences

FamR(A,B) ≃ Fam(A,B), FamRcart(A,B) ≃ Famcart(A,B)

over PshB. ⌟

Remark B.3.11. In particular, by Lemma B.3.8, Lemma B.3.10 gives another characterisation of carte-
sian morphisms between familial functors: a natural transformation α : F G between familial functors
F,G : PshA PshB is cartesian if and only if the induced morphism B/α1 # (̂−)G (̂−)F : B/F1 PshA

is an isomorphism, where (F1, (̂−)F ) and (G1, (̂−)G) are the familial representations of F and G respectively.

This is observed e.g. in [GH18, Proposition 3.8] and [Sha25, Proposition 1.7], and is used in Lemma 1.1.3.1.
⌟

Remark B.3.12. Let A,B,C be small categories. Through the equivalence observed in Lemma B.3.10, we have
a composition of familial representations:

FamR(A,B)×FamR(B,C) FamR(A,C)

This sends a pair (F1, (̂−)F ) ∈ FamR(A,B), (G1, (̂−)G) ∈ FamR(B,C) to a familial representation (H1, (̂−)H) ∈
FamR(A,C) defined as follows.
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• H1 is the image under the projection PshC/G1 PshC of the presheaf PshB((̂−)G, F1). In other
words, the category of elements C/H1 fits into the following pullback square:

C/H1 PshB/F1

C/G1 PshB

⌟
projection

(̂−)G

• The functor (̂−)H : C/H1 PshA is the composite of the top horizontal arrow in the above
pullback square followed by the left Kan extension PshB/F1 PshA of (̂−)F : B/F1 PshA
along the yoneda embedding B/F1 PshB/F1. For each (c, π, ϕ) ∈ C/H1 with π ∈ G1c and

ϕ ∈ PshB((̂c, π)G, F1), we have the following expression:

̂(c, π, ϕ)H = colim
(b,ρ)∈B/(̂c,π)G

̂(b, ϕb(ρ))F

On the other hand, the identity familial representation on A is given by (1,ょ), where 1 is the terminal A-presheaf
andょ: A/1 = A PshA is the yoneda embedding. ⌟

Definition B.3.13. Let A be a small category. A familial monad on a presheaf category PshA is a cartesian
monad whose underlying endofunctor is familial. ⌟

Lemma B.3.14. Let A,B be small categories and F : PshA → PshB be a familial functor whose familial
representation is given by (F1, (̂−)). Let I be a small category. Then the following are equivalent:

• F preserves I-colimits.
• For each π ∈ B/F1, the representable functor PshA(π̂,−) : PshA Set preserves I-colimits.

In particular, the functor F preserves small coproducts if and only if each π̂ is connected. ⌟

Proof. Since small colimits are computed pointwise in any presheaf category, the latter condition is equivalent
to saying that the nerve functor F/1 : PshA PshB/F1 preserves I-colimits. This is in turn equivalent to the
former condition since the slice projection PshB/F1 PshB creates all colimits. □

Definition B.3.15. A functor between presheaf categories is connectedly familial if it is familial and preserves
small coproducts. A connectedly familial monad is a cartesian monad whose underlying endofunctor is con-
nectedly familial. We write CFMonC for the category of connectedly familial monads on PshC and cartesian
(icon-)monad morphisms between them. ⌟

Definition B.3.16. Let E be a category. An n-pointed E-enriched graph is an E-enriched graph X equipped
with n elements x0, . . . , xn−1 ∈ X0. We write E-Gphn∗ for the category of n-pointed E-enriched graphs and
E-graph morphisms preserving points. ⌟

When n = 1 we write E-Gph∗, and when n = 2 we write E-Gph∗∗. Observe that the equivalence (B.3.1.1)
extends to an equivalence Pshn∗G[C]

∼ PshC-Gphn∗, when G[C] is pointed by 0.

Proposition B.3.17. Suppose that E is a category with an initial object. There is an adjunction

E-Gph∗∗ ⊥ E

such that the right adjoint sends a 2-pointed graph (X, a, b) to the hom X(a, b), which we call the hom functor.
We write Σ: E E-Gph for the left adjoint following the forgetful functor E-Gph∗∗ E-Gph, which we call
the suspension functor.

In particular, when we take E = PshC for a small category C, the equivalence (B.3.1.1) induces an adjunction

Psh∗∗G[C] ⊥ PshC (B.3.17.1)

whose left adjoint following the forgetful functor Psh∗∗G[C] PshG[C] is also called the suspension functor,
and denoted by Σ as well. ⌟

Proof. Let E ∈ E be an object. Define a E-graph ΣE by (ΣE)0 = {⋆, ⋆′} and

ΣE(x, y) =

{
E if x = ⋆ and y = ⋆′

∅ otherwise.

One can easily check that (ΣE, (⋆, ⋆′)) defines a free object on E with respect to the hom-functor E-Gph∗∗
E. □
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Remark B.3.18. When C is a fixed point of G[−] such as G observed in Remark B.3.4, then the adjunction
(B.3.17.1) induces an adjunction of the form

hom: Psh∗∗C ⊥ PshC : Σ .

This gives the usual hom-suspension adjunction for globular sets observed in Remark 1.1.1.9. ⌟

Definition B.3.19. Let D = (D, 0) be a pointed small category. Then we define a category Pshn∗D of n-pointed
presheaves over D as the under category

∐
i<nょ(0)/PshD. In other words, an n-pointed presheaf is a presheaf

X : Dop Set equipped with n elements x0, . . . , xn−1 ∈ X0. ⌟

Lemma B.3.20. Let E be a category with finite colimits, which is pointed by an object • ∈ E. We write En∗
for the total category of the n-fold fibred power of the fibration •/E E over E. Then there is an adjunction

E(n+1)∗ ⊥ (E2∗)
n

whose right adjoint sends (X,x) to the finite family (X, (x[i],x[i + 1]))i<n, where we think of x ∈ E(•, X)n+1

as a (non-empty) list of length n+ 1.

In particular, when we take E = PshD for a pointed small category D = (D, d0) and • = ょ(d0), the
adjunction is of the following form:

Pshn+1∗D ⊥ (Psh∗∗D)
n (B.3.20.1)

⌟

Proof. Let zigzagn be the category freely generated from the barycentric subdivision of the Hasse diagram of
the poset [n]:

zigzagn =

v1 v2 · · · vn

0 1 2 n− 1 n

On the other hand, let coconen be the shape category for the cocone over the discrete category with n + 1
objects. In other words, coconen is the category obtained by freely adding the terminal object to the discrete
category with n+ 1 objects (denoted by n+ 1). Observe that the following identity transformation

n+ 1 coconen

n+ 1 zigzagn

⇒Id i

exhibits n+1 as the comma category of the upper-right corner. Here, horizontal functors are the inclusions and
the functor i : zigzagn coconen sends each vk+1 (k < n) to the vertex of the cocone. Therefore, considering
the (pointwise) left Kan extension along i, we obtain an adjunction

i∗ : [zigzagn,E] ⊥ [coconen,E] : i!

over En+1 through the canonical projections. The desired adjunction is the fibre of this adjunction at the
constant (•, . . . , •) ∈ En+1. □

Construction B.3.21. Given a small category C, consider the following functors.

(PshC)n
(B.3.17.1)

(Σ)n
(Psh∗∗G[C])

n (B.3.20.1)
Pshn+1∗G[C] Psh∗∗G[C]

This assembles into a functor Br: (PshC)∗ Psh∗∗G[C], from the list category (PshC)∗ :=
∐

n∈N(PshC)
n.

• The functors marked with (B.3.17.1) and (B.3.20.1) are the left adjoint parts of the adjunctions referred
there.

• The last functor forgets points other than the first and last points. ⌟

Remark B.3.22. Let C be a category and X be a presheaf on C. For each n ∈ N, the universality of n-th
power induces a functor C/Xn (C/X)n, which assembles into a functor

C/X∗ (C/X)∗. (B.3.22.1)

Here, we write (−)∗ for the list objects in PshC and Cat (see also Construction B.3.28). ⌟
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Definition B.3.23. Let C be a small category. The functor +1: C G[C] induces a functor (+1)∗ :=
(+1)op # − : PshG[C] PshC. Considering the unique family of morphisms ∆({σ, τ}) Set(∅,C(c,−)) in
[C,Set] that are natural in c ∈ Cop, the universality of G[C] induces a profunctor Cop × G[C] Set. We write
shift : PshC PshG[C] for the nerve of this profunctor, which gives a section of (+1)∗. This sends a presheaf
X to the presheaf shift(X) defined by

• shift(X)c+1 = Xc, and
• shift(X)0 = 1. ⌟

The following lemma is obvious from the above definition of shift.

Lemma B.3.24. For each presheaf X, the category of elements G[C]/shift(X) is isomorphic to G[C/X]. In
particular, G[−] preserves discrete fibrations. ⌟

By this lemma, the universality of G[C/X] as a collage immediately gives the following isomorphism of
categories for each pointed category D = (D, d0) and each presheaf X over C:

+1 #− :
[
(G[C]/shift(X), 0), (PshD,ょ(d0))

] ∼= [C/X,Psh∗∗D] (B.3.24.1)

Here the left-hand side is the subcategory of the functor category [G[C]/shift(X),PshD] consisting of functors
and natural transformations respecting the distinguished points.

Construction B.3.25. Let C be a small category and T be a monad on PshC whose underlying endofunctor
is connectedly familial and whose familial representation is given by (T1, −̂). Then, by Definition B.2.22, the
sharp construction gives a monad T ♯ on PshG[C].

(i) Applying Proposition B.3.1 to Remark B.2.24, we obtain a canonical isomorphism T ♯1 ∼= shift(T1∗).
(ii) We define a functor (̂−) : G[C]/T ♯1 PshG[C] as the transpose through (B.3.24.1) of the composite

C/T1∗
(B.3.22.1)

(C/T1)∗
(̂−)

∗

(PshC)∗ Br Psh∗∗G[C]

⌟

More explicitly, for each c ∈ C, n ∈ N, and an element π⃗ = (πi+1)i<n ∈ (T1)nc ⊂ (T ♯1)c+1, the object ̂(c+ 1, π⃗)
is defined as the colimit of the following zigzag diagram in PshG[C]:

Σ (̂c, π1) Σ (̂c, π2) · · · Σ (̂c, πn)

ょ(0) ょ(0) ょ(0) · · · ょ(0) ょ(0)

⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′

(B.3.25.1)
We write ⋆⃗ for the n+1 points of ̂(c+ 1, π⃗) induced from the above zigzag diagram. If n = 0, we define ̂(c+ 1, ∗)
to beょ(0), while for the unique element ∗ ∈ (T ♯1)0, we set (̂0, ∗) =ょ(0) as well.

Proposition B.3.26. Let E be a presheaf category and T be a monad on E that preserves small coproducts. If
the underlying endofunctor of T is familial, then so is T ♯. When we fix a shape C of E, the familial representation
(T ♯1, −̂) is given by Construction B.3.25. ⌟

Proof. By Definition B.2.22, the monad T ♯ is cartesian. Therefore, it suffices to check that the endofunctor T ♯

satisfies the conditions in Fact B.3.6. One can easily check that T ♯ preserves all wide pullbacks as shown in
[Lei04, Proposition F.1.1], but we will prove this more directly by showing that the data (T ♯1, −̂) indeed gives
the familial representation of T ♯.

Let us first observe that, in general, given an n+1-pointed presheaf (D,d) over a pointed category D, there
is a family of isomorphisms ∐

x∈Xn+1
0

Pshn+1∗D((D,d), (X,x))) ∼= PshD(D,X) (B.3.26.1)

natural in X ∈ PshD.5

5This follows from the more general fact that any projection from an under category is a left multi-adjoint. See, for example,
[Osm21, Section 1].



B.3. FAMILIAL SHARP CONSTRUCTION 125

We obviously have a bijection (T ♯X)0 ∼= PshG[C]((̂0, ∗), X) natural in X ∈ PshG[C], while there are the
following bijections over T ♯1c+1 natural in X ∈ PshG[C], and these conclude the proof. See Remark B.2.24 for
the fact that the first set gives the value of T ♯X at c+ 1 ∈ G[C].∐
x∈X+

0

∏
i<x.lind

T (X(x[i],x[i+ 1]))c ∼=
∐

x∈X+
0

∏
i<x.lind

∐
π∈T1c

PshC
(
(̂c, π), X(x[i],x[i+ 1])

)
∼=
∐
n∈N

∐
x∈Xn+1

0

∐
(πi+1)i<n∈T1nc

∏
i<n

PshC
(

̂(c, πi+1), X(x[i],x[i+ 1])
)

∼=
∐
n∈N

∐
x∈Xn+1

0

∐
(πi+1)i<n∈T1nc

∏
i<n

Psh∗∗G[C]
(
(Σ ̂(c, πi+1), (⋆, ⋆

′)), (X, (x[i],x[i+ 1]))
)

∼=
∐
n∈N

∐
π⃗∈T1nc

∐
x∈Xn+1

0

Pshn+1∗G[C]
(
( ̂(c+ 1, π⃗), ⋆⃗), (X,x)

)
∼=

∐
π⃗∈T ♯1c+1

PshG[C]
(

̂(c+ 1, π⃗), X
)

The first bijection is the universal property of the familial representation of T , the second is just the distributivity
of the coproduct over the product, the third is the universality of the suspension, the fourth follows from the
adjunction (B.3.20.1), and the last is (B.3.26.1). □

Definition B.3.27. Thanks to Proposition B.3.26, for each small category C, the sharp construction restricts
to a functor (−)♯ : CFMonC CFMonG[C].

We call this the familial sharp construction. ⌟

In the remainder of this section, we explain how multiplication of T ♯ is computed in terms of the familial
representation (T1, −̂) of T . In particular, we give an explicit description of the familial representation of T ♯T ♯.
To this end, we first introduce the following general construction that enhances the list construction.

Construction B.3.28. Let E be a category with finite limits and countable colimits. We define an endofunctor
(−)⊛ : E2 E2 as follows.

• Given such a category E, we have the list endofunctor (−)∗E on E defined as

(−)∗E =
∐
n∈N

(−)n

induced from the polynomial 1
∐

n∈N n N 1 in Set.
• For each object e ∈ E, there is an endofunctor (−)∗E/e : E/e E/e since E/e has finite limits and

countable colimits. Moreover, this is lax natural as an endomorphism on the 2-functor e 7→ E/e : E
CAT whose Grothendieck construction is the codomain opfibration. Therefore, we have an endofunctor
(−)∗̄ on E2 over E.

• Finally, we define (−)⊛ as the composite

E2 (−)∗̄
E2 ((−)∗E)

2

E2.

Note that if we have a functor F : E E′ that preserves finite limits and countable colimits, then we have
a natural isomorphism F # (−)∗E ∼= (−)∗E′ # F . In particular, if the category E is a presheaf category, (−)⊛ is
calculated pointwise, because the evaluation functor evc : E Set at each representable object c is continuous
and cocontinuous.

We call the object dom(f⊛) ∈ E the 2-list of f ∈ E2. ⌟

Remark B.3.29. In the case when E = Set, the functor (−)⊛ : Set2 Set2 constructed in Construc-
tion B.3.28 is described as follows. For each morphism f : X Y in Set, the function f⊛ is defined as the
obvious projection of the following form forgetting the second component.

{(y,u) ∈ Y ∗ ×X∗∗ y.length = u.length, ∀i < y.length ∀j < u[i].length, f(u[i][j]) = y[i]} Y ∗

A pair (y,u) satisfying the condition in the domain is called a 2-list of f . In other words, if we consider f⊛ as
a graph (f⊛, f⊛) : dom(f⊛)⇒ Y ∗, it is precisely the underlying graph of the free strict monoidal category on
the graph (f, f) : X ⇒ Y .6 ⌟

6Since a strict monoidal category is precisely a 2-category with a single object, one can rephrase this as the free 2-categroy
construction on a 2-graph with one object and coincident source/target maps. Viewed this way, iterating Construction B.3.28
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Lemma B.3.30. For each small category C, observe that the assignment T 7→ (T ! : TT1 T1) extends to a
functor ev1 : CFMonC (PshC)2. There is an isomorphism filling the following square.

CFMonC CFMonG[C]

(PshC)2 (PshG[C])2

(−)♯

ev1
∼= ev1

(−)⊛#shift2

⌟

Proof. By Remark B.2.24.(i), it suffices to find a family of isomorphisms TT1

T1

T !


⊛

∼


(T ♯T ♯1)−+1

(T ♯1)−+1

(T ♯!)−+1


in (PshC)2 that is natural in T ∈ CFMonC. Now (B.2.24.1) shows that we already have such isomorphisms at
the level of codomains. Let T be a connectedly familial monad on PshC. For each c ∈ C, we have

(T ♯T ♯1)c+1
∼=
∐
n∈N

(∐
m∈N

T ((T1)m)c

)n

(Remark B.2.24.(ii))

∼=
∐
n∈N

∐
m∈N

∐
π∈(T1)c

PshC
(
(̂c, π), (T1)m

)n

(familial representation of T )

∼=
∐
n∈N

∐
m∈N

∐
π∈(T1)c

PshC
(
(̂c, π), T1

)mn

(universality of finite powers)

∼=
∐
n∈N

 ∐
π∈(T1)c

∐
m∈N

((T !)−1
c (π))m

n

∼=
∐
n∈N

(
dom((T !c)

∗̄)
)n (definition of (−)∗̄ in Construction B.3.28)

∼= dom(T !⊛c )

over the canonical isomorphism (T ♯1)c+1
∼= (T1c)

∗ that is natural in both c ∈ C and T ∈ CFMonC. □

Proposition B.3.31. Through the isomorphism Lemma B.3.30 at a connectedly familial monad T on PshC,
we have the following descriptions of the multiplication of T ♯ and the familial representation of T ♯T ♯. Following
Remark B.3.29, we write (y,u) for an element of (T ♯T ♯1)c+1, where y ∈ T1∗ and u ∈ (T1)∗∗ have the same
length.

• µT ♯

1 : shift(dom(T !)⊛) shift(T1∗) is the image under shift of the following composite:

dom(T !T1)
⊛ dom(µT

1 , !T1)
⊛

dom(!T1)
⊛ = (T1)∗∗ concat (T1)∗.

More explicitly, for each c ∈ C, the assignment

(y,u) 7→ concat((µT
1 )

∗∗
c (u))

gives the multiplication (µT ♯

1 )c+1 of T ♯ at c+ 1 ∈ G[C].
• The familial representation (̂−)T ♯T ♯ : G[C]/(T ♯T ♯1) PshG[C] is obtained as the transpose through

(B.3.24.1) of the composite

C/ dom(T !T1)
⊛ C/(TT1)∗

(B.3.22.1)
(C/TT1)∗

(̂−)
∗
TT (PshC)∗ Br Psh∗∗G[C],

further yields an endofunctor on E[n]op . On this construction, we conjecture that (i) this endofunctor is a restriction of the free
strict n + 1-category construction on n + 1-graphs with one object and coincident source/target maps, and (ii) an analogue of

Lemma B.3.30 holds for ev1 : CFMonC (PshC)[n]op that sends T to the n-chain T . . . TT1 T . . . T ! T . . . T1 · · · T ! T1.
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where the first functor is induced from the composite

dom(T !T1)
⊛ dom(Id, !T1)

⊛

dom(!TT1)
⊛ = (TT1)∗∗ concat (TT1)∗

More explicitly, for each c ∈ C, an object (y,u) ∈ (T ♯T ♯1)c+1 is sent to the colimit of the following
zigzag diagram in PshG[C] of length

∑
i<m u[i].length:

Σ (c+ 1,u[0][0])
∧

TT · · · Σ (c+ 1,u[0][u[0].lind])
∧

TT Σ (c+ 1,u[1][0])
∧

TT · · · Σ (c+ 1,u[m][u[m].lind])
∧

TT

ょ(0) ょ(0) · · · ょ(0) ょ(0) ょ(0) ょ(0) · · · ょ(0)

⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′
⋆ ⋆′

⌟

Proof. The first assertion is just a rephrasing of Remark B.2.24.(iii) via the equivalence (B.3.1.1). For the
second assertion, recall from Remark B.3.11 that there is a canonical isomorphism

C/TT1 PshC

C/T1

(̂−)TT

C/µT
1

∼=

(̂−)T

since µT is cartesian. Since we already know that µT ♯

is also cartesian by Definition B.2.22, by the naturality
of (B.3.22.1), it suffices to show the following diagram commutes in PshC.

dom(T !T1)
⊛ (TT1)∗∗ (TT1)∗

dom(!T1)
⊛ T1∗∗ (T1)∗

dom(Id,!T1)
⊛

dom(µT
1 ,!T1)

⊛

concat

(µT
1 )

∗∗ (µT
1 )

∗

concat

The right-hand square commutes by the naturality of the concatenation map. The left-hand square commutes
because we have (µT

1 )
∗∗ = dom

(
µT
1 , Id1

)⊛. □

B.4. An inductive description of the free strict ω-category monad

As observed in Definition B.3.27, using Propositions B.3.1 and B.3.26 and Remark B.3.2, Definition B.2.22
gives a functorial assignment that sends an object (C, T ) to (G[C], T ♯). Now recall that the equivalence on
(GSet,T) in Theorem B.2.25 has its underlying functor given by Proposition B.3.1 (see Remark B.3.4). This
shows that T is a fixed point of Definition B.3.27 over GSet; we are considering the case C = G with the
identification G[G] ∼= G observed in Remark B.3.4.

In the remainder of this section, we show that this fixed-point property of T suffices to characterise and
describe it completely. To this end, recall all the notations from Section 1.1.1 about globular sets, and the 2-list
(−)⊛ for Set from Remark B.3.29.

Theorem B.4.1. Let T be any fixed point of the endofunctor (−)♯ on CFMonG. Through the isomorphism
T ∼= T ♯, Construction B.3.25 and Proposition B.3.31 give the following description of T .

(i) (T !)n : (TT1)n (T1)n is (Id : 1 1)⊛n, which is the n-fold iteration of (−)⊛ applied to the
terminal object in Set→.

(ii) The source and target maps of type (T !)n+1 (T !)n in Set→ coincide with each other, which we
denote by (∂TT1

n , ∂T1
n ), and it is inductively determined as follows.

• (∂TT1
0 , ∂T1

0 ) : (T !)1 (T !)0 is the unique one towards the terminal object.
• ∂T1

n+1(y) = (∂T1
n )∗(y) for each list y of (T1)n+1. Here (∂T1

n )∗ is the image under the functor
(−)∗ : Set Set of ∂T1

n .
• (∂TT1

n+1 )(y,u) = ((∂T1
n )∗(y), (∂TT1

n )∗∗(u)) for each 2-list (y,u) of (T !)n+1.
(iii) The familial representation functor (̂−) : G/T1 GSet is given as in Construction B.3.25.(ii). More

explicitly, ̂(n+ 1, π⃗) is the colimit of the diagram (B.3.25.1) for c = n as in the following diagram. and
(̂0, ∗) is the representable presheaf G0.

Σ (̂n, π1) Σ (̂n, π2) · · · Σ (̂n, πn)

G0 G0 G0 · · · G0 G0

⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′ ⋆ ⋆′
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(see also (B.3.25.1) for c = n), and (̂0, ∗) is the representable globular set G0. Note here that (T1)n+1

is the same as the set of lists (T1)∗n, and we see the list π⃗ = (πi+1)i<n of elements of (T1)n as an
element of (T1)n+1.

The leftmost ⋆ and the rightmost ⋆′ in the above diagram give the parallel morphisms

σ̂0
n+1, τ̂

0
n+1 : ∂

T1
0 (n+ 1, π⃗)
∧

= (̂0, ∗) ̂(n+ 1, π⃗),

and for each m ≤ n, the parallel morphisms

σ̂m+1
n+1 , τ̂

m+1
n+1 : ∂T1

m+1(n+ 1, π⃗)
∧

̂(n+ 1, π⃗)

are those induced from the universal property of the above colimit by the morphisms

Σ(σ̂m
n ),Σ(τ̂mn ) : Σ(∂T1

m (n, πi+1)
∧

) Σ ̂(n, πi+1)

for each i < n, respectively.
(iv) (ηT1 )n+1(∗n+1) ∈ T1n+1 = T1∗n is the list of length 1 whose unique element is (ηT1 )n(∗n) ∈ T1n.
(v) (µT

1 )n+1(y,u).length =
∑

i<y.length(u[i].length), and (µT
1 )n+1(y,u)[i+ j] = (µT

1 )n(u[i][j]).

In particular, this shows that T is the unique fixed point of (−)♯ on CFMonG, which is the free strict ω-category
monad T. ⌟

Fact 1.1.2.3 can be obtained from the above theorem by removing descriptions concerning TT1 from The-
orems B.4.1.(i) and B.4.1.(ii) and Theorem B.4.1.(v). Although Fact 1.1.2.3 lacks some description about the
multiplication, as we observed in Section 1.1, it is still enough to characterise T, essentially because of Propo-
sition 1.1.2.17.

However, these descriptions of the multiplication provide an explicit algorithm for computing the multipli-
cation on any 2-pasting scheme. Recall that the procedure in Remark 1.1.3.7 yields a criterion for a pasting
scheme to be the valid result of multiplying a given 2-pasting scheme, but it does not provide a way to construct
such a pasting scheme (although Example 1.1.3.9 suffices for all the multiplications required in the main body
of this thesis).

We conclude this appendix by unpacking these remaining parts, namely the domain part of Theorem B.4.1.(i)
and Theorem B.4.1.(v). We do this in terms of 2-pasting schemes, following the notation of Section 1.1.3.

Definition B.4.2. Given two 2-pasting schemes

n = n(k) = ((ni)i≤r, (ni+1)i<r) and n′ = n′(k′) = ((n′j)j≤r′ , (n
′
j+1)j<r′)

that are not equal to
[
0
]
, we define their concatenation n ⌢ n′ = ((li)i≤r+r′+1, (li+1)i<r+r′+1) of shape k ⌢ k′

as follows:

li =

{
ni if i ≤ r

n′i−r−1 if i > r
, li+1 =


ni+1 if i < r[
0
]

if i = r

n′i−r if i > r.
Using the table notation, it is expressed as

n ⌢ n′ =

n0 n1 . . . nr n′0 n′1 . . . n′r′

n1 n2 . . . nr

[
0
]

n′1 n′2 . . . n′r′

 .

Observe that concatenation is associative as a binary operation on 2-pasting schemes other than
[
0
]
. ⌟

Definition B.4.3. We define a function br2 such that, together with br, it determines a morphism

(br2, br) : shp⊛ shp

in Set→, as follows. Suppose we are given a 2-list of shp, which is a pair

((k1, . . . , km), (n⃗1, . . . , n⃗m))

of a list of pasting schemes and a list of lists of 2-pasting schemes such that each component of n⃗i+1 has ki+1

as its shape for each i < m. The function br2 sends this pair to the 2-pasting scheme of shape br[k1, . . . , km]
defined as follows:

• Suppose m = 0. Then the result is the unique 2-pasting scheme of shape br[nil], which is

((br[nil]), nil) =

[[
0
]]

.
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• Suppose m = 1. Then br2[(k), ((n1, . . . ,nl))] is a 2-pasting scheme[
br[n1,0, . . . ,nl,0] br[n1,1, . . . ,nl,1] . . . br[n1,r, . . . ,nl,r]

br
[
n1,1, . . . ,nl,1

]
br
[
n1,2, . . . ,nl,2

]
. . . br

[
n1,r, . . . ,nl,r

] ]
equipped with the shape br[k], where r is the rank of k and we write nj+1 = ((nj+1,i)i≤r, (nj+1,i+1)i<r)
for each j ≤ l. This is indeed a 2-pasting scheme because of the equation (1.1.2.11.1).

• When m > 1, its image under br2 is defined as the concatenation

br2[(k1), (n⃗1)] ⌢ br2[(k2), (n⃗2)] ⌢ · · ·⌢ br2[(km), (n⃗m)] .

Note here that neither side is ever equal to
[
0
]
. ⌟

This function unpacks the domain part of Theorem B.4.1.(i) in terms of pasting schemes and 2-pasting
schemes as follows.

Proposition B.4.4. br2 and the pair (br2, br) restrict to isomorphisms

P2S∗k
∼= P2Sbr[k] in Set and shp⊛m−1

∼= shpm in Set→

respectively, for each pasting scheme k and each natural number m ∈ N, where we set shp−1 to be the identity
function on the empty set. ⌟

Proof. Since br is injective, so is br2. Moreover, given a pasting scheme k of rank r, br2 restricts to a
function P2S∗k P2Sbr[k], where an element (n1, . . . ,nr) in P2S∗k is seen as a 2-list of 2-pasting schemes
((k), ((n1, . . . ,nr))).

Now to show the left-hand side, let us take a 2-pasting scheme m = ((mi)i≤r, (mi+1)i<r) of shape br[k],
where we set k = ((ki)i≤r, (ki+1)i<r). By Proposition 1.1.2.8, there exists a unique list (ni,j+1)j<li such that
br[(ni,j+1)j<li ] = mi for each i ≤ r, and a unique list (ni+1,j+1)j<l′i

such that br
[
(ni+1,j+1)j<l′i

]
= mi+1 for each

i < r. Then, by the equation (1.1.2.11.1), we conclude that li = l′i+1 = li+1 for each i < r and that ∂T1
ki+1

ni,j+1 =

ni+1,j+1 = ∂T1
ki+1

ni+1,j+1 for each j < li+1. Hence we have m = br2[(k), ((n1,1, . . . ,n1,l0), . . . , (nr,1, . . . ,nr,lr ))],
which shows the surjectivity for the left-hand side.

It remains to show the right-hand side. For the base case, shp⊛−1 is isomorphic to the identity function on
the singleton set, which is shp0. For the inductive step, first observe that the function shp⊛m is isomorphic to
the projection ∐

(kj+1)j<l∈PS∗
m

∏
j<l

P2S∗kj+1
PS∗m.

On the other hand, P2Sbr[k1,...,kl] is isomorphic to
∏

j<l P
2Sbr[kj+1] for any list (kj+1)j<l of pasting schemes, since[

0
]

is the only 2-pasting scheme of dimension 0. Through those isomorphisms, br2 restricted to shp⊛m−1 shpm

is isomorphic to ∐
(kj+1)j<l∈PS∗

m

∏
j<l

br2|P2S∗
kj+1

:
∐

(kj+1)j<l∈PS∗
m

∏
j<l

P2S∗kj+1

∐
(kj+1)j<l∈PS∗

m

∏
j<l

P2Sbr[kj+1],

which is an isomorphism by the left-hand side. □

In particular, the above proposition and Theorem B.4.1.(i) conclude that the function T!m : (TT1)m
(T1)m is isomorphic to the projection

∐
k∈PSm

P2Sk PSm. From now on, we identify (TT1)m with∐
k∈PSm

P2Sk via this isomorphism.

Moreover, in the same way as Corollary 1.1.2.10, we have the following characterisation of P2S as the set
of ‘2-fold Batanin trees’.

Corollary B.4.5. (shp: P2S PS, (br2, br)) is the initial algebra of the endofunctor (−)⊛ : Set→ Set→.
⌟

Now we are ready to rewrite Theorem B.4.1.(v) using br2, which gives an algorithm to compute the multi-
plication of T in terms of 2-pasting schemes.

Proposition B.4.6. Given a 2-list of 2-pasting schemes ((k1, . . . , kn), (n⃗1, . . . , n⃗n)), we have the following
equality.

µT
1 (br

2[(k1, . . . , kn), (n⃗1, . . . , n⃗n)]) = br
[
µT
1 (n1,1), . . . , µ

T
1 (n1,l1), . . . , µ

T
1 (nn,1), . . . , µ

T
1 (nn,ln)

]
Here, we write n⃗i+1 = (ni+1,1, . . . ,ni+1,li+1) for each i < n. ⌟
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