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Abstract 

This paper discusses a class of pairs of quadratic optimization problem (primal) 
and its dual. The primal has a fixed initial state. We analyze both the problems 
through gap function method. A complete solution is given through characteristic 
equation. The model is based upon a complementary identity, which generates 
simultaneously a triplet of primal function, dual function and an equality condition. 

1 Introduction 

Recently, in [12-29], S.Iwamoto, Y.Kimura, T.Fujita and A.Kira show that a duality for 

paired optimization problems through several methods such as (i) extended Lagrangean, 

(ii) plus-minus, (iii) inequality, (iv) identity, (v) complementary and others. As a historical 

background, see Bellman and others [1-7, 30], [9, 11, 32, 33] for dynamic optimization. 

In this paper, we propose a method through gap function to show a duality between 

a primal problem and its dual problem. Section 2 considers a basic pair of n-variable 

minimization (primal) problem (P n) and maximization (dual) problem (D砂． Thenwe 
define a gap function and discuss duality. In section 3, we give the optimal solution 

(point and value) of (P n) and (Dn). Section 4 presents a pair of minimization problem 
and maximization problem for 4-variable. 

2 Basic-model 

In this section we assume that n is a natural number and c, (E Rりisa constant. c 
denotes an initial state at time O of a dynamic system. 

As a basic pair of primal 1 and dual, we taken-variable optimization problems 

n-1 

minimize L [(xk-1一狐）2+x月＋（Xn-1 -Xn)2 + X~ 

Pn 
k=l 

subject to (i) x E R叫 (ii)Xo = C 

1Two nouns primal and dual mean primal problem and dual problem, respectively. 
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n-l 

Maximize 2cい一〉尻＋ （凡一限＋1)門ーはーµ~

Dn 
k=l 

subject to (i) μ E R匹

Let J, g: Rn→R1 be the respective objective functions of P n, Dn: 
n 

J(x) = L [(xk-1 —汀＋叶］
k=l 

g(μ) = 2cµ1 —苫尻＋ （限— µK+1 戸] -2μ;. 

Note that f(x) is convex and g(μ) is concave. Then it hods that 

J(x)ミg(μ) (x, μ) E RnxR八 (1) 

The sign of equality holds iff a linear system of 2n-equation on 2n-variable 

C - X1 = μ1 X1 = μ1 -μ2 

(ECリ Xk-1 -Xk = μk 咋＝肛ーμk+l 2:::; k:::; n -1 

Xn-1 -Xn = μn Xn = μn 

holds. (ECリiscalled an equality condition between Pn and Dn. Thus both problems are 
called dual of each other. 

Lemma 1 The equality condition (ECリyieldsa pair of linear systems of n-equation on 
n-variable: 

3x1 -X2 = C 

(EQ』 -Xk-1+ 3xk -Xk+l = 0 
-Xn-1 + 2Xn = 0, 

2い一加＝ C 

2:c;k:=;n-1 

(EQ』 -μk-1+ 3μk -μk+l = 0 2 ~ k ~ n -1 
—µn-1 + 3μn = 0. 

unction for basic-model 2.1 Gap functi 

First we present an identity, which takes a fundamental role in analyzing respective pairs 

of primal and dual. Let x = { xk}a,μ= {μk}『beany two sequences of real number with 

x0 = c. Then an identity 

n-1 

(C1) L[(xk-1一咋）瓜＋叫μk-μk+i)] + (xn-1 -%）四＋Xn伽＝ cμ1
k=l 



208

holds true. This identity is called complementary. 

Now we derive both P n and Dn through gap function. Let us define a gap function 
h = h(x, μ) between x E Rn andμ E Rn by 

n-1 

h(x,μ) = L［（互1一咋ーμk戸＋ ｛咋一（限— µK+1)}汀
k=l 

+ [ (xn-1 -Xn -μn戸＋ （％— µn戸］． (2) 

Thus h(x, μ) denotes a total difference between x andμ. It turns out that the quadratic 
function h = h(x, μ) is convex in (x, μ). 

Lemma 2 

(i) f(x) -g(μ) = h(x, μ) 2: 0 V(x, μ) ER吹 Rn

(ii) h(x, μ) = 0 ⇒ (x, μ) satisfies (ECサ

Theorem 1 (i) It holds that 

f(x) 2: g(μ) on R吹 R匹

(ii) It holds that 

f(x) = g(μ)⇔ (x, μ) satisfies (ECサ

Then Pn attains a minimum f(x), while Dn attains a maximum g(μ). 

Hence a solution (x, μ) to (ECリyieldsa minimum point x for P n and a maximum 
point μ for Dn. 

Theorem 2 Let (x, μ) satisfy (EC1). Then both sides become a common value with five 

expressions: 

J(x) = c(c -x1) 
(5Vリ n-1 

= g(μ) = L［は＋（肛ーμK+1)門＋2瓜＝ cμ1.
k=l 

The primal P n h as a minimum value 

m = f(x) = c(c -xi) 

at x. while the dual D ， n has a maximum value 

n-1 

M = g(μ)＝こ［は＋（肛ーμk+1)2]+ 2瓜＝ cμ1
k=l 

atμ. 

Hence a solution (x, μ) to (EC1) yields a minimum value f(x) = c(c -x1) for P n 
and a maximum value g(μ) = cμ1 for Dn. Thus the first argument of optimal point 
characterizes the common optimum value. 
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2.2 Characteristic equation for basic-model 

Now let us solve the pair of linear systems (EQx) and (EQ砂Weintroduce a second-order 
linear difference equation 

Xn+2 -3Xn+l + Xn = 0, X1 = 1, Xo = 0 

Lemma 3 The Eq (3) has a unique solution 

即ーがl
Xn = 
〇-a 

where a (<) /3 are two positive solution 

3-yb 
/3 ＝ 
3＋⑯  

a=  2,  2 

to the associated characteristic equation 

(CE) t2 -3t + 1 = 0. 

We note that 

a ＝閤， (3= ¢2 

where 

¢ = 
1＋⑯  - 1 —⑯ 

¢ = 
2'  2 

are positive and negative solutions to a quadratic equation 

t2 -t -1 = 0. 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Both ¢ and ¢ are called the Golden number and its conjugate, respectively. It holds that 

¢ + ¢ = 1, ¢¢ = -1, 

a+/3 ＝3, a/3 ＝1. 
．． 

Definition 1 Let us define the sequence { Kn} by 

別一 an
Kn= fJ-a. (9) 

We call｛応｝ aKibonacci sequence. Thus { Kn} satisfies a second-order linear differ-
ence equation 

Kn+l = 3Kn -Kn-1, K1 = l, K。=0. (10) 

This has a unique solution (9). The solution - Kibonacci number - Kn turns out a 

two-step Fibonacci number. 
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Lemma 4 

Proof. 

Kn = F2n-

Kn= 
別一an ¢2n_戸2n ¢2n ＿屡2n

＝ ＝ 
j3 -a 炉ー計 ¢一の

- = F2n• 

(11) 

ロ

We remark that Fibonacci sequence｛凡｝ isdefined as the solution to the second-order 
linear difference equation 

Xn+2 -Xn+l -Xn = 0, X1 = l, X。=0. (12) 

Hence 

丁¢-¢
―― 

n

^

}

 

¢
 
＝
 
Fn 

(13) 

n I ・ ・ ・ -2 -1 0 1 2 3 4 5 6 7 8 9 10 
Fn |．．． -1 1 0 1 1 2 3 5 8 13 21 34 55 

Table 1 Fibonacci sequence { Fn} 

Lemma 5 The system (EQ』hasa unique solution 

Xk = C 
Kn+l-k -Kn-k 

Kn+l-Kn 

F2n+l-2k 
=c 
F2n+l 

〇::Sk ::Sn 

, while the system (EQμ) has a unique solution 

Kn+l-k F2n+2-2k 
μk = C ~ = C 
2K 

1 < k < n. 
n -Kn-1. F2n+1 

We see that the x, μ satisfy the equality condition (ECサ

Theorem 3 The equality condition (ECリhasa unique solution (x, μ); 

Kn+l-k -Kn-k 
Xk = C 

K正 1-Kn

F2n+l-2k 
=c 
F2n+1 

0 さ k~n

Kn+l-k F2n+2-2k 
肛＝ C ＝ C 
2Kn -Kn-1 

. 1 < k < n. 
n -Kn-1. F2n+1 

where 

加ー叩
kn ==  F 
f3-a 2n・ 

Hence the gap function h attains the zero minimum at (x, μ). 
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3 Primal vs dual for basic-model 

Let us consider the paired n-variable problem: 

Pn 
minimize f (x) 

subject to (i) x E R叫 (ii)Xo = C 

Dn 
Maximize g (μ) 

subject to (i) μ E Rn 

Lemma 6 (i) Let x be a minimum point for Pn. Then x satisfies 

Case n = l 

where 

Case n = 2 

where 

Case n ~ 3 

(EQ』 2X1= C 

f（叩） ＝（c-臼＋xf. 

(EQX) 
3x1―四＝ C 

一叫＋2巧＝ d 

f(x1,x2) = [(c-xi)2+xi]+[(x1-x2)2+x弓］．

3x1 —巧＝ C 

(EQ』 -Xk-1+ 3xk -Xk+l = Q 

-Xn-1 + 2Xn = 0, 

2:Sk:Sn-1 

The minimum value f(x) is given by f(x) = c(c -x1). 

(ii) Letμ be a maximum point for Dn. Thenμ satisfies 

Case n = l 

(EQ』 2い＝ C 

where 
g（い）＝ 2cμ1-2μi. 

(14) 
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Case n = 2 

where 

Case n 2". 3 

(EQ』

(EQ』
2μ1一四＝ C 

＿灼＋3加＝ 0

g(μ1，四） ＝ 2cμ1 -［吋＋伽—四）2] -2µ~. 

2μ1一四＝ C 

—µk-1 + 3μk -μk+l = 0 

―μn-1 + 3μn = 0 

2::;k::;n-1 

The maximum value g(μ) is given by g(μ)＝入cμ1・

Theorem 4 The primal P n attains a minimum 

at x; 

Kn -Kn-l ¥ _2 F2n 
m = f(x) = c(c ―叫＝ c2(1-~) = C 

kn+1 -Kn) F2n+1 

Kn+l-k -Kn-k 
Xk = C 

Kn+l -Kn 

F2n+l-2k 
=c 
F2n+l 

O'.S k'.S n. 

The dual Dn attains a maximum 

M = g(μ)＝叫＝ c2
Kn 

=c 
2 F2n 

2Kn -Kn-1. F2n+1 

atμ; 

Kn+l-k F2n+2-2k 
限＝ C ＝ C 
2K n -Kn-1 - F2n+1 

1 < k < n. 

Both the optima are equal. 

We remark that 

kn+1 -3kn+Kn-1 = 0 

l.e. Kn+1 -Kn -（Kn -Kn-1) ＝ Kn 

yields 

1 _ Kn-Kn-1 = Kn = F2n 
K正 1-Kn 2Kn -Kn-l F2n+1 ・ 

(15) 
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4 Four-variable pair for basic-model 

The primal problem 

h 

minimize (c -x1戸十x『+［（X1一四）2+ x~] 

P4 +［（四一疇＋m訃＋ ［（X3 —疇＋叶］

as a minimum value 

subject to (i) (x1,砂，窃，四） ER4, (ii) x0 = c. 

(^） 
21 

m4 = C¥ C - X1) = -::;-;-C 2 
34 

at a point x =（五岱，iぁ勾） ： 

13 5 2 1 
企1=-c 企2= - c 岱＝一 C 勾＝一 C.
34'34'34'34  

The dual problem 

Maximize 2cμ1 -[μi + (μ1 -µ砂門ー[µ~+（四一μ3)2]

D4 - [µ~ +（四一μ4)2]-2µ~ 

subject to (i) (11,ぃμ2,塵い） ER4 

h as a maximum value 

M4 = µ~c = 
炉十4p2+ 8p + 8 ~2 
34 

C 

at a point μ* = (µ~, μ;, μふ瓜） ： 

21.  8.  3.  1 
叫＝ ii-c, μ;＝面c, μ;＝面c, μ:＝面C

Note that the equality condition EC1 for 4-variable pair P 4, D4 has a unique solution 

(x, μ) ; 

K5-k -K4-k 
Xk = C 

2K4 -K3 

K5-k 
μk = C 
2K4 -K3 

1さKさ4

1 ：：：：： k：：：：： 4 

We show how both the minimum point企＝ （ふ，西ぶ，ぬ） andthe maximum point μ* = 
(μ{, μ;, μ;, μ:) are obtained. First we have 

2K4 -K3 = 2 ・ 21 -8 

= 34 
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that is 

Further 

Here 

2K4 -K3 = 34. 

K4 -K3 = 13 

K3 -K2 = 5 

K2 -K1 = 2 

k1 -K。=1.

K2 = 3, K3 = 8, K4 = 21. 

Thus we obtain the desired minimum point : 

K4 -K3 13 
Xl = C = - C 
2K4 -K3 34 

C K3 -K2 5 
幻＝ー・ ＝一 C
p 2K4 -K3 34 

C K2 -K1 2 
X3 = - ・ = -
炉 2K4-K3 34 

C 

C K1-K。 1
勾＝ー・ =― C 
炉 2K4-K3 34 ~・ 

In a similar way, the desired maximum point is obtained as follows. 

K4 21 
μ 1 = C ~ =― C 
2K4 -K3 34 

μ;＝こ． K3 ＝土c
p 2K4 -K3 34 

μ； ＝上． K2 ＝王
炉 2K4-K3 34 

C 

瓜＝上． Kl =上 C
炉 2K4-K3 34 ~・ 
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