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1. Introduction 

This paper deals with the phase field system 

{（a(O)）t+¢戸凶＝f in 9 x (0,T)， 

入¢tt十<fJt+Arp+(3（rp) + 7r（rp) = 0 in D x (O,T). 
(El) 

Here O C 配 isa bounded domain,(3is a monotone function (e.g.,(3（<p) = <p;i), 1r is a 
continuous function (e.g., 1r(rp) = -rp), f is a given function. In the case that a(0) = 0, 
入＝ 0,Arp= —• <p, (El) is the classical phase field model proposed by Caginalp [3] (see e.g., 
[2,4,7,10,19]). In the case that a(0) = ln0, the first equation in (El) gives account of an 
entropy balance. In the case that a(0) = ln0,入＝ 0,Arp= —• <p, (El) has been studied 
(see e.g., [5, 9]). However, there are rapid phase transformation processes in nonequilibrium 
dynamics for which the inertial term <pu must be taken into account (see e.g., [11] and 

references therein). In the case that a(0) = 0,入＝ I,Arp=―△<p, (El) is the parabolic-
hyperbolic phase field system (see e.g., [15, 23, 24]). In the case that a(0) = 0,入＝ 1,

Arp= a<p -J * <p, where a(x) := f11 J(x -y) dy, (J *ゃ）（x):= JりJ(x-y)rp(y) dy for x E 0, 
J is an interaction kernel such that J(x) = J(-x), (El) is the nonlocal phase field system 
with inertial term (see e.g., [12, 16]). 

The phase field system proposed by Penrose-Fife [21] 

｛仇十¢←△(-｝） ＝ f in Q x (0,T)， 

'Pt —• r.p+(3(r.p) + 1r(r.p) = -¼ in OX (0, T) 
(E2) 

has been studied (see e.g., [8, 13]). Also, the parabolic-hyperbolic Penrose-Fife phase field 
system 

{い-△（サ） ＝ f in Q x(0,T)， 

咋＋cpt一凶＋f3(cp)+ n(cp) = -½ in D x (0, T) 
(E2') 

has been studied (see e.g., [6]). 

In this paper, we will derive existence for a singular nonlocal phase field system with 

inertial term. More precisely, in this paper, we will prove existence of weak solutions to the 
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nonlocal phase field system with inertial term related to the entropy balance 

(ln 0)t +'Pt —• 0=f in Ox (0,T), 

'Ptt +'Pt + acp -J *'P +(3（cp) + 1r(cp) = 0 in !1 x (0, T), 

8』 =0 on 80 x (0, T), 
(P) 

(ln0)(0) = ln0。,cp(O)＝'Po,'Pt(O)= Vo in n, 

where D C 配 (d= 1, 2, 3) is a bounded domain with smooth boundary叩， 8vdenotes 

differentiation with respect to the outward normal of 80. Moreover, we assume the four 
conditions: 

(Cl) J(-x) = J(x) for all x E配 and!~g 1 IJ(x -y)I dy < +oo. 
xE!1 JO 

(C2)(3 ：恥→賊isa single-valued m訟 imalmonotone function such that there exists a lower 

semicon~nuous convex function(3；股→ [O,+oo) satisfying that(3（0) = 0 and(3 ＝ 8(3， 
where 8(3is the subdifferential of(3．Moreover,(3 ：尺→罠islocal Lipschitz continuous. 

1r : ffi. --+ ffi. is a Linschitz continuous function. (C3) 1r :股→股 isa Lipschitz conti 

(C4) f E L2(D x (O, T)) n £1(0, T; L00(D)), 0。EL2(Q), ln0。EL2(D), <po, Vo E L00(D). 

We define weak solutions of (P) as follows. 

Definition 1.1. For T > 0,（い） iscalled a weak solution of (P) on [O, T] if (0, <p) satisfies 

0 E £2(0, T; H1(S1)), ln0 E H1(0, T; (H1(S1))*) n £00(0, T; £2(0)), 

<p E W叫O,T;L叩）） nW1•00(0, T; £00(0)), 

〈(ln0)t, w〉(H叩））＊，か(!1)+（(/Jt,W)庄 (9)＋J vo．▽W = (j,w)L叩）
a゚.e. in (0, T) for all w E H1(S1), 

¢tt十(/Jt+ a<p -J * <p + fJ(<p) + 1r(<p) = 0 a.e. in S1 x (0, T), 

(ln0)(0) = ln0。,<p(O)= <po, <f)t(O) = v。a.e.inn. 

The following theorem is concerned with existence of weak solutions to (P). 

Theorem 1.1 (K. [17]). Assume that (Cl)-(C4) hold. Then for all T > 0 there exists a 
weak solution (0, cp)。1(P) on [O, T]. 
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2.び（O,T;び(n))-estimatefor (3 (I.()) 

In the case that入＝ 1,to obtain the L2(0, T; L叩））—estimate for(3（cp) is more difficult 
compared to the case that入＝ 0.In the case that a(0) = 0,入＝ 1,Acp =―△cp, assuming 
that I(3”(r)I :S c(l + lrl) for all r E恥 wherec > 0 is some constant, we can derive the 
L00(0, T; L叩））—estimate for(3（ゃ） byestablishing the L00(0, T; H叩））—estimate for cp and 
by the continuity of the embeddingが (D)'----+び(D).On the other hand, in the case that 

a(0) = 0,入＝ 1,Acp = acp -J * cp, since the regularity of cp is lower compared to the case 
that Acp =—• cp, it seems to be difficult to obtain the L刊O,T;び（D))-estimatefor(3（cp) in 
the same way as in the case that a(0) = 0,入＝ 1,Acp =—• cp. In the case that a(0) = 0, 
入＝ 1,Acp = acp -J * cp, assuming that cp0, v0 E L00(D), establishing theび(O,T;H叩））―
estimate for 0, using the continuity of the embedding H叩） →L00(D), we can derive the 
L00(D x (0, T))-estimate for cp and then we can obtain the L00(D x (0, T))-estimate for(3（cp) 
by the continuity of(3．However, in the case that入＝ 1,a(0) = ln0, Acp = acp-J * cp, since 
the regularity of 0 is lower compared to the case that a(0) = 0, it seems to be difficult to 
establish the L刊O,T;H叩））—estimate for 0 in the same way as in the case that a(0) = 0, 
入＝ 1,Acp = acp -J * cp. 

In this paper, it holds that 

1 1 t 

ぅや(x,t)l2=叫'Po（青＋［叫，S）cp(x,s)ds
and 

1 t ^ 

戸(x,t)12+ 1|叫x,s)l2 ds +(3（<p(x, t)) 

゜
= 1t 0(x, s)<pt(x, s) ds + ~lvo(x)ド＋加。(x))
゜

2 

-1t (a(x)1.p(x, s) -(J * 1.p(s))(x)＋叫(x,s)））叫x,s) ds. 

゜Moreover, since 0 E D(ln) = (0, +oo), we see that 

1t 0(x, s)叫x,s) ds :S ll'PtllL=(nx(o,T)) 1t 0(x, s) ds. 
0 JO 

Thus, deriving the L00(0, T;炉（S1))-estimatefor Ji。:0(x, s) ds from the first equation in (P), 
using the continuity of the embedding H叩）'----+L00(S1), applying the Young ineq叫 ityand 
the Gronwall lemma, we can establish the L00(S1 x (0, T))-estimate for <p, whence we can 
obtain the L00(S1 x (0, T))-estimate for /3(1.p) by the continuity of (3. 
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3. Approximation 

Even if we consider the approximation 

(ln鵡））t+に）tー△化＝ f in Ox (0,T), 

(<.pe加＋（<.fJs)t + a<.ps -J * <.p,s + /3(<.ps) + 1r(<.ps)＝化 inOx (0,T), 

8ツ化＝ 0 on 80 x (0, T), 

(lns（化））（0)= ln0(0。),<.fJs(O)= <.po, (r.ps)t(O) = Vo in 0, 

(P)f; 

we do not know whether we can derive a priori estimates for (P)0 or not. Here ln0 is the 

Yosida approximation of ln on艮 Althoughwe can obtain that 

1 戸 (x,t)l2 =；炉o(x)ド＋［い(x,s)叫x,s) ds 
゜and 

1 
2|（崎(x,t)l2 + 1tい)t(x,s)l2 ds +贔（x,t)) 

= 1t 0E;(x, s)に）t(x,s) ds + ~lva(x)l2 +加。（x))

゜
2 

-1t (a(x)叫x,s)ー（J*叫 s))(x)＋叫(x,s)））に）t(x,s) ds, 

゜since 0€ > 0 does not hold, we see that 

Jt 。0c(x,s)('P山(x,s)dsi,||（叫tllL00(!1x(O,T))［化(x,s) ds, 
whence we do not know whether the L(X)(n x (0, T))-estimates for{t.p6}6 and {(3（'Pc) }c can 
be established or not. 

In this paper, to prove existence for (P), we employ the following time discretization 

scheme: find (0n+l,'Pn+1) such that 

Un+L―Un + ％＋L―%  ＿△0n+l = fn+l 

Vn十P + Vn+1 + ar.pn -J *'Pn +(3（やn+l)+ 7r('Pn+l) = 0n+l 
Vn+l = 
'f'n+l一'Pn
h 

Ov0n+l = 0 

for n = 0,..., N -1, where h = ft, N E N, 
朽：＝ hl/2化十lnOJ

for j = 0, 1,…,N, and fk:=¾ J(:~l)h f(s) ds fork= 1,…,N. Indeed, 

for (P)n-

inn, 

inn, 

inn, 

on 8D 

(P)n 

we can prove existence 
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Theorem 3.1 (K. [17]). Assume that (Cl)-(C4) hold. Then there exists h。E(0, 1] such that 
for all h E (0, h0) there exists a unique solution of (P)n satisfying 

如 1EH叩）， Bn+lE D(ln) = (0, +oo) a.e. inn, Ov0n+l = 0 a.e. on an, 

'Pn+l E L00(r2) for n = 0,..., N -1. 

The problem (P)n can be written as 

h1120n+l + ln0n+l -h△0n+1 

＝一やn+l+ hfn+l＋五＋hl/2仇十ln仇 in 0, 

8v0n+l = 0 on 80, 

外＋1+加n+l+ h2/3（外＋1)+ h21r（Cf!n+l) 

= h20n+l +咋＋hvn+加n-h2叩 n+炉J*五 in!1. 

(P)し

Thus, to prove Theorem 3.1, it is enough to derive existence and uniqueness of solutions to 
(P凶inthe case that n = 0. Then the following two lemmas are necessary: 

Lemma 3.2. For all g E £2(!1) and all h > 0 there exists a unique function 0 E H2(!1) such 
that 

0 E D(ln) a.e. in !1, 8』=0a.e. on 80, h1i20+ln0-h△0=g a.e.in!:t. 

Proof. The operator A : D(A) C L叩） →び(!1)defined as 

A0 := -h△0 for 0 E D(A) := {0 Eが(Q)| 8』=0a.e. on叩｝

is maximal monotone. Also, since ln : D(ln) c股→股 ismaximal monotone, we can verify 
that the operator B: D(B) c L叩）→ L叩） definedas 

B0 := ln0 for 0 E D(B) := {0 E L2(D) I 0 E D(ln) a.e. in D, ln0 EL叩）｝

is maximal monotone. Moreover. we see that 1 E D(A) n D(B) # 0 and (A0, B』)L叩） 2:0 
for all 0 E D(A) and all T > 0 by noting that(—• 0,lnTO)£2(!1) 2: 0 for all 0 E D(A) 
and all T > 0 (cf. Okazawa [20, Proof of Theorem 3 with a = b = O]), where BT is the 
Yosida approximation of Band ln7 is the Yosida approximation of ln on股． Thereforewe can 
conclude that the operator A+  f3 : D(A) n D(E) C L叩） →び(D)is maximal monotone 
(cf. Barbu [1, Theoreme II.3.6]）．ロ

Lemma 3.3. For all g Eび(D)and all h E (0, min{l, l/ll1r'll£oo(JR)}) there exists a unique 
function <p Eび(D)satisfying 

<p+加＋h2(3（<p)+ h21r(<p) = g a.e. in D. 
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Proof. We set the operator <I> : D (<I>) c L叩）→ L叩） as

4怜つ：＝ h2(3（<p) for <p E D(<I>) := {<p E L2(0) I(3（<p) E L2(0)}. 

Then this operator is maximal monotone. Also, we define the operator £ : L2(0)→び(0)

as 

.Ccp :=hep+ h21r(cp) for cp EL叩）．

Then this operator is Lipschitz continuous, monotone for all h E (0, d::::=). Therefore the 
'll1r'IIL00(IR) 

operator <l>十£ : D（<l>) C L2(0)→ L叩） ismaximal monotone (see e.g., [22, Lemma IV.2.1 
(p.165)]）．ロ

We can show Theorem 3.1 by using Lemmas 3.2, 3.3, the Banach fixed-point theorem and 

by confirming that t.p1 E £00(0) (for details, see [17, Proof of Theorem 1.2]). 

4. Outline of the proof of Theorem 1.1 

In order to derive existence for (P) by passing to the limit in (P)n as h'¥i 0, we put 

叫＋1-叫
誓：＝叫＋ （t -nh), 

h 

咋＋1-'Pn 
邸）：＝ ％＋  （t -nh), 

h 

Vn+l -Vn 
祝(t):= Vn + ~(t -nh) 

h 

fort E [nh, (n + l)h], n = 0,…，N -l, and 

両（t):=叫＋1,如t):= 0n+l,叫 t):='Pn+l,竺h(t)：＝五

祝(t):= Vn+1,五（t):= fn+l 
for t E (nh, (n + l)h], n = 0,…，N -l, and we rewrite (P)n as 

⑯)t+ （拿心—△(jh= 『h in D x (O,T), 

（閂＋祝＋a笠h-J＊笠h+ (3（戸妙＋7r(因＝eh in DX (O,T), 

両＝ （g心

両＝ h1!27Jh+ ln eh 

in D x (O,T), 

in D x (0,T), 

8ぶ＝0 on叩 x(0, T), 

叩0)= h1l20。+ln0。,'Ph(O)= cpo,玩（0)= v0 in D. 

(P)h 

Moreover, to obtain theび(O,T;び（D))-estimatefor {(3（西）｝h,the following estimate is nee-
essary (see [17, Lemma 4.5]): 
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Lemma 4.1. There exists a constant C > 0 such that 

m-1 

h m邸 z:0n+1II ::;c 
1<:'.m夕N
n=O IIH2(fl) 

for sufficiently small h E (0, 1). 

There exists a constant 01 > 0 such that 

1 1 ^ 
-い%（x)|2+-|vm,(x)|2 +(3（CfJm(x)) 
2 2 

さ；1|CfJolli00cn)+ ~llvolli00(!1) + Iii位o)IIL叫）

m-1 m-1 

+hど0n+1(x)Vn+1(x)+ C1h LI|孔 ||iOO(O)
n=O n=O 

ll1r'lli00は） ＋1m-l m-1 

2 
+~hLII咋＋1lli叫）＋ 2h〉 ||vn+1||iOO(m+

l1r(O) 12 

n=O n=O 
2 T 

for sufficiently small h E (0, 1) and for a.a. x E D, m = 1,..., N. On the other hand, since 
約 E D(ln) = (0, +oo) a.e. in D for j = 0, l,…,N, it follows from Lemma 4.1 and the 
continuity of the embedding H叩）→£00(D) that there exists a constantら＞ 0such that 

m-1 

h喜 (x)vn+I(x)こh:||v』|L叫））区い(x)
n=O n=0 

::;h( 
m-1 

晶唸llvmll£00(rl))と知1
n=O 11£00(0) 

さC2max 
l:Sm:SN 
llv』|£00(0)= C2I|面||L00(0x(O,T))

for sufficiently small h E (0, 1) and for a.a. x ED, m = 1,…,N. Hence there exists a constant 
□ >0 such that 
||五||iOO(Q)＋||v』|iOO(O)

m-1 m-1 

こら＋C3||両||L00(!1x(O,T))+ C3h L ll'Pjlli00但）十 C』 Liiv』|iOO(Q)
J=O J=O 

for sufficiently small h E (0, 1) and m = 1,…,N. Thus it follows from the discrete Gronwall 
lemma (see e.g., [14, Prop. 2.2.1]) that 

ll'Pmlll00cn) + llvmlll00cn)：：：：： C4 + C4llvhllL00(nx(O,T)) 
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for sufficiently small h E (0, 1) and m = 1,…，N with some C4 > 0. Hence we have that 

||;川|i00(!1x(O,T))+ llvhlli00(!1x(O,T))：：：：： C4 + C411vhllL00(!1x(O,T)) 
l C2 

：：：：：広十―||両||2
2 

恥 (!1x(O,T))+―. 
2 

Therefore we can establish the L00(0 x (0, T))-estimate for｛西｝hand then we can derive 
the L00(0 x (0, T))-estimate for {(3（五）｝hby the continuity of(3． 

To obtain that 1r(cph)→ 7r(<.p) inび(O,T;L叩）） ash = hi ¥. 0, we need the strong 
convergence of｛拿叶hin L2(0, T;び（D)).However, we cannot establish the V(O, T; H1(D))-
estimaに（1：：：：： p ：：：：：改))for {(ph}h and then we cannot apply the Aubin-Lions lemma for {(ph}h 
and the compact embedding Hい）→ L叩）． Thusthe following lemma are necessary (see 
[17, Lemma 5.1]): 

Lemma 4.2. There exists a constant C > 0 depending on the data such that 

110h -0Tllc([o,r]；£2(!1)) +||玩 -vTllc([O,T]；だ(!1))+||祝ー万TIIL2(0,T;L叩））

：：：：： C(hl/2 + Tl/2) + C||玩-行 ||1/2TIIC([O,T];(H叩））＊）

for sufficiently small h, TE (0, 1). 

We can prove Theorem 1.1 by establishing some uniform estimates for (P)h, by applying 

the Aubin-Lions lemma for｛玩｝hand compact embeddingび(0)'----+(H川0))*,by using 
Lemma 4.2, by passing to the limit in (P)h as h = hi ~ 0 (for details, see [17, Proof of 
Theorem 1.1]). 

Remark 4.1. We can show that there exists a weak solution of the nonlocal Penrose-Fife 
type phase field system with inertial term 

0叶 'Pt —△(-!) = f, 0 > 0 inn X (O,T), 

砂＋¢戸ar.p-J * r.p + f3(r.p) + 1r(r.p) = -½ in Ox (0, T), 
8v(-½) +(-½) = 9r on 80 x (0, T), 

0(0) = 0。(>0), r.p(O) ='Po,'Pt(O) = Vo in 0 

(see K. [18]). 
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