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On some branched surfaces which admit expanding immersions 1

by
EijJirou HAYAKAWA

Kyoto University

Abstract. Let K be a branched surface whose branch set

S is an embedded circle and such that K\S is connected
and oriented. We show that K does not admit expanding
immersions. Combined with our previous result [31, this
implies that among branched surfaces with branch sets single
embedded circles, there are only two which admit expanding

immersions.

0. Introduction

In [3], we have studied the existence of expanding immersions
for branched surfaces K with branch sets S single embedded
circles. But there we restricted ourselves to the case when all
connected components of K\S are orientable and their number is two
or three. In this paper. we study the remaining case {.e. the case
when K\S 1is connected. We still assume K\S is an orientable
manifold.

Then this type of branched surfaces is constructed from ké=
Eg_l-(D+HD') or Rg= 29_1-(D;HDEUD') as follows, where zg;l
denotes a Riemann surface of genus g-/ , and D+. ;. Dz and b~

denote disjoint embedded open disks. Let S+ and S be connected



components of Ské , and let S;. SE and S° be connected components

of akg . Let us take a Cl immersion cp:S+ »S~ , whose mapping degree

is +2 or -2 with respect to the orientation on S* and §~
induced from an orientation of 29_1 . We identify zeS® with yeS~
whenever ¢(z)=y and glue S* to S~ , so that we obtain a c!
branched surface from kl

g
diffeomorprhisms ¢128; +S~  and wZ:SE »S ., on S;. SE and S , we

. By the identification, using C!

can construct a branched surface from Rg in the same way as gbove.
Ignoring the difference of degrees of attaching maps o, *1 and ¢2 s
we simply denote the former by K; and the latter by KO

g
we have two topological types for the former, and three types for the

. In fact,

latter. We call the image of S;. SE and S~ , or S* and S” under

the above identification the branch set of Kg or K; respectively.

Our main result is as follows:

Theorem. CI branched surface K; , With v= 0 or 1 and g=1,

does not admit Cl ezpanding immersions.

For definitions of C' branched surfaces and C' expanding immersions,
refer to Definition It and 2 [3]. Combining this result with the
previous one [3]1, we conclude that in the class of branched surfaces
with branch sets single embedded circles, only T* and r, (See
(31) admit expanding immersions

In §.1, we define a hyperbolic structure on K; , that is, a
Riemannian metric on the tangent space with negative constant
curvature. §.2 is devoted to the proof of the theorem. First we show

that there exist isometric immersions ?:D ak; and d:k; -+D , where

>



D denotes the Poincaré disk and k; denotes the universal covering
of K; . Suppose that K; admits an expanding immersion f . Then
the composite d<f-7 15 shown to be an expanding quasiconformal map
of D . where [ denotes a lift of f . In the final lemma, we Show
that no such maps exist.

The author thanks the referee for pointing out the use of
hyperbolic structures. The idéa of the proof adopted in this paper is

due to him.

1. Hyperbolic structures on K;

We will define a hyperbolic structure on K; . For hyperbolic
structures on ordinary surfaces, the readers can refer to [11.

First we deal with Kg . Using the Poincaré disk model, we can
define a hyperbolic structure on kg which makes S;. S; and S~
closed geodesics of the same length. Then choosing ﬁj and ¢2 as
isometries, we obtain a hyperbolic structure on Kg .

Next we consider Ké with g22 . In this case, as for Kg . we
have a hyperbolic structure on ké such that S* and S™ are closed
geodesics and 1(S*)= 2-1(S™) , where 1(-) denote the length of
arcs. Then we choose ¢ as an isometric immersion, and we can also
define a hyperbolic structure on K; .

Finally we will define a hyperbolic structure on K;». Consider
D\{0} . The hyperbolic metric -2|dzl/|zlloglz]l 1is easily seen to be

2

invariant under the mapping o¢(z)= z“ . Therefore By pasting two

boundaries of {z:174<|z|<1/2} by o , one gets a hyperbolic

structure on K;



Remark. i) Under usual hyperbolic structures on ordinary
surfaces, coordinate changes of local charts are orientation
preserving isometries on D . But when deg ¢ =-2 , ours on Ké have
orientation reversing isometries. Also when deg ¢I= -1 and/or
deg ¢2= -1, Kg's admits such ones.

ii) Under the above hyperbolic structures, except K; , their branch

sets are closed geodesics. But in the case of K; ,» the branch set is
not a geodesic. ,

iii) We can define a hyperbolic structure on Ké such that there
exists a closed geodesic 50 intersecting S perpendicularly only

at one point.

In this place, as Thurston's developing map [5], we will define
an isometric immersion from the universal cover k; of K; to the
Poincarée disk D .

Let n:k; »K; be the projection. Take zoek; and a
sufficiently small neighborhood U, of =z, . Set Uy= m(U,) . Then
we have an isometric immersion dO:UO -»D as the composite of a local
chart on UO and n . For any yek; , take a path y from z; to
¥ . By analytic continuation of dO along vy , we obtain a map
dy:Uy =D , where Uy denotes a neighborhood of ¥ . Since k; is
simply connected, dy does not depend on the choice of a path v .
Hence mapping any yek; to dy(y). we obtain a desired isometric

immersion d:k; -D .

2. Proof of the theorem

We will construct an isometric immersion gJ:D *K; .
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First we deal with Ké . Recall that there exists a simple
closed geodesic 50 which is orthogonal to the branch set S . Cut
K; first along S and then along SO .- Prepare infinitely many
copies of the resultant surface and glue them together so as to

obtain a complete surface L . See Figure I.
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Clearly there is an isometric immersion of L into Ké . Passing to

the universal covering, we get the desired immersion j:D AKé .
~——— (]—? Ov .
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Next we deal with Kg . We prepare infinitely many copies Ki

of the hyperbolic surface kg » and glue them to obtain a complete

IS



connected hyperbolic surface M as in Figure 2 so that they satisfy:
1) Each copy Ki of kg has a natural embedding \zizkiﬁﬂ .

2) ¥ has an isometric immersion p:¥ *Kg such that pozi{KiaKg is
the same map as the projection kg »Kg» up to the identification of
Ki with kg . Let n”:D -4 be the universal covering of # . Set j=
PeTty . This is the desired one.

Let us continue the proof of the theorem. Suppose for
contradiction that K; admits an expanding immersion f . Let us
take a 1ift J:D ek; of j , and take a lift ?:k; 4?3 of f .

Set F= def+7 . We shall show that F is an expanding

quasiconformal map. Since f is an immersion. and since K; is

compact, we have
supvermxv idfo)izlvil

k = sup g ( o .
v inf v idf(o)i/ivi
zng veTng

As d and J are locally isometric, we have
SuvaTzD HdF(v)ﬂh/uvuh

k = sup : = ,
zeD ‘nfveTzD HdF(v)ﬂh/Hvﬂh

where n-nh denotes the hyperbolic metric on D . This shows
immediately that F 1is quasiconformal. (For the definition of
quasiconformal maps., refer to [2]1.) Also we know F is a
diffeomorphism of D since F 1is a quasiisometric immersion.
Passing to f" for a sufficiently large integer n in the
construction of F , if necessary, we may assume that

inf HdF(v)Ih/Nv"h >e > 1
veTD ,

Then, to complete the proof, we show the following lemma.



Lemma. The open unit disk D does not admit a k—-quasiconformal
diffeomorphism ¢ with the following properties:

1) inf ud¢(v)ﬂh/nvﬂh >e >1 .
veTrD ~

2) ¢(0)= 0 .

Proof. Supéose for contradiction that there exists a
k-quasiconformal diffeomorphism ¢ with the properties 1) and 2).
Set Ar= {zeD; p(0,2)>r) , where p 1is the hyperbolic distance.

By the properties 1) and 2), we have ¢_1(Ar):A -1 for any r>0 .
cr

Since ¢ 1is a k-quasiconformal map, we have the following

inequality:
M(Ar)

T,
Hip (Ar))

< . (1)

1
k
where M(A) denotes the modulus of an annulus A . (See §.6 [4]1 for
the definition of the modulus, and refer to Theorem 7.1 [4] for the

inequality (1).)

On the other hand, since ¢_I(Ar)DA -1+ we have:
c'r
M(Ar) ”(Ar)
Wo LAy FA - 2
¢ r ¢ 'r

As the hyperbolic distance r 1is equal to the Euclidian distance

te"-1)/(e"+1) , we have:

-1
T C T
HA)= log & and #a | )= 1og &2 |
e -1 e'r e T-i

- Hence easily we show the right-hand side of (2) tends to 0 as r

tends to infinity. But -this contradicts (1). ' a
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Since we can choose the map d such that d(?o?(O))= 0 . we may

assume F(0)= 0 . Then F has the properties 1) and 2). Hence Lemma

implies that f cannot be an expanding immersion. This completes the

proof .
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