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Abstract 

We present a detailed general framework to describe the forcing瓦definedby 
Kellner, Shelah and Tan函ieto prove the consistency with ZFC of an alternative 
order of Cichon's maximum. Our presentation is close to the framework of tree-
creature forcing notions from Horowitz and Shelah. We show that the posets in this 
class have strong FAM limits for intervals (in recent terminology, they are a-FAM-
linked) and, furthermore, that they also have strong ultrafilter limits for intervals. 

1 Introduction 
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Figure 1: Cicho丘'sdiagram. The arrows mean :S and dotted arrows represent add(M) = 
min{b, cov(M)} and cof(M) = max{cl, non(M)}, which we call the dependent cardinals. 

Cichon's maximum refers to the situation when all non-dependent cardinals in Cicho丘's

diagram (see Figure 1) are pairwise different. The first proof of the consistency of Cicho丘's

maximum with ZFC is due to Goldstern, Kellner and Shelah [GKS19]. They first refined a 

ccc poset from [GMS16], constructed via a FS (finite support) iteration, to force the non-

dependent cardinals on the left side of the diagram pairwise different (i.e. with non(M) < 
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cov(M) = c), and applied Boolean ultrapowers to this poset to force, in addition, that the 
non-dependent cardinals on the right side can also be separated. To force b < non(M) < 
cov(M) with the first ccc poset, we introduced in [GMS16] the notion of ultrafilter limits 

for posets to show that some restrictions of the forcing IE, the standard ccc poset that 
adds an eventually different real, do not add dominating reals along the iteration. 

Although there are many possible instances of Cicho丘'smaximum, only four are possible 

to be forced using FS iterations of ccc posets. The reason is that such iterations add Cohen 

reals at limits steps, which make them force non(M)さcov(M).Under this restriction, 

Cichon's diagram gets reduced as illustrated in Figure 2, which can only be extended 

to four different linear orders. The constellation proved consistent in [GMS16, GKS19] 

satisfies cov(N) < b and() < non(N). 

/V(＼/＂¥ 
N1—add(N) non(M)→cov(M) cof(N) --------> c 
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Figure 2: Cichon's diagram after a FS iteration of (non-trivial) ccc posets with length of 

uncountable cofinality. 

The other possible constellation for the left side of Cichon's diagram in the context of FS 

iterations is the one where b < cov(N). The challenge to force this constellation is to 
avoid adding dominating reals when forcing with restrictions of random forcing and IE (to 

increase cov(N) and non(M), respectively). From [GMS16] we know that we can use the 

method of ultrafilter limits for IE, but it is unknown (and very unlikely) whether random 

forcing has ultrafilter limits. On the other hand, the method of £am-limits (fam stands 

for finitely additive measure) from Shelah [SheOO] (which preceeds ultrafilter limits) works 

for random forcing, but not for IE (see Example 3.7 (3)). So, one way to solve this issue 

is to either find a forcing with £am-limits increasing non(M), or a forcing with ultrafilter 
limits adding random reals1 

Kellner, Shelah and Tanasie [KST19] found a forcing with £am-limits that adds eventually 

different reals (i.e. increasing non(M)), which they denoted by IE ([KST19, Def. 1.14]). 

This is a modification of a tree-creature ccc forcing introduced by Horowitz and She-

lah [HS16]. In this way, they succeeded in forcing, with a ccc FS iteration, the separation 

of the cardinals of the left side of Cichon's diagram with b < cov(N), which can be used 
to force Cicho丘'smaximum with b < cov(N) and non(N) < () after Boolean ultrapow-
ers. We remark that the method of Boolean ultrapowers uses large cardinals. On the 

other hand, we found another method to force the constellations of Cicho丘'smaximum 

1Currently, forcings with ultrafilter-limits can only be iterated when they are μ-centered for small μ, 
but there is no way a forcing adding random reals can have this property [Bre91]. 



45

from [GKS19, KST19] without using large cardinals [GKMS22]. The consistency of the 
two remaining constellations of Cichon's maximum compatible with Figure 2 are still 
unknown. 

In this way, the forcing厄playsan important role in forcing different values in Cichon's di-
agram (and also simultaneously with other cardinal characteristics). However,厄isa tree-
forcing defined by declaring many parameters ([KST19, Def. 1.12]) and using creature-type 
norms on the successors of the nodes, which makes it a little bit difficult to digest. Con-
sidering this, the proof that厄hasstrong FAM limits for intervals (in the terminology 
from [KST19]) and some other properties become quite involved. 

In this note, we make an effort to describe the elements of厄inmore detail, to give a 
clearer picture of how this forcing behaves. To achieve this, we do not rely on the many 
parameters fixed in [KST19], but we reduce them to a more general framework, closer 
to [HS16], containing much less information. Since this framework depends on a tree 

with creatures, we start by developing in detail the type of creature~ we use to define the 
forcing. So our framework results in a class of forcings of the form恥 wheretis what we 

call a tree-creature frame. 

Afterwards, we focus on two main results about恥： weshow that, when t satisfies 
certain hypothesis (Assumption 3.1), the forcing is a-Y*-linked and aー応linked. The 
first property corresponds to a generalization of strong FAM limits for intervals introduced 
in [Uri23, CMU], which can be used in FS iterations to produce large posets with fam-
limits. The second property is the version of ultrafilter limits for intervals. The proof of 
these properties is based on the original proof of [KST19, Lem. 1.20]. 

2 Tree-creature frames and the forcing 

This section is based on [HS16, KST19]. We first look at the atomic structures that we 
use to define our forcing. 

Definition 2.1. Let C be a set. A norm of subsets of C is a function II・ II: P(C)→[O, oo] 
satisfying: 

(i) IIA||:S IIBII whenever AこBこC.

(ii) 11011 = 0. 

Example 2.2 (cf. [KST19, Def. 1.12]). Given a non-empty set C and a natural number 
m > 1, the following is a norm of subsets of C: 

IIA||位:＝logm(H)・

Equivalently, IIAII;;: is the solution x E艮tothe equation 

(2.2.1) IAI = ICI (1 -m―”)． 

Notice that IIC||は=ooand, whenever IAI = ICI -1, IIAII位＝ logmICI. 



46

Typically, m ≪ ICI. For example, when ICI>王了， weobtain that all singletons have 
norm <1. Moreover, a set A with norm 2:1 must have size close to C as long as mis very 

large. 

Lemma 2.3 (cf. [KST19, Lem. 1.16]). Let C be a non-empty set and m > 1 a natural 
number. Then the norm II ・ II := II ・ II位satisfiesthe following properties. 

(a) For AこC,IIAII 2: 1 if! IAI 2: ICI (1 -~). 

(b) Let I be a finite set, A =〈Ai:iEI〉asequence of subsets of C, and g: I→[O, 1] 
such that LiEI g(i) = 1. For a real E > 0, consider the set 

恥 (s)={kEC：ど｛g(i):i EI, k E Ai} > 1 -c }-

Then IIB A,9(s) 11 2: miniEI IIA』-logm :． 
Proof. (a): By Equation 2.2.1, IIAII 2: 1 iff IAI = ICl(l -m―||All) 2: ICl(l -m-1). 

(b) Let x := miniEI IIA』andB := B..4,g(c). Then 

ICl(l -m―x)＝Lg(i)ICl(l -m―x):S Lg(i)IAil＝LLg(i) 
iEJ iEI iEI kEA, 

＝LL{g(i): i EI, k E Ai} 
kEC 

＝LL{g(i): i EI, k E Ai}+L L{g(i): i EI, k EA} 
kEB kEC,B 

:S IBI + (ICI -IBl)(l -c) = IBlc + ICl(l -c). 

Then ICl(c -m―x) :S IBlc, so 

IBI 2: ICI (1 -~) = ICI (1 -m―(x-log叶））

1 
Therefore, IIBII 2: x -logm―. 

c ロ

Property (b) in Lemma 2.3 is essential for the forcing arguments. We isolate it below as 

a notion of co-bigness as in [HS16]. 

Definition 2.4. A norm II ・ II of subsets of C is m-co-big if it satisfies (b) of Lemma 2.3. 

Co-bigness is a property that allows "homogenizing" many sets without losing much of 

the norm. A way to homogenize is taking intersection, for which we may not lose much 

norm, either. 

Lemma 2.5 (cf. [KST19, Lem. 1.16 (c)]). If II ・ II is an m-co-big norm of subsets of C 

then, whenever I is a finite set and〈Ai:i EI〉isa sequence of subsets of C, 

nAill 2 ~ir IIAi iEI IIAill -logm IJI. 
iEI 
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Proof. Apply them-co-bigness to g(i) = E =占 Inthis case, B A,g = niEJ Ai. ロ

Our forcing is composed by trees. When Tis a tree and t ET, we denote by succr(t) the 
set of immediate successors oft in T. When T has a single root (i.e. only one element of 

height 0), the stem of Tis the nodes of smallest height such that I succr(s)I 2". 2 (if it 
exists). For any ordinal a, Lva(T) denotes the set of nodes of Tat level a. 

Definition 2.6. A tuple t =〈T*,b*,〈||． ||t:t ET*〉〉 isa tree-creature frame when: 

(Tl) T* is a finitely-branching tree of height w with a single root and without maximal 
nodes. Without loss of generality, we can assume that T* is a subtree of w竺

(T2) b*:［→w such that lim _min_. b*(t) = oo. 
n→oo tELvn(T.) 

(T3) For each t E T*, II・ llt is a b*(t)-co-big norm of subsets of succr.(t) such that all 

singletons have norm <1 and 11 succr. (t) llt = oo. 

Tree-creature frames are easy to construct. In the practice, T* and b. are constructed 
simultaneously by induction on the height n such that b*(t) for t E Lvn(T*) is much 

larger than I Lvn(T』|andthe b* (s) defined so far, and I succr. (t) I ≫紐）． Co-bignorms 
are easily obtained from Example 2.2. In [KST19, Def. 1.12], b*(t) and succr.(t) only 
depend on the height oft. On the other hand, [HS16] proceeds by induction on t using 
the lexicographic order<lof w<w satisfying Isl < ltl⇒ s <lt, and defines b*(t) much larger 
than everything defined for s<ltin T* (and I succr.(t)I ≫ b*(t)). 
The following is the central definition of this work. 

Definition 2. 7（訳ST!9,Def. 1.14]). Lett be a tree-creature frame as in Definition 2.6. 
Define the poset lE := lEt whose conditions are subtrees pこT*such that, for _each t E p 
above st(p), IIPllt := 11 succp(t)llt 2: 1 + ~ (we interpret凸＝ oo).We order lE by~-

Note that T* E lE and that it i~ the maximum condition of匝 Also,whenever p E厄and
t E pis above the stem, Pit E lE (the subtree of p whose nodes are precisely the nodes in 
p compatible with t) and it is stronger than p. 

Conditions with stem〈〉 are somewhat uninteresting. 

Fact 2.8. Whenever p E lE and st(p) =〈〉， ||Pllt= oo for all t E p. As a consequence, 
the set of conditions with stem〈〉 iscentered. 

Proof. The first part follows by Definition 2. 7 and the convention ! = oo. The second 
part follows by Lemma 2.5: when I is finite and〈Ti: i E J〉isa sequence of conditions 
with empty stem, r := niEJ ri is in厄(evenwith empty set) because, for any t E r, 

nsuccr;(t)II 2': 00 - logb.(t) III= 00. 
iEJ 

口

It is not hard to show that豆hasthe ccc. Moreover, it is び—k-linked for any 2 <:::'. k < w. 
Recall that, given a poset IP, QこIPis k-linked if any subset of Q of size ≪;k has a lower 
bound in『;andthe poset IP is び—k-linked if it can be covered by countably many k-linked 
subsets. 
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Lemma 2.9. Lett be a tree-creature frame. Then, for any 2 :::; k < w: 

(a) For each s E ~*'th~ set Es,k := {p E lE: st(p) = s and IIPllt 2:: 1 + ~ + logb.(t) k} 
is k-linked in IE := lEt. 

(b) LJ{Es,k: s E T., k < w} is dense in IE. In particular, IE is a--k-linked. 

Proof. 

(a) : If {Pi : i < k}こEs,k,let p := ni<kPi・ This is a subtree of T. withs E p and, for 
t E p aboves, by Lemma 2.5, 

l 1 
IIPllt 2:: 1 +— +logb,(t) k -logい）k=l+ー，

|s| |s| 

so p E IE. This shows that Es,k is k-linked. 

(b): Let p E厄ands0 := st(p). By (T2), finds E p (above s0) such that占＋logb.(t)k < Fol 
for all t E T. above s. Then, Pis E Es,k and it is stronger than p. ロ

3 Fam-limits 

From now on, we fix a tree-creature frame t as in Definition 2.6, and let lE := lEt. We also 
fix the following ass urn ption (stronger than (T2)) until the end of this paper. 

Assumption 3.1. lim _min_, logn b*(t) = oo. Equivalently, the function 
n→oo tELvn(T,) 

n → min __ b*(t) 
tELvn(T』

dominates the set {mid: m < w }, where mid is the function sending n→ m匹

Based on [KST19, Lem. 1.20], we plan to show that屈＝ lEthas (strong) £am-limits 
under the previous assumption. We first review the formalization of the notion of strong 

Jam-limits from [Uri23, CMU]. 

Definition 3.2. Let JIB be a Boolean algebra. A finitely additive measure(fam) on JIB is a 
map己： B →[O, oo] satisfying 
(i)三(Ollll)= 0, 

(ii)三(aVb)＝三(a)十三(b)whenever a, b E血anda I¥ b = Ollll. 

If in addition B(lllll) = 1, we say that 3 is a probability Jam. From now on, we will assume 
that all our £ams are of probability. 

Denote by pllll the collection of finite partitions of lllll, i.e. P E pllll iff PこJIBis finite, 
a I¥ b = ollll for aヂbin P, and VP  = 1]1l1．Whenこisa fam on JIB, we also write P己forPl1l1. 

Let K be a non-empty set. Recall that a field of sets over K is a subalgebra of P(K) 
(under the set-theoretic operations). When JIB is a field of sets over K and 3 is a fam on 

JIB, we say that三isfree if, for all k E K, { k} E JIB and三({k}) = 0 (this implies that all 
finite subsets of K have measure zero). 
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We use the following particular type of fams. 

Definition 3.3 ([CMPU]). Let JIB be a field of sets over K and三a(probability) fam on 
JIB. We say that 3 has the uniform approximation property (uap) if, for any c > 0 and any 
PEP豆thereis some non-empty finite uこKsuch that, for all B E P, 

lunBI 

lul 
-3(B)I < E. 

Lemma 3.4 ([CMPU]). Any Jam over a field of sets JIB over K satisfying that all finite 
sets in JIB have measure zero has the uap. In pa廿icular,any free Jam has the uap. 

Surprisingly, fams with the uap having a finite set of positive measure are easily charac-

terized. Concretely, for any such fam 3 on JIB there is some natural number d > 0 such 
that, for any B E JIB, B(B) has the form £ for some O :s; £ :s; d, and £ :s; IBI when B is 
finite. Details will be available in [CMPU]. 

For fams with the uap, the size of the set u has a bound that depends only on E and IPI-

Lemma 3.5 ([KST19, Lem. 1.2], [CMPU]). Let 3 be a jam with the uap on a field of sets 
JIB over K. Then, for any E > 0 and m E w, there is some M := Ms,m E w such that, for 
any PEP巴ifIPI :s; m then the u in Definition 3.3 can be found of size豆M.

We are ready to introduce our formalization of forcings with £am-limits. 

Definition 3.6 ([Uri23, CMU]). Let IP be a poset. 

(1) Let三： P(K)→[O,1] be a fam with the uap, l =〈Ik:K E K〉apartition of a set 
W into finite sets, and c > 0. 

A set QC::: IP is（三，l,c)-linked if there is a function lim: Q w→IP and a IP-name包of
a fam with the uap on P(K) extending三suchthat, for any p =〈pp:£ E W〉EQ匹

(3.6.1) limp|卜J|｛[ EIk: Pt E C}| 
|I叶K 

底’;::,:1-E. 

(2) Let μ be an infinite cardinal, and let Yこ凶 whereY* is the class of all pairs（三，I)
such that三isa fam with the uap on some P(K) and l =〈Ik:K E K〉isa pairwise 
disjoint family of finite non-empty sets. 2 

The poset IP'is μ-Y-linked, witnessed by〈Qa,0:a<μ, EE (0, 1) n Q〉,if:

(i) Each Qa,0 is（三，l,E)-linked for any（三，I）E Y. 

(ii) For EE (0, 1) n Q, Ua<w Qa,e is dense in匝

(3) The poset IP'is uniformly μ-Y-linked_ if there is some〈Qa,e~a<µ, EE (0, 1) n Q〉
as above, such that in (1) the name包onlydepends on（三，I)(and not on any Q咋 9
although we may have different limits on each似）．

We write a-Y-linked when μ = ~。•

2Notice that K is not a fixed set. 
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Example 3. 7. 

(1) Any singleton is（三，l,c)-linked: If Q is a singleton,び onlycontains one constant 
sequence, so limp can be defined as this constant value. Notice that limp forces 
that the integral of Equation 3.6.1 is 1 for any包extending三． Hence,any poset lP' 
is uniformly llP'|汎 -linked.In particular, Cohen forcing is uniformly(J-Y*-linked. 

(2) Shelah [SheOO] proved, implicitly, that random forcing is uniformly(J-Y**-linked, 

where Y** is the class of all (3, l) E Y* such that三isfree. More generally, we proved 
that any measure algebra with Maharam typeμ is uniformly μ-Y**-linked [MU23]. 

(3) With Cardona and Uribe-Zapata we have proved that(J-Y*-linked posets do not 
increase non(£), where£ denotes the ideal generated by the F,。measurezero subsets 
of 2w, and that lE (the standard ccc poset adding an eventually different real) and 
localization posets increase non(£) (see [Car23, CM23]). As a consequence, lE and 

the localization posets cannot be(J-Y*-linked. 

The following is the main result of this section. 

Theorem 3.8. Under Assumption 3.1, the poset屈isuniformly(J-Y*-linked. 

Before proving the theorem, we review some results about fams. Given a fam 3 on a 
field of sets JIB over K, and a bounded function三： B →此 wecan define the 三—integral of 
f, denoted JK fd三， similarlyas the Riemann integral (using P竺lowersums and upper 
sums), and we say that f is 3-integrable when its 3-integral is defined. When JIB= P(K), 
any bounded real-valued function on K is 三—integrable. For details, see [Uri23, CMPU]. 

Theorem 3.9 ([CMPU]). Let三。 bea Jam with the uap on a field of sets匝 overK, and 
let I be a set. For each i E I, let Ci be a closed subset of股 andJi: K →股 bounded.
Then, the following statements are equivalent. 

(I) For any P E P己0,E > 0, any finite set J ~ I, and any open Gi ~尺 containing Ci 
for i E J, there is some non-empty finite uこK such that: 

•\ I IBnul 
(i) I~ -3a(B)I < c for any BE P, and 
lul 
1 

(ii)ーとfi(k)E Gi for any i E J. 
lul kEu 

(II) There is some jam三onP(K) with the uap extending三。 suchthat, for any i E I, 

J fid□E Ci. 
K 

The previous result allows the following characterization. 

Theorem 3.10 (cf. [Uri23, CMU]). Letμ be a cardinal, IP'a poset,〈Qa,E : a < μ, E E 
(O,l)nQ〉asequence of subsets of IP', Yこ汎 and,for each（三，l)E Y, a < μ and 
EE (0, 1)噂 lim3,l:Q応→IP'whereW := LJ kEK h-Then, the following statements are 
equivalent. 

(I) IP'is uniformly μ-Y-linked witnessed by〈Qa,E:a<μ, EE (0, 1) n Q〉.

(II) Definition 3. 6 (2) (ii) holds and, for any 
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• （三，I）E Y, 
● t ・＊ <w ， 

• (ai,ら） Eμ X ((0, 1) n (Q), 

●戸＝〈r~: £ E W>€ Q悶，E;for i < i*, 

• p E p尻

● E1 > 0, and 

• q E ][D stronger than lim3,l戸forall 
i < i*, 

there is some q':S q in IP'and uこKfinite non-empty such that 

lunBI 
(1) ―三(B)I< c'for all BE  P, and 
lul 

(2）と1 |｛f € Ik: q'< rl}| 
| | |I叶

>1-合一E1for all i < i*. 
U KEu 

Proof. (I)⇒(II): Assume (I) and the assumptions of (II). Let包beas in Definition 3.6 (3), 
and let Gbe『-genericover V such that q E G, and三’:＝包[G]. In V [ G], since q :S lim s,l戸
for all i < i*, by Equation 3.6.1 

J f犀ミ 1一合， wherefi(k) := ~ ・ I { f E h : r} E G} I 
K |I叶

Then, by Theorem 3.9, there is some non-empty finite uこKsuch that 

., I IBnul 
(i) I~ -S'(B)I < E1 for any BE  P, and 
lul 

(ii) ~ ~ fi(k) > 1 
叫

一合一 E'forany i < i*. 
kEu 

Since三＇（B)=三(B)for all B E P(K) n V, we obtain (1). 

Back in V, find q'さqforcing the above and such that either q'::::; d or q'l_ re for all 
i < i* and g E ukEu h-Then, q'decides the value of fi(k) for all i < i* and k Eu, even 
more, q'forces 

fi(k) = 
{f € Ik: q'S r}｝ 
|Ik |.  

Then, (2) follows. 

(II)⇒(I): Assume (II) and (3,l) E Y-Let G be匝genericover V and work in V[G]. 
Consider the set 

n := { (0:, c, r): a < μ, c E (o, 1) n Q, r E Q応nV, lim己，ffE G}． 

For each a<μ, c: E (0, 1) n Q and f'E Q悶nV, define 

fa,E,r(k) := 
{£ € Ik ：乃€ C｝ 
II叶'

Ka,s,r := [1 -c, oo). 

To prove (I), it is enough to check Theorem 3.9 (I) for n. Indeed, assume 
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● t •* <w ， 

• (a戸 i，戸） EDfor i < i*, 

•PE P3, and 

• E1 > 0. 

Back in V, let q E ]pi be a condition forcing the above such that, wlog, q -<; lim3,l戸for

all i < i*. Then, by (II), there exists some q'-<; q in ]pi and a finite non-empty uこk
satisfying (1) and (2). This density argument allows to find such a q'in G. Therefore, in 

V[G], for any i < i*, 

1 こf-9(K)＞ -1 |｛f E Ik : q'<吋}|,向 “'g,r _ |u|〉 |I叶 ＞1 -ら一c:'.
kEu''kEu  

ロ

We now proceed to prove Theorem 3.8. Some preparation is needed to define the correct 

limit function and the witness for the uniform a-Y*-linkedness. 

Definition 3.11. For s E T*,｛〈〉｝,define
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Note that, by Assumption 3.1, 

Lemma 2.9). 

E'is dense in匝(whichcan be proved similarly as 

In the following lemma, we show how to homogenize finitely many conditions in豆

Lemma 3.12 (cf. [KST19, Lem.1.20, Step 1]). Let s E T. "-{〈〉｝,Ia finite set and 
｛乃： £EI}~ E~. Then there is a condition r* E lE with stem s such that 

(ii) 

1 
(i) llsucCr•(t)II ~ 1+ — +2 logb.(t) ltl for any t E r* above s, and 

Isl 

The set {r E厄：{~ > 1 -~} is dense below r* 
III 

>1-―}is dense below r*. 
Isl 

The condition r* constructed in the proof is called the pseudo-fusion of {ri: £ E I}. 

Proof. For n 2 Isl, denote 

6n.= ｛じ―白）（1＋土）
1 

if n > Isl, 

if n = |s|． 

Fort ET. aboves and n 2 Isl, define 

み：＝ ｛£El:tE乃｝，

Ln := { t E T*: ltl = n, tr(2: 8n} 
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We define r* by recursion on the height such that its n-th level is contained in Ln for 

n 2 Isl: up to level Isl, r* is determined bys (i.e. just the stem); and, when n 2 Isl and 
r* is defined up to height n, for each t Er* at level n we set sucCr• (t) := succr. (t) n Ln+l・
Apply b*(t)-co-bigness to〈SUCCrg(t) : £ E Jt〉and£ E Jt→由 toobtain 

{ t'E succr. (t) 
1 ¥ 1 II 1 ~(t):IJ叫 21ム（1- 戸）｝2 1 + ~ + 4logb.(t) ltl -logb.(t) n2 

Isl 
1 

=1+ — +2logb,(t) ltl. 
Isl 

Since t E Ln, any t'in this set satisfies 

IJt'I 2 IJtl (1-~) 2 IIl8n (1-~) = IIl8n+l, 

sot'E Ln+l, i.e. t'E SUCCr•(t). Therefore, II SUCCr•(t)llt ミ 1+ 青＋ 2logb.(t) ltl which 
establishes (i). 

We know show (ii). Let rさr*.By strengthening r if necessary, by Lemma 2.9 we may 

assume that r E Et,IIl+l for some t Er* aboves of length 2III + 1. For CE lt, t E rt and 

rt E E~, so rtlt E Et,IIl+l・ Then there is some r'E屈strongerthan r and rt for all C E lt 

because Et,IIl+l is (III+ 1)-linked. On the other hand, t E L1tl, so別281tl. Therefore, 

1{£EJ:r'ごr£}| |Jt| 1 

III 
ミ ミ伽＞ 1
III 

-．  
Isl 

ロ

Using the previous result, we show how to define £am-limits on豆

Theorem 3.13 (cf. [KST19, Lem. 1.20]). Let三： P(K)→[O,1] be a Jam with the uap 
and I=〈Ik:K E K〉a_p~rtition of a ~et W into finit~ Jets. Then, for any s E T* "--{〈〉｝
there is a function lim旦（E:曹→lEsuch that lim3'1 r has stem s for any r E (E~）匹
and satisfying: For any 

● t •* <w ， • p E pB, 

• Si ET*¥{〈〉｝，
• c'> 0, and 

s,I-i • q E lE stronger than lim"''1 F for all 
●戸＝〈ri:CE W〉E(E~JW for i < i*, i < i*, 

there is some q':=; q in lE and uこKfinite non-empty such that 
lunBI 

(1) I~ -3(B)I < c1 for all BE P, and 
lul 

(2）と1 |｛t € Ik: q'< r}｝| 2 

|u| |I叶
> 1 -,---=., -c1 for all i < i*. 

kEu 
lsil 
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三，IProof. Let s ET*. We first show how to define lim"°'1 f for f =〈rが £EW〉<;:::(E閃． For
each k EK, let rZ be the pseudo-fusion of〈r£:f E I砂asin Lemma 3.12. For each t ET* 
set Zt = Z[ := { k E K: t E心｝． Notethat Zs = K. By recursion on the height, we 

s.J construct r* := lim3,I f in已withstem s such that, for any t E r* above s, 3(Zt)こ6|t|9
where心forn 2': Isl is as in the proof of Lemma 3.12. Up to Isl, r* is determined bys. 
Let n 2': Isl and assume we have constructed r* up to height n. It is enough to show how 
SUCCr・(t)is defined for any t E r* at level n. Enumerate the finite set { succ心(t):k E Zt} 
as {aj: jく叫． Considerthe function g : m→[O, 1] defined by 

Then, by b*(t)-co-bigness, 

己({k E Zt : SUCCr: (t)＝叫）
g(j) := 

己(Zリ

{ t'E succr. (t）：喜’f2': 1-~} lit 2': 1＋青＋2logb.(t) ltl -logb,(t) n2 = 1＋冑
so define sucCr• (t) as this set. On the other hand, for t'E succr・(t),

1 ¥ _ / 1 
亨）ミ亨）（1 -~) 2': 8n (1―戸）＝6n+1

It is clear that r* E IE and st(r*) = s. 

We now prove that this limit works. Work under the assumption for (1) and (2). For 

i < i* and k E K, let rl be the pseudo-fusion of <r~: £ E J砂，忙：＝ lim3'1戸andZj := zt. 
So we have that q ::;り forall i < i*. 

Let t E q above the stem. By Lemma 3.5 applied to the atoms of the field generated 
by PU {Zj: iくが｝（thereare at most IPl2i* many), there is some non-empty finite set 
切<;:::W satisfying (1) and, for i < i*, 

1z; n叫 1

叫
＞仇一e'＞1-- -e' 

lsil 

where 8~ is as 6n in the proof of Lemma 3.12 for si and n 2': lsil• Moreover, there is some 
M > 0 such that lutlさM for all t as above (concretely, M := M0',IPl2i* as in Lemma 3.5). 
So pick t E q of large enough length such that qlt E Et,Mげ＋1,and set u := Ut. Then, 
by Lemma 2.9, there is a lower bound q1 of { q} U {rt: i < i*, k E Zj nu}. By using 
Lemma 3.12 (ii) ILJi<i* Zj n ui-many times, we can find some q''.S q1 such that, for any 
i < i* and k E Zj n u, 

l{CEh:q'さr;}| 1 
|K|>  l―□・ 

Then, for i < i*, 

贔と |{f€Ik|Ik]'< r;｝| > |Z\>u| (1ー喜） ＞ (1-~ -c:') (1 —~) 
2.  1 E1 2 

= 1 -- -e'＋ ＋ - ＞ 1 -- -
lsil -'lsil2'lsil, - lsil 

E'. 口
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Theorem 3.8 follows directly by the previous theorem. 

Proof of Theorem 3.8. For s ET."{〈〉｝ andc: E (0, 1) n Q, define 

Qs e = { :：＊ド｝：ここ
It is easy to show that, for any c: E (0, 1) n Q, 

U Qs,c 2 U{尻:S E T* ¥ ｛〈〉｝ | 2 , Isl~!} is dense in血
5. 

sETぃ{〈〉}

By checking (II) of Theorem 3.10, we show that〈Qs,E::s ET*"{〈〉｝,EE (0, 1) n Q〉
witnesses that屈isa-Y*-linked. Assume 

• （三，I)E凶 • p E pB, 

● t •* <w, 

• (si,ら） E （T* ＼ ｛〈〉}） X ((0, 1) n Q), 

●戸＝〈rl:CE W〉EQ悶e;for i < i*, 

• E:1 > 0, and 

B,I • q E lE stronger than lim 戸 forall 
i < i*. 

When らく~ we are dealing with the singleton Qs;,c; = {T,『}， forwhich the sequence 
|si| 

戸isconstant and lim3,l戸：＝ T＊ド， soq ~瓢． Now, apply Theorem 3.13 to those iくが
such that凸さら， andfind q'さqin IE and a finite non-empty uこK satisfying (1) 

and (2) (for those i). Then, whenever凸:SE:i, 
1 |｛£ € Ik: q’ さr;｝| 2 
nと＞1- 一—
u I ~ lh I -- I Si I 

1=:1 2 1一ら一c'.

On the other h皿 d,whenever釘く上
ls;I' 

〗こ |{£E Ik: q'<r;}| ＝1 > 1 -名 -c'.
ul~ II叶 口

Remark 3.14. In [KST19], the function loss: E'→Q is used most of the time, but it 
is not essential as seen above. Their definition of loss, adapted to this paper, is basically 

2 loss(p） ＝ .Hence, in the proof of Theorem 3.8, Qs,E: refers to the set of p E E'with 
I st(p)I 

stem s such that loss(p)：：：： E (note that there are no such conditions when E <占）．

Remark 3.15. In [Uri24], Uribe-Zapata defined the notion μ-intersection-linked for 
posets, where μ is an infinite cardinal, using the intersection number from Kelley [Kel59]. 
Strictly speaking, this property should be part of Definition 3.6 (2) (μ-Y-linked) for 
〈Qa,6:a<μ, EE (0, 1) n Q〉,sothat FS iterations of such posets have fam-limits [Uri23, 
CMU], but we excluded it for practicality. Moreover, we proved that, whenever Qこ][Dis
（三，l,c)-linked, K = w and limk→OO |I日＝ oo,Q has intersection numb町：：：：：1-c [CMU]. 
For this reason, we obtain this condition about the intersection number for free in many 
cases, e,g. for measure algebras and匝 Butnote that, for the later, Lemma 3.12 implies 
that E~ has intersection number ::::: l ——• 
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4 Uf-limits on intervals 

Recall that an ultrafilter on a Boolean algebra can be seen as a fam taking values in {O, l}. 
In this sense, any ultrafilter has the uap. 

We present a version of Definition 3.6 for ultrafilters,3 which is the notion we call ultrafilter-

limits for intervals in the Introduction. 

Definition 4.1. Let ][D be a poset. 

(1) Let D be an ultrafilter on P(K) for some non-empty set K, I =〈h:k EK〉a
partition of a set W into finite sets, and c > 0. 

A set Qこ]piis (D, I, E) * -linked4 if there is a function lim: Q w→][D and a P-name 
D'of an ultrafilter on P(K) extending D such that, for any p =〈pが REW〉EQ匹

(4.1.1) Jim p I卜{kEK,~:> 1-E} dJ'. 

(2) Letμ be an infinite cardinal, and let'D ~'D*, where'D* is the class of all pairs (D, l) 
such that D is an ultrafilter on some P(K) (with Kヂ0)and l =〈Ik:K E K〉isa 
pairwise disjoint family of finite non-empty sets. 

The poset ]pi is μ-'D-linked, witnessed by〈Qa,s:Cl:<μ, EE (0, 1) n Q〉,if:

(i) Each Qa,s is (D, l, c)*-linked for any (D, l) E'D. 

(ii) For c E (0, 1) n Q, Ua<w仏，sis dense in W. 

(3) The poset ]pi is uniformly μ-'D-linked if there is some〈Qa,s:o: < μ, EE (0, l)nQ〉as
above, such that in (1) the name D'only depends on (D, l) (and not on any Qa,s, 
although we may have different limits on each Q叫．

We write <T-'D-linked whenµ=~。•

Remark 4.2. In (1) of Definition 4.1, if l is composed by singletons, say h = {k}, then 
Equation 4.1.1 is equivalent to 

limp If-{k EK: Pk E G} ED', 

which means that Q has D-limits (cf. [GMS16, Mej24, CM24]). 

In the case that'Dis the collection of all pairs (D, l) such that Dis an ultrafilter on P(w) 
and l =〈｛k}:k<w〉,weobtain the notion of (uniform) μ-uf-lim-linked as in [Mej24, 
CM24], which is the notion of forcings with ultrafitler limits from [GMS16]. 

Example 4.3. 

(1) Similar to Example 3.7 (1), all singletons are (D, l, c)*-linked for any tuple (D, l, c), 
and ]pi is uniformly |『|立-linked.In particular, Cohen forcing isぴー応linked.

3This may not equivalent to Definition 3.6 for fams with values in {O, 1}, since they may not be 
extended to an ultrafilter (but to some fam) in the generic extension. 
4We add the * to avoid confusion with Definition 3.6 when D is intepreted as a fam. 
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(2) From [GMS16, BCM21] we have that several posets associated with localization 
and anti-localization are uniformly び—uf-lim-linked. However, lE and the localization 

posets are not er-D*-linked because, similar to Example 3.7 (3), we have that er-互-
linked poset do not increase non(£). The case of anti-localization posets is not clear 
(likewise in the case of £am-limits). 

(3) Cardona and the author [CM24] presented uniformly cr-uf-lim-linked posets in-
creasing non(MA) and add(SN), where MA  denotes the ideal of meager-additive 
subsets of 2w, and SN  is the ideal of strong measure zero subsets of 2竺 Since
non(MA)さnon(£),many instances of the first poset cannot be cr-D.-linked nei-

ther び—Y*-linked.

In contrast with Example 3. 7 (2), it is unclear whether random forcing is び—uf-lim-linked. 

Similar to Theorem 3.10, we can characterize uniform μ-D-linkedness as follows. 

Theorem 4.4. Let μ be a cardinal,]IDa poset,〈Qa,6:a<μ, EE (0, l)nQ〉asequence of 
subsets of巳D<;;; D* and, for each (D,l) ED, a<μ and EE (0, l)nQ, lim豆 Q悶→P 
where w := uk<=K h-Then, the followi kEK allowing statements are equivalent. 

(I)]IDis uniformly μ-D-linked witnessed by〈Qa,c:a<μ,cE(O,l)nQ〉.

(II) Definition 4-1 (2) (ii) holds and, for any 

• (D, l) ED, • a ED, and 
・＊

● t <w, 

• （年ぶ） Eμ X ((0, 1) n (Q)), 
• q E]IDstronger than limD,l戸forall 
i < i*, 

●戸＝〈乃： CEW〉EQ悶，s;for i < i*, 

there are some q':S q and k E a such that, for all iくが，

(4.4.1) 
1{£Eh:q'さr}｝|
|Ik| 

2': 1 -Ci, 

Proof. (I)⇒ (II): Assume (I) and the assumptions of (II). Let D'be as in Defini-
tion 4.1 (3), and let G be匝genericover V such that q E G, and D':= IJ'[G]. In 
V[G], since q'.S limD,l戸forall i < i*, by Equation 4.1.1 

{kEK: fi(k) 21一含｝ ED'wherefi(k) := ~­
I { € E h : r~ E G} I 
|I叶

Therefore, an n<i*{k EK: fi(k) 2 1ーら｝ ED', so this set is non-empty and contains 
some element k. 

Back in V, find q'さqforcing the above and such that either q'さ乃 orq'l_ r~ for all 
i < i* and € E h. Then, q'decides the value of Ji (k) for all i < i*, even more, q'forces 

fi(k) = 
{f € Ik: q’ 三ri}
lhl. 
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Then, Equation 4.4.1 follows. 

(II)⇒(I): Assume (II) and (D, l) E D. Let G be IP'-generic over V and work in V[G]. 
Consider the set 

O := { (a, E, r): a<μ, EE (0, 1) n (Q, r E Q悶nV, limD,I r E G}. 

For each a<μ, EE (0, 1) n Q and f E Q悶nV, define 

fa,s,r(k) := 
{{ € I炉乃€ C} 

II叶'
aa,s,r := {k EK: fa,s，r(k) 2: 1-E}. 

To prove (I), it is enough to check that the family DU { a°',"，が（0:,c, r) E O} has the finite 
intersection property. Indeed, assume 

● t •* <w, 

• (ai,ら，戸） ED for i < i*, and 

• a ED. 

Back in V, let q E IP be a condition forcing the above such that, wlog, q ::::; limD,l戸
for all i < i*. Then, by (II), there exists some q'::::; q in IP and some k E a satisfying 
Equation 4.4.1 for all i < i*. This density argument allows to find such a q'in G. 
Therefore, in V[G], for any i < i*, 

fai,E:i,ri(k) 2 
1{£Eh:q'さr}｝|
II叶

こ1-et9 

so k E a n ni<i* a年ぶ豆 口

The purpose of this section is to prove the following. 

Theorem 4.5. Under Assumption 3.1,屈isuniformly a-D*-linked. 

The strategy to prove this theorem is similar to Theorem 3.8. 

Theorem 4.6. Let K -=J 0, D an ultrajilter on P(K) and I=〈Ik:K E K〉apartition of a 
set W into finite sets. Then, for any s E T.¥{〈〉｝ thereis a function lim叫 (E位→厄
such that limD,l f has stems for any r E (Eび）匹 andsatisfying: For any 

● t<t •* • a ED, and 

・SiET*"'{〈〉｝，
●戸＝〈r}:£ E W〉E(E;，曹 fori < i*, 

DJ -i • q E IE stronger than limu,, r" for all 
i < i*, 

there are q'：：：：： q in屈andk E a such that, for any i < i*, 

(4.6.1) 
l{CElk:q'::;rrn_ 1 1 
|k| ＞1ーロ
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Proof. We proceed as in the proof of Theorem 3.13. Let s E T.. We first show how to 
define limD,l f for f =〈rが fEW〉~ (E~)w. For each k EK  

- S 
, let rk be the pseudo-fusion 

of〈rが[E IK〉asin Lemma 3.12. For each t ET. set Zt = Z[ := {k E K: t E rU. Define 
r* := limD,l f such that, fort ET., 

t E r* iff Zt E D. 

Since the tree T. is finitely branching, we obtain that, for any t E r*, { k E K: succr* (t) = 
succrk(t)} ED. This implies that r* is a tree with stems and 

1 
llr* lit 2: 1 +— +2 logb.(t) ltl 

Isl 

for any t Er* aboves. Hence r* E JE. 

We now prove that this limit_ works. Work under the assumptions of the bull~t,.Points. 
DI For i < i* and k E K, let ri be the pseudo-fusion of〈r1:£ E I砂， ri:= limu,戸and

z; := Z[. So we have that q :S忙forall i < i*. 
Pick t E q large enough such that qlt and_rilt are in Et,i＊十1for i < i* (which is fine because 

t Eがforall i < i*). Then an ni<i* Zf E D, i<i* ~t so this intersection is non-empty and we 

can pick some k in there, i.e. k E a and t E r1 for all i < i*. Hence, by Lemma 2.9, there 
is a lower bound q1 of { q} U｛札： iくが｝． ApplyLemma 3.12 (ii) i*-many times to find 
q':S q1 such that, for i < i*, 

|｛{ € Ik: q'< r;｝| 1 
|Ik| > 1―□・ 

Proof of Theorem 4,5. For s ET."--｛〈〉｝ andc E (0, 1) n Q, define 

ロ

位：＝｛；：＊ド｝
1 
if - ＜ c, 
Isl 

otherwise. 

It is easy to show that, for any c: E (0, 1) n (Q, 

U Q's,e 2 U{尻:S E T* ＼ {〈〉} | 1 , Isl 2: -=-~ is dense in lE. 
e 

sETぃ｛〈〉｝
｝ 

By checking (II) of Theorem 4.4, we show that〈Q'8,c:S E T* ¥ {〈〉｝,EE (0, 1) n Q〉

witnesses that厄isa-互-linked.Assume 

• (D,l) E 1J*, ●戸＝〈ri:£ E W〉EQ悶 fori < i*, 

● t 
・＊ <w ， 

• a ED, and 

• q E屈strongerthan limD,l戸 forall 
• (si,ら） E （T* ¥ ｛〈〉}） x((O,l)nQ), i<i*. 
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When らく~ we are dealing with the singleton Q:;,c; = {T＊ド｝， forwhich the sequence 

戸isconstant and limD,l戸＝ T*l8¥so _q <::: T*ls;_ Now, apply Theorem 4.6 to those i < i* 
such that土三名， andfind q':::; q in IE and k E a satisfying Equation 4.6.1 (for those i). 

Then, whenever土さ合，

|｛t E Ik: q'S r}｝| 1 

II 
>1-一 2:1 -E,. 

k| |s」

On the other hand, wheneverら<....!...
ls;I' 

|｛t E Ik : q'S r}｝| 
II叶

= 1 > 1-Ei- 口
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