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"What is 1l divided by 2 divided by 3?" Two answers to
this question are possible according as we inferpret.it as
"(1 divided by 2) divided by 3" or "1 divided by (2 divided
by 3)". The ambiguity of the question of this sort increases
as the number éf "divided by" in the question gets larger.

The value of "x divided by x divided by x divided by

0 1 2
. divided by xq" can be uniquely determined provided the

precedence (i.e., total order) between these n "divided by"
is given. Thus, by assigning the'precedence in all possible

ways (n! ways), we shall study how the value of "x divided

0

by ... divided by xn" behaves as the precedence varies. We

formalize this argument in the following way.



15 X5 een be distinct denumerable formal
variables. Let G be the free commutative group generated by
these varilables. Let Sn be the set of all permutations on
{1, 2, ..., n} , i.e., the symmetric group of degree n. (We
put SO = {1}.) As is customary, we denote the elements of

S by

(l 2 R o
O:
0(1)0(2)...0(n)> .

For any 665%1 and Kc{l, 2, ..., n} whose cardinality
|K| = k, we define o0,¢8S, as follows. Let f be the order

isomorphism from K to {1, 2, ..., k} , and g be the order
1

2

isomorphism from o(K) to {1, 2, ..., k}. We put 0K=g°o°f_
where o, denotes the composition of mappings.

We now define the mapping Vn : Sn » G as follows.

(i) VO(l) = Xy where 1 1s the sole element of SO.

(ii) For n>0, Vn(0)=Vk_l(o (o

-1
{l,...,k—l})(vn—k {k+1,...,n}>)

where k=o_l

(n).

It is easily seen that the above defined mapping gives the

evaluation of the following fraction:



o(1l)

o(2)

o(k) = n

o(n)

>

where 0(J) denotes the length of the bar between xj—l

Xj' We call this fraction the fraction associated with
For example, if ¢ = (%‘i 3 g), VM(O) is calculated thus:

XO XO x3 N -1

Vu(c) = —3 = 2 1
*1 X1 Xy
_1 —1
%2 %2
4
*3
2
Xy

= (xQ(xl/xz)"l)(x3x4'1)'1

n
>4
ol

Evidently, V_(0) can be written in the form

= (xo(xlxz_l)_l)(x3-

and

lxu)



where Ei = +1.

Hence, instead of Vn’ we may consider the mapping
. n+l
Posos, > £,

defined by 5%(0) ='(€O’ €15 o0 en) €g€q- - €

n+l

For any ¢ e{+} (instead of +1 (-1) we simply write

+ (=) ), we put

N (e) =l tel.

Namely, Nn(e) is the number of permutations o such that

yn(o) = g. We also put

M_ = max {N_(e)]e e {3},

The meanings of Nn and Mn might be interpreted as follows:
Let us fix some n, and consider the set of all fractions
assocliated with oa's in Sn' We call it the fraction language
of degree n. Each element of the fraction language is said
to be a sentence. Then Vrl may be considered as giving a
semantical interpretation (in G) of each sentence. Thus, the
fact that 9§$G) =<9%(T) means that the sentences o and
are talking about the (semantically) same thing though they may
N (& (o))

be syntactically distinct. Hence, for any o QSn,
gives the cardinality of the class semantically equivalent to
ag. Mn denotes the cardinality of the largest class in this

sense.
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In the following, we investigate the values of Mn' First
note that for any o €S, (n > 1), we have €y€y = *-, where
yn(g) = € T €p€q...E . Later it 1s also proved that Nn(e) # 0

if €,€, = +=. For small n, Mn is easily calculated directly

Mg = My =My =1, My =2, M - 5, Mg = 16.

=
L
+

I

|

I

I

t
N~

!

= N5( tetttt ) = 1,

Ng( 4=mmmt ) = No( 4=ttt ) = U,
Ng( #-mmt= ) = No( 4=ttt ) = 9,
Ng( #=m=tt ) = No( 4=t+-= ) = 6,
Ng( #=mt=m ) = N5(1+f+-++ ) =9,
Ng( 4mmbmt ) = No( boboto ) = 16,
Ng( 4==tt= ) = No( 4=t-—t ) = 11,
Ng( o—ttd ) = No( 4—tomm ) = B,
NS(S) =0 (otherwise).
Since n 1s dependent on the length of e (n = |e|-1,

where ]el 1s the length of ¢), we henceforth write simply
N(e) in place of Nn(e). We shall deduce two recursive equations
for N(e). To do so, we define two sets of indices. Let

€ = e4€q...E, (n > 1), where eié'{i}. We put,

"I(e) ='{ileie -+, 1 < n}Y{i = nlsn = -},(1)

i+1 ©



J(e) = {jlsj_l = Es}, where ¥ = - and = +. (2)

Now, let us consider the fraction associated with some ce;ygl(e).
Let k = U—I(n), then by definition of Vn(o), we must have

g, = - and, if k # n, = +. This means k &I(e). Hence

K fx+1
we have the first recursive equation for N(e):

N(e) = Z(Q:i) N(egeq.nvey IN(E - 6). (3)

i¢I(o)

The second recursive equation for N(e) can be deduced
by paying attention to the index k = o-l(l). Then, again by
definition of V_, we must have ¢, ; =, that is, k €J(e).

Thus we have the second recursive equation for N(eg):

N(e) = } N(e
Jed(e)

€

Oel"‘sj-1€j+l"' n).

For any 6 €{+}" (n 2 0), we define E'Q{t}n+2 by 8 = +-§.

Then the following lemma holds.

Lemma 1. N(§8) = N(3), for any 8.

Proof. By induction on n, where n = |§|+2. Suppose

that n 2 2 and that the lemma holds for smaller n. Let

-~/
8 = 6263...6n (6,€{+}, n22), so that ¢ = +—6263...6n and
§ = +—5263...6n.' Without losing generality, we may assume that
§, = +. Then we see that J(3) = 3(&)Y{2} and 22£J133- Let

us compare J(8) and J(8) by using (4). If J > 2 then

j&€J(8) 4if and only if ;jéJ(d) and N(+—62...6j_15j+l...6n;

~
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= N(+-62...6j_16j+l...6n) by induction hypothesis. If j = 2

then 2€J(8) but 2¢.I(§) and the term N(Z)(§3 = N(+-6364 .8
contributes to N(3). If j =1 then 1€J(3) and 1€J(5).

In this case the contribution of the corresponding term to N(E)

is N(+8,8,...8 ) = 0, since §, = +. The contribution to N(§)

2°3° 2
is N(+3233 .9 ) = N(+- 63 §....0 ) = N(z)(§3 by induction

nypothesis. By appealing to (4) we see that the lemma holds

for n.

The Eq. (3), together with this lemma, enables us: to

calculate N(a®) and N(B™), where oo and B™ are defined

thus:
Let ay = BO = 4+ gnd a, = Bl = -, For i 21, we put
0y, = 821+1 = + and Onip1 =_521 = -, We then define
n n _
A’ = 00 L. 0 and ‘B = 3051"‘?n'

By Lemma 1, for n > 0, we have N(a™) = N(B™). By the

definition of o' and Bn, we have

I(a™) = {1]1 <

A
s
A

<n, i: odd} (if n 2 1), (5)

(™) ={1i|1 <

A
e
A

<n, i: even} (if n 2 2). ~ (6)

Note that for n = 1 we have I(BY) = {1}. Now, we calculate:

-1
N (o) =iEI§an§2_l)N(aoal. l)N(Ot 1410 )

- NP1y,
ielga §1 D LIC RIS Chad (7



NG = ) (?:i)N(BOBI...Bi_l)N(BiBi+l...Bn)
1€1(8")
e i1 .
=1 n(?-l)N<81 N7, (8)
ieI(B)

Let us assume n > 2. Then, by adding (7) and (8), we

have, using (5) and (6),
n .
2N(a™) = 2(?"1)N(ai-l)N(an'l) (if n > 2). (9)
i=11-1
Or, equivalently,

2N(0‘n+1) _

|
e

[HRICRLCERS (1f n

v

1). (10)
i

Now, we can prove the following theorem.

Theorem 2. 17 € # un, 8"  then Nn(e) < N(a™) = N(B™).

Proof. By induction on n.
(I) If n=20, 1, 2, the theorem is vacuously true.

(II) Suppose that n 2 3, and that the theorem holds for

n+l
i +
€9€q:- € be any element in {_}

We want to show that N(g) < N(om).

any smaller n. Let €. =

other than o or 8",

If €O€l # +=- then we have N(g) = 0 < N(an). So we assume

that €0€q < +-, We put § = €5€ , so that we have

3...€n

~
8

N(e) = N(§) = N(§).



It is easy to see that I(¥)AI(8§) = @. Since n > 3 and

n n

L =
€ 7 Q or B, there must be some k > 2 such that ¢, =1¢ ...

Then, clearly, k ¢ I(¥)VUI(T). Hence,
I(a)UI(a) {1, 2, ..., n}.

We calculate 2N(g) = N(E')+N(§~), by using (3):

2N(¢e) 151%3')( )N(e Eye-- )N(s 1€i41 en)
-1 SR
+ie1%1§)(?-1)N(€o€1€2' 1)N(€ 1417 €p)
;'EI(3’)(2:%)N(ai—l)N(un—i)
1 :
ek
< 1§ n-1y v =1y oB-1
L (11N THONET)
= 2N(a™).

In the above calculation, the first inequality (<) 1s derived

by the induction hypothesis, and the second one (<) follows
since (? l) N(al” l)N( n-= 1) >0 for any 1i(1l < i < n). Hence

we conclude that the theorem.holds for this n.

By this theorem, the Eq. (10) becomes:
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n .
_ n
e iZO(i)MiMn_i (nzl). (11)
We put:
M
Qn = n_ryl (n;O). (12)
Then we have
QO = Q1 =1,
n } (13)
2(n+1)Q ;1 = iZOQiQn_i (n21).

We consider the generating function of Qn:

n
Oan . (14)

e~ 8

q(x) =
n

From (13) and (14) we obtain the following differential

equation:

q(0) =1,
2 (15)
2q'(x) = g~ (x) + 1.

The solution of (15) 1is:

q(x) = tan (%x + %)



i1

N> o

L}

sec x + tan x. (16)
Now, for ]xl<<%, we have

2n) ! x® > (17)

and
2n, .2n
o 2°(2°721)B
2n _2n-1 ,
tan x = J X (18)
n=1l (2n)! ’
where E and B denote Euler and Bernoulli numbers

2n 2n
respectively. (See e.g.[2])

From (12), (15), (16), (17) and (18), we finally obtain

Theorem 3.
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Moo = Esp (if n20),
2n, ,2n
. _ 297277 -1) .
M2n—l = an (if n>1).

The values of Mn for ngl0 1s as follows:

My =My = M,

M7 = 272, Mg

1, M, = 2, MN = 5, M5 = 16, M6 = 61,

3

1385, My = 7936, M., = 50521.

10

9

We now consider the asymptotic behavior of Mn' First,

we quote the following theorem due to Konig (see [1]).

Theorem 4. Let h(z) = ) c,z
— 1i=0
|z] < R. Suppose that h has only one singular point =z = z

1 (CO#O) be meromorphic for

r

in |z| < R, and that z, 1is a simple pole. Then, for any

p such that ]zrl < p < R, we have

k+1

[¢] ZI’
= 2.1+ of|2E] 1.

k
k+1

c

Since the singular points of g(z) are % + 2nm (n: integer),

and they are all simple poles, we have by the above theorem

that

N3

lim
n--o

n+l

In other words:



Theorem 5.

n-e n-1
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