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1 Introduction

B EHRERRTIE, & IREE (density operator) p D ® & TYHLE (self-adjoint operator) A
B 72 & & OEIFREIE Tr(pA) TERI N, U Var,(A) := Tr(pA?) — (Tr(pA))* TH
INZZENHOENT VWS, ERE p DD L T2 ODOYILE A, BIZX L T Heisenberg
uncertainty relation IFIRO AR ERNTEHEZ SN TWVW5.

Var, (A)Var,(B) > {|Tr({4, B}
X 51T & DERWAREAD Schrodinger (2L > THELNT WS,
Var, (A)Var,(B) — [Re(Cov,(4, B)I* > |Tr(o{4, B

772U [A,B] := AB — BA & A,B @ commutator T® D, covariance (£ Cov,(A4) :=
Tr(pAB)—Tr(pA)Tr(pB) TH5 A 53%. Yanagi-Furuichi-Kuriyama [12] I% one parameter
correlation & one parameter Wigner-Yanase skew information Z¥RD & S IZEFH L 7=.
ael0,1] IHLT

Corryy (A, B) = Tr(pA*B) — Tr(p' = A*p"B), I7(A) = Corrj (A, A).
ZLUTHESIBFRD &S 7 b L —2AREL2F7.
2
I%(A)[%(B) > ‘Re(Corrj(A,B)) .

a =1 DLFFENEN correlation Corr,(A, B), Wiganer-Yanase skew information 1,(A)
Thd. £7-Luo [10] IAHEEMEZRTEHE LT

Uy(4) =/ Var,(4)2 — (Var,(A) — I,(4)).
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ZEALT, Uy(A) IZ2WTD Heisenberg MDA EXDHLR % 1572,
1
Up(A)U,(B) = 7Tx(pl 4, B])I.

Wigner-Yanase-Dyson skew information O Mi%, &7 HFESHCTEMEL LTER
S5NTWH, Lieb [9] 12 ko> TIFHE Nz, 20X o(A, B) = TtA’K*B'"*K TEZ
INFZEE o M,(C) x M,(C) — C PHERMTHD I LE2RTILICL-oTIHIN
7z. 7272U M,(C) ¥ n x n complex marices DKL T 5.  LUTFIO®RETHWLN
Ll FEEEAT D, M, (C) % n x n self-adjoint matrices DK, M, (C)%Zn xn
positive semi-definite matrices DK, M,  1(C) & n x n density matrices DK & 9
3. A€ My(C) 12k LT TrAl HROEE 2 5> 2 L ICEET 3.

(1) Tr(AB) =Tr(BA) (2) A>0=Tr(A) >0 (3) Tr(A*)=Tr(A)

(4) Tr(aA+8B) =aoTr(A)+pTr(B) forall a, 6 € C (5) Tr(A)Tr(B) =Tr(B)Tr(A)

2 UR for Non-Tracial Positive Linear Maps

HH D Trace DHRIR E BB & : M,(C) — M,,(C) TIROFEM 22T DEEZS.
(1) ®(AB)=®(BA) (2) A>0=P(A) >0 (3) P(A*)=D(A)*

(4) P(aA+ 5B) = a®(A)+ 8P(B) for all o, f € C

KRz (1) 23 0 L7272 W54 1E Non-Tracial £\ 5. RO Lemma 23515 N T\ 5.

Lemma 2.1 A,B,X € M,,(C) TA>0,B>0&3%. ZD&ERD (1)~(3) IXFEHE
Thd.

(1) (}? g) >0 (2) A>XB'X*  (3) B>XAT'X

Definition 2.1 A, B € M,(C), p € M, ,(C) & 95. £z h & pDAXRZ MVEED
XM ETEHRI NS real-valued function £ T 5L E, IROLIIZEHKRT 5.

Vark ,(A) = ®(h?A* Ah'/?) — B(hz A*h2 )0 D (h Ah%),

Covl (A, B) = B(h2A*Bh?) — ®(h: A*h?)® ' ®(h? Bh3),
77U h(p): ZEWELT hi, £72 O(h(p)) ' ZEMLT &7 L ThTNE ZLIzLL,

Theorem 2.1 A, B € M,(C), p € M, .(C) IZX U TIRA LD LD,

Vaqu,(A) COUS,(I)(A,B) -
COUZ@(B,A) Var’/}@(B) -
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Proof.
h:A* 0 0 Ah: Bh> h? h:iA*Ah: hiA*Bh: hiA*hz
0<| h2B* 0 0 0 0 0 |=1| h:B*Ahz h3B*Bh> h3B*h>
ht 0 0 0 0 0 hiAhz  hiBh:  h(p)

® @ three-positivity property & 9,

®(h2A*Ahz) ®(h:A*Bhz) ®(h2A*hz)
®(h:B*Ahz) ®(h:B*Bh:) ®(h:B*hz) | >0
®(hiAhz)  ®(hiBhz)  ®(h(p))
£oT
®(hzA*Ahz) ®(h2A*Bh?)
®(hzB*Ahz) ®(h2B*Bhz)
q)(héA*h%) 1 1 1 1 1
> 1 1 [} 2 2 3 2
> (@(th*hz)) (cb(h ARY) ®(h%Bh3) )
[ ®(h2Ahz)D ' B(h2 Ahz)  B(h2A*hz) D (h: Bh)
| ®(hzB*h2)®d ' ®(hzAhz) ®(hzB*hz)d'®(hz Bh'/?)
L7zh3oT

VarZ@(A) C’ovl’;q)(A, B) >0
COU;L@(B, A) Var;‘,(b(B) -
O

Theorem 2.2 (Heisenberg Type) ®(M,(C)) WAl#iD & & T232bb FED A B €
M, (C) LT D(A)D(B) = B(B)B(A) B IDETH. ZDOLZEED A B €
M, 0(C),EBDp € M, o(C) BEUY p DARY MLEEGDKMH ETEHRSI NERED
positive real-valued continuous function h XX U TR D 3L D.

Vargo(4) — 30(h:[A,Blh2) | _
—3®(h2[A, Blh2)  Varpo(B) ) T

Theorem 2.3 (Schrodinger Type) Theorem 2.2 LRI USMFEDH & TRAL D LD,

Vark 5 (A) Re{Cov! (A, B)} + L& (h3[A, B]h?)

h 1 1 1 h Z 0
Re{Covp7¢(A, B)} — 3®(h2[A, Blh2) Varp_@,(B)
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Proofs of Theorem 2.2 and 2.3.
COUZA(D(A, B) — CO’UZ’@(B, A)
= ®(h2ABh?) — ®(hz Ah2)®d '®(h2 Bhz) — ®(h2 BAh?) + ®(h2 Bh2)d '®(h2 Ah?)
= ®(h2[A,Blhz) (®(M,(C)) ® commutatiity % FI\N5)
= 2iIm{C’ov2’¢,(A, B)}.
Covl (A, B) + Coul (B, A) = 2Re{Cov} (A, B)}

UL7zh> T
200v" 4 (A, B) = ®(h?[A, Blh?) + 2Re{Cov! (A, B)}.

£oT )
[Covja(A, B = [Re{Cov), (A, B)} + 7| ®(h2[A, BIh?)[*.

Theorem 2.1 £ b
Var,};’@(A) > COUZA)(A, B)V(ZT’Z@(B)_ICOUZ@(B, A).

Z 2T ®(M,(C)) I& commutative TH DD T

Varl 4(A) - Varl 4(B) > [Covl 4 (A, B)]? = [Re{Cov" 4 (A, B)}? + 1\ O(hz[A, Blh?)P.

L7zoT
Vark ,(A)
> (|Re{cov’;,¢<A, BN + (oA, B]hév) (Varye(B))™!
= ((Re(Cortata, )P - @M B ) (Varl ()
(®(h2[A, Blh?)* = —®(h2[A, BJh2) 2\ 53)
= (Re{Cov 5(4, )}+1<I>(h2[A B]h%>) (Vark o (B)) ™
(RO{COUS@(A, B)} — 5@(/1%[A, B}h%)> .
(®(M,(C)) D commutativity Z A\ 2)
W24z
( vm-g@(A) 1 _ Re{Coujo(A. B)} + 5 (h 3[A, BJh3) ) -
Re{Cov" 4(A, B)} — 1®(h3[A, B]h?) Vark 4(B) =

kD Theorem 2.3 DRI N7z, £ 7z Theorem 2.1 &1

M- Varglq,(A) Coqu)(B, A) >0,
_Covg‘q,(A7 B) VCW,),(I,(B) >
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O(M,(C)) % commutative TH S DT

N = Va}r:}(b(A) Covl (A, B) -
Covplyq,( ,A) Varﬁ’@(B)

2Va7’pq,(

)
0<M+N = 5
<M+ ( —®(hz[A,Blhz)  2Varh(B)

U725 5> T Theorem 2.2 DRI N7z, m|

3 UR for Tracial positive Linear Maps

[,9 % p € My s(C) DARZ bV L TREFE S N7z real valued functions £ 45, ZD&
X f,g DIROEM %723 £ & monotone pair THD WD, FED z,y € D IZXLT
(f(z) = f()(g(x) —g(y)) = 0. (2, 7])

Definition 3.1 A, B € M,(C), p € M, .(C) i LT, RO XS IZEHKT 5.
175(A) = D(f(p)g(p) A" A) = D(f(p) A"g(p)A),
Corrl (A, B) = ®(f(p)g(p)A*B) — @(f(p)A"g(p) B).

Theorem 3.1 A € M,(C) IZx LT Igjg(A) + II{’C%(A*) >0. 842, Ae M, .,(C) iZx L
T I79(A) > 0.

Proof. Letp:Z)\iE,- Bop DARYT MIVARET D, ZDEE

i=1

f(p)g(p)A®
= Zf(/\,») N)EA? = Zf i)EAE;A
_ Zf EAEA+Zf IO EAEA+Y " f()g(\) EAE;A
- Zf EAEA+§:f EAEA+§f N)EJAEA,
THDDT, R&45.
®(f(p) Zf ) EA%)
Zf DEAEA) + Zf JONEAE A+ Y f(N)g(\)EAEA)

1<j 1<j
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- Zf O(BAEA) + Y o({f(\)g\) + F(N)g(\) B AE; A)

i<j

> Zf Q(EAEA) + Y 2({f(M)g(N) + F(\)9(\) Y EAE; A)

i<j
= (f( )Ag(p)A). O
Definition 3.2 A, B € M,(C), p € M, (C) IZH LU TRD LS IZELT 5.

Corr (A, B) = —{C’orr (A, B)+Corr?4(B*, A)}, IT#(A) = %{If S(A) +TT4 (AN},

Theorem 3.2 A, B € M, ,(C) IZX U TIRPED ZD.

174 (A) corrpfg( .B) 174 (A) Re{Corr!4 (A, B)}
Cmpfg(B A) 179(B) Re{corr;j 9(B,A)} I'4(B)

P>

> 0.

Proof. U : M,,(C) = My, (C) ZIRD LS IZEET 5.

W<(é ]t;)): ( %(@(A);@(D)) 8)

D& & U i tracial positive linear map TH 5. A € M,(C),p € M, 4 (C) IZx L T

0 A p 0
]\/[nsa(c~

L7zhisT

V
o
=]
N N
g
)
=
:E’/O
~
)
*

S
~—
N

> s
>
Q
s <
~
N

N

RN
~

WP 2IZIRE1SD.
D(f(p)g(p)A™A) + 2(f(p)g(p)AA™) = @(f(p)A%g(p)A) + P(f(p)Ag(p)A”).
L7zhoT



Corollary 3.1 ®(M,(C)) »Al#t O & &, A B € M, (C) IZ8 U TR Y LD,
[Re{Corr! 4 (A, B)}}* < I11(A)I14(B).

p,®

Theorem 3.3 A € M,(C) IZx LT, RHPEDLD.

%{fb(f(p)A*g(p)A) +O(f(p)Ag(p)A™)} > @(f(p)*g(p) > A" f(p)'2g(p)'/* A)
> O(f(p)A*g(p))(f(p)g(p)) ' ®(f(p)Ag(p)).
L7D55T A€ Myo(C) LT, RAKD IO,

i

IT9(A) < IY]PYT9(A) < Varld,(A).

=4p0

Proof. p =" NE & p DARZ PURHEST D, L N0 =12, ni&
real numbers, E;,: i = 1,2,---,n |& ortogonal projections T >."' | E; = I &/
FN), gO\) 2ZENEN f;, g; EWEELT D, TDESIRAKD LD,

D(f(p)g(p)A?) w
w (f(p)g(p)B?)
772U W =®(f(p)g(p)AB) + ®(f(p)g(p)BA),
_ Sy figi®(EA%) ST figi®(EiAB)
o [igi®(E;BA) Y fi9:®(E;B?)
+ 2?21 figiq)(EiAz) Z f197 (E AB
Z?:lfigiq)(EiAB) Zz:lflgl (EBQ)
[ XL L (BAGTT E)A) 3oL fig(EAQCT Ej)B)
21;1 figi(I)(EiB(Z?:l E;)A) 22;1 figi® (EB(Z E;)B)
N Yo [igi®(BAGC L EDA) YL figi® (EiB(Zj:I E;)A)
> figi®(EBAGTT Ey)B) Yo [igi®(E:B(Y])_, Ej)B)

(S B =1%0)
— 9 Z?:l figicb(EiAEiA) Zizl figiq)(EiBEiA>
> figi®(EAEB) YL, fig:®(E:BE;B)
L2 >ici fig®(EAE;A) 300 (figi + fi9;)R(E;AE;B)
Zi<j fjgjq)(EjBEiA) 2Zi<j fz(]zq)(E7BE]B)
[ 220 19 EAEA) 3 (figi + fig;)(EiBE;A)
> ic; 19:®(E;AE;B) 23 i<; 119;9(E; BE;B)
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— 9 22:1 [i9:®(EAE; A) Zﬁf] figi®(E;BE;A)
Zizl fz’gi(b(EiAEiB) Zi=1 figiq)(EiBEiB)
4 22ic 95 (EAL;A) 2 ic; 0ig i
(® & tracial £9),
_ o L e (BAEA) Y, figi@(EBEA)
Yoy [ig:®(BAEB) 330, fi9:®(E;BE;B)

5; 0 20(E,AE;A) Ay

i<j

9 Yoy Jigi®(EAEA) YT figi®(E:BE;A)
Z?:l 1i9:®(E;AE;B) E?Zl 1i9:®(E;BE;B)

+Z< 0 & Ay 2¢(E;BE;B)

i<j

vV

(f, g & monotone pair £ V),

712U & = figi + figi
_ Sy 2oy figi®(BAE;A) ST, T figi®(EiBE;A)
Z:‘l:l Z?:l fi9;®(E;,AE;B) Z?:l Z?:l fi9;®(E;BE; B)

N dic1 Z;Ll fig;@(EAE;A) ST, Z?:1 fig;®(EAE;B)
> i1 2o Jig;R(EBE;A) ST, 70 fig; (B BE;B)

_ [ 22(f(ng(p)A) 4
4 20(f(p)Bg(p)A) |

7272L V = @(f(p)Ag(p)B) + @ (f(p)Bg(p)A).
L7zhio T

O(f(p)g(p)A?) W o [ (f(p)Ag(p)A) 3V
W ®(f(p)g(p) B%)

WZITIRZEGD.

Ii’g (A) Re{C’orri’%(A, B)} >0
Re{Corr4 (A, B)} I'4(B) =

Corollary 3.2 p€ M, (C), A€ M, .,.(C) IZX LT, ALY ZD.
I;4(A) < LG(A) < Var,a(A).

)
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