
PHYSICAL REVIEW RESEARCH 3, 033254 (2021)

Aspects of pseudoentropy in field theories
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In this paper, we explore properties of pseudoentropy in quantum field theories and spin systems from several
approaches. pseudoentropy is a generalization of entanglement entropy such that it depends on both an initial
and final state and has a clear gravity dual via the AdS/CFT. We numerically analyze a class of free scalar
field theories and the XY spin model. This reveals basic properties of pseudoentropy in quantum many-body
systems, namely, the area-law behavior, the saturation behavior, and the nonpositivity of difference between
the pseudoentropy and averaged entanglement entropy in the same quantum phase. In addition, our numerical
analysis finds an example where the strong subadditivity of pseudoentropy gets violated. Interestingly, we find
that the nonpositivity of the difference can be violated only if the initial and final state belong to different quantum
phases. We also present analytical arguments, which support these properties by both conformal field theoretic
and holographic calculations. When the initial and final state belong to different topological phases, we expect
a gapless mode localized along an interface, which enhances the pseudoentropy, leading to the violation of the
nonpositivity of the difference. Moreover, we also compute the time evolution of pseudoentropy after a global
quantum quench, where we observe that the imaginary part of pseudoentropy shows an interesting characteristic
behavior.
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I. INTRODUCTION

As one of the most fundamental quantum resources, en-
tanglement plays key roles in almost all areas of quantum
physics, not only practically but also theoretically. One branch
is its application to quantum many-body systems, which has
revealed many important properties of correlation structures
[1–4], quantum phase transitions [2,5], thermalization process
[6,7] and emergence of spacetime [8–11]. Entanglement en-
tropy is the most often used quantity to measure the amount
of entanglement between two parts of a quantum system.

Recently, a generalization of entanglement entropy called
pseudoentropy has been proposed in [12]. Instead of a quan-
tum state, which is described by a density matrix, let us
consider a matrix defined from two pure quantum states |ψ1〉
and |ψ2〉:

τ 1|2 = |ψ1〉〈ψ2|
〈ψ2|ψ1〉 . (1.1)

This is called a transition matrix. A transition matrix de-
scribes an experimental process called post-selection, which
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is realized by setting the initial state as |ψ1〉 and the final
state as |ψ2〉. The expectation value of an observable O,
Tr(Oτ 1|2) is known as a weak value [13,14] in the post-
selection experiment. Dividing the whole system into A and
its complementary B, the pseudoentropy of A is defined as

S
(
τ

1|2
A

) = −Tr
[
τ

1|2
A log τ

1|2
A

]
, (1.2)

where τ
1|2
A = TrB(τ 1|2) is called the reduced transition matrix.

Note that transition matrices and pseudoentropy are reduced
to conventional density matrices and entanglement entropy
when |ψ1〉 = |ψ2〉. Practically, it is convenient to introduce
Rényi pseudoentropy

S(n)
(
τ

1|2
A

) = 1

1 − n
log Tr

(
τ

1|2
A

)n
, (1.3)

whose n → 1 limit gives the pseudoentropy S(τ 1|2
A ).

Pseudoentropy is originally proposed with a motivation
from AdS/CFT: it serves as a CFT quantity corresponding to
the area of a generic codimension-2 surface in Euclidean AdS.
In spite of this, pseudoentropy is clearly an important funda-
mental quantity in general quantum systems. For example, it
is shown in [12] that pseudoentropy can be regarded as the
number of Bell pairs that one can distill from a post-selection
process for a specific class of transition matrices. On the other
hand, although pseudoentropy has been studied in simple
qubit systems, random systems, and holographic systems in
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[12], less is known in ordinary many-body systems. All of
these motivates us to study pseudoentropy in more familiar
quantum many-body systems, such as free field theories and
spin systems.

The letter [15] initializes the study of pseudoentropy in
free scalar theories and the transverse Ising model. This paper
is an extended version of [15] with all the technical details
presented. Besides, it includes many new results on different
types of factorization, fermionic systems, quantum phase tran-
sitions, dynamical setups, and holographic setups.

Although a wide variety of analysis has been performed,
three properties are found to be universal.

(1) Saturation of pseudoentropy
For states near the ground state of QFT and holographic

states, we observe the saturation property

S
(
τ

1|2
A

) ∼ min
[
S
(
ρ1

A

)
, S
(
ρ2

A

)]
, (1.4)

where ρ i = |ψi〉〈ψi|.
(2) Nonpositivity of difference and its violation
For states near the ground state of QFT and holographic

states, we observe the inequality

�S12 = S
(
τ

1|2
A

)− 1
2

(
S
(
ρ1

A

)+ S
(
ρ2

A

))
� 0 (1.5)

as long as |ψ1〉 and |ψ2〉 lie in the same quantum phase. If
there is a quantum phase transition that brings |ψ1〉 to |ψ2〉,
then the above inequality can be violated. This implies that
the pseudoentropy can distinguish between different quantum
phases.

(3) Area law
For states near the ground state of QFT and for holographic

states, S(τ 1|2
A ) satisfies an area law.

These properties will be verified for multiple times in dif-
ferent systems in this paper.

In the following, we will summarize the main results con-
tained in this paper and then show a road map, which is useful
to read this paper.

Summary of this paper

Here we summarize the results for each section. Note that
Sec. II A and Sec. III A contain old results, which has been
already presented in the letter [15] but with more technical
details, while all other parts of this paper are new results,
which do not appear in [15].

In Sec. II, methods for computing pseudoentropy in both
bosonic and fermionic free theories are presented by gen-
eralizing the standard correlator method [3,16] and operator
method [17,18] for entanglement entropy computation.

In Sec. III, we numerically study universal properties 1–3
in free Lifshitz scalar theories. We start with results, which
have been already mentioned in the original letter [15]. We
further investigate several important inequalities, which the
ordinary entanglement entropy satisfies. In particular, we find
that the strong subadditivity of the pseudoentropy can break in
general (Sec. III B). We also give an analytic result based on
periodic subsystems, which supports the saturation of pseu-
doentropy (Sec. III C).

In Sec. IV, we study the pseudoentropy in the quantum XY
model [2,19,20], which largely extends the Ising model com-
putations in [15]. Quantum XY model is a spin model, which

contains the transverse Ising model as a special case, and
shows colorful quantum phase structures. It can be mapped to
free fermions by performing Jordan-Wigner transformation.
By numerical computation with the correlator method for free
fermions, as well as direct computation in the spin system,
we confirm that the nonpositivity of difference always holds
when |ψ1〉 and |ψ2〉 lie in the same quantum phase, and it can
be violated when they belong to different phases.

In Sec. V, we study the pseudoentropy between two differ-
ent states after the same global quench, in CFTs (Sec. V A)
and in free scalar theories (Sec. V B). The real-time evolution
introduces an imaginary part to the pseudoentropy. While the
real part shows a linear behavior similar to the entanglement
entropy after a global quench, the imaginary part has a plateau
behavior and measures a sort of negativity of the reduced
transition matrix. We also present a gravity dual for a global
quench in Sec. V C, which turns out to be a black hole geom-
etry with an end-of-the-world brane, whose location is given
by complexified coordinates.

In Sec. VI, we analyze the pseudoentropy for perturbed
CFTs. In general, we find that the pseudoentropy after a
perturbation is smaller than that of an unperturbed CFT. For
exactly marginal perturbations, we show that the coefficient
of logarithmic divergence decreases, which implies that the
difference (1.5) is negative.

In Sec. VII, we study the behavior of holographic pseu-
doentropy in gravity setups, which are dual to two vacuum
states in two different quantum field theories. When we
consider two field theories related by an exactly marginal
perturbation, whose gravity dual is given by Janus solutions,
we are able to show that the coefficient of logarithmic di-
vergence decreases under rather general assumptions. This is
consistent with our field theory perturbation result in Sec. VI.
Note that our holographic results here go beyond the pertur-
bation regime. Moreover, we also examine the holographic
pseudoentropy when two massive field-theory ground states
can be deformed to each other only through that of a gapless
theory (CFT). In this case we find that the difference (1.5) can
be positive for a range of parameters, which control relevant
perturbations. This is consistent with our spin system results
that the difference between pseudoentropy and averaged en-
tanglement entropy tends to be positive when the two states
are in two different quantum phases.

In the Appendix, we present some details of path integral
calculations of Gaussian transition matrices.

II. CALCULATION OF PSEUDOENTROPY
IN FREE THEORIES

From a long time ago it has been known how to calculate
the spectrum of the reduced density matrix and as a result
the entanglement and Rényi entropies for Gaussian states of
quadratic Hamiltonians. To our knowledge, this goes back to
[1] for generic subregions in fermionic systems, to [2,5] for a
single block of spins, and to [21,22] for generic subregions in
bosonic systems. We encourage interested readers to look at
very nice reviews on this topic in [3,16].

Since the Hamiltonian of interest is quadratic, the ba-
sic idea is to use Wick’s theorem to reduce all correlation
functions to two point functions and find a clever way to
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read off the spectrum of the reduced density matrix from the
two-point functions restricted to the subregion of interest. An
important advantage of this method, which we will often refer
to as the correlator method, is that one can utilize it to study
finite subregions on infinite systems. As a result, we can get
rid of the effects due to finiteness of the whole system, but
in principle we should be still careful about lattice effects,
since for practical reasons there is no way around considering
discretized subregions.

In this section, we are going to generalize these meth-
ods for calculation of the spectrum of the transition matrix.
As a result, pseudoentropy and its Rényi generalizations can
also be computed accordingly. We generalize the methods for
bosonic and fermionic systems.

A. Scalar theories

In this part we first present our generalization for the cor-
relator method for bosonic systems as well as introducing
an operator method to calculate pseudoentropy. As briefly
mentioned above, we will not directly calculate the transition
matrix, but extract its spectrum in some sort of indirect way.
For a direct path integral calculation of the reduced transition
matrix please see Appendix.

The methodology introduced in this section is valid for
arbitrary quadratic scalar theories. More precisely, we con-
sider real free theories in (d + 1) dimensional spacetime. We
regularize the theory by putting it on a lattice with N sites
in each spatial dimensions. We will stick to this finite size
notation with periodic boundary condition in this section,
though it is straightforward to take the continuum limit on
infinite system or find the corresponding relations for different
boundary conditions. We denote the scalar field on the rth site
with φr and its conjugate momentum with πr . These two obey
the canonical commutation relations

[φr, πs] = iδrs. (2.1)

We denote the corresponding Hamiltonians (up to a constant)
with

H =
∑

k

ωka†
kak, (2.2)

where k carries d integer valued components running in
−N/2 < kμ � N/2 and the creation and annihilation oper-
ators satisfy [ak, a†

k′ ] = δk,k′ . The filed and the momentum
operators are expanded in terms of these operators as

φr = 1

Nd/2

∑
k

1√
2ωk

[
ake

2π ikr
N + a†

ke− 2π ikr
N
]
,

πr = − i

Nd/2

∑
k

√
ωk

2

[
ake

2π ikr
N − a†

ke− 2π ikr
N
]
. (2.3)

1. Correlator method

We consider the post-selected generalization of the expec-
tation value of an operator, called weak value [13,14], defined
as

2〈O〉1 ≡ 〈ψ2|O|ψ1〉
〈ψ2|ψ1〉 = Tr[O τ 1|2]. (2.4)

The goal is to work out the reduced transition matrix in its
decoupled basis for Gaussian states |ψ1〉 and |ψ2〉. To this
end we will follow the steps similar to the correlator method,
which leads to the decoupled modes of the reduced density
matrix [15]. The methodology is following these steps:

(1) Work out the left-hand side of (2.4) for all quadratic
operators, namely O = {φφ, ππ, φπ}.

(2) Choose a Gaussian ansatz for the reduced transition
matrix and work out the left-hand side.

(3) Construct a composite operator out of the aforemen-
tioned quadratic operators from whose spectrum we can work
out the normal modes of the transition matrix.

In order to work out the left-hand side of (2.4), we need
to expand |ψ1,2〉 in the same basis. More precisely, let us
consider the case when |ψ1,2〉 are vacuum states correspond-
ing to different dispersion relations. In this case we have
a1,k|ψ1〉 = a2,k|ψ2〉 = 0, which are related to each other with
the following Bogoliubov transformations

a2,k = αk a1,k + βk a†
2,−k,

a†
2,−k = βk a1,k + αk a†

1,−k, (2.5)

where

αk = 1

2

(√
ω2,k

ω1,k
+
√

ω1,k

ω2,k

)
, βk = 1

2

(√
ω2,k

ω1,k
−
√

ω1,k

ω2,k

)
,

(2.6)

thus we can define |ψ2〉 in terms of the eigenvectors of the
number operator n1,k = a†

1,ka1,k as |ψ2〉 = ∑∞
n=0 c2n(k) |2n〉1

where

c2n(k) =
(

−βk

αk

)n
√

(2n − 1)!!

2n!!
c0. (2.7)

With these in mind, we can calculate the left-hand side of
(2.4), which are given by

Xrs ≡ 2〈φrφs〉1 = 1

Nd

∑
k

1

ω1,k + ω2,k
e

2π ik(r−s)
N ,

Prs ≡ 2〈πrπs〉1 = 1

Nd

∑
k

ω1,kω2,k

ω1,k + ω2,k
e

2π ik(r−s)
N ,

Rrs ≡ 2〈{φr, πs}〉1

2
= i

2Nd

∑
k

ω2,k − ω1,k

ω1,k + ω2,k
e

2π ik(r−s)
N . (2.8)

To calculate the right-hand side of (2.4), we need a suitable
transformation that brings the transition matrix of the subre-
gion of interest with NA site, to its diagonal form as

τ 1|2 =
NA⊗

k=1

(1 − e−εk )e−εknA,k , (2.9)

where {εk} are the normal modes of the reduced transition
matrix, we need a transformation, which preserves the com-
mutation relations (in the rest of this section we keep the index
A to refer to operators, which are localized in this subregion).
This is a well-known problem in calculation of entanglement
entropy, specially used for nonstatic cases such as considering
quantum quenches, where the R correlators become nontrivial.
To this end, we need to consider a generalized vector of
canonical variables, the fields and their conjugate momenta,
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as r = (φ1, · · · , φNA , π1, · · · , πNA )T . So the canonical com-
mutation relations read

[rB, rC] = iJBC, J =
(

0 1
−1 0

)
, (2.10)

where B,C = 1, 2, · · · , 2NA, and we define a correlator ma-
trix as

γBC ≡ 1

2
〈{rB, rC}〉 =

(
Xbc Rbc

RT
bc Pbc

)
. (2.11)

We consider the following transformations

φr = α∗
rka†

A,k + αrkaA,k,

πr = −i β∗
rka†

A,k + i βrkaA,k,
(2.12)

where from the commutation relations we find

α∗ · βT + α · β† = −1, (2.13)

as well as α∗ · αT = α · α† and β∗ · βT = β · β†. Using these
transformations lead to the following expressions for the cor-
relators

X = α∗ · ν · αT + α · ν · α†,

P = β∗ · ν · βT + β · ν · β†,

R = i(α∗ · ν · βT − α · ν · β†). (2.14)

Due to Williamson’s theorem [23], for any symmetric positive
definite γ , there always exists a symplectic transformation,
S ∈ Sp(2N,R), with r′ = S · r and J = S · J · ST , which acts
on the canonical variables such that

γ =
(

diag(νk ) 0
0 diag(νk )

)
. (2.15)

In our case, the R correlator is pure imaginary. Therefore, the
original form of the Williamson’s theorem does not apply.
However, we can consider its analytic continuation, which
is nonsingular in our criteria of interest and we will provide
several justifications for this analytic continuation in the fol-
lowing. Given that, an easy way to work out {εk} is to find
the spectrum of (iJ · γ ) denoted by {νk}, which gives a double
copy of {εk} as

νk = ±1

2
coth

(
εk

2

)
. (2.16)

Plugging this {νk} into the following formula one can find the
von Neumann and Rényi pseudoentropies:

S
(
τ

1|2
A

) =
NA∑

k=1

[(
νk + 1

2

)
log

(
νk + 1

2

)

−
(

νk − 1

2

)
log

(
νk − 1

2

)]
,

S(n)
(
τ

1|2
A

) = 1

n − 1

NA∑
k=1

log

[(
νk + 1

2

)n

−
(

νk − 1

2

)n]
.

(2.17)

In the next part of this section we work out another method
to calculate the pseudoentropy from the correlators inside the
subregion, this time without assuming (a) diagonalizability

of the transition matrix and (b) the analytic continuation for
the Williamson’s theorem. We show that using this operator
method one can arrive at the formula (2.16) and (2.17) for
pseudoentropy.

2. Operator method

The basic idea of expressing Tr[ρn
A] to calculate Rényi

entropies has been considered by [24–26]. Based on this idea
the operator method has been developed to calculate the von
Neumann and Rényi entropies in [17,18] where a systematic
method has been introduced to find such a local operator,
which we will denote it by the gluing operator.

Here we show that this method can be generalized to cal-
culate von Neumann and Rényi pseudoentropies. This might
be in principle extended to non-Gaussian states in interacting
theories, although we develop the generalization for Gaussian
states in quadratic theories. As mentioned previously we fi-
nally recover the Eq. (2.17) with this method, so one can
consider the method as an indirect proof for the existence
of the aforementioned analytic continuation in the correlator
method.

Let us first quickly review the operator method for cal-
culation of Rényi entropies introduced in [17]. We consider
(d + 1) dimensional spacetime and n copies of the scalar
fields. We denote the ith copy by φ(i). The Hilbert space of
each copy is denoted by H , though the total Hilbert space,
denoted by H (n), is the tensor product of the n copies H (n) =
H ⊗ H · · · ⊗ H . We define the density matrix ρ (n) in H (n) as

ρ (n) ≡ ρ ⊗ ρ ⊗ · · · ⊗ ρ, (2.18)

where ρ is an arbitrary density matrix in H .
The key point is that we can express Tr[ρn

A] as

Trρn
A = Tr[ρ (n)EA], (2.19)

where we refer the interested reader for the details of the
gluing operator EA to consult with Refs. [17,27]. For pure
states where ρ = |�〉〈�|, (2.19) becomes

Tr
[
ρn

A

] = 〈� (n)|EA|� (n)〉, (2.20)

where

|� (n)〉 = |�〉 ⊗ |�〉 ⊗ · · · ⊗ |�〉. (2.21)

Let us now consider the case of pseudoentropy. The gluing op-
erator has an important property that for n arbitrary operators
Fj ( j = 1, 2, · · · n) on H , one can verify that

Tr[F1 ⊗ F2 ⊗ · · · ⊗ Fn · EA] = Tr[F1AF2A · · · FnA], (2.22)

where FjA ≡ TrAc [Fj]. Plugging this property into the transi-
tion matrix

τ 2|1 ≡ |ψ2〉〈ψ1|
〈ψ1|ψ2〉 , (2.23)

where |ψ〉1 and |ψ〉2 are two different ground states associated
to two different Hamiltonian, we find

Tr
[(

τ
2|1
A

)n] =
〈
ψ

(n)
1

∣∣EA

∣∣ψ (n)
2 〉

〈ψ1|ψ2〉n
, (2.24)

where |ψ (n)
i 〉 = |ψi〉 ⊗ |ψi〉 · · · |ψi〉 and i = 1, 2.
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After a quite long algebra with regard to the details of the
gluing operator, which have been discussed in [27], we can
show that Tr[(τ 2|1

A )n] = (det 2S̄n)−
1
2 can be expressed as an

analytic function of n. We find

det 2S̄n = (det iJ )n−1 det

[(
iJ · γ + 1

2

)n

−
(

iJ · γ − 1

2

)n]

=
NA∏
i=1

[(
νi + 1

2

)n

−
(

νi − 1

2

)n]

×
2NA∏

i=NA+1

[(
−νi + 1

2

)n

−
(

−νi − 1

2

)n]
, (2.25)

where γ is defined in (2.11), J is the symplectic matrix,
NA is the number of sites in the subsystem A, and νi’s are
the eigenvalue of iJ · γ . Using the characteristic equation
det(ν − iJγ ) = 0, it is not hard to see that when some ν is
in the spectrum of iJ · γ , then −ν is also in the spectrum. We
sort νi as νNA+i = −νi, which leads to

det 2S̄n =
NA∏
i=1

[(
νi + 1

2

)n

−
(

νi − 1

2

)n]2

. (2.26)

Plugging this into the Rényi entropies formula leads to (2.17),
which we had already found by analytic continuation of the
correlator method in the previous section, but this time with-
out assuming any property for the transition matrix.

B. Fermionic theories

In this part we develop a correlator method to calculate
pseudoentropy in free fermionic theories. We will later on
use this method to study the XY spin chain by mapping it to
fermionic models through the Jordan-Wigner transformation.
In the following we essentially generalize the methods intro-
duced in [2,5] for pseudoentropy.

1. Correlator method

Here we consider generic quadratic Hamiltonians con-
structed out of fermionic operators c and c† with {c†

r , cs} =
δrs, including Hamiltonians with pair creation and annihilation
terms. We do not get into the details of any model throughout
this part. Instead, we will focus on developing a correlator
method for pseudoentropy. This method is also valid in any
spacetime dimensions. Similar to the scalar case, we assume
the following diagonalized form for the transition matrix:

τ
1|2
A =

NA⊗
k=1

e−εknA,k

(1 + e−εk )
, (2.27)

where nA is the number operator constructed from the decou-
pled basis in the subregion A. The method resembles its scalar
counterpart when we use the Majorana representation for the
fermionic operators defined as

c̃2m = (c†
m + cm), c̃2m−1 = i(c†

m − cm), (2.28)

where {c̃m, c̃n} = 2δmn. The mode expansion of these opera-
tors are given by

c̃2n = 1

Nd/2

∑
k

(
d†

k e
2π ink

N + dk e− 2π ink
N
)
, (2.29)

c̃2n−1 = i

Nd/2

∑
k

(
d†

k e
2π ink

N − dk e− 2π ink
N
)
, (2.30)

which is similar to the field and conjugate momenta in the
scalar case. Using this representation, we should find the
spectrum of �, which is a 2NA × 2NA matrix defined as

1〈c̃c̃〉2 = 1 + i �, (2.31)

where the explicit form of the left-hand side of (2.31) is given
by

1〈c̃c̃〉2 = 1

〈(
c̃2m

c̃2m−1

)
(c̃2n c̃2n−1)

〉
2

=
(

C1 + C2 + C3 + C4 i(−C1 + C2 − C3 + C4)
i(−C1 − C2 + C3 + C4) −C1 + C2 + C3 − C4

)
,

(2.32)

where

C1 ≡ 1〈cmcn〉2, C2 ≡ 1〈cmc†
n〉2,

C3 ≡ 1〈c†
mcn〉2, C4 ≡ 1〈c†

mc†
n〉2. (2.33)

Very similar to the case of the reduced density matrix in
calculation of the von Neumann entropy, introduced in [5],
the spectrum of this i� matrix is related to a double copy of
the spectrum of the transition matrix as

νi = ± tanh
εi

2
(2.34)

and pseudoentropy is given by

S
(
τ

1|2
A

) = −
NA∑
i=1

(
1 + νi

2
log

1 + νi

2
+ 1 − νi

2
log

1 − νi

2

)
,

S(n)
(
τ

1|2
A

) = 1

n − 1

NA∑
i=1

log

[(
1 + νi

2

)n

−
(

1 − νi

2

)n]
.

(2.35)

III. PSEUDOENTROPY IN FREE SCALAR FIELD THEORY

In this section, we study pseudoentropy in Lifshitz scalar
field theories. We basically study pseudoentropy between vac-
uum states corresponding to a pair of parameters denoted
by (m, z), which are the mass and the dynamical exponent
respectively. The theory is defined such that it is invariant
under Lifshitz scaling,

t → λzt, 
x → λ
x, (3.1)

in the m → 0 limit. Such free scalar theories are given by

S = 1

2

∫
dtd
x

[
φ̇2 −

d∑
i=1

(
∂z

i φ
)2 − m2zφ2

]
. (3.2)
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In our analysis, we will consider both m = 0 and m > 0 cases.
We will always consider integer values for the dynamical
exponent z � 1.

Lifshitz harmonic lattice model. Although the method
defined in the previous section applies to any spacetime di-
mension, in this paper we will consider d = 1. To perform
concrete calculations, we consider the aforementioned theo-
ries regularized on a lattice known as Lifshitz harmonic lattice
models whose Hamiltonians are given by [28–31]

H =
N∑

n=1

[
p2

n

2M
+ Mm2z

2
q2

n

+ K

2

(
z∑

k=0

(−1)z+k

(
z

k

)
qn−1+k

)2]
. (3.3)

where we set M = K = 1 without loss of generality. The
z = 1 case is the standard harmonic lattice model, namely the
discrete version of Klein-Gordon theory.

The diagonalized Hamiltonian in d dimensions on a square
lattice is given by

H =
∑

k

ωk

(
aka†

k + 1

2

)
, (3.4)

where k is a d-dimensional vector and

ω2
k = m2z +

d∑
i=1

(
2 sin

πki

Nxi

)2z

. (3.5)

A. Single intervals

In this part, we show several basic properties of pseu-
doentropy. We will discuss (1) some analytic expressions of
pseudoentropy, which also guarantee the area-law behavior,
(2) nonpositivity of �S12 ≡ S(τ 1|2

A ) − 1
2 (S(ρ1

A) + S(ρ2
A)), (3)

saturation behavior for Lifshitz parameters, and (4) perturba-
tion of the difference between pseudoentropy and averaged
value of entanglement entropy.

1. Almost massless regimes

First, we consider a periodic system with length L and
“almost massless” scalar fields with mass miL � 1. In the
following sections, we take the lattice spacing unit so that we
can simply identify the number of sites and length of a given
subsystem. Let ρ

(i)
A be a reduced density matrix for an almost

massless scalar field in a single interval A = [0, �]. It is known
that the Rényi entropy for ρ

(i)
A is schematically given by

S(n)
(
ρ

(i)
A

) =1

6

(
1 + 1

n

)
log

[
L

πε
sin

(
π�

L

)]

− 1

2
log(miL) + c(n)

i , (3.6)

where c(n)
i is a nontrivial function, which includes small posi-

tion dependence due to the small mass term.
On the other hand, as for the pseudoentropy for two almost

massless scalar fields with mass m1 and m2, we numerically

m1=10−6 , m2=2×10−6

m1=10−6 , m2=4×10−6

m1=10−6 , m2=6×10−6

m1=10−6 , m2=8×10−6

0 10 20 30 40 50

4.5

5.0

5.5

6.0

S(
1
2 )

FIG. 1. S(τ 1|2
A ) as a function of the size of the subsys-

tem �. We set L = 100 and z1 = z2 = 1. The solid curves are
(1/3) log[(L/π ) sin(π�/L)] + const., where the constant term is
defined in (3.7). We chose m1 = 10−6. The value of m2 is 2 ×
10−6, 4 × 10−6, 6 × 10−6, 8 × 10−6 as indicated.

confirmed

S
(
τ

1|2
A

) = 1

3
log

[
L

πε
sin

(
π�

L

)]
− 1

2
log

[m1+m2

2
L
]
+c(1)

12 ,

(3.7)
where c(n)

12 is again some mass-dependent function, which is
less important (see Fig. 1).

In particular, we numerically study the difference between
the pseudoentropy and the averaged entanglement entropy,

�S12 ≡ S
(
τ

1|2
A

)− S
(
ρ

(1)
A

)+ S
(
ρ

(2)
A

)
2

. (3.8)

Interestingly, it can be well-approximated using the mass
terms introduced above as

�S12 � −1

4
log

[
(m1 + m2)2

4m1m2

]
� 0, (3.9)

which does not depend on the system size (see the left panel of
Fig. 2). Notice that it is always negative in our almost massless
regimes. It means that these mass terms [the second term of
(3.6) and (3.7)] essentially explain the nonpositivity of �S12.
We repeat the same analysis for z1 = z2 ≡ z > 1 cases (see
Fig. 3). We can also find how �S12 depends on m1, m2, and z.
We have numerically confirmed

�S12 � −1

4
log

[(
mz

1 + mz
2

)2

4(m1m2)z

]
� 0. (3.10)

In other words, the correct expression is given by replacing
miL to (miL)z (see the right panel of Fig. 2). We stress that
the z dependence does not show up as an overall factor. A
remarkable thing is that the agreement is now exact up to the
current numerical precision. This would suggest that the mass
corrections for z > 1 are quite different from the z = 1.

2. Dynamical exponent dependence: Saturation behavior

So far, we have discussed the case with z1 = z2. Next, we
study the dynamical exponent dependence of pseudoentropy
for more general z1 and z2 (see Fig. 4). A remarkable feature
of pseudoentropy in this case is that as we increase one of
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L=100

L=150

L=200

Theoretical value

0 10 20 30 40 50
−0.27673

−0.27672

−0.27671

−0.27670

−0.27669

S 1
2

(a)

0 50 100 150 200

− 3.5
− 3.0
− 2.5
− 2.0
− 1.5
− 1.0
− 0.5
0.0

S 1
2

z=2
z=3
z=4
z=5
z=6
z=7

(b)

FIG. 2. (a) �S12 for free scalar with z1 = z2 = 1. Here we set
m1 = 10−5 and m2 = 10−4. We have small � and L-dependence but
it is negligible up to 3 or 4 digit. Therefore, the second term of (3.7)
essentially explains this negative value. We set L = 100, 150, 200
from the top graph to the bottom one. (b) The z dependence of �S12

for z > 1. Here we set L = 2000, m1 = 10−7, m2 = 10−8, and z1 =
z2 ≡ z. It can be perfectly explained by the equation (3.10). Note
that we can also produce the same results from smaller total systems
and see the perfect agreement in the whole subregions. We set z =
2, 3, 4, 5, 6, 7 as indicated.

the two dynamical exponents (and fix all other parameters),
the pseudoentropy quickly converges to a fixed value. We
call this as saturation behavior of pseudoentropy. We can also
understand this behavior analytically by using the periodic
subsystems in Sec. III C.

3. Massive regimes

In this section, we study the pseudoentropy for massive
scalar fields. In contrast to the almost massless regimes, our
result here is based on an analytical approach. For the detail
of the derivation, please refer to the supplemental material in
[27]. We obtain a mass-correction formula of the pseudoen-
tropy for scalar fields as

S
(
τ

m1,m2
A�

)− S
(
τ

m1,m2
A�0

) = f m1,m2 (�) − f m1,m2 (�0), (3.11)

where

f m1,m2 (�) = 1

3
log

[
L

επ
sin

(
π�

L

)]

+ 1

2
log

[
−m2

1 log[m1�] − m2
2 log[m2�]

m2
1 − m2

2

]
.

(3.12)

0 10 20 30 40 50
0

5

10

15

20

S(
1
2 )

z1= z2=1

z1= z2=2

z1= z2=3

z1= z2=4

(a)

0 10 20 30 40 50
0

5

10

15

20

S(
1
2 ) z1=3, z2=1

z1=3, z2=2

z1=3, z2=3

z1=3, z2=4

z1=3, z2=5

(b)

FIG. 3. (a) The pseudoentropy as a function of the subsystem
size � when we chose m1 = 10−3 and m2 = 10−5 for various values
of z1 = z2. We set z1 = z2 = 1, 2, 3, 4 as indicated. (b) The pseu-
doentropy when we set z1 = 3 and m1 = m2 = 10−5. We chose the
total system L = 100. We chose z2 = 1, 2, 3, 4, 5 as indicated.

Here S(τm1,m2
A�

) gives the pseudoentropy for a single interval
A� = [0, �] between two vacuum states with different mass
m1 and m2. We also subtract the value at �0 as a reference
point in order to get rid of irrelevant contributions. Note that

z1=1

z1=2

z1=3

z1=4

0 1 2 3 4 5 6
0

5

10

15

20

25

30

z2

S(
1
2 )

FIG. 4. Dynamical exponent dependence of the pseudoentropy.
We set m1 = m2 = 10−5 and � = 30 on an infinite lattice. The pseu-
doentropy saturates at the value of the larger z. We set z1 = 1, 2, 3, 4
as indicated.
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L=2000, m1=10−3, m2=2.5×10−4

L=2000, m1=10−3, m2=10−4

L=2000, m1=10−3, m2=10−5

0 50 100

(a)

(b)

150 200

1.0

1.5

2.0

2.5

S(
τ1
2 )

analytic result (massive)

analytic result (massless)

L=2000, m1=10−3, m2=2.5×10−4

0 50 100 150 200
0.0

0.5

1.0

1.5

S r
eg
.(
1
2 )

FIG. 5. (a) The pseudoentropy for fixed m1 = 10−3 with various
mass m2. We chose m2 = 10−5, 10−4, 2.5 × 10−4 as indicated.
(b) The regularized pseudoentropy for m1 = 10−3 and m2 = 2.5 ×
10−4. As a reference, we also plot the entanglement entropy for
vacuum with c = 1 (orange or upper curve). Note that this formula
is valid only in the small subsystem such that mi� � 1. Out of this
regime, as we can see from the figure (b), there is a small deviation.

this formula is a leading order approximation. Namely, it is
valid only for small interval size such that m1�, m2� � 1.
Under m1 → m2 limit, it reduces to the famous result for the
entanglement entropy for a massive scalar field [32]. It is also
worth noting that the f m1,m2 (�) is symmetric, i.e., f m1,m2 (�) =
f m2,m1 (�), which is also guaranteed by our numerical results.

For convenience, we define a regularized pseudoentropy
as

Sreg.
(
τ

m1,m2
A�

) = S
(
τ

m1,m2
A�

)− S
(
τ

m1,m2
Aε

)
, (3.13)

which corresponds to the left-hand side of (3.11) with �0 =
ε. In Fig. 5, we plotted pseudoentropy and the regularized
pseudoentropy for fixed m1 with various m2. These figures
are numerically consistent with the above mass-corrected for-
mula.

z1=1

z1=2

z1=3

z1=4

0 1 2 3 4 5 6
− 30

− 25

− 20

− 15

− 10

− 5

0

z2

ΔS
12

z1= z2=1

z1= z2=2

z1= z2=3

z1= z2=4

− 2. × 10−7 − 1. × 10−7 0

(a)

(b)

1. × 10−7 2. × 10−7

− 0.0004

− 0.0003

− 0.0002

− 0.0001

0.0000

m2−m1

ΔS
12

FIG. 6. Mass and dynamical exponent dependence of �S12. Here
we set � = 30 on an infinite lattice. (a) m2 dependence with m1 =
10−5 and fixed z1 = z2. We chose z1 = z2 = 1, 2, 3, 4 as indicated.
(b) z2 dependence with m1 = m2 = 10−5 and fixed z1. These figures
ensure the quadratic behavior of �S12 when the parameter is small.
We chose z1 = 1, 2, 3, 4 as indicated.

4. Perturbation of �S12

It is well known that the entanglement entropy satisfies the
first-law-like relation under small-perturbation [33,34]. Here
we treat mass and dynamical exponents as perturbation pa-
rameters and numerically study a difference �S12. The Fig. 6
shows the universal quadratic behavior with respect to the
small parameters δ = m2 − m1 or z2 − z1,

�S12 � −γ δ2 < 0, (3.14)

where γ is a positive constant, which depends on the other
fixed parameters. This behavior is true only when δ is small
enough. These results would suggest that �S12 is always
negative under the small perturbation.

B. Disconnected subsystems

It is interesting to ask if the pseudoentropy satisfies the
subadditivity,

S
(
τ

1|2
A

)+ S
(
τ

1|2
B

) ?
� S

(
τ

1|2
AB

)
, (3.15)
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and strong subadditivity,

S
(
τ

1|2
AB

)+ S
(
τ

1|2
BC

) ?
� S

(
τ

1|2
ABC

)+ S
(
τ

1|2
B

)
, (3.16)

in the present setup. To this end, we continue our study of
pseudoentropy to two-interval cases as this is the simplest
setup to check these inequalities.

For the later convenience, we define pseudomutual infor-
mation (PMI),

I1|2(A : B) ≡ S
(
τ

1|2
A

)+ S
(
τ

1|2
B

)− S
(
τ

1|2
AB

)
. (3.17)

In the language of PMI, the subadditivity of pseudoentropy is
equivalent to the positivity of PMI,

I1|2(A : B)
?
� 0, (3.18)

and the strong subadditivity of pseudoentropy is to the mono-
tonicity of PMI,

I1|2(A : BC)
?
� I1|2(A : B). (3.19)

Besides its convenience, it is intriguing to study the PMI itself.
In summary, we have numerically observed that the sub-

additivity of pseudoentropy (the positivity of PMI) is always
satisfied, whereas the strong subadditivity of pseudoentropy
(the monotonicity of PMI) can be violated in general.

1. Subadditivity

One can numerically confirm the positivity of PMI,

I1|2(A : B) � 0. (3.20)

(See Fig. 7). Although these figures only show limited exam-
ples for z1 = z2 but m1 �= m2 cases, we can see the agreement
for more general setup. It suggests that the subadditivity of
pseudoentropy hold in the free scalar theories.

2. �S12 for two intervals

Similar to the single interval case, we can introduce the
difference between the pseudoentropy and averaged value of
the entanglement entropy,

�S12 = S
(
τ

1|2
AB

)− S
(
ρ1

AB

)+ S
(
ρ2

AB

)
2

. (3.21)

Let us focus on z1 = z2 but m1 �= m2 cases as we have ob-
served the simple analytical expression in the single interval
cases. If one focuses on the almost massless regime, we can
indeed observe the same relation,

�S12 = −1

4
log

[(
mz

1 + mz
2

)2

4(m1m2)z

]
. (3.22)

(See Fig. 8.) It means that the PMI also follows a similar
simple formula:

I1|2(A : B) = I (A : B) − 1

2
log

[(
mz

1 + mz
2

)
2

]
, (3.23)

where I (A : B) represents the ordinary mutual information for
massless scalar fields with dynamical exponents z1 = z2 = z
(see Fig. 9).

z1= z2=1

z1= z2=2

z1= z2=3

z1= z2=4

0 50 100 150 200
0

5

10

15

20

25

d

I1
2 (
A
:B

)

(a)

z1= z2=1

z1= z2=2

z1= z2=3

z1= z2=4

0 50 100 150 200
0

2

4

6

8

10

12

14

d

I1
2 (
A
:B

)

(b)

FIG. 7. Plot for PMI as a function of distance d between two
subsystems A and B. (a) Almost massless regime. Here we set
L = 300, �A = �B = 40, m1 = 10−6, m2 = 10−5 and z1 = z2 ≡ z.
(b) Massive regime. Here we set m1 = 10−3, m2 = 10−2, and other
parameters are the same as the almost massless ones. In both pictures
(a) and (b) we chose z1 = z2 = 1, 2, 3, 4 as indicated.

0 20 40 60 80 100
− 2.0

− 1.5

− 1.0

− 0.5

0.0

d

S 1
2(
A
B

)

z1= z2=1
z1= z2=2
z1= z2=3
z1= z2=4

FIG. 8. The z dependence of �S12 for two-interval cases. Here
we set L = 300, �A = �B = 40, m1 = 10−6, m2 = 10−5, and z1 =
z2 ≡ z. We can see perfect agreement with analytic results. We chose
z1 = z2 = 1, 2, 3, 4 as indicated.
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− 12

− 10

− 8

− 6

− 4

− 2

0

d

R
eg
ur
al
iz
ed
M
Ia
nd
PM
I

Ireg.(A:B): z=1

Ireg.(A:B): z=2

Ireg.(A:B): z=3

Ireg.(A:B): z=4

I1 2reg.(A:B): z1= z2=1

I1 2reg.(A:B): z1= z2=2

I1 2reg.(A:B): z1= z2=3

I1 2reg.(A:B): z1= z2=4

FIG. 9. Plot for MI and PMI as a function of distance d be-
tween two subsystems A and B. For clarity, we plot reguralized
version, Ireg. = I (d ) − I (0) and I1|2

reg. = I1|2(d ) − I1|2(0). Here we set
L = 300, �A = �B = 40, m1 = 10−6, m2 = 10−5, and z1 = z2 ≡ z.
This plot suggests that I1|2 and I are the same up to the constant term
as described in (3.17). We chose z1 = z2 = 1, 2, 3, 4 as indicated.

For the massive regime, see Fig. 10. In this regime, we
observed

−1

4
log

[(
mz

i + mz
j

)2

4(mimj )z

]
� �S12 < 0. (3.24)

3. Strong subadditivity

In contrast with the subadditivity of pseudoentropy (or
positivity of PMI), we observed a breakdown of strong subad-
ditivity (or monotonicity of PMI). As an example, see Fig. 11.
It means that the strong subadditivity of pseudoentropy can
be violated in general. We also observed this in various com-
binations of (z1, z2) with z1 �= z2, whereas some of them do
not persist in the continuum and/or infinite system size limit.
If z1 = z2 but m1 �= m2 and if both m1 and m2 belong to the
almost massless regime, then the monotonicity of PMI can
persist because Eq. (3.23) readily guarantees the monotonicity
of PMI (thanks to the monotonicity of the ordinary MI).

It is intriguing to understand better the origin of this break-
ing. If we modify the dispersion relation (3.5) to

ω2
k = m2z +

d∑
i=1

(
2πki

N

)2z

, (3.25)

so that the high-energy dispersion relation coincides with the
field theory limit, we observed such breaking disappears (see
Fig. 12). In this regard, we can understand the origin of viola-
tion as high-energy modes, which may be regarded as lattice
artifacts. On the other hand, we also observe that the breaking
can persist in the continuum interpolation as Fig. 13. It is
interesting to understand any sharp criteria when the breaking
happens. We leave further investigations as future work.

C. Periodic subregions

Following Ref. [35] we consider a periodic lattice with N
sites and a periodic sublattice with NA sites,

NA = N

p
, p ∈ Z+.

Massive
Almost massless
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− 0.276

− 0.274

− 0.272

− 0.270

− 0.268

d

S 1
2(
A
B)

(z
1=
z 2

=
1)

Massive
Almost massless

0 50 100 150 200

− 0.809

− 0.808

− 0.807

− 0.806

d

S 1
2(
A
B)

(z
1=
z 2

=
2)

Massive
Almost massless

0 50 100 150 200
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− 1.3807
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− 1.3805

− 1.3804

d

S 1
2(
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(z
1=
z 2

=
3)

FIG. 10. The z dependence of the difference between pseudoen-
tropy and averaged entanglement entropies, �S12 for two-interval
cases. Here we set L = 300, �A = �B = 40, m1 = 10−3, m2 =
10−2, and z1 = z2 ≡ z. For z > 1 case, the minimum value attaches
the one for almost massless regime (lower graph) (3.22).

The advantage of this set-up is that the periodicity of the
subregion results in a circulant structure for the relevant cor-
relators and makes it possible to work out the entanglement
spectrum analytically. In general for a circulant matrix defined
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z1=1, z2=4
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0.002

d

I1
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I1
2 (
A
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)

FIG. 11. The breaking of the monotonicity of PMI or strong
subadditivity of PE. Here we set �A = 80, �B = �C = 40, and m1 =
m2 = 10−4 and take infinite size limit. We can see the similar satu-
ration behavior as the pseudoentropy. For the sake of resolution, we
did not plot the values at d = 0, which take positive values. We set
z1 = 1. We also chose z2 = 2, 3, 4, 5 as indicated.

with {
c0, c1, · · · , cNA−1

}
,

the eigenvalues are given by

λ j =
NA−1∑
k=0

ck e− 2π i jk
NA (3.26)

and the corresponding eigenvectors are given by

v
( j)
k = 1√

NA
e− 2π i j(k−1)

NA (3.27)

For arbitrary periodic lattices and p-alternating sublattices,
one can utilize the above structure for the case of pseu-
doentropy. As we have discussed in the previous section, the
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d

I1
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I1
2 (
A
:B

)

FIG. 12. The recovery of breaking from the low-energy dis-
persion relation (3.25). Here we again set �A = 80, �B = �C = 40,
z1 = 1, and m1 = m2 = 10−4 and take infinite size limit. We chose
z2 = 2, 3, 4, 5 as indicated.

A=100, B= C=50

A=80, B= C=40

A=60, B= C=30

0.0 0.5 1.0 1.5 2.0

−0.006

−0.004
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0.000

d/ A

I1
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I1
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)

FIG. 13. This figure suggests the breaking of monotonicity in-
deed persists even in the continuum limit. Here we set m1 = m2 =
10−4 and z1 = 1, z2 = 5. The minimum value becomes smaller as
we enlarge the number of lattice in the subsystem. We set lB = lC =
30, 40, 50 as indicated.

structure for all X , P, and R correlators is given by

Frs = 1

N

N−1∑
k=0

f (x/p/r)(k) cos

(
2πk(r − s)

N

)
, (3.28)

where

f (x)(k) = 1

ω1,k + ω2,k
, f (p)(k) = ω1,kω2,k

ω1,k + ω2,k
,

f (r)(k) = i

2

ω2,k − ω1,k

ω1,k + ω2,k
,

(3.29)

whose eigenvalues are given by

λ
(x/p/r)
j = 1

2p

p−1∑
k=0

f (x/p/r)( j + k NA). (3.30)

Since we are interested in the eigenvalues of i J · γ , one can
check that the eigenvalues are given in terms of the eigenval-
ues of the X , P, and R matrices by

λ j = ±
√

λ
(x)
j λ

(p)
j − λ

(r)
j

2
. (3.31)

The expression in the square root is always positive. Now in
order to simplify the results in our region of interest, we take
NA, N � 1 while N/NA = p is held fixed. In this case we find

λ(x) = ± 1

2p

[
p−1∑

r,s=0

4ω1,x+ r
p
ω2,x+ r

p
+ ω−(r)ω−(s)

ω+(r)ω+(s)

] 1
2

,

(3.32)
where x = j/N and

ω±(i) ≡ (ω1,x+ i
p
± ω2,x+ i

p
).

The pseudoentropy is given by

SA(τ )

NA
= p

∫ 1
p

0
dx

[(
λ(x) + 1

2

)
log

(
λ(x) + 1

2

)

−
(

λ(x) − 1

2

)
log

(
λ(x) − 1

2

)]
. (3.33)
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Now let us focus on the case that we can compute the z
dependence analytically. Let us for simplicity first focus on
p = 2 case. For simplicity we take the limit m1, m2 → 0. In
this limit it is not hard to find that

λ(x) = 1

2

[
(2z2−z1 + cosz1 (πx) cscz2 (πx))

(2z2−z1 + cscz2−z1 (πx))

] 1
2

×
[

(2z2−z1 + sinz1 (πx) secz2 (πx))

(2z2−z1 + secz2−z1 (πx))

] 1
2

, (3.34)

which is symmetric on z1 and z2. One can see that when z2 �
z1, the eigenvalues approach a constant value. This behavior
is similar to the plateau we have found numerically for single
interval pseudoentropy.

Using the analytic expression of the eigenvalues, we can
analytically find how pseudoentropy depends on the value of z
as well as finding the z dependence of the plateau. For similar
analysis in case of von Neumann entanglement entropy, see
[29]. To do so we consider the following approximation for
the eigenvalues

λ(x) ≈
{

1
2 cot(πx)

z1
2 0 < x < 1/4

1
2 tan(πx)

z1
2 1/4 < x < 1/2

, (3.35)

where the neglected terms are O((z2 − z1)0). In the λ(x) � 1
limit, one can find that using the above approximations leads
to

SA(τ )

NA
≈ 2

∫ 1
2

0
dx log (λ(x))

≈ z1

2

∫ 1
4

0
dx log cot(πx) + z1

2

∫ 1
2

1
4

dx log tan(πx)

= Gc

π
z1,

(3.36)

where Gc is the Catalan’s constant (≈0.916). This linear
dependence is in agreement with numerical study of these
periodic subregions but is different from the small z cases that
we have studied with a single connected subregion where the
z dependence is quadratic. Other features of these periodic
subregions are similar to the single interval case we studied
earlier in this section.

IV. PSEUDOENTROPY AS A PROBE FOR QUANTUM
PHASE TRANSITIONS

In this section, we study the pseudoentropy of the quan-
tum XY model, which can be mapped to quadradic fermion
via Jordan-Wigner transformation and shows colorful phase
transitions. We will focus on the difference �S12 = S(τ 1|2

A ) −
1
2 (S(ρ1

A) + S(ρ2
A)). We will see that is �S12 is always non-

positive when |ψ1〉 and |ψ2〉 are in the same quantum phase,
while it tends to be positive when |ψ1〉 and |ψ2〉 are in different
quantum phases. An interpretation of this kind of behavior
will be discussed in holographic setups in Sec. VII B.

λ

γ0 1

critical XY

c = 1

c = 1/2

Ising

1

critical XX

FIG. 14. The phase structure of the quantum XY model. The bold
blue line (γ = 0 and 0 � λ < 1) and the bold green line (λ = 1
and γ > 0) are the two critical lines. The red dashed line (γ = 1)
corresponds to the transverse Ising model. The ground state becomes
degenerate at the black-dashed line (λ2 + γ 2 = 1).

A. XY spin model

The XY spin chain or quantum XY model is a nearest-
neighbor interacting spin chain defined with the following
Hamiltonian:

HXY = −1

2

∑(
1 + γ

2
σ x

n σ x
n+1 + 1 − γ

2
σ y

n σ
y
n+1 + λσ z

n

)
,

(4.1)
where {σ x, σ y, σ z} refer to Pauli matrices and λ denotes the
external magnetic field. The other parameter γ controls the
interaction in the xy plane. The quantum XY model reduces to
the famous transverse Ising model at γ = 1.

The ground state of this model shows a rich phase structure
[2,19,20] (see Fig. 14). Thanks to the symmetries, it is suffi-
cient to look at γ � 0 and λ � 0. There are two critical lines.
One is γ = 0 and 0 � λ < 1 shown in blue. This critical line
is often called the critical XX model and belongs to the univer-
sality class with central charge c = 1. The other critical line is
λ = 1 and γ > 0 shown in green. This is called the critical XY
model and belongs to the universality class with central charge
c = 1/2. Except these, there are two dashed lines, which are
also important even though they are not critical. One is the
γ = 1 line shown shown in red. The famous transverse Ising
model corresponds to this line. The other is the γ 2 + λ2 = 1
line shown in black. The ground state acquires a 2-degeneracy
along this line.

This rich phase structure makes it possible to testify our
conjecture introduced in [15] on the ability of pseudoentropy
to distinguish between states belonging to different/same
quantum phases. This conjecture is as follows. Consider the
difference �S12 = S(τ 1|2

A ) − 1
2 (S(ρ1

A) + S(ρ2
A)). We conjec-

ture that, if �S12 is positive, then |ψ1〉 and |ψ2〉 must lie in
different phases. In the following, we will see that numerical
results in the quantum XY model support this conjecture. To
adapt the correlator method for calculation of pseudoentropy
corresponding to a single block of spins in these models, we
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consider the fermionic representation (see for instance [5] for
the details of the Jordan-Wigner transformation) of the XY
chain as

HXY = 1

2

N−1
2∑

n=− N−1
2

[
(c†

n+1cn + c†
ncn+1)

+ γ (c†
nc†

n+1 + cn+1cn) − λc†
ncn

]
. (4.2)

Considering the Fourier transformation

cn = 1√
N

N−1
2∑

k=− N−1
2

dk e− 2π ink
N , (4.3)

together with the following Bogoluibov transformations:

d†
k = ukb†

k − ivkb−k, (4.4)
where uk = cos θk , vk = sin θk and

tan(2θk ) = γ sin 2πk
N

cos 2πk
N − λ

, (4.5)

the Hamiltonian can be diagonalized as

HXY =
N−1

2∑
k=− N−1

2

�kb†
kbk, (4.6)

where

�k =
√(

cos
2πk

N
− λ

)2

+ γ 2 sin2 2πk

N
.

Since we are interested in computing the pseudoentropy, here
we consider an extra Bogoliubov transformation between
vacuum states corresponding to (λi, γi ) parameters in the
Hamiltonian, which are the input states of the pseudoentropy
as

b2,k = αkb1,k + iβkb†
1,−k, (4.7)

where

αk = cos(θ1 − θ2), βk = sin(θ1 − θ2). (4.8)

The vacuum states |ψi〉 associated to the Hamiltonian with
(λi, γi ) are expressed in terms of each other as

|ψ2〉 =
⊗
k>0

(
αk − iβkb(1)

k

†
b(1)

−k

†)|ψ1〉. (4.9)

With these in hand, we can find that the explicit expressions
for the correlators, defined previously in Eq. (2.33), are given
by

C1 = −2

N

∑
k>0

(
ukvk − βk

αk
u2

k

)
sin

(
2πk(m − n)

N

)
, (4.10)

C2 = 2

N

∑
k>0

(
u2

k + βk

αk
ukvk

)
cos

(
2πk(m − n)

N

)
, (4.11)

C3 = 2

N

∑
k>0

(
v2

k − βk

αk
ukvk

)
cos

(
2πk(m − n)

N

)
, (4.12)

C4 = 2

N

∑
k>0

(
ukvk + βk

αk
v2

k

)
sin

(
2πk(m − n)

N

)
. (4.13)

We can plug these expressions in the method introduced in
Sec. II B to produce the numerical results.

B. Numerical results

In this section we present two sets of numerical results for
the XY model. The first set is produced by the continuum limit
of the correlator method, where we report results for large
subsystems on an infinite lattice. We also present a second set
of results produced by direct diagonalization (with the help of
[36]) of the spin models on quite smaller systems where the
size of the total system is 14 and the subregion is half of the
chain. We use periodic boundary conditions.

We study pseudoentropy by fixing one state and changing
the other. More precisely, we consider |ψ1〉 to be the ground
state at a given fixed point in the phase space and follow a path
in the phase space in which we consider |ψ2〉 to be the ground
state of the model through this path. We show the paths with
orange zigzag line on the phase diagram. The paths, which we
are interested in are those which the path crosses the special
lines illustrated in the phase space in Fig. 14. These lines are
sometimes borders between two different phases so in part of
the path |ψ1〉 and |ψ2〉 belong to the same phase and in the
other part they belong to different phases.

We will see in the following numerical results that �S12 �
0 if |ψ1〉 and |ψ2〉 are in the same quantum phase. We will also
see that �S12 tends to be positive (though not always) when
|ψ1〉 and |ψ2〉 are in different quantum phases.

1. Crossing critical lines

Let us fix |ψ1〉 and change |ψ2〉 to see how pseudoentropy
and �S12 change. We will firstly focus on the cases where
|ψ2〉 crosses critical lines.

In Fig. 15 we show how pseudoentropy behaves while |ψ2〉
crosses the XY critical line, which belongs to the universality
class with central charge c = 1/2. |ψ1〉 is fixed on one of
the end points of the path in each panel and we can see how
pseudoentropy, entanglement entropy and �S12 change across
this line. We can see �S12 becomes positive only when |ψ1〉
and |ψ2〉 are in different phases. The spin models calcula-
tion is smooth at the critical line due the small size of the
system.

In Fig. 16 we show how pseudoentropy behaves while it
crosses the XY critical line along on the Ising line, though the
crossing point is critical Ising with central charge c = 1/2.
This is basically similar to the result presented previously in
[15]. In each panel |ψ1〉 is fixed on one of the end points of the
path and we again confirm that �S12 becomes positive only
when |ψ1〉 and |ψ2〉 are in different phases.

In Fig. 17 we show how pseudoentropy behaves while it
crosses the XX critical line, which belongs to the universality
class with central charge c = 1. Here we have set |ψ1〉 to be
the right endpoint γ > 0 of the path. We can again confirm
that the entanglement entropy shows a sharp behavior at the
critical line for large systems and �S12 becomes positive only
when |ψ1〉 and |ψ2〉 are in different phases.
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FIG. 15. Crossing the XY critical line. (b) and (c) correspond to correlator method for subregion �x = 50 on an infinite lattice, (d) and (e)
correspond to direct calculation with �x = 7 on a periodic lattice with 14 sites. In the plots (b)–(d), the one with a sharp peak around λ2 = 1 is
the average (S1 + S2)/2, while the other is the pseudoentropy S(τ 1|2).
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FIG. 16. Crossing the XY critical line along the Ising line. (b) and (c) correspond to the correlator method for subregion �x = 50 on an
infinite lattice, (d) and (e) correspond to direct diagonalization with �x = 7 on a periodic lattice with 14 sites. In the plots (b)–(d), the one with
a sharp peak around λ2 = 1 is the average (S1 + S2)/2, while the other is the pseudoentropy S(τ 1|2).
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FIG. 17. Crossing the XX critical line. (b) is given by the correlator method for subregion �x = 100 on an infinite lattice and (c) is given
by direct diagonalization with �x = 7 on a periodic lattice with 14 sites. In the plots (b)–(d), the one with a sharp peak around λ2 = 0 is the
average (S1 + S2)/2, while the other is the pseudoentropy S(τ 1|2).

2. Crossing non-critical lines

Although we have already seen how �S12 changes when
|ψ2〉 crosses critical lines, we would like to present more
examples confirming �S12 � 0 when |ψ1〉 and |ψ2〉 are in the
same phase.

In Fig. 18 we show the case in which |ψ2〉 crosses the Ising
line. Note that since the Ising line is not a critical line, |ψ2〉
lies in the same phase from the start to the end. We can see
that �S12 � 0 always holds in this case.

In Fig. 19 we show how pseudoentropy behaves while |ψ2〉
crosses the γ 2 + λ2 = 1 line where the ground state of the

XY model is a product state but doubly degenerate [37]. In
this case as we can see the entanglement entropy of |ψ2〉
is ln 2 when it is on this line from the green curve. Due to
the degeneracy of the states numerical, computation becomes
very costly in the vicinity of this line. Again as can been seen
from the two middle panels, �S12 � 0. This is again consis-
tent with the conjecture, since γ 2 + λ2 = 1 is not a critical
line. The other specific property of this line is that while |ψ2〉
passes through the degenerate line (the two states belong to
two sides of a degenerate point), the pseudoentropy takes an
imaginary value. Similar observation for qubit systems can be
found in [12].
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FIG. 18. Crossing the Ising line. (b) and (c) correspond to the correlator method for subregion �x = 50 on an infinite lattice, (d) and
(e) correspond to direct diagonalization with �x = 7 on a periodic lattice with 14 sites. In the plots (b)–(d), the upper graph is the average
(S1 + S2)/2, while the lower one is the pseudoentropy S(τ 1|2).
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FIG. 19. Crossing the degenerate semi circle. Panel (b) is given by the correlator method for subregion �x = 100 on an infinite lattice
and panel (c) is given by direct diagonalization with �x = 7 on a periodic lattice with 14 sites. Panel (d) shows to the imaginary part of the
pseudoentropy. In the plots (b)–(d), the upper, middle and lower graph at γ2 = 0.8, are Re[S(τ 1|2)], S2 and (S1 + S2)/2, respectively.

V. GLOBAL QUANTUM QUENCHES

In this section, we investigate the time evolution of pseu-
doentropy after a global quantum quench.

A global quench is to firstly prepare an initial state
(which is usually translational invariant) with only short-range
correlation in it, and then let it evolve using a massless Hamil-
tonian. Tracking the time evolution of this state, one can
see how the long-range correlation is created. For example,
entanglement entropy is one of the most typical quantities,
which capture the features. Under the time evolution, the
entanglement entropy of a finite interval firstly grows linearly
and then saturate to a value, is proportional to its length.

To study the pseudoentropy associated to global quenches,
we let two different initial states evolve under the same Hamil-
tonian. In other worlds, we consider a transition matrix in the
following form:

τ 1|2 = |ψ1(t )〉〈ψ2(t )|
〈ψ2(t )|ψ1(t )〉 , (5.1)

where

|ψ1(t )〉 = e−iHt |ψ1(0)〉, ‖ψ2(t )〉 = e−iHt |ψ2(0)〉. (5.2)

Note that, in the |ψ2(0)〉 → |ψ1(0)〉 limit, it reduces to the
standard density matrix after a global quench. Of course in
the case of pseudoentropy one can consider different types of
quenches where in general |ψ1(0)〉 and |ψ2(0)〉 are evolved
with different Hamiltonians. We will not consider this general
case here.

In the following, we firstly give a formalism, which allows
one to compute the pseudoentropy after global quenches an-
alytically in a CFT and show the results for the free Dirac
fermion as a concrete example in Sec. V A. After that, we in-
dependently compute the same quantity in the free scalar the-
ory using the correlator method in Sec. V B. We show that the
spectrum of the reduced transition matrix becomes imaginary.

Finally, in Sec. V C, we give the gravity dual of the
transtion matrix (5.1) in a holographic CFT. We show that
the gravity dual contains an end-of-the-world brane whose
location is given by complexified coordinates. This reflects
the imaginary nature of the transition matrix.

A. CFT

A global quench in a CFT can be simulated by evolving a
boundary state |B〉 [38] as following [6,7,39]:

e−itH e−αH |B〉 . (5.3)

Here, e−αH is a smearing factor introduced to avoid diver-
gence. As we will see below, this factor actually gives an
effective temperature β = 4α to the quenched state.

Let us consider a transition matrix with two different ini-
tial states e−α1H |B〉 and e−α2H |B〉 evolving under the same
Hamiltonian H :

τ 1|2(t ) = e−itH e−α1H |B〉〈B|e−α2H eitH

〈B|e−(α1+α2 )H |B〉 . (5.4)

The corresponding Euclidean path integral, whose coordinates
are parameterized by z = x + iτ , is a strip shown in the upper
half of Fig. 20.

As shown in the lower half of Fig. 20, it is convenient to
map the strip to a right half plane (RHP) parameterized by ξ

using the following conformal transformation:

ξ = f (z) = e
π[z+i(α1−α2 )/2]

α1+α2 . (5.5)

Therefore, a one-point function of a primary operator O(z, z̄)
with conformal weight (h, h̄) is evaluated as

〈O(z, z̄)〉strip = f ′(z)h f̄ ′(z̄)h̄ 〈O(ξ, ξ̄ )〉RHP

= C f ′(z)h f̄ ′(z̄)h̄ 〈O(ξ, ξ̄ )O(−ξ̄ ,−ξ )〉C , (5.6)

where a mirror trick is performed in the second line, and C
is a constant, which depends on the details of the boundary
condition. For simplicity, we will take C = 1 in the following.
Generic correlation functions can be computed in a similar
manner.

1. Pseudoentropy for an infinite interval

Let us firstly take the subsystem A to be a half of the whole
system (i.e., A = {x | 0 < x}) and consider its pseudoentropy.

Thanks to the conformal symmetry, the computation of
nth pseudo-Rényi entropy reduces to evaluating correlation
functions of twist operators σn inserted in ∂A [4,12]. The
conformal weight of σn is given by

hn = h̄n = c

24

(
n − 1

n

)
, (5.7)

where c is the central charge of the CFT.
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iα2

−iα1

ξ = f(z) = e
π[z+i(α1−α2)/2]

α1+α2

FIG. 20. The Euclidean path integral corresponding to τ 1|2(t )
(upper panel, parameterized by z = x + iτ ) and the conformal
transformation mapping it to a right-half plane (lower panel, param-
eterized by ξ ).

In this case, the nth pseudo-Rényi entropy is

S(n)
(
τ

1|2
A (t )

) = 1

1 − n
log 〈σn(iτ,−iτ )〉strip |τ=it . (5.8)

Using Eqs. (5.5) and (5.6), it is straightforward to find that

S
(
τ

1|2
A (t )

)
= c

6
log

(
2α+
πε

cos
π (2it + α−)

2α+

)

= c

6
log

(
2α+
πε

[
cosh

πt

α+
cos

πα−
2α+

− i sinh
πt

α+
sin

πα−
2α+

])

(5.9)

by taking n → 1. Here, we introduced α± = α1 ± α2. ε is a
UV cutoff corresponding to the lattice distance.

By replacing α+ with 2αi (i = 1, 2) and α− with 0, we can
recover the standard entanglement entropy for each state:

S
(
ρ i

A(t )
) = c

6
log

(
4αi

πε
cosh

πt

2αi

)
. (5.10)

The key feature of this entanglement entropy is that it has a
linear time evolution at late time:

S
(
ρ i

A(t )
) = πc

12

t

αi
+ · · · . (5.11)

Note that the results in this section is universal in any CFT,
since we only used two point functions of primary operators.

2. Finite single interval in dirac free fermion

Let us then consider a finite interval with length l as the
subsystem A. In this case, we need to compute the two-point
function of the twist operator on the strip. This computation
can be done by evaluating a four-point function of twist op-
erators on the C � R2. Therefore, we need to consider some
solvable theories. In this part, we consider Dirac free fermion
as a concrete example. Note that c = 1 in this case.

To begin with, in free Dirac fermion CFT, the two-point
function of twist operators on the right-half plane (RHP) is
given by [3]

〈σn(ξ1, ξ̄1)σ̄n(ξ2, ξ̄2)〉RHP

=
√

〈σn(−ξ̄1,−ξ1)σ̄n(−ξ̄2,−ξ2)σn(ξ1, ξ̄1)σ̄n(ξ2, ξ̄2)〉C

∝
(

(ξ1 + ξ̄2)(ξ̄1 + ξ2)

(ξ1 − ξ2)(ξ̄1 − ξ̄2)(ξ1 + ξ̄1)(ξ2 + ξ̄2)

)2hn

. (5.12)

Let us use z1 = iτ and z2 = l + iτ to denote the two edges of
the subsystem A.

The nth pseudo-Rényi entropy is

S
(
τ

1|2
A (t )

)
= lim

n→1

1

1 − n
log 〈σn(iτ,−iτ )σ̃n(z + iτ, z − iτ )〉strip |τ=it

= 1

6
log

[(
2α+
πε

)2

×
cosh2

(
π
α+

(t − i
2α−)

)
sinh2

(
π�

2α+

)
cosh

(
π
α+

(t − i
2α− − �

2 )
)

cosh
(

π
α+

(t − i
2α− + �

2 )
)
]
.

(5.13)

The entanglement entropy for each state is

S
(
ρ i

A(t )
)

= 1

6
log

((
4αi

πε

)2 cosh2
(

πt
2αi

)
sinh2

(
π l
4αi

)
cosh

(
π

2αi
(t − l

2 )
)

cosh
(

π
2αi

(t + l
2 )
)
)

.

(5.14)

For αi � t � l ,

S
(
ρ i

A(t )
) = π

6

t

αi
+ · · · . (5.15)

On the other hand, for αi � l � t ,

S
(
ρ i

A(t )
) = π

12

l

αi
+ · · · . (5.16)

From this behavior, we can see that at late time, the state
mimics a thermal state with temperature β = 4α.

B. Free scalar theory

In this section we utilize the correlator method to
study time evolution of pseudoentropy followed by quantum
quenches in free theories. We consider the pre-quech state to
be a Gaussian state, namely the vacuum of a massive theory
with a given dynamical exponent and the post-quench state to
be again a Gaussian state, the massless vacuum of the theory
with the same dynamical exponent.
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To find the corresponding correlators, we need to evaluate

〈ψ1(t )|O|ψ2(t )〉 = 〈ψ1(0)|eiHt Oe−iHt |ψ2(0)〉 (5.17)

for O = X, P, R. This expression contains three type of cre-
ation and annihilation operators corresponding to H1 and H2

as well as H , where the last evolves the states. We expand
all the operators in terms of the creation and annihilation
operators of H2 as well as the states in terms of its energy
modes.

We recall that we have already worked out the desired
transformation in (2.5):

ai,k = αi2,k a2,k + βi2,k a†
2,k,

a†
i,k = βi2,k a2,k + αi2,k a†

2,k, (5.18)

where similar to (2.6)

αi2,k = 1

2

(√
ωi,k

ω2,k
+
√

ω2,k

ωi,k

)
,

βi2,k = 1

2

(√
ωi,k

ω2,k
−
√

ω2,k

ωi,k

)
. (5.19)

In these expressions, ai,k stands for the annihilation operator
of |ψ1〉 or the one appearing in H . The relation between these
two initial states is given by |0〉1 = ∑∞

n=0 c2n |2n〉2 where
similar to (2.7) we have

c2n =
(

−β12

α12

)n
√

(2n − 1)!!

2n!!
c0 (5.20)

So in this language (5.17) reduces to

〈ψ1(t )|O|ψ2(t )〉 =
∞∑

n=0

c2n〈2n|eiHt Oe−iHt |0〉. (5.21)

It is not hard to show that that correlators in the momentum
space are given by

X (k) = 1

ω2(ω1 + ω2)

[
ω2 cos2(ωt )

+ ω1ω2 sin2(ωt ) + i

2
ω(ω2 − ω1) sin(2ωt )

]
,

P(k) = 1

(ω1 + ω2)

[
ω sin2(ωt )

+ ω1ω2 cos2(ωt ) − i

2
ω(ω2 − ω1) sin(2ωt )

]
,

R(k) = 1

2ω(ω1 + ω2)

[
(ω1ω2 − ω2) sin(2ωt )

+ iω(ω2 − ω1) cos(2ωt )

]
(5.22)

where ω corresponds to the post-quench Hamiltonian and on
the right-hand side we have dropped the momentum index for
simplicity. It is clear from these expressions that there is non-
trivial imaginary contribution in the correlators, which leads
to nontrivial imaginary spectrum for the transition matrix.

One can easily check that the above expressions in the
|ψ2(0)〉 → |ψ1(0)〉 limit reduce to the standard quantum

quench, which gives the (real) spectrum of the reduced density
matrix.

We have shown our numerical results for a finite interval,
versus the analytical results for free fermion model for finite
interval in the Fig. 21. In this figure we have considered
quenching from a gapped Hamiltonian to a gapeless one
to compare our results with CFT results. The left column
corresponds to the real part of pseudoentropy together with
the corresponding entanglement entropies of both states, the
middle column shows the imaginary part of pseudoentropy
together with the time derivative of the corresponding entan-
glement entropies, and the right column shows �S12, which is
negative as expected in all cases.

1. On the imaginary part

The evolution of the real part of pseudoentropy is very
similar to that of entanglement entropies. On the other hand,
we numerically observe that the evolution of the imaginary
part is very similar to the time derivative of entanglement
entropies. Let’s take a look at our analytic expressions for
the free fermion model to understand this behavior. From
the expressions of the pseudoentropy and the corresponding
entanglement entropies given in (5.13) and (5.14), one can
easily see that

2n dnS(τ 1|2)

dαn−

∣∣∣∣∣
α−=0

= (−i)n dnS(ρ(α+))

dtn
,

with this it is easy to see that

Re[S(τ 1|2)] =
∞∑

n=0

α2n
−

(2n)!

d2nS(τ 1|2)

dα2n−

∣∣∣∣∣
α−=0

, (5.23)

Im[S(τ 1|2)] =
∞∑

n=0

α2n+1
−

(2n + 1)!

d2n+1S(τ 1|2)

dα2n+1
−

∣∣∣∣∣
α−=0

. (5.24)

One can see that when α− � α+ (as it is in Fig. 21), the linear
approximation in the above expansion works well and we have

S(τ 1|2) = S(ρ(α+)) − i
α−
2

dS(ρ(α+))

dt
+ · · · , (5.25)

where the linear approximation works well for the cases that
α1 and α2 are very different even by an order of magnitude.

C. The gravity dual for quenched transition matrices

In Sec V A, we gave the Euclidean path integral (shown in
Fig. 20) corresponding to the transition matrix

τ 1|2(t ) = e−itH e−α1H |B〉〈B|e−α2H eitH

〈B|e−(α1+α2 )H |B〉 . (5.26)

The setup is a boundary CFT (BCFT). If the CFT is holo-
graphic, we can use the AdS/BCFT correspondence [40,41]
to construct its gravity dual. We are going to consider this in
this subsection.

In one word, the resulting geometry is an eternal black-hole
with inverse temperature β = 2(α1 + α2). There is an end-of-
the-world brane in the bulk whose location involves imaginary
parts, reflecting the imaginary nature of the transition matrix
(5.26).

033254-18



ASPECTS OF PSEUDOENTROPY IN FIELD THEORIES PHYSICAL REVIEW RESEARCH 3, 033254 (2021)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 21. Panel (a) we show the time evolution of the real part of pseudoentropy and the entanglement entropies of both input states for
scalar theory with z = z1 = z2 = 1, m1 = 1, m2 = 2 and m = 10−5 for subregion of length LA = 100 on an infinite lattice. In panel (b) we show
the time evolution of the imaginary part of pseudoentropy compared with the time derivative of the entanglement entropy of the input states. In
panel (c) we show the time evolution of �S. Panels (d), (e), and (f) are similar to (a), (b), and (c) with z = z1 = z2 = 2. Panels (g), (h), and (i)
are similar plots for free fermion analytic results where we set ε = 10−5, α1 = 2 and α2 = 3/4. In the plot (a), (d), and (g), the upper, middle
and lower graph describe S(ρ1), ReS(τ 1|2), and S(ρ2), respectively. In the plot (b), (e), and (h), the upper, middle, and lower graph describe
ImS(τ 1|2), dS(ρ2)/dt , and dS(ρ1)/dt , respectively.

Readers can choose to skip this subsection, and this will
not affect reading other parts.

In the following, we firstly review AdS/BCFT and the
gravity dual of the density matrix for a conventional quenched
state with inverse temperature β = 4α:

ρ(t ) = e−itH e−αH |B〉〈B|e−αH eitH

〈B|e−2αH |B〉 . (5.27)

A recipe for constructing the gravity dual of a generaic 2D
BCFT is given in [42,43]. However, we will not fully apply
this recipe because the simplicity of the current setup allows
us to make many shortcuts. The gravity dual for the global
quench was firstly investigated in [44] and further explored in
[45–47].

After that, we will replace the parameters properly to
get the gravity dual for a transition matrix and discuss its
properties.

1. The AdS/BCFT correspondence

Consider a BCFT defined on a manifold �. The idea of the
AdS/BCFT correspondence is that, since � has a boundary,
its gravity dual M should also contains an end-of-the-world
brane Q, which satisfies ∂Q = ∂� as a portion of ∂M. See
Fig. 22. M is determined by solving the Einstein equation in
the bulk with Dirichlet boundary condition imposed on � and
Neumann boundary condition

Kab − Khab + T hab = 0. (5.28)

imposed on Q. Here, Kab, hab and T are the extrinsic curva-
ture, the induced metric and the tension of Q, respectively.
Note that the tension T depends on the details of the BCFT’s
boundary condition.
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Σ

∂Σ

AdS/BCFT

Q

M

Σ

∂Q = ∂Σ

FIG. 22. A sketch of the AdS/BCFT correspondence. The left
half shows a 2D manifold � (shown in grey) on which the BCFT is
defined. Its gravity dual M is shown in the right half. M is a portion
of a 3D asymptotically AdS spacetime with ∂M = � ∪ Q. Q (shown
in blue) is an end-of-the-world brane with Neumann boundary con-
dition (5.28) imposed on it, and ∂Q = ∂�.

2. Gravity dual of a global quench

The Euclidean path integral corresponding to the density
matrix (5.27) of a global quench is a strip with −α � τ � α.
After some messy but straightforward computation, one can
figure out that its gravity dual is a Euclidean BTZ black hole
with inverse temperature β = 4α,

ds2 = dr2

r2 − r2
H

+ r2dx2 + (
r2 − r2

H

)
dτ 2, (5.29)

rH = 2π

β
= π

2α
, (5.30)

with an end-of-the-world brane Q floating in the bulk. The
location of Q is given by

rbrane(τ ) = rH√
1 − T 2

√
1 + T 2 tan2

(
2πτ

β

)
. (5.31)

for T �= 0, and

τ = ±α (5.32)

for T = 0. The situation is sketched in Fig. 23. Also, a spatial
slice of the gravity dual is shown in Fig. 24.

Note that, though T and −T give the same value of rbrane in
Eq. (5.31), these two cases correspond to two different brane
configuration. See Fig. 24. For positive tension, the gravity

∂Σ

AdS/BCFT

Q

Σ

∂Q = ∂Σ

Σ

M

x

x

τ
τ

FIG. 23. The AdS/CFT correspondence for a Euclidean strip.
The asymptotic boundary � and the end-of-the-world brane Q are
shown in grey and blue respectively.

τ

r

τ

r

Σ Q

FIG. 24. A x = const. slice of the right panel of Fig. 23. The
solid grey (blue) line shows the asymptotic boundary � (end-of-
the-world brane Q), and the dotted grey line shows the asymptotic
boundary of a regular Euclidean BTZ black hole. For positive (nega-
tive) tension T , the gravity dual looks like the left (right) panel where
the larger (smaller) portion is taken.

dual is given by the larger portion. For negative tension, the
gravity dual is given by the smaller portion.

The gravity dual of a global quench in Lorentzian signa-
ture can obtained by simply taking the analytic continuation
τ → it in Eqs. (5.29) and (5.31). Note that however in the
Lorentzian case, the (t, x, r) coordinate only covers one AdS-
Schwartzchild patch and is not suitable to probe the interior
region of the black hole. We will shortly discuss how to
probe the whole spacetime at the last part of this subsection.
Also, the brane Q intersects the AdS-Schwartzchild patch
only when tension T is negative. Therefore, we would like
to restrict our discussion to negative tension cases when using
the (t, x, r) coordinate.

3. Gravity dual of transition matrix τ1|2(t )

Since we have already gotten the gravity dual for the
density matrix of a globally quenched state, it is straight-
forward to obtain the gravaity dual for the transition matrix
τ 1|2. All one should do is to replace β → (β1 + β2)/2 and
τ → it + (−β1 + β2)/8 in in Eqs. (5.29) and (5.31). Note that
βi = 4αi.

The metric is given by

ds2 = dr2

r2 − (
4π

β1+β2

)2 + r2dx2 −
(

r2 −
(

4π

β1 + β2

)2)
dt2.

(5.33)

This is a BTZ black hole with an averaged inverse temperature
(β1 + β2)/2. Besides, the brane Q locates at

rbrane(t ) = 4π

(β1 + β2)
√

1 − T 2

×
√

1 − T 2 tanh2

(
4πt

β1 + β2
− i

π

2

β2 − β1

β2 + β1

)
.

(5.34)

for negative T .
The key feature of the gravitational configuration for this

transition matrix is that the location of the end-of-world brane
is given by complex coordinate values, while the background
metric itself is real valued.
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4. Complex brane behind the horizon

To probe the region inside the wormhole, we need to extend
our coordinate to, for example, the Kruskal coordinate. Let
us use t− to denote the time of the patch we are focusing on
and t+ to denote the time of the other side of the wormhole.
We can extend to the Kruskal coordinate by applying the
diffeomorphism

Ũ = ±
√

r − rH

r + rH
erH t∓ , (5.35)

Ṽ = ∓
√

r − rH

r + rH
e−rH t∓ . (5.36)

The metric turns out to be

ds2 = −4dŨdṼ + (−1 + ŨṼ )2 r 2
H dx2

(1 + ŨṼ )2
. (5.37)

Here, Ũ and Ṽ are light cone coordinates. Let us also intro-
duce a spacelike coordinate X̃ and a timelike coordinate T̃ for
convenience:

Ũ = T̃ − X̃ , (5.38)

Ṽ = T̃ + X̃ . (5.39)

By identifying β → (β1 + β2)/2 and τ → it− + (−β1 +
β2)/8, we can express the dual geometry of the transition
matrix in the Kruskal coordinate.

Let us consider a zero tension brane. Plugging (5.32) into
(5.35) and (5.36) and erasing r, we get

X̃ = T̃

i tan
(

πβ1

β1+β2

) . (5.40)

This is the location of the zero tension brane in the gravity dual
of the transition matrix. We can see that the coordinates should
take complex values in this case. Note that when β1 = β2, the
brane locates at X̃ = 0, and this gives the well-known result
in the conventional global quench setup.

VI. PSEUDOENTROPY IN PERTURBED CFTS

In this section, we explore universal properties of pseu-
doentropy under perturbations of a given field theory.
Especially we focus on perturbations of two dimensional CFT
and would like to examine the difference between the pseu-
doentropy and the entanglement entropy.

A. Toy example: Two qubit system

Before we go on to studies of CFTs, we would like to
start with perturbations of two qubit states as a toy example.
Consider the state with an angle θ1

|ψ1〉AB = cos θ1|00〉AB + sin θ1|11〉AB, (6.1)

and similarly |ψ2〉AB with another angle θ2. We assume the
range 0 � θ1, θ2 � π

2 . The pseudoentropy for these states is

found as

S
(
τ

ψ1|ψ2
A

) = −
(

cos θ1 cos θ2

cos(θ1 − θ2)

)
log

(
cos θ1 cos θ2

cos(θ1 − θ2)

)

−
(

sin θ1 sin θ2

cos(θ1 − θ2)

)
log

(
sin θ1 sin θ2

cos(θ1 − θ2)

)
. (6.2)

We are interested in a small perturbation θ2 = θ1 + δ. Then
the interesting difference looks like

2S
(
τ

ψ1|ψ2
A

)− (
S
(
ρ

ψ1
A

)+ S
(
ρ

ψ2
A

)) � f (θ1)δ2 + O(δ3),

(6.3)

where we defined

f (θ ) = 1

2
+ cos 2θ

2
· log tan2 θ. (6.4)

It is easy to see that this function takes both the positive and
negative value. The positive values are localized around the
maximally entangled points θ = π

4 . On the other hand, when
the state has small entanglement, the difference (6.3) gets
negative.

B. First law-like relation

Next we would like to examine a universal property of
pseudoentropy under infinitesimal perturbations, which is
analogous to the first law like relation in entanglement entropy
[33,34]. Consider two transition matrices: τ0 and its infinites-
imally perturbed one τ , whose difference is written as

δτ ≡ τ − τ0. (6.5)

Consider a generalization of relative entropy for the transi-
tion matrices, defined as

S(τ |τ0) = Tr[τ log τ ] − Tr[τ log τ0]. (6.6)

If we expand S(τ |τ0) with respect to the infinitesimal δτ , the
linear term vanishes and the leading term is the quadratic one:

S(τ |τ0)�
∫ ∞

0
dtTr

[
t

(t + τ0)2
δτ

1

t + τ0
δτ

]
. (6.7)

Since the linear term vanishes, we obtain the first law like
relation for pseudoentropy:

S(τ ) − S(τ0) � 〈H〉τ − 〈H〉τ0 + O(δτ 2), (6.8)

where H = − log τ0 is a ‘pseudo’ modular Hamiltonian.
If we take into account the perturbation up to the quadratic

order (6.7), we get

S(τ ) − S(τ0)

� 〈H〉τ − 〈H〉τ0 −
∫ ∞

0
dt Tr

[
t

(t + τ0)2
δτ

1

t + τ0
δτ

]
.

(6.9)

Consider two excited states |ψ1〉 and |ψ2〉 such that they
are very closed to the vacuum |0〉 in a given field theory.
Then the difference between the pseudoentropy τ

ψ1|ψ2
A and the

entanglement entropy of the vacuum S(ρA) is estimated from
the first law as follows:

S
(
τ

ψ1|ψ2
A

)− S(ρA) � 〈ψ2|HA|ψ1〉
〈ψ2|ψ1〉 + O(δτ 2), (6.10)
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where HA is the modular Hamiltonian given by HA =
− log ρA + h0, where the constant h0 is chosen such that
〈0|HA|0〉 = 0.

We can further consider the quadratic order term by using
Eq. (6.9). This shows the difference S(τψ1|ψ2

A ) + S(τψ2|ψ1
A ) −

S(ρ1A) − S(ρ2A) starts from quadratic order of the pertur-
bations of the state, though the sign of the quadratic term
depends on perturbations.

C. Pseudoentropy in perturbed CFTs

Now we would like to study the behavior of pseudoentropy
when we perturb a two dimensional CFT by a primary oper-
ator O(x1, x2) with the conformal dimension h. The action is
perturbed as follows:

S = SCFT +
∫

d2xλ(x)O(x). (6.11)

We take |ψ1〉 as the ground state of the original CFT and |ψ2〉
as that of the perturbed CFT. The reduced transition matrix τA

and the inner product 〈ψ2|ψ1〉 can be described by choosing

λ(x) = λθ (x1), (6.12)

where x1 is the coordinate of the Euclidean time and θ (x) =
|x|
2x + 1

2 is the step function.
The Euclidean two dimensional space R2 is described by

the complex coordinate (w, w̄), where w = x2 + ix1. The sub-
system A is chosen to be the interval 0 � x2 � L at the time
x1 = 0. The trace of products of the reduced transition matrix
is given as follows via the standard replica method:

Tr[(τA)n]= 〈e− ∫
d2xλ(x)O(x)〉�n

(〈e− ∫
d2xλ(x)O(x)〉�1 )n

, (6.13)

where �n is the n-sheeted Riemann surface obtained by repli-
cating the complex plane �1 along the interval A.

We write the reduced transition matrix at λ = 0, the
vacuum of the original CFT, as ρA, i.e., τA|λ=0 = ρA. By con-
sidering the perturbation with respect to λ, we can evaluate the
the difference of nth pseudo-Rényi entropy up to the quadratic
order as follows:

S(n)(τA) − S(n)(ρA)

= 1

1 − n
log

[
Tr[(τA)n]

Tr[(ρA)n]

]

� λ2

2(1 − n)

[∫
�+

n

dw2
1dw2

2〈O(w1)O(w2)〉�n

− n
∫

�+
1

dw2
1dw2

2〈O(w1)O(w2)〉�1

]
. (6.14)

Here �+
n is the upper half of the surfaces, where the perturba-

tion is localized, as depicted in the left-side of Fig. 25.
To calculate the two point functions on �n, we employ

the conformal map from �n into a single complex plane, as
sketched in Fig. 25, given by

zn = w

w − L
. (6.15)

AAAAAAAAA
A

P33 ++

Chamber 3

Chamber 2 Chamber 1

FIG. 25. The conformal map from a n-replicated upper complex
planes �+

n to a Pizza slice geometry P+
n . We wrote n = 3 explicitly

in the above pictures. The colored regions in the left and right picture
consist of n = 3 disconnected regions, which are �+

n and P+
n , respec-

tively. The n-sheeted surface with both colored and white region in
the left represents �n.

Since the two point function on a complex plane �1 is given
by the standard formula:

〈O(w1)O(w2)〉�1 = 1

|w1 − w2|4h
, (6.16)

the conformal invariance in two dimensional CFTs allows us
to evaluate as follows:∫

�+
n

d2w1d2w2〈O(w1)O(w2)〉�n

=
∫

P+
n

d2z1d2z2

∣∣∣∣ dz1

dw1

∣∣∣∣
2(1−h)∣∣∣∣ dz2

dw2

∣∣∣∣
2(1−h)

|z1 − z2|−4h

=
∫

P+
n

d2z1d2z2| f (z1) f (z2)|2(1−h)|z1 − z2|−4h, (6.17)

where we introduced the function

f (z) = nLzn−1

(zn − 1)2
. (6.18)

In the above, the region P+
n is the image of �+

n by the confor-
mal transformation (6.15), depicted in the right side of Fig. 25.
P+

n is explicitly given by

P+
n = {z = reiθ |0 � r < ∞, θ ∈ Qn}, (6.19)

where

Qn = ∪n−1
k=0

[
2πk

n
,

2πk

n
+ π

n

]
. (6.20)

Below we call the n disconnected regions in Qn (6.20) as n
chambers.

Since the integral (6.17) gets divergent when z1 and z2 get
closer, we need a UV regularization. For this purpose, it is
useful to rewrite the integral on �1 in terms of z coordinate
via the map (6.15) as follows∫

�+
1

dw2
1dw2

2〈O(w1)O(w2)〉�1

=
∫

P+
1

d2z1d2z2| f (z1) f (z2)|2(1−h)

∣∣∣∣g(z1, z2)

z1 − z2

∣∣∣∣
4h

,

(6.21)

where we defined

g(z1, z2) = n
(z1 − z2)(z1z2)

n−1
2

zn
2 − zn

1

, (6.22)
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and the single chamber region P+
1 as

P+
1 =

{
z = reiθ |0 � r < ∞, 0 � θ � π

n

}
. (6.23)

We would like to note the following useful properties:

lim
z2→z1

g(z1, z2) = 1, and |g(z1, z2)| � 1. (6.24)

In this way, the difference of pseudoentropy is represented
as follows:

S(n)(τA) − S(n)(ρA)

� λ2

2(1 − n)

[∫
P+

n

d2z1d2z2| f (z1) f (z2)|2(1−h)|z1 − z2|−4h

−n
∫

P+
1

d2z1d2z2| f (z1) f (z2)|2(1−h)

∣∣∣∣g(z1, z2)

z1 − z2

∣∣∣∣
4h
]
, (6.25)

If we set g = 1 in the above integral, the contributions from
the case where z1 and z2 cancels completely between the
difference, which remains the negative contributions from the
first integral (we assume n > 1) where z1 and z2 belong to
different chambers. In addition we know the property |g| < 1.
Thus we can conclude that the above difference is negative at
the leading perturbation O(λ2):

S(n)(τA) − S(n)(ρA) < 0. (6.26)

This shows the basic property of pseudoentropy in CFTs that
it gets decreased under perturbations.

D. Exactly marginal perturbation

Finally, let us focus on the exactly marginal case, i.e., h = 1
to study more details. The leading divergence of the integral
of z1 and z2 is logarithmic and this occurs when |z1 − z2|
vanishes. The difference of pseudoentropy is simplified as

S(n)(τA) − S(n)(ρA)

� λ2

2(1 − n)

[∫
P+

n

d2z1d2z2
1

|z1 − z2|4

−n
∫

P+
1

d2z1d2z2
1

|z1 − z2|4
]
. (6.27)

Since the UV divergences around z1 = z2 are canceled out
when both z1 and z2 are in the same chamber, we can focus on
the region where z1 and z2 are in different chambers. Then the
divergence arises in the two limits z1, z2 → 0 or z1, z2 → ∞,
corresponding to the limits that the coordinate w1 and w2 both
get closer to an end point of the interval A.

This consideration leads to the following estimation:

S(n)(τA) − S(n)(ρA)

� nλ2

2(1 − n)

∫ ∞

0
dr1dr2

∫ π
n

0
dθ1

n−1∑
k=1

∫ 2πk
n + π

n

2πk
n

dθ2

× r1r2

|r1eiθ1 −r2eiθ2 |4 . (6.28)

The mentioned divergences arise around r1 = r2 = 0 and r1 =
r2 = ∞.

To estimate the integral in Eq. (6.28), we rewrite the inte-
gral using new variables as (r1, r2) = ρ(cos φ, sin φ), where
0 � ρ < ∞ and 0 � φ � π

2 . We regulate the divergence at
ρ = 0 by restricting δ < ρ and this cut off δ is related to
the lattice spacing ε as δ ∼ ε

L . Since the divergences from
r1 = r2 = ∞ is equal to the one from r1 = r2 = 0, finally we
can evaluate the logarithmic divergent contribution as follows:

S(n)(τA) − S(n)(ρA)� nλ2

1 − n
cn log

L

ε
, (6.29)

where the coefficient cn is found as

cn =
∫ π

2

0
dφ

∫ π
n

0
dθ1

n−1∑
k=1

∫ 2πk
n + π

n

2πk
n

dθ2

(1 − sin 2φ cos(θ1 − θ2))2
.

(6.30)

Explicit numerical analysis for n = 2, 3, · · ·, 10 implies
that cn is a monotonically increasing function of n. Thus we
expect cn

1−n approaches to a negative O(1) value c′, leading to
the behavior of pseudoentropy at n = 1:

S(τA) − S(ρA) �−c′λ2 log
L

ε
< 0. (6.31)

Note that the entanglement entropy of perturbed vacuum
|ψ2〉 is identical to that of the unperturbed one |ψ1〉 as we
consider exactly marginal perturbations. Therefore the above
result (6.31) coincides a half of the difference 2�S12 =
2S(τψ1|ψ2

A ) − (S(ρψ1
A ) + S(ρψ2

A )), which has been considered
in this paper time to time.

VII. HOLOGRAPHIC PSEUDOENTROPY
FOR PERTURBED CFTs

In this section, we would like to study properties of pseu-
doentropy in CFTs by employing the holographic calculation
given in [12]. The inner product 〈ψ2|ψ1〉 is dual to a partition
function of gravity in a Euclidean time-dependent back-
ground, such that the initial half of gravitational path-integral
is dual to the state |ψ1〉 in the dual CFT, while the latter half
is dual to |ψ2〉. Similarly, by cutting along the middle time
slice we can have a gravity dual of the transition matrix τ

ψ1|ψ2
A .

Therefore, via a straightforward extension of holographic en-
tanglement entropy [11,48], the holographic pseudoentropy in
a d-dimensional CFT is computed from the area of minimal
surface �A in d + 1 dimensional asymptotically Euclidean
AdS space as

S
(
τ

ψ1|ψ2
A

) = Area(�A)

4GN
, (7.1)

where GN is the Newton constant of the d + 1 dimensional
gravity. �A ends on the boundary of A on the AdS boundary
and is homologous to A. Notice that S(τψ1|ψ2

A ) always takes
real and positive values for a classical gravity dual with a real
valued metric, which also shows S(τψ1|ψ2

A ) = S(τψ2|ψ1
A ).

Below we will evaluate the difference 2�S12 =
2S(τψ1|ψ2

A ) − (S(ρψ1
A ) + S(ρψ2

A )) for two vacuum states
|ψ1〉 and |ψ2〉 in two different quantum field theories. First we
consider the case where the two field theories are both CFTs,
related by an exactly marginal perturbation. In this case the
difference always turns out to be negative. Next we study a
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class of example where two states are vacuum states of two
different massive perturbations of a CFT. The result shows
the difference can be both positive and negative depending on
the detailed values of parameters.

A. Holographic pseudoentropy in gapless
phases via Janus solutions

An important class of gravity configurations dual to inter-
faces between CFTs related to each other via exactly marginal
deformations is called Janus solutions [49–54]. A (d + 1)-
dimensional Janus solution takes the general form:

ds2 = dρ2 + eh(ρ)ds2
AdSd

, (7.2)

where ds2
AdS(d ) is d dimensional (Euclidean) AdS metric

ds2
AdSd

= dy2 +∑d−1
i=1 dxidxi

y2
. (7.3)

We are interested in the holographic pseudoentropy at the time
slice of the dual CFT defined by ρ = y = 0. We choose a
subsystem A on this (d − 1)-dimensional time slice.

We assume the Z2 invariance h(ρ) = h(−ρ) such that the
minimal surface �A is localized on the time slice ρ = 0. Also
we assume both the future infinity and past infinity are dual to
two different CFT vacua |ψ1〉 and |ψ2〉 with the same central
charge c. This forces us to set h(ρ) � 2|ρ| in the limit ρ →
±∞. The coordinate x describes the space direction of the
dual Janus CFT. The limit ρ = ∞ (and ρ = −∞) describes
the upper (and lower) half plane of the interface CFT. The
upper and lower CFT path integral define the states |ψ1〉 and
|ψ2〉 respectively. In a Janus solution, we typically have a bulk
scalar field, which approaches two different values in the two
limits ρ → ±∞. This means that the two states are related by
an exactly marginal deformation.

For simplicity, we consider d = 2, i.e., two dimensional
CFTs [51], below. We choose the subsystem A as an interval
−l/2 � x � l/2 at the location of Janus interface, i.e., ρ =
y = 0 and calculate its holographic pseudoentropy. Due to the
Z2 symmetry, �A is the minimal surface situated on the ρ = 0
slice. If we write the cutoff of y as δ, then the holographic
pseudoentropy is estimated as follows:

S
(
τ

ψ1|ψ2
A

) = c

3
e

h(0)
2 log

l

δ
, (7.4)

where c is the central charge of the CFT.
We are interested in whether this pseudoentropy is smaller

than the original value of entanglement entropy in the CFT

S
(
ρ

ψ1
A

) = S
(
ρ

ψ2
A

) = c

3
log

l

ε
, (7.5)

where ε is the CFT UV cutoff. We do not need to care about
the difference between δ and ε as their difference is subleading
for our purpose. Below we would like to argue the difference
S(τψ1|ψ2

A ) − S(ρψ1
A ) is negative, which is equivalent to the in-

equality

h(0) � 0. (7.6)

We can generalize our coming argument to any higher d
dimensions and we have a smaller value of holographic pseu-
doentropy when (7.6) is satisfied.

To restrict our gravity configurations to solutions physi-
cally sensible solutions, we impose an Euclidean version of
null-energy condition

RμνNμNν � 0, (7.7)

where Nμ describes arbitrary null vector. In our Euclidean
ansatz (7.2), we can choose as

Nμ
(1) = (0, 1, i), Nμ

(2) = (1, e−h(ρ)yi, 0).

The second one leads to the nontrivial constraint as follows:

2e−h − ∂2
ρh � 0. (7.8)

In the explicit example of 3D Janus solution given in [51],
the metric reads

e2h(ρ) = 1

2
+
√

1 − 2γ 2

2
cosh(2ρ), (7.9)

where γ parameterizes the Janus deformation. This solution
satisfies

2e−h − ∂2
ρh = 2γ 2e−h, (7.10)

which is positive as expected.
Now, the Z2 symmetry and our assumptions on the asymp-

totic behavior are summarized as

h′(0) = 0, h(ρ) = h(−ρ),

h(ρ) � 2ρ (ρ → ∞). (7.11)

Moreover, we would like to assume h′(ρ) � 0 as it holds in all
known Janus solutions [49–54]. By multiplying h′ with (7.8),
we get

1
2∂ρ[(∂ρh)2] � ∂ρ[−2e−h]. (7.12)

An integration of this from ρ = 0 to ρ = ∞ leads to

2 � 2e−h(0). (7.13)

This proves the expected inequality (7.6).
In this way, under exactly marginal deformations, our

holographic results show that the difference 2�S12 =
2S(τψ1|ψ2

A ) − (S(ρψ1
A ) + S(ρψ2

A )) is negative.

B. Holographic pseudoentropy in gapped phases

Consider two states |ψ1〉 and |ψ2〉, which are ground states
of two different massive field theories. In particular, we as-
sume these field theories are given by two different massive
deformations of a common gapless theory (i.e. CFT) such that
these two states can be deformed into each other only pass-
ing through the gapless critical point. We analyzed such an
example in a spin system in Sec. IV, where we found that the
difference of pseudoentropy 2S(τψ1|ψ2

A ) − (S(ρψ1
A ) + S(ρψ2

A ))
tends to be positive, though it is always negative when the
two states are in the same phase. Note also that such a setup
typically occurs when we consider two ground states in two
different topological phases, which are connected only though
a gapless theory. Below we would like to study a holographic
example of this type.

We expect the gravity duals of |ψ1〉 and |ψ2〉 to be massive
deformations of an AdS. Moreover, the gravity dual of the
inner product 〈ψ2|ψ1〉 is given by a massive version of Janus
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solution. Since the two states are connected via a CFT, the
gravity dual geometry near the time slice where |ψ1〉 and |ψ2〉
are glued, gets close to the pure AdS geometry. By thinking
this setup even intuitively, we can expect that the difference

2�S12 = 2S
(
τ

ψ1|ψ2
A

)− (
S(ρψ1

A

)+ S
(
ρ

ψ2
A )

)
> 0 (7.14)

can be positive because the minimal surface area gets en-
hanced near the bulk time slice, which looks like the pure
AdS, compared with those in massive gravity duals. Note that
the assumption that the two states are connected with each
other through a critical point guarantees that its gravity dual
has such a time slice, which enhances the minimal surface
area.

To explicitly confirm the above expectation in an example,
we consider the following Einstein-Scalar Theory in d + 1
dimension:

I = − 1

16πGN

∫
dd+1x

√
g(R − 2� − gab∂aφ∂bφ − V (φ)).

The Einstein equation reads

Rab − 1
2 Rgab + �gab + 1

2 gab(∂φ)2 − (∂aφ)(∂bφ)

+ 1
2V (φ)gab = 0.

Consider a d-dimensional surface � and write its unit normal
vector as na. By extracting the component of Einstein equation
in the normal direction to the surface � we obtain

2Rabnanb − R + 2� + V (φ) + (∂φ)2 − 2(na∂aφ)2 = 0.

This is written in terms of the intrinsic curvature R(d ) and
extrinsic curvature K on � as follows

−R(d ) + KabKab − K2 + 2� + V (φ) − (na∂aφ)2

+
d∑

i=1

(t (i)a∂aφ)2 = 0,

where t (i)a are the tangent unit vectors on �.
Now focus on a background with the scalar field excited in

a Z2 invariant manner along the time slice �. We take the
d + 1 dimensional coordinate to be (τ, x1, x2, · · ·, xd−1, z).
Assuming the Z2 symmetric potential V (φ) = V (−φ), we
impose the boundary condition at the AdS boundary z = ε:

φ(τ ) = φ∗ when τ > 0,

φ(τ ) = −φ∗ when τ < 0. (7.15)

We regard the states with the external field φ = φ∗ and φ =
−φ∗ as the two different states |ψ1〉 and |ψ2〉, dual to ground
states of two different massive theories defined by the two
relevant deformations.

We expect both the metric and scalar field has the Z2

symmetry τ → −τ along the surface � given by τ = 0. In
this case, we have Kab = φ = 0 on the Z2 symmetric time
slice �. Thus, we obtain

R(d ) = 2� + V (φ) − (na∂aφ)2. (7.16)

In the special case of exactly marginal deformation, which
corresponds to the genuine Janus solutions, we have V (φ) =
0. In this case, it is obvious that R(d ) < 2� and thus the AdS

radius gets squeezed. This explains the difference is negative:

2�S12 = S
(
τ

ψ1|ψ2
A

)+ S
(
τ

ψ2|ψ1
A

)− (
S
(
ρ

ψ1
A

)+ S
(
ρ

ψ2
A

))
< 0,

which reproduces our result in the previous subsection, i.e.,
Eq. (7.13).

Consider the case dual to two relevant deformations, which
we are interested in. The mass m of scalar is related to the
conformal dimension � of the operator as usual:

−m2 = �(d − �) > 0. (7.17)

We assume the range d
2 < � < d . For generic V , it is not

clear whether R(d ) − 2� is positive (the entropy increases)
or negative (the entropy decreases). To make this analysis
tractable, let us consider a small perturbation around the pure
AdSd+1,

ds2 = dz2 + dτ 2 +∑d−1
i=1 dx2

i

z2
. (7.18)

We simply set V (φ) = m2φ2 and treat the back reaction
caused by the scalar field as a small perturbation.

The solution of scalar field in the pure AdSd+1 is expressed
as

φ(τ, x, z) = π−d/2ε�−d�(�)

�(� − d/2)

∫
dd−1x′dτ ′

× z�φ0(τ ′, x′)
(z2 + (τ − τ ′)2 + |x − x′|2)�

,

which satisfies

lim
ε→0

φ(τ, x, z = ε) = φ0(τ, x). (7.19)

In particular, when the boundary value φ0(τ, x) is a con-
stant φ∗ we simply have

φ∗(τ, x, z) =
( z

ε

)d−�

φ∗. (7.20)

In this static background, the scalar curvature is given by

R(d )
∗ = 2� + m2

( z

ε

)2(d−�)
φ2

∗ . (7.21)

The minimal surface on � with the above curvature gives the
holographic entanglement entropy S(ρψ1

A ) = S(ρψ2
A ).

To calculate the holographic pseudoentropy S(τψ1|ψ2
A ) =

S(τψ2|ψ1
A ) perturbatively, we can consider the gravity dual

given by the back reaction of the scalar with the boundary
condition

φ0(τ, x) = sgn(τ ) · φ∗.

The solution of the scalar field under this boundary condition
leads to

z∂τφ(τ, x, z)|τ=0 = 2�(� − d/2 + 1/2)√
π�(� − d/2)

( z

ε

)d−�

φ∗.

By noting the normal vector on � is given by nτ = z for the
pure AdS, on the surface � at τ = 0, we find

R(d ) = 2� − (z∂τφ)2. (7.22)
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Thus the difference of the curvature on � reads

R(d ) − R(d )
∗

=
( z

ε

)2(d−�)
φ2

∗

[
�(d − �)− 4

π

(
�(� − d/2 + 1/2)

�(� − d/2)

)2]
.

(7.23)

If this difference is positive, we expect

2�S12 = S
(
τ

ψ1|ψ2
A

)+ S
(
τ

ψ2|ψ1
A

)− (
S(ρψ1

A ) + S
(
ρ

ψ2
A

))
> 0.

(7.24)

This is because as the absolute value of the curvature gets
larger, the area of the minimal surface for a fixed subsystem
A gets smaller. Note that in the current setup, the metric on
the time slice � can be written in the following form, owing
rotational and translational symmetry in the xi direction:

ds2 = F (z̃)dz̃2 +∑d−1
i=1 dx2

i

z̃2
,

F (z̃) ≡ 1 + Aφ2
∗ z̃2(d−�) + O(φ4

∗ ) (7.25)

via a coordinate transformation z → z̃, where A is an O(1)
constant. Since the value of the curvature R(d ) is proportional
to the value of A, the above simple relation between the
curvature and area of minimal surfaces follows.

Indeed, from Eq. (7.23), we can find R(d ) − R(d )
∗ > 0 when

� is close to d/2. This provides a class of example where the
pseudoentropy is enhanced such that (7.24) is satisfied.

VIII. DISCUSSIONS

In this paper, we studied fundamental properties of pseu-
doentropy in quantum field theories and spin systems via
both numerical and analytical calculations. First we numeri-
cally analyzed the two dimensional Lifshitz free-scalar field
theory. This analysis demonstrates three basic properties of
pseudoentropy in quantum many-body systems, namely, the
area-law behavior, the saturation behavior, and the nonposi-
tivity of difference between the pseudoentropy and averaged
entanglement entropy in the same quantum phase. We also
found an example where the strong subadditivity of pseu-
doentropy is violated. Next we numerically studied the XY
spin model. In addition to the confirmation of the three prop-
erties, we found that the nonpositivity of the difference can
be violated when the initial and final state belong to differ-
ent quantum phases. We also studied the time evolution of
pseudoentropy after a global quantum quench, which shows
that the imaginary part of pseudoentropy has an interesting
characteristic behavior. Finally we explored analytical cal-
culations for two-dimensional CFTs and also for CFTs with
gravity duals via the AdS/CFT. The conformal perturbation
analysis again confirms the three basic properties. Our holo-
graphic analysis based on a scalar field perturbation in the
gravity duals shows that the difference (1.5) can be positive
when the initial state and final state are different relevant
perturbations of an identical CFT vacuum. It is an interesting
future problem to consider fully nonlinear solutions in gravity
duals and work out a general condition of positive difference.
Our results imply the following simple intuitive explanation

of the positivitiy of difference. When the initial and final state
belong to different topological phases, we expect a gapless
mode localized along an interface. Since this gapless mode,
described by a lower dimensional CFT, enhances the pseu-
doentropy, the violation of the nonpositivity of the difference
can occur. It would be intriguing to consider its condensed
matter implications.
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APPENDIX: PATH INTEGRAL CALCULATION
OF GAUSSIAN TRANSITION MATRIX

In this Appendix we introduce an alternative method for
calculation of pseudoentropy for Gaussian states in quadratic
scalar theories. The method we introduce here is based on
direct calculation of the transition matrix from path integral
formulation of the wave functionals. This method is a gen-
eralization of [55], which was introduced for calculation of
entanglement entropy for Gaussian states in scalar theories.
With this method we can calculate Rényi pseudoentropies,
which agree with the results obtained by the correlator method
and the operator method introduced in the main text.

We deal with the scalar field on Rd as a collection of
coupled oscillators on a lattice of space points, labeled by
capital Latin indices. The displacement at each point gives the
value of the scalar field there. We consider two Gaussian states
ψα (α = 1, 2),

〈qA|ψα〉 = N (α) exp

[
−1

2

∑
A,B

qAW (α)
AB qB

]
(A1)

where qA gives the displacement of the Ath oscillator, W (α)
AB is

a positive definite matrix and N (α) is a normalization constant,

N (α) =
(

det

(
W (α)

AB

π

))1/4

. (A2)

Now consider a region � in Rd . The oscillators in this region
will be specified by Greek letters, and those in the complement
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of �, �c, will be specified by lowercase Latin letters. We will
use the following notation:

W (α)
AB =

(
W (α)

ab W (α)
aβ

W (α)
αb W (α)

αβ

)
≡
(

A(α) B(α)

B(α)T C(α)

)
. (A3)

W (α)
AB can be written as the correlation function of the momen-

tum operators,

W (α)
AB = 2 〈ψα| pA pB |ψα〉 (A4)

where pA and pB are the momentum operators and obey the
canonical commutation relations [qA, pB] = iδAB.

We calculate the reduced transition matrix,

〈qa| Tr�c [|ψ1〉 〈ψ2|] |qb〉 =
∫

dqα 〈qa, qα|ψ1〉 〈ψ2|qb, qα〉 .

(A5)

For simplicity, we use the vector notation (q(1) )a = qa and
(q(2) )a = qa. We perform the Gaussian integral and obtain
the matrix elements of the reduced transition matrix τ

1|2
� =

Tr�c [ |ψ1〉〈ψ2|
〈ψ2|ψ1〉 ],

〈q(1)| τ 1|2
� |q(2)〉 = N ′√

det C̄
π

× exp

[
−1

2
(q(1)T , q(2)T )M

(
q(1)

q(2)

)]
, (A6)

where

M =
(

X (1) 2Y
2Y T X (2)

)
(A7)

and

X (α) = A(α) − 1

2
B(α)C̄−1B(α)T ,

Y = −1

4
B(1)C̄−1B(2)T ,

C̄ = 1

2
(C(1) + C(2) )

N ′ =
√

det
W̄

π
,

W̄ = 1

2
(W (1) + W (2) ). (A8)

From (A6), we obtain

Tr
(
τ

1|2
�

)n = N ′n
(

det
C̄

π

)−n/2 ∫
dq(1) · · · dq(n)

× exp

⎡
⎣−(q(1)T , · · · , q(n)T )Mn

⎛
⎝q(1)

...

q(n)

⎞
⎠
⎤
⎦, (A9)

where

Mn =

⎛
⎜⎜⎜⎜⎜⎜⎝

X̄ Y 0 · · · 0 Y
Y X̄ Y · · · 0 0
0 Y X̄ · · · 0 0
...

...
...

...
...

0 0 0 · · · X̄ Y
Y 0 0 · · · Y X̄

⎞
⎟⎟⎟⎟⎟⎟⎠

, (A10)

here

X̄ = 1
2 (X (1) + X (2) ). (A11)

We rewrite Mn as

Mn = 1
2 (X̄ 1/2 ⊗ In)M̃n(X̄ 1/2 ⊗ In), (A12)

where In is the n × n identity matrix and

M̃n =

⎛
⎜⎜⎜⎜⎜⎜⎝

2 −Z 0 · · · 0 −ZT

−ZT 2 −Z · · · 0 0
0 −ZT 2 · · · 0 0
...

...
...

...
...

0 0 0 · · · 2 −Z
−Z 0 0 · · · −ZT 2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A13)

Here,

Z = −2X̄ −1/2Y X̄ −1/2. (A14)

From (A9) and (A12), we obtain

Tr
(
τ

1|2
�

)n = (det(Ā − B̄C̄−1B̄T ))n/2

× (det X̄ )−n/2

(
det

M̃n

2

)−1/2

. (A15)

We can diagonalize M̃n by Fourier transformation and obtain

det
M̃n

2
=

n−1∏
k=0

det

[
1 −

(
cos

2πk

n
Z̄ + i sin

2πk

n
Z̃

)]
(A16)

where

Z̄ = 1
2 (Z + ZT ), Z̃ = 1

2 (Z − ZT ). (A17)

Finally, from (A15) and (A16), we obtain

S(n)
(
τ

ψ1|ψ2
�

)
= 1

1 − n
ln Tr

[(
τ

ψ1|ψ2
�

)n]

= 1

1 − n

[
n

2
ln det(Ā − B̄C̄−1B̄T ) − n

2
ln det X̄

− 1

2

n−1∑
k=0

ln det

[
1 −

(
cos

2πk

n
Z̄ + i sin

2πk

n
Z̃

)]]
.

(A18)

Using the explicit expression for W as

W (α)
rs = 1

Nd

∑
k

ωα,ke2π ik(r−s)/N , (A19)

one can see that this method numerically leads to the same
results as the correlator and the operator methods Rényi pseu-
doentropy of Gaussian states on a finite lattice.
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