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On the indecomposability of the image of the
universal pro-{/} outer monodromy representation of
the moduli stack of once-punctured elliptic curves

By

Yu ItyimMA*

Abstract

Minamide proved that the pro-I Grothendieck—Teichmiiller group GT; and the image of
the absolute Galois group of a number field in GT; are indecomposable, i.e., do not have a
nontrivial direct product decomposition. This Galois image may be identified with the image
of the universal pro-{/} outer monodromy representation of the moduli stack of projective lines
minus three points over the number field. In the present paper, we prove the indecomposability
of the image of the universal pro-{l} outer monodromy representation of the moduli stack
of once-punctured elliptic curves over either a number field or an algebraically closed field of
characteristic zero.

Introduction

Let [ be a prime number, (g, ) a pair of nonnegative integers such that 2g — 2+ is
a positive integer, n a positive integer, k a field of characteristic zero, and k an algebraic
closure of k. We shall write Gy, for Gal(k/k). We shall denote by (M, ) the moduli
stack of r-pointed smooth proper curves of genus g over k whose r marked points are
equipped with an ordering, and by A;{i the pro-{l} completion of the (topological)
fundamental group of a topological space obtained by removing r distinct points from
a connected orientable compact topological surface of genus g. (Note that the structure
of Aéf,}l as the profinite group does not depend on the choice of the pair of a connected
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orientable compact topological surface of genus g and r distinct points of the topological
surface.) We shall write

ol T (M) — Out(AL1)

for the universal pro-{l} outer monodromy representation of (M, )r. Note that, since
(Mo 3)r and (Mg 4)x are naturally isomorphic to Spec k and P} \ {0, 1, 00} respectively,
p({)g /i may be identified with the pro-{l} outer Galois representation associated to P}, \
{0,1, 00}.

We shall say that a profinite group G is indecomposable if, for any isomorphism
of profinite groups G = H x K, where H and K are profinite groups, it holds that
either H or K is the trivial group. The notion of an indecomposable profinite group is
a group-theoretic analogue of the notion of a module which does not have a nontrivial
direct summand. It is known that the absolute Galois group of a number field is in-
decomposable (cf. [12, Corollary 2.3]). Also, Minamide proved the following result (cf.
[12, Theorem 6.1; Corollary 6.3]; also Theorem 2.2):

(M) Suppose that k is a number field. Then the pro-I Grothendieck—Teichmiiller

group GT; and im(p({)lg/k) are indecomposable.

Here, the pro-l Grothendieck—Teichmiiller group GT; is a closed subgroup of Out(A({)g)
which contains the image of the absolute Galois group Gg of the field Q of rational
numbers via the pro-{/} outer Galois representation associated to Pg, \ {0, 1, 00}. Thus,

although pélg /g 1 far from injective, and it is not known at the time of writing this

paper whether or not Gg — GT| is surjective, one may assert that GT; and im(p({)g /Q)
satisfy an analogous property to Gy, i.e., the indecomposability.

In the present paper, we prove an analog of (M) in the case where (g,r) is equal
to (1,1). Write OutFC(A‘l{g,n) for the group of FC-admissible outer automorphisms of
the maximal pro-{l} quotient of the étale fundamental group of the n-th configuration
space of a once-punctured elliptic curve over k. Then OutFC(Agin) may be regarded
as a closed subgroup of Out(Aﬂ’ ) which contains 1m(pﬁ’ /k). The main result of the
present paper is the following (cf. Theorem 2.8, Corollary 2.9):

Theorem A.  Suppose that n > 3, and that k is either a number field or an

algebraically closed field of characteristic zero. Then the profinite groups OutFC(Aﬁ’n)

and im(pili/k) are indecomposable.

Also, we may prove the indecomposability of 71 ((M;j1)x) in the case where k is
either a number field or an algebraically closed field of characteristic zero (cf. Theorem
3.4). Thus, although pﬁ’ /Q is far from injective, and it is not known at the time of
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writing this paper whether or not pﬁ’/(@: m1((Mi1,1)g) — OutFC(Aifin) is surjective,
one may assert that OutFC(Aﬁ’n) and im(pﬁ’ /Q) satisfy an analogous property to
m1((M11)g), i-e., the indecomposability. Also, we verify that the cardinality of the

center of im( ) is equal to 2 (cf. Proposition 2.6), and prove an analog of Theorem

P 1?1 /k
A for the moduli stack of punctured elliptic curves (cf. Corollary 2.12, Corollary 3.5).

The outline of the proof of Theorem A is as follows: By means of the tripod ho-
momorphism, we reduce the indecomposability of OutFC(A‘l{fin) and im(piq/k) to the
indecomposability of the arithmetic parts and the geometric parts of theée profinite
groups. Since the indecomposability of the arithmetic parts is nothing but (M), to ver-
ify Theorem A, it suffices to verify the indecomposability of the geometric parts. In
the proof of (M), the rigidity of the image of Frobenius elements played an essential
role. In our proof of the indecomposability of the geometric parts, instead of Frobenius
elements, we apply the rigidity of profinite Dehn twists. (Here, the notion of a profinite
Dehn twist is an abstract profinite combinatorial analogue of the notion of a Dehn twist
in the theory of topological surfaces.)

Notations and Conventions: For a profinite group G, we shall write G2 for the
abelianization of G, and Z(G) for the center of G. For a closed subgroup H of a
profinite group G, we shall write Zg(H) for the centralizer of H in G, and Ng(H) for
the normalizer of H in G, i.e., {g€ G | g- H-g~' = H}. We shall say that a profinite
group G is slim if for any open subgroup H C G, it holds that Zg(H) = {1}. We
shall say that a profinite group G is indecomposable if, for any isomorphism of profinite
groups G = H x K, where H and K are profinite groups, it holds that either H or K
is the trivial group. We shall say that a profinite group G is strongly indecomposable if
any open subgroup of G is indecomposable.

For a profinite group G and a property P for profinite groups, we shall say that G
is almost P if an open subgroup of G is P.

For a profinite group G, write Aut(G) for the group of (continuous) automorphisms
of the topological group G, and Inn(G) for the group of inner automorphisms of G. We
shall denote by Out(G) the quotient of Aut(G) with respect to the normal subgroup
Inn(G) C Aut(G). If, moreover, G is topologically finitely generated, then one verifies
that the topology of G admits a basis of characteristic open subgroups, which thus
induces a profinite topology on the group Aut(G), hence also a profinite topology on
the group Out(G). We shall refer to an element of Out(G) as an outer automorphism
of G. For profinite groups G, G2, we shall refer to as an outer homomorphism from

G to G an equivalent class of a homomorphism of profinite groups G; — G2 modulo
Inn(Gs).
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§1. The universal outer monodromy representation of the moduli stack
of curves

In the present §1, we recall generalities of the universal outer monodromy repre-
sentation of the moduli stack of curves.

Let [ be a prime number, X' either {/} or the set of all prime numbers, (g,7) a pair
of nonnegative integers such that 2g — 2 + r is a positive integer, n a positive integer,
k a field of characteristic zero, and k an algebraic closure of k. We shall write G}, for
Gal(k/k).

We shall write (M, ) for the moduli stack of r-pointed smooth proper curves of
genus g over k whose r marked points are equipped with an ordering, and (Hw) g for
the moduli stack of r-pointed stable curves of genus g over k whose r marked points are
equipped with an ordering (cf. [11]). Then by regarding (M, ,)r as an open substack
0 (ﬂgir)k, we obtain a log stack (/V;i)k, i.e., the log stack obtained by equipping
(Mg )i with the log structure associated to the divisor with normal crossings (Mg, )k \
(Myr)k- We shall write Aut( g, .y, ((Mg,r11)k) for the group of automorphisms of the
algebraic stack (Mg 1)k over (Mg )i relative to the (1-)morphism of algebraic stacks
(Mgrt1)k = (Myr)r given by forgetting the last marked point.

We shall write (Spec k)!°8 for the log scheme obtained by equipping Spec k with the
log structure determined by the fs chart N — k& that maps 1 +— 0. We shall refer to as
a stable log curve (of type (g,7)) over (Speck)°8 the pulling back of the (1-)morphism

of log stacks (/\_/llgoi L)k (Mlgoi)k given by forgetting the last marked point via a
(1-)morphism of log stacks (Spec k)'°¢ — (ﬂlgof) 1 in the category of fs log stacks, and
this (1-)morphism of log stacks (Spec k)8 — (Mlg"ﬁ)k as the classifying (1-)morphism
of the stable log curve. For a stable log curve C of type (g,7) over (Speck)'°® and a
positive integer ¢, we shall refer to as the i-th log configuration space of C the pulling
back of the (1-)morphism of log stacks (Mzoi L)k — (M{qof) . given by forgetting the
last i marked points via the classifying (1-)morphism (Speck)°& — (ﬂff)k of C'in the
category of fs log stacks. We shall denote by C; the i-th log configuration space of the

stable log curve C.

Definition 1.1.

(i) We shall write m((Mgy,)r) and wl((ﬂlg‘ff)k) for the étale fundamental group of
(My.r)i and of the log fundamental group of (Mlgof)k respectively (cf., e.g., [20],
[3], respectively). (In fact, m(—) is defined for the pair of “ —” and a base point
of “ — 7. However, since the 7;(—) is independent, up to inner automorphisms, of
the choice of the base point, we shall omit the base point.) Now by the log purity
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theorem (cf. [13, Theorem B]), we have a natural outer isomorphism

~

— M (Mg,r)k)-

(M 5)1)
In this paper, we shall identify m((ﬂzf)k) with 71 (Mg )r) via the above outer
isomorphism. Also, for a stable log curve C of type (g,7) over (Spec k)8, we shall
write Agn for the maximal pro-X quotient of the kernel of the outer homomorphism
from the log fundamental group 1 (C),) of the n-th log configuration space C,, of the
stable log curve C (cf. the fourth paragraph of this section) to the log fundamental
group 71 ((Speck)°8) of (Speck)!°8 determined by the structural morphism C,, —
(Spec k)'og,

We shall write Ay, for the kernel of the natural outer surjection of profinite

groups 1 ((Mgr4n)k) = m1((Myg,r)i) arising from the (1-)morphism (Mg ,10n)i —

)

o.r.n for the maximal
A

(My.r)i given by forgetting the last n marked points, and A
pro-X quotient of A, , ,. Note that Ay, , is naturally isomorphic to the profinite
completion of the topological fundamental group of the n-th configuration space of a
topological space obtained by removing r distinct points from a connected orientable
compact topological surface of genus g. We shall regard m1((M,,,);) as a closed
subgroup of w1 ((My,)x) by the natural injection mi((Mgy,)z) = 71((Mgr)r).
Then we have a natural exact sequence of profinite groups

1 — Ayrn — mi(Mgrgn)i) — mi((Mgr)i) — 1.

We shall write
Pt T (Mg r)k) — Out(A7, )

g7r7n

for the composite of the homomorphism 71 ((Mg ,)i) = Out(4, ., ) determined by
the above exact sequence of profinite groups and the homomorphism Out(A4, ,.,,) —

Out(Ay, ) arising from the natural surjection Ag ., — A, . For simplicity, we
by

shall write pir/k (resp. A;,) instead of p;’f/k (resp. Ay, 1). We shall refer to szr/k

as the universal pro-X outer monodromy representation of (Mg ). We shall write
o0 Aut (Mgr11)8) — Out(A))
Lg’,,,,. u (Mga"’)k' g,?”+1 k u g,r

for the natural outer representation of Aut(a, ), (Mgr41)x) on A7,

log

Let C be a stable log curve of type (g,r) over (Speck) Then the classifying

(1-)morphism (Spec k)& — (ﬂ;of) r of C' induces an outer isomorphism

X

g’T’n :

ic, Agﬂ = A
We shall write
outFe(a> )y

g7r’n
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for the image of the subgroup of FC-admissible outer automorphisms of Agﬂ (i.e.,
roughly speaking, outer automorphisms that preserve the fiber subgroups of Agn
and the cuspidal inertia subgroups of these fiber subgroups — cf. [15, Definition
1.1, (ii)]) via the outer isomorphism

Out(Ag ) — Out(A;, )

g?r7n

determined by the outer isomorphism ic, : A(Ejn = Ainn' Note that the sub-

group OutFC(Air,n) of Out(Ay, ) does not depend on the choice of a stable log
curve C of type (g,7) over (Spec k)8, and that the image of pg’f/k is contained in
out™(AZ, ).

g7r’n

Suppose that
n>4 if r=0,
n>3 if r>1.
Then we shall write AtEpd for the central {1,2,3}-tripod of AZ . . (i.e., roughly

g,T,n
the

maximal pro-Y quotient of the étale fundamental group of IP%\ {0,1, 00} that arises,

speaking, under the outer isomorphism of profinite groups ic,, : Agn =AY

g’T7n7

in the case where the given stable log curve has no nodes, by blowing up the in-
tersection of the three diagonal divisors of the direct product of three copies of the
curve over k — cf. [9, Definition 3.3, (i); Definition 3.7, (ii)]). We shall denote by
GTy C Out(Atzpd)

the pro-I Grothendieck—Teichmiiller group if X = {l},

the profinite Grothendieck—Teichmiiller group otherwise
(cf. [12, Definition 6.2], [15, Definition 1.11, (ii); Remark 1.11.1]). We shall write

TY Out™ (A, ,,) — Out(Ady)

g7r7n

for the tripod homomorphism associated to A>, . (cf. [9, Definition 3.19]), and

g7r7n
Out"®(AY, )5 = ker(T07).

g7r’n

Under the natural outer isomorphism Atzpd = AOE,?), we shall regard irn(poz 3/ ;) as a
closed subgroup of GTy.

In the study of the universal pro-X' outer monodromy representation of the moduli

stack of curves, the following theorem is fundamental.
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Theorem 1.2 (Thara, Oda, Nakamura, Takao, Hoshi-Mochizuki).

The surjection Air,nﬂ —» Air,n determined by 1 (Mg.rsn+1)k) = T1(Mgrtn)k)

that arises from the (1-)morphism (Mg rint1)e = (Mg rin)k given by forgetting
the last marked point induces an injection of profinite groups

out™ (A% ) = Out™(AZ ).

g7r7n+1 g7r7n

If, moreover,
n>4 if r=0,
n>3 if r>1,

then this injection is an isomorphism.

n,>

In particular, im(pg y

) is naturally isomorphic to im(pir/k).

The kernel of the composite of natural outer homomorphisms
T ((Mog)k) = Gr = m((Mg,r)r)/m((Mgr)z)

=m0y )/ Pgor k(11 (Mo 1))

is equal to ker(pozg/k).

Suppose, moreover, that
n>4 if r=0,
n>3 ifr>1.

Then, the image of the tripod homomorphism Ty out™(A> ) — Out(Atzpd)

g?”"’”
associated to Ainn is equal to GTy C Out(Aéd), and fits into a commutative
diagram of profinite groups

1 —— 2 (Mg )p) ——— (o2,

I L

T
1 — out™(AZ ysee — 5 Out™o(AT ) —21 5 GTy ——— 1,

g’r,n g,r7n

) ——— im(pgy) —— 1

where the upper horizontal sequence is an exact sequence of profinite groups deter-
mined by (ii), the lower horizontal sequence is an exact sequence of profinite groups,

and the vertical arrows are natural injections.

Proof. For the first portion of assertion (i), see [7, Theorem B]. The final portion

of assertion (i) follows from the first portion of assertion (i). For assertion (ii), see [21,
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Theorem 0.5, (2)], and [7, Corollary 6.4]. For assertion (iii), see [9, Theorem C, (iv)]
(also [9, Remark 3.19.1]). O

In the rest of this paper, by means of Theorem 1.2, (i), we shall regard the profinite
group Out™®(A> ) as a closed subgroup of OutFC(Air), and identify im(pZ’TE/k) with

g7r7n
im(pir/k)'

§ 2. The proof of the main results

In this §2, we prove Theorem A (cf. Theorem 2.8, Corollary 2.9, below).

Lemma 2.1.  Suppose that k is a number field. Then GTy, and im(p({)l?];/k) are

slim.

Proof. See [4, Lemma 4.3, (ii)] and [12, Corollary 6.3]. O

Theorem 2.2 (Minamide).  Suppose that k is a number field. Then GTy;y and
{1}

im(py 3/k> are strongly indecomposable.

Proof. See [12, Theorem 6.1; Corollary 6.3]. O

Definition 2.3.  Let X be a stable log curve of type (1,1) over (Spec k)18 whose
underlying scheme has nodes. We shall write Gy for the semi-graph of anabelioids of
pro-X PSC-type (where the “PSC” stands for “pointed stable curve”) determined by the
stable log curve X over (Speck)°® (i.e., roughly speaking, a system of the dual semi-
graph of the stable curve X" over k determined by X and Galois categories obtained
from irreducible components of X", points at infinity of X", and nodes of X" — cf.
[14, Definition 1.1, (i); Example 2.5]), |Gs| for the underlying semi-graph of Gy (i.e.,
the dual semi-graph of the stable curve X" over k), and Ilg,, for the PSC-fundamental
group of the semi-graph of anabelioids of pro-X PSC-type Gx (i.e., roughly speaking,
the maximal pro-X quotient of the admissible fundamental group of the stable curve
X" over k — cf. [14, Definition 1.1, (ii)]). Note that the isomorphic class of the semi-
graph of anabelioids of pro-Y’ PSC-type Gx does not depend on the choice of a stable
log curve X of type (1,1) over (Speck)'°8 whose underlying scheme has nodes. Then

we have natural outer isomorphisms
g, = A = Ar.

We shall identify IIg, with A} via the above composite. We shall write Aut(Gx) C
Out(Afl) for the group of automorphisms of the semi-graph of anabelioids of pro-X
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PSC-type G, and Aut(|Gx|)( «- Aut(Gx)) for the group of automorphisms of the semi-
graph |Gys|. Also, we shall write Aut/®P2(Gy) C Aut(Gs) for the kernel of the natural
surjection Aut(Gs) — Aut(|Gs|) (cf. [9, Remark 4.1.2]), and Dehn(Gyx) C Aut/®Phl(Gy)
for the group of profinite Dehn twists of Gx (i.e., roughly speaking, the image of the
local universal outer monodromy representation associated to X """ in Out(Af ) —cf. [8,
Definition 4.4]). Then by [8, Proposition 5.6, (ii)], Dehn(Gs) € Out(A7,) is contained
=
).

in im(p1,1/E

Recall the definition of ¢y",.: Aut(rg, ), (Mgrs1)x) = Out(A7) (cf. Definition

1.1, (ii)).

Lemma 2.4.  The homomorphism Lfl is injective, and factors through the profi-
nite group Z(im(pfl/k)) C Out(Ay).
Moreover, im(:1';) C Aut(Gx), and im(c7;) N Dehn(Gy) = {1}.

Proof. First, the injectivity of le:l follows from the well-known fact that any
nontrivial automorphism of a hyperbolic curve over k£ induces a nontrivial outer au-
tomorphism of the maximal pro-Y quotient of the geometric fundamental group of
the hyperbolic curve. Next, it is well-known that there exists a natural outer isomor-
phism SLy(Z)" = m1((M1,1)5), where we write SLy(Z)" for the profinite completion
of SLy(Z), such that the image of

(‘01 _01> € SLo(Z) C SL(Z)"

in Out(A7) via the composite of SLy(Z)" = w1 ((M1,1)5) — Out(Af)) coincides with
the image of the unique nontrivial element of the group Aut(ny, ), (M1,2)x) =~ Z/2 in
Out(Afl). Thus, by [8, the disucussion entitled “Topological group” in §0], im(Lfl) -
Z(im(pfl/k)). This completes the proof of the first portion of Lemma 2.4.

Finally, since Dehn(Gx) C im(pfl/k), it follows from [8, Theorem 5.14, (ii)] that
im(11’;) C Aut(Gy). Also, by the torsion-freeness of Dehn(Gx) (cf. [8, Theorem 4.8,
(iv)]), the intersection of the finite group im(:y’;) and Dehn(Gyx) is trivial. This com-

pletes the proof of the final portion of Lemma 2.4. O

Lemma 2.5.  Suppose that n > 3, and that k is an algebraically closed field of
characteristic zero. Let I C Dehn(Gyx) be an open subgroup of Dehn(Gyx). Then the
equalities

im(blz:l) X Dehn(gg) — ZOUtFC(Alz:l,n)gCO (I) - NoutFC(Alzzl,n)gco (I)

hold.



12 YU I1siMA

Proof. Since Dehn(Gx) is abelian (cf. [8, Theorem 4.8, (iv)]), and is contained in
im(pfl/k), by Lemma 2.4, the inclusions im(:1;) X Dehn(Gx) C ZoutFC(AlZ:lyn)geo (I) C
NOutFC(Afl7n)geo(I) hold. Moreover, it follows from [8, Proposition 4.10, (ii); Theo-
rem 5.14, (ii)], and [9, Theorem 3.18, (ii)] that the inclusions NoutFC(AlZ:lyn)geo(I) C

Aut(Gy) and Out™ (AT )N Aut/#P2(G 1) € Dehn(Gyx) hold. Since the cardinality
of Aut(|Gx|) ~ Aut(Gx)/Aut'®™P?(Gx) is equal to the cardinality of im(ef) (ie., 2),
the inclusion im(:3';) x Dehn(Gy) C Nougre(az, | jseo (I) is in fact an equality. This

completes the proof of Lemma 2.5. O

Proposition 2.6.  Suppose that n > 3, and that k is an algebraically closed field
of characteristic zero. Let H be an open subgroup of im(plzl/k). Then the equality

iIIl(le:l) = ZoutFC(Alz:l’n)geo (H)

holds.
In particular, in this case, OutFC(Aflvn)geo and im(plzl/k) are almost slim, and
the cardinality of the center of im(pfl/k) is equal to 2.

Proof. First, we verify the first portion of Proposition 2.6. Now it follows from
Lemma 2.4 that the inclusion im(cy;) C ZoutFC(AfM)geo (H) holds. Thus, to ver-
ify the first portion of Proposition 2.6, it suffices to verify the inclusion im(Lfl) )
ZoutFC(Alz:lml)geo(H). Since H contains an open subgroup of Dehn(Gy) C im(pfl/k), by
Lemma 2.5, the inclusion Zoutpcmlz’l’n)gco (H) C im(c7’;) x Dehn(Gx) holds. Thus, to
verify the first portion of Proposition 2.6, it suffices to verify that the profinite group
ZoutFC(AIZ:Ln)geo(H) N Dehn(Gx) is trivial. Write p*”: im(pfl/k) — Aut((Af)?P) for
the homomorphism determined by the natural surjection Afl — (Afl)ab. Note that
(A7})*" is a free Z*-module (cf. [16, Remark 1.2.2]). (Here, Z* is the pro-X com-
pletion of the ring of rational integers Z.) Then it follows from [8, Proposition 5.6,
(ii)], and the well-known criterion of the reduction of an elliptic curve that the action
of Dehn(Gx) on (A7) is faithful and unipotent. Thus, to verify the first portion of
Proposition 2.6, it suffices to verify that Ziy, a0 (p*”(H)) N p**(Dehn(Gx)) is trivial.
Now it is well-known that, by choosing a suitable basis of the free Z*-module (AIZ )P,
we may identify im(p®?) with SLy(Z>). In particular, since p**(H) is open in SLy(Z>),
we obtain the equality

zuemun ={ (10). (5 %)}

Therefore, since the action of Dehn(Gy) on (Afl)ab is unipotent, the profinite group
Zim(pab) (p*®(H))Np**(Dehn(Gyx)) is trivial. This completes the proof of the first portion
of Proposition 2.6.
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Finally, the final portion of Proposition 2.6 follows from the first portion of Proposi-
tion 2.6, Lemma 2.4, and the well-known fact that the cardinality of Aut 4, ), ((M1,2)x)
is equal to 2. This completes the proof of Proposition 2.6. Ol

Remark.

(i) If (g,7) # (1,1), then it is already known that the profinite groups im(pir/k) and
OutFC(AgZ:,,,’n)geo are almost slim (cf. [8, Theorem D, (i)]). Also, if 2 € ¥, and
k is an algebraically closed field of characteristic zero, then the almost slimness of
im(pf1 /k) follows from the fact that a pro-X version of the congruence subgroup
problem of mapping class groups of genus 1 has an affirmative answer (cf. [1,
Theorem 5] and [6, Theorem A, (i)]), the fact that an almost pro-X quotient of
7m1((M1.1)r) has an open subgroup which is isomorphic to a pro-X surface group,

and the fact that any pro-X surface group is slim (cf., e.g., [16, Proposition 1.4]).

(ii) Note that the following relations hold:

the slimness =——=> the almost slimness,

the strongly indecomposability == the indecomposability

! !

the almost strongly indecomposability == the almost indecomposability.

Lemma 2.7.  Suppose that n > 3, and that k is an algebraically closed field of
characteristic zero. Write I' for either OutFC(Afl,n)geo or irn(pfl/k). Then there does

not exist a closed subgroup H of I' such that the equality im(afl) x H =1 holds.

Proof.  First, we verify that SLo(Z) — PSL2(Z) does not have a section. Assume
that SLo(Z) — PSLy(Z) has a section s: PSLy(Z) — SLo(Z). Then since SLs(Z) is
equal to im(s) x Z(SLo(Z)), the discrete group SLy(Z)*P is isomorphic to im(s)2P x Z /2.
Here, SLy(Z)* and im(s)®P are the abelianizations of SL(Z), im(s), respectively. This
contradicts the well-known fact that SLy(Z)2P ~ Z/12 ~ Z/3x Z/4 (cf., e.g., [2, p.123]).
This completes the proof of the assertion that SLo(Z) — PSL2(Z) does not have a
section. Next, assume that there exists a closed subgroup H such that the equality
im(137;) x H = I" holds. Note that the composite

SLQ(Z) — 7T1<(M1,1)k:) — I

of the outer homomorphism SLy(Z) — m1((M1.1)k) arising from a natural outer isomor-
phism SLy(Z)" = m1((M1,1)5), where we write SLy(Z)" for the profinite completion
of SLy(Z), and P121/k is injective. Also, note that the image of the center of SLs(Z) via
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this injection is contained in im(:1;). Thus, since the cardinalities of Z(SL2(Z)) and
im(Lfl) are equal to 2, we have a cartesian diagram of groups

SLy(Z) — T

} l

PSLy(Z) — H.

Therefore, since SLo(Z) — PSLy(Z) does not have a section, I' — H does not have
a section. This contradicts the definition of H. This completes the proof of Lemma
2.7. O

Theorem 2.8.  Suppose that n > 3, and that k is an algebraically closed field of
characteristic zero. Then OutFC(Aﬁin)geo and im(pili/k) are almost strongly indecom-
posable.

Moreover, in this case, OutFC(Aifi,n)geo and im(pili/k) are indecomposable.

Proof. First, we verify the first portion of Theorem 2.8. To verify the first por-
tion of Theorem 2.8, it suffices to verify the indecomposability of any open subgroup
I' of either OutFC(Agin)geo or im(piﬁ/k) which does not contain the finite group
1m(Lﬁ) Assume that there exist nontrivial profinite groups H, K, and an isomorphism
of profinite groups H x K = I'. In the following, we shall identify I" with H x K via
this isomorphism. Then I := I"' N Dehn(Gy;y) is an open subgroup of Dehn(Gy;y). If
INH = {1} and IN K = {1}, then by considering the restriction of natural projections
I' » H, I' - K to I(~ Z;), we have a free Z;-module of rank 2 as a subgroup of Zp(I).
Thus, since Dehn(Gy;y) ~ Z;, we conclude from Lemma 2.5 that either I N H # {1} or
I'NK # {1}. Therefore, we may assume without loss of generality that I N H # {1},
hence also H contains an open subgroup of I. Now by Lemma 2.5, K is contained in I.
Since K is nontrivial, this contradicts that H N K = {1}. This completes the proof of
the first portion of Theorem 2.8.

Next, we verify the final portion of Theorem 2.8. Write & for the profinite group ei-
ther OutFC(Aﬁin)geo or 1m(,0ﬁ’ /k). Assume that there exist nontrivial profinite groups
L, M, and an isomorphism of profinite groups L x M = &. In the following, we shall
identify & with L x M via this isomorphism. Then by the first portion of Theorem 2.8,
either L or M is finite. Thus, we may assume without loss of generality that L is finite.
In particular, since K is open in &, by Proposition 2.6, the inclusion L C 1m(L§l%) holds.
However, since 1m(L‘1{g) ~ 7Z/2, and L is nontrivial, this contradicts Lemma 2.7. This

completes the proof of Theorem 2.8. O
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Remark.

(i) Note that im(pili/k) itself is not strongly indecomposable. Indeed, let U C im(p‘l[q/k)

be an open subgroup of im(piq/k) such that UNim(:1;) = {1}. Then U xim(:{";) C

im(pili/k) is open in im(pﬁ/k), and not indecomposable.

(ii) Suppose that n > 3. Write
FC/ A{l . !
Outz (Aﬁ’%’n)geo = ZoutFC(Ailin)geo (lm(Li,%))

Now we have inclusions

. ! FC, A1l FC/ A {l

(! 1) < OuE(All e s Ou(af] e,
It is not clear to the author at the time of writing this paper whether or not the
above injections are surjective. On the other hand, by the argument used in the

proof of Theorem 2.8, it follows that the profinite group OutEC(Aﬁ,n)geo is also

indecomposable and almost strongly indecomposable.

Corollary 2.9.  Suppose that n > 3, and that k is a number field. Then the
profinite groups OutFC(Aﬁ’n) and im(pil{/k) are indecomposable and almost strongly
indecomposable.

Proof. Let II be an open subgroup of either OutFC(Aﬁ’n) or im(pﬁ/k). By
Theorem 2.8, to verify Corollary 2.9, it suffices to verify that if ker(‘Iﬁ’l{l}) N II is

indecomposable, then IT is also indecomposable. Suppose that I" := ker(‘Z?”fl}) NI is

indecomposable. Write G := ‘I’fﬂ’i{l}(ﬂ ). Then by the definition of I7, Lemma 2.1, and
Theorem 2.2, GG is slim and strongly indecomposable. Thus, since I1 is indecomposable,
by Minamide’s observation ([12, Proposition 1.8, (ii)]), to verify the indecomposability
of II, it suffices to verify that the image of the outer representation G — Out(I")
associated to the natural exact sequence of profinite groups

:Inv{l}

1 s I s I 15 @ s 1

is nontrivial. Since I is open in either OutFC(Aﬁ’n) or im(pﬁ/k), by [8, Remark
3.8.1; Theorem 4.8, (v); Theorem 5.14, (ii)], and the nontriviality of the image of the
l[-adic cyclotomic character of the absolute Galois group of any number field, there
exists o € II such that the automorphism of I' determined by the conjugation of o
preserves Dehn(Gyy) N I7 and the restriction of this automorphism to Dehn(Ggy) NI
is nontrivial. On the other hand, by Lemma 2.5, any inner automorphism of I either
does not preserve Dehn(Gy;y) NI or acts trivially on Dehn(G;y) NI Thus, the image
of S?v’i{l}(a) € G via the outer representation G — Out(I") is nontrivial. This completes
the proof of Corollary 2.9. U
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Remark.  Suppose that n > 3. Write
! . !
OutIZ?C(Aiin) = ZOutFC(Afl} n)(lm(&{)).
Now we have inclusions

. l l l
im(pl"} ) = outh(al ) < ouF(afl ).

It is not clear to the author at the time of writing this paper whether or not the above
injections are surjective. On the other hand, by the argument used in the proof of
Corollary 2.9, it follows that the profinite group Outh(Aifin) is also indecomposable
and almost strongly indecomposable.

Lemma 2.10. Let G be a slim profinite group which is almost strongly indecom-
posable. Then G is indecomposable.

Proof. Assume that there exist nontrivial profinite groups H, K, and an isomor-
phism of profinite groups H x K = G. In the following, we shall identify G with H x K
via this isomorphism. Then since G is almost strongly indecomposable, either H or K
is finite. Thus, we may assume without loss of generality that H is finite. Therefore,
since H x K = G, K is an open subgroup of GG. Then it follows from the slimness of G
that H C Zg(K) is trivial. This contradicts that H is nontrivial. This completes the
proof of Lemma 2.10. O

Lemma 2.11.  Suppose that k is a number field. Let H be an open subgroup of
1m(,0£q/k) Then the equality

. !
1m(é%) = Zim(pill}/k)

(H)
holds.

Proof. Note that, since im(p({)l;/k) is slim (cf. Lemma 2.1), by Theorem 1.2,

(ii), Zim(pill}/k)(H) is contained in the profinite group im(pﬂi/z) (= ker(im(pﬁi/k) —»
im(p({)l?];/k))). Thus, Lemma 2.11 follows from the first portion of Lemma 2.4, and Propo-
sition 2.6. O

Remark. In Lemma 2.11, we proved the almost slimness of im(pﬁ’ / ;) in the case

where k is a number field as a corollary of Proposition 2.6, i.e., the almost slimness of
im(pﬁ’ / ;) in the case where k is an algebraically closed field of characteristic zero. On
the other hand, in the early 1990’s, by means of the pro-{l} weight filtration technique,

the almost slimness of im(pﬁ /k) in the case where k is a number field was proved as
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a corollary of the finiteness of the centralizer of the image of the pro-{l} outer Galois

representation associated to a once-punctured elliptic curve over k in Out(Aﬂ’ ) (cf.
[18], [17], [22]).

Corollary 2.12.  Let m be a positive integer. Suppose that k is either a number

field or an algebraically closed field of characteristic zero. Then im(p‘l{f;/k) is
almost strongly indecomposable ifm<2, andl =2,

indecomposable and almost strongly indecomposable if m <2, and | # 2,

strongly indecomposable if m > 3.

«1{?’1 /k) is almost strongly indecomposable by in-

{t}
pl,m/k)
follows from Theorem 2.8 and Corollary 2.9. Now suppose that m > 1, and that the

Proof. First, we verify that im(p

duction on m. If m = 1, then the almost strongly indecomposability of im(

induction hypothesis is in force. Then by induction, Proposition 2.6, Lemma 2.11, and
[8, Theorem D, (i)], we may find an open subgroup U; of im(pili%l/k) which is slim
and strongly indecomposable. Also, by [5, Lemma 20], and [8, Theorem 6.12, (i)], there
exist an exact sequence of profinite groups

I}

;m—1

10
1,m/k

{13

{
1 —— 4 P1m—1/k

— im(p ) — im( ) —— 1,

{1}
1,m/k
the profinite group Zy, (U’ N Us) is trivial. Write Us for the intersection of Uy and

the inverse image of Uy via im(pilr}n/k) — im(pilr}n_l/k). We verify that Us is strongly

{3

and an open subgroup Us of im(p 1m—11

) such that, for any open subgroup U’ of A

indecomposable. Let V be an open subgroup Us. Write V' for the image of V via

im(pﬂi@/k) e im(pﬁr}n_l/k), and V" for the intersection of V and A Thus, there

1,m—1-
exists an exact sequence of profinite groups

1 > V7 > V > V! > 1,

such that Zy (V") is trivial. In particular, the outer representation V' — Out(V")
{1}

associated to this exact sequence of profinite groups is injective. Therefore, since A}, 4

is strongly indecomposable (cf. [16, Proposition 3.2]), by [12, Proposition 1.8, (ii)], V'

is indecomposable. This implies that Us is strongly indecomposable, hence also the
assertion that 1m(pil; /k) is almost strongly indecomposable.

Next, we verify Corollary 2.12 in the case where m < 2, and [ # 2. If m =
1, then the indecomposability of im(pilin /k) follows from Theorem 2.8 and Corollary

2.9. Assume that there exist nontrivial profinite groups H, K, and an isomorphism of

profinite groups H x K = im(p{g/k). In the following, we shall identify irn(pig/k)
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with H x K via this isomorphism. Then by the almost strongly indecomposability of

1m(pil% /k), either H or K is finite. Thus, we may assume without loss of generality

that H is finite. In particular, since K is open in im(p‘l{g / .), and H is nontrivial, by [8,
Theorem D, (i)], the cardinality of H is equal to 2. In particular, since [ # 2, the image

of the composite of natural homomorphisms
! . !
Al = im(pl},) - H

is trivial. Therefore, by means of the first display of this proof, im(piq / ,) is isomorphic

to H x (K /Aﬁ’) This contradicts the indecomposability of 1m(pili /x)- This completes
the proof of Corollary 2.12 in the case where m < 2, and [ # 2.

Finally, Corollary 2.12 in the case where m > 3 follows from the slimness of
im(,oﬁr}n/k) (cf. [8, Theorem D, (i)]) and Lemma 2.10. This completes the proof of
Corollary 2.12. O

§3. Appendix: The indecomposability of the étale fundamental group of
the moduli stack of once-punctured elliptic curves

In this §3, we prove the indecomposability of m((M;i,1)x). Throughout this §3,
suppose that Y is the set of all prime numbers.

Lemma 3.1.  Let m be a positive integer. Suppose that k is either a number field
or an algebraically closed field of characteristic zero. Then plzm/k is injective.

Proof. Lemma 3.1 in the case where k is an algebraically closed field of character-
istic zero follows from [1, Theorem 2; Theorem 5]. Also, by [7, Corollary 6.5], Lemma
3.1 in the case where k is a number field follows from Lemma 3.1 in the case where k is
an algebraically closed field of characteristic zero. O

In the rest of this paper, by means of Lemma 3.1, if k is either a number field or an
algebraically closed field of characteristic zero, then for a positive integer m, we shall
identify the profinite group m((M1 m)x) with im(plzm/k) C Out(A7,,).

Lemma 3.2.  Suppose that k is either a number field or an algebraically closed
field of characteristic zero. Let H be an open subgroup of w1 ((Mi1)k). Then the
homomorphism of profinite groups 1’y : Aut(aq, 1), (M1,2)x) = Out(Ay)) determines
an isomorphism of profinite groups

Aut(M1,1)k((M1,2)/€> — Zﬂ'l((Ml,l)k)(H) - Out(Alz:l)'
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Proof. Note that, if k is a number field, then Gy is slim (cf., e.g., [19, (12.1.5)
Proposition]). Therefore, Z ((m, ,),)(H) is contained in the profinite group 71 ((M1,1)%)
(= ker(m ((M1.1)k) = Gik)). Thus, Lemma 3.2 follows from the first portion of Lemma
2.4, and Proposition 2.6. U

Lemma 3.3.  Suppose that k is either a number field or an algebraically closed
field of characteristic zero. Then m ((M1,1)r) = m1((M1,1)k)/Z(m1((M1,1)k)) does not
have a section.

Proof. Lemma 3.3 follows from a similar argument to the argument used in the
proof of Lemma 2.7 by replacing I" (resp. Proposition 2.6) by 1 ((M; 1)x) (resp. Lemma
3.2) in the proof of Lemma 2.7. O

Theorem 3.4.  Suppose that k is either a number field or an algebraically closed
field of characteristic zero. Then m((Mi,1)k) is indecomposable and almost strongly

indecomposable.

Proof. First, we verify the almost strongly indecomposability of 71 (M 1)x). Now
it is well-known that there exists a finite étale covering Y of (M 1), which is repre-
sentable by a hyperbolic curve. Since the étale fundamental group 71 (Y') of Y is strongly
indecomposable (cf. [12, Theorem 3.1; Corollary 4.6, (i)]), m1((M1,1)x) (which contains
m1(Y') as an open subgroup) is almost strongly indecomposable. This completes the proof
of the almost strongly indecomposability of 71 ((M; 1)g).

Finally, the indecomposability of m1((M 1)) follows from a similar argument to
the argument used in the proof of the final portion of Theorem 2.8 by replacing im( pﬁi / i)
(resp. Proposition 2.6; the first portion of Theorem 2.8; Lemma 2.7) by w1 ((M11)k)
(resp. Lemma 3.2; the almost strongly indecomposability of 71 ((M;,1)x); Lemma 3.3

)
in the proof of the final portion of Theorem 2.8. O

Remark.  Write (Ay), for the moduli stack of principally polarized abelian vari-
eties of dimension g over k. Note that, if ¢ > 1, and k is an algebraically closed field
of characteristic zero, then the étale fundamental group m1((Ag)x) of (Ag)k is neither
indecomposable nor almost strongly indecomposable. Indeed, there exists a natural outer
isomorphism

T ((Ag)k) — H Spag(Zyp)

peX

(cf., e.g., [10, (3.1)]). Thus, a result similar to the results stated in Theorem 3.4 does not
hold for the moduli stack of principally polarized abelian varieties of dimension g > 1.
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Corollary 3.5. Let m be a positive integer. Suppose that k is either a number
field or an algebraically closed field of characteristic zero. Then w1 ((M1,m)k) is

almost strongly indecomposable if m < 2,

strongly indecomposable if m > 3.

Proof. Corollary 3.5 follows from a similar argument to the argument used in

the first paragraph and the final paragraph of the proof of Corollary 2.12 by replacing

im(pif;/k) (resp. Theorem 2.8 and Corollary 2.9; Proposition 2.6 and Lemma 2.11;

Aif;_l; im(p‘l{gnil/k)) by 1 ((M1m)k) (resp. Theorem 3.4; Lemma 3.2; Ay, ;
71 ((M1 m—1)k)) in the first paragraph and the final paragraph of the proof of Corollary
2.12. U
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