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Bigness criterions

e (Siu’s inequality) Let X be a projective variety of dimension d, and L and
M be nef line bundles. Then

vol(L @ MY) > ¢ (L) — d - e (L) ey (M),

. RO (X, L®™)
where vol(L) lrlbgilig /i
o (Arithmetic case by Yuan) Let 2" — SpecO be an arithmetic variety of
dimension d, where K is a number field. Let .Z, .# be arithmetic ample
line bundles, & be a C*°-hermitian line bundle. Then

/C\l (?)d —d- /C\l (?)d_lé\l (])

p n? + o(n?)

Xeup (@ ® (Z @ A )*m) >

o How is the relative case?
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Relative bigness inequality

Let k be a field of characteristic 0. Let Y be a projective and normal k-variety
of dimension e > 0. Let 7 : 2~ — Y be a surjective morphism of projective
varieties where 2 is of dimension d + e(d > 0).

e A polarization of Y is a collection H := {Hq, -

-, H._1} where H; are
ample line bundles over Y.

@ The degree of a coherent sheaf .% with respect to H is defined as
degﬂ(ﬁ) = Cl(Hl) s Cl(Hefl)Cl(gz).
e For o € CH._1(Z"), denote that a- 7*H := c1(n*Hy) -+ - c1 (7" He—1)x.

Let &, %, A be line bundles over & such that £ and 4 are nef. Then as
n — +00,

degy, (m:(& ® (L @ MV)®™)) >

(L)L (H) — (d+ 1)ey (L) ey () - W*(H)nd+1 + o(n+)
(d+1)! '

— Ty
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Adelic line bundles

We fix the base variety Y (projective and normal) and polarization
{H17 e 7He—1}~

o Let K be the function field k(Y).

e Denote by Y1) = {w € Y | codimy (w) = 1}. Then each w € Y1) gives an
absolute value ||, : K — Rxo.

e Let K, be the completion of K with respect to |-|,.

Let X be a projective K-variety and L be a line bundle over X. We denote by
X2" the analytification of X, := X X SpecK,, in the sense of Berkovich space.
Let L, :=L® Ox,.
o Let ¢ = {|-|pw}wey @ be a family of continuous metrics, that is, each
|| is a continuous metric on the analytification of L,,.

o We say L = (L, ) is an adelic line bundle over X if it satisfies certain
measurability and dominancy conditions.
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Model metrics

Let (m: 2 — Y,.%) be amodel of (X, L®"), that is, 7 : 2" — Y is a surjective
morphism of projective varieties, such that 2% ~ X and L, ~ L®".

o For w e Y(M let K, be the valuation ring of K,,. We set

'%Kg =2 Xy KZ,
Ly =L DOy, .

Then (Zks,-Z,) induces a model metric ||;{Tw on L.

e The pair (L, {lllgfw}WGY(l)) is an adelic line bundle.

o We say (£7,.%) is a relatively nef model if .Z is relatively nef.

e We say an adelic line bundle L is semipositive if there exists a sequence
{Ln = (L,{|"|¢ »})} of adelic line bundles induced by relatively nef
models such that L,, uniformly converges to L.

e We say an adelic line bundle L is integrable if L=L:® f;/ for
semipositve line bundles L; and Ls.
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Arakelov intersection theory over function fields

Definition

Let Ly, - -, Lg be integrable line bundles. We define the Arakelov intersection
number

¢1(Ly) - - ¢1(Lq) := limit of geometric intersection number of models.

Consider a purely d’-dimensional cycle o« = > n;Z;. We define that

c1(Lo) - ‘/C\l(zd’) Coi= Zni/c\l(zo‘Zi) o '51(Id’

Zi)

Definition

Let L be a semipositive line bundles, then we define the height of o by

__a@* (o]
M) = T @ + 1)
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Chambert-Loir measures

Let L be a semipositive line bundle. Let Z be a d'-dimensional closed subvariety
of X. By the Chambert-Loir measure ug 5 ,, we mean the unique probability

a(Tl)?

e (a7 X3 with support on Z* with respect to L.
- ,

measure

o If Z = X, we denote the Chambert-Loir measure by p7 .

e If Let p: X’ — X be a generically finite surjective morphism, then
BT = PelpeT o due to the projection formula.

The Chambert-Loir measure can be also defined locally. Let w € Y. Assume
that the w-adic metric of L can be given by a normal K¢-model (2°,.%£), then
(D) =3, mideg o (W;)6,,, where W are irreducible components of the
special fiber with multiplicities m; and generic points 1;, and 6y, is the

dirac-measure.
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Equidistribution theorem over function fields

Assume that Y is a projective regular curve over k. Let X be a projective
variety over the function field K of Y.

@ Let I be an infinite directed set, and {Z,},cr be a family of closed
subvarieties Z, C X indexed by I.

o We say {Z,} is generic if for any proper closed subset Z C X, there exists

an (g, such that Z, ¢ Z for any ¢ > 1o. We say {Z,} is small if
Le

Theorem (W. Gubler, X. Faber)

Let L be an adelic line bundle such that L is ample, L is a limit of nef line

bundles and hi(X) = 0. Let {Z,},c1 be a generic and small net of subvarieties

of X. Then for any w € Y {Z,} is equidistributed in the sense that

flu‘f,w = hm/ f'u’Z,ZL,w
Xan el Xan

holds for any continous function f: X3" — R.
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Thank you for your attention.

in Luo
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