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Abstract 15 

A new method of optimal damper design is presented for elastic-plastic planar frame structures under 16 

large-amplitude earthquake ground motions. The transformation of a moment frame into the 1st-mode 17 

equivalent shear mass system leads to an efficient search of the optimal damper placement along the 18 

building height for the elastic-plastic moment frame. In the optimization procedure, a linear elastic 19 

bare frame is transformed into the 1st-mode equivalent shear mass system first. Then the optimization 20 

of the damper placement is conducted for the elastic shear mass system. After that, the damped shear 21 

mass system is inversely transformed into the elastic-plastic moment frame with the added dampers. 22 

This inversely transformed damper system in the moment frame is employed as an initial design and 23 
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the local search-based optimization is conducted for the efficient distribution of dampers not only along 24 

the building height, but also among the different bay. The proposed method greatly reduces the 25 

computational task in the whole optimization procedure because only a limited number of time-history 26 

response analyses is required for elastic-plastic moment frames. It is demonstrated through numerical 27 

examples that the proposed method efficiently provides the damper designs with high accuracy. Finally, 28 

the importance of using the large-amplitude ground motions for damper optimization is demonstrated 29 

through the incremental dynamic analysis (IDA) for the optimally designed models. 30 

 31 

Keywords: Earthquake response, Viscous damper, Optimization, Elastic-plastic moment-resisting 32 

frame, Large-amplitude ground motion, Damper inverse transformation. 33 

 34 

 35 

1. Introduction 36 

The structural control via passive dampers has been investigated extensively so far from theoretical 37 

and practical viewpoints (for example, see [1-4]). Originally, Zhang and Soong [5] and Garcia [6] 38 

proposed simple methods of damper placement using the original and revised sequential allocation 39 

algorithms. Takewaki [7] developed an optimality criterion-based approach incorporating an 40 

incremental inverse problem for viscous damper placement. Uetani et al. [8] applied the mathematical 41 

programming techniques to an optimal damper placement problem for large-scale building frames in 42 

which viscous and hysteretic dampers were used simultaneously. Trombetti and Silvestri [9] used finite 43 

element models to demonstrate the effectiveness of the mass-proportional damping systems. Kanno 44 

[10] treated a mixed-integer programming problem for optimal damper placement. De Domenico and 45 

Ricciardi [11] introduced a non-Gaussian stochastic linearization formulation for the expression of the 46 

nonlinearity of fluid viscous dampers and later used it for the energy-based optimal design of nonlinear 47 
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viscous dampers in building structures [12]. De Domenico and Hajirasouliha [13] tackled a multi-level 48 

performance-based design problem for optimal nonlinear viscous damper placement. Yang et al. [14] 49 

presented two optimal design methodologies for passive dampers based on active control theories, 50 

including H  and 2H  performances. Zhou et al. [15] proposed a practical design method for 51 

reinforced concrete structures with viscous dampers. Alotta et al. [16] presented a simplified procedure 52 

for the design of fluid viscous dampers. Furthermore, approaches using metaheuristics have also been 53 

widely developed for the damper optimization [17-21].  54 

Some researchers compared several optimization techniques in view of optimization performances, 55 

usability, robustness, computational load and so on [22-25]. It is apparent that almost all of the 56 

above-mentioned researches treated elastic responses of structural frames. On the other hand, a small 57 

number of researches took into account the elastic-plastic responses of moment-resisting frames in 58 

the damper optimization problems [26-33]. In relation to this, some researches incorporated the 59 

process of redesign of structural frames into the damper optimization problems [34-36]. Idels and 60 

Lavan [37] tackled a realistic simultaneous optimization problem of discrete member sections of a 61 

structural frame and nonlinear viscous dampers. Gomez et al. [38] simultaneously treated the 62 

topology optimization of main frames and the damper optimization in building structures. Saitua et 63 

al. [39] incorporated the procedure of strengthening of structural members into the damper design to 64 

cope with the increase of the member stress by adding the dampers. Idels and Lavan [40] dealt with 65 

an optimization problem of simultaneous use of viscous dampers and passive negative stiffness 66 

devices. In addition, the limit states and the failure mechanism of the dampers could also be worth 67 

being studied in the optimal design problem [41].  68 

As stated above, in most researches on design of dampers for moment-resting frames, elastic frames 69 

are treated under the constraints on member stress. Especially in the cases of the design of viscous 70 
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dampers, velocity responses should be estimated precisely so as to prevent the excessive forces on 71 

the structural members and grasp the effectiveness of the damper placement [42, 43]. It should also 72 

be pointed out that, although code-specified ground motions are commonly used for damper 73 

optimization, recently observed ground motions greatly exceed the level of the code-specified ground 74 

motions. Such motions are called large-amplitude ground motions in this paper. Elastic-plastic 75 

frames and large-amplitude ground motions should be treated in the damper optimization because the 76 

damper design for elastic frames may not be safe for large-amplitude ground motions. It is also noted 77 

that even damped structures may not remain elastic under large-amplitude ground motions. This is 78 

because the total amount of dampers is limited in view of cost and the overdamping causes 79 

undesirable events like excessive member force responses and decrease of the performance under 80 

code-specified ground motions. Therefore, regarding to large-amplitude ground motions, it is most 81 

important to prevent the deformation concentration to specific stories and the structural collapse. 82 

Since the time-history response analysis for elastic-plastic frames requires much computational 83 

effort, efficient optimization methods are desired to be developed. 84 

In this paper, a new method of optimal damper design is presented for elastic-plastic planar moment-85 

resisting frames under large-amplitude ground motions. The transformation of a moment frame into 86 

the 1st-mode equivalent shear mass system leads to an efficient search of the optimal damper 87 

placement along the building height for the elastic-plastic moment frame. In the optimization 88 

procedure, the linear elastic bare frame is transformed into the 1st-mode equivalent shear mass 89 

system first. Then, the optimization of the damper placement is conducted for the elastic shear mass 90 

system. After that, the damped shear mass system is inversely transformed into the elastic-plastic 91 

frame with the added dampers. This inversely transformed damper system in the moment frame is 92 

employed as an initial design and the local search-based optimization is conducted for the efficient 93 

distribution of dampers not only along the building height, but also among the different bay.  The 94 
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proposed method greatly reduces the computational effort in the whole optimization procedure 95 

because only a limited number of time-history response analyses is required for elastic-plastic 96 

frames. It is demonstrated through numerical examples that the proposed method efficiently provides 97 

the damper designs with high accuracy. Finally, the importance of using the large-amplitude ground 98 

motions for the damper optimization is demonstrated through the incremental dynamic analysis 99 

(IDA) [44] for the optimally designed models.  100 

 101 

2. Problem of optimal damper placement for elastic-plastic frame structures and concept of 102 

damper design under large-amplitude ground motions 103 

A problem of optimal damper placement is treated for ‘elastic-plastic’ frame structures under large-104 

amplitude ground motions. The overview of the method proposed in this paper is shown in Fig. 1. In 105 

the optimization procedure, the linear elastic bare frame is transformed into the 1st-mode equivalent 106 

shear mass system first. Then, the optimization of the damper placement is conducted for the elastic 107 

shear mass system. After that, the damped shear mass system is inversely transformed into the 108 

elastic-plastic frame with the added dampers. The inverse transformation is conducted so as to 109 

maximize the approximate value 1h  of the lowest-mode damping ratio by allocating the dampers 110 

appropriately. This inversely transformed damper system in the moment frame is employed as an 111 

initial design and the local search-based optimization is conducted for the efficient distribution of 112 

dampers not only along the building height, but also among the different bays. The details of the 113 

proposed method are explained in Section 2.1-2.4. 114 

‘Elastic’ frames are usually treated in the optimization of damper placement so that the member 115 

stress remains below the yield stress. In addition, code-specified ground motions are mostly dealt 116 

with as the input ground motions for design. Figure 2a shows the velocity response spectrum of the 117 

code-specified ground motions, and the amplitudes of the motions are scaled for structural design. On 118 
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the other hand, Figure 2b shows the velocity response spectrum of the recently observed ground 119 

motions in Japan, and the amplitudes are unscaled. Since recently observed ground motions greatly 120 

exceed the level of the code-specified ground motions as shown in Figures 2a, 2b, Table 1, damper 121 

designs for elastic frames may not be safe for large-amplitude ground motions. To obtain damper 122 

designs effective for large-amplitude ground motions, elastic-plastic frames and large-amplitude 123 

ground motions are treated for the design in this paper. The essential feature of this design concept 124 

can be found in Figure 2c. Although much computational effort is required for the time-history 125 

response analysis for elastic-plastic frames, the proposed method effectively uses the equivalent shear 126 

mass system to greatly reduce the computational load for the whole optimization procedure.  127 

In this section, a 1st-mode equivalent shear mass system corresponding to the linear elastic bare 128 

frame is defined. After the application of a damper optimization procedure [36, 45] to the 1st-mode 129 

equivalent shear mass system, a method of damper inverse transformation is presented from the 1st-130 

mode equivalent shear mass system to the frame model. The optimization problem of damper 131 

placement is stated for elastic-plastic frame structures and the local search-based solution algorithm 132 

is proposed. 133 

 134 
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 135 
 136 

Fig. 1 Overview of proposed method 137 
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 143 
 144 

                                                 (a)                                                               (b) 145 
 146 

 147 
 148 

(c) 149 
 150 

Fig. 2 Velocity response spectrum and concept of damper design under large-amplitude ground motions, 151 

(a) velocity response spectrum of code-specified ground motions, (b) velocity response spectrum of 152 

recently observed ground motions, (c) concept of damper design under large-amplitude ground motions. 153 

 154 

Table 1 Recorded ground motions used in Fig 2 155 
 156 

No. Name of ground motion No. Name of ground motion 

1. Imperial Valley 1940 El Centro NS 4. Hyogoken-Nanbu 1995 Kobe Univ NS 

2. Kern County 1952 Taft EW 5. Kumamoto 4/16/2016 Nishiharamura-komori EW

3. Tokachi-Oki 1968 Hachinohe NS 6. Kumamoto 4/16/2016 Mashikimachi-miyazono NS

 157 
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2.1 1st-mode equivalent shear mass system 161 

Consider a linear elastic FN -story BN -bay planar moment-resisting frame. The horizontal 162 

displacements of the nodes in the same floor are assumed to be identical. The equations of motion are 163 

expressed as 164 

 165 

11 12 11 12

21 22 21 22
gu

            
               

            

C C K KM 0 u u u M 0 1

C C K K0 J θ θ θ 0 J 0

 
  ,                                 (1) 166 

where 1, , ( ,..., ), , , ,
FN gdiag m m uu θ M J K C   denote the horizontal displacements of all the floor, the 167 

vertical and rotational displacements of all the nodes, the lumped mass matrices with respect to u 168 

and θ , the stiffness matrix, the damping matrix, and the ground acceleration, respectively. By 169 

neglecting the inertial force and moment due to J , the equations of motion of the undamped frame 170 

are expressed as follows. 171 

11 12

21 22

gu      
        

       

M1K KM 0 u u

K K0 0 θ θ 0


                     (2) 172 

Eq. (2) can also be described as 173 

1
22 21

r gu



  

 

Mu K u M1

θ K K u

 
,                       (3) 174 

where  175 

1
11 12 22 21r

 K K K K K                        (4) 176 

It is noted that rK  is not tridiagonal. This procedure is widely known as the static condensation 177 

procedure.  178 

Let 1 1,1 1,( ... )
F

T
Nφ    and 1  denote the undamped fundamental natural mode and the undamped 179 

fundamental natural circular frequency of the reduced model represented by Eq. (3). By solving the 180 



Akehashi and Takewaki                                                             Optimal Damper Placement for Elastic‐Plastic Frame 

  10
This is a provisional file, not the final typeset article 

inverse eigenmode problem, the story stiffnesses 1( ... )
F

T
Nk kk  of the 1st-mode equivalent shear 181 

mass system (Figure 3) are obtained by 182 

2
1 1, 1, 1, 1, 1( ... ) / ( )

F Fi N N i i i ik m m              ( 2,..., )Fi N ,   (5) 183 

2
1 1 1, 1 1,1 1,1( ... ) /

F FN Nk m m            ( 1)i                  (6) 184 

It is noted that only the fundamental natural mode of the frame coincides with that of the shear mass 185 

system, and the higher modes of the frame do not coincide with those of the shear mass system. 186 

 187 

 188 
 189 

Fig. 3 Transformation of linear elastic bare frame into 1st-mode equivalent shear mass system 190 

 191 

 192 
2.2 Damper inverse transformation 193 

Consider a linear elastic moment-resisting frame with added dampers as shown in Figure 4.  Since 194 

the optimal damper placement obtained for a linear elastic moment-resisting frame can be a good 195 

initial design for an elastic-plastic frame, the explanation for a linear elastic frame is shown in this 196 

section.   197 

 198 
Let ,i jc  denote the damping coefficient added at the j-th bay in the i-th story, and ,i j  denote the 199 

angle of the damper. Consider a 1st-mode equivalent shear mass system with added viscous damping 200 

transformation
(inverse eigenmode problem)

1,4

1,2

1,1

1,3

1,4

1,2

1,1

1,3
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coefficients 1( ... )
F

T
Nc cc .  The distribution of these added viscous damping coefficients is to be 201 

obtained by an optimization algorithm [36, 45]. 202 

 203 
In this section, an innovative method of the inverse damper transformation is proposed from the 1st-204 

mode equivalent shear mass system into the moment-resisting frame.   The transformed added 205 

dampers ,i jc  of the frame structure are to satisfy the following relation. 206 

 207 

2
, ,1

cosBN
i i j i jj

c c


          ( 1,..., )Fi N ,    (7) 208 

 209 

 210 
 211 

Fig. 4 Angle of damper from horizontal line 212 

 213 

When the added viscous dampers are expressed by a Voigt model, the equations of motion of the 1st-214 

mode equivalent shear mass system can be expressed by 215 

 216 

( )add   Mu C C u Ku 0  ,           (8) 217 

 218 

On the other hand, the equations of motion of the frame structure can be represented by 219 

 220 

11, 12,11 12 11 12

21, 22,21 22 21 22

add add
g

add add
u

              
                                 

C CC C K KM 0 u u u M 0 1

C CC C K K0 J θ θ θ 0 J 0

 
  ,  (9) 221 

 222 

The damping matrices with the subscript ‘add’ are concerned with the added viscous dampers, and 223 

the damping matrices without the subscript ‘add’ are related to the structural damping.  As shown in 224 

Section 2.1, it is assumed that the influence of the inertial force and moment in the vertical and 225 

,i j, / 2i jc
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rotational directions on the inertial force in the horizontal direction is small.  Similarly, this 226 

assumption can be applied to the damping terms.  The detailed examination will be conducted below. 227 

 228 

From Eq.(7), the following relation is obtained 229 

 230 

11,add addC C                       (10) 231 

 232 
The fundamental damping ratio of the shear mass system and that of the frame structure by the added 233 

dampers can be evaluated approximately by  234 

1 1
,1

1 1 12

T
add

add T
h 

φ C φ

φ Mφ
,                     (11) 235 

1 11, 1 1 12, 1 1 21, 1 1 22, 1
,1

1 1 1 1 12 ( )

T T T T
add add add add

add T T
h

  




φ C φ φ C χ χ C φ χ C χ

φ Mφ χ Jχ
,                (12) 236 

where, 1 1,φ χ  denote the elements corresponding to the horizontal displacements and the vertical and 237 

the rotational displacements of the undamped fundamental natural mode of the frame structure, and 238 

1  denotes the undamped fundamental natural frequency of the frame structure. It is noted that J  is 239 

taken into account in the evaluation of 1 1 1, ,φ χ . Eq. (11) is for the shear mass system and Eq. (12) is 240 

for the moment-resisting frame. Most of the difference between the lowest-mode damping ratio of the 241 

shear mass system and that of the moment frame comes from 1 12, 1 1 21, 1( )T T
add addφ C χ χ C φ  in Eq. 242 

(12). It is also noted that ,1 ,( / )add i jh c   is constant and ,1addh  is expressed by the linear combination 243 

of ,i jc  as follows. 244 

,1
,1 ,1 1

,

( )F BN N add
add i ji j

i j

h
h c

c 




  ,                        (13) 245 

When 1 1 1 1, φ φ  , and the absolute values of 1χ  are much smaller than those of 1φ , the value of 246 

,1addh  gets close to that of ,1addh . In addition, when all the dampers added to the i-th story are given 247 
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to the bay with the maximum value of ,1 ,( / )add i jh c  , the value of ,1addh  will be nearly equal to that 248 

of ,1addh . It should be pointed out that the value of ,1 ,( / )add i jh c   in the center bay is larger than 249 

those of the side bays. Moreover, the value of ,1 ,( / )add i jh c   in the bay with a small value of ,i j  is 250 

larger than that in the bay with a large value of ,i j . This is because the elements of the vertical 251 

displacements in the fundamental natural mode influence ,1addh . 252 

Figure 5 shows the distributions of the maximum interstory drifts, the distributions of the maximum 253 

floor accelerations, and the distributions of added damping coefficients in the 10-story 3-bay building 254 

frames with four different damper distributions and those of the equivalent shear mass systems under 255 

El Centro NS component with PGV = 0.25 [m/s] (PGA = 2.2 [m/s2]). MATLAB has been used for 256 

the numerical analyses and all the codes have been originally made. The accuracy has been checked 257 

through the comparison with the structural analysis software OpenSees especially for the building 258 

frames [46]. The details of the frame will be explained in Section 3.1. The values of ,1addh  are set to 259 

0.1, and the values of ,1addh  are indicated in Figure 5. In the cases of Figures 5a, b, the distributions 260 

of the maximum interstory drifts and the distributions of the maximum floor accelerations of the 261 

frame almost coincide with those of the shear mass system. This is because the uniform placement of 262 

added dampers along height reduces sufficiently the higher-mode responses of the frame and those of 263 

the shear mass system, even though the higher-modes of the frame do not coincide with those of the 264 

shear mass system. On the other hand, it can be observed from Figures 5c, d that the added dampers 265 

do not reduce the higher-mode responses of the frame and those of the shear mass system 266 

sufficiently, and this leads to the small difference between the responses of the frame and those of the 267 

shear mass system. 268 



Akehashi and Takewaki                                                             Optimal Damper Placement for Elastic‐Plastic Frame 

  14
This is a provisional file, not the final typeset article 

It is noted that Eq. (7) does not determine the distribution of added dampers in one way. In the 269 

optimization procedure, the dampers added to the specific story are preferentially given to the bays 270 

with the large value of ,1 ,( / )add i jh c  .  It should be noted that, while the maximization of the lowest-271 

mode damping ratio was adopted in the damper optimization of a shear mass system [47], the 272 

treatment of the lowest-mode damping ratio in the damper optimization in the horizontal direction of 273 

frame models has never been seen.  274 

 275 

 276 

 277   278 
(a) 279   280 

 281   282 
(b) 283   284 

 285   286 
(c) 287   288 
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 289   290 
(d) 291 

 292 
Fig. 5 Distributions of maximum interstory drifts, distributions of maximum floor accelerations, and 293 

distributions of added damping coefficients for moment frames with four different damper distributions 294 

and those for equivalent shear mass systems, (a) Uniform distribution of added dampers (at center 295 

spans), (b) Uniform distribution of added dampers (at all spans), (c) Uniform distribution of added 296 

dampers in 1-5 stories (at center spans), (d) Uniform distribution of added dampers in 1-5 stories (at all 297 

spans). 298 

2.3 Problem of optimal damper placement 299 

Consider the following problem of optimal damper placement for elastic-plastic frame structures.  300 

[Problem] 301 

Find 1,1 1, ,1 ,( ,..., ,..., ,..., )
B F F Badd N N N Nc c c cc  302 

so as to minimize max max,max{ } ( 1,..., )i F
i

d d i N   303 

subjected to 
, ,

( .)

0 (for 1,..., , 1,..., )

T
add c

U
i j i j F B

W const

c c i N j N

  


   

c 1
 304 

where , max,, ,U
i j c ic W d  denote the upper bound of the damping coefficient added at the j-th bay in the i-305 

th story, the sum of added damping coefficients, and the maximum deformation of the i-th story.  306 

It is noted that the constraint on the sum of added damping coefficients is almost equivalent to the 307 

constraint on the total cost of added dampers since the former is almost proportional to the latter. It is 308 

also noted that the constraints on member stress are not included in this optimization problem. This is 309 

because elastic-plastic frames are treated in the problem, and the nonlinear responses of members are 310 

,1 ,10.1, 0.0926add addh h ,1 ,10.1, 0.0926add addh h 

shear mass system

moment frame
,1 ,10.1, 0.0926add addh h 

center span

side spans
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automatically taken into account in the optimization procedure. For the same reason, the dampers 311 

added in the specific position will not be excessive even if the constraints on the upper bound of ,i jc  312 

are not included in the problem. 313 

 314 

2.4 Solution algorithm 315 

The solution algorithm may be described as follows. 316 

 317 

[Algorithm] 318 

Step 1 Transform the linear elastic bare frame into the 1st-mode equivalent shear mass system. 319 

Step 2 Obtain the optimal damper placement for the elastic shear mass system using an optimization 320 

method [36, 45]. 321 

Step 3 Inversely transform the shear mass system with dampers into the elastic-plastic frame with 322 

added dampers so as to maximize ,1addh . In other words, the dampers added to the i-th story 323 

are preferentially given to the bays with relatively large value of ,1 ,( / )add i jh c  . Put 1LSi   324 

( LSi : counter). 325 

Step 4 Solve a linear programming problem (as stated below) and update add add add c c c . If this 326 

newly obtained design totally coincides with the other obtained designs, go to Step 6. 327 

Step 5 If LS LSi n , go to Step 6 ( LSn : upper limit on number of repetitions of local search). 328 

Otherwise, put 1LS LSi i   and return to Step 4. 329 
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Step 6 Select the design which exhibits the minimum value of maxd  from all the obtained designs, 330 

then finalize the process. 331 

 332 

 333 

[Linear programming problem] 334 

Find 1,1 1, ,1 ,( ,..., ,..., ,..., )
B F F Badd N N N Nc c c c     c  335 

so as to minimize max, , ,1 1
F BN N

k i j i ji j
f d s c

 
     336 

subjected to 
, , ,

, ,

, , ,

0

(for 1,..., , 1,..., )

0 (for 1,..., , 1,..., )

(for 1,..., , 1,..., )

add

L U
i j i j i j F B

L
i j i j F B

U U
i j i j i j F B

c c c i N j N

c c i N j N

c c c i N j N

  

      


   

    

c 1

 337 

where , ,,L U
i j i jc c   denote the lower and upper bounds of ,i jc , ,i js  denotes the finite difference 338 

approximation of the first-order sensitivity max, ,( / )k i jd c  , and max,arg max ik d . The calculation 339 

of ,i js  requires the time-history response analysis for the model with slightly added damping at the j-340 

th bay in the i-th story. By solving the above-stated linear programming problem, update 341 

add add add c c c  (see Appendix). 342 

 343 

Figure 6 shows the schematic diagram of the proposed solution algorithm. In the optimization 344 

procedure, a linear elastic bare frame is transformed into the 1st-mode equivalent shear mass system 345 

first. Then, the optimization of the damper placement is conducted for the elastic shear mass system. 346 

In this paper, the sensitivity-based algorithm [36, 45] is applied to the optimization for the shear mass 347 

system. The inversely transformed damper placement obtained in Step 3 corresponds to the optimal 348 

damper placement for the elastic-plastic frame under the small-amplitude input ground motions. This 349 
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is because the geometric nonlinearity like the P-delta effect is negligible in this case and the frame 350 

responses elastically under the small-amplitude input ground motions. The procedure in Step 4 351 

corresponds to the local search. The objective function in the local search is the first-order 352 

approximation of max,kd  ( max,arg max ik d ). After going to Step 5 and updating LSi , k  and max,kd  353 

are also updated. Such local search works effectively because the inversely transformed damper 354 

placement is employed as an initial design and the inversely transformed damper placement is close 355 

to the optimal damper placement for the large-amplitude ground motions. 356 

 357 
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 358 
 359 

Fig. 6 Schematic diagram of proposed method 360 

 361 

3. Numerical examples 362 

In this section, the effectiveness of the proposed method is investigated through numerical examples. 363 

El Centro NS component during the Imperial Valley earthquake (1940) is employed. The influence 364 

of the setting of the level of the ground motion on the damper placement is investigated in Section 365 

3.2. Incremental Dynamic Analysis (IDA) is conducted for the optimally designed models to 366 
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investigate whether the models designed under the specified-level ground motions effectively reduce 367 

the responses under the ground motions scaled to the other levels in Section 3.3. 368 

 369 

3.1 Building frame model 370 

Consider a 10-story 3-bay steel moment-resisting frame. The common story height is 4 [m], and the 371 

common span length is 7 [m]. All the floor masses are 3100 10 [kg] . In relation to the vertical 372 

inertial forces, 3(100 / 6) 10 [kg]  is allocated to the top nodes of the corner columns, and 373 

3(100 / 3) 10 [kg]  is allocated to the top nodes of the interior columns. W21201 and W21182 are 374 

employed as the sections of the columns in the 1-5th stories and those in the 6-10th stories. W33130 375 

and W3099 are employed as the sections of the beams in the 1-5th stories and those in the 6-10th 376 

stories. Table 2 shows the moments of inertia XI , the cross-sectional area A , the plastic section 377 

modulus XZ , and the yield stress y  of the member sections. The columns are designed to have the 378 

larger values of the plastic moment compared with those of the beams. The column bases in the 1st 379 

story are fixed. The joints are assumed to be designed strong enough so as not to yield. Young’s 380 

modulus is set to 5 22.05 10 [N/ mm ] . The undamped fundamental natural period is 1.29 [s], and the 381 

structural damping ratio is 0.02 (stiffness proportional type). The linear viscous dampers are treated 382 

and the dampers can be installed at all the bays in the all stories as shown in Figure 7. 383 

The structural analysis software OpenSees is used to conduct the time-history response analysis for 384 

the elastic-plastic frame [46]. The P-delta effect of the columns and the corotational formulation of 385 

the beams are taken into account as the geometric nonlinearity. The material Steel01 with the strain 386 

hardening ratio 0.01 is applied to all the beams and the columns. The flanges of the H-shaped cross 387 

sections are modeled by 6 1  fibers, and the webs are also modeled by 6 1  fibers. 388 



Akehashi and Takewaki                                                            Optimal Damper Placement for Elastic‐Plastic Frame 

Akehashi and Takewaki  21

In this paper, infills in frame structures are not considered for simplicity. However, they have a key 389 

role in the distribution of the stresses, in the fundamental period, in the interstory drifts [48].  390 

 391 

Table 2 Cross-section of beam and column 392 
 393 

 4[mm ]XI  2[mm ]A  
3[mm ]XZ  

2[N/ mm ]y  

W21201 
92.21 10  

43.82 10  
68.69 10  320 

W21182 
91.97 10  

43.46 10  
67.80 10  320 

W33130 
92.79 10  

42.47 10  
67.65 10  240 

W3099 
91.66 10  

41.88 10  
65.11 10  240 

 394 

 395 

 396 
 397 

Fig. 7 Elastic-plastic moment frame 398 

 399 

3.2 Optimization results 400 

Figure 8a illustrates the distribution of inversely transformed added dampers for the frame structure. 401 

As stated in Section 2.4, the sensitivity-based algorithm has been applied to the optimization for the 402 

7 m 7 m7 m

4 m
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equivalent shear mass system. In the application of the sensitivity-based algorithm, the added 403 

damping coefficient 73 10 [Ns/m]  is given to each story at first. Then, the small damping coefficient 404 

61 10 [Ns/m]  is sequentially removed until the value of ,1addh  becomes 0.1. All the added dampers 405 

are allocated to the center bays through the inverse transformation because the constraints on the 406 

upper bound of ,i jc  are not taken into account. These procedures took about 300 [s] (a PC whose 407 

clock frequency is 3.60 [GHz] was used without parallel computing). Figure 8b shows the 408 

distributions of the maximum interstory drifts of the shear mass system and the moment frame with 409 

the inversely transformed added dampers. The distributions of the maximum interstory drifts of the 410 

moment frame without dampers are also plotted. It can be observed from Figure 8b that the 411 

distribution of the maximum interstory drifts of the shear mass system almost coincides with that of 412 

the moment frame. Moreover, the dampers effectively reduce the maximum interstory drifts. In other 413 

words, all the interstory drifts are almost uniform except for the stories without dampers, and those 414 

stories’ drifts are smaller than the interstory drifts of the stories with dampers. It is noted that the 415 

dampers are not allocated to the 5th story since the member sections switch to the smaller ones 416 

beyond the 6th story and the stiffness of the 5th story is relatively large. It is also noted that the 417 

stiffness of the 1st story is large since the column bases in the 1st story are fixed. 418 

 419 

 420 
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 421 
 422 

                                              (a)                                                                      (b) 423 
 424 

Fig. 8 Distribution of added damping coefficients and distribution of maximum interstory drift ratios of 425 

moment frame with inversely transformed added dampers, (a) Distribution of added damping coefficients, 426 

(b) Distribution of maximum interstory drift ratios. 427 

 428 

Figure 9 shows the distribution of added damping coefficients and the distribution of the maximum 429 

interstory drifts of the moment frame optimally designed for PGV = 1.0 [m/s] (PGA = 8.8 [m/s2]), 430 

and Figure 10 shows those of the moment frame optimally designed for PGV = 1.5 [m/s] (PGA = 431 

13.3 [m/s2]). The distributions of the interstory drifts of the bare moment frame are not plotted in 432 

Figures 9, 10 because they are extremely large. The distribution of damping coefficients shown in 433 

Figure 8 has been adopted as an initial design for the local search (the procedure of Step 4 in the 434 

proposed algorithm). 2 6
, (1/ cos ) 0.5 10 [Ns/ m]U

i jc     and , , ,max{ , }L U
i j i j i jc c c     are adopted 435 

for the parameters in the linear programming problem included in the proposed method, where 436 

( arctan{4 / 3.5})   is the angle of the dampers. It is noted that the dampers are allocated 437 

symmetrically, and 20-time response analyses for the elastic-plastic moment frame are required to 438 

calculate all ,i js  introduced in Section 2.4. In the case of PGV = 1.0 [m/s], the design obtained after 439 

solving the linear programming problem 7 times ( 7LSi  ) totally coincides with the earlier obtained 440 

design. Then, the process is finalized. In the case of PGV = 1.5 [m/s], the design obtained after 441 
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solving the linear programming problem 12 times ( 12LSi  ) totally coincides with the earlier 442 

obtained design. Then, the process is finalized. In other words, 140( 7 20)  -time response analyses 443 

are required for the elastic-plastic moment frame in the case of PGV = 1.0 [m/s], and it took about 444 

1600 [s]. In the case of PGV = 1.5 [m/s], 240( 12 20)  -time response analyses are required and it 445 

took about 2700 [s]. It can be observed from Figures 9, 10 that the proposed method effectively 446 

reduces the maximum interstory drifts. Namely, all the interstory drifts are almost uniform except for 447 

the stories without dampers, and those stories’ drifts are smaller than the interstory drifts of the 448 

stories with dampers. It can also be observed that the increase of the design PGV gives more 449 

damping to both of the center and side bays in the lower stories. Figure 11 illustrates the location of 450 

plastic hinges. In the case of PGV = 1.0 [m/s], only the beams have plastic hinges and the columns do 451 

not have. In the case of PGV = 1.5 [m/s], only the beams have plastic hinges except for the column 452 

bases in the 1st story. In the case of PGV = 1.0 [m/s], the maximum rotational ductility factor among 453 

all the beams is about 2.5 and those in the 1-7th stories are larger than 2.1. In the case of PGV = 1.5 454 

[m/s], the maximum value of those is about 4.3 and those in the 1-6th stories are larger than 4. In both 455 

cases, the rotational ductility factor of the beam in the side bay tends to be larger than that of the 456 

beam in the center bay on the same floor. Although the rotational ductility factors of the beams are 457 

not treated as the objective function in this paper, the proposed method can also control them by 458 

changing the sum of the added damping coefficients. 459 

From all the above, it can be said that the proposed method efficiently provides damper designs 460 

effective for large-amplitude ground motions. 461 

In the present numerical examples, only one recorded ground motion has been used for the simple 462 

presentation of the proposed method.  It may be straightforward to use multiple recorded ground 463 

motions and employ the envelope response of the maximum interstory drifts as the target response.  464 
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Only computational load will be the principal issue to be resolved. When treating multiple recorded 465 

ground motions for the optimization, the use of the ‘active earthquake’ [29, 33], which maximizes the 466 

structural response among all the selected motions, will greatly decrease the total computational load. 467 

 468 

 469 
 470 

                                               (a)                                                                    (b) 471 
 472 

Fig. 9 Distribution of added damping coefficients and distribution of maximum interstory drift ratios 473 

(design PGV = 1.0 [m/s]), (a) Distribution of added damping coefficients, (b) Distribution of maximum 474 

interstory drift ratios. 475 

 476 

 477 
 478 

                                               (a)                                                                   (b) 479 
 480 

Fig. 10 Distribution of added damping coefficients and distribution of maximum interstory drift ratios 481 

(design PGV = 1.5 [m/s]), (a) Distribution of added damping coefficients, (b) Distribution of maximum 482 

interstory drift ratios. 483 
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 484 

      485 
                                                 (a)                                                            (b) 486 

 487 
Fig. 11 Location of plastic hinges, (a) Design PGV = 1.0 [m/s], (b) Design PGV = 1.5 [m/s] 488 

 489 

3.3 Incremental dynamic analysis and ideal drift response curve 490 

Figure 12 represents the results of the IDA analysis for the 3 models shown in Section 3.2 (Figures 8-491 

10). PGV in the IDA analyses is increased from 0.25 [m/s] to 1.5 [m/s] by 0.05 [m/s]. The 492 

distributions of the maximum interstory drifts are plotted for PGV = 0.25, 0.50, …, 1.5 [m/s] in 493 

Figure 12. It can be observed that the frame with the inversely transformed dampers shows the 494 

remarkable plastic deformation concentration in the lower stories for the large-amplitude inputs. The 495 

frame optimally designed for PGV = 1.0 [m/s] also shows the remarkable plastic deformation 496 

concentration in the lower stories for the large-amplitude inputs. On the other hand, the frame 497 

optimally designed for PGV = 1.5 [m/s] effectively reduces the maximum interstory drifts for various 498 

levels of the ground motions. 499 

 500 

PGV=1.0 [m/s] PGV=1.5 [m/s]
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 501 
 502 

(a) 503 
 504 

 505 
 506 

(b) 507 
 508 

 509 
 510 

(c) 511 
 512 

Fig. 12 IDA analysis, (a) Initial design (moment frame with inversely transformed dampers), (b) Model 513 

designed under GM with PGV = 1.0 [m/s], (c) Model designed under GM with PGV = 1.5 [m/s] 514 
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Figure 13 indicates the IDA curves and the ideal drift response curve (IDRC). The IDRC represents 516 

the ideal performance of the drift response under the constraint on the sum of added damping 517 

coefficients [45, 49]. It is noted that, since the sum of added damping coefficients is almost 518 

proportional to the total cost of added dampers, the constraint on the sum of added damping 519 

coefficients is almost equivalent to the constraint on the total cost of added dampers. In addition, the 520 

IDRC is the envelope of the IDA curves of the models optimally designed for various levels of 521 

ground motions under the same constraints on the sum of added damping coefficients. Therefore, the 522 

damper designs whose IDA curves run near the IDRC for various levels of ground motions are 523 

desirable. 524 

The IDRC of the moment frame shown in Figure 13 has been obtained through the repetition of the 525 

small increase of PGV and the local search (Step 4 in the proposed method). The detailed procedure 526 

is explained as follows. First, it has been confirmed that the inversely transformed dampers are 527 

almost optimum for PGV 0.40[m/ s] . Then, by setting the inversely transformed dampers as an 528 

initial design, the optimal design for PGV = 0.45 [m/s] has been obtained by the local search. The 529 

optimal design for PGV = 0.50 [m/s] has been obtained by the local search by setting the optimal 530 

design for PGV = 0.45 [m/s] as an initial design. The same procedure has been repeated to obtain all 531 

the optimal designs for various levels of the ground motions. Since the optimized maximum 532 

deformations for all the levels of the ground motions are simultaneously obtained, the IDRC can also 533 

be obtained by plotting all the optimized maximum deformations versus the design PGVs. 534 

It can be observed from Figure 13 that the IDA curve for the frame with the inversely transformed 535 

dampers and that for the frame optimally designed for PGV = 1.0 [m/s] run away from the IDRC in 536 

the upper range of PGV. On the other hand, the IDA curve for the frame optimally designed for PGV 537 

= 1.5 [m/s] almost coincides with the IDRC although the IDA curve is plotted slightly away from the 538 
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IDRC in the range of 0.5 PGV 1.0[m/ s]  . It may be concluded that using the large-amplitude 539 

ground motions for the damper optimization is important because this leads to the design effective 540 

for various levels of the ground motions. 541 

 542 

 543 
 544 

Fig. 13 IDA curves for 3 models and ideal drift response curve. 545 

 546 

4. Conclusions  547 

A new optimal damper design method was presented for elastic-plastic planar frame structures under 548 

large-amplitude ground motions. The main conclusions can be summarized as follows. 549 

(1) The proposed method effectively uses the transformation of a moment frame into the 1st-mode 550 

equivalent shear mass system to obtain the optimal damper placement for the elastic-plastic 551 

moment frame. In the optimization procedure, a linear elastic bare frame is transformed into the 552 

1st-mode equivalent shear mass system first. Then, the optimization of damper placement along 553 

the building height is conducted for the elastic shear mass system. After that, the damped shear 554 

mass system is inversely transformed into the elastic-plastic frame with the added dampers. This 555 

inversely transformed damper system in the moment frame is employed as an initial design and the 556 

local search-based optimization is conducted for the efficient distribution of dampers not only along 557 

design for PGV=1.5 [m/s]
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the building height, but also among the different bay. It was demonstrated through numerical 558 

examples that the proposed method efficiently provides the damper designs with high accuracy. 559 

(2) An innovative inverse transformation method of dampers was proposed. The added damping 560 

coefficient of the shear mass system is inversely transformed into the added dampers of the moment 561 

frame based on the added damping coefficient in the horizontal direction. Especially in the 562 

optimization procedure, the inverse transformation is conducted so as to maximize the approximate 563 

value ,1addh  of the fundamental damping ratio by the dampers. 564 

(3) The distribution of the maximum interstory drifts of the damped shear mass system almost 565 

coincides with that of the moment frame with the inversely transformed dampers. On the other 566 

hand, the distribution of the maximum floor accelerations of the shear mass model does not 567 

correspond to that of the moment frame when higher-mode responses are not negligible. This is 568 

because the higher modes of the frame do not coincide with those of the shear mass system, even 569 

though the fundamental natural mode of the frame almost coincides with that of the shear mass 570 

system. 571 

(4) The incremental dynamic analysis (IDA) was conducted for the optimally designed models to 572 

investigate whether the models designed under the specified-level ground motions effectively 573 

reduce the responses under the ground motions scaled to the other levels. The models optimally 574 

designed under the small-amplitude ground motions tend to show the remarkable plastic 575 

deformation concentration in the specific stories for the large-amplitude ground motions. On the 576 

other hand, the models optimally designed under the large-amplitude ground motions effectively 577 

reduces the maximum interstory drifts for various levels of the ground motions. In other words, all 578 

the interstory drifts are almost uniform except for the stories without dampers and those stories’ 579 
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drifts are smaller than the interstory drifts of the stories with dampers. Therefore, using the large-580 

amplitude ground motions for the damper optimization is important. 581 

In this paper, elastic-plastic moment-resisting frames and viscous dampers without supporting braces 582 

were treated. The applicability of the proposed design method to other type of structures and dampers 583 

should be further investigated. However, by adding some modification, the proposed design method 584 

will work well for other type of structures and dampers because the basic concept of the proposed 585 

method consists simply of the generation of the initial damper design by the optimization for elastic 586 

structures and the improvement of the design for elastic-plastic responses by local search-based 587 

optimization. 588 
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 715 

Appendix 716 

The linear programming problem included in the proposed algorithm is explained in this appendix 717 

(see Figure A1). 718 

( )F BM N N   denotes the degrees of the addc  here. Consider the end points of the feasible region. 719 

When the inner product of ( / )add f  c  and the vector towards the end point is maximum, that point 720 

is chosen as addc  because the objective function max, , ,1 1
F BN N

k i j i ji j
f d s c

 
     is minimized. 721 
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Since the constraint 0T
add  c 1  is kept in the problem, the inner product of the vector towards the 722 

end point and the following vector becomes also maximum 723 

 724 

1

T

M

f f

c c

  
    

P  ,                    (A1) 725 

 726 

where 727 

 728 
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,             (A2) 729 

 730 

In Eq.(A2), 1 1,..., M i i  is an orthogonal set of the hyperplane 0T
add  c 1 , and P  denotes the 731 

projection matrix. An example of 1 1,..., M i i  is expressed as follows. 732 

 733 
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             (A3) 734 

 735 
The simplex method and the interior-point method are well-known to solve linear programming 736 

problem, and they have been extended to advanced versions [50]. 737 

 738 
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 739 
 740 

Fig. A1 Overview of linear programming problem included in proposed method ( 3M  ) 741 
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